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Structural Identifiability from Input-Output Observations
of Linear Compartmental Systems

J.M. van den Hof
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

In biology and mathematics compartmental systems are frequently used. System identification
of systems based on physical laws often involves parameter estimation. Before parameter esti-
mation can take place, we have to examine whether the parameters are structurally identifiable.
In this paper tests for the structural identifiability of linear compartmental systems are pro-
posed. The method is based on the similarity transformation approach. New contributions in
the theory are the conditions for structural identifiability of structured positive linear systems.
In addition, structural identifiability from the Markov parameters is extended to structural
identifiability from the input-output data, in which the initial condition is (partially) unknown
and non negligible. Finally, conditions are presented for structural identifiability of a sampled
continuous-time linear dynamic system.

AMS Subject Classification (1991): 93B30, 93B15,

Keywords and Phrases: system identification, compartmental systems, structural identifiability,
positive linear systems, realization.

1. INTRODUCTION

Mathematical systems that are frequently used in biology and mathematics are compartmental sys-
tems. Such a system consists of several compartments with more or less homogeneous concentrations
of material. The compartments interact by processes of transportation and diffusion.

In this paper we shall study linear compartmental systems consisting of inputs, states, and out-
puts. These variables are positive, so these systems are in system theory called positive linear
systems. In biology we often have some prior knowledge on the structure of the model. Therefore
we also fit compartmental systems in the class of structured linear systems, in which the parameters
of the system depend on a parameter vector.

Before estimating the parameters, we should examine whether the parameters are structurally
identifiable, i.e., whether we can in principle determine the parameters uniquely from the data. In
much of the literature on identifiability only local identifiability is treated, see [10, 26]. If a system is
locally identifiable, it may be the case that a countable number of solutions exist, so the parameters
cannot uniquely be estimated from the data. If a parameter is locally identifiable but not globally,
then the input-output data can be represented by at least two different parameter estimates for this
system. So we cannot decide which solution is a good estimate. In this paper attention is therefore
focused on global identifiability. There are several methods to test local identifiability, but only a
few of these can test global identifiability. These include the Laplace transform approach, described
in for example [1, 9, 13, 22], the Taylor series expansion approach, in for example [9, 22|, and the
exhaustive modeling or similarity transformation approach, see for example [3, 8,9, 13, 17]. The last
two approaches can also be applied, in an adapted version, to nonlinear systems, see [4, 27]. In [21]
a method using differential algebra is given. In this paper we mean global structural identifiability,



when we speak of structural identifiability.

It is difficult to predict a priori which approach will involve the least computational effort, but we
decided to use the similarity transformation approach for linear systems. A reason for this choice
is that the set of equations we have to solve consists of polynomials of smaller order than the sets
of equations appearing in most other approaches. According to Lecourtier and Raksanyi, in [17],
the similarity transformation approach is one of the most powerful when tested through symbolic
computation packages.

Because free and long-term experimentation is usually not possible, the estimation and identifia-
bility of the parameters of systems for human beings and animals involve more problems than for
e.g. electrical or mechanical systems, due to the scarcity of data. In many cases the initial condition
is (partially) unknown and non negligible. New in this paper is that the structural identifiability
from the Markov parameters is extended via structural identifiability from both the Markov pa-
rameters and the initial condition response to structural identifiability from input-output data, for
both discrete-time and sampled continuous-time linear dynamic systems. Also sufficient conditions
for structural identifiability of structured positive linear systems are given. These aspects are not
treated explicitly in the literature of system identification of compartmental systems. The main
results of this paper are Proposition 2.10 and the results in Section 3.

In this paper we shall discuss the structural identifiability of three models. Two of them have been
developed at the RIVM (Rijksinstituut voor Volksgezondheid en Milieuhygiéne, National Institute
of Public Health and Environmental Protection), Bilthoven, The Netherlands. At the RIVM inves-
tigations are performed to support policy makers in decision making on areas of public health and
environment. Decisions are based on the evaluation of control measures by mathematical systems.
The structural identifiability of a more general compartmental model has been discussed in [29].

This paper is organized as follows. In Section 2 the definitions and the theory for the test
of structural identifiability from the Markov parameters and the initial parameters are given. In
Section 3 the structural identifiability from the input-output data is treated. The three models are
examined in Section 4, 5, and 6, respectively.

2. DEFINITIONS AND PROBLEM FORMULATION

In this section formal definitions are given and the problem is posed.

2.1 Linear systems

We shall start with a general definition of a linear dynamic system. A dynamic system is a math-
ematical description for a phenomenon that arises in economy, technology, environment, etc. It
consists of inputs, states, outputs, and relations between these variables.

The notation we use is as follows. Z; = {1,2,...}, Z, = {1,2,...,n}, N={0,1,2,...}, R is the
set of real numbers, R™ is the n-dimensional vector space over R, and R™ ™ is the set of n X m
matrices with elements in R. Ry = [0, 00) is the set of positive real numbers. Denote by R the set
of n-tuples of the positive real numbers.

Definition 2.1 A linear dynamic system (continuous-time, time-invariant linear dynamic system
in state space form) is a dynamic system in which the state, input, and output space are X = R™,
U =R™,Y = R*, respectively, the time index set is 7' C R. The state, input, and output function
are related by

#(t) = Axz(t)+ Bu(t), z(to) = xo,

y(t) = Cz(t) + Du(t), (2.1)

where A € R"*", B € R**™, C € R¥*", D € RF*™, Denote the system by o and the class of
linear dynamic systems by LY. The indices n, m, k, the matrices A, B,C, D, and the initial state zq
are called the system parameters. Denote these system parameters by



LEP(n,m, k) = R x RnX™ x RkXn x Rkxm x Rn (A, B,C,D,zy) € LSP(n,m,k). O

In many models we can use some prior knowledge on the system parameters, derived from physical
laws and, in biological systems, from anatomical structure, biochemistry, and physiology. We can
incorporate this structural information in linear dynamic systems by the following definition.

Definition 2.2 A structured linear dynamic system is a linear dynamic system together with a
parameter set P C R" for some r € N and maps

A:P—>R" DB:P—-R“™™ (C:P—R" D:P—R™ g,:P— R"

The dynamic system will be represented by the equations

B) = A@a(t)+ Bpu(t), alt) = wo(p), 02)
y(t) = C(p)x(t) + D(p)u(t). '
Denote
SLXP(n, m, k) = {(A(p), B(p), C(p), D(p), o (p)) € LEP(n,m,k) | p € P}
and let f: P — SLXP(n,m, k) be the parametrization map
f(p) = (A(p), B(p), C(p), D(p), 20 (p))- -

From now on, f is assumed to be a polynomial map, unless stated otherwise. For most problems this
is not a restriction, since if f is not a polynomial map, a re-parametrization will give a polynomial
map, as can be seen in the case studies in Section 4, 5, and 6. In practice also the initial condition
is often (partially) unknown. Therefore the definition has been extended by the map

zo: P — R", 2(to) = zo(p)-

Definition 2.3 Consider a subset LY; of the set of linear dynamic systems LY, and denote the
corresponding set of parameters by LYP; and LXP. A parametrization of the set LYP; is a tuple
(P, f), for aset P C R" and a map f: P — LXP; that is onto or surjective. P is said to be the
parameter set and f the parametrization map. O

The key property of a parametrization, say (P, f) of LYP, is that it is onto: every element of LY.P;
is the image of an element in P under f.

The relation between inputs and outputs of a linear dynamic system in state space form is given
by the external behaviour of the linear dynamic system (2.1):

t
y(t) = Certa(ty) + [ W(t — s)u(s)ds + Du(t),
to
in which W : T — R**™ ig the function
W(t)=CettB, t>0.

W will be extended at t =0 to W(0) = D. The function W is called the impulse response function
of the system. It can completely be characterized by Markov parameters, defined as follows:

M) = D,
- ! & 1 ,
M@) = WW(t)th = g5 Ce™Bli=g =CA’™"B, j=1,2,....

We can view the Markov parameters M (0), M (1), M(2),. .. as a function M : N — R¥*™_ Denote by
M(k,m) the set of Markov parameters M : N — RF*™_ Define the map that associates the system
parameters of a linear dynamic system with the Markov parameters g : LYP(n,m, k) — M(k,m)

by



. D7 ‘:Oa

The function V : T — R*, defined by
V(t) = CeAlt=t)y(ty), t>to,

is called the initial condition response function of the system. This function can be characterized
by the initial parameters, defined as follows:

N() = 0,
. di-1 di-1 _ i .
N(@) = dii—1 V(t)|eyto = Ji1 CeAlt tO)CE(tQ)h:tO =CA gy, j=1,2,....

The initial parameters N(0), N(1), N(2),... can be viewed as a function N : N — R*. Denote
by N (k) the set of initial parameters N : N — R¥. Define the map that associates the system
parameters of a linear dynamic system with the initial parameters g; : LYP(n,m, k) — N (k) by

. 0, =0,
gl((A,B,C,D,mo))(J) = { CAj_IIQ ;: 1.2..... (24)

The other way around: in the literature (A, B, C, D) is called a realization of the impulse response
function W(t), and it is called a minimal realization if the dimension of the state space is as small
as possible [24]. In this paper the concept of realization is extended, as defined below.

Definition 2.4 Consider the set M(k,m) x N (k). A realization of {(M(j),N(j)),7 € N} €
M(k,m) x N (k) is a quintuple

(A,B,C,D,zo) € LSP(n,m, k),

such that
M) = D,
M(j) = CA7'B, j=1,2,...,
N() = o0,
N(j) = CA7 'z, j=1,2,....

A realization is said to be minimal if there exists no ny € IV, n; < n, for which there exists a
realization in LYP(n1,m, k). The realization is called weakly reachable if

rank (B AB .. A" B 2y Azg --- A"_lz'g) =mn,
and then the pair (A, (B zg)) is called a reachable pair. O

It can easily be seen that reachability of the realization, i.e. the pair (A4, B) is reachable, implies
weak reachability of the realization.

