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1 Introduction

Database integration has been identified as one of the major challenges in responding to enterprises’
information requirements [9]. In this report, we will prove a number of completeness results that
are useful for semantic database integration, where databases are integrated using structure and
behaviour [10, 11].

As a basis for the completeness results, we need a formalisation of both database schemas and
database instances. A database schema in an object-oriented database language (e.g., O [8] or
TM [3]) is a class hierarchy: a set of classes related by a subclass relation. A class has a set
of attributes, a set of constraints, and a set of methods. A database instance is a set of class
extensions, where a class extension is a set of objects.

There are several options to formalise class hierarchies and class extensions. One option is
to assign a set of simple instances (e.g., names) to a class and to formalise every attribute as a
variable function from the set of instances to the corresponding codomain, every constraint as a
fixed function from the powerset of the set of instances to the domain of the booleans, and every
method as a fixed function from the set of instances and the domains of the parameters to the
corresponding codomain. An instance can be queried and manipulated by applying the formalised
attributes, constraints, and methods.

We have chosen another option, similar to the approach of [4], where the attributes of a class
and a special identifier attribute are aggregated into a record type (the underlying type of the
class). The set of possible instances of a class is the set of instances of its underlying type.
Furthermore, every constraint is formalised as a logical formula, the interpretation of which is
a function from the powerset of the set of instances to the domain of the booleans, and every
method is formalised as a lambda expression, the interpretation of which is a function from the
set of instances and the domains of the parameters to the corresponding codomain.

Our formalisation differs from the approach of [4] as follows. In [4], identifier attributes are
used both to discriminate between different instances and to cope with recursive class definitions.
In our formalisation, identifier attributes are used to discriminate between different instances and
recursive types are used to cope with recursive class definitions. In fact, our formalisation resem-
bles the approach of [6], where cyclic graphs are used to model database schemas and database
instances, except that we use special identifier attributes. The resemblance stems from the fact
that types and instances of types can be interpreted as cyclic graphs or, as will be shown, as
infinite trees.

In this report, we focus on types and instances of types, and leave functions for what they are.
In Section 2, we define the syntax and semantics of types. In Section 3, we introduce structural
type equivalence, similar to type equivalence in Algol68 ([7]), where types are represented by
infinite trees. Furthermore, we define extensional type equivalence, reducible type equivalence,
and derivable type equivalence, which induces an algorithm, similar to the algorithm in [7]. In
fact, our approach resembles the approach of [2], where structural type equivalence resembles
=7, extensional type equivalence resembles =js, reducible type equivalence resembles =g, and
derivable type equivalence =,4. However, there is an important difference. Since we have no
functional types, but only basic, set, and recursive record types, the models in our approach (viz.,



the extensions) are simpler. As a consequence, we have a stronger result: derivable equivalence
is sound and complete w.r.t. both structural and extensional type equivalence. In Section 4,
we introduce derivable subtyping using a set of subtyping rules, structural subtyping using trees,
and extensional subtyping using extensions. These subtyping relations resemble < 4, <7, and <ps
from [2], respectively. Again, we have a stronger result: derivable subtyping is sound and complete
w.r.t. both structural and extensional subtyping. In Section 5, we introduce type transformations:
renaming operations and aggregation operations. We show that this set of type transformations
is sound and complete w.r.t. data capacity. Finally, in Section 6, we summarise and analyse the
results.

2 Types and instances

In this section, we introduce types and p-complete types, type equality, terms (or instances) of
types, an equivalence relation on terms, and a subterm relation on terms.

The set of types consists of type variables, basic types, set types, record types, and recursive
record types. The set of p-complete types is the same as the set of types, except that every
record type is preceded by an occurrence of recursion operator pu. In fact, p-completeness is
only a technical restriction, since every general type can be rewritten as a py-complete type. The
restriction to p-complete types just simplifies the proofs of a number of theorems. The syntax of
types is given by the following definition.

Definition 1. First, we postulate a set of type variables Type Var, a set of basic types B1Types =
{oid, integer, rational, string}, and a set of labels £. The set of types, denoted by Types, is induc-
tively defined by:

1. if t € TypeVar, then t € Types
2. if B € BTypes, then B € Types
3. if v € Types, then {v} € Types

4. if {l;,---,1,} C L is a set of n distinct labels and {vy,---,v,} C Types,
then <y :vy,---,1l, : v, > € Types

5. if t € TypeVar and {ly,---,1,} C L is a set of n distinct labels
and V = {vy,---,v,} C Types and V7 € V[t & bvars(T)],
then pt. <y 1 vy, -+, 1, : v, > € Types,

where bvars(T) is the set of bound type variables in 7:

bvars(t) =0 if t € Type Var
bvars(B) =0 if B € BTypes

{v}) = bvars(v)

<ly:vy,--, 1, v, >) =bvars(vy) U-- - U bvars(v,)
pt.a) = bvars(a) U {t}.

Furthermore, the set of closed types, denoted by CTypes, is defined as follows:

bvars
bvars
bvars

NN NN

CTypes = {T € Types | fvars(t) = 0},
where fvars(7) is the set of free type variables in 7:

fvars(t) = {t} ift € TypeVar

fvars(B) =0 if B € BTypes

fvars({v}) = fvars(v)

foars(< ly tvg, - Ly vy >) = foars(uy) U - - U foars(vy,)
(

fvars(pt.a) = foars(a) — {t}.



The set of p-complete types, denoted by pTypes, is inductively defined by:
1. if t € TypeVar, then t € pTypes
2. if B € BTypes, then B € pTypes
3. if v € uTypes, then {v} € puTypes

4. if t € TypeVar and {l1,---,1,} C L is a set of n distinct labels
and V = {vy,---,v,} C uTypes and V7 € V[t & bvars(T)],
then pt. <ly :vy,---, 1, v, > € pTypes.

Finally, the set of closed p-complete types, denoted by CuTypes, consists of the p-complete types
that have no free type variables:

CuTypes = {1 € pTypes | fvars(t) = 0}.

O

Type equality is defined as syntactical equality, modulo addition of dummy type variables and
permutation of fields in record types.

Definition 2. Let 7 and 79 be types. Equality of 7, and 72, denoted by 7 = 79, is inductively
defined as follows:

.t=t if t € TypeVar

.B=B if B € BTypes

Avy={"} ifv=1'

<l v,y vy > =< g, U o), > ifViEIEIjEI[li:lg/\vi:v;]

<y, vy > = ot <lpivug, el s v, > ifViell[t e fvars(v;)]
cpte<lprug, oyt v > =<y rog, ey oy > ifViell[t ¢ fvars(v;)]
. pt.a = pt.o ifa=cd.

~N OOl W N

Using rule 5 and 6, we can rewrite every type as a p-complete type. O

The semantics of types can be defined in terms of trees or extensions. The tree of a type represents
the structure of the type.

Definition 3. Let 7 be a type. The tree representing 7 is defined as struc(r, §), where struc(r, ')
is defined as follows:

struc(t, I') =

)

if t € TypeVar and nr(t) = L,

struc(t, I') = struc(ut.o, T')
if t € TypeVar and nr(t) = pt.«,

struc(B,T) =

if B € BTypes,

struc({v},I') =



T

where T' = struc(v,T),

struc(< ly t vy, -yl i vy >, 1) =
ll In
T]_“ Th

where T; = struc(v;, T'),

struc(pt.a, I') = struc(a, I' U {pt.a}),

where nr is a partial function from Type Var to Types induced by T'; nr(t) = 7 if 7 is a type in T
and 7 starts with pt (there is at most one such type) and nr(t) = L if there is no type in I' that
starts with pt. For convenience, we sometimes write struc(7) instead of struc(r, (). O

The extension of a type is the set of closed terms of which the structure corresponds to the
structure of the type.

Definition 4. First, for every basic type B, we postulate a disjoint set of constants Conspg,
and, for every type variable ¢, we postulate a disjoint set of instance variables Var;. The set of all
constants, denoted by Cons, is given by:

Cons = {Consp | B € BTypes}.
Furthermore, the set of all instance variables, denoted by Var, is given by:
Var = {Var, | t € TypeVar}.

Let 7 be a type. The set of terms (or instances) of type 7, denoted by terms(7), is defined as
follows:

terms(t) = Vary if t € TypeVar,
terms(B) = Consp if B € BTypes,
terms({v}) = ppin(terms(v)),
terms(< Iyt vy, -+, 1, 1 v, >) =
{<li=e1, -, l, =€, >|e1 € terms(vy) A--- A e, € terms(v,)},
terms(ut.ac) =
terms(t) U {uz.(eo[z1 \ €1, -, @n \ €n]) | x € Vary Aeg € terms(a) An € INA
Vie{l, - ,n}z; € Var, Ae; € terms(ut.a) Az & BV(e;)]},

where pg,(V) is the set of all finite subsets of set V and BV(e) is the set of bound variables in
term e:

BV(y)=10 if y € Var,
BV(b) =0 if b€ Cons,
BV({e1, -, en}) =BV(<li =€, ,ln=e,>)=BV(er)U---UBV(e,),

BV(py.e) = BV (e) U {y}.

The set of all terms, denoted by Terms, is given by:



Terms = {terms(7) | 7 € Types}.
Finally, the extension of type 7, denoted by ezt(7), is defined as:
ext(t) = {e € terms(1) | FV(e) C {y € Var, | s € fvars(7)}}.
where FV(e) is the set of free variables in term e:

FV(y) ={y} if y € Var,

FV(b)=10 if be Cons,

FV({e1, - -,en}) =FV(<li=e€1,--,l, =€, >)=FV(e1)U---UFV(e,),
FV(py.e) = FV(e) — {y}.

O

Example 1. Let 7 be type put. < a : integer,b : ¢ >. Furthermore, let  and y be elements of
Vary. Then pz. <a=1,b=py. <a=2b=2z >>is a term of type 7. O

Similar to types, terms can be represented by trees.

Definition 5. Let e be a term of an arbitrary type. The tree representing e is defined as
struc(e, 0), where struc(e, V) is defined as:

struc(z, V) =

()

if z € Var and ny(z) = L,

struc(z, V) = struc(pz.ez, V)
if z € Var and ny(z) = pz.ey,

struc(b, V) =

(o)

if b € Cons,

struc(9, V) =

)

struc({e1, - -,e,}, V) =

)

where T; = struc(ei, V)a

struc(<ly =eq, =€, >, V) =



where T; = struc(e;, V),

struc(pz.e,, V) = struc(e,, V U {uz.e,}),

where 7y is a partial function from Varto Terms induced by V; ny(z) = e if € is a term in V and
e starts with pz (there is at most one such term) and ny(z) = L if there is no term in V that
starts with pz. For convenience, we sometimes write struc(e) instead of struc(e,0). O

The equivalence relation on terms is defined as an equality relation on the trees of the terms.

Definition 6. Let e; and ey be terms of arbitrary types. Equivalence of e; and ey, denoted by
e1 & eg, is defined as follows:

e1 2 ey & struc(er) = struc(ey).

Let E; and E5 be sets of terms. Then Fj is equivalent to E3, denoted by Fy 22 Fs, if and only if:
1. Vey € Erdes € Egle; X eq]
2. Veq € Eyde; € Eyfes & eq].

O

For the definition of the subterm relation, we need the following definition.

Definition 7. Let T} and T3 be labeled trees. Furthermore, let ¢ be a graph homomorphism
from 77 to T3. Then ¢ is a tree morphism if and only if ¢ maps the root to the root. And 77 is a
supertree of Ty, denoted by 17 O T5, if and only if there is an injective tree morphism from 75 to
T, that preserves labels.

Let S and Sy be sets of labeled trees. Then Sy is a set of supertrees of Sy, denoted by S; O S5,
if and only if:

Vs, € S1dsy € 52[51 - 52].
O
The subterm relation on terms is defined as a supertree relation on the trees of the terms.

Definition 8. Let e; and ey be terms of arbitrary types. The subterm relation, where e; =< e
denotes that e; is a subterm of ez, is defined by:

e1 = ea & struc(e) 3 struc(es).

Let F; and Fs be sets of terms. Then Fy is a set of subterms of Ey, denoted by Fy < Fs, if and
only if:

Ve, € F1dey € E2[61 = 62].
O

The following lemma gives the relation between the ‘set of subterms’ relation and the ‘set of
supertrees’ relation.

Lemma 1. Let F; and Fs be sets of terms. Then:
Ey R Ey & {struc(e) | e € By} O {struc(e) | e € Ex}.

Proof. The lemma follows from Definition 7 and Definition 8. O



3 Type equivalence

In this section, we define structural, extensional, and derivable type equivalence. We prove that
derivable equivalence is sound and complete w.r.t. structural and extensional equivalence, and
that structural and extensional equivalence are decidable. Furthermore, we define a normalisation
process for types and prove that derivable equivalence is logically equivalent to the equivalence
relation induced by the normalisation process.

In the previous section, the semantics of a type was defined in terms of a tree representing the
structure of the type and in terms of a set of closed terms of which the structure corresponds to
the structure of the type. These two notions of type semantics can be used to define two notions
of semantic type equivalence: structural and extensional. Structural type equivalence is defined
as an equality relation on the trees of the types.

