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Abstract
' presents an analysis of the number of customers in the BM AP/M/s queueing model. The
ipports an overview of current methods for analysing Markov modulated queueing systems.
ar we concentrate on three methods that exploit homogeneity structures in the Markov pro-
describes the number of customers in the BMAPM/M/s system. With each of the three
ve derive the generating function of the stationary probability vector of this Markov process.
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TION

decades there has been an increasing interest for the application of Markov modulated
seueing theory. Two main reasons can be given. Firstly, the performance measures
lulated queueing systems can often efficiently and rapidly be evaluated, which makes
models of practical use. Secondly, modern queueing characteristics such as dependence
1e input processes {e.g. bursty arrival processes that lead to correlated interarrival times)
uately be modelled by relatively simple Markov Processes, whereas the classical GI/G/1
:ls often just lack the degree of freedom for modelling such features. An illustrative
ffic in a communication network; the arrival process of data packets is typically not
-enewal process, but the characteristics of such an arrival stream might already be
two- or three-state Markov process; the state of such a Markov process describes the
rristics of the arrival process in more detail than the (single-parameter) Poisson process
ler & Robert[12] and Bonomi et al.[4]).

e exist a number of methods to analyse Markov modulated queueing models; most of
lewed as matrix generalizations of the existing analysis methods for classical queueing
arkov processes.

we analyse the queue length process of the BMAP/M/s queue, i.e. the multi-server
rstem in which customers arrive in batches according to a BMAP and in which the
f individual customers are exponentially distributed.

ion for studying the BM AP/M /s queue is that it enables the modelling and analysis
2 of interesting queueing situations with parallel servers. This is due to the versatility

vation for studying the BM AP/M /s queue is that it allows us to give an overview and
f current methods for analysing Markov modulated queueing models.

ler of this section we present a description of the BMAP/M/s queue, a survey of
ed to this queueing model, and an outline of the paper.

35
59

'9, 1090 GB Amsterdam, The Netherlands



Model description
The BM AP/M/s queue is the multi-server single-queue system in which customers arrive in batches
according to a BMAP and in which the service times of customers are independent and identically
exponentially distributed with parameter p. Customers of different batches are served in order of the
arrival of the batches they belong to, and customers arriving in a same batch are served in random
order.
In the BMAP, the interarrival and service times of customers are directed by a continuous time Markov
process {J(t),t > 0} on a finite state space E. A transition from a state ¢ to a state j may induce
the arrival of a batch customer, the size of the batch depending on ¢ and j. Let the sojourn time in
state ¢ € E be exponentially distributed with parameter A; > 0, and given that a transition takes
place, let p;; be the probability of a transition from ¢ to a state j € E\{¢}, 3. pij = 1. Defining
J€E\{i}
pii = —1, then the generator of the Markov process {J(t),t > 0} is given by the matrix D := (p;;\:).
Next, conditional on a transition from a state 7 to a state j, the probability of a batch arrival of size
k is denoted by gf;, k = 0,1,... , where ¢Y; may be interpreted as the probability of having no arrival
or of the arrival of an empty batch. With this notation, pijqu}\,- is the transition rate from state ¢ to
state j inducing a batch arrival of size k. The BMAP is completely characterized by the sequence of
matrices Dy := (pi;q5A:), k=0,1,..., with 3>, D = D.
In this paper we concentrate on the analysis of the stationary distribution of the two-dimensional
Markov process {(X(t),J(t)),t > 0}, where X(t) denotes the number of customers in the system at
time ¢, (X(t) € {0,1,...}). We remark that in general X(¢) is not a Markov process, however the
process {(X(t),J(¢)),t > 0} is Markovian.
We observe that when X(t) > s, i.e. when all servers are busy, the transition dynamics of the
process {(X(t),J(t)),t > 0} are identical to the transition dynamics of an associated BMAP/M/1
queue, for which the same BMAP describes the arrival process of batches but in which the service
times of individual customers are exponentially distributed with parameter su. Obviously, as the set
{(4,7)|0 £i < 5,5 € E} is finite, the ergodicity condition of {(X(t),J(t)),t > 0} of the BMAP/M/s
oo

queue is w ) kDre < sp, which is the stability condition of the associated BM AP/M/1 queue (cf.

k=1
Lucantoni[16}).