Proposition 2.5 The quintuple (A,B,C,D,zy) € LXP(n,m,k) is a minimal realization of the
associated {(M(7), N(j)),7 € N} if and only if it is weakly reachable and observable, i.e.

(A, (B zg)) is a reachable pair
and

(A4,C) is an observable pair.



Proof. Define B = (B ) € R™*(™*1) and D = (D 0) € R**(m+1)_ Then M(-) can be defined

as follows:
§0) = D=(D 0)=(M(©0) N(©)),
M(j) = CA™'B=(CA'B CA'z¢)=(M(j) N(@)), j=12,....
The result follows from the known result in realization theory of time-invariant finite-dimensional

linear systems: (A,B,C,D) is a minimal realization of the associated (M(j),j € N) if and only if
(A, B) is a reachable pair and (A4, C) is an observable pair. O

A subclass of the linear dynamic systems is formed by the positive linear systems. Positive linear
systems are linear dynamic systems in which the state, input, and output space are X = R,
U=R},Y = R’j_, respectively. A special class of positive linear systems is formed by the linear
compartmental systems. For a general text on this class of systems, see [13]. Linear compartmental
systems are positive linear systems of the form (2.1), for which conservation of mass holds. This
corresponds with the following requirements on the matrices of continuous-time linear systems.

e all elements of B, C, and D are nonnegative;

o for A = (asj)ij=1,....n, We have

aij >0,  i,j€{l,...,n}, i #j,

n n
a;; < — Z aji, or Zaﬁso, 1€ {l,...,n}.
=1

i=1,5#i
The models studied in this paper belong to this class of systems.

2.2 Structural Identifiability from Markov parameters and initial parameters

The problem in this paper is whether the parameters of a structured linear system are structurally
identifiable. This concept is defined below. Intuitively, structural identifiability is whether we can
uniquely determine the parameter values from the observations of inputs and outputs. Structural
identifiability has been introduced by Bellman and Astrém in [1]. Since then structural identifiability
of linear and nonlinear structured systems has been studied by many authors. Consider a structured
linear dynamic system of the form (2.2) with corresponding Markov parameters

N D(p)a J=0,
M) = { Cp)Ap)'B(p), i=12,..., (25)

and corresponding initial parameters

N 0, 1=0,
Ny(j) = { Cp)A(p)tzo(p), j=1,2,....

In the literature the following assumptions are made for structural identifiability.

Assumption 2.6 Conditions required for the use of structural identifiability from the Markov pa-
rameters of a structured linear dynamic system.

1. The dynamic system is stable;
2. The time horizon of the experiment is long relative to the dynamics of the system;

3. The possibility exists to experiment freely with the input function.



If assumptions 1 and 2 are satisfied, then the effect of the initial conditions may be neglected as
time proceeds. The resulting map from inputs to outputs is then

ymzlﬁnwwM@M+mmww

where W), : T — R¥*™ is defined by

_ D( )7 t=0,
”“”‘{c$¢@%@»t>a

Moreover, if also assumption 3 is satisfied, then it is possible to obtain the Markov parameters
M, (k) from the observations of inputs and outputs. Therefore knowledge of the inputs and outputs
is equivalent, under the conditions stated above, to knowledge of the Markov parameters. Then
identifiability of the parameters of a structured linear dynamic system may be phrased in terms of
the Markov parameters. For linear dynamic systems derived from biological models, the assumptions
2 and 3 are in general not satisfied. Free and long-term experimentation on human beings and
animals is usually not possible. Therefore the effect of the initial conditions cannot be neglected.
So, in this subsection, not only structural identifiability from the Markov parameters is treated,
but also structural identifiability from the initial parameters. Also the knowledge of the Markov
parameters and the initial conditions cannot just be derived from the inputs and outputs. The
structural identifiability from the input-output data will be considered in Section 3.

In the following we use terminology of algebraic geometry, see [16, X,§2,3]. A property is said to
be generic if it holds for all p € P C R" outside an algebraic set, and if there exists at least one
p € P for which it holds. An algebraic set is defined by a finite set of polynomials according to

{peP | filp)=0,..., f(p) =0},

where f; : P - R, ¢ = 1,...,k are polynomials. Intuitively, a property is generic if it holds
everywhere except at the zeros of some polynomials.

Definition 2.7 Consider a structured linear dynamic system in state space form

&(t) = A(p)z(t) + B(pu(t), «(to) = zo(p),
y(t) = C)z(t) + D(p)u(t),

with parametrization (P, f), f : P — SLXP;(n,m,k). Let g : SLXPy(n,m,k) — M(k,m) be as
defined in (2.3). Let gy : SLXPy(n,m, k) — N (k) be as defined in (2.4). The parametrization (P, f)
is said to be structurally identifiable from the Markov parameters and the initial parameters if the
map

(g,91)0 f : P — M(k,m) x N(k), ie. (gof(p),g10f(p))=(Mp,Np),
see (2.5) and (2.6), is injective for all p € P outside an algebraic set. O

Note that in general the map (g,g1) © f is not onto, the image of P under (g,g1) o f is a proper
subset of M(k,m) x A/(k). If there is no initial condition response, i.e. z¢ is negligible, then gy =0
and (P, f) is said to be structurally identifiable from the Markov parameters if go f : P — M(k,m)
is injective for all p € P outside an algebraic set. On the other hand, if there is no input, i.e. v =0
and B =0, then g = 0 and (P, f) is said to be structurally identifiable from the initial parameters
if the map gy o f : P — N(k) is injective for all p € P outside an algebraic set. Both cases can be
seen as special cases of Definition 2.7, so only the general case is treated. This general case is new in
the theory of structural identifiability. In most of the literature only structural identifiability from
Markov parameters has been considered.

The similarity approach for the test of structural identifiability is based on realization theory, see
for example [24]. For time-invariant finite-dimensional linear systems the realization problem has



been solved. From the solution of this realization problem, the realization of {(M(j), N(5)),7 € IN}
can easily be derived, by setting B = (B ) and D = (D 0). Hence equivalent conditions for
structural identifiability may be formulated. For other classes of dynamic systems, such as positive
linear systems, the realization problem is still open, so conditions for structural identifiability may
not be known. For the realization of positive linear systems, see [28, 30]. The necessary and sufficient
conditions for structural identifiability, to be derived in the sequel, may be calculated with the aid
of a symbolic calculation program.

Definition 2.8 Consider the structured linear dynamic system

i(t) = A(p)x(t) + Bp)u(t), x(to) = zo(p),
y(t) = C(p)z(t) + D(p)u(t),
with parametrization (P, f), f : P — SLXP;(n,m, k).

a This system is called structurally weakly reachable if, for all p € P outside an algebraic set,

rank (B(p) A(p)B(p) -+ A()"'B(p) wo(p) Alp)zo(p) - A(p)" 'zo(p)) = mn.
In this case one says that (A(-), (B(:) zo(+)) is a structurally reachable pair.

b This system is called structurally observable if, for all p € P outside an algebraic set,

In this case one says that (A(:),C(-)) is a structurally observable pair.

¢ This system is called structurally minimal if, for all p € P outside an algebraic set, it is a minimal
realization of its Markov parameters and its initial parameters. O

Theorem 2.9 Consider the structured linear dynamic system
i(t) = A(p)x(t) + Blp)u(t), x(to) = zo(p),
y(t) = C(p)x(t) + D(p)u(t),

with parametrization (P, f), f: P — SLXP1(n,m, k).

a This system is structurally minimal if and only if it is structurally weakly reachable and structurally
observable.

b Assume that the system is structurally minimal. Then this parametrization is structurally iden-
tiftable from the Markov parameters and the initial parameters if and only if for all p,q € P
outside an algebraic set and T € R™*™, nonsingular, the equations

A(p) =TA(q)T™", B(p)=TB(q), C(p)=C(q)T~", D(p) =D(q), zo(p) =Txo(q), (2.7)

imply that p = q. Under the assumption stated and for all ¢ € P outside an algebraic set, the
system of equations (2.7) for the pair (p,T) € P x R™*™, with T' nonsingular, has the unique
solution (p,T) = (g,I).

Proof. Setting B(p) = (B(p), zo(p)), this result follows directly from the main result of realization
theory for time-invariant finite-dimensional linear systems, since



M,(5) == C(p)A(pY' ' B(p) = (C(p)A() ' B(p) CW®A®I 'zo(p)) = (Mp(j) Np(5)),
for j =1,2,.... For references see [2, 14, 15, 24]. O

To obtain equations that are not too complex, we will rewrite Condition (2.7) as follows:
A(p)T =TA(q), B(p)=TB(q), C(p)T =C(q), D(p)=D(q), =o(p)=Tzo(q). (2:8)

Then we obtain polynomial equations that are linear in the elements of T', which are easier to handle,
see the subsection before Section 4.

Examples presented in [31] show that structural identifiability is not equivalent to structural
reachability, structural observability, and Condition (2.7). The point is that the parametrization
of a structured linear system may be structurally identifiable but not structurally reachable. For
modelling reasons, it is preferred to deal with systems that are structurally minimal. The modelling
procedure used in mathematical biology can produce an interconnection of linear compartmental sys-
tems each of which is a minimal realization, but this interconnection is not be a minimal realization
of its Markov parameters.

For positive linear systems, i.e., with input, state, and output positive, the conditions given in
Theorem 2.9 are only sufficient, not necessary.

