(o

Centrum voor Wiskunde en Informatica

REPORTRAPPORT

Some problems of applied algebra

M. Hazewinkel

Department of Analysis, Algebra and Geometry

Report AM-R9306 August 1993




CWI is the National Research Institute for Mathematics and Computer Science. CWI is par
the Stichting Mathematisch Centrum (SMC], the Dutch foundation for promotion of mathema
and computer science and their applications.

SMC is sponsored by the Netherlands Organization for Scientific Research (NWO). CWI i
member of ERCIM, the European Research Consortium for Informatics and Mathematics.

Copyright © Stichting Mathematisch Centrum
P.O. Box 94079, 1090 GB Amsterdam (NL)
Kruislaan 413, 1098 S) Amsterdam (NL)
Telephone +31 20 592 9333

Telefax +31 20 592 4199



Some Problems of Applied Algebra

Michiel Hazewinkel

cwi
P.0O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

In contrast to ‘classical’ applied mathematics a number of applications of algebra and combinatorics are dis-
cussed. These are detection arrays, chip wiring diagrams, packing problems, and voting systems. | pay particular
attention to the times of symmetry, ability to calculate {symbolically), and notation.
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1. Introduction

When the phrase ‘applied mathematics’ is mentioned, quite often, the image evoked
is something like the following
— there is a physical, chemical, biological, geological, technological, ... phenomenon
to be studied :
— amathematical model is constructed by means of differential equations or some-
thing similar
— these equations are solved numerically (on a computer).

Frequently, there are additional aspects. For instance there may be control vari-
ables and the object of the exercise may be to find optimal controls; or there maybe
unknown coefficients which need to be estimated.

There is no doubt that differential equations and numerical mathematics are still
the workhorse of applied mathematics as it is currently practised (see, e.g. the
proceedings of the five ECMI conferences so far [19, 21, 24, 27, 31]). This type of
applied mathematics, together with the somewhat separate (from this) disciplines
of programming (optimization) and statistics, accounts for a very large part of the
applied field.

It is the purpose of this introductory lecture, which is definitely aimed at a rather
general diversified audience, to point out and discuss some examples of a very dif-
ferent kind of applied mathematics, and to describe some (open) research problems
that come out of it. These kinds of applications are based on discrete mathematics
— in the sense of (finite) algebra, combinatorics, logic, ... — rather than continuous
(differentiable) mathematics.

The word algebra in the title must be understood in a very wide sense and not
as limited to the consideration of such things as groups, rings, algebras (sic!), lat-
tices, ... . The title may not give an optimal first global description of this lecture; it
is mainly meant to highlight the contrast with ‘applied analysis’ (‘applied differential
equations’) in the sense indicated above.
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liscussed below are:

diagrams for shift registers

try and extremality

letection patterns

systems. .

vdy indicates that I understand ‘applied algebra’ as covering quite a

of tools and results. Other examples include the use of Lie algebras to

\d analyse filters for stochastic dynamical systems with noise disturbed

. [20], aspects of such things as Fourier and wavelet analysis having to do

:oding of the transformed data and the construction of suitable mathe-

‘oscopes, the devising of suitable notations to help describe and control
procedures (such as those describing, the information flow during a

buted) numerical a symbolic computation).

n which reflects underlying (regular) algebraic structures will be far
and enlightening than just any numbering of the objects involved. In

his is automatic (almost). Thus Fourier and wavelet coefficients a, a5
labelled by the elements of the underlying group.

- this matter of good and efficient notations seems to be a virtually un-

ia of ‘applied algebra’, Yet, as Leibniz already remarked, good notation

srtant. It is a substantial aid in doing mathematics; both for human

ng and for communication with computing machines.

diagrams for shift registers!

problem is as follows. There are a number of “chips”, say, {1,...,n};

mnected via “pins” to “busses”. It is desired to wire things together
contents of the chips can be rearranged (permuted) in one write-read
‘or instance in a case of 4 chips it may be desired to rearrange things
» the following permutation

[1234]
3 4 21

: the write-read operation

has the old contents of chip 1
” » » n » » 2
»” » ” » ”» ” 3
» ” ”» » ” 7 4.

t be necessary to be able to handle all rearrangements but only a certain
"them (a subgroup of the group of all permutations). For instance shift
| realize all cyclic permutations

. Kranakis who first told me about this class of problems.
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1 2 3 4 1 2 3 4 1 2 3 4

[2341]’ [3412]’ [4123]'
is problem can be solved for instance by having one bus for each pair of chip-
%n(n — 1) busses, and n — 1 pins for each chip. This is illustrated for n = 4
35 1 and 2 below. This solution makes all permutations possible but is (for
n) very wasteful in busses; it is also wasteful in pins and those are expensive.
ly the minimal number of busses required is n. So let us take that and then try
nimize the number of pins. In that case there is always a solution with #G —1
ser chip (fairly obviously) but this is very wasteful in pins. It turns out that
e order of \/#G pins is always sufficient. This is also (asymptotically) the best
s possible.

