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Abstract

A standard result from unification theory says that if a finite set E of equa-
15 between terms is unifiable, then there exists an idempotent most general
fier for E. In this paper, the theorem is generalized, in first-order logic, to
case where E may be infinite.
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troduction

fication problem is to determine, given an equation s =t in some logic,
there exists a substitution o such that (s)o = (t)o. The substitution &
fier’, and s = t is called ‘unifiable’. For an introduction into the field of
on theory, see {1, 6].
; algorithm, which solves the unification problem in first-order logic, stems
rbrand’s thesis [3] (see [12]). This algorithm was rediscovered by Prawitz
1 its full significance was recognized only after Robinson [11] had employed
; resolution principle for automatic theorem-proving. Robinson was the
jefine the basic concepts for unification. His algorithm decides whether an
1is unifiable or not, and if so, then it produces a unifier which is idempotent
»st general’, which means that all other unifiers for the equation can be
from it. More efficient unification algorithms, for finite sets of equations,
sposed by Paterson and Wegman [8] and by Martelli and Montanari [7]-
iykowski [9] defined an algorithm to detect whether or not an equation is
e in second-order logic. Huet [4] showed that such an algorithm does not
third-order logic. In [5] however, he introduced an algorithm in w-order
rich, given a unifiable equation, computes a unifier for this equation. For
fiable equations, this algorithm may not terminate.
is paper, we prove that each infinite unifiable collection of equations, in
ler logic, allows an idempotent most general unifier. Since the collection
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ms is infinite, our construction involves limit procedures, which take in-
any steps.

application of this result, in the setting of operational semantics a la
ee [2]. of this thesis.

edgements. Special thanks go to Catuscia Palamidessi, who provided
1ents.

sliminaries

juel we assume an alphabet, which consists of the disjoint union of an
t of variables and a set of function symbols. Each function symbol f is
with an arity ar(f), being a natural number > 0. The collection of terms
Uphabet is defined inductively as follows:

1 variable is a term,

is a function symbol, and t1, ..., te.(f) are terms, then f(t1, ..., tan( 5)isa
1.

»er of function symbols in a term is called the size of the term. Syntactic
ce between terms is denoted by - = ..

itution is a mapping from variables to terms. The notation o = 7 means
= (z)7 for all variables z. Each substitution is extended to a mapping
18 to terms in the standard way.

m 1 The domain of o substitution o is the collection of variables = for

o # .

. we did not require substitutions to have a finite domain.

m2 A substiiution o is idempotent if oo = 0.

juel, E denotes a set of equations s =t between terms,

m 3 A substitution o is a unifier for E if for all s = t € E we have
Jo. The set E is called unifiable if it allows a unifier.

itution o is a unifier for a substitution 7 if To = 0.

m 4 A unifier © for E is called most general if for each unifier o for E
ts a substitution o' such that Oc' = 0.

ation s = t will be called a proper sub-equation of equations C[s] = CIt]
sivial contexts C|].



3 The main theorem

A standard result from unification theory says that if a finite set E of equations
between terms is unifiable, then there exists an idempotent most general unifier for
E. In this paper, the theorem is generalized to the case where F may be infinite.
First, we rephrase the theorem.

Proposition 5 The following two statements for a substitution © are equivalent.
1. © is an idempotent most general unifier for E.
2. © is a unifier for E, and each unifier for E is a unifier for ©.

Proof. (=) Let o unify E. Since © is most general, there is a substitution ¢’ such
that ©¢' = o. Furthermore, © is idempotent, so

O0 = ©B¢' = B¢’ = 0.

(«<) Each unifier o for E unifies ©, which means that ©¢ = ¢. So O is most
general. Furthermore, © unifies each unifier for E, so in particular it unifies itself.
Hence, ©0 = 6. O

Theorem 6 If E is unifiable, then there exists a unifier © for E such that each
unifier for E is also a unifier for ©.

Proof. Let 1o denote the identity substitution, and define E§ = {e} foreach e € E.
We define a construction which produces from a substitution 7,1 and unifiable
sets of equations ES_;, a substitution 7, and unifiable sets of equations E,.

e If E_, contains an equality f(s1,..., Sar(f)) = 9(t1, ) tar(g))> then it must be
the case that f = g, because Ef_; is unifiable. Replace each such equation
in ES_, by its proper sub-equations s; = t; for i = 1,...,ar(f). Denote the
resulting set by FS. Note that a substitution unifies E¢_, if and only if it
unifies F3;.

e Suppose that a variable z is not in the domain of Tp—1, and that UecpFy
contains (one or more) equations of the form z =t or t = , where ¢ is not a
single variable. Then choose one of these equations z = ¢ or t = , and put
(x)Tn = t. Put ()7 = (y)Tn-1 for all other variables y. In particular, 7,
equals T,—1 on the domain of 7p—1.

o Put ES = (F&)mn.

From the following Property 1, and from the fact that 7o and E are unifiable, it
follows immediately that all Ef are unifiable.
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1 unifier o for 7,—1 and UeepES_,, is also a unifier for 7, and Ueeg EL.
if. Since o unifies E;_,, it also unifies Fy, for each e € E.

)T = (£)Tn—1 for a variable z, then (z)m,0 = (£)Th-10 = (z)o, because
sifies 7,,—1. Otherwise, if (z)7, # (£)7n—1, then it follows from the con-
ction of 7, that (z)7, = z (or its reverse) is in UeegFE. Since o unifies
re, it follows that (z)7,0 = (z)o. Hence, o unifies 7,.

lo = (Fg)tho = (F£)o, because o unifies 7,,. Since o unifies F¢, it follows
o unifies EY, for each e € E.