Related literature for this model

Over the years many studies on multi-server single-queue models have appeared. The first model
we mention here is the GI/M/s queue; this extension of the GI/M/1 model is well understood (cf.
Wolff[29, p.398-399]). Considering the embedded Markov chain of the number of customers at arrival
moments, it is seen that the transition structures in the GI/M/1 and GI/M/s are quite similar;
they only differ for the subset of boundary states. As a consequence, the tails of the stationary
distributions in both embedded Markov processes have a geometrical form (cf. Neuts[20]). When the
arrival process is of MAP type the queueing process is generally referred to as a Quasi Birth-and-Death
process (QBD). This type of Markov process again possesses the geometric property for the tail of the
stationary distribution (cf. Neuts{20]).

The GIX /M/s queue, the multiple exponential server queue with batches arriving according to a
renewal process has been studied in Baily & Neuts[2] and recently in Zhao[30]. In [2] the embedded
Markov process describing the queue length at moments of arrivals is analysed with matrix-analytic
techniques. In [30] it is shown that the stationary probabilities for the number of customers in the
system can be written as a linear combination of s geometric terms.

A special case of the BM AP/M /s queue is the one-dimensional variant, being the M/M/s queue with
batch arrivals. This model is included in [2], but here the queue length process itself is Markovian,
and the stationary distribution of the number of customers in the system can also be obtained by
means of generating function techniques directly applied to the stationary queue length process.
Another special case of the current model is the N/D/s queue, in which the service times of customers



tically distributed and where the N denotes the N-process, which is equivalent to the
ueueing model has been investigated by Neuts[21, section 5.5B]. However, as pointed
"1, p.345] the results appear to be of theoretic use only and are hard to implement

f models we mention here is related to the GI/Ph/s queue. In the BMAP/M/s queue
customers in the batch arrivals are served separately, in the GI/Ph/s queue we have
but for special cases each customer can be viewed as a batch of customers that will be
>up by one server. For instance, a single customer with an Erlang distributed service
1ases can be viewed as a batch of k individual customers (each with an exponentially
vice time) which all have to be served by the same server. The GI/Ph/s queue and
istance non-homogeneous servers, are studied in the book of Neuts[20]. A particular
71/Ph/s queue is the GI/H,, s, with Hy, indicating a hyper-exponential distribution.
inalysed by de Smit[25, 26] by means of the Wiener-Hopf factorization technique. This
s leads to Markov processes with a two-dimensional state space which have the common
e state-space component describing the state of the servers grows exponentially with
servers and number of phases of the service time.

paper
roted to a general overview of Markov modulated models in queueing theory. In section
1e stationary joint distribution of the number of customers and the underlying Markov
BMAP/M/s queue. We present three methods of deriving this joint distribution. A
an iterative scheme to obtain stationary probabilities of boundary states.

OF MARKOV MODULATED QUEUEING SYSTEMS

1e field of Markov modulated queueing systems is Neuts (cf. Neuts[20, 21]). The main
f Neuts to this field is the introduction of a probabilistic and algorithmic approach
s of these queueing models. Before the work of Neuts, the analysis remained of a
3, following the lines of the complex analysis of Takdcs (cf. Takdcs[28], Loynes[15]) and
is from linear algebra. Due to the efforts of Neuts and others (Ramaswami, Lucantoni,
rkov modulated queueing models have become an important tool in the analysis of
ng systems.

; a revival of classical analysis methods can be detected, cf. Mitrani & Mitra[18], de
d Regterschot and de Smit[23], the reason for this being that the increasing computer
he availability of efficient algorithms which have made these methods as practical as
: methods of Neuts.

>dulated queueing system the queueing process is directed by a continuous time Markov
the state of this Markov process contains all necessary information about the system
This might be extra information on random variables, e.g. the remaining interarrival
1 also describe the current configuration of the system, e.g. the number of available
ach queueing systems one can often construct a two-dimensional embedded Markov
I.),n = 1,2,...}, where J,, denotes. the state of the directing Markov process and
'y being one of the familiar queueing measures, such as the number of customers at a
lent. X,, attains non-negative integer values. This typical two-dimensional state space
2 semi-infinite strip.
:lass of analysis methods directly exploits the homogeneity properties in the transition
X, Jn),n = 1,2,...}. In the one-dimensional case, i.e. in the M/G/1 or GI/M/1
10mogeneity property we mean that transitions in the interior of the state-space only
size of the transition and are independent of the actual states that are involved in the
{lustrate this: in the Markov process describing the number of customers at departure



M/G/1 queue, transitions are related to the number of customers that arrive during
obviously the distribution of the latter does not depend on the number of customers
In the two-dimensional case the homogeneity property means that, next to depending
f the directing process J,, transition probabilities in the process only depend on the
1sition rather than on the state of the X,, component. We remark that the property of
mly has to exist for the interior states, transitions involving boundary states actually
a the state of X,,.

ods that exploit this homogeneity property are the matrix-analytic approach, the trans-
and the spectral expansion method (these are the common names, usually adopted from
r main contributors). Below we discuss them in some detail, also pointing at similarities
mces.