L2 3 4 s 6 {12} (13} (14} {23} (2.4} (3.4}
3 b
1 l4
1 p
[ R
Il
2
3| [4
Il
2
4, I3
Figure 1 Figure 2

; first let us more carefully examine the wasteful solution below. The recipe
uctions) for realizing the permutation

1 2 3 4
3 4 2 1

; follows:

ip 1: write to pin 2: read from pin 3
ip 2: write to pin 3: read from pin 2
ip 3: write to pin 2: read from pin 1
ip 4: write to pin 1: read from pin 2.

eparate ‘instruction table’ like this is needed for every separate permutation.
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strates in a mild way some of what I meant in the introduction with
s on “algebra and notation”. There is a much better way to label the
pins that systematizes both the wiring requirements and the write-
ctions. This goes as follows: pins of chip i are labelled with the set
{i}, and the bus connecting chip ¢ and chip j is labelled {7,5} (the
pair 1, §).

1g is as follows:

connects with pin j (# ¢) to bus (¢,5)

ite-read instructions to realize a permutation o:

[ 1 2 3 4 ]
o(1) o(2) o(3) o(4)

= 4 do nothing
= j write to pin j, read from that pin & for which o(k) = i,i.e. k = 71(4).

v that this works (very elementary):

writes to pin o(7) so that bus {7, 0(¢)} now has those data;
reads from pin o~1(§), i.e. from bus {j,071(5)}.

i gets the data from that chip ¢ for which
{i;0(D)} = {4,071 ()}
sed o(3) = j.
.ow concentrate on cyclic shift registers. More precisely wirings with n
. busses for which every cyclic shift

t—1+smodn

zed in one write-read operation (one clock-tick). For instance for n =7
3:
1 23 45 6 7]
[ 4 56 71 2 3)°
Yig. 3, there is depicted a solution (for n = 7) and the curious and/or
reader is invited to check that indeed for all seven cyclic shifts there is
1d instruction table” which produces the desired result. Three of these
rritten out in Table 1 below Figure 3.
ining these one notices that the various “read pin” and “write pin”
» often identical. This suggests that there is a certain ‘hidden’ symmetry
gement. And indeed there is. By relabelling (and redrawing) busses and
regular arrangement is produced. It is depicted in Fig. 4 below.
ion depicted in Fig. 4 is extremal in the sense that for (identical) chips
: pins the number & is minimal. Moreover any minimal solution (with
ie the one depicted. That is up to renumbering the busses and pins the
ram is given by diagonal straight lines.
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This illustrates a second research direction I want to point-out: a sort of meta-
mathematical principle that says that extremal solutions tend to be highly symmet-
ric. There are (besides the one just discussed) all kinds of examples that suggest
that some ‘principle’ like the one just mentioned should be true (under suitable
circumstances). The matter is discussed in more detail in Section 3 below.

The construction given above of the 7 bus, 3 pin solution of the wiring problem
is based on the notion of a difference set.

A difference cover for Z/(7), the integers modulo 7, is a collection of numbers
D = {dy,...,d,} such that for each j = 1,2,...,7 there are d, and dj in D such
that

j=d, —dy mod 7.
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Table 1
Three write-read instruction tables
Recipe for a shift of 4 || Recipe for a shift of 2 || Recipe for a shift of 1
chip | write | read | chip | write read | chip | write | read
pin pin pin pin pin pin

1 1 3 1 3 2 1 2 1

2 1 2 2 2 3 2 3 1

3 1 2 3 2 3 3 3 1

4 2 3 4 3 1 4 1 2

5 2 1 5 1 3 5 3 2

6 3 1 6 1 2 6 2 3

7 3 1 7 1 2 7 2 3

A minimal difference cover is one of minimal size. A difference set is one for which
for each j # 0 mod 7 there is precisely one pair (dq,d) such that j = dy —d mod 7.
These are optimally efficient difference covers.

For example {0,1,3} is a difference set for Z/(7). Indeed

1=1-0mod7 4=0-3mod7
2=3~1mod?7 5=1-3mod7
3=3-0mod7 6=0—-1mod7

and as there are precisely 6 pairs (d,,dp) with d, # dp this is indeed a difference
set.
A difference set for Z/(13) is

{0,1,3,9}.
A difference set for Z/(91) is
- {1,2,4,10,28, 50, 57,62, 78,82}.

