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Abstract

We propose an epistemic logic in which knowledge is fully introspective and implies truth, although truth need
not imply epistemic possibility. The logic is presented in sequential format and is interpreted in a natural
class of partial models, called balloon models. We examine the notions of honesty and circumscription in this
logic: What is the state of an agent that ‘only knows ¢’ and which honest @ enable such circumscription?
Redefining stable sets enables us to provide suitable syntactic and semantic criteria for honesty. The rough
syntactic definition of honesty is the existence of a minimal stable expansion, so the problem resides in the
ordering relation underlying minimality. We discuss three different proposals for this ordering, together with

their semantic counterparts, and show their effects on the induced notions of honesty.
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1. INTRODUCTION

In this paper we argue that honesty in knowledge representation calls for a partial approach,
for reasons of adequacy and efficiency. Let us informally explain the matter, starting by
indicating that there are good reasons to embed epistemic logic in a partial modal context®.
The first reason deals with lack of truth: if an agent considers no world possible in which
p is true, it may simply mean that he does not reckon with p, rather than that he knows
that —p is true. In other words, the absence of truth of a formula in the agent’s alternatives,
should not imply the presence of the negated formula in his knowledge-state. Secondly, it
offers a more natural way to deal with growth of information: in a classical possible world
semantics this grow of information can only be modelled by elimination of possible worlds.
Hence, certainty grows parallel with new information. In the partial approach the agent may
constructively add worlds to his alternatives, or fill them up with new gained evidence. In this

![BP83] shows how partial possible world semantics may present a fine analysis of ‘propositional atti-
tudes’; [Jas94] provides an extensive motivation for using partial modal logic when studying logics of knowledge.
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way, disjunctive information (generally giving rise to the construction of several worlds) is
generating uncertainty. Thirdly, the notion of active disbelief that partial epistemic logic can
distinguish, makes the principle of negative introspection more natural than in the classical
case: if we now have O, it means that the agent has constructed himself a possibility in
which —¢p is true, and hence it seems natural to expect that he than also knows this: O-0O¢p.

Let us now give some technical arguments for laying the foundations for epistemic logic in a
partial semantics: it allows for a greater flexibility with respect to the epistemic background
logic. For the case study presented in this paper this is revealed in adopting the veridicality
principle of knowledge Oy = ¢, without being forced to accept its contrapositive ¢ =
O (“f something is true, you must consider it possible’). Moreover, knowledge will be
fully introspective: both positive introspection and negative introspection as well as their
contrapositives are properties our logic embraces. In all, the logic resembles a weak variant
of the classical system S5, although its epistemic properties are stronger than so-called weak
S5. Apart from fitting our intuitions about (strong) knowledge, this logic enables us to
simplify the partial models needed, essentially omitting most of the relational structure.

Having motivated our choice for partial semantics for epistemic logic, we now argue that
the treatment of honesty makes the need for partiality even more eminent. The notion of
honesty was introduced by Halpern and Moses ([HM85]), who presented a thorough study of
honesty for the ‘classical case’. Honesty is the quality of a proposition which can be said to
be only known, i.e. knowing that fact and its consequences, but not knowing more than that.
For example, you may only know p, without knowing anything at all about, say, ¢. Also,
you may only know that either p or ¢ will be the case, which implies you do not know which
one of the two is true. These are examples of honest knowledge. By contrast, you cannot
sincerely claim to only know (that you know) whether p is true, for then you would either
know p or know that —p, both options being logically stronger than what is supposed to be
known. Hence, the formula (Op vV O-p) is called dishonest.

Partiality and honesty may seem totally unrelated themes, but in fact we argue that they
are closely related. Let us reinspect the case in which you only know p. This, we claim,
does not involve any knowledge about ¢. In particular it does not even imply that you
know the possibility that ¢. In a straightforward total semantics ignorance leads to wide
knowledge of possibilities, which, however, contradicts the initial idea of only knowing some
honest formula. The proliferation problem simply does not occur in our partial semantics,
since facts unrelated to some honest formula can be left undefined. In other words, when
considering the consequences of saying that one only knows ¢, classical approaches try to
mazimize possibilities, whereas a partial treatment economizes them. Thus, not only is the
relational structure of our partial models simple: using them we also gain efficiency, which
is reflected in the small size of the characterizing models, whereas a classical possible world
model tends to ‘explode’ when representing ignorance.

Apart from the fact that our partial semantics both allows for a greater flexibility of
the underlying epistemic background logic, and elegantly solves the proliferation problem
by economizing possibilities, let us try and indicate how we think our approach to honesty
improves upon ‘classical’ treatments. A first difference deals with the logical omniscience of
a — possibly totally ignorant — agent, and is related to the proliferation problem. In the
classical approach of [HMS85] for instance, the formula T is perfectly honest, doing justice to
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the fact that it makes sense to claim that one ‘knows nothing’. We agree with the designation
of T being honest, but we depart from [HM85] when determining the consequences of such
an observation. Let us write, for any honest formula ¢ and epistemic formula ¢,

o P

for ‘the agent knows v, if he claims to only know ¢’. Then, in the framework of [HM85] one
obtains T |~ ¢ when % is an S5-tautology and one also obtains T |~ $s A O, for any atom
s. However, we prefer the ignorant agent who only knows T, to really let him know no more
than that; in our set-up, we have T|v ¢ iff ¢ is a tautology. Now, there are relatively few
tautologies in partial logic: all of them essentially contain T. More generally, we agree with
the analysis of [HM85] that objective (propositional) formulas should be rendered honest, but
we depart from [HM85] when it comes to the |~ -consequences of such formulas. Generalizing
the situation we gave above, one may say that our |~ gives a serious account of relevance :
if ¢ and v have no proposition symbol in common, and do not contain T, then ¢[¢ ¢. Thus,
g p h* (¢V 9).

Moving up in the hierarchy from objective formulas to epistemic statements, our classifica-
tion of honest formulas is starting to diverge from the classical analysis. We agree with that
analysis that disjunctive epistemic assertions often are problematic with regard to honesty.
The argument runs like this: the formula ¢ = Op Vv Ogq is dishonest; only knowing ¢ implies
not knowing any stronger formula, in particular, this gives not knowing p and not knowing ¢,
but the latter two conclusions are easily seen to be inconsistent with ¢. However, where the
framework of [HM85] does indeed label the disjunctive epistemic formula (OpV Ogq) dishonest,
we think their set-up still yields some counterintuitive results. For instance, their definitions
are such that the disjunctive epistemic formula ¢ = (Cp Vv Og) is still honest! But here, we
think a similar argument as for (Op vV Og) can be given to account for v’s dishonesty: if you
only know that you either consider p to be possible, or ¢ (to be possible), then you must
know which of the two.

In the next section we introduce the epistemic logic, presenting its language, semantics and
inference system, and prove its completeness. Then, in section 3, we study ways to minimize
knowledge for this logic, discussing different notions of honesty. For each of these notions,
we present deductive, model-theoretic and syntactic characterizations.

2. TuE LogcIic

In this section we introduce a partial modal logic L of which we will investigate the notions
of stability, honesty and several disjunction properties in subsequent sections. We present
our logic following a common pattern: we first give its language and semantics (section 2.1),
then we provide a deductive system for L (2.2) and finally prove a completeness result (2.3)
connecting syntax (deduction) and semantics (consequence).

2.1 Language and Semantics
DEFINITION 2.1 Let P be a non-empty countable set of propositional variables. The lan-
guage L is the smallest superset of P such that

¢7¢€£:>_‘907(90/\¢)7J—7D90€£'



2. The Logic 4

Lo is the subset of £ of all formulas which do not contain O-operators. For any I' C L,
we write T'g for TN Lo and T for {¢ € L | ¢ ¢ T'}. Moreover, for any I' C £ and any
O € {-,0,0}, we define OT' = {Oy |y € T} and © T = {y | Oy € T}.

Here, the intended meaning of Oy is that ‘¢ is known’. We write T for =1, ¢ V ¢ for
(= A =9) and O for -O-¢p. It is important to note that in our set-up, C¢ does not just
mean that —¢ is not known, but that the agent considers some epistemic alternative to be
possible, in which ¢ has a meaning: it is true!

Given a set of formulas I', we may consider its objective kernel (I'g), the knowledge it
encodes (O~T') and its possibilities (O~ T'). These sets induce the following orderings.

DEFINITION 2.2 Let I' and A be sets of formulas of £. Then:
e I'Co ATy C Ay
e ITCo A DO TCO A
e I'Co A OTCOTA

Each of these orders can be linked to an equivalence relation, e.g. I' =g A < I'g = Ag. Let
R be some subset of p(L), the power set of L. For any x € {0,0,0}, we say that ' € R
is Cy-mimimal in R, if for all A € £, T C, A, and similarly for C-minimality in . Note
that these minimal sets are the first (smallest) elements with respect to the corresponding
ordering, rather than the elements without a predecessor.