-analytic technique ,
ialytic technique can be viewed as the matrix extension of probabilistic analysis for
with homogeneous properties; the derivations of the results are of a probabilistic nature
elements of the results have probabilistic interpretations. Basically, due to the homo-
ire, performance measures can explicitly be described by compact expressions for the
ctions with a few boundary state probabilities to be determined. In the matrix-analytic
boundary probabilities are obtained with results from Markov renewal theory.
tic analysis of the matrix-analytic technique was first developed for the matrix-geometric
latter name refers to the matrix generalization of a special feature of stationary prob-
+ GI/M /1 queue; let mp,my,... denote the stationary probabilities of the number of
1e system, then 7, = p(1 — a)a™ !, n =1,2,..,, ie. the probabilities have a geometri-
d tail (cf. [20]). Put differently, 7, = 7,—1a. In Markov modulated queues of GI/M/1
. is a vector, there exists a matrix R such that 7, = 7,1 R for n sufficiently large, i.e.
e homogeneous part of the state space. Not all Markov modulated queueing models
itrix-geometric property, an example being the BMAP/M/s queue (cf. remark 3.3).
. the method introduced by Neuts is usually referred to as the matrix-analytic method.
ng aspect of matrix generalizations of GI/M /1 and M/G/1 queues is that not only sta-
ilities have a form that is analogous to the one-dimensional case, but more generally the
most performance measures can be viewed as matrix-generalizations of one-dimensional

for the matrix-analytic technique are the two books of Neuts[20, 21] and papers by
], Latouche & Ramaswami[l4] and Lucantoni[16, 17].

rm method

method, as Gail et al.[9] call it, is the extension of classical generating function and
ysis. Central in this method are Rouché type arguments. The generating function
: obtained in the same way as for the matrix-analytic technique. For continucus val-
transform expressions follow from recurrence relations at embedded time points, e.g.
hs.

form method boundary probabilities are obtained by exploiting the analytic properties
unctions of a proper distribution. These properties lead to a set of equations from
1dary state probabilities can be obtained. Key references for this method are Gail et

ral behaviour of the queueing system has been characterized in terms of generating
place transforms, the matrix-analytic method and the transform method can be viewed
7s of determining the boundary state probabilities.

l-expansion method
directly considers state-space probabilities. First a general form of the stationary



probability vector is derived from the balance equations that describe the interior of the state space.
Subsequently the stationary probabilities of the boundary states follow from the balance equations.
The general form of the stationary probabilities is determined by a multi-dimensional generalization
of the spectral expansion techniques from linear algebra that are used for solving linear difference
equations. This method is currently advocated in papers by Mitrani and co-authors (cf. [7, 18, 19]).
The spectral-expansion technique is restricted to models for which only a finite subset of the state space
is non-homogeneous, this means that from a certain level in the X component of a state (X,J ), the
transitions no longer depend on the value of X. As a consequence, the batch size distributions that can
be dealt with by this method must have a finite support. Under this restriction, the spectral-expansion
technique and the matrix-geometric technique can be viewed as different methods of obtaining the
above-mentioned matrix R. This observation is discussed in some more detail in remark 3.4.

Generally, it is hard to tell which of the methods is preferable. In general the matrix-analytic method
appears to be the most stable method for numerical performance evaluation since it mainly involves
iterations, matrix inversions and integrations. On the other hand, in theory the root determination
in the transform method and the spectral-expansion method is of a lower complexity (cf. Mitrani &
Mitra[18]).

A method of analysing Markov modulated queueing models that does not directly utilize homogeneity
properties is Wiener-Hopf factorization. With this method the queueing process at embedded time
points is treated from the perspective of random walks; starting point is a multi-dimensional variant
of the well known Lindley equation for GI/G/1 queues (cf. p.140 of Takacs[28]). Moreover, the
Wiener-Hopf convolution integral equation that is connected to this Lindley equation also has a multi-
dimensional counterpart. In a series of papers by de Smit[25, 26], Regterschot & de Smit[23], and in
the thesis of Regterschot[24] the classical one-dimensional Wiener-Hopf factorization is extended to
Markov modulated queues.