Difference sets are rather rare. One obvious restriction is that for a difference set for
Z/(n) one must have that n = k(k — 1) for some natural number k. This, however,
by no means suffices. Indeed for n < 10000 they only exist for n = 3, 7, 13, 21, 31,
57, 73,91, 133, 183, 273, 307, 381, 553, 651, 757, 871, 993, 1057, 1407, 1723, 1893,
2257, 2451, 2863, 3541, 3783, 4161, 4557, 5113, 5403, 6321, 6643, 6973, 8011, 9507,
i.e. for only 36 cases out of 10000.

Given a difference cover D = (dy,...,ds) for Z/(n) the general wiring and write-
read instructions are as follows:

Wiring diagram: chip ¢ is connected by pin j to bus ¢ 4 d; (modn)..
Write-read instructions: for shift s find d;,d; such that s = d; — d;.
Chip % writes to pin ¢ and reads from pin j.
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igure 4

ee that this works note that chip & writes to bus k +d;; chip = reads via pin j,
‘eads from bus z + d;. The chip z that reads from bus ¥ + d; hence satisfies
=k+d;ie z=k+d;—d; =k+ s(modulon).

: the conciseness and regularity of both the wiring diagram and the write—
istructions as compared to the diagrams and write-read tables of Fig. 3, and
1. :

wiring diagram for the cyclic shift register of Z/(13) based on the difference
'1,3,9} is depicted below in Fig. 5. In general, for arbitrary n, there is no
1ce set (as already noted), but one can always find a difference cover with
y +/n elements (which is close to optimal, because the number of elements in
ference cover must satisfy k(k — 1) > n). More precisely there always exists
rence cover of size < 2[y/n] — 1 where [z] denotes the smallest integer equal
er than z.

e generally one considers an arbitrary finite group G C S, of desired per-
ons (of the contents) of n» chips and the problem of realizing each ¢ € G
write-read operation. A difference cover in this setting is a subset D =
.»dr} C G such that for each g € G there are d;, d; in G such that g = dj'ld,-.
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Figure 5

Given such a (noncommutative) difference cover the wiring and write-read instruc-
tions are practically the same as in the cyclic case:

Wiring diagram: chip ¢ connects via pin j to bus d;(3) (recall that d; € D C G C
Sr, the group of permutations of {1,...,n}).

Write—read instructions: for a given g € G find d;, d; such that g = dj‘ld;; then,
to realize g, chip k writes to pin ¢ and reads from pin j. Let’s check that this works.

Chip k writes to pin i, i.e. bus d;(k); chip z reads from pin j, i.e. bus d;(z). Thus
the chip which receives the contents of chip & satisfies dj(z) = d;(k) or z = dj'ld,-(k)
as desired.

In the general case also, for arbitrary finite groups G, it turns out that there
exist difference covers of the order of \/#G elements; more precisely there always
exists one of < 3+/#G elements. This is of the same order of magnitude as the
theoretical minimum for the size of a difference cover which is [/#G] if #G is
of the form n? — n + 1 and [1/2 + /#G| otherwise. The proof uses that every
noncyclic group G has a proper subgroup of order > \/#G. This theorem, in turn,
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ed (at present) by using the classification theorem of the finite simple groups.
1er proof is presently known, then this kind of explicit checking of all cases.
11, 23] for more details on some of the above.

the cyclic case a number of systematic constructions of difference sets are
. One of the most useful ones (for moderate size n) is based on the finite
tive planes P(2,F,) where F, is the finite field of ¢ elements. I will describe
sipe in Section 4. This yields an example for all n of the form ¢% + ¢ + 1 with
wer of a prime number. For instance ¢ = 9, n = 91, the difference set of
nents given above. There is nothing like a complete theory even in the cyclic
n the general case of arbitrary groups almost nothing is known.