We now give a formal interpretation of the language £. The mathematical structure for
such an interpretation is a Kripke model with partial worlds. Since we are only interested
in models for our epistemic logic here, we do not have to consider arbitrary partial Kripke
models.? Instead, we restrict attention to what we call ‘balloon models’, which are somewhat
reminiscent of the well-known KD45-Kripke models. The basic entities in our balloon models
are partial worlds, which are linked to partial valuations.

DEFINITION 2.3 A partial valuation V is a partial function which assigns truth-values to
a given set of propositional variables P. The collection of all partial valuations is denoted
by VAL. The domain of V is defined as Dom(V) = {p e P | V(p) € {0,1} }. V' € VAL is
said to be an extension of V € VAL if V(p) = V'(p) for all p € Dom(V'). We abbreviate the
extension relation by V C V.

DEFINITION 2.4 A balloon model is a triple M = (W, g,V) with W a non-empty finite set
of worlds, called the balloon, g the root or generator of the model, and V' a global valuation
function V : W U {g} — VAL, such that V(w) C V(g) for certain w € W. We also write M,
for such a model: notice that any combination of w € W and V : W — VAL gives rise to a
balloon model M,, = (W,w,V).

The truth and falsity of a formula ¢ € £ in a balloon model M = (W, g,V), written as
M |= ¢ and M = ¢, respectively, are defined by induction:

%For a general approach, see [Thi92] or [JT93].
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ML M1
MEp V(g =1(peP) Mdp & V(g)(p) =0 (peP)
ME- oMHy Me-p ©MEy

MEoAYy ©MpEpand M E o M3eANYy ©cMdpor M3y
M E QOp S My, EpforalweW M- 0Op < M, = ¢ for some w e W

Note the special role played in the truth definition by the root of the model. Although
we usually display the models with the root outside of the balloon, the recursive O-clauses
show that this need not be the case. (Alternatively, we can duplicate the root, the new root
being outside of the balloon.) Also note that the truth-definitions yield the intended effect
for O-formulas: we have that M |= Op & M, |= ¢ for some w € W. In particular, our
partial semantics makes Op V ~O¢p, and hence O-¢p V O invalid. This reflects the idea that,
in our opinion, <-formulas should express some positive evidence about ¢, not just lack of
knowledge of —p.

For any model M = (W, g,V) we define the theory Th(M) of M by Th(M) = {p € L |
M |= ¢}, the knowledge k(M) in M by (M) = {¢ € L | M |= Op} and the possibilities 7 (M)
by #(M)={p € L | M | Op}. Note that kM = O"Th(M) and #(M) = O~ Th(M). Let T
and A be sets of formulas. We write T' |= A, if all balloon models which verify all members
of T' also verify at least one of the elements of A, ie. VM :T C Th(M) = ANTh(M) # 0.
Finally, we write M =T for I' C Th(M).

The following proposition presents two counterparts of a persistence result from partial
propositional logic for balloon models.

ProrosiTION 2.5 Let M = (W,g,V) and M' = (W', ¢',V') be two balloon models. Then,
for all w € W U {g} and all w' € W' U {g¢'}:

V(w) CV'(w') & Vr € Lo: (My =7 = My |=7)
For every balloon model M = (W, g,V) and w,w’' € W U {g}:
V(w)CV(w') & Vo e L: (My =9 = My =)

Proofs for these two simple observations can be obtained immediately by the persistence
of Lo with respect to the extension relation over VAL [Bla86]. We call the former property
propositional persistence and the latter internal persistence. The way of ordering possible
worlds in a balloon model by only considering their local truth-assignment is too limited to
give a sufficient and necessary condition of informational expansion of balloon models. The
following notion will settle this equivalence.

DEFINITION 2.6 For two balloon models M = (W, ¢,V) and M’ = (W', ¢',V') we say that
M' is a bisimulation extension of M, if

e V(9) EV'(9),
e Yw € W Fw' € W' such that V(w) C V'(w'),
o Vw' € W' Jw € W such that V(w) C V'(w’).
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This definition is in fact a special case of a more complex definition for arbitrary partial
Kripke models (which have a genuine accessibility relation), which in its turn is linked to the
general notion of bisimulation in process algebra and modal logic. 2

THEOREM 2.7 M’ is a bisimulation extension of M & Vo e L: M = o= M' |E ¢.

Proof: The left to right direction of the theorem can be proved by a simple induction over the
construction of L-formulas. The Lq-part is in fact the same as the propositional persistence
result in proposition 2.5, which is applicable through the first requirement in definition 2.6.
Persistence of formulas of the form Op and —O¢ are immediate consequences of the third
and second requirement in definition 2.6, respectively.

From right to left, suppose that M’ = (W', ¢', V') is not a bisimulation extension of M =
(W,g,V). By definition 2.6, we have one of the following cases:

e V(g) Z V'(¢'). Applying proposition 2.5 we find a formula 7 € Lo such that M |= =
and M' }£ .

e Jw € WVw' € W' : V(w) £ V/(w'). For such w proposition 2.5 gives us, for each
w' € W', a formula 7, € Lo for which M,, | 7, but M/, £ 7. But then
M = O Ayrew Twt, whereas M [ O A eyt Tt

e Jw' € W VYw € W : V(w) £ V'(w'). For such w’ proposition 2.5 gives us, for each
w € W, formulas 7, € Lo such that M, |= 7y, M), £ 7. But then M |= OV cw Tw,
whereas M’ [£ OV cw Tow-

Summarizing, we see that if M’ is not a bisimulation extension of M, we always find a formula
¢ for which M |= ¢, M' |~ . ]

2.2 Deductions in L

We now formally define the deductive machinery of our logic. The sequent I' - A, with
')A C L, should be understood as: ‘the disjunction of the members of A follows from the
conjunction of the formulas in I'’. In such a sequent, I' and A are considered to be sequences
rather than sets. Instead of ' U {¢} and T' U A we write I', ¢ and T', A respectively.

We use a sequential axiomatization of partial logic for several reasons.* It is short and clearly
marks the difference with classical logic in a deductive fashion. Moreover, it smoothes the
meta-theory of partial logic (see also [JT93] and [Jas94]). The latter advantage becomes clear
in this paper in subsections 2.3 and 3.3.

DEerINITION 2.8 To start with, we distinguish the following structural rules:

e TNA#0=TFA START
TFA ACA'TCT

. T A MON
TFo AT ok A
° IS‘DI"I—ASDA’ ouT

®See e.g. [Sti87]. In [Jas94] this general notion has been used to transfer other information relations from
partial propositional logic to partial modal logic.
*Cf. [Thi90] for a different, natural deduction type presentation.
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The following rules explain how the logical constants are introduced on the left (L-TRUE) and
right hand side (R-TRUE) of the ‘I’-sign, respectively, possibly accompanied with a negation
sign (L-FALSE or R-FALSE). First we give the propositional rules for the connectives.

B L YL S
I,-pFA a
_LelFA e s _LFred o o
I‘,_|_|(P|_A ) B I1|__|_|(P’A - -
¢ TF-1,A R-FALSE |
I‘vsoa'lﬁ'_A I‘l_SD’A I‘Il_’lﬁ’Al
W L-TRUE A (] I"I" . o N ¢’ A’ A R-TRUE A
I-pFA I‘I,—Vlﬁ'_Al Tk -, -, A
’ F’F/’ _‘(30 A ’¢) F A,AI L-FALSE A\ e T+ _'(90 A ¢),A R-FALSE A

We add the following ‘epistemic’ rules to this propositional basis.

LebA L-TRUE O o LFe oA R-TRUE O
I,Opk A ar + Op, -0A
-k -A I'FOp, A
_ O - =
Or,-Op F —OA - TALSE * TroopA
I,Opk A 5 't -0p, A 5
[ ]
T,-0-0pFA °¢ TFoO-dp,A °F

Obvious gaps in this system L are L.-TRUE L (I', L - A) and R-TRUE —:

oA
Tk -p,A°

It turns out that the former rule is derivable in L. The latter rule cannot be derived in L.
Adding rule R-TRUE - to system L would make L coincide with the classical modal system
S5.

DEFINITION 2.9 The rules above are called L-rules. A sequence A C L is said to be L-
deriwvable from another sequence I' C L, I' g, A, if I' = A can be derived by a finite number of
applications of L-rules. We usually drop the subscript ‘L’ in the sequel. Then, two formulas
p,¥ € L are said to be equivalent, ¢ 4 ¢, if ¢ - ¢ and ¥ F .

Derivable sequents are at least valid on balloon models:
LEMMA 2.10 (Soundness)ForallT, ACL:THA =T | A.