Definition 9. Let 71 and 73 be types. Structural equivalence of 71 and 79, denoted by 71 &4y 72,
is defined as:

TL Dstruc T2 & struc(m) = strue(rs).
O
Extensional type equivalence is defined as an equivalence relation on the extensions of the types.

Definition 10. Let 7 and 75 be types. Extensional equivalence of 7, and 79, denoted by
T1 &opt To, is defined as:

I Dopt T2 < ext(my) X ext(r).

O

3.1 Derivation system for type equivalence

In this subsection, we introduce a derivation system for type equivalence and define derivable
type equivalence. Informally, a derivation is a tree of formulas, where the children formulas imply
the parent formula. A formula is of the form I' F 7 2 o (where 7 and ¢ are types, & is type
equivalence, and I is a context), saying that 7 2 o follows from the axioms for basic types and
the premises in I'. Context I is a triple (I';,I',,I',), where an element of I'; is a type definition
of the form pt.«, saying that every type variable ¢ on the left (i.e., in 7) corresponds to type
pt.a, an element of ', is a type definition of the form ut.«, saying that every type variable ¢t on
the right (i.e., in o) corresponds to type pt.c, and an element of ', is a pair of type variables
(t,s), where ¢t occurs on the left and s occurs on the right, saying that ¢ and s are equivalent

(and the types they corresponds to). For convenience, we write I' U {(ut.c, ps.8), (t, s)} instead of
(Fl U {iu’t'a}u r.u {P‘s-ﬁ}a FP U {(t7 5)})

Definition 11. The derivation system for type equivalence, denoted by DFE, is defined as follows.
The axioms of the derivation system are:

1. TBZB if B € BTypes

2. ThHts if (t,s) el

3. THt=usp if (t,s)eT,Apus.BeTl,

4. Trputas if (t,s) e 'y Apt.a € Iy

5. Tk pt.a™ pus.p if (t,s)eT,Aput.aecTiApsBel,

The rules of the derivation system are:

I'Fut.a ™ ps.g

1. 'Ht=s

if (t,s)¢T, AputaecTApusBeT,

I'Fupt.a = ps.g
F'Ft=upusp

if (t,s) ¢ Tp Apt.a el



I'Fupt.ao = ps.g

if (t,8) €T, Apus.pel,

F'Futas
4 'cr=¢o
- IH{r}={cs}
5 'rn«oy,---,I'tm, 2o,
TR i,y > roy, ey oy >
6. ru{(pt.a,us.B),(t,s)}rax=g if (t,5) ¢ T,.

I'Fut.a ™ ps.g

Rules 1, 2, and 3 introduce folding of types (going from premise to conclusion) and unfolding of
types (going from conclusion to premise). O

The set of axioms and rules of DF is the same as the extended set of rules for =4 from [2]. We
need the extended set for structural and extensional completeness. Derivable type equivalence for
closed p-complete types is given by the following definition.

Definition 12. Let 7y and 72 be closed p-complete types. Equivalence of 71 and 75 according to
derivation system DF, denoted by 71 2p 79, is defined as follows:

T=p 1 & OFpe 1 &7,
where I' Fpp 7 = 0 means that there is a derivation in DF with conclusion I' - 7 & ¢. O

Derivable type equality for closed p-complete types, denoted by =p, is obtained in the same way,
viz., from the subsystem of DF that consists of axioms 1 and 2, and rules 4, 5, and 6. Since there
is no folding or unfolding in the subsystem, derivable equality is just equality modulo renaming
of type variables.

The context of a formula in a derivation induces a function from the set of free type variables
on the left to the set of types and a function from the set of free type variables on the right to the
set of types.

~

Lemma 2. Let I' - 7 & ¢ be a formula in the derivation of § - 71 & 7. If ¢ is a free type
variable in 7, then there is exactly one 7' in I'; that starts with put.

Proof. Let I' - 7 = 0 be a step in the derivation of § - 71 = 79, where 7; and 75 are closed types,
and t be a free type variable in 7. Since t is bound by pt in 7y and rule 6 is the only rule in which
pt is removed, there is at least one type in I'; that starts with pt. Furthermore, since every type
in I'; is a substring of 7; (follows from a simple induction) and there is only one substring of 7
that starts with put and is an element of Types at the same time, there is at most one type in T
that starts with pt. O

In the same way as I' induces a partial function from the set of type variables to the set of types
in Definition 3, I'; induces a total function #nr, from the set of free type variables on the right to
the set of types. Next, we give an example of a derivation.

Example 2. For convenience, we define a number of abbreviations:

a=<a:B,as:t,ag:t>
B=<ay:B,az:s,a3:ps'.B'>
B =<ay:B,ay:s,a3:8 >

ry = {(,ut.a, Né’ﬂ)a (ta 5)}

Ly =Ty U{(ut.c, s’ .8"), (¢, 8")}.



Using derivation system DE, we obtain the following derivation for § F pt.ac & ps.3:

Fg"BgB,FQthS,FQthS’

(rule 5)
Y
2ha=p (rule 6)
I Fpta=ups'.g
(rule 2)
IVFB~B TyFt~s Tyht=pusp
(rule 5)
ko
1ha=p (rule 6)

OF pt.a = ps.3
O

In the sequel, we will prove the following theorems.

Theorem 1. Derivable equivalence is sound and complete w.r.t. structural equivalence. O
Theorem 2. Structural and extensional equivalence are logically equivalent. O
Theorem 3. Structural and extensional equivalence are decidable. O

Finally, using Theorem 1 and 2, we can deduce the following corollary.

Corollary 1. Derivable equivalence is sound and complete w.r.t. extensional equivalence. O

3.2 Soundness w.r.t. structural equivalence

In this subsection, we prove the soundness part of Theorem 1. More precisely, for closed p-complete
types 71 and 79, we prove:

T1 gD To = T1 gstruc T2.

First, for every formula I' - 7 2 ¢ in the derivation of § - 71 = 75, a tree is constructed. The tree
is constructed in such a way that it is equal to both struc(r,T;) and struc(o,I',.), except for the
free type variables. Following the derivation, constructing the tree for a formula from the trees for
its children formulas, we obtain a tree that is equal to both struc(ry,®) and struc(rs,0), (because
71 and 7 have no free type variables).

Before giving the definition, we give an example of how to construct the trees corresponding to
the formulas in a derivation.

Example 3. Let D be the derivation of Example 1 and f be an injective function from {t} x {s, s'}
to TypeVar — {t,s,s'}. The tree for I's F o = ', denoted by tree(e, 8',T'2), is given by:

The tree consists of tree(B, B,T's), tree(t,s,T's), and tree(t,s’,I's). Furthermore, the tree for
Iy b pt.ao =2 ps'.8', which is the same as the tree for I'y - ¢ = ps'.3', is given by:

OICH

where T = tree(ut.c, ps'.8',I's). The tree is an extension of the tree for I's F o 22 3'. The tree for
' F a2 B is given by:

10



where T' = tree(ut.c, pus'.0',T'a). The tree consists of tree(B, B,T'1), tree(t,s,I'1), and the tree for
' Ft=ps'.f'. And the tree for T'g F pt.a =2 ps.3 is given by:

where T7 = tree(ut.a, ps.5,Ty) and Ty = tree(pt.a, ps’.0',Ty). The tree is an extension of the
tree forI't Fa = 4. O

Next, we give the definition of trees corresponding to formulas in a derivation.

Definition 13. Let 7y and 75 be closed p-complete types. Furthermore, let f be an injective
function from bvars(my) X bvars(re) to TypeVar — (bvars(ry) U bvars(re)) and T' - 7 22 o be a
formula in the derivation of § F 7, = 75. The tree for I' b 7 & o, denoted by tree(r,o,T’), is
defined as follows:

tree(B, B,I') =

if B € BTypes

tree({7'},{c'},T) =

T
where T' = tree(r', o', T")

tree(<ly :my, -yl i1 >, <lyiop, -yl o, > 1) =

where T; = tree(r;, 0, T)

tree(t, s, I') = tree(t, ps.8,T) = tree(ut.c, 5, T') = tree(pt.a, ps.3,T)

if (t,s) e,

11



tree(t, s, I') = tree(pt.a, ps.B3,T)

i &t, s) €T, Anr,(t) = ut.a Anr, (s) = ps.B

ws.B,T) = tree(pt.a, ps.B3,T)

tree(t, =
if (¢,5) ¢ I'p Amp, (1) = pt.cx

1

tree(pt.a, s, 1) = tree(ut.a, us.3,T")
if (ta 5) ¢ Fp A Ul"r(s) = }1,5.,6

tree(pt.a, ps.B,T) = tree(a, B, T U {(pt.c, us.8)})
if (t,s) € T)p.
O
Finally, we prove Claim 1:
Obprp 7 21 = (tree(ry, T2,0) = struc(ry, 0) A tree(ry, 72, 0) = struc(rs, 0)).
From this claim it follows that derivable equivalence is sound w.r.t. structural equivalence.

Obpr 7 21 = struc(m) = struc(ry).

3.2.1 Proof of Claim 1

If T+ 7= o is a formula in the derivation of @ - 74 & 74, then iree(r, s,T") can contain free type
variables, whereas struc(7,T') cannot. Therefore, we prove the following claim; for every formula
' 7 = o in the derivation tree of 0 - 74 & 79:

tree(7, 0, D)[f(t',s") \ struc(ut’ .o/, Ty) | (t',s") € Tp Anp,(t') = pt'.o/] = strue(r,T),

where T[t; \ T; | @ € I] is the tree obtained from T by replacing every leaf labeled ¢; by tree T;,
for every ¢ € I. The proof is an induction argument on the distance of a formula in the derivation
tree to its remotest descendant. Base step: the formula is an axiom. For sake of convenience, let
[Sr] denote

[f(t', ")\ struc(pt'.o/,Ty) | (¢',s") € T Anp,(t') = pt'.o].
Axiom 1: '+ B 2 B. Then, obviously:
tree(B, B,1')[Sr] = tree(B, B,I') = struc(B, I}).

Axiom 2: 't = s. Then (t,s) must be an element of I', and there must be a type «, such that
r, (t) = pt.ce. Hence:

tree(t, s, T')[St] = struc(ut.a, T;) = struc(t,T).

Axiom 3,4, or 5: 'Ft Z pus.B, '+ pt.a = s, or I' - pt.a = ps.[. Similar to the previous case.
Induction step: the formula is the result of applying a rule to a number of formulas which are
closer to their remotest descendant.

Rule 1: T+t = s. Then there must be types nr,(t) = pt.c and nr_(s) = ps.B, such that:

'k pt.a =2 ps.B.

Using the induction hypothesis, we can conclude: tree(ut.a, ps.3,T)[St] = struc(ut.o, ;). Since
(t,s) is not an element of ', it follows that:

tree(t, s, T')[St] = tree(pt.a, ps.B,T)[St] = struc(pt.o, Ty) = struc(t,T).
Rule2or3: 't = pus.Bor I' - ut.ao = s. Similar to the previous case.
Rule 4: T+ {7} 2 {¢}. From I' 7 2 ¢ and the induction hypothesis, it follows that:
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tree(r, o, T')[Sr| = struc(r, ).
Hence:

tree({r},{c},T)[Sr] = struc({r},T}).
Rule 5: TH< by t 1y ool i1 > 2 < 1l t01,--+, 1, : 0, >. Using the induction hypothesis for
I' F 7; & 0;, we can conclude that:

tree(t;, 04, T)[Sr] = struc(m;, T)).
Hence:

tree(< 1y cmy, -yl i1 >, <lytop, ooyl s o >, T)[ST] = strue(< by 7, by 20 >, T).

Rule 6: T F pt.a = ps.B. Let IV be T'U {(ut.o, us.8)} and A be I" U {(t,s)}. From A+ a = j
and the induction hypothesis, it follows that:

a) tree(a, B, A)[Sa] = struc(a, Ay).
For every natural number ¢, define tree;(, 3, A) as follows:

tree (a, B, A) = tree(a, 8, A),
tT€€i+1(Oé, ﬂa A) = tree(a, ﬂa A)[f(t: S) \ treei(aa ﬂv A)]

Using an induction argument on ¢, we can prove that, for every natural number i:
b) tree;(a, B, A)[Sa] = struc(a, A;).
The base step follows from a) and the induction step is:

tree;r1(a, B, A)[Sa] = (tree(e, B, A)[f(t, ) \ tree;(a, B, A)])[Sa] =
(tree(c, B, A)[f(t, ) \ (tree;(a, B, A)[SA]), ST] =
(tree(a, B, A)[f(t, 5) \ struc(a, A), Sr] =
(tree(a, B, A)[f(t, s) \ struc(ut.c, A;), St] =
tree(a, B, A)[Sa] =
strue(a, Ay),

where the first step follows from the definition of tree;;1, the second follows from the definition
of substitution and the fact that A, = I', U {(¢,s)}, the third from the induction hypothesis,
the fourth from the definition of struc, the fifth from the definition of Sa, and the final from a).
Furthermore, from an induction argument on the distance of a formula to its remotest descendant
in the derlvatlon tree for A F « 22 3, it follows that:

c) tree(a, B, A)[f(t,5)\ tree(a, B,T")] = tree(c, 5,1").
The non-trivial case of the induction is :

tree(t, s, A")[f(t, s) \ tree(a, 8,1")] =
tree(a, B,T7) = tree(ut.a, ps.B,T") = tree(t, s, '),

where A’ DO A. Again, using an induction argument on 7, we can prove that, for every natural
number 2:

tree;(a, B, A)[f(t, s) \ tree(c, B, T")] = tree(c, B,T").