mmetry and Extremality

tion 2 above we saw that an optimal solution of the wiring problem for shift
rs was very symmetric. This sort of thing happens quite often, or in any case
mough to merit serious investigation. All the more so because in practice one
lly tends to look for (more or less) symmetric arrangements when trying to
uct something optimal. Here are some examples ranging from the trivial and
1own to perhaps some lesser known and more sophisticated instances.
rcle is the closed curve in the plane that for a given length surrounds the
area. '
umber of rather striking examples, in my opinion, come from the theory of
is of intersecting subsets. Consider a set X of size n and systems & of subsets
rith various perscribed intersection behaviours, and lets try to find maximally
5 with such an intersection behaviour.
instance consider systems & of subsets of X such that for all Fy,F; € &
ntersection is nonempty. The Erdés—Ko-Rado theorem, [10], says that the
al & are those consisting of all subsets of X containing one fixed element.
" regular sort of solution. If one requires that the intersections F; N F, may
Il cardinalities except 1 the answer is that the maximal & consists of all sets
ing a fixed two element set, [13], provider k£ > 4, n big enough.
he opposite of the scale for this type of combinatorial problem, let us consider
s of subsets such that the cardinality of the intersections can have only a few
For instance let us look for systems of subsets & such that all intersections
3 have precisely one element. Then the de Bruijn-Erdds theorem, [7], says
6 < n and if #8 = n then there are two possibilities:

| members of & have the same number of elements k, and each element of X
curs in precisely k¥ members of &; these are the finite projective planes (in-
1ding the (degenerate) plane of three elements and three lines (“the projective
ane over the field of 1 element”)).

) to relabelling the system & is §y = {1,2,...,n -1}, S; = {i,n}, i =




Michiel Hazewinkel

n—1.

irojective plane is a finite set X (whose elements are called points) with a
ubsets of & (whose elements are called lines), such that each two distinct
:ct in precisely one point and such that there is precisely one line through
istinct points. It follows that there are precisely n = #X lines, that all
the same number of points k + 1, that there are precisely k + 1 lines
ough each point and that n = k% + k + 1. A very regular (symmetric)
ideed. The standard illustration for k = 2, n = 7, is depicted below. The
e six straight lines drawn and the circumscribed circle of the triangle.
finite field F, of ¢ elements where ¢ is a power of a prime, for example
) the standard projective plane whose points are ratios (z : y : z) of
of F, (not all zero) provides an example with ¢ + ¢ + 1 points. The
Figure 6 is the standard projective plane over Fa = Z/(2).

e 6

ful generalization of the de Bruijn—Erdds theorem, due to Ryser, [30],
the case that the intersections Fy N F, all have cardinality A > 1. There
wo kinds of extremal cases generalizing (i) and (ii), respectively. The
on of (i) that turns up is the class of symmetric block designs.

emal cases of sets where just a few (instead of one) intersection cardi-
allowed are also very regular. For instance, if the allowed intersection
5 are 0 and r > 0, the extremal families (for n = #X large enough) look
14]: write X as a disjoint union S1U S3U-+-U S|/, U So where each of
1,2,...,|n/r], has r elements, |n/r]| is the largest integer < n/r, and Sp
e remaining elements. The extremal family & consists of all the unions
¢ j, the sets §;, and all the singleton sets from Sg. This only holds for
h n compared to 7.

e symmetry of the situation (apart from the “boundary effects” repre-
'0) one can picture things as follows:

a regular k-gonal cyclinder (where k = |n/r]). The vertical ribs are the
1,...,|n/r]. The sets of & are the loose points of Sp, the ribs themselves,
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1I vertical diagonal planes through two ribs (including the sides). Besides the
only one of these diagonal planes is drawn in Fig. 7.

Sy veee
|
|
! i
' 1
| | I
| | i
s/
Sy i !
N—s]
| | I 55
|
| | S,
Sl I /l_—__—.—}l 4
B I
/l/// S3 // \\\
/
// S, // /
/ /

Figure 7

en three intersection cardinalities 0, 1, k are allowed (and » is big enough with
't to k) the extremal examples are in fact the finite projective spaces P over
e field of g elements, k = ¢+ 1, n = (¢—1)"1(g**! — 1), and the set & consists
subspaces of dimepsions 0,1, and 2 of P, [15].

ather different kind of “extremal implies symmetry” group of theorems is
lified by “turnpike theory”. The first turnpike theorem was enunciated in [8].
etting is economic growth theory, where the state of an economy at a given
s represented by an n-vector z of (capital goods). A von Neumann growth
s one of the form

z(t) = é(t)(a1,...,an),

(a1,...,a,) is a fixed vector and ¢(t) is a scalar valued function. These
>ns are highly symmetric in that the relative growth rates of all goods are
me. The initial turnpike theorems said that ‘roughly’ the fastest way to get
in initial state to a desired final state is to go first to a von Neumann path,
urnpike’, then follow for most of the time that von Neumann growth path,
hen, near the end, leave that path to reach the final state. There are also
ke theorems for the maximization of the final value of the goods, for portfolio
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. See [2, 6, 22, 25, 28, 29] for a sampling of turnpike theorems. One
linear programming) version of a turnpike theorem is as follows, [3].
r the linear programming problem
max {(c,zT), Az;< Bziq, t=1,2,...,T,