Proof: We prove soundness of L-TRUE O and R-TRUE 0. To start with L-TRUE O, suppose
that T', o = A. This means that for arbitrary balloon models M we have M = T U {¢} =
36 € A, M =6 (*).
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To prove I',O¢p |= A, suppose that N = (W, ¢,V) is an arbitrary balloon model for which
N =TuU{O¢p}. This means that both N; |= T' and Ny |= Op. By definition of balloon model,
there is some w € W with V(w) C V(g). Since Ny |= O¢p, we have for this w that N, |= ¢.
Now by internal persistence we conclude that Ny = ¢. Thus we have Ny = T' U {¢}, and
applying (*), we get Ny |= 8, for some § € A.

To prove soundness of R-TRUE O, suppose that I' = ¢, 7A. Let M be a model (W, g,V)
such that M | OT'. So M, = T for all w € W. Now suppose M [~ Ogp, then, for some
u € W we have M, £ ¢. Since I' = ¢, = A, we have M, |= 6 for certain § € A, and hence
M |= —0§. Therefore M |= Op, ~OA for an arbitrary balloon model M verifying OT, hence
OT | Qe,-0A. ]

Let us pause for a moment and reflect on our logic. Claims below that some sequents are
not derivable, are now easily verified semantically, as is justified by lemma 2.10.

e The first thing to note about the logic is that it is indeed partial, which is mirrored
by the fact that we do not have the law of excluded middle: I/ ¢,—p. In fact, as is
shown in [Thi92], there is not any theorem of L in the { L, T }-free language. This can
immediately be seen from the surface of the sequential presentation of L. The only
way to obtain an empty left hand argument in a sequent is to use R-FALSE 1. The
non-derivability of the law of excluded middle can also be demonstrated directly by a
counterexample, applying the soundness result in lemma 2.10. Any balloon model with
an empty valuation® on its root is a counterexample for p V —p.

e Moreover, we do not have contraposition: T' - A A -A F —T.

e Although L lacks contraposition and does not have any {1, T }-free theorems, much of
the structure of classical logic is preserved. Well-known principles such as the laws of
De Morgan and double negation, and properties such as associativity, idempotence and
commutativity of the disjunction and conjunction are also valid in L.

e For the defined symbols one easily proves the following derived rules:

Ib-TFHA L-FALSE T '-T,A R-TRUE T
IoF A T/ ,¢F A I'-e,9,A
I‘,I‘I,QD\/ ,¢ F A,AI L-TRUE V W R-TRUE V
Lop, - A Tk -, A I b =, A
T,~(p Vo) F A L-FALSE V T,T'F ~(pV ), A, A R-FALSE V
Lok A Tk g A
ar, Ce - CA L-TRUE © O F =0, OA R-FALSE O

o For the epistemic part, we have the following:
Conjoining knowledge: Op A O -F O(p A ¢).
Disjoining epistemic possibility: O(@ V) A G v O,

®A valuation V is empty in world w of Dom(V(w)) = 0.
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Positive introspection: Op - O00¢p OOk Op
Negative introspection: O F O-0¢p <O F Op
Veridicality: Op F ¢ ¢ I Ol

Consistency of knowledge - -0

Note that, although we do have veridicality of knowledge (‘known facts are true’) we got
rid of its contrapositive (‘true facts are considered to be possible’). A counterexample
can be given by the simple balloon model existing of a root ¢ and one world W = {w}
such that V(g)(p) = 1 and an empty valuation at w. Then (W, g,V) is a balloon model,
because V(w) C V(g). It verifies p but not <p.

Negative introspection is now better motivated than in classical S5: if some fact is
considered possible by the agent, it is explicitly present in his set of alternatives, so he
knows that particular possibility. This should be contrasted to the classical case where
merely not knowing the opposite is supposed to involve knowledge of the possibility.

In the sequel, we will denote a property like positive introspection by ‘0 = OO’ or
OO = O

To see the system L at work, we will provide a proof of the property that nestings of
modal operators are in fact superfluous (theorem 2.14). Later on, this property will be
used in our completeness proof. Let us first define the modal depth md(p) of a formula ¢
by: md(p) = md(L) = 0 (p € P); md(~p) = md(p); md(p A ) = max(md(p), md());
md(O¢) = 1 + md(p). By using the propositional equivalences as stated above and treating
formulas like Oa and <f as literals, we obtain the following normal forms in L :

ProprosiTION 2.11 Every ¢ € L is equivalent to a formula of the form
n m
V A ei
1=1j=1

where each ¢; ; is of the form Oa with md(a) < md(p), ¢B8 with md(8) < md(p), —p or p.
If n = 0, we interpret the disjunction as 1, and if n > 0 but m = 0 as T. We call the format
displayed above a semi-disjunctive normal form of ¢. There also exists a semi-conjunctive
normal form:

n m
AV e
1=1j=1
where the formulas ¢; ; are of the same form as above.

The following lemma is the heart of theorem 2.14: it explains how nestings of modal operators
are removed.

LEMMA 2.12 We have:

O(0aV ¢) 4k Oa Vv O¢ and O(OaAy) 4- Oa A O .
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Proof: We only prove the first equivalence, the second is similar.

1. Oat O« START 1. ¢ F Do,y START
2. Yr START 2. YFOavVy R-TRUE V (1)
3. ODaVvytOo,y L-TRUE V (1,2) 3. O¢F O(OaVy) R-TRUE 0O (2)
4. O(OavVvey)k OOa,0¢ R-TRUE O (3) 4. Ogt O,y START
5. <OOatk Do oo=n0 5. OakOaVy R-TRUE V (4)
6. O(0aVy)kOo,09 ouT (4,5) 6. OOol O(Oa V) R-TRUE O (5)
7. O(0aVy)FOavOyp R-TRUE V (6) 7. Dok OO0« 0= 00

8. Dot O(0aVy) ouT (6,7)

9. OavOyFO0aVy) L-TRUE V (3,8)

COROLLARY 2.13
O(Viz Ho; v Vie:1 OB; v m) - Vis; Oy Vv Vit ©B; v Or
(N Bag A Aj=1 OB A m) - Ay Do A Nty OB A Om
By means of these preliminaries we now easily establish:
THEOREM 2.14 Every ¢ € L is equivalent to a formula ¢’ with md(¢’) < 1.

The proof runs by induction on the modal depth of formulas. Obviously the result for the
basic step is ‘for free’.

Let the modal depth of ¢ be larger than 1. By proposition 2.11 ¢ is equivalent to the
semi-disjunctive normal form

n m £
\/(/\ Oay ; A /\ Oﬁi,k A 7Z'i)
k=1

=1 j=1

with 7 € Lo, md(a; ;) < md(p) and md(B; ) < md(p).

The induction hypothesis applies to all the formulas «; ; and 3; . This means that these
formulas can be assumed to have a modal depth at most 1. If this result can also be obtained
for Oc; ; and ©pB;k, then the result has been shown for the formula ¢. This result can
be obtained quite easily by using lemma 2.12, together with O(a A ') 4F (Ja A Oa') and
OBV HF (OBVOAY). If a has modal depth 1 it must be equivalent to the semi-conjunctive
normal form

n' m 2
a - /\(\/ Uo;; V \/ O V 7ri) with 75,05 ;,m:.% € Lo,
i=1 j=1 k=1

while each 3 is equivalent to the semi-disjunctive normal form:

nll H lll

BN (N e A N OXig A i) with g, €5, Ak € Lo.

=1 j=1 k=1
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Corollary 2.13 yields, after applying R-TRUE O and O-distribution over A, for each a and
in the semi-disjunctive normal form of ¢:

Oa - AL (VI B0 V Viey Onig V Omi), and
OB Ak VEL (AT D6 j A Aoy OXig A O).
Clearly the latter formulas have a modal depth not larger than 1. [

Combined with proposition 2.11, this theorem also implies that every formula has a semi-
disjunctive and a semi-conjunctive normal form of at most modal depth 1.

2.3 Completeness

The aim of this section is to prove that the logic L is complete for the class of balloon
models. By definition 2.4 our models are finite; as a consequence, not each consistent set will
be satisfiable (e.g. {O(p1 A -+ A pp—1 A -pp) | n € IN} has only infinite models). We can
guarantee satisfiability of finite sets. However, this requirement can be eased a little: what
we can prove is that I' |= A = T' - A for those I and A for which the set of atoms in TUA is
finite. To avoid cumbersome notation, from now on we simply assume that P itself is finite.
We first show that this assumption implies that L is logically finite.

ProrosiTioN 2.15 L is logically finite: there are only finitely many non-equivalent formu-
las.

Proof: From the proof of theorem 2.14 we can infer that every formula in £ is equivalent to
a semi-disjunctive normal form of modal degree < 1. Since P is assumed to be finite, modulo
logical equivalence there are only finitely many distinct formulas in £o. Thus there are only
finitely many logically different choices for the a; ;, 8; r and 7; in the semi-disjunctive normal
form displayed on page 10. Therefore there are only finitely many non-equivalent formulas.