REMARK 2.1

From the viewpoint of generality, it appears that the Wiener-Hopf factorization technique has more
modelling freedom than the three above-mentioned methods because it does not explicitly use the
homogeneity structure of the two-dimensional Markov process. For the methods which do use this
structure often all the matrices describing the transition probabilities in the embedded Markov pro-
cess have to be calculated. These matrices might be quite hard to obtain, for instance they might
concern the joint probabilities of the number of service completions during an arrival together with
the transitions in the underlying Markov process. 0

As a broad class of models can be analysed by any of the above-described methods, it might be inter-
esting to determine the connections between various quantities and steps in the analysis. Asmussen{1]
attempts to connect the results from the probabilistic analysis of Neuts and others to the Wiener-
Hopf factorization method. This is done by deriving a matrix analog of the probabilistic form of the
Wiener-Hopf factorization as it exists for one-dimensional random walks.

In the one-dimensional random walk it is known (cf. p.400 of Feller[8]) that the factorization of an
LST into two functions, one function being analytic on {w € C|Rew < 6} for some § > 0, the
other function being analytic in {w € C|Rew > 0}, is equivalent to a factorization of the transition
probability function of the random walk into two probability functions, one function having its support
on the positive real axis, the other function having its support on the non-positive real axis. Asmussen
derives a matrix analog of this probabilistic form of the Wiener-Hopf factorization.

This connects the method of Neuts and the Wiener-Hopf factorization of de Smit. However, except
for special cases a close connection between the methods is not established. O



point of numerical performance, it appears to be hard to give a fair comparison of the
ed methods. This is mainly due to practical reasons:

ilentation of the methods. The methods perform different operations, for which a

: of alternative routines may be available.

ecific parameters of the queueing model that is being evaluated; for each method
vice of parameters might have a different impact on its performance. In one-
ional single-server queueing models the performance of an implementation often is
connected to the workload of the system. However, in the multi-dimensiona] multi-
:ase other aspects play a role as well. Typical problems for Markov modulated
\g models arise due to the matrix structure; examples are coinciding eigenvalues
ices or periodicity of the directing Markov chain.

ds for the accuracy of the evaluation. The effect of the desired level of accuracy
ling time, number of iterations etc. will not be the same for each method.

ter specifications. For larger instances even computer spei:iﬁcations can play a
emory capacity, instruction set of the processor).

r numerical comparison appears to be a hard problem, it might still be worthwhile to
weak and strong points of each method. However, we feel that this will be quite a
sk, involving a vast set of test cases. Some efforts have been made for a special multi-
rith breakdown and repair of the servers, Mitrani & Chakka[19] compare the spectral
10d (which is the main subject of [19]) with the matrix-analytic method. However, this
es not lead to strong conclusions. . 0O

i purely numerical techniques for evaluating performance measures of Markovian queue-
ne such method is the Power Series Algorithm (cfthe tutorial of Blanc[3], which is based
ies expansion property for stationary probabilities in queueing systems. And finally,
has also been made in developing numerical methods that can deal with general (large)

Recent developments for such methods and references are presented in the conference
1. a

OF THE BMAP/M/s QUEUE

the analysis of the BMAP/M/s queue guides a further discussion of the matrix-
sransform and the spectral-expansion method. We analyse the two-dimensional process
f customers in the BM AP/M/s queue as defined in section 1. As indicated in there, the
ueue features homogeneity properties in the interior of the state space; if all servers are
tion structure is that of an ordinary BMAP/M/1 queue. However, the BMAP/M/s
yet been treated directly, probably because of the technical complications that result
at the batch size distribution not necessarily has a finite support (e.g., geometric batch
15 are allowed).

sequences is that in general the tail of the stationary distribution of the number of
. system is not of the geometric structure as described in the previous section. This
«d in remark 3.3.

5
. describing the BMAP arrival process, where D; is an M x M matrix, and with I being
1tity matrix, the generator Q of the two-dimensional Markov process {(X(t),J(t)),t >
sented as



[ Do Dy Do Ds Dy Ds .
pl Do—pl Dy Dy D3 Dy Ds o
2ul Do—2ul D D, Ds D, Ds

- (s—1)pI Do—(s—1)ul  Ds D,
sul Do—spl Dy
sul Do—spl
sul

IENERATOR OF {(X(¢),J3(t)),t > 0}.

is represented in blocks of M x M matrices. For a state (%, ) of {(X(¢),J(¢)),t > 0}
; 1 denotes the i — th row of blocks in Q, the component j specifies the j — th element
tates of the i —th block. Moreover, the Markov process {(X(t), J(t)),t > 0} is skip-free
the path from a level iy to a level i3 < 7p visits all levels between io and ;.