= R", c € R", 7o € R”, is a given vector, and where the maximization is
asible paths (o, z1,...,2T). Suppose that there exists a Ag > 0 such that
unique vector & satisfying (A — AoB)% < 0, (¢, &) = 1. Partition A and B

n
_ (A _ (B

(A1 — AoB1)E =0, (A2 — AoB2)& < 0. There is then a vector p > 0 for
L — AoB) = 0. Suppose moreover that AZ < Bzg, that thereisa p > 0
pA = c— pA, pB = 0, that if (A1 — AB1)z =0, 2 # 0, |A| = |Ag|, than
\d that A1& > 0. Under these conditions for any £ > 0 there exists 77 and
1dent of T such that for every optimal trajectory (zo,z1,...,ZT) one has

“_fi_._i“<e for TZ'<t<T-Ts,

el [I2]

= (22 + -+ + 22)'/2 denotes the norm of a vector z.

sbove, the restrictions Az; < Bz;_; describe the technological produc-
silities of the economy (with z;—1 as input, ; as output), & represents a
ann growth direction, and the p are equilibrium prices. The assumptions
d in the case of many economic growth models. Thus, indeed, an optimal
is most of the time near the von Neumann ray.

1al example? let us consider packing as many unit squares as possible
sverlap) into one large square of side a. If « is an integer the obvious
cking is optimal and yields a loss of 0. If & is not an integer the square
elds a linear loss: if a = n+r,n €N, r € (0,1), then the loss is 2n7 + 72,
ion is whether one can do better. And indeed, asymptotically one can (i.e.
: = n+r). The basic idea of Erdés and Graham, [9], is to divide the large
size o into a smaller square of integer size |a — o] and two rectangles.
0, 1]. The integer size lower left square is packed in the obvious way and
sctangles are mainly packed with slightly slanted columns and rows of
. squares where m = n— |a — o |. Figure 8 below gives the global picture
e n+r=a=100.8,p = 2/3, m = 21. Figures 9 and 10 give the details
ngles I and IIT (which are the same) and the trapezia II and IV. In this
case the leftover area on the right of the upper rectangle turned out to be
this is exceptional; normally a trapezium would be left (w’ in Fig. 11 can

are due to J. K. Lenstra who mentioned the square packing problem to me (as a
unterexample to the ‘extremality implies symmetry’ principle).
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y slightly) negative and that is what happened in this particular case). For
> given, 77 of the square packing loss of 160 is recovered. One needs relatively
for the procedure to start giving positive results. For instance for a = 35.6
of 6 is realized in the upper rectangle and the right rectangle is not yet large
to be able to improve on the square packing. To see why the idea works

100.8

% i Top rectangle

Triangle 1
>

2
ik
HiF

.

Square packing Right
region of 79x79 rectangle

e
5 =

Region IV
(Trapezium)

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100.8

gure 8

Fig. 11. Obviously ¢ < 1 (because the slanted column has width 1). But
=(m+1)2—(m+r-1)? < (m+1)2—(m—1)? = 4m so that z + 2 < 2/m.
"< 2/+/m < r for m large, so that z 4+ z < v2m and t < \/{2/m). The loss
the triangles at the top and bottom will be < a+/(2/m). Here one sees that
etter than linear loss one needs to have m growing with a. The triangles on
and the trapezium on the right can be packed with linear loss ¢m. It follows
e optimal p is 2/3 = 0.666.... One can repeat this idea, and Erdds and
1 do so once more (this needs a good deal of additional cleverness because
v are harder to handle than rectangles), and manage to obtain an asymptotic
rder @7/11, 7/11 = 0.636 ... . It is fairly easy to see that using the idea only
time as in Figure 8 the loss can be kept < 11a%/3 for large o (irrespective of
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how small 7 # 0 is; but if 7 is small & needs to be larger for the loss to be < 11a?/%).

H I
1T}
I

Figure 9 Figure 10
Upper rectangle in Fig.8: Upper rectangle in Fig.8:
Square packing: 21 x 100 = 2100 Square packing: 79 x 21 = 1659
95 slanted columns of 22 = 2090 73 slanted columns of 22 = 1606
left triangle: 32 upper triangle: 32
right triangle (trapezium): 32 lower trapezium: 44
gain: 54 gain: 23