Proposition 2.10 Consider the structured positive linear system
&(t) = A(p)z(t) + B(p)u(t), «(to) =zo(p),
y(t) = C(p)x(t) + D(p)u(d),

with parametrization (P, f), f : P — SLXP;i(n,m,k). The parametrization (P, f) is structurally
identifiable from the Markov parameters and the initial parameters if the following conditions are
satisfied:

1. this system is structurally weakly reachable and structurally observable in the sense of Defini-
tion 2.8;

2. Condition (2.7) implies p = q for all p,q € P, outside an algebraic set, and T € R™ ",
nonsingular.

Proof. If a linear dynamic system is structurally minimal as an ordinary linear system, it is definitely
minimal as a positive linear system. O

3. STRUCTURAL IDENTIFIABILITY FROM INPUT-OUTPUT OBSERVATIONS

In Subsection 2.2 a solution has been presented for the problem of structural identifiability of the
parameters from the Markov parameters and the initial parameters. In this section the problem
of structural identifiability from the input-output observations will be solved. Since observations
usually appear in discrete-time, first the discrete-time case will be treated in Subsection 3.1, and in
Subsection 3.2 the continuous-time case will be considered in case of discrete sampled data.

3.1 Discrete time
In this subsection, linear dynamic systems in discrete-time, represented by

z(t+1) Az(t) + Bu(t), z(to) = o,
y(t) Cu(t) + Du(t),

where z € R, y € R¥, u € R™, t € T C Z, are considered. The Markov parameters and the initial
parameters for the discrete-time case are defined analogously to the continuous-time case:

M@©) = D,

(3.1)



M(j) = CA7'B, j=1,2,...,
N(0) = 0,
N(J) = CAj_lmOa

and the set of such parameters is also denoted by M(k, m), N'(k), respectively. As Liu and Suen in
[20], we will use the following notation. From (3.1) we obtain

Y(l,4,5) = R(§)X(l,1,5) + P(i)U (1,1, §) (3.2)
with
c D 0 0 0
CA CB D 0 - 0
R(i) = .|, P@=| ¢4B OB b 0,
i1 : O
CA CA 2B CA“S3B CA" B --- D
y() y(+1) - y(l+5i-1)
yl+1)  y(l+2) --- y(l +7)
Y(l,l,]) = - - N ’
y(l+i—-1) y(l+i) - y(l+i+j—2)

and U(l,4,7) and X (l,4,j) are defined similarly to Y'(I,4, j). In this subsection we take t, = 1.
In the paper of Liu and Suen [20], Corollary 3 is not correct. A corrected version is given by the
same authors in [25]. Another version is given in the following proposition.

)

Proposition 3.1 Let a length N input-output sequence be ‘“identifiable by systems of dimension n
(in the sense of [20]) and let X(n) = (A, B,C, D) be a representation for some initial state z(1),
such that (3.1) is satisfied for the considered input-output sequence. Then

1. (A,C) is an observable pair;
2. z(1) is uniquely determined by ¥(n);
3. (A,(B z(1))) is a reachable pair.

Proof. 1. This follows from Theorem 2 in [20].

2. Since (A,C) is observable, z(1) can uniquely be determined from the length N input-output
sequence, by definition of observability.

3. Suppose (A, (B z(1))) is not reachable. Define B = (B z(1)). Then there exists a nonsingular
matrix L € R™*™ such that

ALt = (An 4w , Aj € RM*™M pl <,
0 Ay
~ By z:(1
LB = L(B .75(1))=(01 lé)),
CL™' = (€1 C3).

It follows that X(n;) = (A11,B1,C1, D) is another representation with initial state z;(1) € R™,
contradicting Corollary 2 in [20]. So (A4, (B z(1))) is a reachable pair. O

To adapt the terminology of Liu and Suen to the terminology in this paper, the following proposition
is stated.
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Proposition 3.2 An input-output sequence is ‘identifiable by systems of dimension n’ (in the sense
of [20]) if and only if the Markov parameters and the initial parameters can uniquely be determined
from the input-output sequence considered.

Proof. An m-input-k-output sequence is ‘identifiable by systems of dimension n’ (in the sense of
[20]) if and only if (by definition) there exists a representation (41, B1,C1, D1,z1(1)) € LYP(n,m, k)
satisfying (3.1) for the considered input-output sequence, and any other representation of dimen-
sion n satisfying (3.1) for the input-output sequence is isomorphic to (A, B1,C1, D1,21(1)), i.e.,
(Aa, B2,C4, Do, z2(1)) € LEP(n,m, k) is another representation satisfying (3.1) for the input-output
sequence, if and only if there exists a T € R™*™, nonsingular, such that

(Ag, B27 02, DQ, .'Ez(].)) = (TAlT_l, TBl, ClT_l, Dl, T.’El(].))

For all those isomorphic representations, the Markov parameters and the initial parameters are
exactly the same, so (A;,B;,C1,D1,z1(1)) and its isomorphisms are realizations of these Markov
parameters and initial parameters. From Proposition 3.1 it follows that (A4;,(B1 z1(1))) is a
reachable pair and (A4;,C}) is an observable pair, so (41, B;,C1, D1,21(1)) and its isomorphisms
are exactly all minimal realizations of these Markov parameters and initial parameters.

On the other hand, the Markov parameters and the initial parameters can uniquely be determined
from the input-output sequence if and only if there exists a minimal quintuple (A4, B,C, D, z(1)) €
LXP(n,m, k), which is unique up to an isomorphism, such that (3.1) is satisfied for the considered
input-output sequence. This proves the proposition. O

Proposition 3.3 Consider a discrete-time linear dynamic system

z(t+1) = Az(t) + Bu(t), =z(1)= =z, (3.3)
y(t) = Ca(t) + Du(t), '
where * € R*, y € R¥, w € R™, t = 1,2,3,.... Assume (A,C) is an observable pair. Let q be

the smallest integer for which rank(R(q)) = rank(R(n)). Let S(q) be the sequential selector matriz
associated with R(n) as defined in [20]. The Markov parameters and the initial parameters can
uniquely be determined from a length N input-output sequence associated with a linear dynamic
system of the form (3.8) if and only if

rank (U (lelq’“;ﬂ ;)Q)) —n+mg+1). (3.4)
Moreover, necessary conditions are

rank(U(1,q+ 1,N —q)) =m(q+ 1), (3.5)
and

N2>n+m(g+1)+gq. (3.6)

Before proving Proposition 3.3, the following lemma will be proved.

Lemma 3.4 Consider a discrete-time linear dynamic system of the form (3.3). Assume (A,C) is
an observable pair. Let q be the smallest integer for which rank(R(q)) = rank(R(n)). Let S(q) be
the sequential selector matriz associated with R(n) as defined in [20]. Then

U(15q+15N_q) — U(17q+17N_q)
rank (S(q)Y(l,q,N— q)) = rank ( Y(1,q,N —q) ) . (3.7)

Proof of Lemma 3.4. Note that the numbers within the square brackets of the citation refer to
the corresponding numbers of the equations in [20]. Using



U(l,q,N—q):(I 0)U(1,q+1,N—q), (3.8)
with I € R™2%™7 and 0 € R™4*™, we have
S(@)Y(1,q,N —q) S(@{R(¢)X(1,1,N —q) + P(9U(1,q,N — q)}

U(l,g+1,N —q) )
S(q {R(q (1,1, N—¢q)+P(q) (I 0)U(l,q+1,N—q)}

_ ( 0)( U(l,q+1,N —q) >
S(@P(@) (I 0) I)\S@R@X1,1,N-q))"
The first equality follows from (3.2) and the second equality follows from (3.8). Hence we obtain

rank(U(l,qHN mk( U(Lg+1,N —q) )
S( 9)

S(qY(1,¢q,N Q)R(¢)X(1,1,N -

U(17Q+ 17N_q)
rank (R(q)X(l, I,N - q)> !

where the second equality follows from [20, (9)]. Again due to (3.8) above, we have

(RgAiin=y)

( U(l,g+1,N —q) )
Y(1,9,N —q) — P(q)U(1,¢,N —gq)

= (—P(q)I(I 0) ?) (Ug(f;%\—[;)@)

SO
rank = rank .
(R(q)X(l, LN —q) Y(1,¢,N —q)
This proves the lemma. O

Proof of Proposition 3.3. The first part follows immediately from Theorem 7 of [20] and Proposi-
tion 3.2, using Lemma 3.4. For the second part, note that the matrix in the left hand side of (3.7) has
rank(S(q))+m(g+1) rows, which is equal to n+m(g+1), since (A, C) is observable. So a necessary
condition for (3.4) is that U(1,¢+1, N —q) has full row-rank, i.e. rank(U(1,¢q+1, N—q)) = m(g+1).
The matrix

(U(xl(f;r o ;)q))

has N — ¢ columns, so for (3.4) also N —q¢>n+m(g+1),or N >n+m(q+1)+gq,is a necessary
condition. O

Remark 3.5 Structural identifiability from discrete-time Markov parameters and initial parameters
is defined analogously to the continuous-time case, described in Subsection 2.2. Definition 2.7 and
2.8 and the conditions in Theorem 2.9 and Proposition 2.10 can directly be transferred to the
discrete-time case. O

For a given input-output sequence the following theorem can be used to decide whether the parame-
ter p can uniquely be determined or not.

Theorem 3.6 Consider a discrete-time structured linear dynamic system of the form

z(t + 1) = A(p)m(t) + B(p)u(t), m(1) = z0(p)7 (3 9)
y(t) = C(p)x(t) + D(p)u(t), '
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with parametrization (P, f), f : P — SLYP(n,m, k). Assume that a length N input-output sequence,
u(1),u(2),...,u(N),
¥(1),9(2), .-, y(N),

associated with the dynamic system (3.9), is given. If

1. the system s structurally weakly reachable and structurally observable;

2. for all p,p € P outside an algebraic set S and for all T € R™ ™, nonsingular, the equations
AT =TA(p), Bp)=TB({H), C®T=C®), D) =D®), zolp)=Tzo(p),

imply that p = p;

U(15q+15N_q) —
3. rank( Y(1,q,N —q) =n+m(g+1),

in which q is the smallest integer such that rank(R(q)) = rank(R(n)) for all p € P outside an
algebraic set So;

then the parameter p can uniquely be determined from the considered input-output sequence, provided
p € P\ (S1US3). Also for structured positive linear systems the result holds true.

