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Remarks on Sparse-Grid Finite-Volume Multigrid

P.W. Hemker
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract
We introduce a multigrid algorithm for the solution of a second order elliptic equation in three di-
mensions. For the approximation of the solution we use a partially ordered hierarchy of finite-volume
discretisations. We show that there is a relation with semicoarsening and approximation by more-
dimensional Haar wavelets. By taking a proper subset of all possible meshes in the hierarchy, a sparse
grid finite-volume discretisation can be constructed.
The multigrid algorithm consists of damped Jacobi relaxation as a smoothing procedure, while the
coarse grid correction is made by interpolation from several coarser grids levels.
The combination of sparse grids and multigrid with semi-coarsening leads to a relatively small number
of degrees of freedom, N, to obtain an accurate approximation, together with an O(N) method for
the solution. The algorithm is symmetric with respect to the three coordinate directions and it is fit
for combination with adaptive techniques.
To analyse the convergence of the multigrid algorithm we develop the necessary Fourier analysis tools.
The techniques, designed for 3D-problems, can also be applied for the 2D case, and —for simplicity-

we apply the tools to study the convergence behaviour for the anisotropic Poisson equation for this
2D case.

AMS Subject Classification (1991): Primary: 65N55. Secondary: 65N22, 65T20.
Keywords & Phrases: sparse grids, multigrid, finite volume, discrete Fourier transform, wavelets.

Note: The major part of this report will be published elsewhere.

1. SPARSE-GRID FINITE-VOLUME MULTIGRID
1.1. Introduction

In this paper we describe the approximation of a function on a finite-volume sparse grid, and a
multigrid algorithm for the solution of partial differential equations in three dimensions. The algorithm
is intended for the solution of flow problems described by conservation laws, and therefore finite
volumes are a natural choice for the discretisation. But to introduce the main principles we will
restrict the treatment here to second order elliptic equations, and in particular to the anisotropic
Poisson equation.

In contrast to the usual multigrid approach, we do not use a sequentially ordered set of discretisations
on different meshes, but we use a partially ordered hierarchy of ‘semi-coarsened’ grids as proposed
e.g. by Mulder [6, 7] and Naik-VanRosendale [8] or Zenger et al. [3, 11]. As indicated by Zenger,
adaptive ‘sparse grid’ discretisations can be constructed by taking a suitable subset of all possible
discretisations in such a hierarchy. However, in contrast to the sparse grid approximation proposed
in [3, 11], we base our approximation on finite volumes rather than on finite elements.

The multigrid algorithm consists of damped Jacobi relaxation as a smoothing procedure and a
coarse grid correction constructed by extrapolation from several coarser grids levels.

The algorithm is completely symmetric with respect to the three coordinate directions and it is
suitable for combination with adaptive techniques. A description of a data structure to implement
such adaptive three-dimensional algorithms is given elsewhere [4].
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1.2. Finite volume sparse grids

In this section we introduce finite-volume sparse grids. We show the relation between the approxi-
mation by Haar wavelets (when this notion is extended to more dimensions) and the sparse-grid ap-
proximation. For the theory of wavelets, multiresolution analysis (MRA) etc. we refer to Daubechies

[2].

1.3. The more-dimensional MRA

A multidimensional multiresolution analysis of L2(Q), Q = IR?, is a partially ordered set of closed
linear subspaces

{Va|Va C L*(Q)}nez:
with the properties:

(1) NnVn={0}; Un Vn Cdense L*(R);

(2) f(z)eVa & F(2™z)eVnim VYneZ¢ meE; 11
(3) f(z)eVn & f(x—2"Dk)eVn VkeZ? neE; (1.1)
(4) 3¢eVo: {¢(z — k)}pc 7 is a Riesz basis! for Vo.

Here n = (ny,---,n4)€Z%, and we denote |n| =ny + - - - + ng;
2% = (2™,...,2™). We also use the notation o = (0, ..., 0)eIN¢,
® = (z1,...,zq)eR?, 2@ = (2™ 2y, ...,2™x,), and ||n|| = ny - - -ng. Further we introduce in IN¢ the
unit vectors e, k = 1,...,d, as follows: e; = (1,0,...,0); e; = (0,1,0,...,0); eg = (0,...,1), and we
use e = (1,...,1). Finally we define E = {ey,---,e;}. Although we are particularly interested in the
three-dimensional case, generalisation to a different number of space dimensions is straightforward.

The function ¢(x) in (1.1.4) is called the father function or the scaling function of the multiresolution
analysis.

1.4. Piecewise constant function spaces

Let either Q2 = IR? be the three-dimensional Euclidean space, or let Q = (0,1)¢ c IR? be the open unit
cube. For any neZ¢ we introduce the function space Vp, i.e. the space of piecewise constant functions
on a uniform grid with meshsize h = (27™1,...,27™4). These grids are uniformly spaced in each of
the three coordinate directions, but possibly with a different meshsize in the different directions. The
volume of these cells is denoted by h% = 2~10!, The functions in Vi all are constant on each cell

Qn,k = [k12‘n1,(k1 + 1)2_"'1] X oo X [kdz—nd’ (kd + 1)2_.’”],

and this family of cells forms the grid Qp = {Qn, k| Qnk CQkeZ 4}. The family of cell centres or
cell nodes is denoted by Qf = {z, 1, | 2y, j, = (k +€/2)277; ke Z¢,; Zp ,€Q}. The number of these
nodes is equal to the dimension of Vp.

Apparently, all grids are identified by a multiple n; the number |n| is called the level of the grid n.
Notice that —different from classical multigrid- here and later in our multigrid algorithm, there is a
clear distinction between the grid-identification n and the level number |n|.

1A Riesz basis in a Hilbert space H is a set {ea}ae 4 C H such that
Vz€H 3! {aa},ca == Z GaCa
a€A
and the £2-norm of the coefficient vector a,, is equivalent with the Hilbert space norm of the element z:

3C1,C2: 0<C1<C2<o0  Cillzllm < llallz(ay < Callzlia-



Because
Vn C Vn+ej s for j =1,...,d, (12)

we see, by construction, that many spaces Vn are nested and that the nesting provides a partial
ordering?:
Vo CVm e n<m. (13)

Spaces Vpn and Vip or grids Qn and Qm that satisfy this nesting relation n < m are called related.
The construction of the spaces Vp shows that even a stronger relation holds than (1.2), namely

Vn-e; NVn-e, = Vn-e;-e; > hk=1,..,d, j#k (1.4)

We see also that for Q = JR? the spaces {Vn }nez¢ form a multiresolution analysis and that in this
case the characteristic function on the unit cube, ¢€Vp,

_ 1 if .’EGQO,Q, :
¢(.’B)—{ 0 if m¢90’0, (15)

serves as a father function. The set {¢} | 8 (z) = ¢(2"z — k), ke Z 4} forms a basis in Vn. This
corresponds with the usual Haar-basis for the one-dimensional case.

In the case £ = (0,1)% we restrict ourselves to V with ny,...,ng > 0 and we see dim(Vn) = 2in,
Formally, for Q = (0,1)¢ and ny, ng, ... or ng negative we define Vn = Va,,....n, by Vn = {0}.

For all spaces Vi we introduce the restriction operator Rn : L2(2) — Vi, the L-projection such
that for ucL?(Q2) we have Rnu€Vn and

(Rnw)(zq ) = 2™ /Q u(z) dz . (1.6)
nk

1.5. More-dimensional wavelets

We introduce the wavelet space Wn C Vn which consists of all functions in V that are not repre-
sented in any of the related function spaces on the next coarser level, i.e. they are in Vn but not in
Span(Vn_el, veey Vn_ed), or

Vn = Wn (3] Spa.n(Vn_el,...,Vn_ed), (17)
{0} = Wn n Span(Vn_el,...,Vn_ed). (18)

This means that Wp contains the ‘difference information’ that is available in the fine grid Vn but not
in the the span of the coarser grids Vn—e,, Vn-e,, -*- and Vn-_e,-

In our case, where Vp contains the piecewise constant functions, it is simple to construct the spaces
Whn such that

Wn 1 Span(Vn_el, Tty Vn_ed). (19)

This makes Wp the orthogonal® complement of Span(Vn—(1,0,0) " *» Vn-(0,0,1)) it Vn, and from (1.9)
immediately follows (1.8).

2We define the inequalities between multiples by
n<m<eng <my, -, ng <mg,
and

n<m<«n; <m, -, ng <my.

3When other multiresolution analyses are made by means of other father functions, the complement is nor necessarily
orthogonal and (1.9) should be replaced by (1.8).



For Q C IR? the relation (1.9) allows a straightforward decomposition of Vp. In the case = IR%
we have?

ny nd
WwR)= @ - P w;, (1.10)
Ji=—00  jg=-o0
where all Wj are orthogonal to each other.

To handle the bounded domain 2 = (0, 1)¢ we introduce the functions V3(Q) C Vn(£2) which have
a zero mean value on 2, i.e. V3(Q) = {ueVn(9) | Ro(u) = 0}, we and have ( In this case of a bounded
domain, Q = (0,1)¢, W(o 0,0)(R) is the zero-function and the functions W, with some zero-index (e.g.