All of the examples above have the property that the optimal solutions are most-
ly regular (symmetric) (or almost so in the turnpike case) but that there may well
be boundary effects. In the square packing case the boundary grows with « (and
this is important: a fixed width boundary would still give asymptotically linear
loss) although the size of the boundary compared to the whole square goes to zero.
In the case of the intersecting set systems depicted in Fig. 7 there is a bound-
ary effect represented by the singletons of Sp; there is also a second ‘boundary
effect’ for small n. Thus for » = 8 and r = 2 the picture would be and this
is even more symmetrical, and there is (correspondingly) a larger system of set-
s ® such that each two members intersect in two points. This is the 14 member
set system of 4 element sets consisting of the six sides of the cube {1,2,3,4},
{5,6,7,8}, {1,2,5,6}, {3,4,7,8}, {2,3,6,7}, {1,4,5,8}; the six ‘square diagonal’
planes {1,2,7,8}, {3,4,5,6}, {1,3,5,7}, {2,4,6,8}, {1,4,6,7}, {2, 3,5,8}; and the
two ‘mod 2 planes’ {2,4,5,7}, {1,3,6,8}. This is also an extremal configuration®.

There seems to be but little known concerning the general question of whether
“extremal objects incline towards great symmetry”. Perhaps the question ought to

3This was pointed out to me by J. J. Seidel
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z a
k —_—
wi+x+y
W,
gure 11

en into several parts:

remals and great regularity in the absence of boundary conditions

at regularity and symmetry

itinuous dependence of optimal solutions on boundary constraints and pa-
neters.

irst question is related to, but by no means identical with the “principle”
mmetric problems have symmetric solutions, sometimes called the Purkiss
e, [32]. This principle is also not universally valid as is illustrated by the
| of finding the shortest road network connecting four towns located at the
of a square. The two solutions are somewhat like those depicted below in
. Note that though both solutions are less symmetric than the problem,
r they have the full symmetry. On the other hand, there are “Purkiss type
is”, [32].

second part, (ii), has received a great deal of attention. And certainly it
>me clear that there can be a great deal of regularity without an (obvious)
[ symmetries that accounts for it. Examples are Penrose tilings, 5-fold crystal
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ire 12

ire 13

, various kinds of structures in finite geometry and the kind of symmetry
- a Hopf algebra that is not a group, [18]. '

al part of the problem, (iii), also offers an approach to proving “extremal-
s regularity” theorems. Assuming symmetry in the absence of boundary
; of various kinds, continuous dependence on these conditions will indeed
.theorems. In this connection note that the Erd6s—Graham packing is sort
wous” as « rises to the next integer (but not the other way). In the case
te theory the von Neumann paths are the optimal ones in the absence of
1 final conditions, there is continuous dependence, and in fact this can be
rove turnpike theorems, [2].

r Detection Patterns

n be used to determine the distance and velocity of distant objects by
t the time elapsed for the reflected signal to come back and the frequen-
Doppler effect). As is often the case measurements based on comparison
1ce) are more accurate than absolute ones. This leads to the idea of send-



Some Problems of Applied Algebra 17

ing out a pattern of signals at different times and frequencies and comparing the
reflected signal with the original one. These are called frequency hopping patterns
and the question arises of designing them in such a way that optimal detection
(determination) results are achieved.

This led, in the engineering world, to the definition of a Costas array which is an
n X n matrix with precisely one 1 in each column and in each row, such that for
each displacement (r,s) # (0,0) there is at most one cell where both the original
and the displaced matrix have a one.

Such a Costas array is for example the following 6 X 6 matrix of zero’s and ones
(zero’s are empty cells, ones are black (shaded) cells); see Fig. 14. It follows that
the “interference cell positions” determine both distance and velocity.

Figure 14

A number of studies have been devoted to Costas arrays and a very large number
of them have been constructed. For instance there exist Costas arrays for all n < 31.

One symmetric construction is as follows (one of the Welch constructions). Let p
be a prime number and take n = p— 1. Label the columns 1,...,p~ 1 and the rows
0,...,p— 2. Put a black square at spot (4, ) iff j = o where « is primitive mod p,
i.e. o #1 modp for r < p— 1. In the example of Fig. 14,p =7, a = 3.

Cf., e.g. [17] for a fairly recent and complete survey on Costas arrays.

There are a number of drawbacks to Costas arrays. There will always be shifts
(r,9),|7],]|8| < n such that there is no overlap (between the original and the shifted
pattern). Extending the original array periodically in the time direction can help.
For instance in the case of the Welch construction it then remains true that the
overlap is at most one. There remain shifts (r,s),|r|,|s| < n, though, with zero
overlap. Extending periodically also in the frequency direction seems to be not
considered in the engineering world. If one does so one finds that there are still zero
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hifts (besides the obvious ones (r,s) with r = 0 modn and s # 0 modn
ersa) and that also, inevitably, there will be shifts with an overlap of > 2.
iplete situation in the case of the Welch array of Fig. 14 is detailed in
wnd Fig. 16 below. (Incidentally, the Welch array does not behave well if
r extended periodically in frequency; then also one overlap of 2 appears
(4,1))). Mathematically the reason is that the natural periodicity of the
s (the time direction) is p — 1 while that in the frequency direction is p.
the drawbacks just mentioned arise because Costas arrays are square and
cisely n black cells (and n(n — 1) # n? ~1if n # 1).