Proof. From Proposition 3.3 it follows that the Markov parameters and initial parameters can
uniquely be determined from the length N input-output sequence if and only if

rank( Y(1,0,N —q) =n+m(qg+1).

So, from Condition 1 and 3 it follows that the Markov parameters and the initial parameters can
uniquely be determined from the considered length N input-output sequence for p € P\ S3. From
Condition 1 and 2, it follows that the parametrization (P, f) is structurally identifiable from the
Markov parameters and the initial parameters, i.e., the parameter p can uniquely be determined
from the Markov parameters and the initial parameters, provided p € P\ S;. Conclusion: under
the conditions stated, the parameter p can uniquely be determined from the considered length N
input-output sequence for p € P\ (S; U S3). O

Below an algorithm is given to determine the Markov parameters and the initial parameters from
a length N input-output sequence for which (3.4) holds. First some terminology is introduced.
For k,m € Zy, let Q(k,m) = M(k,m) x N(k), and denote by Q(k,m,n) C Q(k,m) the set of
Markov parameters and initial parameters in @Q(k,m) that admit a minimal realization of state
space dimension n. For (M(5),N(j),j € N) € Q(k,m,n), let (A,B,C,D,zy) € LXP(n,m, k) be
a minimal realization of the Markov parameters M (j) and the initial parameters N(j). Define

M(5) = (M(5) N(§)), for j € N, and B = (B ). For r,p € Z,, consider the Hankel matrix

M(1) M(@2) - M(p)
Hir.p) = M.(Z) M(3)
M) - o M(ptr-1)

Algorithm 3.7 Consider an unknown discrete-time linear dynamic system of the form (3.3), where
r€R" ye R ue R™, t=1,2,3,.... Assume n,m, and k are known and it is given that (A4, B)
is a reachable pair and (4, C) is an observable pair. Let a length N input-output sequence of this
system be given.
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Step 1 Construct ¢ and S(g) with the MD algorithm in [20].

U(15q+]—5N_q)

Step 2 If rank
P ran ( Y(laQ7N_q)

) =n + m(q + 1) goto step 3, else stop.

Step 3 Calculate T; € R**™ for j =0,1,...,q, and K; € R**" with

(T, -+ To Ki)=(y(g+1) --- MND(Z%?&;%ig)_’

in which R=* = RT(RRT)~!, a right-inverse of R.

Step 4 Calculate

M(©) = Ty, (3.10)
0
. M(j—1) . » .
M(j) = T;+ Ki15(q) : , with 0€ RFa=Dxm  for 5 =1,...,q, (3.11)
M(0)
M(j)
M(g+j) = KiS(q) forj=1,...,N —gq, (3.12)
M(g+3j—1)
N () y() e
: = N P S C)N I P (3.13)
N(q) y(q) u('q)
NG)
N(g+j) = KiS(9) forj=1,...,N —gq. (3.14)
N(g+3j—1)

Proposition 3.8 Consider an unknown discrete-time linear dynamic system of the form (3.3),
where x € R®, y € R*¥, w € R™, t = 1,2,3,.... Assume n,m, and k are known and it is given that
(A, B) is a reachable pair and (A,C) is an observable pair. Let a length N input-output sequence of
this system be given. If (3.4) holds, Algorithm 3.7 constructs uniquely the Markov parameters and
the initial parameters for the considered length N input-output sequence.

Proof. See Appendix A. O

What can be said about the structural identifiability of the parametrization (P, f) from a length N
input-output sequence?

First, notation is introduced. U4~ and Y%~ denote the set of sequences of length N with elements
in U and Y, respectively. Define the map Gz : P — Y%V as follows. Define Fy : P — Q(k,m) by
F; =(g,g1) o f, with (g,91) o f as defined in Definition 2.7.

Let Hy : Q(k,m) — Y2~ for @ = (u(1),...,u(N)) € U%~ be the map from the set of Markov
parameters and initial parameters to the length N output sequences (y(1),y(2),...,y(N)) € Y2~
such that

t
y(t) =D _ M(t—syu(s)+ N(t), t=1,2,...,N,
s=1



14

in which M (j) and N(j), for j € N, denote the Markov parameters and initial parameters, respec-
tively. Now define G4 : P — Y?¥ by G4 = Hg o Fy.

Definition 3.9 Consider a discrete-time structured linear dynamic system of the form (3.9) with
parametrization (P, f), f : P — SLXP(n,m, k). The parametrization (P, f) is said to be structurally
identifiable at w € U%N from the length N output sequence § € Y2V associated with the dynamic
system (3.9) for input @ if

Gja:P —Y?N
is injective for all p € P outside an algebraic set, with Gy z defined above. O

The following theorem gives conditions under which the to be performed experiment will give enough
information to estimate the unknown parameters uniquely.

Theorem 3.10 Consider the discrete-time structured linear dynamic system of the form (3.9), with
parametrization (P, f), f : P — SLXP(n,m, k). Consider a length N input sequence,

u = (u(1),u(2),...,u(lV)).
If
1. the system is structurally weakly reachable and structurally observable;

2. for all p,p € P outside an algebraic set and for all T € R™*™, nonsingular, the equations
A(p)T =TA(p), B(p)=TB(p), CMET=CH), Dp)=D®), =o(p)=Tzo(p),

imply that p = p;

3. N > q+m(q+1)+n, in which q is the least integer such that rank(R(q)) = rank(R(n)) for
all p € P outside an algebraic set;

4. rank(U(1,¢ +1,N —q)) = m(q + 1);

then the parametrization (P, f) is structurally identifiable at @ = (u(1),u(2),...,u(N)) from the
length N output sequence §j € YZN associated with the dynamic system (3.9) for input .

For a structured positive linear system the same conditions imply structural identifiability at @ from
the length N output sequence § € Y?N associated with the positive linear system (3.9) for input .

Proof. Because of Condition 1 and 2, Fy : P — Q(k,m) is injective for all p € P outside an
algebraic set. Because of Condition 1, Fy maps P into Q(k,m,n). The map Hy defined above,
restricted to Q(k, m,n), is generically injective, since the Markov parameters and initial parameters,
ie. M(0),M(1),...,M(q),N(1),N(2),...,N(q), and K; can uniquely be determined if Condition 3
holds and if

U(17q+17N_q) —
raJnk<5(t1)Y(1,q+1,N—q) =n+mlg+1),

which holds generically if Condition 4 holds. It follows that the map Gy = Hz o Fy: P — YZ¥ is
generically injective, i.e. injective for all p € P outside an algebraic set. O

3.2 Continuous time

In the previous subsection the problem of structural identifiability from input-output observations
is solved for systems in discrete-time. However, most compartmental models are continuous-time,
whereas the observations are discrete-time. Therefore the system has to be sampled with a sufficient
small sampling time A. Before stating the main result, some preliminaries must be discussed.
Suppose the input is constant over the sampling interval A:
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u(t) = ua(j) =u(ja), jA<t<(G+1)A.
Then the system (2.1) can be written in discrete-time as follows, with za (t) = z(tA), ua(t) = u(tA),
and ya(t) = y(tA). Assume tg = A, such that z(tg) = za(te/A) = za(1),
za(t+1) = Aza(t) + Bua(t), za(l) =z,
ya(t) = Cazal(t) + Dualt),
t=1,2,3,..., where

A
= / A" Bdr.
0

Define ha : Q(k,m) — Q(k,m) as the map that associates the Markov parameters and the initial
parameters in the continuous-time case with the Markov parameters and the initial parameters in
the discrete-time case as follows. Let ((M(3),N(5)),7 € N) € Q(k,m) be the Markov parameters
and the initial parameters in the continuous-time case, and let (4, B,C, D, zo) € LXP(n1,m, k) for
n1 € IN be a minimal realization. Defining A and B as above, and

(3.15)

(0) = D,
(j) = CA'B, j=1,2,...
N() = o,
N(@G) = CA™ 'z, j=1,2,...
then ha is defined by

ha(M(5), N(5)) = (M(5),N(5)), §=0,1,2,....

Since ha does not dependent on the choice of the minimal realization (A4, B C,D,zy), it is well
defined. Indeed, if another minimal realization (A;, B;,Cy, Dy, z}) = (TAT-Y,TB,CT~',D,Tx)
is considered, with 7' € R™*™  nonsingular, then

A
ClAlB, = oT-1eTAT A / eTAT" T Bdr
0

A
= COT 'TeAiAT1 / TeA™T~'TBdr
0

A
= CeAjA/O eA" Bdr
= CA'B,
and
CiAlzy = oTteTAT ATz = Cetitry = C Az,
for 7 =0,1,2,

Let o(A) denote the spectrum of A and Im(A) the imaginary part of A. Let W C R™*™ be such
that the set

KW)={Im(A\) e R|A€o(4), Ac W}
is bounded. Define (W) as follows.

r(W)= —2

sup KOV) if supK(W) >0, elser(W)=o0.
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Note that r(W) is strictly positive, since K(W) is bounded. Denote by Qw (k,m,n) C Q(k, m,n)
the set of Markov parameters and initial parameters in Q(k, m,n) that admit a minimal realization
(A,B,C, D, zy) of state space dimension n with state transition matrix A € W.

Lemma 3.11 Let the map ha and the set W be as defined above. If 0 < A < 7(W), then
1. ha is injective on Qw(k,m,n);
2. ha maps Qw(k, m,n) into Q(k,m,n).

Proof. See the Appendix B. O

A still open question is whether

c
¢ R CA
rank(R(q)) = rank : =n implies rank(R(q)) = _ —n.
-1 .
o CAs1

This problem is not solved yet. What is known is the following. From Lemma 3.11 it follows that
rank(R(q)) = rank(R(n)) = n implies rank(R(n)) = n. This can be weakened to rank(R(r)) = n,
with 7 = n + 1 — rank(C), see [15]. Note that ¢ < r < n, for C # 0. If a sampled length
N input-output sequence is given, ¢ can be determined with the MD algorithm in [20]. For a
given input-output sequence the following theorem can be used to decide whether the parameter p
can uniquely be determined or not. Ua(l,%,5) and Ya(l,%,7) are defined similarly to U(l,4,5) and
Y(l,4,7) in the previous subsection, but with ua(-) and ya(-) instead of u(-) and y(-).