[

For ‘Henkin-style’ completeness proofs in classical (modal) logic the notion of maximal
consistency is used [HC84]. A maximally consistent set of formulas is a consistent set which
cannot be extended consistently. Maximally consistent sets facilitate completeness proofs
since they form the syntactic counterparts of possible worlds. These sets enable the construc-
tion of a canonical model. The corresponding completeness proof amounts to demonstrating
that the canonical model is a counterexample for any non-sequent of the associated logic.

Partial systems require a more flexible and general notion to mimic worlds in this way.
The requirement of maximality disappears, which relates to the failure of the law of excluded
middle in (most) partial systems. Sequentially formulated systems enable a short and general
definition of ‘sets-as-worlds’. In partial logic and other non-classical logic, the relevant concept
is known as saturation.

DEFINITION 2.16 Let X, A and Q be subsets of L. Then:

e X is consistent iff T I/ (.

e X C L[ is saturated iff for every A: T F A = XN A # 0. SAT is the collection of all

saturated sets (in L).
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e Qis a saturator of T iff @ N A # 0 for all A such that ¥ F A. In such a case we write
DR

A C L being a saturator of a set I' C L boils down to non-derivability from I' of the
formulas not in A:

OBSERVATION 2.17
IdA & THA

The =-direction is a direct consequence of the definition of saturators (AN A = 0). The
converse follows from the monotonicity rule. Suppose I' 4 A, then there exists A such that

I'FA and AN A =§. This means that A C A, and therefore, I' - A.

The original definition of saturation goes back to [Acz68] and [Tho68], where it has been
used to prove completeness for first order intuitionistic logic. Usually, saturation is presented
as a combination of three properties: consistency, deductive closure and disjunctive saturation
(ie,XF Ve = X% F por % ¢). These properties follow immediately by taking fA = 0,1
and 2, respectively, in our sequential definition above.

The following three lemmas describe the ‘Lindenbaum-part’ of the Henkin construction.
The standard Lindenbaum lemma says that every consistent set is a subset of a maximally
consistent set. In completeness proofs of partial and constructive logics this lemma is not
sufficient. In this kind of systems, we are often confronted with certain upper bounds in
the syntactic construction of saturated sets. Fortunately, saturated sets are not necessar-
ily maximally consistent and therefore the generalization of Lindenbaum’s lemma given in
lemma 2.19 turns out to be satisfactory for partial systems. It says that if such an upper
bound is a saturator of a set of formulas, then a saturated set can be found which extends
the original set and which respects the upper bound.

In order to prove this general Lindenbaum result, we give a short lemma which justifies
the construction steps for saturated extensions within saturators.

LEMMA 2.18
IfT'JA and T + A for certain finite set A C £, then there exists a § € A such that TU{é§} <A.

Proof: Let T' 4 A and T' F A with A finite, and suppose that I' U {§}A A for all § € A. This
means that for all § € A there exists X5 C £ such that

I'6 X5 and YsNA=0.

Let ¥ := |Jsca Xs. MON yields I', 6 - X for all 6 € A. Application of CUT to this last sequent
and the assumption I' - A yields T' - A \ {§}, 2. Repetition of cuT-application for all §’s
eliminates the complete A from the last sequent. In all, I' - X. Because I' I A we conclude

Y N A # 0. This contradicts that ¥s N A = 0 for all § € A. ]

LEMMA 2.19 (saturation lemma)
If ' < A, then there exists a saturated set I'* such that I' C I'* C A.
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Proof: Let I' 4 A and let {¢;};cv be an enumeration of A. We define the following sequence
of subsets of Lg

PO =T
TroU{en} if ToU{en} dA
Fn—l—l =

" otherwise.

We define I'* to be the limit of this sequence:
r*:= |J T,
nelNV

I' CIT'* C A is immediately clear from the definition of I'* above. Another direct consequence
of the construction above is I';, < A for all n € IN. What is left to show is T'* ¢ SAT.

Suppose I'* - A. We need to prove I'* N A # (. The assumption set can be reduced to
a finite sequence 71, ..,V in I'* such that v¢,..,7,, - A. Because every member of I'* is a
member of some T;, this means that there exists T'y such that {y1,..,Ym} C Tx,® and thus
'y - A according MON. Since Ty J A, we also have AN A # 0. Since A C £ has been
picked arbitrarily as an conclusion set of I'* we have I'* < A. This conclusion, combined with
lemma 2.18, guarantees the existence of a formula § € A such that

T* U {6} < A.

This result also ensures that I';, U {6} < A for all n € IV, because all these sets are subsets of
the limit set I'*.” Obviously, § € A, which means that there exists £ € IV such that ¢, = 4.
Because T'y U {¢ps} < A, we know that § € T'yy; by the inductive definition of the sequence
{Th}nenw. We conclude § € T*, and so T* N A # (. This establishes the desired result:
e SAT. ]

The converse of this lemma is a trivial result. In other words, I' < A is a precise criterion
for A to contain a saturated extension of I'. Note that the construction closely resembles
the standard proof procedure for the Lindenbaum lemma. In fact, the classical Lindenbaum
lemma is the special case where A = £.8

Given the result in observation 2.17 the saturation lemma is equivalent to a more frequently
used version, which we call the separation lemma.

LEMMA 2.20 (separation lemma)
If ¥ I/ A then there exists a saturated set I' such that ¥ CT'and ANT = 0.

Proof: If Tt/ A then T' < A (observation 2.17). Lemma 2.19 shows that 3% € SAZ7 : T C
¥ & ¥ C A. This last conjunct means that TN A = .9 ]

The reason to present the last two lemmas separately is purely pragmatic. The saturation
lemmais convenient when we are restricted by upper bounds in the construction of a saturated
set, and the separation lemma is useful when non-derivability comes on stage.

®Take for example k = maxX;c{1,...n} ['n; Where {T'n;}; is a subsequence of {'n}nemv With v; € Tn;.

"ByMONwehave T O & X' C X = X' 40,

8T is consistent iff I' < L.

°To see that the separation lemma also implies the saturation lemma, suppose that I' < A, which means
I' I A according to observation 2.17. Substituting A for A in the separation lemma gives us the desired result
immediately.
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DErFINITION 2.21  (Canonical Model)
Let T be a saturated set. We define the canonical model for I' as Mr = Wr,T', V), where

e Wr={X|X issaturated and O"T' C ¥ C &I}

1 if peX

e Forall ¥ e Wr U{I'} and p € P: V(E)(p):{ 0 if peN

LEMMA 2.22 The canonical model Mr is a balloon model.

Proof: (Cf. Definition 2.4)
1. Wr is finite by proposition 2.15.1°
2. V is well-defined since saturated sets are consistent.

3. The root T' is an extension of some world in the balloon, i.e. for some ¥ € Wr it
holds that V(X) C V(T'). To see this, we claim that O T < Q = T N T then
we are done, since then (by the saturation lemma) there is a saturated % such that
O T CXCOTNT. Therefore ¥ € Wr and £ C T, and so V(X) C V(T'). The proof
of the claim about (2 is as follows.

By induction on finite A C £ we prove that
OTHFA=ANTNOT#0.

Because O-T I/ 0,'! the implication above holds trivially for A = (. So suppose
A={A,..., A}, (n>1),and O°T F A. Then, by n — 1 applications of R-TRUE V we
have, for each (£ <n),0° T F (A V---V X1V Aiq1 V-V Ay), A and hence, by using
R-TRUE O, we obtain

Vi<n:TFOMV---VA_ 1V V---VA,),ON

Since I' is saturated, we have two possibilities:

e Forsomei<n OAV---VA_1VAi1V---VA,) €T Then O°T F A\ {)\;} and,
by the induction hypothesis, A\ {\} NTN<OT # 0, and hence ANT NOT £ 0.
e Foralli < n,OX\ €. Then A C &T (a), and, since O T A, by the L-TRUE

O-rule, we have I' F A and hence, by saturation of I', TN A # § (). Combining
(a) and (b), we obtain ANT N OTT # .

1°Notice this is virtually the only place where the specific (introspection) rules of L are used in the com-
pleteness proof. L.e. these rules license the special form of our balloon models.

YO THp=>D0TFLl=TFOL=>TFL.
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LEMMA 2.23 (truth lemma)
For all formulas ¢ € £, and all sets I' € SA7T and each canonical model Mr:

MrEps el MrH & -pel

Proof: By induction on ¢: we only give the O-step. So we assume that ¢ = O, while the
induction hypothesis (IH) says that the lemma holds for .
First we show the equivalence for |=:

(=) If Mr | O%, then, by the truth definition of O, for all A € Wi : Ma | . By IH, we
conclude that for all A € Wr, ¢ € A. Now consider

T F Oy, OO0 T (%)

After observing that OO-T = {<Oy | Oy € T}, we claim that (%) holds: for, suppose
not, then by R-TRUE O and MON we also have O T I/ ¢, O—T and we use the separation
lemmato find a A for which 0"T' C A C &-T,and ¢ ¢ A, contradicting ITH. Thus, since
(*) holds, we may use saturation of I to conclude that either Oy € T'or I'N OO-T £ 0.
Since the latter is impossible, we conclude that O € T,

(<) Suppose Oy € T, and choose A € Wr, which means that A € SAT and O°T' C A C
7T We immediately find ¢ € A and, by IH, Ma | ¢ so that Mrp = O.