The base step follows from ¢) and the induction step is:

tree; 1 (o, B, A)[f(t, s) \ tree(e, B, T")] =
(tree(a ﬁ A)[f(t, )\ tree; (a ,8 A[F(E, 8) \ tree(a, B,T)] =
iree(ce, B, A)LF(1,5)\ (iree {ee, B, A) (1, 9)\ tree(n, B, 7)) =
tree(a ,B A)[f(t,s)\ tree(a, ,B F )] =
tree(a, 8, T7),
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where the first step follows from the definition of tree;;1, the second from the definition of sub-
stitution, the third from the induction hypothesis, and the fourth from c¢). This means that
tree;(a, B, A) is equal to tree(a, 3,I") from the root to at least depth i. Hence, tree(a, 8,T")[Sa]
is equal to tree;(a, 8, A) [Sa] from the root to at least depth 7. Furthermore, from the fact that
f(t, s) does not appear in tree(a, 3,T"), it follows that:

tree(a, B, T")[St] = tree(a, 3,1")[SA]-
Using b), we can deduce that tree(e, 3,T")[St] is equal to struc(a, A;). Hence:
tree(pt.c, ps.8,T)[Sr] = tree(a, B,T)[Sr] = struc(a, A;) = struc(pt.a, ).

In the same way, we can prove the following claim; for every formula I' F 7 & ¢ in the derivation
tree of O - 7 =2 1y:

tree(r, o, T)[f(t',s') \ struc(us'.0',T;) | (t',s") € T Anr, (s') = ps'.8'] = struc(o,T).

3.3 Completeness w.r.t. structural equivalence

In this subsection, we prove the completeness part of Theorem 1. More precisely, for closed
p-complete types 71 and 79, we prove:

T1 gstruc T2 = T gD 2.

First, a structural equivalence tree for 71 and 75 is constructed (the structural equivalence tree will
be proven isomorphic to the derivation tree with conclusion @ F 71 2 75). The tree is constructed
in such a way that every node is labeled by a tuple of the form (7,0,I'), where 7 and o are
obtained by using the structure of 71 and 72 (and, if necessary, by unfolding types), such that
struc(r,T;) = struc(o, I'.). For example, the root is labeled (71, 72, 0).

For the definition of structural equivalence trees, we need the following lemma.

Lemma 3. Let 7 and o be py-complete types and I’ be a context, such that struc(r,T) is equal
to struc(o, ;) and struc(r,T;) contains no type variables. Then:

1.7=B = =B
2. 7={n} = (0 ={o1} A struc(m, 1) = struc(o,1}))

or=<ly:m, T >=
(c=<ly:01, -,y o > Astrue(r;, Ty) = struc(o;, T'y))
4. 1=1 =

(o =sAnr,(t) = pt.aAnr,(s) = ps.B A struc(a, T) = struc(B, )V
o= pus.B AN, (t) = pt.a A struc(a, T) = struc(8, T, U{c}))

=ut.a =

=sAnr,(s) = us.B A struc(a, Ty U {ut.a}) = strue(B,T,))V

o
o = ps.B A struc(o, Iy U {ut.a}) = struc(B, T, U{c})).

(
-
(
(
Proof. The lemma follows from Definition 3. O

Now, we can define the children of a node in a structural equivalence tree.

Definition 14. Let z = (7,0,T') be a tuple, such that 7 and o are p-complete types, I is a
context, struc(r,T) is equal to struc(e, T'.), and struc(r, T';) contains no type variables. According
to Lemma 3, there are 5 cases for x, of which the last two cases each have two subcases. For the
definition of the children of z, we divide both subcases into two new subcases (one for (t,s) € T,
and one for (t,s) ¢ I',), obtaining 11 cases for . The set of children of , denoted by eqchildren(x)
is defined as follows:
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. if z = (B, B,T), then eqchildren(z) =0
cif e =(t,s,T) and (t,s) € T, then eqchildren(z) = 0
cif x = (t,ps.6,T) and (t,s) € [', then egchildren(z) =0
if oz = (pt.a,s,T') and (¢, s) € T'p, then egchildren(z) = ()
cif & = (pt.a, ps.B,T) and (¢, s) € T'p, then eqchildren(z) = 0
.ifz = ({7}, {0}, T), then egchildren(z) = {(r,0,T)}
e=(<lhim, i > <l ior, ey o >, 1),
then egchildren(z) = {(r1,01,1), ++, (Tn, 00, )}
8. ifx =(t,s,T') and (t,s) T, Apt.ae T Aus.feT,,
then egchildren(z) = {(ut.o, ps.3,1')}
9. if x = (t,ps.0,T) and (t,s) €T, Apt.a € Ty,
then eqchildren(z) = {(ut.c, ps.3,1)}
10. if z = (pt.oy, 5,1") and (t,s) €y Aps.B ey,
then eqchildren(z) = {(ut.c, ps.3,1)}
11. if z = (pt.a, ps.B,T) and (¢, s) ¢ T,
then eqchildren(z) = {(e, 3, T U {(pt.ct, us.B), (¢, s)})}

~N O O W N

O
Before giving the definition, we give an example of how to construct a structural equivalence tree.
Example 4. First, we define the following abbreviations:

a=<a:B,ax:taz:t>
B=<ay:B,as:s,a3:pus.B" >
B'=<ay:B,as:s,a3:5 >

L) = {(uta, ps. B), (1, 2))
,=T1u {(/J't'aa/l"s,'ﬁ,)a (ta SI)}'

Then struc(pt.c, @) is equal to struc(us.B,0). The descendants of (ut.a, pus.B,0) are given by:

eqchildren((ut.a, /‘Ls'ﬂa 0)) = {(Ot, ﬁa Fl)}

eqchildren((a, 3, 1'1)) = {(B, B,I'1), (t, s, 1), (¢, ns'.08',1'1)}
eqchildren((B, B,T'1)) =0

eqchildren((t,s, 1)) =0

eqchildren((t, us'.0',11)) = {(ut.a, ps’.6', 1)}
eqchildren((put.c, us'.0',T1)) = {(e, 8, T2)}
eqchildren((e, 8',T2)) = {(B, B,Ts),(t, s,T2), (t,s',T3)}
eqchildren((B, B,T'3)) =0

eqchildren((t,s,T3)) = 0

eqchildren((t, s',I'y)) = 0.

O

The following lemma states that, if a tuple satisfies the precondition of Definition 14, then so do
its children.

Lemma 4. Let z = (7,0,T) be a tuple, such that 7 and o are p-complete types, I' is a context,
struc(r, T}) is equal to struc(o,I';), and struc(r, ;) contains no type variables. Then every element
of egchildren(z) is a tuple &’ = (7', 0',I"), such that struc(r',T}) = struc(o’,I",) and struc(r’,T})
contains no type variables.

proof. The lemma follows from Definition 14 and Lemma 3. O

Using Lemma 4, we can finally give the definition of structural equivalence trees.

Definition 15. Let 7 and 75 be closed p-complete types, such that struc(ri,0) = struc(rs, 0).
The structural equivalence tree for 71 and 72 is defined as egtree((71, 72, 0)), where egtree((7, o, T'))
is defined as follows:
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1. if = (7,0,T) and egchildren(z) = 0,
then egtree(z) has only one node, labeled (7, ,T")

2. if & = (7,0,T) and egchildren(z) # 0,
then eqtree(z) consists of a root, labeled (7, 0,T"), and, for every y € egchildren(z),
a subtree egtree(y) and an arrow from the root to subtree egtree(y).

O

Lemma 5. The structural equivalence tree for 71 and 79 is finite.
Proof. The structural equivalence tree for 71 and 72 is constructed by starting with root (71, 72, 0)
and applying the definition of eqchildren to the leaves, until every leaf has an empty set of children.
Case 6, 7, and 11 can only be applied a finite number of times consecutively, because they decrease
the complexity of the types. Case 8, 9, and 10 can only be applied to a leaf (¢,s,T") (resp.,
(t,ps.8,T) and (pt.a, s,T)) if (¢, s) is not an element of I'. However, after one of these rules has
been applied, case 11 will be applied, adding (¢, s) to I'. This means that neither case 8, 9, or 10
can be applied more than once for the same pair of type variables (¢, s) on a path from the root
to a leaf. Since there are only finitely many type variables in 7y and 79, case 8, 9, and 10 can only
be applied a finite number of times.

From these observations it follows that every rule can only be applied a finite number of times.
Hence, the resulting structural equivalence tree is finite. O

Finally, we prove Claim 2:
for every node labeled (7,0,T') in eqtree(ry,72,0): T Fpr 7 & 0.

From the definition of egiree and Claim 2 it follows that derivable equivalence is complete w.r.t.
structural equivalence:

struc(my) = struc(r) = Okpp 11 2 79.

3.3.1 Proof of Claim 2

The proof is an induction argument on the distance of a node to its remotest descendant. Base
step: the node is a leaf.

Case 1: z is labeled (B, B,T'). Then, using axiom 1 of the derivation system, we have: T' Fpg
B =~ B.

Case 2: z is labeled (¢, s,I') and (t,s) € I',. Then, using axiom 2, we have: I' Fpg t = s.

Case 3: z is labeled (t, us.3,I') and (t,s) € I',. Then, using axiom 3, we have: I' Fpg t = ps.j3.
Case 4: z is labeled (ut.a,s,T') and (t,s) € I',. Then, using axiom 4, we have: T'Fpp put.a = s.
Case 5: x is labeled (ut.o, ps.3,1") and (t,s) € I'y. Then, using axiom 5, we have: I' Fpg pt.a &
us.B.

Induction step: the node is the parent of a number of nodes which are closer to their remotest
descendant.

Case 6: z is labeled ({7'},{c'},T'). The only child of z is labeled (7,0, T'). Using the induction
hypothesis, we can conclude: I' Fpp 7 = . Hence, from rule 4 of the derivation system, it follows
that: TFpg {7} = {0}

Case 7: z is labeled (< iy : 7,0 : 7 >, < L4 : 01,--+,l, : 0, >,T). The children of z

are labeled (7;,0;,T). Using the induction hypothesis, for every ¢ € {1,---,n} we can conclude:
I'kpg 7; & 0;. Hence, from rule 5 of the derivation system, it follows that: ' Fpp<ly : 7, -, 1, :
Tp > <l roy, 1, 0, >

Case 8: z is labeled (t,s,I') and (t,s) € I',. The only child of z is labeled (ut.a, pus.3,I'). Using
the induction hypothesis, we can conclude: T' Fpp pt.a = ps.B. Hence, from rule 1, it follows
that: I'Fpgp t & s.

Case 9: z is labeled (t, us.8,T") and (t,s) € I',. The only child of z is labeled (ut.«r, ps.3,T"). Using
the induction hypothesis, we can conclude: I' Fpg pt.a = ps.B. Hence, from rule 2, it follows
that: I'Fpr t = us.(5.
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Case 10: z is labeled (pt.a,s,I') and (t,s) ¢ I',. The only child of z is labeled (ut.o, ps.8,T).
Using the induction hypothesis, we can conclude: T' Fpgp pt.a =2 ps.B. Hence, from rule 3, it
follows that: ' Fpr pt.a & s.

Case 11: z is labeled (ut.a, pus.3,T') and (t,s) ¢ I',. The only child of z is labeled (a,3,T' U
{pt.a, us.B, (t,s)}). Using the induction hypothesis, we can conclude: TU{(ut.a, pus.8), (t,5)} Fpg
a =2 3. Hence, from rule 6, it follows that: I' Fpg pt.a =2 ps.j.

3.4 Equivalence of structural and extensional equivalence

In this subsection, we prove Theorem 2. More precisely, for closed pu-complete types 7 and 79, we
prove:

T1 gstruc To <& T1 gez:t 2.

First, for every type 7, the structural extension is defined (structural extensions will be proven
equal for types represented by the same tree). The structural extension is defined in such a way
that it directly corresponds to the extension of the associated type.

For the definition of structural instances, we need a number of preliminary definitions. The exact
tree of a type is the same as the tree of the type, except that the exact tree contains type variables.

Definition 16. Let 7 be a type. The exact tree representing 7 is defined as estruc(r, (), where
estruc(7’,T') is defined as follows:

estruc(t,I') =
if t € TypeVar and nr(t) = L,

estruc(t,T') = estruc(pt.a,T')
if t € TypeVar and nr(t) = pt.«,

estruc(B,T) =

if B € BTypes,

estruc({m },T) =

T

where T = estruc(m,T),

estruc(< Iy : 1y, lp 1 T >) =
1y In
T, ' .Tn

17



where T; = estruc(r;, I)

estruc(pt. <ly :7p,- by i1y >,T) =

where T; = estruc(r;, TU{pt. <ly i1y, -, 1, : 7, >}).