W(0,51.52) ©f W(0,0,5,)) have a shape different from those with 5 > o! )

Va(Q) = 619 - Pw;, (1.11)

=0 ja=0
and hence
(@ =VooVi=Voo @ W;. (1.12)
0<j<n
The ‘difference information’ between the approximations of a function feL?(Q) on two successive
levels, Rn f€Vn on the one hand and Rn_e; f€Vn-e ;> J =1,...,d, on the other hand, is given by the

orthogonal projection Qnf of f onto the orthogonal complernent Wn of Vn_e; in Vn. For the case
d = 3 this is described in the following theorem.

THEOREM 1.1 Let the operator Qn : L%(2) — Wn be the orthogonal projection onto Wy, then it
follows that

Qnu=Rnu — Rp_e,u— Rn_e,u— Rn_e,u +

+ Rn-e,-e;u + Rn-e,-e;4+ Rn_e, -, — Rn-eu,

or, equivalently,

@nu = Rnu— Rp_eu+ E (Rn_e+eju - Rn_ej’u.) . (1.13)
7=1,2,3

Proof: From (1.10) or (1.12) it follows that (possibly neglecting functions in Vg if 2 = (0,1)3)

Vn_@w

j<n
so that
Rnu=Y_ Qju, (1.14)
j<n
and

Rn — Rn_e, — Rn-e, — Rn-e,
+ Rn-e,-e; + Rn-e,-e; + Rn-e,-e, — Rn-e

29— X Q- X Q- XY @

j<n-e j<n-e, j<n-e;

4Notice that here, in the more-dimensional case, it is convenient to choose an indexing that is different from the
usual indexing in the well-known one-dimensional case.



Y @t X Qi+ X Q- 29

j<n-e,—e; j<n-e,-e; j<n-e;-e; j<n-e
= X @t X et X et X 9
n-e<j<n n-e;<j<n n-e;<j<n n-e;<j<n
- X Q- X Q- X 99
n-e,—es<j<n n-e,-es<j<n n-e;-e;<j<n
= Q@n.
O
Remarks:

e In the right-hand-side of equation (1.13) we recognise the information that can be represented
on the levels |n|, |n| — 3, |n| — 2, |n| — 1, respectively.

e In (1.13) the information on the level |n| — 2 and |n| — 3 can directly be derived from the
information on level |n| — 1, e.g. by Rn—e,-e,% = Rn-e,-e;(Rn-e, u). Thus, expression (1.13)
describes the difference information between Rpu and its approximation on the related next
coarser grids.

e Notice that in the two-dimensional case the relation (1.13) reduces to
Qnu = Rnu— Rn_e,u— Rn-e,u + Rn-eu, (1.15)
where e = (1,1), and in the one-dimensional case we have
Qnu = Rnu— Rn_eu. (1.16)

First, in the remainder of this section we restrict ourselves to the unbounded case Q = IR?. The
four relations (1.1.1) to (1.1.4) imply that also the spaces Wn are scaled versions of one space Wao,

f(z)eWn & f(2 Pz)eWo, VneZd, (1.17)
and, moreover, that they are translation invariant for the discrete translations PRy AR
f(x)eWo & f(z — k)eWo. VneZ®. (1.18)

The relations (1.7) and (1.9) make that they are mutually orthogonal spaces, generating all of L2(IR%),
Wn L Wm for n# m,

1.19
@neza Wn = Lz(le). ( )
Summarising, we obtain a nesting between the spaces {Vn} and {Wn},
Vn-e, ) )
@
Vn—-ez L
5 = Vn
Vn—ed
® g Wn+e;
Wn )
57]
5]
Wn+e,~ )




that is essentially more complex than in the classical one-dimensional case, where there is a sequential
ordering of the spaces {Vn}and {Wy}.

As soon as we find a function ¥(z) with the property that Y(x — k), keZ*?, is a basis of We,
then by a simple rescaling we see that #%(2Pz — k), yields a basis of Wnte. Such a function is the
more-dimensional generalisation of a wavelet. Since L2(IR?) is the direct sum of these Wn+e, then
the full collection {wg"'e(a:) | q{z;cl"'e(a:) =¢(2%z ~ k), n, ke Z d} is a basis of LZ(IR?).

It is easy to check that the more-dimensional wavelet Y(x)eWe, corresponding with the scaling
function ¢(z)eVp, from the previous section, is the more-dimensional checkerboard basis function®
given by (1.5):

= 0 if w¢90,0 y
Y(x)=q = +1 ifzeQoo, xeep, |k| even,
= -1 if zeQgy, ‘”Eﬂe,k , |k| odd.

This function is the more-dimensional generalisation of the Haar-wavelet.

In wavelet theory the spaces Wy are labeled channels, and the distinct channels are linearly in-
dependent. The first decomposition of an arbitrary function from L?(Q) with Q@ = IR? consists in
writing u(x) = 3, un(e), where each up belongs to the corresponding channel Wy, with ne Z¢.

Similarly, we can write for functions defined on Q = (0,1)? the relation (1.12) and make a similar
decomposition in channels. Each subspace Wpe, n > o, has its natural basis, the standard basis®

{vpe@) | vp*e(e) = $(2%e — )}

of functions with a minimal support. The basis function 1/);:"'*3 is a scaled, elementary checkerboard
function, that may be characterised either by its support which is a single cell in Qp or by the
centerpoint of this cell, zg =2-10l(k + e/2).

For 2 = (0,1)¢, the exceptions related with the boundary are found in the spaces Wy with a zero
index (i.e. n;....ng = 0). These Wp have basis functions with different shapes. They are derived from
the corresponding functions for the unbounded case, but their support is restricted to Qn-eNQ.
Their corresponding nodal points z;cl_e are found on the boundary 0Q = Q\Q, n < e, n # o. Taking
this into account, both for @ = (0,1)¢ and for Q = IR we may write for each ueL?(Q) a wavelet
expansion

u(z) = Z ank ¥(2%z — k). (1.20)
nk

1.6. An approzimation property
The decompositions (1.10) or (1.12) clearly allow the approximation of a sufficiently smooth function
in L?(Q) by a series with elements in Wj. To obtain an impression of the quality of these expansions
we derive some error estimates.

As the case where boundaries are present, is the more general one, we take Q = (0,1)3. To quantify
the error of approximation on (2, we introduce for ueC-1(Q) the seminorm

3Bu(z)

6221--'6.’1:3
6 P1 6 Ps

5Notice pE€We C Ve is a function piecewise constant on Qe.
SNotice that in more dimensions we use the ihdexing ¢Ix:+e’ whereas in the one-dimensional case one usually writes

Y-

|u| = max

max (1.21)

m max
P1,...,p3=0,1 a}eﬁ\ﬂ

Now we derive the following




THEOREM 1.2 If we consider an expansion of a C1»+~!(£2)-function, u, in piecewise constant functions
on the grid Qn, for an arbitrary neZ3, n > o, and if we write

Rnu=vg + Z Uj s
o<j<n

with vgeVp and ujer, 0 < j <n, then
gl < 2789172 Ju
and we get an estimate for the approximation error
llu — Rul| < (8/7)%/2(27%™ + -+ +273%)!/2 |u|
<@/ (W 4+ R ol (1.22)

Proof: We take the normalised {¢k} {2'-7 e|/2¢1} as a basis in Wj, 0 < j <n, j # o. Clearly,

all these functions are orthogonal to a.ll functions vg€Vp and inter se they form an orthonormal set
(an orthonormal Haar basis) in W; C L%(£2). We see this as follows

¢6We ) support(zb) = QO,O)

v€eWe,  support(¥g) = Qok» (1.23)
k k ok
¢‘L€We ) support(z/;‘,’c) = Qj_e,k )

or, in other words, zpier, but ¢i¢ scales like a basis function in Vj—e' Hence

/ gli-el/zyd gli-el/2yl 40 =0 for k#m,

and . .

I7-el/2,3 9li—€l/2d 40 =

/2 1/:k 2 ¢k dQY =
g-el [ 3.3 10 — oli-e€l _
2 /¢k¢kdﬂ—2 /Q dQ=1.

Thus, we find

Rnpu = vo + Z uj,

o<j<n
with . ..
uj = ek ¥ = D (w PR
k k

Now

aJ-,‘,:('tL,z,Z‘,’e):/uiZ',’c dQ=/ uz/;i" Q.
Q QJ _ek
By Taylor expansion around z-;;_e, we have

/ wid | < 272}, (1.24)
% _ek



For j > e the point zi—e lies in the interior of  and the estimate holds with

= x| Gy

For 5 # e, i.e. for ¢i with a j-component equal to zero, the point z‘;e_e lies on the boundary and the

function 1/)‘L is constant in one direction over the whole domain €, and it is of Haar-wavelet type for
the non-zero indices (or index). In this situation the same estimate (1.24) holds with, e.g. if j; =0,

0%u(z)

lul = max 61:2 . '6323

For j = o the relation (1.24) is trivially satisfied. Hence, the estimate (1.24) holds for j > o if we use
the seminorm (1.21), and we find

la’j,kl < 27|y,
lujll* =D lajpl® <> 2740 u)? = 22|y ?.
J . J .

so that .
Jujl < 27209172,

( \

le=Roul? = > JulP <Pl Y 4+ Y 27

and

n>n J1>m 120
or --- J220 J220
or jz > ng \ Jja3=>0 .7'3>n3/
<83 2—3n1 2—31!.3 2
_7—3( +t ) Jul? .