(,J)} the stationary process of {(X(t),J(¢)),t > 0}, and let z = {xo,1,...} be the
»ability vector of {(X(t),J(t)),t > 0}, with z; = {zi1,...,Zim}. Then z satisfies

o M
3> m=1. (3.1)
=20 j=1
the set of balance equations
prg +(k+ Duzgyr = 0, k=0,...,s—~1L (3.2)
i — SUTE +SpTEyr = 0, k=s,5+1,.... (3.3)

nce equations given by (3.2) and (3.3) can be written more concisely in terms of generat-

el .
Define the vector generating function X(z) := () zi2*). Then, with
=0

z*, we obtain

s—1
= z)sul + zD(2)] = (1= 2) Y _(s — k)pze2*. (3.4)
k=0

1t the multi-dimensional functional equation has the same form as the one-dimensional
n (3.4) is a matrix generalization of the expression for the generating function of the
iomers in the M/M/s queue with batch arrivals.

mine the stationary probability vector x with the three different methods that we
e previous section.

alytic technique: a probabilistic approach
serve that X(z) is characterized up to the unknown vectors zy,...,Z,_1. Moreover,
ind that once zg has been determined zi,...,z;—1 follow successively.



renewal theory (cf. Cinlar[5]) we know that the mean return time, say 7 < oo, to a
1e stationary process {(X,J)} and the stationary probability z;; are connected through
s we concentrate on the mean return time to level 0, being the set {(0,7)|j =1,...,M}.
ate the continuous-time Markov process into a discrete-time Markov process by uni-
d determine the mean return times to zy in this discrete-time queue.

—D;;) + spu. The one-step transition probability matrix of the discrete-time Markov
1e result of the uniformization is P := Q/0+ I.

D;; .
—10;—, i=2,3,...,
Dy — jul .
'o_oipi_'l'-[s i=0,...,s,
Al,.n
el
'—0_—7 J= O: ceay 8y
Ag,s.
[ Al,o Az As A4 T
Ao,l Al,l A2 Aa A4
Ao,z A1,2 Az As Ay
P= Aos—1 Are-1 Az Az Ag
Ap A1 A2 Aj
A A1 A
Ay A

)NE-STEP TRANSITION MATRIX P.

the observation that the return time from level 7 to level 0 is the convolution of the
passage times from level 7 to level [ — 1, for I = 4,7 — 1,...1. As observed in the
nd as can be seen from figure 3.1 or equation (3.3), for levels i > s the transitions of
ocess have the characteristics of the BMAP/M/1 queue with service times that are
istributed with parameter su. Consequently, the first passage times for levelsi toi—1,
ym the results for the BMAP/M/1 queue.

: the matrix generating function for the uniformized Markov chain describing the first
om level i to level £ —1, 7 > s, together with the transition probabilities in the directing

the BMAP/G/1 theory (cf. Lucantoni[17]) that G(z) is a busy period type generating
ing the functional equation

> A,GY(2). (3.5)

v=0

is a matrix-generalization of the familiar branching expression for the number of cus-
luring the busy period in the M/G/1 queue (cf. p.32 of Takdcs[28]).

return times we need to evaluate the matrices G(1) and G'(1). Starting with some
natrices, G(1) can be obtained by iterating (3.5), and subsequently G'(1) is obtained
e derivative of (3.5). For the case of single arrivals (MAP), an elegant probabilistic
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roposed in Latouche & Ramaswami[l4] as an alternative evaluation of G(1). This
r well be extended for the case of batch size distributions with finite support.

r i>= 1,...,s—1, the matrix generating function G;(z) that describes the first passage
14 to level ¢ — 1.
ire 3.2), fori=1,...,8—1,

= zAg it
i 0 o0 i
i(2) + Y Ak [] Gomitn(2) +D_ 4G (2) [] G,_,,(z)) ) (3.6)
k=2 n=k-1 =t-+1 n==1
b
2 the convention [] Gi(z) := G4(2) X ... X Gp(z), for a > b as well as for a < b.
. mean return times we need to evaluate matrices G,-i(1) and G,_;(1). In (3.6) we

's—i(2) is expressed in terms of G(z) and G;(z) with j > s — 4. This leads to a recursive
: matrices G,—i(1), 2 =1,...,8 — 1. The matrices G,_;(1) can be expressed directly in
ed matrices by rewriting (3.6), or they might be computed by iterating (3.6).