O

Lemma 6. Let 7 be a type. Then there is a bijective tree homomorphism ¢ from estruc(r) to
struc(T), such that for every node or arrow g the following holds:

1. if label(q) € TypeVar and q is not a leaf, then label(p(q)) = <>
2. otherwise, label(p(q)) = label(q).

where label(q) denotes the label of node or arrow gq.
Proof. The lemma follows from Definition 3 and Definition 16. O

The exact tree of a term is the same as the tree of the term, except that the exact tree contains
instance variables.

Definition 17. Let e be a term. The exact tree representing e is defined as estruc(e, ), where
estruc(e’,T') is defined as follows:

estruc(z,I') =

if 2 € Var and np(z) = L,

estruc(z,T') = estruc(pz.e,, T)
if z € Var and nr(z) = pz.e,,

estruc(b,T) =

()

if b€ Cons,

estruc(@,T) =

©)

estruc({ey,---,en},T) =

18



where T; = estruc(e;, ),

estruc(<ly = ey, -, lp =€, >) =

where T; = estruc(e;,I')

estruc(pz. <l =ey, -, l, =€, >T)=
ly In
T ”Tn

where T; = estruc(e;,, T U{pz. <ly =e1, - ,l, =€, >}).
For convenience, we sometimes write estruc(e) instead of estruc(e,®). O

The instance relation between exact trees representing terms and exact trees representing types
is defined as follows.

Definition 18. Let 7 be a type. Then tree T is an instance of estruc(r), denoted by
inst(T, estruc(7)), if and only if there is an injective tree morphism from T to estruc(r), such
that for every node or arrow g in T the following holds:

1. if label(q) € Consp for some B € BTypes, then label(p(q)) = B
2. if label(q) € Var; for some t € TypeVar and q is a leaf, then label(p(q)) =t

3. if label(q) € Var, for some t € TypeVar and q is not a leaf,
then label(v(q)) =t and | children(q) | = | children(p(q)) |

4. otherwise, label(p(q)) = label(q).

O

Example 5. Let 7 be type put. < a : integer,b : pus. < a : string,b : ¢ >> and e be term
pry. <a=1b=pxr,. <a="‘1 b=y >> where z, is an element of Var,, and z; and y; are
elements of Var;. The exact tree representing 7, denoted by estruc(r), is given by:

The exact tree representing e, denoted by estruc(e), is given by:
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And, obviously, estruc(e) is an instance of estruc(r). O

A subterm of a term is obtained by replacing every set in the term by a subset of cardinality 1.

Definition 19. Let e be a term. The set of subterms of e, denoted by subterms(e), is defined as
follows:

subterms(z) = {z} if z € Var,
subterms(b) = {b} if b € Cons,
subterms(0) = 0,
subterms({e1, --,e,}) =
{{e'} | ¢’ € subterms(e1)} U---U {{e'} | €' € subterms(e,)},
subterms(<ly = ey, -, lp =€, >) =

{<li=el, -, l,=¢, > Vie{l, --,n} e} € subterms(e;)]},
subterms(pz.€) = {uz.e' | € € subterms(e)}.

O

Example 6. Let e be term pz. < a = {1,2},b = py. < a = {2,5},b = z >>. The set of
subterms of e is given by:

{pz. <a={1},b=py. <a={2},b=z >>
pr.<a={1},b=py. <a={5},b=x >>
pr.<a={2},b=py. <a={2},b=z >>
pr.<a={2},b=py. <a={5},b=2a >>}

[}
Now we can define structural extensions.

Definition 20. Let 7 be a type. The structural extension of 7, denoted by struc_ezt(7), is

defined as:

struc_ezt(1) = {struc(e) | e € Terms A FV(e) C {y € Vars | s € fvars(7)}A
Ve' € subterms(e)[inst(estruc(e), estruc())]}.

O

Note that the elements of the structural extension of a type contain sets of arbitrary cardinality.
Finally, we prove Claim 3:

struc(my) = struc(m) < struc_ext(m) = struc_ext(72),
and Claim 4:
struc_ezt(r) = {struc(e) | e € ext(7)}.
From these claims it follows that structural and extensional equivalence are logically equivalent:

struc(my) = struc(n) <
struc_ezt(m) = struc_ext(re) <
{struc(e) | ec ezt(’rl)} = {struc(e) | e € ezt(T2)} <
ezt('rl) = emt(TQ).
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3.4.1 Proof of Claim 3
We prove the following claim:
struc(my) = struc(me) < struc_ext(m) = struc_ext(72),

First, we define the projection of a term on (the tree of) a type. A term is projected on a type
by unfolding the term and renaming instance variables until the resulting term matches the type
exactly.

Definition 21. Let 7y and 73 be types, such that struc(m) = struc(mz). Furthermore, let
g be an injective function from bvars(r;) x TypeVar to Var — fvars(y) and e be a term, such
that Ve' € subterms(e)[inst(estruc(e'), estruc(r))]. The projection of e on estruc(ry) is defined as
proj(e, estruc(rz),0), where proj(e', U, V) is defined as follows:

proj(z, node(t),V) ==z if z € Var

proj(b, node(B),V) =15 if b € Cons

proj(0, ree({T), V) = 0

proj({e1, -+, en}, tree({T}), V) = {proj(er, T, V), - -, proj(e,, T, V)}

proj(z, tree(t. <ly : Ty, -, 1, : Ty >),V) = g(z,t)
if g(z,t) eV

proj(z, tree(t. <ly : Ty, -, 1y : Ty >), V) = proj(pz.ey, tree(t. <ly : Ty, -+, b, Ty, >), V)
if g(z,t) €V and ny(z) = pz.e;

proj(pas. <ly =ep, -, ln = e, > tree(t. <ly : Ty, -, lp : Ty >),V) = g(x,t)
if g(z,t) eV

proj(uz. <ly = ey, -, l, = e, >, tree(t. <ly :Th,- -, 1, : T, >),V) =
wglz,t). <ly:proj(er, Ty, VU {g(z,t),px. <ly =ey, -, l, = ey >}),- -,

Ly proj(en, Tn, VU{g(z, t),pz. < ly = €1, -, l, =€, >}) >

if g(z,t) ¢V,

where

node(l) =

W

tree({T}) =

T

tree(z. <ly :T1, -, 0y : T >) =

O

Example 7. Let 7 be type ut. < a : integer,c : pus. < a : integer, b : string,c : ¢ >> and e be
term px. < a=1,b="‘1",c =2 >. The projection of e on estruc(r) is given by:

pg(z,t).<a=1l,c=pg(z,s).<a=1,b="‘1c=g(z,t) >>.
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O

Proof of =. Suppose struc(m) = struc(rz). Using Lemma 6, we can conclude that there is a
bijective tree morphism from estruc(m) to estruc(ms), such that for every node or arrow ¢ in
estruc(r ) the following holds:

1. if label(q) =t for some t € TypeVar and q is a leaf,
then label(v(q)) = t,

2. if label(q) =t for some t € TypeVar and ¢ is not a leaf,
then label(o(q)) = s for some s € Type Var,

3. otherwise, label(p(q)) = label(q).

Now, let struc(e) be an element of siruc_ext(7,) and e’ be an element of subterms(e). Furthermore,
let P(e') be proj(e', estruc(mz),?). Then inst(estruc(e’), estruc(r)), because €' is an element of
subterms(e) and struc(e) is an element of struc_ext(71). From the definition of proj it follows that
there is an injective tree morphism from estruc(P(e')) to estruc(rz), such that for every node or
arrow ¢ in estruc(P(e')) the following holds:

=

. if label(q) € Consp for some B € BTypes, then label(p(q)) = B
2. if label(q) € Var; for some t € TypeVar and q is a leaf, then label(p(q)) =t

3. if label(q) € Var, for some t € TypeVar and g is not a leaf,
then label(v(q)) =t and | children(q) | = | children(p(q)) |

4. otherwise, label(p(q)) = label(q).
That is, inst(estruc(P(e')), estruc(2)). Hence, for every €' € subterms(e), we have:
inst(estruc(P(e")), estruc(rz))].

Let P(e) be proj(e, estruc(rz), D). Using the definition of proj, we can conclude that struc(P(e)) =
struc(e) and:

Ve' € subterms(P(e))[inst(estruc(e'), estruc(rs))],

because € € subterms(P(e)) < (" = P(e') Ae' € subterms(e)). Since FV(e) = FV(P(e)), we
have struc(e) = struc(P(e)) € struc_ext(rs).

Proof of <. Suppose struc_ext(m1) = struc_ext(r2). Then there are terms e; and eq, such that
inst(estruc(ey), estruc(m)), inst(estruc(es), estruc(rz)), and struc(ey) = struc(ez). From Defini-
tion 18 and Lemma 6, it follows that struc(ry) = struc(rs).

3.4.2 Proof of Claim 4
It suffices to prove the following claim:
e € terms(1) < (e € Terms AVe' € subterms(e) [inst(estruc(e’), estruc(r))]).

The proof is an induction argument on the structure of 7. Let 7 be basic type B. Since
inst(estruc(e), estruc(B)) < e € Consp, and, for b € Consp, subterms(b) = {b}, we have:

be terms(B) < (b€ Terms AVY € subterms(b) [inst(estruc(b'), estruc(B))]).

Let 7 be type variable t. Since inst(estruc(e), estruc(t)) < e € Vary, and, for x € Vary,
subterms(z) = {z}, we have:

z € terms(t) & (w € Terms AVa' € subterms(z) [inst(estruc(a’), estruc(t))]).
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Let 7 be set type {71}. Apply the induction hypothesis to 71 and use subterms({e1, --,e,}) =
subterms({e1}) U---U subterms({e,}).
Let 7 be record type < Iy : 7,---,l, : 7, >. Apply the induction hypothesis to 7;, for ¢ €

{17 Ty ’I’L}

Let 7 be recursive type pt.a. The proof of = is an induction argument on the structure of term
e € terms(T).

Base step: e =z € Var;. Then:

Vz' € subterms(x) [inst(estruc(z’), estruc(pt.))].

Induction step: e = pz.(eg[z1 \ €1, -, Zn \ €s]), such that eg € terms(a) and e; € terms(ut.a), for
1 €{1,---,n}. Applying the first induction hypothesis to ey and the second induction hypothesis
to ey through e,, gives us:

Ve' € subterms(eg) [inst(estruc(e'), estruc(c))]
Vie {1,---,n} Ve' € subterms(e;) [inst(estruc(e’), estruc(ut.a))].

Let R; be the transformation on trees that replaces the label of the root by t. Since

subterms(egzy \ €1, ,Zn \ €n]) =
{ep[z1 \ €1, -, zn \ €] | €y € subterms(eg) AVi € {1,---,n} [e; € subterms(e;)]},

and R, (estruc(a))[t \ estruc(ut.a)] = estruc(ut.cr), we have:
Ve' € subterms(egfwy \ e1,- -+, zn \ en]) [inst(estruc(e’), estruc(a)[t \ estruc(ut.a)])]
and:
Ve' € subterms(pa.(eg[z1 \ €1, @ \ €n])) [inst(estruc(e’), estruc(ut.c))]).

The proof of < is an induction argument on the number of bound instance variables from Var,
in p_struc(e).

Base step: estruc(e) has no bound instance variables from Var;. Then e = x € Var; and, hence,
e € terms(pt.at).

Induction step: estruc(e) has j+ 1 bound instance variables from Var;. Then e = pz.e, and:

Vuz.e' € subterms(uz.e;) [inst(estruc(pz.e'), estruc(pt.a))].

Let R, be the transformation on trees that replaces the label of the root by . Since estruc(uz.e') =
R, (estruc(e’))[z \ estruc(uz.e')] and estruc(ut.a) = Ry(estruc(a))[t \ estruc(pt.a)], we have:

Ve' € subterms(e,) [inst(estruc(e’), estruc(a)[t \ estruc(ut.c)]).

In fact, we have: e, = eg[z1 \ €1, -, z, \ €,], where {z1,---,2z,} C Vary, {eo, -, e} C Terms,
and:

Ve' € subterms(eg) [inst(estruc(e'), estruc(a))]
Vi€ {1, --,n}Ve' € subterms(e;) [inst(estruc(e’), estruc(pt.c))].

Applying the first induction hypothesis to ey and the second induction hypothesis to e; through
en (every estruc(e;) has at most j bound instance variables from Var;), gives us:

eo € terms(a) A Vi€ {1,--- n}[e; € terms(ut.a)].

Hence, e = px.e, = pz.(eg[zy \ e, +, zy \ €,]) € terms(ut.c).
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3.5 Decidability of structural and extensional equivalence

In this subsection, we prove Theorem 3. In fact, we prove that there is a decision procedure for
derivable equivalence. Since 71 2p 19 < Ty Zgppue T2 S Ty Zepr T2, there is a decision procedure
for structural and extensional equivalence.