And it follows that
g\ 3/2
llu — Rnul| < (7) (2‘3"1/2 +oo 2‘3"3/2) |u|
/

8 3/2
) )

If we have no further a-priori knowledge about u, the most efficient approximation will be one with

hi = --- = h3 because this equalises the three main terms in the error bound. We see that
Rp = Z Q] )
j<n

and the truncation error for « — Rpu is not particularly promising or surprising: the major part of
the error is produced by the largest meshwidth: (max(hy,-- -, h3))%/?, whereas the total number of
degrees of freedom for an element in Vp is 2/2.



Following the idea of sparse grids, as introduced for finite elements in [3, 11], a better accuracy per
degree of freedom is obtained for the approximation operator

Rn= ) Q; (1.25)
IFIsm
with meZ.

THEOREM 1.3 For the approximation operator (1.25) in the three-dimensional case (d = 3), we have
the truncation error estimate

l[u = Rmul| < M2=G=Im/2 |y| = M (hy -+ - hg)®~9/? |u]. (1.26)

for some arbitrary small constant € and a constant M. )
Proof: Following the same lines as in Theorem 1.2, and because ||uj |2 < 273U01|u|, we get

o= Btl? = Spjiom Il
< |'“|2 E|j|>m 2~ .
= [0 Zism Zpjpmt 27! (1.27)
uf® Yism P2(D27% '
= lup 5y P22~
= [u]2M?y,,,, 27 G~}
— |u|2M22—3(m—e)

where P,(l) denotes a polynomial of degree 2 in /. Hence
|| — Rpul| = M2~ 3= /2|y (1.28)

where 2=™ = hy - - - h is the volume of the smallest cells in the approximation of u. O

In (1.22) all h; need to be small and in (1.26) only their product. Further, the estimate (1.26) is of
the same order of accuracy as (1.22), except for a logarithmic small factor. However, the number of
degrees of freedom for the approximation (1.26) is significantly less. Namely, in the unit cube, for Rnu
the number of degrees of freedom is 2™/, whereas for Rpu it is Py_1(m)2™ — 1 (in the 3D-case e.g.
(m? +m+2)2™ —1). Because significantly less degrees of freedom are involved in the approximation
R,,u than in the approximation of R(m,m,m)u, i.e. less coeflicients a; k and less gridpoints Zj k

following (3], we call the approximation R u the sparse grid approzimation and

Q.= {Zj,k | 25 k€25 13 < m}

is the sparse grid or sparse boz grid for this approximation on level m.
In this paper we are interested in the approximate solution of PDEs discretised on a sparse grid,
i.e. we are looking for an approximation of the solution of these equations in the space

Sm(R?) = @ Va = @ Wn .
n|gm In|<m
or, for = (0,1)4, in the space
5+0= P Va=Vo® € Wa.
ogn|<m o<|n|<m

We call S,,,(Q2) the m-th level sparse-grid space.



2. THE MULTIGRID ALGORITHM
The basis principle of multigrid for the solution of the discrete equation

Ly up=f3

is that the high frequencies in the error are reduced by relaxation on a fine grid, whereas the low

frequencies are taken care of by coarse-grid discrete equations. The classical coarse grid correction
(CGQ) step is described by

w0+ = oD 4 Pp L2 Ry (Fn — Lpu®),

where Lg is the coarse-grid discrete operator and P,g and Rpg} are the grid-transfer operators from
the coarse-to-the-fine and fine-to-the-coarse grid respectively. Usually the coarse-grid mesh size is
twice the mesh size on the next finer grid. The coarse grid problem is approximately solved by means
of the recursive application of the same algorithm on the coarser level. In this classical procedure a
linearly ordered sequence of fine and coarse discretisations is required.

In the case of our sparse-grid finite-volume approximation, a discretisation should exist for all grids
Qn, |n| < m, fine and coarse. On each of these grids we can obtain approximations to un€Vp, the
solution of the discrete problem

Ln un = fn on Qn, (21)

These discretisations, however, don’t offer an ordered sequence. Nevertheless, the multidimensional
wavelet decomposition of uneVn,

’U,nz’vo"l-Z'lD', With ’U)jEW]',
j<n

allows us to distinguish a high-frequency component, wp, that cannot be represented on coarser
grids, and all other components, vg and wy, J < n, j # n, which can be present in coarser grid
representations. Therefore we may consider the grid Qp to be solely responsible for the accurate
(and efficient) representation of wn. This component is clearly a high-frequency function (in fact
a checkerboard-type function), of which an error can be efficiently reduced by a simple relaxation
procedure as e.g. damped Jacobi.

The decomposition (1.13) in Theorem 1.1 shows us how, in the three-dimensional case, a CGC can
be obtained from these coarser grids in in-e;, 7 =1,2,3,

(new) __ (old) -1
Un =1Up + ZJ‘=1,2,3 Pn,n-ej Ln—e-Rn—ej nTn
Ej—_—]_’zy:j Plll,l’l—e+ej Ln..e.'.ej Rn—e+e,~,n ™ (2'2)
+ Pnn-elp_eRn-en™n,

with "
™ = fn - Ln’u.:(r: ) . (23)

The third remark following Theorem 1.1 shows how the two- or one-dimensional case can be treated
similarly and we see that —for the one-dimensional case— our approach reduces to the classical scheme.

Here we denote by Rm n : Vn — Vm, m < n, the restriction operator defined by Bm nun = Rmun
for all un€Vn C L?(£2). The prolongation operator Pn.m : Vm — Vn can be defined e.g. as the adjoint
of Rm’n.

The approach (2.2) would imply three coarser levels to be active for a CGC, and —as was shown in
the remark after Theorem 1.1~ we can do with only one coarser level by deriving the information on
the levels [n| — 3 and |n| — 2 from the information on level |n| — 1. If we consider the corrections from
level |n| — 1,

tn-e; = Lﬁl_ejRn—e,-,n ™, j=12,3, (2.4)

10



as approximating a single (but unknown) correction function cn€Vn, the corrections from the levels
|n| — 2 and |n| — 3 can be computed as

1
tn-e+e; = 5 (Rn-e+e;n-e;4:6n—e;y; + Rn-e+te;n-e;_;tn—e;_,) » (2.5)
j=1,2,3, and
1
‘n-e =3 Z BRn_en-ete;Cn-e+e; - (2.6)
7j=1,2,3

This is justified by the fact that the restrictions are commutative, i.e.
m<n<l = Rm,anl = Rm,l
and the following (trivial) lemma.

LEMMA 2.1 If all discrete operators Lp are stable and relatively consistent, i.e.

||Rn,n+e; Lnte; — LnRnnqie;ll < O(2~7r)

then
len—e; — Rn-e;menl| < o(2-mly

The consistent discretisations can be derived e.g. from the fine grid discretisation Ln by taking the
Galerkin approximation

Ln-e; = Rn-e;,;nLnPnn-e; -

If the three corrections cn_e; were all restrictions of the (unknown) correction cn€Vn indeed, then
Rn_ete;n-e;;.Cn-e;, and Rpn_e+e;n-e;_,n-e;_, would both have delivered the same result, viz,
Rn-_e+e;ncn. This gives us the possibility to check how well such a function cp can be determined,
by monitoring the quantities, j = 1,2,3,

1
dn-e+e; = 5 (Rn-e+e;,n-e;;1Cn—e;4; — Rn_ete;n-e;_.cn-e;_,) - (2.7)
Summarising, our multigrid algorithm now reads:

(i+1) _ ()
up = =tun + Ej=1,2,3 Pnn-e; cn-e;
2_5:1,2,3 Pnn-e+e; Cn-e+e; (2.8)
+ Pnn-ecnn-e,

where the corrections are given by (2.4), (2.5) and (2.6). This appears to be much similar to an multi-
grid algorithm for semi-coarsening, proposed by Mulder in [7]. The main difference being that Mulder
computes an approximation on the full grid Rpn, whereas we compute the sparse grid approximation
R,..

The result of our algorithm is a solution on a sparse grid, i.e. a set of approximate solutions, viz.
{un | |n| = m}, that are the solutions of the discrete equations Lnun = fn. All approximations
un representing the same solution u of the continuous problem, we assume that they approximate
the L?(Q)-projection of  in Vim = V(m,m,m)- To approximate this Rmu€Vm, we can construct a
unique function um€Vm by means of the recursive interpolation formula that immediately follows
from Theorem 1.1:

Up = Z (uk—ej - “k-e+e,~) T Ug_e> (2.9)
j=1,2,3
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whereo < k <m, |k|=m+1,...,3m; Up_e, are the functions computed in the previous recursion
cycle and ug_g +e, and up,_g are approximations (possibly) derived as (2.5) and (2.6). In this way
we finally obtain the unique representation

um=vo+ Y, 6 wg (2.10)
o<|klgm

of
UmGSm(Q) C V(m,m,m)(n) .