1 unifier ¢ for 7, and E}, is also a unifier for 7,—1 and EZ_,.
if. Th—1 equals 7, on its domain, and ¢ unifies 1,,, so ¢ also unifies 7,,—1.

o = (F)mpo = (EE)o, and o unifies ES, so o unifies FS. Then o also
es EZ_,.

)quals 7,—1 on the domain of 7,_1, we can define the ‘union’ 7 of the
S Tl

(@) = (z)m if (z)m, # z for some n,
1z otherwise.

each variable z, either (z)7 = z, or (z)7 is not a variable.

f. If (z)1 # z, then (z)T = (z)7, for some n > 0. Let n be the smallest
iral number for which this equality holds, so that ()7, # (z)7n-1. Then
llows from the construction of 7,, that there is an equationz =tort =z
ecE FS, where t is not a variable, and (z)7, = ¢. Hence, (z)7 =t is not a
able.

sach variable z, there is a natural M(z) such that (z)rM@+! = (£)r M),

if. Fix a unifier ¢ for E. Since o also unifies the identity 79, Property
iplies that o is a unifier for all 7,,. So ¢ is a unifier for their union 7,
‘h means that (z)7™o = (z)o for all m. Thus, the size of the terms
™ cannot grow beyond the size of (z)o. The term (z)r™*! is obtained
\ ()™ by application of 7, so the size of (z)7™*! is at least the size of
™. Hence, there is a natural M(z) such that for m > M(z), all terms
™ have the same size. Then Property 3 of 7 implies (z)7™*! = (z)r™
n > M(z).

the ‘limit’ 7 of 7 by
(2)7 = (z)rME),

1 implies that 77 = 7. So, since 7 is the union of all 7,,, we have 1,7 =T



- each e € E, there is a natural N(e) such that EXe contains only equa-
ns of the form z = y, where = and y are not in the domain of 7.

sof. Fix an e € E, and consider the sequence {(E7)T}320-

ch equation in E¢_; is either maintained, or replaced by proper sub-
1ations in F¢. Hence, each equation in (Eg_;)7 is either maintained, or
laced by proper sub-equations in (Fg£)7 = (F¢)m,7 = (E},)T. Since proper
»-equations always have a size smaller than the original equation, each
\in of subsequent proper sub-equations in the subsequent (E7)7 is finite.
. by Konig’s Lemma, there is some N(e) such that all the equations in
e )7 are maintained in (E£)7 for each n > N(e).

nsider an equation s = ¢ in ES_; for some n > N(e). Since (s = t)T €
e )7 is maintained in (E2)7, it follows that s =t € E7_; is maintained
F¢. So s = t cannot have any proper sub-equations, or in other words, s
t must be a variable, say, s = .

w suppose that ¢ is not a variable. We deduce a contradiction. First, we
>w that then (z)7, is not a variable. Distinguish two cases.

- (£)Tn—1 # z. Since 7, and 7,1 coincide on the domain of 7,-1, we
have ()7, = (#)Tn—1 # 2. Then Property 3 yields that (z)7, is not a
variable.

- (2)Tn—1 = z. Then z is not in the domain of 1. Furthermore, z =
t € F¢ where t is not a variable. So from the construction of 7, we see
that (z)7, is not a variable.

1e equation ¢ = t € F¢ takes the form (z = t)7, in Ej. Since (z)r and
7, are not variables, this equation is replaced by proper sub-equations in
‘1. But this contradicts the fact that equations in (E7)T are maintained
(Ee,1)7. So apparently, t must be a variable.

wus, each equation in ES_; for n > N(e) is of the form z = y. In E7, such
. equation takes the form (z = y)7n, so ()7, and (y)7. are variables too.
1en Property 3 yields (z)7, = z and (y)r, = y. Hence, z and y are not in
e domain of 7, for any n > N(e), so they are not in the domain of their
ion 7. Then z and y are not in the domain of 7.

ne the ‘limit’ E of E by

E' = U EIBV(E)
ecE

ict a unifier p for E as follows. Two variables are said to be ‘equivalent’
can be equated by equations in E. We define p to contract the elements
equivalence class C to one variable in this class. That is, just pick some
and put (z)p = zg for z € C.



ve define the desired unifier © for E such that each unifier for ¥ is also
t O

0 =7p.
v unifier for F.
. Since 7,7 = T, also 1,0 = 7,7p = Tp = O for all n. In other words,
fies 1, for all n.

der an equation z = y € E. Property 5 ensures that z and y are not in
omain of 7, so (z = y)© = (z = y)7p = (r = y)p. Since z and y can
uated in E, p maps z and y to the same variable. So indeed this last
ity holds, and thus (z = y)© holds. So © unifies E.

© unifies all 7, and F, in particular it unifies Tn(e) and Ef\r(e) for each
. Then Property 2 yields that © unifies E§ = {e}, for each e € E.
unifier for E is a unifier for ©.

. Let o unify E. Then according to Property 1, ¢ unifies 7,, and E, for
turals n and e € E.

o unifies each 7, it unifies their union 7. And (z)7 = (z)7M®), so then
fies 7.

o unifies all Ef;,, it unifies their union E. By definition of p, (z)p and
be equated in E for each z. Hence, (z)po = (z)o for each z.

o=Tpo =T0o =o0. O
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