Suppose 7 and 75 are closed p-complete types, and we want to know whether 7 =p 75 or
1 ¥p To. Then we try to derive § F 7y = 75 bottom up, by starting from @ - 7 = 75 and by
applying the rules of derivation system DFE until no rules can be applied any more. For every
formula of the form I' - 7 = ¢, at most one rule can be applied. Hence, the derivation process is
deterministic: there is at most one derivation.

Rule 4, 5, and 6 can only be applied a finite number of times consecutively, because they
decrease the complexity of the types. Rule 1, 2, and 3 can only be applied to a formula '+t 2 s
(vesp.,, 't 2 ps.f and I' F pt.a & s) if (¢, s) is not an element of I'. However, after one of these
rules has been applied, rule 6 will be applied, adding (¢, s) to I'. This means that neither rule 1,
2, or 3 can be applied more than once for the same pair of type variables (¢, s) on a path from the
root to a leaf. Since there are only finitely many type variables in 71 and 79, rule 1, 2, and 3 can
only be applied a finite number of times.

From these observations it follows that every rule can only be applied a finite number of times,
resulting in a partial, but finite, derivation tree. If all leaves of the partial derivation tree are
axioms, then there is a derivation of @ - 7, = 75 and, hence, we know: 7 =p 75. If not all leaves
of the partial derivation tree are axioms, then there is no derivation of §) - 71 & 75 and, hence, we
know: 1y %p 79.

3.6 Normalisation

In this subsection, we define a normalisation process for types and prove that derivable equivalence
is logically equivalent to the equivalence relation induced by the normalisation process.
First, we define a reduction process for types using folding of types.

Definition 22. Let 7 be a p-complete type. The reduced form of 7 is defined as rd(7,0), where
rd(7',T) is defined as follows:

t,T) = t if t € TypeVar
r= if B € BTypes

rd(t,
rd(B,
rd({v},T) = {Td( )}
Td(< liivy, ol im > 1) =
<l :rd(vy, D), Ly 7d(vy, T) >
rd(pt.a,T') = s if Jus.B €T [struc(ut.a, T) = struc(ps.B,T)]
rd(pt.o,T) = pt.(rd(a, T U {pt.a})) if Vus.B € T [struc(ut.o, T') # struc(ps.8,T))].

For convenience, we sometimes write 7d(7) instead of rd(7,0). O

Since every type has exactly one reduced form, the reduction process is a normalisation process.
Furthermore, the reduction process induces an equivalence relation on types.

Definition 23. Let 7y and 73 be closed p-complete types. Reducible equivalence of 7 and 7y,
denoted by 71 2 79, is defined as follows:

T 2r T & rd(m) =p rd(72).
O

Finally, we prove that derivable equivalence is logically equivalent to the equivalence relation
induced by the reduction process.

Theorem 4. Let 7, and 72 be closed pu-complete types. Then:

T Ep T2 & T ER T2
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Proof of =. Suppose 71 =p 7o. Then struc(r) = struc(rz). Hence, there is a bijective tree
morphism from estruc(ry) to estruc(ry), such that for every node or arrow g in estruc(ry) the
following holds:

1. if label(q) =t for some ¢t € Type Var, then label(¢(q)) = s for some s € TypeVar,
2. otherwise, label(p(q)) = label(q).

From the definition of rd, it follows that if 7 is a type, ¢ is the bijective tree homomorphism from
estruc(rd(7)) to struc(rd(7)) as given by Lemma 6, n; and nq are nodes on the same path starting
at the root of estruc(rd(r)), and the tree starting at ¢(n1) is equal to the tree starting at ¢(n2),
then the label of ny is equal to the label of ny. Hence, there is a bijective tree morphism from
estruc(rd(ry)) to estruc(rd(my)) and a bijective function f from bvars(rd(r)) to bvars(rd(m)),
such that for every node or arrow q in estruc(r) the following holds:

1. if label(q) = t for some ¢t € Type Var, then label(p(q)) = f(t)
2. otherwise, label(p(q)) = label(q).

That is, rd(71) and rd(72) are equal, modulo renaming of type variables. Hence, rd(71) =p rd(72).
Proof of <. Suppose rd(m1) =p rd(72). That is, rd(71) and rd(72) are equal, modulo renaming of
type variables. Then:

struc(my) = struc(rd(m)) = struc(rd(2)) = struc(ms)

Hence, 11 Zp 5. O

4 Subtyping

In this section, we define structural, extensional, and derivable subtyping. We prove that derivable
subtyping is sound and complete w.r.t. structural and extensional subtyping and that structural
and extensional subtyping are decidable.

Similar to type equivalence, trees and extensions can be used to define two notions of semantic
subtyping. Structural subtyping is defined as a supertree relation on the trees of the types.

Definition 24. Let 7y and 75 be types. Structural subtyping, where 7 <4, 72 denotes that
71 is a structural subtype of 79, is defined by:

T Sstrue T2 < struc(my) 3 strue(rs).
O
Extensional subtyping is defined as a ‘set of subterms’ relation on the extensions of the types.

Definition 25. Let 7 and 75 be types. Extensional subtyping, where 1 <.;: 7o denotes that m
is an extensional subtype of 79, is defined by:

T Rent T2 < ext(my) X ext(r).

O

4.1 Derivation system for subtyping

In this subsection, we introduce a derivation system for subtyping. Again, a derivation is a tree
of formulas, where the children formulas imply the parent formula. A formula is of the form
I' - 7 < o (where 7 and o are types, < is the subtype relation, and T is a context), saying that
7 = o follows from the axioms for basic types and the premises in I'. A context I' is a triple
(I, T, Tp), similar to a context in the derivation system for type equivalence.
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Definition 26. The derivation system for subtyping, denoted by DS, is defined as follows. The
axioms of the derivation system are:

I'-B=<HB ifBEBTypes

'Ft=<s if (t,s) €

'+t =< upsg (t,s)ef ANus.B €T,

'k upta=<s if (t,s) e Ty Apt.a €Ty

Ik pt.a <X ps. (t,s) eT, Auta ey Aps.Bel,.

QU W N =

The rules of the derivation system are:

I'Fupt.a < ps.g

1. TFi=<s if(t,s) gy AputaecliApsBel,
'Fupt.a < ps.p .
2. TEt < s if (t,s) € Ty Apt.a €Iy
'kFut.a < ps.g .
5 F-pta=<s if (t,s) Ty Apus.B el
4 'tr=x0o
" TH{r} <{s}
5 'trn<o,---,'ktm, X0,
’ Fl—<l1:Tla"'aln:Tn;"'aln+m:Tn+m>j<l1:Ula"'alnza-n>
=<

I'Fut.a < ps.g
O

The set of axioms and rules of DS is the same as the extended set of rules for <4 from [2] and
an extension of the well-known subtype rules from [5] with rules for recursive types. Derivable
subtyping of pu-complete types is given by the following definition.

Definition 27. Let 7y and 75 be closed p-complete types. Derivable subtyping, where 71 <p 79
denotes that 71 is a subtype of 75 according to derivation system DS, is defined by:

n=2pm & Okps i X7,
where I' F pg 7 = 0 means that there is a derivation in DS with conclusion T'F 7 < ¢. O
Next, we give an example of a derivation.
Example 8. For convenience, we define a number of abbreviations:

a=<a:B,ay:t,az:t,aq:t >
B=<ay: B,a2 :s,a3 :us'.B' >
B '=<a;:B,as:s >

Iy = {(,ut.a, Né’ﬂ)a (ta 5)}

Iy =Ty U{(ut.c, pus’.8"), (¢, ")}

Using derivation system DS, we obtain the following derivation for § - ut.c < ps.8:

Fz"BjB,FQ"thI

(rule 5)
ToFa=p
2hazp (rule 6)
. < I. !
D P pta = ps’. B (rule 2)
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Fll_BjB, Fll—tjs, Fll—tjus’.ﬁ'
Fll—aj,ﬁ
OF pt.a = ps.8

(rule 5)
(rule 6)

O
In the sequel, we will prove the following theorems.

Theorem 5. Derivable subtyping is sound and complete w.r.t. structural subtyping. O
Theorem 6. Structural and extensional subtyping are logically equivalent. O
Theorem 7. Structural and extensional subtyping are decidable. O

Using Theorem 5 and 6, we can deduce the following corollary.
Corollary 2. Derivable subtyping is sound and complete w.r.t. extensional subtyping. O

Finally, using Theorem 1 and 5, we can deduce that derivable equivalence implies derivable sub-
typing and that derivable subtyping is antisymmetric w.r.t. derivable equivalence.

Lemma 7. Let 74 and 7 be closed p-complete types. Then:
T p 1 < (1 Xp AT =3p )
Proof.

T =p o &
T1 %struc T2 <&
struc(m) = struc(m) <
(struc(ry) 3 struc(me) A struc(re) 3 struc(m)) <
(11 Rstrue T2 A T2 Rstrue T1) <

7L p Te NTe Xp T1.

O

4.2 Soundness w.r.t structural subtyping

In this subsection, we prove the soundness part of Theorem 5. More precisely, for closed p-complete
types 71 and T2, we prove:

T1 jD T2 = T1 jstruc T2.

The proof is similar to the proof of the soundness part of Theorem 1. First, for every formula
I'F 7 < o in the derivation of @ - 7, = 74, an l-tree and an r-tree are constructed (the l-tree will
be proven to be a supertree of the r-tree). The l-tree is constructed in such a way that it is equal
to struc(,T;) and the r-tree is constructed in such a way that it is equal to struc(e,I';), except
for the free type variables. Following the derivation, constructing the tree for a formula from the
trees for its children formulas, we obtain an l-tree that is equal to struc(7, ) and an r-tree that
is equal to struc(my,®) (because 71 and 75 have no free type variables).

The l-tree and the r-tree are exactly the same as the tree in the proof of soundness w.r.t.
structural equivalence, except the l-tree and the r-tree for record types.

Definition 28. Let 71 and 75 be closed p-complete types. Furthermore, let f be an injective
function from bvars(m) X bvars(re) to TypeVar — (bvars(ry) U bvars(rz)) and I' F 7 = o be a
formula in the derivation of § F 74 = 72. The l-tree for I' F 7 < o, denoted by tree;(7,0,T') and
the r-tree I' - 7 < o, denoted by tree,.(7,0,T), are defined as follows:
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tree;(B, B,I') =

if B € BTypes

tree;({m},{o1},T) =

T

where T' = tree;(m1,01,T)

tree)(< by T,y bt Ty b Toem >, < Uy iop, -, 1y 1oy >, 1) =
Iy ln+m
T Toem

where T; = tree;(7;,0;,T) fori € {1,---,n}
and T; = struc(r;, ') fori € {n+1,---,n+m}

tree (< ly 71,y Toy sy lndm P Tnam >, <Dyt o, -y oy >, T) =
ly In
T, ”Tn

where T; = tree,(7;,0;,T) for i € {1,---,n}
treej(t,s,I') = tree;(t, us.8,T') = tree;(pt.a, s,T') = tree;(pt.a, ps.3,I') =

if (t,s) eT,

treej(t,s,T') = tree;(ut.a, ps.3,T)
if (t,s) € Tp Anr,(t) = pt.a Anr,.(s) = ps.B

treej(t, pus.B,1') = treej(put.c, ps.p, ')
if (ta S) g FP A Wrz(t) =pl.a

treej(pt.a, s, ') = tree;(pt.o, ps.3,T)
if (ta S) ¢ Fp A ”IFT(S) = /1'5'/6

treej(pt.o, ps.8,T) = tree;(a, B, T U {(pt.a, us.8)})
if (ta S) ¢ Fpa
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where j € {l,r}. O
Finally, we prove soundness in two steps. First, we prove Claim 5:
Obps 7 Xm0 = tree)(T1,72,0) 3 tree (72,71, 0),
and second, we prove Claim 6:
Obps 71 X1 = (tree;(m1, 72, 0) = struc(ry, ) A tree (11, T2, 0) = struc(rs, 0)).
From these claims it follows that derivable subtyping is sound w.r.t. structural subtyping:

Obps 7 X0 = struc(m) 3 struc(ry).

4.2.1 Proof of Claim 5

It suffices to prove the following claim; for every formula I' F 7 < ¢ in the derivation tree of
OF 1 =79

tree;(7,0,T) 3 tree, (o, 7,T).

The proof is an induction argument on the distance of a formula in the derivation tree to its
remotest descendant. Base step: the formula is an axiom.

Axiom 1: T'+ B <X B. Then, obviously, tree;(B, B,T") O tree.(B, B,T).

Axiom 2: '+t < s. Then (¢, s) must be an element of T'. Hence, tree;(t,s,T') 3 tree,(t,s,T).
Axiom 3,4, 0or 5: 't S pus.B, '+ pt.a <X s, or I' F pt.a < ps.B. Similar to the previous case.
Induction step: the formula is the result of applying a rule to a number of formulas which are
closer to their remotest descendant.