This representation can be considered as the unique ‘computed solution’.
The same construction can be realised by a ‘decomposition and reconstruction’ algorithm as used
in wavelet theory [2]. Then the available approximate solutions {un} are decomposed into their

components vg and {wp,} by
_ Z|n|=m Qkun

vg = —_E!n[=m Roun and w
° Yinj=m1 k 2 inj=m1

and the reconstruction is performed by (2.10). This can conveniently be performed by a kind of a
‘pyramid algorithm’.

In practice, by the choice of the discrete operator our assumption that the L?(Q)-projection of u
was indeed consistently approximated on Vn, may not necessarily hold, and it can be checked by
a monitor as (2.7). Now the corresponding erroneous components might be removed from the sum
(2.10) or other appropriate measures can be taken.

In the light of the treatment in Section 1.2 it is clear what restrictions and prolongations can be
used between the different grids in the multigrid process. Because Vi C L%(Q), the obvious restriction
Rn_e; n is the L?(Q)-projection onto Vn-e;:

Rn-e;n = Rn-e, -

This makes the diagram for the restrictions commutative: for any I < m < n we have Ry mBmn =
Rl’n‘ . . .
An obvious prolongation can be the transposed restriction

_ nT
Pnn-e; =Rn_e;n-

However, this prolongation being of low order, it may be more appropriate to consider higher order
prolongations. Such prolongations can always be represented by an additional operator Bp : Vn — Vi
so that we have

Pnn-e; = Banl—e,- .

Here we will not elaborate on the different possibilities for By .

The algorithm (2.8) shows that all relaxation processes for un on one and the same level m = |n|
can be made in parallel. The cycling between the different (scalar) levels can be made as for the
classical multigrid method: we can distinguish between V-, W- or F-cycles. However, in order to
prove that the convergence of our multigrid-method is independent of the meshwidth, we now have
to take into account that all aspect ratios will appear in the discretisations used.

3. FOURIER ANALYSIS FOR SPARSE BOX GRIDS

In this section we first summarise some results of Fourier analysis for more-dimensional discrete
approximations and then we apply this to compute the convergence rate of our sparse-grid multiple-
grid methods for the solution of the anisotropic Poisson equation. The approach is different from

12



the usual treatment of Fourier analysis for multigrid for finite difference methods for the following
reasons. First, in view of the discretisation of conservation laws and divergence problems, we study
nested box grids. This implies that mesh points in the coarse grids do not appear in the fine grids
as well. The nesting of the (box) grids is different from the usual nesting of the (finite difference or
finite element) grids. Second, we do not consider the usual sequences of fine and coarse meshes for
multigrid methods, but we allow d-dimensional sparse grids.

Fourier analysis is one of the common tools to analyse linear constant coefficient problems on
regular grids, and it is particularly useful if the treatment of boundary conditions can be neglected.
However, several different ways are in use to introduce the Fourier transform of a gridfunction. These
differences are not essential, but notation and different scaling factors can be confusing. This makes
that we should be quite careful in quoting results from other authors. To fix notation and for further
reference, we first collect some well-known results from Fourier analysis. The basic results mentioned
in this section can be found in texts as e.g. [5, 9, 10].

3.1. Some basic relations
Let ue L2(IR?), then its Fourier transform U is defined by

A(w) = (2m) "2 / e P9 y(z)de. ’ (3.1)
IR4
We know that Ze L2(IR?%), and a back-transformation formula is available, indexFourier transform!inverse
() = (2m)~ 42 / HTW G0 dw (3.2)
IRd

such that %(z) = u(z) almost everywhere on IR?. Moreover, @eL?(IR?) and Parseval’s equality holds:
lull z2(mey = |2l L2(me)-

We are interested in the Fourier transformation for an infinite set of equally spaced data. In this
case the FT of such a “grid function” is a periodic function (a function defined on a torus). Therefore
we introduce a few definitions.

Let helR?, h > o, be given, then the h-periodisation of a function u : IR? — ( is defined by
w(z) = Z u(z — kh), (3.3)
kez:

where kh = (kihy, ..., kaha). We also introduce a notation for the three-dimensional torus
Ty, = (-7 /h,n/h] = (=7 /hy,7/h1] X ... X (=7 /ha, 7 /h4). (3.4)
Further we need the functions II and Sinc, [1, pp.62,67] on R% d=1,---,d,

H(m):{ 1 for o] <1/2, 1<i<d,

0 otherwise, (3.5)

and
=

. sinTz;
Sinc z = H .

T,
i=1 :

For the one-dimensional case (d = 1) the following relations between these functions are known 1,
p.98]

/ sinc z e~ 2" dg = I1(s), (3.6)
R
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/ II(z) et*"**dz = sinc s. (3.7
R

From this we immediately derive for the one-dimensional case

T 1 w = 1 . w
sinc (UJ) = 72_;[[ (ﬂ) and H(W) = ——,2_7r_s1nc (ﬂ) .
For the three-dimensional case we find
fi(w) = (27)~4/2 inc (Y5 = -4/2 Gine (Y. '
II(w) = (2) .-=1| I dsmc (21r) (27) Sinc (21r) (3.8)

For an heR?, h > o, we define the dilation operator Dy, : L*(R?) — L*(IR?) by

Dpf(z) = k™2 f(xh), (3.9)

where h = (h;...h4)/¢, and the convolution operator, %, by

(f % 9)(x) = (2m)~? / f(9) o(@ — v)dy. (3.10)
Rd
‘We now know that . R . R
Dp=Dipf and [rg(w)= Fw)- ow). (3.11)

3.2. Grid functions

DEFINITION 3.1 For a fixed mesh parameter helR?, h > o, and for j€Z%, we define an elementary
cell by

Qpj={z|jh <z <(j+e)h},
the volume of the cell is denoted by A% = h; - hy - hg, and the boz-grid is defined by
QO ={,; | ieZ%}. (3.12)
The regular infinite d-dimensional grid of vertices Z p, is defined by
Zy, = {jh | jeZ}, (3.13)
which should be well distinguished from the shifted or boz grid which is defined by
Zi ={(j +e/2)h | jez}. (3.14)

Notice the relation with the grids as defined in Section 1.4: QI can be considered as a special case of
Qp,, and Qf, as a special case of Z;z‘

DEFINITION 3.2 A complex or a real grid function is a mapping Z p — @, or Zp — IR, and a shifted
or boz-grid function is a mapping Z;z, — Cor Z;‘l — R.

The vector space of such gridfunctions we denote by
UZp) or U(Zy), (3.15)

or briefly, by I. For any p > 1 or p = co the space I(Z},) can be provided with a norm || - ||,

llug, |l = (R? E lu}, (FR)P)/?, 1< p< oo, (3.16)
jez
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or
luplloo = suPjeza lup, (G R)| - (3.17)

For a fixed p, 1 < p < oo, all grid functions with a finite norm || |l form a Banach space denoted by
IP(Z},). For p =2 we know that 12(Zy,) is a Hilbert space with the inner product,

<uj,vp Sey)=ht D up(GRR(R)  with uh,vpeZp, (3.18)
jez
Similar definitions are given for l(Z;‘l):

< uj, v >12(Ziz)= he Z u;l(zﬁ;:(z) with u},, v, €Z}, - (3.19)

ZEZ*
€Z},

DEFINITION 3.3 The direct restriction Ry, : L%(IR%) — I(Zp,) is the operator that associates with a
continuous’ ue L2(JR%) the corresponding grid function on the grid Zp,, defined by

(R}, u)(§h) = u(jh), VieZ®, (3.20)
and the direct restriction R% : L2(IR%) — I(Z3)) on the shifted grid Zj is defined by
h h h
(R}, u)((F +e/2)h) = u((j +e/2)h), VieZ®. (3.21)

DEFINITION 3.4 The boz-restriction Ry, : L2(IR?) — L2(IR?) is the L%-projection on the piecewise
constant functions on €1y, defined by (cf. equation (1.6))

(Rpu)(e) = A~ /Q u(z) dz Vael, ;. (3.22)
hj

The boz-restriction RE : L*(IR%) — I(Z3)) is defined by RZ = Rj Ry,; it associates the mean value
h h , h
of u on a cell h.j with the nodal value at the centre of h.j

The box-restriction Rﬁu should be well distinguished from Rju. However, the L%(Q)-projection
Rpu in (3.22) and the restriction Rgu in (3.21) are conveniently related to each other by

o\ 42
Rpu= (%) ¢ (DpI) % ). (3.23)

The box-restriction Rﬁu of an L?(IR%)-function u is conveniently related to u itself by means of the
boz-smoothed function %(z). This function is defined by

z+h/2
a(z) = h’d/ ’ u(z)dz

xz-h/2
h=¢ - II (a: ; z) u(z) dz
hd/2 fmd(DhH)(m — 2)u(z)dz

= Oy (Dpm ) ().