Theorem 3.12 Consider a continuous-time structured linear dynamic system of the form (2.2),
with parametrization (P, f), f : P — SLYXP(n,m, k), in which P is such that for the set

Wp = {A(p) € R**" | p € P},
the set
K(Wp)={Im(A\) e R| X €c(A), AcWp}
1s bounded. Assume that a sampled length N input-output sequence

uA(l),uA(Z), ... ,UA(N),
ya(1),ya(2),...,ya(N),

associated with the sampled version of (2.2) is given, and let ty = A. Let the integer q be constructed
with the MD algorithm in [20]. If

1. the system is structurally weakly reachable and structurally observable;

2. for all p,p € P outside an algebraic set S and for all T € R™*™, nonsingular, the equations

A(p)T =TA(p), B(p)=TB(p), C()T=C(B), D(p)=D(), zo(p)="Tzo(p),
imply that p = p;

5 rank( YA(I,Q,N—Q)

4. the sample time A has been chosen so small that

)=n+m(q+1);
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0<A<r(Wp);
5. the continuous-time input is constant over each sampling interval A:
uw(t) =ua(f), JALt<(j+1)A;

then the parameter p can uniquely be determined from the considered sampled input-output sequence,
provided p € P\ S. Also for structured positive linear systems the result holds true.

Proof. From Proposition 3.3 it follows that the discrete-time Markov parameters and initial pa-
rameters can uniquely be determined from the sampled length IV input-output sequence if and only

if

UA(15q+15N_q) _
rank( Ya(l,q,N — q) =n+m(qg+1).

So, from Condition 1 and 3 it follows that the discrete-time Markov parameters and initial parame-
ters can uniquely be determined from the considered sampled length IV input-output sequence. The
map ha is injective on Qw, (k, m,n), because of Condition 4 and 5, so the continuous-time Markov
parameters and initial parameters can uniquely be determined from the discrete-time Markov pa-
rameters and initial parameters. From Condition 1 and 2, it follows that the parametrization (P, f)
is structurally identifiable from the continuous-time Markov parameters and initial parameters, i.e.,
the parameter p can uniquely be determined from the continuous-time Markov parameters and ini-
tial parameters, provided p € P\ S. Conclusion: under the conditions stated, the parameter p can
uniquely be determined from the considered sampled length N input-output sequence for p € P\ S.

O

For the structural identifiability of the parametrization (P, f) from the data, let CAr”f,,—LA P> Y?ZN
be defined as follows. Let the maps Fy : P — Q(k,m) and Hg, : Q(k,m) — Y%~ be as defined in
Subsection 3.1. Let ha : Q(k,m) — Q(k,m) be the map defined at the beginning of this subsection.
Now define C;’f,ﬁA :P - Y?~ by C;'f,ﬁA = Hg, o ha o Fy.

Definition 3.13 Consider a continuous-time structured linear dynamic system of the form (2.2),
with parametrization (P, f), f : P — SLXP(n,m,k). The parametrization (P, f) is said to be
structurally identifiable at a sampled un € U?N from a sampled length N input-output sequence
ga € YN associated with the sampled version of the dynamic system (2.2) for input @ if

G fan i P— Y
is injective for all p € P outside an algebraic set, with éf,ﬁA defined above. O

The following theorem gives conditions under which the to be performed experiment will give enough
information to estimate the unknown parameters uniquely.

Theorem 3.14 Consider the continuous-time structured linear dynamic system of the form (2.2),
with parametrization (P, f), f : P — SLYP(n,m, k), in which P is such that for the set

Wp = {A(p) € R™*™ | p € P},
the set
K(Wp)={Im(A\) e R| A €a(A), AecWp}

is bounded. Let rank(C(p)) = c for all p € P outside an algebraic set. Consider a sampled length N
input sequence,
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aa = (ua(1),ua(2), ..., ua(N),
in which A € (0,00) is the sampling interval, and let to = A. If
1. the system s structurally weakly reachable and structurally observable;

2. for all p,p € P outside an algebraic set and for all T € R™*™, nonsingular, the equations
A(p)T =TA(p), B(p)=TB(p), CET=CE), Dp)=D®), =o(p)=Tzo(p),
imply that p = p;
3 N>r+m(r+1)+n, in whichr =n+1—c.
4. rank(Ua(1,7 +1,N — 7)) =m(r + 1);

5. the sample time A has been chosen so small that
0<A<r(Wp);

6. the continuous-time input is constant over each sampling interval A:
u(t) =ua(f), JASt<(G+1)A

then the parametrization (P, f) is structurally identifiable at 4a from the sampled length N output
sequence Ja € YZN associated with the sampled version of the dynamic system (2.2) for input .
For a structured positive linear system the same conditions imply structural identifiability at ua
from the sampled length N output sequence ja € Y4 associated with the sampled version of the
positive linear system (2.2) for input @a.

Proof. Because of Condition 1 and 2, Fy : P — Q(k, m) is injective for all p € P outside an algebraic
set. Because of Condition 1, Fy maps P into Q(k, m,n), actually into Qw, (k,m,n) C Q(k,m,n),
for Wp = {A(p) | p € P}. With Lemma 3.11, it follows that ha : Q(k,m) — Q(k,m) is injective
on Qw, (k,m,n), because of Condition 5 and 6, so ha is injective on the range of Fy. Let ¢ be the
least integer such that

C(ZZ) C(gz)
rank(f{(q)) = rank C(p):A(p) = rank C’(p):A(p) =n.
C(p)A(p)it C(p)A(p)™!

Note that ¢ < 7. From Condition 4, which says that Ua(1,7 + 1, N —r) has full row-rank, it follows
that the sub-matrix Ua(1,q + 1, N — r) has full row-rank, i.e.,

rank(Ua(1,g+ 1, N —r)) =m(g +1),
which implies that also
rank(Ua(1,¢ +1,N —q)) = m(qg +1).

So the discrete-time Markov parameters and initial parameters can uniquely be determined if Con-
dition 3 holds and if for a sequential selector matrix S(q)

Ua(l,g+1,N—q) \ _
rank (S(q)Y(l,q+ 1LLN—q) )~ n+m(g+1).

The latter condition holds generically if Condition 4 holds. It follows that Gy g, = Ha, o ha o Fy :
P — Y?~ is generically injective, i.e. injective for all p € P outside an algebraic set. O
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Introduction to the case studies

Before starting with the case studies, we will first consider in this subsection the practical side of
checking the conditions, mentioned in Subsection 2.2.

For the test of structural (weak) reachability (and structural observability, which is the dual of
structural reachability) several methods are available. Lin [19] used a graph theoretic approach for
the single-input case. Shields and Pearson [23], Glover and Silverman [7], and Davison [6] extended
this to the multi-input case in terms of matrix algebra. But we can not use these theories, because
the parameters in the case studies are in general not independent, which is a necessary condition for
applying these methods. If a parameter appears twice in the matrices A(p), B(p), C(p), and D(p),
then the independence assumption may not be satisfied. We can check the structural reachability
and structural observability of the case studies by the method of Grobner basis, using the symbolic
manipulation package MAPLE, [5], with the theory of Habets [11].

To check the Conditions (2.8) by the method of Grébner basis, using MAPLE is quite complicated.
For systems with state space dimension n < 3 it will work fast, but for larger systems it turns out
to be very time consuming. Sometimes the MAPLE function ‘solve’ will give solutions (q,T') for
the Conditions (2.8), but this is not always possible. In some cases the object is too large to be
solved by the MAPLE function ‘solve’.

4. CASE STUDY 1: NITRATE MODEL

The first case study concerns a model for the uptake and dispersion of nitrate in the human body,
developed at RIVM, [32]. Four compartments are considered: nitrate (NOj3 ) in the stomach, the
body pool, and the saliva, and nitrite (NO; ) in the saliva, as shown in Figure 1.

+u1

T
NO5
stomach
Ka KT
b/V, Iz
NO;
body pool J K =uy
K,
T3 T4 b/v‘S
NO3 NOy
saliva K; saliva

Figure 1: Nitrate model
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The model may be described by the following differential equations:

fEl =

T
T3

T4

b
—Kyz1 + 75933 + ug,
Ka.'El - (Kg + KT)$2 + K,

b
Kyzo — (K71 + 75)13,

Kizz — Vmb
S

in which 21,22, and z3 denote the amount of NO3 in the stomach, the body pool, and the saliva,
respectively, and x4 denotes the amount of NO; in the saliva. u; denotes the uptake of nitrate.

K, absorption rate constant;

b saliva production;

Vs, volume of saliva compartment;

Ky excretion rate constant for NO3 from body pool into saliva;
Kr excretion rate constant;

K rate constant for conversion of NOj3 into NOJ;

K endogenous NOj synthesis rate;

Vy NOj distribution volume.

We assume the constants K, K1, and V3 to be known. The unknown parameters are K,, Ko, K1,b,
Vs, and the initial condition zo. We can observe the concentration of NOj in the body pool and
the saliva, and the concentration of NO; in the saliva, i.e., we can observe x5 /Vy, 23/Vs, and z4/V5.
Using the following re-parametrization

b 1
a:Ka’ ﬂ=K27 ’Y:Kla 6275’ 6=7§7
which is a bijection for the unknown parameters, for V; # 0, defining
1
h1 =K hy = —.
1 T, 2 Vd

and taking as input vector u = (ul K )T, we obtain the following structured linear system,

& = A(p)z+ B(p)u, =z(to) = zo(p),
y = C(p)z,
. T
Wlthz:(ml T2 I3 Z‘4) 7p:(a7ﬁ3’776767§017§027¢37¢4)7
—« 0 1) 0 1 0
. a —fB-h 0 0 101
0 0 ol -6 0 0
0 hy 0 0 ¥1
Cp) = [0 0 e 0], zp=|7"
0 0 0 e 3
P4

Formally this system is parametrized by the parametrization (P, f), with

P = {(a,,@,*y,&,s, ©P1,%2, (P37¢4) € R?I_ C Rg},
fp) = (A(p),B(p),C(p),z0o(p)) forpeP.