Next the steps for o are:

(=) If Mrp = 0%, then, by the falsity condition for O, for some A € Wr : Ma = ¢, and,
using IH, -¢ € A. Since A C &I &9 € I') and, since I' is deductively closed,
-0 € T.

(<) Suppose -0¢ € I'. We claim that O T U {-¢} 4 O7T'. To see this, suppose that ©
is such that O°T U {-¢} F O, then, by L-FALSE O, also OO~ T',-0¢ F &0 and, by
monotonicity, I', -0« F 0. Since =0% is already a member of I, this implies I' - <.
Now we use saturation of I' to find a formula G0 in 'N O, s0 8 € S T'NO. Now
we have proven the claim, we use the saturation lemma to obtain a saturated set A
with O"T U {-¢} C A C OT. Clearly, A € Wr, =9 € A, so we apply IH to conclude
Ma = . m

THEOREM 2.24 (Completeness)For al E, ACL, XA =X F A,

Proof: Suppose X I/ A, then, using the separation lemma we obtain a saturated set I' for
which ¥ C T and T' N A = (. Clearly, by lemma 2.23, Mr |= ¥ and Mp [£ § for all § € A,
hence ¥ [£ A ]
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3. HONESTY

This section concerns both the ‘syntactic’ and ‘semantic’ view on circumscription and hon-
esty. Circumscribing the knowledge expressed by, say, ¢, is to characterize what a rational
agent knows when he or she only knows ¢ (together with its logical consequences). If such
circumscription is possible, ¢ is called ‘honest’ in [HM85]. Though it may seem, prima facte,
that circumscribing ¢ is always possible (by taking the deductive closure of O¢p), this need
not be the case. As we noticed earlier, the formula ¢ = Op V O-p cannot be circumscribed,
and is hence dishonest.

The main issue we want to address in this section, is the problem of deciding which formulas
can be rendered honest. We will in fact present several notions of honesty in section 3.1, and
illustrate them by means of a number of examples. Most of the technical justification for
these examples, is provided after we have given a semantic account of the various notions of
honesty, and are therefore postponed until section 3.2. In section 3.3 we supply inferential
tests (so-called disjunction properties) which are particularly convenient for demonstrating
that a formula is dishonest.

3.1 Stable Sets
We start out by investigating the deductive view on circumscription and honesty. Which
criteria does the set C'n, consisting of the consequences of Uy have to meet to consider ¢
honest? The crucial notion here is that of a stable set.'? Although stability can be defined
in many ways, the notion itself is stable, since various definitions turn out to be equivalent.
Thinking of Co, = {¢ | Op - ¥} as the ‘epistemic state’ of a rational agent knowing only
@, it is clear that a stable set at least has to be a consistent theory (Cf. definition 2.16).
In addition to being a consistent theory we want a stable set to have the property that the
ignorance of non-consequences is compatible with the knowledge of consequences. In [Moo85]
and [Jas91b] this leads to the following requirements for a stable set with respect to a normal
modal system:

e 5 is a theory
e 0S5 U -0OS is consistent

Though correct for normal systems, the latter requirement is too strong for the partial logic we
advocate. Recall from section 2.2 that our logic does not have any {T, L }-free theorems. Yet
we want to allow the set S = Cot to be stable, characterizing the epistemic state of an agent
knowing nothing. However, S is unstable by the second requirement: since OT I/ (p V —p),
we have that (pV —p) € 5, and therefore {OT,-~0(p V —p)} would be consistent, which it
is not. So we propose to replace the requirement above by the more general condition that
knowledge of non-consequences does not follow from the initial knowledge.

DEFINITION 3.1  (Stability)
A set S of formulas is stable if S is a theory for which OS [/ OS

Notice that stable sets are consistent: suppose that S is an inconsistent theory. By the
(derived) rule L-TRUE L and the theoricity of S we have S = £ and hence OS = §. The

128ee [Sta], [Moo85], [HM85] for S5 stability. [Jas91b] defines stability for arbitrary normal systems. Our
text definition is from [Thi92].
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inconsistency of S implies that of 05, i.e. OS5 I §, and therefore 0§ I OS5, which means that
S is not stable.

The insightful but somewhat esoteric definition 3.1 can be recast in a format which is closer
to Stalnaker’s original formulation:

ProprosIiTION 3.2
S is a stable set of formulas iff

1. S is a theory

2. if ¢ € § then Op € S (positive introspection)

3. if Op Vv Oy € § then ¢ € S or ¥ € § (modal saturation)
4. ¢ ¢ S for some ¢ (consistency)

LeMMA 3.3 (modal saturation)
For all consistent theories .5, modal saturation is equivalent to

SFO'= SNT #0foralllT C L

Proof: Modal saturation is obviously implied by the above requirement. For the other
direction, suppose that S OT'. First note that the consistency of S implies that T' # (). By
the finiteness of L we may assume that I' is finite, say {y1,...,9n}. S0 S F Oy; V ---V Oy,,
therefore (by corollary 2.13) S F O(Ov; V ---V Oy,), and thus (by lemma 2.12) § + Oy, vV
O(Oyg V -+ -V Oy,). Therefore, by modal saturation, y; € S or Oy, V - - - V Ov,. Repeating
this argument it follows that for some %, v; € §. [

Because of this equivalence, we will also refer to the elegant property displayed in lemma 3.3
by ‘modal saturation’.
Proof of proposition 3.2:
(=) Let S be a stable set. Then

1. by definition, S is a theory

2. suppose ¢ € S and Op ¢ S then, since Oy F OOy, S violates the I/ condition in
definition 3.1.

3. suppose for some I', we have S F OT, and SNT =, then T C §, so OT' C OS, so that,
by monotonicity, § - 0§ and, by L-TRUE O, OS - OS, contradicting the stability of S.

4. S is consistent, sopA-p & S.

(<) Next let S satisfy the conditions (1-4) then S is a theory, thus (by 4 and ez falso)
consistent. Suppose 05+ 05, By (2) OS5 C S, so by MoN § - 0OS. Lemma 3.3 tells us that
SNS #0,a contradiction. ]

Although the characterization of stability given by proposition 3.2 is useful, sometimes a
more concise requirement is convenient. Since saturated sets are the possible worlds in the
canonical model, the proposition essentially means that a stable set consists of all and only
formulas known in some world.
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ProrosiTiON 3.4 S is stableiff § = O T for some I' € SAT.

Proof: (=) Let S be stable, then 05 I/ OS. By the separation lemma there is a saturated
set T' such that (i) OS C T and (ii) TN OS =0. Then o€ S = (byi)Op el = € O T
and o ¢ S = Op € 0OF = (byii) Op ¢ I = ¢ ¢ O T. Hence S = OI. (<) Suppose
S = O7T for some saturated set I', and also that 05 I 0OS. Since 05 C T, and using MON
we have ' - OS. T is saturated, and hence there is some ¢ ¢ S with ' - Ot. But then,
since I' is deductively closed, we have Ov € I and hence ¢ € 5, a contradiction. [

Having characterized stability in different ways, we are ready for a formal account of cir-
cumscription and honesty. Writing ST (¢) for {S C L | ¢ € § & S is stable }, circumscription
of knowledge of ¢ involves finding a minimal element in S7 (), the set of stable expansions
of . If there is a stable set which is minimum, according to some order on sets of formulas,
the knowledge is honest. What is this ordering relation? In the paradigm case of the (total)
system S5, different stable sets are incomparable, so set inclusion does not work. This is not
the case for the present (partial) system, basically because the notorious Stalnaker condition
¢ & 5§ = —-0O¢p € § does not hold for stable sets in partial logic. The invalidity of the latter
condition implies that in L a stable set is not determined by its propositional content (the
purely propositional formulas in it), although a stable set is determined by its formulas of
degree 1 (i.e. with modal depth less or equal to 1), by theorem 2.14. This might suggest set
inclusion as the ordering relation of the stable sets, and a definition of honesty induced by
C: basically existence of a smallest stable expansion.

DEFINITION 3.5 (Naive Honesty)
@ is called naively honest if there is a C-minimal element in S7 ().

ExaMPLE 3.6 The formulas p, p A ¢, Op, O(p A q), Op and O(p A ¢) are naively honest.

Can we give other sufficient and necessary conditions for naive honesty? To this purpose
reinspect Co, = {¢ | Op I 9}. Observe that

o (Cu, is a theory, since - is transitive for single formulas;

o (g, is contained in every stable set containing ¢: let ¢ € S for some stable .S, then by
proposition 3.2(2) O¢ € 5, so, by proposition 3.2(1) S contains all the consequences of
U, ie. CD‘P CS.