TIn case of a discontinuous function we can replace u by i as defined in (3.2).
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The box-grid function is now found by

uj, (7 +e/2) (RRu)((d +e/2)h)
(Rpa)((J +e/2)h)

Un((4 +e/2)h)
= CT)2 (DRI xu) (5 + /D),

I

Il

or, on Z;z we have the equality of the functions

/2
uj, = Rju=R}i= (2{—) 4 (DRI * ). (3.24)

3.3. The Fourier transform of a grid function
Let up, : Zp, — € be a grid function. We give the following

DEFINITION 3.5 The Fourier transform ﬁieLz(Th) of a grid function u;zel2(Z 1) is a function T}, —
C, defined by

& (w) = (—’L)d S emihw s (). (3.25)
var 4

The inverse transformation is given by

u}, (jh) = (\/%)d /w er, et 32 () du . (3.26)

Let u’;‘ : Zy, — € be a shifted grid function, then we have

DEFINITION 3.6 The Fourier transform @GLZ(Th) of a shifted grid function u;zelz(Z;z) is a func-
tion T}, — @, defined by

-~ _ ho\? —i(J+e/2)hw _ x (/2
uh(w)—(ﬁ) jgde JHE/DAW 43 (7 + e/2)R). (3.27)

Its inverse transformation is given by

d ) .
up,((7 +e/2)h) = (#) /w r, etiI+e/Dhw o () du. (3.28)

Proof: We show the correctness of the inverse transformation formulas simply as follows, both for
(3.26), r = 0, and for (3.28), r = e/2,

d " e
(35) Juwer,, 0 T 0) deo =
d . d

(1 i hw( & —i(k+ryhw
= (ﬁ) fweTh et (J+r: (_ﬁ_w) %k e~iktDhwy, (k4 1)h) dw o)
= Yk up((k+1)h) (%) fweTh el-khw 4, '

d (7 —
= (2)" Xk fweTh el k)hwuh((k +r)h)dw
=up((5 +r)h).
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Remarks:

o We immediately see that ﬂi(w) is [2m/h]-periodic, whereas 1?,‘:(0.’) is [27/h]-antiperiodic, i.e.
f (@ + 27/h) = (-)€luf (w).

¢ (ongecorrigeerd) Because

h'i/ elli-RMhog,, — / elli=kzg, = 6jk(21r)d
wETY 2€[—m,n]d

we show the correctness of the inverse transformation formulas simply as follows, both for (3.26),
s =0, and for (3.28), s = 1,

d .. g
(#) waT: e+t(]+a)hwu (w) dw =

= () fovers M () Syt mon (k) (3.30)
= S un((k +9)h) (&) foers €U0M du
= Ty un((k + )i = un((G + 9)h).

Le. by the identity [.4 e?“U~*dw = (2)45;; we easily verify the back-transformation formula.
h

Formally, we also derive the relation both for s =0 and s = %:

( N )dz e“(k""’)hwuh((k —:s)h)
= (( ) e ikrone (’127) fzer e+l (z) dz (3.31)
(

un(w)

2% Ek 2ET} dez(kﬂ)h(z “’)uh(z)dz
h

2«) fETa uh(z)z eil(k+8)h(z—w) 4,
o We denote the Fourier transforms also by
Go= TR o= ) (3.32)

i.e. we introduce the mapping F : 12(Zp) — L*(Tp) or F : lz(Z;‘L) — L*(Tp,). In Section 3.4
we shall generalise this meaning of F.

e By the Parseval equality we have
lupllz = llup lz2cry) and lluplla = [lug, llzzczy,) - (3.33)

Hence the Fourier transformation operators F: 1%(Zp) — L*(Tp) and F: l2(Z;z) — L¥(Ty,)
are unitary operators.

o In the back-transformation formulas (3.26) or (3.28) we see that any grid function u;lelz(Z h)
or uj, €l2(Z;‘l) can be considered as a linear combination of elementary grid functions e}, , or
e*"l w of the form

et (jh)=eIh  weTy jez?, 3.34)
hw h
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or
e}, (G +e/2)h) = &UreDhw e ezl (3.35)

i.e. a (anti-) periodic grid function with period 2:,. Such e}, w T € o are called simple modes.
The parameter w is the frequency of this mode and #p, (w) is the corresponding amplitude.

¢ Because e;z,w = e;uw+2wk/h or e;z,w = (_)lekle;z,wwnk/h’ for all keZ?, on a mesh of size

h a frequency w cannot be distinguished from a frequency w + 2wk/h. This phenomenon is
called aliasing .

3.4. The relation between FTs of a function restricted to different grids

In this section we first present four lemmas associated with the direct restriction between two grids.
Later in this section we give the corresponding lemmas for the box-restriction. For each, we first
describe the relation between the FT of a continuous function defined on IR? and the FT of its
restriction to the grid Zj,, and then we show the relation between the FT of a fine grid function and
the FT of its representation on a coarser grid.

LEMMA 3.7 Let ue L?(IR?%) be a continuous function with FT 4. Its restriction uj, to the grid Zy, is

defined by (3.20). We have the following relation between 4 and up,

up(w)= Y @(w + 27k/h), (3.36)
keza

ie. 'Ei is the [27/h]-periodisation of @.
Proof:

B = () T eiheun)
w/h

=(%)dze—ijhwzk:[-

h ; _
= (%)dze“‘-’hwz u(y + 2nk/h)dy.
j k

h ¢idh(y+2xk/h) u(y + 27k/h)dy
™

Using (3.25) and (3.26) we see that this equals

> a(w + 2mk/h). (3.37)

kez:

In the following lemmas q-restrictions are considered, with qeZ<¢. Here q = (q1,...2,44) is the
coarsening factor, where usually 1 < ¢; <2,j=1,---,d.

DEFINITION 3.8 Let qeZ? with q > o and H = qh, then the canonical q-restriction R‘.l is the
operator Ry : [(Zp) — l(th) = U(Z gr), defined by

(Rqup)GH) = ugg (§H) = up(jqh). (3.38)
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LEMMA 3.9 If up €lP(Zp,) then Ryuy €lf(Zqyp, ).

Proof:
lurrlif (z gy = llall B* 3 lup(Gah)P?
j€Z?
<llgll b Y lup(Gh)I?
j€Z¢
=gl Iluhlli’{(zh, < 0.
O

LEMMA 3.10 We have the following relation between the FT of a grid function and that of its canonical
g-restriction,

( quh) @) = Y up(w+2mp/h), Vwely, H=qh. (3.39)
PE0.Q)

Proof: The proof follows by a straightforward computation. O

Lemma 3.10 shows that, using the restriction Ry with q€Z ¢ q > o, we get aliasing of ||q|| = q1.....q4
frequencies onto one.

Now we describe the relation between the Fourier transforms of a continuous function and its
box restrictions. First we consider the direct restriction to the shifted grid, R} , and later the box-
restriction, Ry, and the g-restriction Ra.

LEMMA 3.11
@ (w)= Bpu(w) = Y (-)Fa(w + 2nk/h). (3.40)
kez:
Proof:
w(w) = F(Rju)(w)
= () e+ o/
vor) g
— ) ' —i(j+e/2)hw (712_;)d/e+i(j+e/2)hza(z)dz

&
- ) g )

erig+e/nharank/R) g, | onk /) da-
r/h

ﬁ\

>/

e -

\,

h .
_;(]+e/2)hw// il +e/2)hz
—n/h

Z e+'(]+e/2)2"k u(z + 27k/h)dz

Il
NE
~
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R ) Z e—ili+e/2hw / K etild+e/2)hz
2w -x/h

3" ek a(z + 2rk/h) dz
k
h . w/h
( ) —z(]+e/2)hw/ eti(g+e/2)hz
- —-7n/h
k

3 (=) Ikla(z +2nk/h)dz.

and using (3.27) and (3.28) we see

u (@) =Buw) =Y (-)*aw +2rk/h). (3.41)
kez:

For the Fourier transform of ue L?(IR?) and RpueL?(IR%) we have the following relation.