g G(1),G1(1),...,Gs—1(1) and G'(1),Gy(1),...,G_1(1) we subsequently derive the
mes from the matrix generating function K(z), where K;;(2) is the generating function
of transitions until the first return to level 0 and the probability that the underlying
is in state j at that time, given that at this moment the two-dimensional Markov chain
}. By conditioning on the the first transition that is made after a return to level 0 and
obtain

1

:(A1,0+§:AkG["”°"]+(z) I a®], (3.7)

k=2 I=[k—1,5—1]"

= max{ko, k1 } and [ko, k1]~ := min{ko, k1 }.

mean return times to level 0, we first consider K (1) which is a stochastic matrix
{arkov chain on the state-space of J, this Markov chain being the embedded Markov
moments of visits to level 0. Let k be the stationary probability (row)vector of this
d by kK (1) = k, ke = 1, where e denotes the M state unit (column)vector.

wrkov renewal theory (cf. Cinlar[5]) we find that z¢ is given by

k
I(l)e ? (3-8)
lows from (3.7).
.., Zs—1 Dow successively follow from (3.2). For example
2/ — -
3—D—2, and z9 = g Do/u = Do Dl. (3.9)

2p

e arrived at:

; function of the stationary distribution of the number of customers in the BMAP/M /s

by (3.4), where the vector zp is given by (3.8) and the s — 1 vectors zy,...,z,-1 follow
O



method: an analytic approach

4) the generating function X (z) is characterized up to s unknown boundary vectors.
ix-analytic method zp is determined in an iterative fashion, after which zy,...,2,—
How. With the transform method the vectors of the boundary states are obtained
he analytic properties of generating functions of proper distribution functions. After
1g in (3.4) with the inverse of [(1 — z)spl + zD(z)] we have isolated X(z). Since the
sss is ergodic (cf. section 1), X(z) is analytical in the open unit disk |z| < 1 and
z| < 1. Consequently singularities in the inverse matrix somehow have to be canceled.
idea of the transform method is to use this condition for each singularity and obtain
r the vectors zg,...,Ts—1. The idea of this method is quite transparent, but there are
details connected to the central question: does the set of equations that arises contain
y 8 X M, independent equations to determine the vectors zq,...,Z,—1. The two main
farkov modulated queueing models are: (i) the number of points on |z} = 1 for which
:D(z)] is singular, and (ii) the multiplicity of the singularities for |z] < 1.

)] these technical aspects are addressed in detail, resulting in a well-rounded theory
»n of the classical Rouché type analysis to the Markov modulated queueing models of
A main result of Gail et al.[9] is that if the Markov process is ergodic in general there
jerived sufficiently many independent equations for the determination of the stationary
n Gail et al.[10] these results are summarized for a similar Markov process which only
s from the general model, but the extra assumptions that are made reduce the technical
a great extent.

g we apply the results from [9] and [10] to the BM AP/M/s queue.

orm the transition structure (cf. Figures 3.1 and 3.2) to the notation of [9] and de-
»nal equation of the generating function X (z) from the balance equations, we find an
is equal to expression (3.4) but with both sides multiplied with a factor 2°~! and the
constant 6:

51
'9[(1 — 2)spl + 2D(2)] = 2" (1 - 2)# Z(s — k)pxi 2k (3.10)

sodicity of the queueing process and the polynomial structure of [(1 — z)spl + zD(z))
pxyz® it follows from [9] that the vectors zg,...,T,—~1 can be obtained from the set of

results from exploring the analytic properties of X{(z).

ntrate on the determination of the set of equations that provides z¢,...,2;—;.

the assumption that [(1 — z)sul + zD(z)] has a single singularity for |z| = 1, being z =
mption (A2) from theorem 1 of Gail et al.[10]. While this assumption is not necessary
ical viewpoint, in practice it avoids a number of additional technical difficulties. In [10]
1at this condition is not restrictive. Under this assumption, it follows from theorem 1
: determinant of 2°~! [(1 — 2)sul + zD(z)] has exactly sM — 1 zeros in the open unit
ple zero at z = 1.

U — 1 zeros inside the unit disk z = 0 has multiplicity (s — 1)M, the remaining M — 1
terminant are connected to the eigenvalues of D(z2).