Note that f is a polynomial map, thanks to the re-parametrization.
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Proposition 4.1 The parametrization (P, f) of the structured linear dynamic system described
above is structurally identifiable from the Markov parameters and the initial parameters as a positive
linear system.

Proof. Because this system is a positive linear system, Proposition 2.10 is used to check structural
identifiability. We start with structural minimality of the system seen as an ordinary linear dynamic
system. For structural weak reachability, we have to check whether

rank(B(p) A(p)B(p) A(p)°’B(p) A(p)°B(p) zo(p) A(p)zo(p) A(p)’zo(p) A(p)*z0(p)) =4
outside an algebraic set. Using [11] and MAPLE, [5], the pair (A(p), B(p)) turns out to be struc-
turally reachable, so also (A(p),(B(p) =zo(p))) is a structurally reachable pair. Calculation by
hand gives the same conclusions.
For the structural observability, we use the same method as for the structural reachability, and
we conclude that (A(p), C(p)) is structurally observable. Calculations by hand give the same con-
clusions, both for structural weak reachability and structural observability.

Now we may check structural identifiability by the similarity approach. For p € R?, find all
T € R*** and p € R® such that

Cp)T C(p), (4.1)
B(p) = TB(), (4.2)
Alp)T = TA(®D), (4.3)
zo(p) = Taxo(P) (4.4)

When we solve this set of equations with the help of the MAPLE function ‘solve’, we obtain the
solution (p,T") = (p,I). Also the calculation by hand gives this unique solution, with algebraic set
S = {(a,B,7,6,€, 01,92, p3,04) € R? | By = 0}. This choice follows from the calculations. For
the nitrate model the exclusion of S is not restricting. Indeed, 8 = 0 or v = 0 would give K3 =0
or K; = 0, but then there would be no flow of nitrate from the body pool into the saliva or no
conversion of NO3 into NO; .

With Theorem 2.9 and Proposition 2.10 it follows that the parametrization is structurally iden-
tifiable as a positive linear system. O

Remark 4.2 It may be proven that the parametrization is also structurally identifiable if we only
have observations of ¥; and y3, or of y5 and ys. O

To determine the discrete-time Markov parameters and initial parameters from the observations of
u and y, appearing in discrete-time, we observe that m = 2 and r = 4+ 1 — rank(C(p)) = 2 outside
an algebraic set. Note that 2 < g < r, so also ¢ = 2. So the condition from Theorem 3.12 is

rank (gg:g:x_;g) =4+2(2+1) =10, (4.5)
for which necessary conditions are rank(U(1,3,N — 2)) = 6 and N > 12. If Condition (4.5) is
satisfied, and the continuous-time input is constant over the sampling interval T, i.e. u(t) = ur(j)
for jT <t < (j + )T, with 0 < T < r(Wp), where P is such that K(Wp) is bounded, then all
conditions of Theorem 3.12 are satisfied, so the parameters can uniquely be determined from the
observations of u and y. But in reality it turns out that the second input, us, is a constant input,
on which no control is possible. So uy(t) = K, for all t € R. Now Condition 4 of Theorem 3.14 is
not satisfied, since for all N > 12 and for all discrete-time wq(1),41(2),...,u1(N),

ul(l) (51 (2) e Ul(N — 2)
rank(U(1,3, N — 2)) = rank ul}({z) U1}S3) o (Z\If(_ 1) <4.
Ul (3) Ul (4) ul(N)
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So the sufficient conditions of Theorem 3.14 are not satisfied, and still nothing can be said about
structural identifiability from the observations of w and y. From Proposition 3.3 it follows that the
Markov parameters and the initial parameters cannot be uniquely determined. How to deal with
this problem is not clear yet.

5. CASE STUDY 2: PB-PK MODELING OF DIOXIN

The second case study concerns a Physiologically Based Pharmaco Kinetic model of dioxin, (to be
precise, 2,3,7,8-tetrachlorodibenzodioxin or TCDD), describing the dispersion of TCDD in a rat,
[18]. In this model five compartments are considered: blood, liver, slowly perfused tissue, richly
perfused tissue, and fat, as shown in Figure 2.

slowly %3 Yy =24
perfused liver metabolism
tissue J
Ts
u
blood
richly %2 21
perfused fat
tissue
Figure 2: PB-PK model of dioxin in a rat
The model is described by the following differential equations:
Lo @e Q0
! Ve(l+ Kop) ° ViPp ©
L@@ @
> 7 V(U +Ke) T VR
L0 @Q
P W+ Kw) T VP
. QrQ Q@ Ky 1
T U+ Ka)™  \Wim T BwWoR ) M T T R,
, Q10 | QQ . Q:Q . QQ Q Kap
I A R T R A R 77 R (o R e o

in which z;, zg, z3, 24, and z5 is the amount of dioxin in the fat (f), the richly perfused tissue (r),
the slowly perfused tissue (s), the liver (1), and the blood (b), respectively. The function u denotes
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the uptake of dioxin.

Q . cardiac output;

Q;, 2,Q%,Qf : blood flows to f, r, s, and 1, respectively as fraction of Q;

Ve, Vi, Vs, Vi,V + volumes of f, r, s, I, and b, respectively;

Py, P, P, P, : blood partition coefficients of f, r, s, and 1, respectively;

K : dissociation constant for the binding of dioxin to blood constituents;
Ky, : first order elimination rate constant;

BW . body weight;

Cq : allometric scaling coefficient;

Note that we have Q% + Q7 + Q5 + @ = 1. We assume the blood flows (Q;, ©,Q5,Q;5,Q) to
be known, as well as the organ volumes (Vi,V,, Vs, V;, V}), the bodyweight (BW), and the allo-
metric scaling coefficient (¢,). The unknown parameters are Py, Py, Ps, P, K., K5, and the initial
condition zy. Re-parametrize the system by defining:

w39 @& _ Q@
ViPs’ V.P,’ "= V.p,
§ = QiQ e = L €= 1
P’ BW({-ca)p’ 14+ Kup’
and define
poo @9, @@, _@e Qi

‘/b, vaa3 %74_%-

Note that a, 8, 7, 6, €, and £ give a bijection in the unknown parameters. Then we can write the
differential equations in the following form:

& = —az + hrs,
Ty = —fz2+ halzs,
r3 = —vyz3+ hslzs,
&y = —(6+¢e)zs+ halzs + &u,
4
25 = ax;+ By + yxs + 61y — Z hi€xs + (1 — &u.

i=1

The amount of dioxin in the liver can be measured, i.e., observations are available for 4. Taking
these observations as output y, the system can be stated in the compact form of a structured linear
system as follows:

z = A(p)z+ B(p)u, z(to) = zo(p),
= C(p)z,

. T
with z = (1‘1 T2 T3 T4 "E5) ,p=(a,ﬁ,’y,é,s,{,<p1,g02,<p3,<,04,g05),
0 0 0 h1&

— 0 (101
0 —,6 0 0 hzf 0 P2
Ap)=( 0 0 — O hs , Blp)=1] 0 |, 2@ =|ws3]|,
0 0 0 —6b6—c¢ hy& ¢ 04
a B § =i hi€ 1-¢ s

C(p) = (0 0 01 0)). Note that the values of hy, ho, h3, and hy are known. We assume
that these values are mutually unequal and nonzero. Formally this system is parametrized by the
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parametrization (P, f), with

P = {(a’/@’77635357¢17¢27¢3’ ¥4, QPS) € R}i_l C Rll},
f(p) (A(p), B(p), C(p),z0(p)) forpe€ P.

The problem is whether this parametrization is structurally identifiable from the Markov parameters
and the initial parameters.

Proposition 5.1 The parametrization (P, f) of the structured linear dynamic system described
above is structurally identifiable from the Markov parameters and the initial parameters as a positive
linear system.

Proof. Using Proposition 2.10 we will check structural identifiability. First we will check for struc-
tural weak reachability and structural observability for the system seen as an ordinary linear dynamic
system. Again, using [11] and MAPLE, [5] (A(p), B(p)) is shown to be a structurally reachable pair,
so also (A(p), (B(p) zo(p))) is a structurally reachable pair. Calculation by hand gives the same
conclusions. Also (A(p), C(p)) turns out to be a structurally observable pair.

Now we may check structural identifiability by the similarity approach. For p € R!, find all
T € R5*% and p € R'! such that

Clp)T = C), (5.1)
B(p) = TB(p), (5.2)
AP)T = TA(®D), (5.3)
zo(p) = Tzo(p). (5.4)

Solving this set of equations for (p,T) with the MAPLE function ‘solve’ is not possible. The object
is too large to be solved by the MAPLE function ‘solve’. Therefore we will solve it by hand. We

take S = {(Oé, /B’ 776’5’ 65 P1, P2, P3, P4, ‘105) € Rll | (Oé_ﬂ)(a_’Y)(ﬂ_’Y)aﬂ”Yf = 0} for the a‘lgebra‘ic

set. This choice follows from the calculations below. For the dioxin model the exclusion of S is

not restricting. If for example a = 0, then % =0, so Q?Q = 0. Then also h; = 0, so the fat

compartment could be eliminated. The same holds for 8 and «. Since £ = 1/(1+ K,3), £ =0 is not
possible. Now assume a = . Then the flow of dioxin from the fat and the richly perfused tissue
to the blood will have the same rate constant, which is not very realistic. The same can be said for

a=-yand 8 ="~.
From (5.1) it immediately follows that 7" has the following form:

t1y tiz tiz tig t15

tar taz tog log tos

T=|t3 tzz t3z tzs t3s
0 0 0 1 0

ts1 ts2 ts3 tsa tss
(5.2) gives the following equations
0 = tiul+tis(1-9),
= o4& +t25(1 = &),
= t34€ +t35(1 — &),
'3
= t5a +t55(1 = ).