THEOREM 3.12

ip(w) = Rpu(w) = Y (- )|k|Smc( — + k) (w + 2mk/h). (3.42)
kez:

Proof: Using (3.23) we see
G = FRpuw)
2w d/2
_ (7) F(R}, (DRTD) % w))(w)

or\ 42 k
<7> D (=) F(DpI) * u)(w + 27k /R)
2r) /2 ‘ S
- (7) S (k! (DpTl)(w + 27k /R) - (w + 2rk/B)
k
(2
h

d/2
) E(—)llel/h Ti(w + 27k /h) - @(w + 27k/h).
k

h-d/2 (— KID_ 1 Sinc (22 + k/h) - @(w + 21k/h).
l/h mr

Z( )|k|81nc( +k) U(w +27k/h).
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DEFINITION 3.13 Let qeZ¢ with q > o and H = qh then the q-restriction Rg is the operator
Ry : UZp) — l(th) = (Z gr) defined by

(Ryup (G +e/2)H) = wiy (G +e/DH) = llal™ Y uh((ai+p+e/2h). (3.43)
p€o,q)

where ||q|| denotes ||q|| =q1 - ... - ga-

LEmMMA 3.14 If u;‘lel”(Z;‘l) then Rau’}‘telp(Z;I).
Proof:

Hu’qulfp(zh) =lall [al > |u},((G +e/2)H)P
Jjez:
P
=all |r] > > uj((ai +k+e/2)h)

jezd |kelo,q)

<llall 1rl Y [u}((G +e/2)R)P
jE€Z

= ||q| ”"’h”t?(zh <oo.

For the case q = 2e we introduce the following, slightly more general frequency decomposition
restriction.

DEFINITION 3.15 In the d-dimensional case (d = 1,- - -, d), for s€[o, q), the s-frequency decomposition
restriction is

(R§u;,)((G +e/2)H) = |la|™ > (-)sk up,((aj +k+e/2)h) (3.44)
kelo,q)

THEOREM 3.16 Let q = 2e € Z¢, then for all wET;I’ H = 2h, we have

(B)@) =2l Y (-)RCos( Rt TIES),) g

me[o,q)

h(w + mm/h) (3.45)

where

Cos(hw/2) = H cos(h;jw;/2) .

j=1,mn0d

Proof: Using respectively the relations (3.25), (3.44) and (3.26) we have

(Rqu},)(w)
H i ,
= ()t X I g (G + o) H)
JjEZ
H —-i(J Hw

(__)dz e i(J+€/2) i
V2 ;

B J
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dlall™ Yo (-)Puj (@i +p+e/2)h)
p€jo,q)
(_%)dze—iu#e/z)Hw .

Z (- )SP( o /z e e+i(QJ+P+e/2)hzu;z (z) dz
! h

peElo,q)
)dz e—iJ+e/)Hw Z (—)%P .
pE(o,q)
2 / i@ +p+e/Dh@+2am/H) |
me[o,q) Y Z2€
h(z + 21rm/H) dz

27r)dZ/ET Z PP

H PEl0,9) me[o,q)
. e—*(] j+e/2)Hw +i(qj+p+e/2)h(z+2xm/H)

/”‘:(z +mm/ h) dz
)*’Z L. ()P -
HP melo,q)
) et(] j+e/2) H (z-w) —i(j +e/2) HZ ,+i(qj +p+e/2)h(z+rm/h)

. ﬂ;‘:(z +mm/h)dz
%)d Z/ ) cii+e/nH(@-w)  -iGj+e/)Hz(_ysp .
H p.melo,q)
. +z_1(H Z+27m) +i(p+e/2)h(z+1rm‘/h) . ;i (z + 7m/h) dz

(%)d Z /z z(J+e/2)H(z -w) Z (_)sp .

jeza Ty p.me0,q)
. e—zhze+z(p+e/2)h(z+1rm/h) . u,’; (z + 7m/h) dz

llal|? Z (_)spe—ihwe+i(p+e/2)h(w+nm/h) @(w+1rm/h)

p.mejo,q)
”q”—l Z (_)spe+i(p+e/2)(hw+1rm)e—ihw u;l(w+1rm/h)
p.me[o,q)

lal™ 3 3 erPhesmmgnep
melo,q) pe[o,q)
. etithw/2+mm/2-hw) | ,];:(w +mm/h)

”q”-1 Z Z eip(hw+1rm+1rs)ei(1rm—hw)/2,;i(w +7m/h)
melo,q) pe(o,q)

”q“—l Z ei(ﬂ‘m—-h(l.’)/2 E eip(hw+1rm+1rs) .
me[o,q) pelo,q)
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. 1:”":(«: +7m/h)

- el Y etrmohere
me[o,q)
. ( Zm eiP1(haW+rmy+7s1) ) e ( Epd etPa(haW+rmatmsa) )

. @(w +7m/h)
_ 1 i(‘lrm—-h(d)/2 1-— e+i2h1w 1-— e+i2hdw
= |l ;LE ) € 1 — eti(la@W+nmi+ms1) ] — gtilha@W+nma+tms;)
m ,q
. &i(w +7m/h)
d +i2h;w
_ -1 +i(xm-hw)/2 11— .
- ”q” Z € H 1 — eti(hjW+rm;+ms;)
me[o,q) j=1
. Ji(w +mm/h)
+izhw
_ -1 +i(xm-hw)/2 1-e e
= llall mg[; o e T orihwirmins) u} (w + mm/h)
1 — etizhw ) .
_ -1 Cirm-hw)/2 %
= |all me%q) [ otithwinmens) © u} (w+mm/h)
B . Z eihw e—ithw _ o+ihw
= || mét.a eilhw+rm+rs)/2  —i(hw+rm+rs)/2 _ gi(hw+rm+rs)/2
. e+i(1rm-—hw)/2&i(w +7m/h)
~ Yl Z eihw . Sin(hw) .
mep. eithw+rm+rs)/2  Sin((hw + 7m + 7s)/2)
. e+i(1rm—hw)/2,l:;:(w + 7rm/h)
; Sin(hw) —
— -1 —-iwS/2 | L% h
llall mez[;q)e Sin((hw + mm £ 75)/2) u} (w+mm/h)
Sin(hw) —
= “1(—4)S Cur h
lall= (=) mez[(; @ Sin((hw + mm + 7s)/2) uj(w +7m/h)
where
Sin(hw) _ H sin hjw
Sin((hw + 7m + 7s)/2) 18D (hjw + mm; + 7s;)/2
With
Sin(hw)
Sin((hw + 7m + 7s)/2)
Sin(hw)

Sin((hw/2) + (rm + 7s)/2)

Sin(hw/2 + 7(m +5)/2 + hw/2 — 7(m +5)/2)
Sin((hw/2) + (7m + 7s)/2)
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= Cos(hw/2 — n(m +5)/2) + Cos(he/2 —’-S:;((I? h:;;;?s:(lr(::/sz)/;)w (m +5)/2)
= Cos(hw/2 - n(m +5)/2) + (=) ™*5)Cos(hw/2 + n(m + s)/2)

= Cos(hw/2 — m(m +5)/2) + Cos(hw/2 + 7(m + 5)/2 + =(m + s))

= 2Cos(hw/2 —m(m+5s)/2)

We combine both equalities to obtain

ugy(w)
1yl Sin(hw) ot

2llall (=) Y Cos(BETTRE)) Ty 1 sh)
mG[O,q)

1. hw+7(m+s), —
2llal N (- moos M TRES)) 4 /)
me[o,q)

I

(Rgu3)(w) =

H —i(3 _ .
= (G X e 0remHL gt 3T (<)Pu ((aj +p+ e/2)h)
j PEl0,q)

_ (%)dze—«he/z)Hw 3 ()P .

J pe€(o,q)

/z o i @j+pre/h(z+2mm/H) ;;?L (2 + 2rm/H) dz
meo,q) H

_ (i)dzf S ()P . eid+e/H(z-w) ~i(j+e/2)Hz
27 - ZETS
j '%€TH pmeio,q)

eti(@+p+e/2)h(z+rm/h) 'J’,‘:(z +7m/h)dz

- ”q”—l Z (_)Spe—ihwe+i(p+e/2)h(w+1rm/h) u;l(w—f—vrm/h)

p.mejo,q)
— ”q”—l Z gitrm—hw)/2 Z eiP(hw+rm+rs) E;:(w +7m/h)
mejo,q) PElo,q)
d +i2h ;W
_ -1 +i(zm-hw)/2 1— e e
= lal mg o Iy - v+ mm/h)
+i2hw
_ -1 +i(rm-hw)/2 1-e e
= |dl mez[;q) e [ orithwi-mins) uj (w + mm/h)
“1; Sin(hw) —
= |lal|7}(-4)® . - uf (w+mm/h
me%,q) Sin((hw + 7m + 7s)/2) h /h)
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where

Sin(hw) H sinhjw
Sin((hw + 7m + 1rs)/2) ,Sin (hjw + ™m; + Tw)/2
with
Sin(hw)
Sin((hw + 7m + 7rs)/2)

— Cos(hw/2 — n(m +5)/2) + Cos(hw/2 + m(m + s)/2)Sin(hw/2 — 7(m + s)/2)

Sin((hw/2) + m(m +s)/2)
= 2 Cos(hw/2 —n(m+s)/2) .
We combine both equalities to obtain
) -
1/ . Sin(hw) —
= [lqlI™*(=%)®! Z : u} (w+ mm/h)
méo.q) Sin((hw + mm + 7s)/2)
— g Y ()mCos MRSy F ot wm /)
me[o,q)
O

Remarks:

e For s = 0 we clearly have R§ = Ry.

e In the simple one-dimensional case with @ = ¢ = 2 the theorem reads
Rguy (w) = F(RGuj,)(w) = cos(hw/2) - uf (w) + sin(hw/2) - w}, (w + 7/h),
.7-'(R(1 u} )(w) =i cos(hw/2) - uh(w +m/h) — i sin(hw/2) - uh(w)

e From the construction of the restriction operators Rﬁ and R’él it is clear that the following
relation exists:

B _ px pB
Ry = RgRp, -
DEFINITION 3.17 The natural boz-prolongation Pf; : 1*(Z},) — L%(IR?) is defined by
u(z) = (P up,)(@) = up((m +e/2)h),

for all meZ¢ and mh < « < (m + e)h. We also introduce a natural prolongation, P, from a coarse
to a fine gridfunction Fq : 2z H) — l2(Zh) by Pq = R}, Py where H = qh. The prolongation
PB uz) - L?(IR?) is the operator dual to Rﬁ in the sense that for all uh€l2( ;) and veL?(IR%)
we ha.ve

< Pf:u’;l,'v >r2(md) = < u;l,th >12(Zh) . (3.46)

25



Remark:
The natural prolongation Py : l(Z":‘lh) —: I(Z})) with H = qh satisfies

(Pqupr)((am + p +e/2)h) = uj ((qm + p + ¢/2)h) = u g ((m + e/2)H),

for all meZ¢, and pe|o, q).
The following theorems show how we find the FT of the prolongation if the FT of the source function
is given.