— frequency

ure 15 Figure 16

he question arises whether one can perhaps do better by modifying things

teresting improvement goes as follows. Take again a prime number p and
—1. Label the rows 0,1,...,n — 1 and the columns 1,...,%,0. Put a black
ose positions (¢, j), ¢ a row index, j a column index, for which j = a* where
n primitive mod p. Le., this is the Welch array extended with one column
squares. Extend the array periodically in both directions. The result has
ving properties:

. shift of the form (kp,[(p— 1)) the overlap (with the non-extended shifted
y) is (obviously) n = p — 1 (like in the Costas array case)
. shift of the forms (kp,s) or (r,I{(p— 1)) not of the form a) the overlap is
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» (like in the Costas array case)
all other shifts the overlap is precisely one.

ample is depicted in Fig. 17. The array itself can be described more ab-
as a permutation ¢ of {1,2,...,n} and the property desired is then

n(n — 1) differences (¢,0(%)) — (4,0(5)) mod (n,n + 1) give precisely all the
s (r,8) mod (n,n + 1) with r # 0 mod n and s # 0 mod (n + 1). (Note that
e are indeed n(n + 1) — n — (n + 1) + 1 = n(n — 1) such pairs.)

— frequency

ure 17 .

rimented a bit with such permutations and the evidence seems to indicate
scture: “up to trivial equivalences the only examples of such permutations
: given by the rule above, i.e. (i) = o with n+1 a prime, p, and « primitive
his holds for n < 10. There is some additional interest in the conjecture. For
ier ad hoc construction, which I do not really understand completely, every
tion o of {1,...,n} satisfying d) gives rise to a finite projective plane of
-1 (i.e. with (n+1)?+(n+1)+1 points and n+2 points on each line). Thus
be really nice if the conjecture were false for some interesting numbers n.
itruction is described in the intermezzo at the end of this section.

nd possible improvement asks for numbers n and m and a corresponding
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uch that the overlap between a shifted pattern and the both ways periodi-
ended pattern is exactly one for all shifts not of the form (r, s) = (kn,Im),
or which cases the overlap is automatically q if there are ¢ black squares).
seconds thought gives that what we are asking for is a difference set for the
(n) x Z/(m). Now if n and m are relatively prime Z/(n) X Z/(m) =~ Z[(nm)
various known cyclic difference sets can be used. For instance the one for
‘hich is D = {1,2,4,10,28,50,57,62,78,82} yields the pattern depicted in
elow. The construction is as follows: to d € D associate the black square at
tes (d mod 13, d mod 7). For example 50 € D gives rise to the black square
,and 62 € D to that at (10,6).

ure 18

articular difference set is of projective plane type. The recipe is as follows.
of the form ¢ + ¢ + 1 where ¢ is a power of a prime number. (Here ¢ = 9
91.) Consider the field F, of g-elements and construct a field extension
;gree 3 of F),. Find an element o € Fys that is primitive, i.e. such that
or m < ¢® — 1. As a vector space over F, the field F,s is a vector space of
n 3. Let L be any nonzero linear mapping Fjs — Fj. Consider the exponents
+ q + 1) of those a™ that are in L. These form a difference set for Z/(n),
g + 1. For a proof cf. [4, Chapter V].

the mathematical theory, which, moreover, guarantees that all the objects
" do indeed exist. It is, however, quite another matter to write them down
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. In order to illustrate this point let me give the details I used to write
s particular difference set above. '

me needs an Frqg, i.e. a concrete representation of the field of 729 elements.
one uses an irreducible polynomial of degree 6 over F3 = Z/(3) = {0,1,2}
dition and multiplication modulo 3). There are many such, but, again,
down an explicit one is another matter. In this case I realized Fy99 as a
e of an Fy (a degree 2 extension) and an Fy7 (a degree 3 extension), viz.