Because £ = &, we have for the last equation

1 =& =t5a€ +t55(1 = §). (5.5)

Mmoo O O
I

1-—



From the first three equations we have that if ¢;5 # 0 and §~ # 0, then L = 5;1, if ¢;5 = O then
tia =0, for : =1,2,3. So, even if t;5 = 0,

tiatjs = tjatis, fori,5 =1,2,3. (5.6)

The fourth row of (5.3) gives the following equations

hyétsy = 0 =151 =0,
h4ftss = 0 = t52 =0,
h4ltss = 0 = t53 =0,
—(5+€) + hatss = —(6+8), (5.7)
habtss = hal.

The implications hold outside the set S, so if £ # 0. From the last equation it follows, together with
& = ¢, that ts5 = 1. Then, with (5.5), we have t54 = 0. So, from (5.7), it follows that 6 + £ =8 + «.
Let’s consider the first three entries of the fourth column of (5.3).

—atyy = —(5 + &)t1a + 5t15,
—fBtags = —(6+ E)tay + Otos,
—’Yt34 = —(6 =+ €)t34 + 6t35.

Let 01 = o, 09 = 3, and 03 = . Multiplying the ith equation with ¢;5, the jth with ¢;5, and
subtract, we obtain

(Ui - Uj)tj4ti5 = 0: Z’J = 13273’ { 7é ja

using (5.6). Outside S, 0; — g; # 0. So we have tt;5 = tjstis = 0, for 4,5 = 1,2,3, ¢ # j. It
follows that two pairs of the pairs (t;4,%5), ¢ = 1,2, 3, are zero. Looking at the fifth entry of the
fifth column of (5.3), i.e.

4 4 4
atis + Btas + viss — Zhif = - Z hi& (=— Z hs€),
i=1 i=1 i=1
we see that atys + Btas + vtzs = 0. Since there are two entries of (15, ta5, t35) equal to zero also the
third one is equal to zero outside S. It follows that ¢;5 = tiq = 0 for ¢ = 1,2, 3. From the fifth entry
of the fourth column of (5.3) it now follows that § = 8, so also € = ¢.
Up till now we have obtained the following form for T':

ti1 tio tiz 0 O
to1 ta2 t23 0 O
T=|t3y ts ts3 0 0] = (1(;1 ?)
0 0 0O 1 O
0 0 0 0 1

Considering the first column of (5.3), the subsequent nontrivial equations follow:

—at;; = —at,

—Bta1 = —aty,

—vtz1 = —ats,
atyy + Pt +ytz1 = A

Outside the algebraic set S, only one of {t11,%21,%31} can be nonzero, the other two are zero. If we
add these four equations, we obtain 0 = &(1 — t11 — to1 — t31), S0 t11 + t21 + t31 = 1. So, exactly



26

one out of {t11,%21,%31} is equal to one, the others are equal to zero. Equivalently, from the second
and third column of (5.3), it follows that exactly one out of {t12,%22,%32} and exactly one out of
{t12,t23,t33} is equal to one, the others are zero. Because T is nonsingular, it follows that 77 has
to be a permutation matrix. Now the first entry of the fourth column gives:

h1 =ti1ht + tighs + ti3hs.

Because T} is a permutation, only one out of {¢11,%12,%13} is equal to one, the other two are zero.
If t10 = 1, we would have h; = hy. If t13 = 1, we would have hy = hs. Both cases are impossible,
because we assumed that hq, ha, h3, hy are mutually different. So t1; = 1 and t15 = t13 = 0. Equiva-
lently, from the second and the third entry of the fourth column, we obtain tos = t33 = 1. It follows
that T = I, and & = o, 3 = B8, 5 = 7, and from (5.4) it follows that ¢; = ¢;, for i = 1,2,...,5,
i.e., p = p. From Theorem 2.9 it follows that the parametrization is structurally identifiable as
parametrization of an ordinary structured linear system. Moreover, using Proposition 2.10, the
parametrization is also structurally identifiable as positive linear system. O

We have now solved the problem of structural identifiability of the parameters from the Markov
parameters and the initial parameters, but can we identify the Markov parameters and the initial
parameters from the observations of u and y, appearing in discrete-time? Since rank(C) = 1, we
have ¢ = r = n = 5, so the condition from Theorem 3.12 is

rank(i{ﬁj?j%_?%)=n+m(q+1)=2n+1:11, (5.8)
since m = 1. For this condition, we need rank(U(1,6,N —5)) = 6 and N > 16. Again, if
Condition (5.8) is satisfied, and the continuous-time input is constant over the sampling interval,
ie. u(t) = ur(y) for jT <t < (j +1)T, with 0 < T < »(Wp), where P is such that K(Wp)
is bounded, then all conditions of Theorem 3.12 are satisfied, so the parameters can uniquely be
determined from the observations of u and y.

6. CASE STUDY 3: BENZO(A)PYRENE MODEL

The third case study concerns that of a Benzo(a)pyrene model, developed at RIVM. It is a simulation
model of intravenous injection of benzo(a)pyrene (BaP) to a bile duct cannulated rat. The model
both describes the amount of BaP and the amount of metabolites in several compartments. We will
only treat the model that describes the amount of BaP. This model consists of six compartments:
lung, liver, fat, richly perfused tissue, slowly perfused tissue and blood, as shown in Figure 3.

The system is given by the following differential equations,

T = @3’56—<&+Kl)$1,

Vi ViP,
. le le
= - Ki ’
= T\ yp, )
. Qy Qr
r3 = v, Te VfPf T3,
Ty = &we _ 9 T4
Vs V.P
T5 = %1‘6 - Q. Z5,
Vs Vs Py
tg = 9 Qi 9 + o T4+ Q. r5 — &fﬂs + 1, Cing,

TR T T S R 4 SR T SRR 7

in which z1, z9, z3, 24, x5, and zg, is the amount of BaP in the lung (1), the liver (i), the fat (f),
the richly perfused tissue (r), the slowly perfused tissue (s), and the blood (b), respectively.



27

T
lung
richly x4
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Figure 3: Benzo(a)pyrene model
Q. cardiac output;

Qlani;Qf)QraQs
‘/la‘/hﬁ Vf’V’IWVS"/b
-ljlaPli7Pf7PT7Ps
Ki, Ky,

I

Cing

blood flows to 1, 1i, f, r, and s, respectively;

volumes of 1, li, f, r, s, and b, respectively;

partition coefficients of 1, li, f, r, and s, respectively;
metabolic degradation rates of 1 and li, respectively;
infusion rate (ml/min);

concentration infusion.

Note that we have Q; + Qp + @ + Q- + Qs = Q.. We assume to be known the blood flows
(Q1,Qp Q5> Qr, Qs, Qc), the organ volumes (V;,Vy;, Vi, V., V,, V3), and the infusion (I;, Cins). The
unknown parameters are P, Py, Py, P, Ps, Ki, Kj; and the initial condition zo. Let us use the

following bijection:

(B,Pli,Pf,PT,PS,Kl,KH) = (a’ﬂ777635367p)7

with
oo @ _ Qi Y= Qy
VP’ ViiPy’ Vi Py’
Qr Qs
‘/,,-P,,-’ € Vvspsa é. Iy P I
and define
Ql le Qf Qr Qs Qc
hi=—=, hy=—-" hy3=—-", hy=—, hy=—, hg=—.
1 W’ 2 v, 3 v, 4 v, 5 v’ 6 v

Then we can write the differential equations in the following form:
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21 = —(a+&z + hizg,

zo = —(B+ p)za + hows,

t3 = —vyz3+ h3ze,

g = —6z4+ hyzs,

s = —exs5 + hszs,

g = ax;+ PBry +yxs + 6rs + x5 — hex + LCiny

We will take the infuse as input: u(t) = I;Cins. There are measurements in the blood, i.e., we can
observe xzg. We take this observation as output y. Now we can write the system in the compact
form of a structured linear system:

& = A(p)z+ B(p)u, =(to) =zo(p),
y = O,
. T
with z = (ml T2 I3 T4 Tp -'Eﬁ) apz(aaﬂ”y:é\aaagapaSolaQ027<P3a(P4’S057$06)7
— — f 0 0 0 0 hl 0 ¥1

0 —-B—p 0 0 0  hy 0 P2
0 0 — 0 o0 h 0
0 0 0 0 —& h5 0 Ps5
a B Yy 6 e —hg 1 ¥6

C(p) = (O 0 00O 1). Note that we know the values of hi,ho,hs, hy, hs, and hg. We
assume these values to be mutually unequal and nonzero. Formally, this system is parametrized by
the parametrization (P, f), with

P = {(0‘:5:%5;5;5;9;901;¢2:903;904;§05;906) GR}E Cng}a
f(p) (A(p), B(p), C(p),z0(p)) forpe€ P.
Proposition 6.1 The parametrization (P, f) of the structured linear dynamic system described

above is not structurally identifiable from the Markov parameters and the initial parameters as
a positive linear system.

Proof. Using Proposition 2.10 we will check structural identifiability. First we will check for struc-
tural reachability and structural observability for the system seen as an ordinary linear dynamic
system. Again, using [11] and MAPLE, [5] (A(p), B(p)) is shown to be a structurally reachable pair,
so also (A(p),(B(p) zo(p))) is a structurally reachable pair, and (A(p),C(p)) is a structurally
observable pair.