THEOREM 3.18
Sin(hw/2) —

o — k% —
t(w) = f(Phuh)(w) —_——hw/2 ( w) . (3.47)
Proof: '
B(w) = (2m)42 f e % y(z) de (with x =mh +£h,0< €< 1)
= )25 e fepoaye ¢TI ul(m + )R d(eR)
= ()2 e g frero e € ™Pe bt (m + e/2)R) d(gh)
= (27)" 2 |h| X g e~ mHO/DWH *((m+e/2)h)
feE[O 14 e—i({—€/2)wh d¢
= ,Q(w)fse[o pee i¢-e/2)wh ge (3.48)
= uh(“’)fge[ ~1/2,1/2)4 € wwh dg
= h(“’) =iwh e—szhti;:
_ A(w) —2 e lwh/2 1wh/2
= —iwh =
= uZ(w)%Sin(wh/Z) .
O

THEOREM 3.19 With H = qh and ||q|| = gi.....g4, we have for the FT of the prolongation of a box

gridfunction
uj,(w) = F(Pquy)(w) = llal|™ Sn(Hw/2) o 7). (3.49)
Sin(hw/2)

Proof:

5@ = () Sieg 0w (5 + /1)
= (21|rhd|/2 YmeZi Lpeo g € mIPTE/ Dhw h((mg+p+e/2)h)
= (21r)d/2 >om ZpE[O,q) e~imaht g=ilpt+e/Dhw 1 ((m +e/2)H)
=y, e—z(r+e/2)hw%_ Y, emim+e/nHw, h((m +e/2)H)eHw/2
— giHW/2 Zp —z(p+e/2)hw
ball g, 5, emitmrernmw, g ((m +e/2)H)

in/Ze—ihw/z sz[O,q)e iphWw ”q” 1 H(w)
— 1% iHW/2 ;—ihw/2 1—e~ih%
= [lall 7 g (w) H@/ 2 =

(3.50)

=e€

wa/z -iHW /2
= |lql| ™ H(w) P ey

-1 S H/2
= Wy (w) [lal 7t FaleH)
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(m]

We verify the above relations (3.45) and (3.49) by showing that

This is shown as follows

F(REPEwyp)(w) = wig(w).

F(Rngu}I)(w) =

Sin(HWw/2)
= 2 3

Sin(HWwW —1 Sin((W+2mm/H)H u
_ Sin( /2)2 llall 1 Sin((wW+27m/H)H/2)

__ Sin(HW/2) z Sin(HW /24+7m)
= 7d

PE;;II(UJ+27rm/H)
m€[0,q) “Sin(hW/2+=M/q)

—

g (@ +2mm/H)

Sin((w+21rmLIQh/2) Sin(hWw/2+~mM/q)
uh (W+27rm/H)

m Sin(kW/2+7IM/qQ) m
(=)™ Sin(HW/2).(-)™ “h(w)

_ Sin(qH;:J/Z) >

__ Sin(Hw/2)
2d

Sin?(hw/2+7M/Q)
Sin(HW/?2). wy (W)

m Sin?(hW /2+7M/qQ)

q
_ — Sin2 Hw/2
=q " uy(w) Tn mﬁ(h—uf/mr%

— 17*\(w) q-u » Sin?(HW/2)

m€[0,q) SinZ(hWw/2+7M/qQ)

= up(w).

The last equality holds because, with £ = ehw/2 and €™/ =1,

Sin?(ghw/2)
m€[0,q) SinZ (AW /2+7M/q)

eiqh“’/2_e-—iqhw/2 2
m \ gihW/2oin M/ _—irW/2,~ixI1/q

§1-¢7¢ )
n (e |
m (fq—ln‘m + 641—3,,’—3m + .. _g El—qn_2q+m)
m (2k=1,...,q glrra—2ky(1-2k)m
Y om k=, q £2+29—2k=20p(2-2k~2D)m
Em Zk’l:l”z"’q 52(1+:i—k-l)n2(1-k_lz)n; N
Zoki=ta Eziiiq_k:,; Lo, 100"
2"‘;1:1,-.-,(16 ! zm= 0,9) 6q,k+l—1
*lall

MMM MM

k=1,...,q;l=q+lo—k£2(21d+q_
llall X 4=, o8 =0

(3.51)

In Table 1 we give a summary of restriction operators, as well as associated prolongation operators.

In (3.45) and (3.49) we see that, by the restriction and prolongation between functions on grids
Qn and Qn.q, aliasing takes place and that ||q|| frequencies on Qnyq correspond with a single
frequency on ). This implies that, analysing a multigrid algorithm, we have to study the behaviour
of the ||q|| aliasing frequencies together. Collecting the ||q|| corresponding amplitudes of the aliasing
frequencies in a single ||q||-vector, we extend the definition (3.32) of F to the case ||q|| > 1 and obtain
F:13(Zp) — [ (Tgp) W or 72 12(Z}) — [L?(th)]"qll by

Flup)(w) = (g (w + ”m/h))mE[o,q) , welyp -
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def.

R} | L'RY) - U(Zp,) 3.3

s | LURY) — (z;3,) 3.3
Rg L{R?) — L(R?) 3.4
Ry | IRY) — UZ3) 3.4

Ry | UZp)— UZyp)=UZF) | 38
Ry | UZ}) - (ZL,) =W Zy) | 3.15

B, | WZ%,) — (Z;) 3.17
PR | UZLy) — U7, 3.17
Py | (Zy) - UZ;) 3.17

TABLE 1. Table of restriction and prolongation operators

With these amplitude-vectors Fi (up,)(w) and  F(u} )(w) , we can introduce the linear operators
F(Rg)(w) and F(Rg)(w) by

f(Rau;l)(w) = F(R:l)(w) f(u;l)(w) , weth , (3.53)
and
f(Rau’;l)(w) = f(R’(‘l)(w) .F(u’;t)(w) , weth . (3.54)

We call the new operators, that depend on w, the Fourier transforms of the original operators. The
new operators are £ X ||q||£ matrices if £ aliasing frequencies are considered on the coarse grid.
Similar to the restrictions, the prolongations can be associated with their Fourier transforms.

F(Pyup)w) = F(P(w) Fup)(w), weTqp, (3.55)
and
F(Pqup)(w) = F(Pg)(w) Flup)(w), weTyp - (3.56)

These operators are ||q||¢ x £ matrices.
For arbitrary linear constant coefficient operators Ay, : 12(Z},) — 12(Z},), its Fourier transform

F(Ap) : L*(Tp) — L*(T},), can also be considered as a llall€ x ||a||¢ diagonal matrix
.F(Ahuh)(w) = ]:(Ah)(w) . F(uh)(w) Vweth .
Because of Parseval’s equality we know that

l4pll2 = w’é‘zﬁh I F(AR)(@)ll2 = wfggzh o( F(Ap)) (») (3.57)

with o(A) the largest singular value of the matrix A4, and

AR = g o F(An)) @) (3.58)

where p denotes the spectral radius. This provides us with the means to study the norm and the
spectral radius of the error-amplification operator of the multigrid iteration.
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3.5. Some Fourier analysis convergence results

To get some insight into the behaviour of the more-dimensional multigrid algorithm introduced in
Section 2, we use Fourier analysis to determine the convergence rate of the two-level algorithm for the
anisotropic Poisson equation

Ugg + €20y =0, (3.59)

with the usual 5-point discretisation. As for the treatment of the restrictions and prolongations, we
see the aliasing effect for the two-level algorithm.