Frag = 1F3[$ay]/(372 +1, y3 + 23/ + 1)

‘imitive element of F7qg is needed, i.e. an element o # 0 such that a™ # 1 for
'28. Again, there are many, but finding one explicitly is another matter. The
2 = (zy+ 1) works. Finally the elements of Frg were coded as expressions
I+ with a = a1z + b1, B = azz + by, ¥ = asz + b with a;,b; € {0,1,2}
he linear functional I took L(ay® + By +7) = 7.

s serves to illustrate that there is a certain difference between an abstract
vtical theorem like the one above describing the ‘projective plane construc-
ifference sets’ and actually writing down explicit results, in this case an
lifference set for a smallish number like 91.

i part of the domain of computer algebra: the devising of efficient explicit
1s and the implementation of them in terms of software packages on readily
machines. Moreover these software packages should be user friendly enough
:d by nonspecialists (in the area of mathematics with which the package

lird main point I want to stress here in this paper is that in this domain
sreat activity, and that very, very much remains to be done.

2ZZ20

L,2,...,m} = {1,2,...,n} be a permutation with the property that for all
£ 0 modn, s Z 0 mod (n + 1) there is precisely one pair ¢,5 € {1,...,n}
t (r,8) £ (4,0(¢) = (4,0(j)) mod(n,n + 1) (i.e. i — j # r modn and
j)# smodn+1).

uch a o one obtain a finite projective plane of order n + 1 as follows.

t of points is the union

X = {(4j)ri=1,...,n;j=0,1,...,n}
U{Ph---,Pn}U{QO,---,Qn}U{*17*2}-
be the set {(¢,0(%)): ¢ = 1,...,n}. The lines in X are defined to be the
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L)+ AU{P;,Q;} =, i=1,...,m;7=0,...,n
(4,5): 1=0,1,...,n} U {*2} = pi, i=1,...,n
(ivj):i‘_'la""n}u{*l}U{Qj}:qjs j=07'-'7n
Pl)--';Pn’*l,*2}=p

QO""aQn’*2}=q'

the definition of /;;, in the sum (4, j) 4+ A, one calculates modulo (n,n + 1).
rification that this works is a straightforward (if slightly tedious) matter.

1g Systems

illustration which I would like to discuss as an example of applied noncon-
nathematics concerns voting systems. It is well known and has often been
. Iinclude it here very briefly, to illustrate quite another aspect of applied
itics.

sently happens that in engineering, or society, or ... , would like to have a
system, a procedure, ... possessing certain desirable qualities. For instance
;able filter to take out transmission noice, or a voting system: a procedure
gating individual lists of preferences to one for the societal group involved
le. It is then up to the mathematical community to analyze the situation
'‘mine whether the requirements desired are compatible or whether no such
desired can possibly exist. This last outcome happens rather frequently;
. both the two cases mentioned just above. For voting systems this is the
if the various Arrow impossibility theorems, cf. below; in the case of the
of nonlinear stochastic dynamical systems one has for instance the result
e is no exact, recursive, finite dimensional filter for the socalled cubic sensor
y other systems, [20].

here are difficulties with voting systems has been known since around
: Condorcet paradox). Indeed consider the voting system which aggregates
1 preference lists as follows. Alternative A is ranked above alternative B in
;al ranking of more individuals prefer A to B then vice versa. Now consider
ividuals 1,2,3 whose individual rankings are, respectively,

1 : A-B»C
2 : B=C» A
3 : C» B> A.

ple majority’ aggregation procedure described then gives A > B, B » C,
A for the society as a whole; a circular nontransitive ‘ordering’.
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18 out that this ‘paradox’ is basic and not easily circumvented. Indeed,
rrow proved in a certain sense that all ‘desirable’ voting systems have
|. More precisely, one version of the Arrow impossibility says that there
ing system which has the following desirable (democratic) properties.

nsistency.) The social ordenings that result from the voting system are
sitive. v
animity.) If all individuals agree on preferring alternative A to B then the
ety does so also.

ependence of irrelevant alternatives.) The societal ranking of two alterna-
3 A and B depends only on the rankings of A versus B of all the individuals.
dictator.) There is no individual ¢ such that the societal ranking is simply
- of individual .

are a great many of these ‘impossibility theorems’. Cf. [5, 12, 26] for more
, more precision, and more detail, the discussion in [16], Chapter 9 is espe-
;ommended for the laymathematician curious.

1 the results of the analysis of voting systems have been negative. One
s been the discovery (more precisely, rediscovery) of ‘approval voting’. This
hat each individual simply indicates on the list of alternatives of which
ves he approves. An individual can approve of as many alternatives as he
Alternatives are ranked according to the number of approval votes they

‘heme still has flaws but it has a lot in its favour, and would seem to be ready
spread implementation, [5]. As far as I know the American Mathematical
s the only official body which has adopted approval voting for its elections.
this illustrates yet another problem in applied mathematics: knowing the
is by no means enough.
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