Rule 1: T+t = s. Then there must be types nr,(t) = pt.c and nr_(s) = ps.B, such that:

'k pt.a < ps.g.

Using the induction hypothesis, we can conclude: tree;(ut.c, ps.3,T) 3 tree,(ut.c, ps.3,T). Since
(t,s) is not an element of T, it follows that:

tree;(t,s,T') = tree;(pt.a, ps.B,T') 3 tree.(pt.c, ps.B,T) = tree,(t,s,T).

Rule 2 and 3: 't < ws.8 or I' F pt.aw < s. Similar to the previous case.

Rule 4: T+ {7} < {o}. Apply the induction hypothesis to ' 7 < 0.

Rule5: T'H<ly i1, b s Ty ooy e * T > 2 <1y 101, -+, 1y 1 0, >. Apply the induction
hypothesis to - 7; < o;.

Rule 6: T F pt.ao = ps.B. Let TV be T'U {(ut.o, us.8)} and A be TV U {(t,s)}. From Ak a <X
and the induction hypothesis, it follows that:

a) tree;(a, 3, A) 3 tree.(a, B, A).
For every natural number ¢ and every j € {l,r}, define tree; ;(c, 8, A) as follows:

treej1(e, B, A) = tree;(a, B8, A),
treej,i+1(aa 16a A) = treej (a’ 63 A)[f(t’ ‘S) \ treej,i(aa IBa A)]

Using an induction argument on %, where the base step follows from a) and the induction step is:

treegivi(c, B, A) = tree(a, B, A)[f(t, s) \ treesi(a, 8, A)] 3
tree,.(c, B, A)[f(t,s) \ tree; (e, B, A)] I
tree,.(a, B, A)[f(t,5) \ tree,.i(a, B,A)] =
treer,i+1 (aa ﬁ; A);

we can conclude that, for every natural number i:

b) trees (e, B, A) 3 tree,;(a, 3, A).
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Furthermore, from an induction argument on the distance of a formula to its remotest descendant
in the derivation tree for A F a < 3, it follows that:

c) treej(a, B, A)f(t, s) \ treej(e, 6,1")] = treej(a, B, ).

Again, using an induction argument on i, where the base step follows from c) and the induction
step is:

treej iv1(a, B, A)[f(t,s)\ tree;(a, B,T")] =
(tree;(a, B, A)[f(t,5)\ tree;i(a, B, A)[f(L, 8) \ treej(e, B,T")]
tree;(a, B, A)[f(t,s)\ (treej i(a, B, A)[f(t, )\ tree;(a, B,T")])]
treej (e, B, A)[f(t, s) \ treej(e, B,1")] =
tree;(a, 3,T7),

we can conclude that, for every natural number ¢:

treej i(o, B, A)[f(t,s) \ tree(c, B,I")] = tree;(c, 5,I").

This means that tree;;(a, 3, A) is equal to treej(c, 8,1") from the root to at least depth 7. From
b) it follows that tree;(a, 3,T") is a supertree of tree,.(a, 8,T"). Hence:

tree;(pt.o, ps.B,T) = treey(a, B,T') 3 tree.(a, B,T") = tree,(ut.cr, us.5,T).

4.2.2 Proof of Claim 6

In the same way as Claim 1 was proven, we can prove the following claim; for every formula
'+ 7 < o in the derivation tree of 0 - 74 < 79:

a) treeg(7,0, T)[f(t',s") \ struc(put’.o/,Ty) | (t',s") € Tp Anp,(t') = ,ut'

" = struc(r,T})
b) tree,.(7,o,T)[f(t', s') \ struc(us'.8',T,) | (t’ s') € F Anr,(s') = ps'.B'] =

struc(o, T,.).

4.3 Completeness w.r.t. structural subtyping

In this subsection, we prove the completeness part of Theorem 5. More precisely, for closed
p-complete types 71 and 79, we prove:

T1 jstruc T2 = T1 jD 2.

The proof is similar to the proof of the completeness part of Theorem 1. First, a structural
subtyping tree for 7 and 75 is constructed (the structural subtyping tree will be proven isomorphic
to the derivation tree with conclusion § - 71 < 72). The tree is constructed in such a way that every
node is labeled by a tuple of the form (7, 0,T), where 7 and o are obtained by using the structure
of 71 and 73 (and, if necessary, by unfolding of types), such that struc(r,I;) 3 struc(o,I',). For
example, the root is labeled (71, 72, 0).

For the definition of structural subtyping trees, we need the following Lemma.

Lemma 8. Let 7 and o be p-complete types, and I' be a context, such that struc(r,T;) 3
struc(o,T';) and struc(r,T;) contains no type variables. Then:

l.7=B = =8B
2. 1={n} = (o ={o1} A struc(m, 1) 3 struc(o1,T))

or=<ly:m, T > =
(c=<ly:01, L, 0, >An>mA struc(r;, T;) 3 struc(o;,T,.))
4. 1=t =

(o0 =sAnr,(t) = pt.aAnp, (s) = ps.B A struc(e, Ty) 3 strue(B,T,.))V
(0 = ps.B AN, (1) = pt.a A struc(e, I'y) 3 struc(B, I U{a}))
5. T = pt.a =
(o =sAnr,.(s) = ps.B A struc(a, I U {ut.a}) 3 struc(B,T))V
(0 = ps.B A struc(a, Ty U {put.a}) 3 struc(B, T, U {c})).
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Proof. The lemma follows from Definition 3. O
Now, we can define the children of a node in a structural subtyping tree.

Definition 29. Let 7 and o be p-complete types, and T' be a context, such that struc(r,T;) 3
struc(o,T',.) and struc(r, T;) contains no type variables. Furthermore, let = be (7,0, T'). According
to Lemma 8, there are 5 cases for x, of which the last two cases each have two subcases. For the
definition of the children of z, we divide each subcase into two new subcases (one for (t,s) € T,
and one for (t,s) ¢ I',), obtaining 11 cases for . The set of children of z, denoted by stchildren(z)
is defined as follows:

. if z = (B, B,T), then stchildren(z) = 0
.ifz=(t,s,T) and (t,s) € T'), then stchildren(z) =0
. if . = (t,ps.8,T) and (¢, s) € I, then stchildren(z) = 0
. if z = (pt.a,s,T) and (t, s) € T, then stchildren(z) =0
cif & = (pt.a, ps.B,T) and (t,s) € T, then stchildren(z) =0
.ifz =({r},{0o},T), then stchildren(z) = {(r,0,T)}
= (<ly i, b Tagm >, <y iop, o byt o >, 1),
then stchildren(z) = {(m1,01,T), -, (Tn, 00, ')}
8. ifx=(t,s,I') and (¢t,s) €Ly Apt.a e Iy Apsfel,,
then stchildren(z) = {(pt.c, us.3,T)}
9. ifx = (t,ps.6,T) and (t,s) €L, Apt.a € Ty,
then stchildren(z) = {(pt.o, ps.8, 1)}
10. if & = (pt.o, s,T') and (t,8) €T, Aps.B €Ty,
then stchildren(z) = {(pt.a, ps.8, 1)}
11. if z = (pt.a, ps.B,T) and (¢,5) ¢ T'p,
then stchildren(z) = {(o, 8, T U {(pt.c, ps.B), (¢, 5)})}.

~N O O W N

O

The following lemma states that, if a tuple satisfies the precondition of Definition 29, then so do
its children.

Lemma 9. Let z = (7,0,T) be a tuple, such that 7 and o are p-complete types, I' is a context,
struc(r,Ty) 3 struc(o,T',), and struc(r,I';) contains no type variables. Then every element of
stchildren(z) is a tuple o' = (7', 0',I"), such that struc(7',T}) is a supertree of struc(c’,T".) and
struc(7',T'}) contains no type variables.

proof. The lemma follows from Definition 29 and Lemma 8. O

Using Lemma 9, we can finally define structural subtyping trees.

Definition 30. Let 7 and 75 be closed p-complete types, such that struc(ry,®) 3 struc(re, 0).
The structural subtyping tree for 7y and 75 is defined as sttree((71, 72,0)), where stiree((7, o, T))
is defined as follows:

if z = (7,0,T) and stchildren(z) = 0,
then sttree(z) has only one node, labeled (7,0,T")

if z = (7,0,T) and stchildren(z) # 0,
then sttree(z) consists of a root, labeled (7,0, T), and, for every y € stchildren(z),
a subtree sttree(y) and an arrow from the root to subtree stiree(y).

O

Lemma 10. The structural subtyping tree for 7 and 75 is finite.
Proof. The proof is the same as the proof of Lemma 5. O

Finally, in the same way as Claim 2 was proven, we can prove the following claim:

for every node labeled (,0,T) in sttree(ry,72,0): T'Fps 7 < 0.
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From the definition of sttree and the claim it follows that derivable subtyping is complete w.r.t.
structural subtyping:

struc(my) 3J struc(me) = ObFps 1 X 7o.

4.4 Equivalence of structural and extensional subtyping

In this subsection, we prove Theorem 6. More precisely, for closed p-complete types 7, and 79, we
prove:

1 jstruc To & T1 jczt T2-
Some of the work has already been done in the proof of Theorem 2. Tt suffices to prove Claim 7:
struc(my) 3d struc(me) < struc_ext(m) I struc_ext(72).

Using Claim 7 and Claim 4, we can conclude that structural and extensional subtyping are logically
equivalent:

struc(my) 3 struc(me) <
struc_ext(r)) 3 struc_ezt(ry) &
{struc(e) | e € ext(m)} 3 {struc(e) | e € ext(r2)} &
ext(m) <X ext(ry).

4.4.1 Proof of Claim 7
We prove the following claim:
struc(my) 3J struc(me) < struc_ext(m) 3 struc_ext(72).

The proof is similar to the proof of Claim 3. First, we define the projection of a term on (the tree
of) a type. The projection is exactly the same as the projection in the proof of Claim 3, except
for records.

Definition 31. Let 7y and 75 be types, such that struc(r;) 3 struc(rz). Furthermore, let
g be an injective function from bvars(ry) X TypeVar to Var — fvars(my) and e be a term, such
that Ve’ € subterms(e)[inst(estruc(e'), estruc(r))]. The projection of e on estruc(ry) is defined as
proj(e, estruc(rz),0), where proj(e’, U, V) is defined as follows:

proj(z, node(t),V) ==z if z € Var

proj(b, node(B),V)=1b if b € Cons

prog(0, tree({T), V) = 0

proj({e1,-- -, en}, tree({T}), V) = {proj(e1, T, V), - -, proj(en, T, V)}

proj(z, tree(t. <ly : Ty,---, L, : T, >), V) = g(x,t)
if g(z,t) eV

proj(z, tree(t. <ly : Ty, -+, 1y : Ty >), V) = proj(pz.ez, tree(t. <ly : Ty, 1y : Ty, >), V)
if g(z,t) € V and ny(z) = pz.e,

proj(pz. <ly =e1,  , lntm = €npm >, tree(t. <ly : Ty, -+ 1, 2 Ty >), V) = g(z,t)
if g(z,t) eV

proj(pz. <ly = e1, ,lntm = €npm >, tree(t. <ly : Th, -+ 1y : Ty >), V) =
gz, t). <ly:projer, Ty, VU{g(z,t),px. < li = €1, -, lntm = €ntm >}), -+,

Ly proj(en, Tn, VU{g(z, 1), pz. < ly =er, -, lnym = €npm >}) >

if g(z,t) ¢V,

where
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node(l) =

W

tree({T}) =

T

tree(xz. <ly : 11, by T >) =

O

Proof of =. Suppose struc(r;) 3 struc(ry). Using Lemma 6, we can deduce that there is an
injective tree morphism from estruc(rs) to estruc(ri), such that for every node or arrow ¢ in
estruc(rz) the following holds:

1. if label(q) =t for some t € TypeVar and q is a leaf,
then label(v(q)) =t,

2. if label(q) =t for some t € TypeVar and q is not a leaf|
then label(¢(q)) = s for some s € Type Var,
3. otherwise, label(p(q)) = label(q).

Now, let struc(e) be an element of siruc_ext(r,) and e’ be an element of subterms(e). Furthermore,
let P(e') be proj(e, estruc(rs),0). Then inst(estruc(e’), estruc(ry)), because €' is an element of
subterms(e) and struc(e) is an element of struc_ext(71). From the definition of proj it follows that
there is an injective tree morphism from estruc(P(e’)) to estruc(rz), such that for every node or
arrow ¢ in estruc(P(e')) the following holds:

1. if label(q) € Consp for some B € BTypes, then label(p(q)) = B
2. if label(q) € Var, for some t € TypeVar and q is a leaf, then label(p(q)) =t

3. if label(q) € Var, for some t € TypeVar and q is not a leaf,
then label(v(q)) =t and | children(q) | = | children(p(q)) |

4. otherwise, label(p(q)) = label(q).
That is, inst(estruc(P(e')), estruc(rz)). Hence, for every e' € subterms(e), we have:
inst(estruc(P(e)), estruc(m))].