As an easy result, we now present a necessary and sufficient condition for a stable set to be
C-minimal.

THEOREM 3.7 A set S is C-minimalin §7 () iff § = Chq,, is stable.

Proof: (=) Suppose S is C-minimal for ¢. By definition ¢ € 5, and, by the remark above,
Co, € 5. Now suppose that S ¢ Cg,, then we have a ¢ with ¢ € § and Op I/ 9. The
separation lemma then provides a saturated set I' for which Op € T';4 ¢ T'. Since 0% - ¢
and T is a theory, we also have O ¢ I'. By proposition 3.4, O~ T is a stable set containing
¢, contradicting the C-minimality of §.

(<) If Cuy, is a stable set, then, by the remarks above, it must be C-minimal. [

The theorem above immediately provides a necessary and sufficient condition for naive
honesty.
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COROLLARY 3.8 ¢ is naively honest iff Cq,, is stable.

Proof: Let Cn, be stable. By L-TRUE O, ¢ € Cp,. By theorem 3.7, Cn,, is also C-minimal
for ¢, implying that ¢ is naively honest. The other direction is obvious. [

ExaAMPLE 3.9 The objective formula pV g is not naively honest. For suppose that .5 would
be C-minimal in S7(p V ¢), then (pV ¢) € S, and, by proposition 3.2(2), also O(p V ¢) € S.
Since (by R-TRUE O and < = 0O<)), we have O(pV ¢) - Op Vv O ¢, we use proposition 3.2(3)
to conclude that either p € S or Cg € § (*). Now, let £; = {Op} and ¥, = {Tg}. Using
completeness, we immediately see that ¥; I/ O0Cq and X I/ Op. The separation lemma then
guarantees the existence of saturated sets I';,I'y for which ¥; C T';(s = 1,2),00¢ ¢ Ty and
Op ¢ T'y. By proposition 3.4 we find two stable sets S; = O T;,(¢ = 1,2),5;, € ST(pV q),
for which $g ¢ S; and p ¢ S3. Since S is C-minimal in S7(pV ¢) we find p ¢ 5,Og¢ € 5,

contradicting (*).

Intuition says that all objective (i.e. propositional) formulas should be rendered honest: it
seems to be perfectly sensible to claim to only know some objective information. Together
with example 3.9 we see that the definition of naive honesty is too strong, and also too naive.
Thus, though the set inclusion ordering of stable sets is (non-trivially) possible, it produces
wrong results as far as honesty is concerned. Now one alternative is to replace ordinary set
inclusion by the relation of epistemic inclusion Cg. This, however, will not produce any new
results, due to the following observation.

OBSERVATION 3.10 For all stable sets ', A: ' Cq A < T' C A.

Somewhat surprisingly, since its propositional content does not determine a stable set,
propositional minimality of a stable expansion produces a more adequate notion of honesty.
In this way, we obtain essentially the same definition of honesty as was proposed in [HM85].
However, in L one can generally derive less conclusions from the circumscription of a weakly
honest formula than in the S5 case. For example, Cp is honest in S5, and also weakly honest
in L, but ‘knowing only <p’ entails different conclusions in both set-ups.

DEFINITION 3.11  (Weak Honesty)
¢ is weakly honest if there is a Co-minimal element in ST ().

OBSERVATION 3.12 All naively honest formulas are weakly honest.

ExaMmPLE 3.13 So p is weakly honest. The disjunction p V ¢ is also weakly honest: more
generally, for each consistent objective formula =, 7 itself, Oxr and On are weakly honest.
Other examples of weakly honest formulas are (Op A <g), and disjunctions such as Op vV ~Op
and pV —Op. The formula OpV Og is not weakly honest, nor is Op V —=p. (This will be proved
in section 3.3.)

Notice that a propositionally smallest stable expansion for some formula need not be
unique: S N Lo does not determine 5. For example, in the case of p V ¢, .S may or may
not contain <>(p A g).
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THEOREM 3.14 A set S is Co-minimal in ST (¢) iff S € ST(p) and So = Cg, = {1 €
Lo|Opk p}.

Proof: Omitted; essentially the same as the proof of theorem 3.7. ]
COROLLARY 3.15 ¢ is weakly honest iff Sqg = (Co,)o for some stable expansion S of .

As we noticed in the introduction, a similar argument that motivates that (OpV Og) should not
be considered honest, can be applied to (OpV <g): neither can be circumscribed, intuitively
spoken. This is why the current notion of honesty is too weak:

EXAMPLE 3.16 The formula OpV g is weakly honest.!® This will be shown in section 3.2.

Analyzing the reason for this counter-intuitive result, we note that for weak honesty we did
minimize the objective formulas in the stable set for ¢, but not the possibilities contained in
it. In fact, Co-minimality is insufficiently restrictive: among the Cyp-minimal stable sets, we
want to single out those containing the smallest number of epistemic possibilities. This is
achieved in our last notion of honesty:

DEFINITION 3.17  (Strong Honesty)
A formula ¢ is called strongly honest if .S is strongly minimal for ¢, i.e. there is a C-minimal
element in {S C L] S is Cp -minimal in S7(¢p) }.

ExamPLE 3.18 Now, OpV <g is not strongly honest. As with weak honesty, for each
objective formula © € Lo, the formulas 7 and Ox are strongly honest (this follows from the
observation below), but now, &(p V ¢) is not strongly honest (for a proof of the latter fact,
see section 3.2).

OBSERVATION 3.19 All naively honest formulas are strongly honest, and all strongly honest
formulas are weakly honest.

In order to characterize the stable sets that contain a strongly honest formula, we need a
lemma that we will not prove until section 3.2, and one more definition.

LEMMA 3.20 Let S and S’ be stable sets such that 075 Co O~ 5" and &—5 Co O~ 5'. Then
S cCs.

DEerFINITION 3.21 For a formula ¢ we define its diamond remainder R<\:|>(p as:
RE, = {On € O(Lo) | O - O(Cap)o, O}

In words, R<\:|>(p contains <-formulas with a propositional argument that are derivable from
¢, in disjunction with those O-formulas of which the argument is propositional and not a
consequence of Q.

THEOREM 3.22 A set S is strongly minimal for ¢ iff Sg = (Coy)o and SN CLy = RS(P and
S € 8T (p).

3Notice that OpV Og is also honest in the analysis of S5 as given in [HM85].
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Proof:

(=) Let S be Co-minimal in {S C £ | S is Cp -minimal in S7(y) }. Co-minimality of S
for ¢ implies So = (Cuy)o (theorem 3.14). In order to show that R<\:|>(p C SN <Ly, suppose
Op e R<D>(p. Then

O b O(Cag)o, O (3.1)

Proposition 3.4 shows that there exists a I' € SA7 such that S = O T. Because Op € T
and (3.1):

I'1(0(Cap)o U{Ou}) # 0. (3.2)

Theorem 3.14 and the Co-minimality of S entail I' N O(Cgy)o = 0, which means Op €
I' (3.2). Since Ou F OOpu, we find Op € SN OGLy. The arbitrariness of Op € RS(P now
guarantees RS(P C SN<CL.

To see that also SN OLy C RSW suppose Ov ¢ R<D>(p with v € Ly, then:
\:‘QD |7/\:|(C\:|¢,)0,<>1/. (33)

Using the separation lemma, we find a I' € SAT for which Op € T, T N O(Cay)o = 0
and Ov ¢ T'. The first two conclusions imply that 07T is a Co-minimal stable set for ¢
(Cf. theorem 3.14). The last conclusion entails Ov ¢ S, because S is Co-minimal among the
Co-minimal stable sets.

(<) Suppose that both SN Ly = (Cuy)o and SN Ly = RS(P for some S € ST (¢). Let S’

be an arbitrary stable set for ¢ that is Co-minimal. We have to show that
S Co 8. (3.4)

By lemma 3.20 it is sufficient to show that both O~ 5 Cq O~ 5" and ¢~5 Co &5, Since
SN Ly = (Coy)o, by theorem 3.14 we have S Co S’ so in particular, O~ 5 Co O~ 5. What is
left to prove is 078 Co O 5.

Suppose that we have some u € Lo with Op € 5. Since SNOLy = R<D>(p:

Oy F O(Cayg o, Op. (3.5)
By Co-minimality of S’ for ¢ and theorem 3.14 we obtain S' N Lo = (Coy)o, hence, 5'N
(Cog)o = 0 and I N O(Cay)o = 0 for certain IV € SAT with $’ = O~I'. This implies
Op eI’ (3.5), and, (since Op bk OOCu) also Gp e O TV = 5. "

COROLLARY 3.23 ¢ is strongly honest iff there is an § € ST (p) with:
So = (Cop)o and (O75)o = {p | Ity € Lo: Ok Oehy V-V Ot V Op & i 3.