The error-amplification operator, Mp, of the two-level cycle (with u pre- and v post-relaxation
steps) for the solution of (2.1) is described by

en'”) = Mn e =5 Cn Sh ey , (3.60)
where Sp denotes the smoothing, e.g. damped Jacobi iteration:
) = 50 = (- oD L) g o1

with o the damping parameter and Dy the main diagonal of the discrete operator Lyp. The coarse
grid correction is described by (2.2) and (2.3). For gridfunctions up, ElZ(Z;l), i.e. neglecting boundary
conditions, we find, using (2.2)

F(Mn)(w) = F(Sn)"(w) F(Cn)(w) F(Sn)*(w), (3.62)
with
F(Sn)= F(In)—a F(Dn)™! F(Ln), (3.63)
and
F(Cn) = F(In)+ (3.64)
- Z F(Pan-e;) F(Ln-e;)”" F(Rn-e;n) F(Ln)+
j=1,,d
+ Z F(Pnn-e+e;) F(Ln-e+e;)”" F(Rn_e+e;n) F(Ln)+
j=1,nd

—  F(Pan-e) F(In-e)™* F(Rn-e;n) F(Ln).

To get an impression of the behaviour of the algorithm, keeping the explicit computation to reason-
able size, we elaborate (3.62) for the equation (3.59), for the two-dimensional case with q = (2, 2) and
p=v =1 Then F(Mp)(w) isa 4 X 4-matrix, which we derive from (3.62), (3.63) and (cf. (1.15))

F(Cn)= F(In)+

-  F(Pnn-e,) F(Ln-e,)”" F(Rn-e,n) F(Ln)
-  F(Pnn-e,) F(Ln-e,)”" F(Rn-e,n) F(Ln)+
+ F(Pon-e) F(Ln-e)™' F(Rn-en) F(Ln).

From (3.45) and (3.49) we know

F(Rn-e,n) = ( coswyhy 0 sin wahy 0 ) ,

0 coswahg 0 sinwghg
_ [ coswihy sinwihy 0 0
F(Bn-e,n) = ( 0 0 coswih; sinwihg
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0.4

23
0.2

(a)° The eigenvalues of (:b) The éigenva.lues of
F(Sn)(w). F(Cn)(w).

() The 'eigenvalues of (d) The sx;gular values of
F(Mn)(w). F(Mn)(w).

FIGURE 1: The frequency response of the operators Sp, Cn and Mp, for ¢ = 1, q = (2,2) and
a=2/3.

and

cos(wy hy) cos(wzhg)
sin(w; hy) cos(wzhz)
cos(wy hy) sin(wzhz)
sin(w1 h1 ) sin(w2 h2)

So that with ]:(Pn,n._el) = f(Rn_el,n)T, f(Pn,n_ez) = f(Rn_ezyn)T and f(Pn,n_e) =
F(Rn-en)T, the norm ||[Mn|| and the spectral radius p(Mp) can be computed by means of (3.57)
and (3.58).

To study the convergence behaviour of our algorithm, we consider the matrices (3.63), (3.64) and
(3.62) as a function of weTp, = [—n/h,n/h]?, and for each w we compute its eigenvalues and singular
values of these matrices. We show these values in Fig. 1 for the case a = 2/3, ¢ = 1. Without loss
of generality we can take h = (1,1), the parameter ¢ taking care of the anisotropy. The damping
parameter a€[0, 1] for the Jacobi relaxation, can be chosen freely. We select the value & = 2/3 because
it minimises

F(Rn-en) =

w=on/me e neny P TSR -
This means that a = 2/3 makes Sp, a well balanced smoother for the different types of high frequencies
(see Fig. 1.a).

In Fig. 1.a we show the eigenvalues of the smoothing operator, and in Fig. 1.b of the coarse grid
correction. In this figure we see that one eigenvalue of F(Cp) is always equal to one. This eigenvalue
corresponds with the highest frequencies, for which no correction can be obtained from any of the
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(a) The eigenva.luesu of F (Mn)(w).

FIGURE 2. The frequency response of the operator My, for e =1/8, q = (2,2) and a = 2/3.

three coarser grids. The combined effect of the smoother and the coarse grid correction is seen in Fig.
1.c, which shows that supy, p(Mn(w)) = 1/9, and also in Fig. 1.d, where we see supy, || Mn(w)|| ~ 1/3.
The rather low maximal values show that —at least for square fine-grid cells— the multigrid algorithm
has good convergence behaviour.

Because it is important that the algorithm is effective for an arbitrary cell aspect ratio, in the
Figs 2 - 4 we show the singular values of F(Mn)(w) also for ¢ = 1/8 and for the limit as ¢ —
0. Now it appears that for high aspect ratios the convergence behaviour deteriorates. We find
supy, lim,_g o( F(Mn)(w)) ~ 5. This implies that we cannot always guarantee error reduction for a
single iteration sweep. Therefore we show in Fig. 4 also the behaviour of MZ(w). This shows that a
couple of two consecutive iteration steps does guarantee error reduction, and the convergence rate is
significant:

sup lim p( F(Mp)(w)) = 1/9 .

As a consequence we can expect that a W-type cycle of the multigrid algorithm will have good
convergence properties.

From the computations of which the results are summarised in the Figs 2 - 4, we conclude that the
eigenvalues of the iteration matrix are less that 1, uniformly in the parameter €. In fact, max, p(Mn) ~
0.33 and max, | Mn|| ~ 5.0 and max, | M3|| ~ 0.11. The fact that ||Mn| > 1 and || M3|| << 1 shows
that, in general, a W-cycle will be necessary to guarantee a good convergence rate for the algorithm.

lime_,o f(Mn)(w) lime_.g f(Mn)(w)

FIGURE 3. The frequency response of the operator lim._,o Mn, for q = (2,2) and a = 2/3.
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.Za) The eigenvalues of
limeo F(ME)(w).

2

0.2

(b') The .;;ingula.r values of

lime,o F(ME)(w).

FIGURE 4. The frequency response of the operator lim,_,o M3, for q = (2,2) and o = 2/3.

Although only 4 x 4-matrices, the expressions for F(Mp)(w) or F(Cp)(w) are too complex to
show them here explicitly. However, to understand their behaviour it is interesting, however, to see
how the matrices behave in the neighbourhood of the origin. Therefore we expand the elements of
F(Mn)(w) in powers of w and we show the principal terms. We see that

F(Mn)(w) ~

[ (—52-—02)25202 . (52+o’2)a’2(—£2+6 0’2) w (—82—02)54(02—652) - (—52—02)6 T
8(52+1)2(52+02)2w 2(£2+1)2(€2+62)2 2¢:-(52+(r"')2(52+1‘)2 e a-(ez+1)
(ez+a'2)o-2(—ez+6 0'2) 3 (—52+6 02)20252(2+52) 2 (52—6 o’z)(a’z-—Gez)ez (52—60‘2)526

(8c2+8)(e2+02)7 4(c2t1)2(2402)2  “ o (e2+02)2(e2+1) 2o (241) “
a(—52—02)52(02—652) w3 _(02—652)(—52+6 o'z)o‘ (02—652)2(1+252) 2 (v2—652)6w
(8c2+48)(c2+02)7 (2+02)2(e2+1) 4(e2+1)2 (e2402)? ¥ 2e2(e2+1)
o(—ez—crz)& 2 _ 682(—€2+6 az)a (02—652)6 52
i 4eZ1402 ¥ Ce2+zo?)(e2+1) ¥ Ge2+202)(e2+1) Y ]

where § = 2a — 1 is the damping parameter, and we denote w = w; and wy = ow.
We notice that a singularity is present at the origin. The limit lim,_,g JF(Mn)(w) depends on the

ratio 0 = wp/w;. This is the reason why the eigen- and singular values are missing at w = o in the
Figs 1 and 2.

4. SUMMARY

In this paper we describe a multigrid algorithm for second order elliptic equations in three dimen-
sions. We assume finite-volume discretisation. For the approximation we use piecewise constant basis
functions, that are the tensor product generalisation of the one-dimensional case. Using a family of
uniform grids, each member with a different size of support in the different coordinate directions, we
obtain a hierarchy of approximations. The corresponding set of function spaces can be interpreted
in terms of wavelet terminology as a three-dimensional multiresolution analysis. Following the idea
of sparse grids, a selection of degrees of freedom is made, that gives a high accuracy for a relatively
small number of degrees of freedom, provided that a certain smoothness requirement is satisfied.

A multigrid algorithm of additive Schwarz type is now constructed for the solution of the discrete
system, and its convergence is analysed by Fourier analysis. For this purpose the necessary tools are
developed for the Fourier analysis of box-grid functions.

From the analysis of which the results are summarised in the Figs 1 - 4, we conclude that, with simple
damped Jacobi iteration as a smoother, the spectral radius of the multigrid iteration matrix is less that
1, uniformly in the cell aspect ratio. In fact, for € the cell aspect ratio, we find max, p(Mp) ~ 0.33.
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The spectral norm can be larger that one. We find max, ||[Mn|| ~ 5.0. This may indicate that a
V-cycle type algorithm will not converge. However, it appears that max, IMA|| ~ 0.11. This shows
that, in general, a W-cycle will be necessary to guarantee a good convergence rate for the algorithm.
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