Let P(e) be proj(e, estruc(rz),0). Using the definition of proj, we can conclude that struc(e) 3
struc(P(e)) and:

Ve'' € subterms(P(e))[inst(estruc(e’), estruc(rs))],

because e € subterms(P(e)) & (e = P(e') Ae' € subterms(e)). Since FV(e) = FV(P(e)), we
have struc(e) 3 struc(P(e)) € struc_ext(rs).

Proof of <. Suppose struc_ezt(r;) 3 struc_ext(r9). Then there are terms e; and es, such that
inst(estruc(ey), estruc(m)), inst(estruc(es), estruc(rs)), and struc(ey) 3 struc(es). From Defini-
tion 18 and Lemma 6, it follows that struc(r) 3 struc(rs).
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4.5 Decidability of structural and extensional subtyping

The proof of Theorem 7 is the same as the proof of Theorem 3. In fact, in the same way as for
derivable equivalence, we can prove that there is a decision procedure for derivable subtyping.
Since 71 <yppue T2 & T <p o and 1y Xy 9 & Ty <p T, it follows that there is a decision

procedure for structural and extensional subtyping.

5 Type transformations

In this section, we introduce a set of type transformations and prove that this set is sound and
complete w.r.t. data capacity.
The set of basic type transformations consists of renaming and aggregation operations (cf. [1]).

Definition 32. Renaming is defined as a function of type £ — £ — Types — Types:

rename(l;)(D)(t) =t ift € TypeVar

rename(l;)(1)(B) = B if B € BTypes

rename(I)(D({0}) = (v}

rename(l;))(D(< Iy 1 v, by i v, >) =<y tvg, ol s vy >
lflzg{lla T }OI‘IE{Z]_,"',ln},

rename(l;) (D)< Iy tvr, - by tvp >) =<y tvg, -, Livg, byt vy >

0 (U, LY and L (i, - L),
rename(l;)(1)(pt.a)) = pt.(rename(l;)(1)()).

The set of basic renaming operations is given by:
BT ron, = {rename(l)(I') | L€ LAl € L}.

We distinguish between two kinds of aggregation: tupling and aggregation within a record type.
Tupling is defined as a function of type £ — Types — Types:

tuple(l)(1) =< l:7 >,
The inverse of tupling is de-tupling, defined as a function of type Types — Types:
de_tuple(<l:7>)=r1.

For all other cases, we have: de_tuple(v) = v. Aggregation within a record type is defined as a
function of type pg,(L) — L — Types — Types:

aggregate({l;, liy1, -, HO(< b vy, - ,l fup >) =
<ljp:iwvg, - i<l rvg, - rvg > ey oy >
if {liy i, 4 Sl - 1} aﬂd ! ¢ ({11, b} = Al Ly, -+, 1))
aggregate({l;, liy1, -, lj})(l)(ut a) =
pt.(aggregate ({L;, lix1, - -+, 1 })()(a))
if id & {li,lig1, -+, 1;},
aggregate({l;, Liy1, -, (D) (pt. < Iy 27,1, Tn >) =
ps. <ly:mt\s], -, lopt. <lim[t\s], -0 T][t\ s] > nt Talt\ 8] >
if id € {liali+17 o '7lj} and {liali+17 o 'alj} < {lh ’ }

For all other cases, we have: aggregate(L)(I)(v) = v. The inverse of aggregation is de-aggregation,
defined as a function of type £ — Types — Types:

de_aggregate(L;)(< Iy t vy, -+, 1yt v, >) =

<l1iv1,"',li—1 cvii, o, O L1 Vg, Lyt >
ifliE{ll,-n }andvz—<l’:01,~~~,l;n:0m>
a‘nd{l’la" }n({llv 7, lulz-}—la"'aln}:@

de_aggregate(l; )(< Ly tvg,-- ln tup >) =
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<lyrwy, eyl ivis B o, Oy i v, Dt o >
it ef{ly, -, lhandv,=pt. <l roy,-, 0, o >

and {0}, -, 03N {l,- - b, L,y ) :‘D and ¢t & fvars(<ly 101, -, 10, om >)
de_aggregate(l;)(pt.c) = pt.(de_aggregate(l;)(e)).

For all other cases, we have: de_aggregate(l)(v) = v. The set of basic type transformations,
denoted by BT, is given by:

BT = BT o, U {tuple(l) |1 € L} U {de_tuple} U
{aggregate(L)(1) | LC LAl € L} U {de_aggregate(l) |l € L}.

O
Complex type transformations are obtained by combining basic type transformations.

Definition 33. The set of complex type transformations, denoted by C7, is inductively defined
by:

1. if F € BT, then F € CT
2. if L € CT and F5 € CT, then Fy o Fy € CT
3. if F €CT, then {F} €CT

4. if {ly,---,1,} C L is a set of n distinct labels and {Fy,---, F,,} CCT,
then <y : Fy,-++,l,: F, >€CT.

Complex type transformation Fj o Fy is the composition of F; and Fj:
Fy o Fo(v) = Fi(Fa(v)).

Complex type transformation {F'} transforms set types and leaves other types unchanged:
{F1{v}) = {F(v)}-

Complex type transformation FF = < [ : Fy,---,l, : F,, > transforms record types and leaves
other types unchanged:

F(<litv, -l v, >) =<l Fi(ve), -, by Fu(vg) >
Flut. <ly:vy, -l i v, >)=pt. <y Fi(vy), -+, by 0 Fu(vg) >.

The set of complex renaming operations, denoted by C7 ,.,,, is obtained by replacing BT by BT ,.,
and CT by CT ,en. O

Transformational type equality and type equivalence are defined in terms of type transformations.

Definition 34. Let 7y and 79 be closed types. Transformational equality of 71 and 79, denoted
by T =trans T2, is defined as follows:

TI =trans T2 < IF € CT [F(711) =p 72].
Transformational equivalence, denoted by 224,45, is defined by:

L Zirans T2 & Fvy € TypesTvy € Types[ry =p v A Ta Zp V2 A VL =trans V2]
O
Types can be normalised by applying de-tupling and de-aggregation operations.

Definition 35. Let 7 be a type. The normal form of 7, denoted by nf(7), is defined as follows:
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nf(t) =1t if t € TypeVar
nf(B) =B if B € BTypes
W (o) = ()}
nf(<ly v, ly v, >) =

collapse(< Iy : nf(v1),- -+, ln : nf (vy) >)
nf(ut.a) = pt.(nf(a)) if t € fvars(c)
nf(pt.a) = nf(c) if t & fvars(a),

where collapse(r') is obtained from 7' by applying the following rewrite rules until they cannot
be applied any more:

1<l oy v, i<y g, - G s v > 040 1 v, o >
— <y v, lio rvimg U g, - UGt g, g v,y Lyt o >
2. <l:v>— w.

O

The following lemma gives the relation between transformational equality and normal forms of
types.

Lemma 11. Let 7y and 75 be closed types. Then:

TL =trans T2 < nf(Tl) ~ nf(T2)?

where = is defined as follows: vy ~ vy if and only if there is a renaming operation F' € CT oy,
such that F(v1) =p va.
Proof of =. Let T be a type and F be a basic type transformation. By a simple case distinction
w.r.t. F', it follows that:

nf(7) ~ nf (F(7))-

Let 7 be a type and F' be a complex type transformation. By a simple induction on the structure
of F, it follows that:

nf () = nf(F(7)).

Now, suppose 7| =irans T2, i-€., there is a type transformation F, such that F(7;) =p 72. Then:

nf(r1) ~ nf(F(m)) =p nf(72).

From the definition of =, it follows that: nf(m) & nf(72).
Proof of <. Let 7 be a type and G be a basic de-aggregation operation. Then there is a basic
aggregation operation G, such that G'(G(7)) = 7.

Now, suppose nf(7m;) &~ nf(rs). Then there is a renaming operation F' € CT ,.,, such that
F(nf(m1)) =p nf(m2). Note that every rewrite step can be obtained by a combination of a
renaming operation and a de-aggregation operation. Hence, there are type transformations Fj
and Fy, such that:

F(Fi(m1)) =p Fa(m).
Furthermore, there is a complex aggregation operation Fy, such that Fy(F(F1(1))) =p F3(Fa(72))
= T9. Hence, 71 =tyqns 2. O
5.1 Soundness

In this subsection, we introduce semantic type equality based on data capacity and prove that
transformational type equality is sound w.r.t. semantic type equality.
First, we need a number of preliminary definitions.
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Definition 36. Let 7 be a type, such that, for every type variable ¢, if both ut.ac and pt.8 occur
in 7, then a = 3. The set of applied type variables in 7, denoted by avars(7), is defined as:

avars(t) = {t} ift € TypeVar

avars(B) =0 if B € BTypes

avars({v}) = avars(v)

avars(< ly v,y by 2 U >) = avars(vy) U - - - U avars(vy,)
avars(ut.c)) = avars(a).

The head of 7, denoted by hd(7), is defined as:

hd(t) =t if t € TypeVar

hd(B) = B if B € BTypes

hd({v}) = {hd(v)}

hd(<ly vy, by oy >) = <ly t hd(vy), -+, Uy - hd(vy) >
hd(ut.c) = t.

Let ¢ be a bound type variable in 7. The tail of 7 w.r.t. ¢, denoted by ti(7,t), is defined as:

t({v},t) = tl(v,t)

(< -, >,t) = tl(v,t)
t(pt.a,t) = pt.o

Hpt' .o t) = tl(a, 1) if t' #1t

where t € bvars(v) and ¢t € bvars(a’). Finally, the unfolded counterpart of 7 w.r.t. ¢, denoted by
unfold(7,t), is defined as:

unfold({v},t) = {unfold(v,t)}

unfold(< -+l v, > t) = < -, unfold(v,t), - >
unfold(pt.a, t) = eliminate(ct \ pt.ol, D)
unfold(ut'.a',t) = pt'.(unfold(/,t)) if t' #1t,

where ¢ € bvars(v) and ¢ € bvars(a’), and eliminate eliminates the second occurrence of wt'
whenever one ut' occurs in the range of another ut':

eliminate(t') = t' if B € TypeVar

eliminate(B,V) = B if B € BTypes

eliminate({v}, V) = {eliminate(v, V)}

eliminate(< Iy : vy, Ly s v >, V) = < Iy @ eliminate(vy, V), -+, Iy, : eliminate(vy,, V) >
eliminate(pt'.o/, V) = pt' (eliminate(a, VU {t'})) if t' € V

eliminate(pt'.o', V) = eliminate(a/, V) ift' € V.

O
The set of preterms of a type is the set of terms of depth 1.

Definition 37. First, for every basic type B and every natural number n, we choose Cons(B,n)
to be a subset of Consp consisting of n elements, and, for every type variable ¢t and every natural
number n, we choose Var(t,n) to be a subset of Var; consisting of n elements.

Let 7 be a type, such that avars(r) = {¢;,,---,t;, }, where iy < .-+ < ¢,. Furthermore, let
P = (p1,p2,p3,ps) and = (q1,- - -, qn) be natural number vectors. The set of preterms of 7 w.r.t.
p and ¢, denoted by preterms(r, p, q), is defined as follows:

preterms(t;,, P, q) = Var(t;,,q;) if t;, € TypeVar,
preterms(B;, P, @) = Cons(B;,p;) if B; € BTypes,
preterms({v}, P, @) = pfin(preterms(v, P, 7)),
preterms(< Iy : vy, -+, 1, 1 v, >,0,4) =
{<li=e1, 1, =€, >| e €preterms(vi,p,§) N+ Ae, € preterms(vn, P, §)},
preterms(ut.a, p, q) = {pz.e | x € Var(t,1) A e € preterms(a, p, ¢)},
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where B; denotes type oid, By denotes type integer, B3 denotes type rational, and B, denotes
type string. O

The data capacity function of a type is defined as follows.

Definition 38. Let 7 be a type, such that avars(r) = {t;,,---,t;, }, where ¢y < --- < i,. The
data capacity function of type 7, denoted by x., is defined as:

AP AG. x(7, P, ),
where § = (p1,p2,p3,p4) and = (q1,-- -, ¢n) are natural number vectors and:

x(ti,, P, q) = q; if t;; € VarType,

x(B;, 7, q) = p; if B; € BTypes,

x({v}, 7, q) = 2x(v 7D,

X(<h v, by v >,0,0) = x(v1,5, Q) X -+ X X(Uim, B, §),
X(pt'a7ﬁ’q_j = X(a7ﬁ7 q_‘)7

where B; denotes type oid, By denotes type integer, B3 denotes type rational, and B, denotes
type string. O

The data capacity function of a type gives the number of preterms of the type.

Lemma 12. Let 7 be a type, such that avars(r) = {t;;,---,t;, }, where iy < --- < i,. For every
natural number vector p'= (py, ps, p3, P4) and every natural number vector ¢ = (g, -, qn):

X+ (P, q) = | preterms(7,p, q) |.
Proof. The lemma follows from an induction argument on the structure of 7. O
Semantic type equality and type equivalence are defined in terms of data capacity functions.