3. Honesty 22

3.2 Minimal Models

Proposition 3.4 ties up the notion of stable set with a main semantic notion: recall that
saturated sets correspond to partial worlds in the canonical model. The following corollary
of proposition 3.4 relates stability directly to the knowledge in a balloon model.

CoOROLLARY 3.24 S is stable iff S = x(M) for some balloon model M.

In order to decide whether some formula is honest, we considered stable sets that were minimal
in some sense. Combined with corollary 3.24 the following orders on models emerge.

DEeFINITION 3.25 For any two models M = (W, g,V) and M' = (W', ¢', V') we define:
e MCo M &Vuw e W Iwe W : V(w) C V'(w')
e MCo M &VweW Fw' e W :V(w) C V'(w')
o« MC M & (MCo M & MCo M)

e For any <€ {Cq,Co,C }, we say that a model M is <-minimal for ¢ if ¢ € k(M) and
for all M’ with ¢ € k(M') it holds that M < M’. We then say that ¢ has a <-minimal
model.

The above orders are familiar from domain theory see e.g. [Sto77]; they are known as the
Smyth, Hoare and Egli-Milner order, respectively. The orders do not specify anything about
the root g of a model M = (W,g,V). Recall that Th(M) = {¢ € L|M | ¢ }, that
k(M) =0"Th(M) and 7(M) = O~ Th(M). This is how C, and C, are related:

ProrosiTION 3.26 Consider two balloon models M = (W, g,V) and M' = (W', ¢, V).
1. M Cq M & Th(M)mD£0 Cq Th(MI) =4 FL(M) Co FL(MI)

2. M Co M' & Th(M)N <Ly Co Th(M') < m(M) Co w(M')
C

3. MCT M & V() CV'(g') & Th(M) C Th(M')

4 MC M & sx(M)Cr(M)sn(M)C (M)

Proof: We only prove the first item in extenso, the second is proven similarly, whereas the
third follows from definition 2.6 and theorem 2.7. The facts in the last item can be deduced
from the others, using the degree 1 normal forms from the proof of theorem 2.14 for the first
equivalence.

So, suppose that M Co M’ and let p be some propositional formula for which M |= Oy,
ie. forallw e W : M,, |= p. Choose any v' € W'. Since M Cq M’ there is a v € W such
that V(v) C V/(v'), and so, since p € Lo we use propositional persistence (proposition 2.5)
to conclude M/, |= p. Since v’ was arbitrary, we have M’ |= Ou. The opposite direction
is proved using contraposition: if M [Zg M’', then there is some w' € W' such that for all
w e W: V(w) £ V'(w'). So, for each w € W there is a literal o, € P U =P such that
M, = ay and M), £ ay. Now if a = V ew 0w, obviously a € Lo and M, |= « for all
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w € W,so M |= Oa, yet M!, |~ a, so M' £ Oa. Therefore k(M) N Lo € &(M'), ie.
k(M) Zo c(M'). "

It is not hard to see that the restrictions to L in the proposition are necessary. In the case
of Cg for instance, let M’ = (W', ¢', V') such that V'(w’)(p) = 0 for all w’ € W'. Consider
M= (W,q,V) with W = W' U {2} for some z ¢ W', V(z)(p) = 1 and V(w') = V'(w') for
all w' € W'. Although M Cg M', we have M |= OCp, but at the same time M’ [£ Op.

Lemma 3.20 (repeated)
Let S and S’ be stable sets such that -5 Co O~ 5" and &=5 Co &~ 5'. Then § C 5.

Proof: Let M and M’ be such that S = (M), S’ = x(M'). Applying the first two items of
proposition 3.26, we obtain M Cg M’ and M Co M, hence M C M’ and thus, by the last
item of the same theorem, S5 C 5’ ]

Now we can characterize our different notions of honesty in semantic terms.
THEOREM 3.27 ¢ is naively honest iff O¢p has a C-minimal model.

Proof: Using corollary 3.24 and proposition 3.26, the argument is straightforward:

® is naively honest < (definition)

S € ST(p) VS' € ST(p): 5C Y < (cor. 3.24)

AMVM' o e k(M) & p € k(M') = k(M) C k(M') < (def. k, prop. 3.26)

AMYM' : M = Op & M' = Dp = MC M & (def. 3.25)

3M which is C-minimal for Ogp .
ExamPLE 3.28 Figure 1 gives C-minimal models for pAg, O(pAg) and O(pAg), respectively.
As was announced in example 3.6, these formulas are thus naively honest by virtue of the M’
and M"”. Note that the existence of an empty balloon world such as in M and M’ makes a
model immediately Cg-minimal.

Figure 1: Three C-minimal models

THEOREM 3.29 ¢ is weakly honest iff Op has a Cg-minimal model.

Proof: Again a direct argument is possible:

¢ is weakly honest & (def. weak honesty)
S € ST(p) VS € 8T (p): 5 Co S < (cor. 3.24)
AMVYM' : o € k(M) & ¢ € K(M') = k(M) Co s(M') < (def. &, prop. 3.26)
IMYM' : M = Dp & M' = Op = M Co M' & (def. 3.25)

3M which is Cp-minimal for Oy
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ExAMPLE 3.30 The models M and M’ of figure 2 are Cg-minimal for O(pV¢) and OpV—Op,
respectively. Moreover, both models are Cg-minimal for O(Op v $g), thus proving that
Op V <©gq is weakly honest. This justifies claims of weak honesty made in examples 3.13 and

h (u)(w{.)

Figure 2: Two Eg-minimal models

Connecting strong honesty with a semantic notion requires one more definition.

DEFINITION 3.31 A model M is called strongly minimal for ¢ if M is Co-minimal in the
set {M'| M'"is Cg -minimal for ¢ }.

Note that strongly minimal models for ¢ are by definition Cg-minimal for ¢. Also note,
however, that a strongly minimal model need not be C¢-minimal.

THEOREM 3.32 ¢ is strongly honest iff O¢p has a strongly minimal model.

Proof:

(=) Assume S to be Co-minimal amongst the Co-minimal stable sets for ¢, and let M be a
model for which § = k(M) (corollary 3.24). We will show that M is strongly minimal for ¢,
i.e. M Co M’ for any M’ that is Co-minimal for ¢. Consider such an M'. Then, as in the
proof of theorem 3.29, k(M') is Co-minimal in §7 (). So, by assumption, k(M) Co k(M').
To draw the required conclusion M Co M, it suffices, because of proposition 3.26 (2), to show
that 7(M) Co w(M’). This is straightforward: a € #(M)NLy = M | Ca= M E O0Ca =
Ca€er(M)= Cacr(M)=> M ET0Ca= M E=Ca= aern(M).

(<) Let M be strongly minimal for O¢, and S = k(M). If S’ is some Cy-minimal stable set
for ¢, the proof of theorem 3.29 shows that the model M’ for which S’ = k(M) is Cy-minimal
for Op. We have to show that S Co S’. Since M was strongly minimal for O¢p, we have
that M Cg M’ and M Co M',i.e. M C M'. Hence, by proposition 3.26 (M) C x(M'), i.e.
S C S5 and so OOy € Th(M), then S Co 5. ]

ExaMmPLE 3.33  We argue that Op VvV Og is not strongly honest, proving the claim made
in example 3.18: consider the two models M and M’ that both have a balloon with two
worlds, one being the empty world; moreover M has a p-world (i.e. a world in which p is
true) that does not verify ¢, where M’ has a g-world that does not verify p. Both models
verify O(OpV <g) and the empty world guarantees that they are Cg-minimal for O(Op Vv Og).
But then we also see that there can be no model N for O(<Cp Vv ©g) for which both N To M
and N Co M': such a model N has to contain at least a p- or a g-world, if it has a p-world
then N Zo M', if it has a ¢g-world, then N Zo M.
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3.3 Disjunction Properties

One might want to have an even more direct condition providing honesty, without interference
of the notion of stability. Here, we will provide several syntactic, or perhaps rather deductive
characterizations for honesty. Inspecting the properties of saturated and stable sets, one
good candidate for this is the disjunction property, defined below. In fact, this property is
already mentioned in [HC84], be it that there it is a property of logical systems, rather than
of formulas. In partial logic the property should be slightly reformulated, and adapted to the
different notions of honesty.

DEFINITION 3.34  (Disjunction Properties)

Let ¢ € L. The following conditions determine when ¢ has the disjunction property (DP),
the propositional disjunction property (PDP) or propositional diamond disjunction property
(PDDP), respectively.