3 of [9] it follows that z = 0 results in M X (s — 1)M equations of which exactly
independent. Fortunately, as this set of equations is connected to the derivatives of
rs that the independent set consists of the first s — 1 equations of (3.2). We remark that
1ce of this set also follows from the fact that =y automatically results in q,...,25—3.
the functional equation (3.4), we can derive a set of M additional equations which
(3.2) determine xg,...,Z,—1. This is done in the following manner. For certain values
he determinant of [(1 — z)sul + zD(z)] equals zero. By multiplying both sides of (3.4)
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18 of z with the right eigenvector belonging to eigenvalue 0, the left-hand side of (3.4)
om the analytical properties of X(z) it then follows that also the right-hand side must

1, i=1,...,M be the values of z, |z| <1, for which [(1 — 2)sul + 2D(z)] is singular,
Next we make the assumption that all 9; are simple. Again this assumption is non-
-ameters can always be altered such that the assumption holds while the model is hardly
emark that Gail et al.[9] show that again from a theoretical viewpoint this assumption
y.

. the vector such that [(1 — 7;)spd + 7;D{(m;)] r; = 0O, noting that r; is an eigenvector of
‘he unit vector e. From our last assumption it follows that r1,...,7ss are independent
ancaster & Tismenetsky[13]).

to the regularity of X(z) we obtain for¢ =2,..., M

[az—:(s - k)pxknf> r; =0, (3.11)

k=0

bpzre = wy. (3.12)

ronstant wi equals zani %‘é%l, with wi(z) the eigenvalue belonging to the eigenvector
spl + 2D(z)] and Iin} wi(z) = wi(m) = 0.
z—

rorem we summarize the above:

: function of the stationary distribution of the number of customers in the BMAP/M /s
by (3.4), where the boundary vectors zy, ..., z,—1 follow from equations (3.11),(3.12)
— 1 equations of (3.2). |

atrix-analytic method and the transform method an important role in the analysis is

functional [(1— z)spl + zD(z)]. In the matrix-analytic approach the aim is to de-

nerating function G(z) as the solution of the functional equation (3.5), in the trans-

he aim is to find zeros of the determinant of [(1 — 2)sul + 2D(z)], but after rewrit-

»nal the latter problem is equivalent to determining the zeros of the determinant of
00

th A(z) := ). A,z". By writing G(z) in the spectral decomposition form (cf. Lan-
v=0

enetsky[13] p.314) it is readily verified that the right eigenvector r; is also a right

G(¢) for some (; < 1,71 = 1,..., M. Incidentally, the same property not necessarily

ft eigenvectors. a

ng the matrix-analytic method with the transform method we see that with the matrix-
d the operations mainly involve iterations of matrices of size M x M, whereas in the
10d a set of s X M linear equations with as many variables has to be solved. Although
...,Ts—1 can be expressed in terms of zy via the balance equations (3.2) (cf. (3.9)),
nations has to be solved. 0



» an explicit expression for EN := X’(1)e, the mean number of customers in the system.

se we first define for |z| <1

[(1 = 2)spl + 2D(2)), (3.13)
i(s — k)pxy 2k (3.14)
=0

ewrite (3.4) into
)=(1-2zw(z), |2|<1. (3.15)

(2) be the left and right eigenvector of C(z) respectively belonging to the eigenvalue
the property w; (1) = 0. Moreover, let I(z) and r(z) be defined such that for [2] <1

= 1,
= x, r(l)=e,
1.

iting the analytical properties of I(-),r(-) and w1 () (cf. [9]), and the identities

o1(2)Mr(2) =0, U2)[C(2) —wi(2)I] =0,

wC'(1)e,

lem + C(W)] " wi (DI = C' (e,

7C"(1)e + 2xC'(1)r'(1). (3.16)
z both sides of (3.15) to the right with r(z) and taking derivatives we obtain for 2 =1
rriting:

number of customers in the BM AP/M s queue, is given by

e - wi@ 1
e = Sy~ oy

(1) and /(1) given by expressions (3.16), and with v(1) and v/(1) following from (3.14).

(@' (Ve +v(1)r' (1)), (3.17)

d (3.17) we can readily obtain the vector X'(1), with X;(1) denoting the mean number
n the system together with the probability that the underlying Markov chain is in state
ie by directly taking derivatives in (3.4) and taking the limit z — 1. This results in
for X'(1)D. Multiplying on the right with 7 in (3.17) gives an expression for X'(1)em.
t [em + D) is non-singular leads to X’(1). We remark that performance measures such
ng times and number of customers at moments of arrival follow from X (z) and X'(1)
1s of Little’s law and the PASTA property.