Definition 39. Let 71 and 75 be types. Semantic equality of 71 and 79, denoted by 71 =,.m 7o,
is defined as follows:

TL =sem T2 € J01[T1 =D V1 A Xo; = Xro AVt € avars(V1)[Xunfold(vr t) = Xunfold(rs,t))]-
Semantic equivalence, denoted by 2,,,,, is defined by:

TL Zgem T2 < vy € TypesTvy € Types[Ti Zp v1 A Te Zp va A VL =sem V2]
O
Finally, we can prove that transformational equality is sound w.r.t. semantic equality.
Theorem 8. Let 7 and 72 be closed types. Then:

T =trans T2 = T1 =sem T2-

Proof. Let T be a type and F' be a basic type transformation. By a case distinction w.r.t. F, it
follows that:

F(1) =sem T.

Let 7 be a type and F' be a complex type transformation. By an induction on the structure of F,
it follows that:

F(T) =em T
Now, suppose 71 =itrans T2, 1.€., there is a type transformation F', such that F(r1) =p 72. Then:
T1 =sem F(Tl) =D T2.

From the definition of =,,,,, it follows that: 7 =, 72. O
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5.2 Completeness

In this subsection, we prove that transformational type equality is complete w.r.t. semantic type
equality.

First, we prove a number of lemmas. The following lemma gives the relation between the head
and the tails of a type.

Lemma 13. Let o be a type and V be avars(hd(o)) N bvars(o). Then:
hd(o)[t\ ti(o,t) |t e V] =0.
Proof.

The lemma follows from an induction argument on the structure of type o. If ¢ is a basic type or
a type variable, then V = @ and, hence, hd(o)[t \ tl(co,t) |t € V] =0. If 0 = {0}, then:

hd(a)[t\ ti(o,t) |t € V] =
{hd(a)}t\ ti(c',t) |t e V] =
{hd(o)[t\ U(o',t) |t € V]} =
[},
Ifo=<1l:01,---,l,:0, >, then:
hd(a)[t \ ti(o,t) |t € V] =
<ly:hd(oy), -1, : hd(a,) > [t\ tl(o,t) |t € V] =

<ly :hd(a)[t\ tl(or,t) [t € V1], -, Ly s hd(op)[t\ tU(on,t) |t € V,] =
<ly:o1," 0, >.

If 0 = pt'.a, then V = {t'} and hd(0)[t' \ ti(o,t")] =t'[t' \o] =0. O

The following two lemmas give the relation between the data capacity functions of a type and its
unfolded counterpart.

Lemma 14a. Let o be a type, such that t € bvars(c), where t = t; for some j. Then:

AIS‘Aq‘:Xunfold(a',t) (ﬁa q_) = AﬁAq_‘XU(ﬁ: q_[q] \ th(tr,t)(ﬁ: g)])a

where § contains the type variables that occur in tl(o, t).

Proof.

The lemma follows from an induction argument on the structure of type 0. We give a proof for
the non-trivial case: o = pt.a. Let there be n occurrences of ¢t in . Let o' be «, with every
occurrence of ¢ replaced by a unique member of {t;,,---,t; }, which is a set of new type variables.

Then:

i1y °

Xunfold(o,t) = Xeliminate(aft\c]) =
Xeliminate(aft\o]) =
Xa’[t,'l \eliminate(o,V1),---,t;, \eliminate(o,V,)] =
/\ﬁ/\‘f'(Xa’ (ﬁa g)[qi1 \Xtr(ﬁa ‘Dv iy \ Xtr(ﬁa (DD =
AAG.(Xa (P, D45 \ Xo(P, D)) =
AAG(Xo (P, )4 \ X0 (P, D)),

where the V;’s are the sets induced by applying eliminate, and ¥ contains the type variables that
occur in o'. O

Lemma 14b. Let o and ¢’ be types, such that ¢ € bvars(o) N bvars(c'). Then:

(Xo’ = Xo' N Xunfold(o,t) = Xun.fold(a’,t)) = Xtl(o,t) = Xtl(o',t)-

Proof.
Suppose Xo = Xo' and Xunfold(o,t) = Xunfold(o',t)- Furthermore, suppose x4(o,1) # Xt(o',t)- Then:
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)‘ﬁ)‘(j'Xunfold(a,t) (ﬁa q-) =
APAGXo (P, 4la; \ Xu(o.ty (P, 9)]) #
APAT X o (P, dlg; \ X (o) (P, 9)]) =
AﬁAqﬂXc’(ﬁ: ‘ﬂq] \ Xtl(o',t) (ﬁa :’j)]) = Aﬁ“q_“'Xunfold(cr’,t) (]5: @;

where the first step follows from Lemma 14a, the second from the fact that x, is injective in g;
and the fact that x4 (,,1) # Xu(o',t), the third from the fact that x, = x,, and the fourth from
Lemma 14a. Contradiction. Hence, X4 (s,1) = Xt1(o",1)- O

The following three lemmas give the relation between the data capacity functions of a number of
types on one hand and the data capacity function of the combined type obtained by substitution
on the other hand.

Lemma 15a. Let o be a type, such that ¢t € fvars(c), where t = t; for some j. Furthermore, let
T be a type. Then:

Xolt\r] = APAZ. (X0 (P, Dgi \ x+(7, %)),

where ¥ contains the type variables that occur in 7 and Z contains the type variables that occur
in ot \ 7].

Proof.

The lemma follows from an induction argument on the structure of type 0. We give a proof for
the non-trivial case: o =t. Then xq[s\- = Xr and:

Xo (B, g5 \ x=(B D)) = 495 \ X+ (B D)) = x+(7, 9)-
Since Z = ¥ in this case, it follows that:
APAZ. (X0 (P, @)a; \ X+ (P, 7)]) = APAZ. X (D) Z) = X+

O

Lemma 15b. Let o and o' be types, such that ¢t € fvars(o) N fvars(c’), where t = t; for some
j. Furthermore, let 7, and 7' be types, such that t € avars(7) N avars(r'). Then:

(Xcr[t\‘r] = Xo'[t\r'] N Xr = Xr') = Xo = Xo'-

Proof.

Suppose Xo[\r] = Xo'[t\+/] @0d Xr = X,. Furthermore, suppose x, # x,/. Then g X0 (P, ) #
Agj X0 (P, ). Without loss of generality, let Q be a natural number, such that:

Yg; > Qlxo (P, @) > Axo (P, 9))-

Since Yq;[x+(7, §) > ¢;], it follows that:

a) Vg; > Qxo (P, dlg; \ x+ (2, 9)]) > xo (7, dlg; \ x- (7, D).
Then:
Xolt\r] = MPAZ- (X0 (7 qlg; \ x-(P, 9)])) #

/\ﬁ/\z(XJ’ (ﬁ: q-IQj \ X‘r(ﬁa '!7)]))
/\ﬁ/\z(xo’ (ﬁ: q_IQj \ X‘r’(ﬁa ?7)])) = Xo'[t\7']

where the first step follows from Lemma 15a, the second from a), the third from the fact that
X+ = X+, and the fourth from Lemma 15a. Contradiction. Hence, x, = xor. O

Lemma 15c. Let o and o' be types, such that fvars(o) = fvars(c') = {t; | i € I'}, where I is
a subset of the natural numbers. Furthermore, let {o; | ¢ € I} and {o} | ¢ € I} be sets of types,
such that t; € avars(o;) N avars(o}). Define:
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T=ot\o;|i€l
' =d'li\ ol €e.

Then:

(XT =xr AVi € I[XUi = Xa;]) = Xo = Xo'-
Proof.

The lemma follows from | I | applications of Lemma 15b. O

The following lemma states that the data capacity functions corresponding to the different type
variables in a type uniquely determine the levels at which the type variables are bound.

Lemma 16. Let o and ¢’ be types, such that bvars(c) = bvars(c') = {t; | ¢« € I}, where I
is a subset of the natural numbers. Furthermore, let V' be avars(hd(c)) N bvars(c) and V' be
avars(hd(a')) N bvars(c'). For every i € I, define:

pnit;. o = tl(o, ti)
ptiah =o', t;).

Then:
Vi€ I[Xa; = Xa] = V=V"

Proof.
Suppose Vi € I[xq; = Xa;]~ In order to prove the lemma, it is sufficient to prove that a; contains
ptj. o if and only if o} contains p t;. a}.

Suppose «; contains p tj. ;. It follows that x,., contains x,;. Hence, Xa!, = Xa has at least
one occurrence of x;. Suppose a} does not contain p t;. a}- Since x,, has at least one occurrence
of zj, o must contain p t;. ;. Then x,; = X!, contains xo;. It follows that x., # Xa,-
Contradiction. Hence, o contains p ¢;. a;-. |

Finally, we can prove that transformational equality is complete w.r.t. semantic equality.
Theorem 9. Let 71 and 79 be closed types. Then:
Tl =sem T2 = T1 =trans T2-

Proof.
For non-recursive types, the theorem follows from Theorem 5.4 in [1]. For recursive types, the
proof is more involved.

Suppose Ty =gem Ta. Let vy be the type, such that vy =p 7 and x,, = X,. For every ¢ in
I ={j|t; € avars(vy)}, define:

12 ti~ o; = tl(vl,ti)
pti o = tl(2,t;)
Vi = avars(hd(a;)) N bvars(a;).

From X v, = Xr,, Vi € I[Xunfold(vi,t:) = Xunfold(rs,t;)), Lemma 14b and 16, it follows that, for every
tin I:

b) XOéi = Xa;
c) V; = avars(hd(cd)) N buars(as).

For every ¢ in I, define 0; = p t;. o; and o} = p t;. a}. Using ¢) and Lemma 13, we obtain:

a; = hd(a;)[t; \ e, t;) | t; € Vi
o = hd(a)[t; \ t(ag, t;) [ t; € Vi].

From this, b), and Lemma 15c, it follows that:

41



Xhd(a:) = Xhd(a!)-

Using the fact that hd(e;) and hd(c}) are non-recursive types, we can conclude that:

d) nf(hd(a;)) ~ nf(hd(al)).
By an induction argument on the number of nestings of p-operators, we can prove that, for every
1 € I, nf(o;) = nf(o}). The induction step of the induction argument is:

nf(ai) = nf (hd(e)[t; \ tai, ;) | £ € Vi]) =

nf (hd(ei)[t; \ oj | t; € Vi]) =

(nf (hd(ai)))[t; \ nf(a;) | t; € Vi] =

(nf (hd())))[t; \ nf(oj) | t; € Vi] =

nf (hd(aj)[t; \ o} | t; € Vi]) =

nf (hd(aj)[t; \ ti(ej, ;) | t5 € Vi]) =

nf(af),
where the first step follows from Lemma 13; the second from the definition of t/ and the fact that
vy contains oy; the third from the definition of nf and the fact that every ¢; occurs free in «;; the
fourth from the induction hypothesis and d); the fifth from the definition of nf and the fact that
every t; occurs free in «;; the sixth from the definition of ¢l and the fact that 75 contains o}; and
the final from Lemma 13 and c).
Case 1: vy = p t;. «; for some i. Suppose 72 # p t;. o). Since 72 must contain p t;. o, it follows
that Xr, # Xa/ = Xa; = Xv,- Contradiction. Hence, 7o = p t;. a; and nf(v1) ~ nf(7y). That is,
T1 =trans T2-
Case 2: vy # p o for any i. From vy = hd(v)[t; \ pt;. o} | t; € V], where V = avars(hd(vy)) N
bvars(vy), Lemma 13 and 16, it follows that:

Ty = hd(m2)[t; \U} |t; e V.

Using Xv, = X, b), and Lemma 15¢, we can conclude that x4q(v1) = xpa(72). Hence, nf(hd(v1))
~ nf(hd(72)) and, because of the fact that nf(o;) ~ nf(c}), nf(vi) ~ nf(72). That is, 71 =trans T2.
O

Combining Theorem 8 and 9, we can deduce that transformational equivalence is sound and
complete w.r.t. semantic equivalence.

Theorem 10. Let 7y and 79 be closed types. Then:
T1 gtrans Ta < T1 gsern T2.

Proof. The theorem follows from Definition 34, Definition 39, Theorem 8, and Theorem 9. O

6 Conclusion

In this report, a number of completeness results are given that are useful for database integration.
Derivable type equivalence is proven sound and complete w.r.t. extensional type equivalence. This
means that if a type is equivalent to another type, any instance of the first type is equivalent to
some instance of the second type. Furthermore, derivable subtyping is proven sound and complete
w.r.t. extensional subtyping. This means that if a type is a subtype of another type, any instance
of the first type can be transformed in a canonical way into an instance of the second type. Finally,
the set of chosen type transformations is proven sound and complete w.r.t. data capacity. As a
consequence, type instances can be transformed uniquely.

These results have a number of implications. First, our formalisation of class hierarchies
respects the subclass relation in the following way. Let C; be defined as a subclass of Cy. If 0
is an instance of (7, then the projection of o onto C5 is well-defined and is an instance of Cj.
Second, if class hierarchies are integrated using derivable type equivalence, derivable subtyping,
and the chosen type transformations, then their instances can be integrated as well, by applying
projections and transformations.
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