DP VECL: OptO¥=3dcec¥:0ptg

pDP VIIC Ly: OptOll=drell:0ptx

PDDP VIIC Lo: OpF O(Cay)o, Ol = 37 € I : Dy - O(Coy)o, O7
OBSERVATION 3.35

e All disjunction properties imply consistency. Take II, ¥ = () for the arguments II, Y in
the rules of the definition above.

e Note that Jp F ¢ & O - Oy for all ¥ € L. Furthermore, Op - OA,; Oy & Op B
OA, OOy for every formula 1. These are simple consequences of corollary 2.13. This
observation facilitates proving the next theorem about the relation between different
notions of honesty and the various disjunction properties which were presented in the
definition above.

THEOREM 3.36  (Disjunction properties and honesty)

¢ has the DP < is naively honest
¢ has the pDP < ¢ is weakly honest

¢ has the PDDP & ¢ is strongly honest

Proof: We start by proving the <=-direction for the stated equivalences. These are in fact al-
most immediate consequences of the modal saturation property of stable sets (Cf. proposition
3.2 item 3) and the various characterizations of minimal stable sets.

o Let ¢ be naively honest. This means it has a C-minimal stable set 5. Now suppose
Op F O, then S + OX. By modal saturation we know S NX¥ # . According to
theorem 3.7, § = Cuy, so for some 0 € ¥, Op - 0. In other words, ¢ has the
disjunction property.

o If ¢ is weakly honest, there is a similarly straightforward proof that ¢ has the ppP,
since by theorem 3.14: 35 € ST (¢) : So = (Cuy)o-
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e Let ¢ be strongly honest. Suppose O¢p = O(Coy)o, CII for certain II C Ly. The second
item in observation 3.35 tells us that

O¢ - 0(Cay)o, OOIL

Let S be Co-minimal amongst the Co-minima of S7 (). Again modal saturation shows
that there exists a ¢ € (Coy)o U Il such that ¢ € 5. On account of theorem 3.22 we
know that So = (Cuy)o, so ¢ must be some O7 in CII. We also know from 3.22 that
SNOLy = R<D>(p, so O € R<D>(p. By definition of the diamond remainder of O¢p, we
conclude that Oy - O(Cgy)o, O, the PDDP.

The =--direction of the proof is accounted for by the saturation lemma and the relation
between stability and saturation as formulated in proposition 3.4. Then following three
claims provide the desired results.

a. ¢ has the pp = {Op}<d Ay = OCp,UDOL,
b. ¢ has the pDP = {O¢} <Ay = O(Coy)oU 0Ly,
c. ¢ has PDP & PDDP = {Op} < Ag:=0(Coy)o U CRE, U (0L U OLo).

The following arguments show that these implications are sufficient.

1. ¢ has DP = (saturation lemma, claim a above)
30 € SAT : {0p} C O C OCg, UOL = (S =070, proposition 3.4)
35 € 8T(¢): 5 =Cnp, = (corollary 3.8)
¢ is naively honest.

2. ¢ has PDP = (saturation lemma, claim b above)
30 € SAT : {Op} C O C O(Cay)oUOLy = (S =070, proposition 3.4)
35 € 8T(¢): S0 =(Coy)o = (theorem 3.14)
o is weakly honest.

3. ¢ has PDDP = (saturation lemma, claim c)
30 € SAT : {0p} C O C O(Cayp)o UCRZ,UTL ULy = (S =070)
35 € 8T(p): So = (Cop)o & O(C78)o = RG, = (theorem 3.22)
¢ is strongly honest.

What remains to be shown are the three claims a — ¢ above. Recall that this boils down to
showing ¥ N A; # 0, for each ¥ for which Op - ¥ 7 < 3).

a Suppose @ has the DP and Op - X.

o If X NOL # 0, we immediately obtain ¥ N A; # 0.
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e If ¥ NOL = 0 then ¥ C OL, which means that ¥ = O%/ for certain ¥’ C £. DP
guarantees the existence of a ¢’ € ¥’ such that Oy I ¢’. Since this means that
O¢’ € OChy,, we may conclude £ N OCg, # 0, hence TN A; # 0.

b Suppose ¢ has the PDP, and O - 3.

If ¥ C OLg then, according to PDP, there exists Oo € ¥ such that Oy - ¢. This means
YN0O(Coylo #0. X € OLg, then ENOLy # . Consequently, in all cases X NA, # 0.

¢ Suppose @ has the PDDP, and Op - X.

o If BN (OLo UCLy) # 0 then TN Az # 0.
e Suppose X C OLy U CLg.
— K XN0O(Coy)o # 0, then also T N Az # 0.
— Take XN OLy C D(C—D(p)o. In this remaining case all formulas of 3 are either

of the form o7 with 7 € Lo or Op with ¢ € (Coy)o. Application of the rule
MON yields

Op F O(Cay)o, TN L.
According to PDDP this means that there exist ¢ € ¥ N GLy such that O -

0(Cuy)o, 0 and therefore o € <>R<D>(P. We conclude, also in this last case,
XN A3 ;é @ |

Since the disjunction properties are purely inferential and strictly related to the possibly
honest formula under inspection, and neither involves extension to a stable set that is minimal
in some sense, nor minimization in a class of models, they provide a convenient tool for
testing honesty. Disjunction properties are particularly useful for proving that some formula
is dishonest, as we will illustrate by reconsidering three examples.

ExaMmMPLE 3.37

e Using the PDP it easily follows that OpVOgq is not even weakly honest (Cf. example 3.13):
O(OpVOg) - OpV g, so O(OpVUq) F O{p, ¢}, yet O(OpV Oq) ¥ pand O(OpVOq) ¥ g
(where non-derivability is shown by providing a counter-model, as usual). That OpV —p
is not weakly honest has a similar proof, now by taking Il = {p, -p}, thus contradicting
the PDP.

e Some of the earlier proofs can also be simplified. For example, example 3.9 now has a
very easy proof: O(pV ¢) F OpVv OOg, yet O(pV g) I p and O(pV q) I <g, and thus DP
shows that p V ¢ is not naively honest.

e Though less comfortable, PDDP can be used for an alternative proof of example 3.18:
¢ = OpV g is not strongly honest since Oy F O(Cay)o, O{p, ¢}, D¢ I/ O(Cay)o, <p,
and g I O(Coy)o, Og. To show the latter, consider the model M from example 3.33.
M verifies Ogp, but does not verify <g, nor any element of 0(Cgy)o. To make this last
point, suppose that M |= O« for some o € Lo. Then in the empty balloon world e:
M. |= o, thus (by propositional persistence) |= a, and therefore a € (Cuy)o.
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4. CONCLUSION
We have described a new epistemic logic with the remarkable feature that on the one hand
knowledge implies truth, yet on the other hand truth does not imply epistemic possibility,
thus avoiding at least one type of logical omniscience. The logic is shown to be sound and
complete for so-called balloon models with partial interpretation.

This logic is then used as a vehicle to study circumscription of knowledge. We have
introduced different notions of honesty, each of which can be equivalently described in a
number of ways. This results in a hierarchy of honesty, since we can easily prove

¢ is naively honest = ¢ is strongly honest = ¢ is weakly honest.

Definitions of stability, minimality of models with respect to knowledge and disjunction
properties which are given the classical study of honesty [HM85] have been reformed in such a
way that they can successfully be transferred to partial logic for characterization of the three
notions of honesty which evolve from our system L. As a summary of these characteristics
the following table depicts them once more:

type || Stable sets | Balloon models | Disjunction properties
naive C-minimality C-minimality ordinary DP

weak Co-minimality C o-minimality PDP

strong || Co-min. among Co-min. | Co-min. among Cg-min. | PDDP

As we have illustrated on a number of examples, naive honesty is too strong (i.e. it yields
too many dishonest formulas). Weak honesty gives a similar analysis of honesty as Halpern
and Moses’ analysis. The notion of strong honesty is preferred within the partial approach.
By minimizing the ‘size’ of worlds, epistemic alternatives can be taken as small as possible.
Moreover, their number can also be reduced, since not only knowledge, but also possibilities
are minimized.

This additional optimization enables us to give an analysis of non-monotonic validity on the
basis of minimal knowledge states. The following ‘preferential’ consequence relation would
evolve from our concept of strong minimality.

¢ I~ ¥ < @ is strongly honest and for all strongly minimal § € S7(¢) : ¢ € S.

This relation intuitively denotes that, if ¢ is only known, then % is also known. Due to
our partial background logic, we find no entailment of irrelevant possibilities, e.g.:

p I Cq.

Notice that though many non-monotonic entailments that were valid for the classical sys-
tem S5 do not qualify for our partial system L, such entailment still differs from (partial)
consequence and derivability: we have, for example

(pVaq) ¥ Op & (pVg) b Op.

We can extend the latter example to show that ‘|~ ’ is indeed a non-monotonic relation: we
have for instance
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(pVq)A-p R Op.

This analysis shows the core difference with the classical approach of Halpern and Moses.
Their approach also predicts the two last observations, but with them possibility is the only
means to capture ignorance, and therefore &g follows from p in their definition of non-
monotonic inference.
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