Now we may check structural identifiability by the similarity approach. Using the MAPLE func-
tion ‘solve’, we obtain for the set of equations

Clp)T = C), (6.1)
B(p) = TB(®), (6.2)
Alp)T = TA(®D), (6.3)

(6.4)

l‘(](p) = Two(ﬁ )

two SOlutiOIlS fOI‘ (15’ T)’ Wlth p= (avﬂa’y’éasag’ P, P1,¥2,¥P3,P4,Ps5, 506):

_ ha h ha hi h1  hy
= — — 6 — b — —_ 00— . — —
p (ﬂh17ah2777 7€3p+ﬂ ﬂh17£+a ah27h2992:h1<P17S03:<P47<P57<P6):
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0 M 0000
b0 0000
1
r7=|0 0 1000}
0 0 0100
0 0 0010
0 0 00 01

and p = p, T = I. We have found a nonsingular T # I and a p # p such that (6.1), (6.2),
and (6.3) hold, so the parametrization is not structurally identifiable. Also as a positive linear sys-
tem the parametrization is not structurally identifiable if p+ 58— Z—f, and ¢ —}—a—aﬁ—; are positive. O

In a specific case it may be assumed that the partition coefficients P, Py, Pf, Pr, and Ps are already
known, nonzero, and mutually unequal. So the only unknowns are K; and Kj;, and the initial
conditions. This system is parametrized by the parametrization (P, f1), with

P1 = {(Eap7<p1)¢2a<p3350439053<p6) ERi CRS})
filp) = (A(p), B(p),C(p),20(p)) forpe 1.

S ={(& p, 1, %2, 93, Pa, 5, 96) € R® | (a+-E—=B—p)(a+E—7)(a+E=8)(B+p—)(B+p—6) = 0} is
taken to be the algebraic set. The MAPLE function ‘solve’ gives the unique solution (p,T') = (p, I).
It follows that the parametrization (Py, f1) of the system is structurally identifiable from the Markov
parameters and the initial parameters, and this also holds for the positive linear system.

To determine the discrete-time Markov parameters and initial parameters from the observations of
4 and y, we observe that r = 6, and also ¢ = 6. From Proposition 6.1, it follows that in the case that
the partition coefficients, the initial conditions, and K; and K; are unknown, the parametrization
is not structurally identifiable from the Markov parameters and the initial conditions, therefore
nothing can be said about the structurally identifiable from the observations. In the case the
partition coefficients are known, the following can be said. The condition from Theorem 3.12 is

rank (gg;ﬁ: gg) —64+1(6+1) =13, (6.5)

for which necessary conditions are rank(U(1,7,N —6)) = 7 and N > 19. If Condition (6.5) is
satisfied, and the continuous-time input is constant over the sampling interval T, i.e. u(t) = ur(j)
for jT <t < (j +1)T, with 0 < T < r(Wp), where P is such that K(Wp) is bounded, then all
conditions of Theorem 3.12 are satisfied, so the parameters are structurally identifiable from the
observations of u and y.

7. CONCLUSIONS

Methods to test the structural identifiability of linear compartmental systems have been given, not
only the structural identifiability from the Markov parameters and the initial parameters, but also
from the input-output data. Those methods have been applied to test the structural identifiability
of the parametrization of three models.

Another problem involving the class of linear compartmental systems is that this class is a subclass
of positive linear systems. Necessary and sufficient conditions for structural identifiability of positive
linear systems depend on the realization problem of positive linear systems, which is not completely
solved yet.

Acknowledgement
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Schuppen.
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A. PrROOF OF PROPOSITION 3.8

Since it is given that (A, B) is a reachable pair and (4,C) is an observable pair, there exists a
minimal realization (4, B,C,D,zy) € LYP(n,m, k) of the considered input-output sequence, with
n,m,k known. Let the integer ¢ and the sequential selector matrix S(g) be constructed from the
given input-output sequence by the MD algorithm in [20]. If

U(15q+]—5N_q)
rank (5(61)Y(1,q,N —q)

then the Markov parameters and initial parameters cannot uniquely be determined, else with
Lemma 2 in [20] it follows that for every realization (4,B,C,D,zy) € LXP(n,m,k), satisfying
the input-output sequence,

rank(S(q)R(q)) = rank(R(g)) = rank(S(g)) = n,

> <n+m(qg+1),

so, with B = (B ),
rank(S(q)H(g,n)) = rank(S(q)R(q)(B .. A"_IB)) =n.

The matrix S(q)H(g,n) has exactly n rows, say r1,7a,...,7s, so those are mutually linearly in-
dependent. Because also rank(H(q + 1,n)) = n, the (¢k + 1)th row p; up to the (¢gk + k)th row
pr of H(q+ 1,n) are linearly dependent on r1,73,...,7y, i.e., there exist unique ay;, ¢ = 1,...,k,

j=1,...,n, such that
n
pi = Zaijrj, forte=1,...,k.
i=1

Define

Q1+ Qgn

It follows that for the Markov parameters and initial parameters there holds

M(l)
M(g+1) = KiS(q) : ; (A1)
M(g+1-1)
N()
N(g+1l) = KiS(q) : ; (A.2)
N(g+1-1)

forl € Z,.
For the input-output sequence there holds

i

y(t):ZM(t—s)u(s)—i—N(t), fort=1,2,...,N. (A.3)
This gives fori =1,...,9+1,and j =2,3,...,N —q,
u(1)
y(i) = (M(i—l) M(O)) : + N(2), (A.4)
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u(1)
yla+j) = (M(g+j—-1) -+ M(g+1)) ( : )
u(j —1)
u(j)
+(M(g) - M(0)) ( : ) +N(g + ).
u(q + j)
Now the following calculations can be performed, with P(-) as defined at the beginning of Subsec-

tion 3.1, and K := K;5(q).

y(1)
ye+)-K| | =
y(q)

u(q)
u(g+1)

applying (A.2) for { =1, and for j = 2,3,...,N — g,

y(4)
y(q+j)K( : )_
yg+j—1)
u(j)
(M(g+j—1) - M(q+1))( : )+(M(q) o M(0)) : )
u(j —1) u(g + j)
( M@G-1) - M(l))( u(1) ) u(j) )
+N(g+j)- K : : : — KP(q) :
M(g+j—2) -~ M(g)) \u(i—-1) u(g+j—1)

( W)

q+J—1
u(g +7)
applying (A1) for I =j— 1,5 — ,1 respectively, (A.2) for I = j, and using the definition of
P(q+1) and P(q). Define
T=(-K I)P(q+1), (A.5)

then
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(sla+1) - w) = (1 ) (gt AT
implies
(T &)= (sa+1) - w) (gt I RTD)
in which R=* = RT(RR”T)~'. Now it follows that, for T = (T, --- To) and K = K;S5(q),

(3.10) and (3.11) follow from (A.5) by writing out P(gq + 1), and (3.12) follows from (A.1) for
1=1,2,...N —q. Finally, (3.13) follows from (A.4) and (3.14) from (A.2). The uniqueness of the
Markov parameters and initial parameters follows from Proposition 3.3. O

B. Proor oF LEMMA 3.11

1. From the definition of A and B it follows that ha is injective on Qw(k,m,n) if the map
ka : W — R™ " defined by ka(A) = e??, is injective and if

A
/ eATdr (B.1)
0

is nonsingular for all A € W. To prove that ka is injective on W, consider A € W. A can be written
as A =TAT™!, with

Ji 0
A = T . ]
0 Js
in which Jy, Js, ..., J, are Jordan blocks. ka is injective on W if and only if the map J — e’2 is

injective for Jordan blocks J with eigenvalue A € Q(W), in which
QW)={reCeo(Ad)|Ac W}
Consider the Jordan block Jy € RP*P,

o 1 - 0
=9 " 7 | ere
0 0 X
Then
A2 Al—l
A 2r ()
0
eJQA — erA A_2
21
: . A
0 -+ -+ 0 1
All solutions J € RPXP of e?2 = ¢4 are of the form
A 0 --- 0 2min A --- 0
JA = o N
0 A

0 <o 0 XA 0 oo 0 2mim
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Ao+ 2m 1 . 0
= 0 A,
: .. 1
0 R
forn € Z. So
J = 0
S
0 0 A

with A = Ag + 2min/A, for n € Z. But for A,y € Q(W), with Re()\) = Re(Ag), in which Re(})
denotes the real part of A, we have

27 27 27 27
N - = < — < = —— -
N < ) 2sup K(W) <Im(X — Xg) < 2sup K(W) ) <3

It follows that A — Ag # 27win/A for n € Z\ {0}, so A — Ao = 2min/A for n =0, i.e. A — A9 =0, and
the only solution is J = Jy. It is proven that ka is injective on W.
To prove that (B.1) is nonsingular, observe that for A € W,

(B.2)

A
/ eATdr is nonsingular, if and only if
0
A
/ erMdr is nonsingular, if and only if
0

A
/ eNTdr #£0, for all A; € o(A), if and only if
0

%(eAjA “1)£0,  forall A, € o(A) \ {0}. (B.3)

Indeed, if A\; =0, then

A
/ iTdr = A #0.
0

Further, (B.3) holds if and only if e} # 1, for all A; € o(A) \ {0}, if and only if A\;A # 27ni, for
alln € Z,n #0, and for all A\; € 0(A) \ {0}. Since for A; € Q(Wp), with Re(};) =0,
27 0 T T T 27mn

— i< ——<———=<Im(};) £ ——= <

T <™ frallneZ
A A S T Srw) SAS A oraneEsy

and for A\; € Q(Wp), with Re(};) # 0, \;A # 2mni, for all n € Z, we have A\;A # 2mni for all
n € Z,for all A\; € o(A) \ {0}.

2. If0 < A < r(W), then ha maps Qw(k,m,n) into Q(k,m,n). Indeed, from [12] it follows
that if (A,B,C,D,xzq) is a minimal realization of its Markov parameters and initial parameters
(M(3),N(3)), j € N, then also (A, B,C,D,zq) is a minimal realization of its Markov parameters

and initial parameters (M (3), N(j)),7 € INif

(A—p)A #0 (mod 2mi) for A\, pu € a(A), A # p. (B.4)
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For all A,p € Q(W), with Re(A) = Re(u), (B.4) follows from (B.2), and it trivially holds for

A, p € Q(W), with Re(X) # Re(u). O
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