13

wsion: an algebraic approach

oncentrates on determining the stationary probability vector z directly from the set of
ons given by (3.2) and (3.3). First a general form for the states in the homogeneous
ite-space is derived from (3.3), subsequently the vector z is obtained from (3.2) and
ion constant ) z;e = 1. The method extends an algebraic technique for solving linear
tions to the n;ui)ti-dimensiona.l case. A general outline of the method has been presented
litra[18]. The method has been applied to queueing models in several papers; Chakka &
1 Ettl & Mitrani[7] study multi-server models with breakdown and repair of the servers;
5] study a communication model with multiplexing of sources by means of a Markov
wieing system.

wvestigation of the BMAP/M/s queue, suppose the batch size distribution has finite
means that dkg such that Dy = 0 for k > ky.

nax{s, ko} we can rewrite (3.3) as

Dj — spxg + spzryr = 0. (3.18)

s H; := Dy,_; fori =0,...,kg — 1, Hg, := Dy — sul, and Hyyyy := spl. Then for
0,0} equation (3.18) can be written as

w1t Hy + .00+ ThthoHro + Thtko+1Hro+1 = 0. (3.19)

') is a vector difference equation of order kg + 1. Its general solution can be derived
iated characteristic matrix polynomial H()), which is defined as

ko+1

> HX (3.20)

=0

Gohberg et al.[11]) that equation (3.19) allows a ”spectral decomposition”: the vectors
,-.. can be written in terms of the zeros A\x and corresponding left-eigenvectors Iy of

AL, i=s-—1,s,..., (3.21)

tants (; remain to be determined from the boundary conditions (3.2) and the normal-
o0
Ry zie=1.

i=0

d one has to verify that indeed there exist M zeros of H()) inside the unit disk, and
t of equations is sufficient for determining all (%.

tion follows from the ergodicity of the Markov process; if the radius of one of the
would be larger than 1, the expression (3.21) would not converge for i — co. The
n follows from a probabilistic argument: the set of equations that arises has at least
zing the stationary solution; would this set provide more than one solution, we would
ned more than one stationary vector of the Markov process, which is in contradiction
:ness of the stationary vector.

ained the stationary probability vector with a third method; however we started with
that the batch size distribution has finite support. When batch sizes can be arbitrarily
ple in the case of geometric distributions, the tails of the distribution have to be cut
>e able to apply the method. However, similar problems arise for the matrix-analytic




1l as for the transform method; in the first case infinite sums occur in expressions (3.5)
the second case one has to determine the zeros of the determinant of a matrix whose
iin the batch size generating functions, the latter functions need not be finite polynomials
h size distributions not necessarily have finite support (e.g. geometri¢ distributions).

observation for the model for which batch size distributions have finite support is that
i level not only the rate of transitions going out of a state is independent of the number
n the system, but also the rate of transitions into that state is independent of the level.
this observation, consider the ordinary M/M/s queue: when the number of customers
en the rate out of state 7 is ¢+ A, the rate into state ¢ is (¢ +1)p+A. When the number
n the system is 7 > s, then the rate out of 7 as well as the rate into ¢ are independent of
er hand, in the M/M /s queue with batch arrivals, when batch sizes can be arbitrarily
can always be entered by a batch size arrival of size ¢ from the boundary state 0, but
n only be entered with a batch arrival of size ¢ — 1. With all other transition rates
f the states 7 and 7 — 1 being equal, we see that for all ¢ the transition rate for state {
In cases where the tail of the stationary distribution has the matrix-geometric property
for large n, one of the necessary conditions for this matrix geometric form is that the
*the upward jumps has finite support (cf. chapter 1 of Neuts[20]). As a consequence, the
wbability vector of the queueing process in the general BM AP/M /s queue, with batch
e support, is not of matrix-geometric type. O

rvation is that bounding the batch sizes is not merely a technical issue; for bounded batch
ture of the BM AP/M /s queue is also of GI/M/1 type. As a consequence the stationary
f the number of customers has the geometric properties we discussed in section 2, this
r the form of expression (3.21). We find that the analysis of the spectral expansion
losely related to the matrix-analytic method for Quasi Birth-and-Death models with
»s as is discussed by Neuts[20]. As the transform method concentrates on the solution
1 equation connected to the matrix G, the spectral expansion method and the matrix-
ad are connected via the vector difference equation (3.18). Moreover, from the structure
lows that the matrix R in the geometric tail of z, (as mentioned in our discussion of

alytic technique in section 2), is determined by the eigenvalues (i and their respective
O
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