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Abstract

The compensation approach has recently been introduced for the determination of the stationary distribution
of two-dimensional random walks without one-step transitions to the North, the North-East and the East. It is
claimed that this approach produces the exact representation for the stationary state probabilities. The present
study shows that this claim is incorrect for the case of the symmetrical shortest queueing model.
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INTRODUCTION

The ‘compensation approach’ has recently been introduced for the determination of the stationary
distribution of queueing processes which can be modelled by two-dimensional nearest-neighbour ran-
dom walks for which one-step transitions to the North, North-East and East are not possible, cf.
[1],[2],[3],[4]. This approach leads to a series representation for the stationary state probabilities of
which the terms are obtained by a recursive algorithm. In [1] and [2] it is claimed that the com-
pensation approach generates the exact solution, i.e. the unique absolutely convergent solution of
the Kolmogorov equations for the inherent random walk, whenever it is positive recurrent. Recent
research, cf.[6], suggested that the just mentioned statement does not seem to be true for the asym-
metrical shortest queueing problem. In order to obtain a deeper insight concerning the compensation
approach we compare the results obtained by the compensation approach with those resulting from
the anaytic solution of the symmetrical shortest queue, cf.[5].

In Section 2 several results obtained in [5] are recapitulated. The two key functions Q(r) and ®(¢)
in the analysis of the symmetrical shortest queue are both meromorphic and have been represented
in [5] as infinite product forms, see (2.8) below. For our present goal we need their partial fractions
representation. From this representation the expressions for the state probabilities are derived in
Section 3. With x; the queue length of server ¢, 1 = 1,2, pgm, Q(r) and ®(t) are defined by (note the
symmetry): for k,m € {0,1,2,...},

Pim = Pr{x1 =k, xo =k +m} =Pr{xs = k,x; = k+m}, (1.1)
Or) =0 opomr™,  Ir| <1, () :=Eiopot’, [t <L

Section 4 starts with the description of the compensation approach, and the derivation of expressions
for the functions Q(%)(r) and ®*)(t), the analogous functions of those in (1.1) but based on the
compensation approach. It appears that Q(r) and Q(*)(r), and, similarly ®(¢) and ®*)(t), do not
have the same structure, but they do have the same pole set. The expressions for the pg,, calculated
according to the compensation approach differ from those derived in Section 3. However, the leading
terms in the asymptotic expression of pgg for & — oo derived from the results in Sections 3 and 4
do agree, similarly for pg;, k — oo, and for pg,, for m — oo. In Section 4 it is further shown that



the compensation approach cannot produce an absolutely convergent solution of all the Kolmogorov
equations of the inherent random walk. Further it is explicitly shown that the pg.,, as calculated by
the compensation approach, cf.[1] and [2], do not satisfy all the Kolmogorov equations. The available
numerical results obtained by the compensation approach appear to be quite accurate. Presumable
this is due to the fact that the first term in the asymptotic series for p%) is chosen in such a way in [1]
and [2] that it agrees with the exact result obtained in [9] and to the fact that this leading asymptotic

term yields already for moderate values of k a fairly sharp approximation, see appendix D.

2. THE PARTIAL FRACTIONS REPRESENTATION
The bivariate generating function of the stationary distribution of the queue lengths (x;,x2) can be
expressed as a linear combination of the generating functions

Q(r) :=E{r*'(x2 =0)}, |r| <1, (2.1)
B(t) .= E{t*1(x; = x2)}, [t| <1,

see [5]; here x; is the queue length at server ¢, ¢ = 1,2. These functions are meromorphic functions,
their infinite product form representations have been derived in [5]. For the purpose of the present
study their partial fractions representation is needed. In the present section they will be derived.

REMARK 2.1. The definitions of symbols used in the present text differs only in some minor points

from those in [5]. O
Put, cf.(1.1),
F(rt) = B{X XX (x, > x)} =Y > pemttr™, [ <1, || < 1L (2.2)
=0 m=0

From (2.3) of [5] it is seen that for |r| <1, || < 1,

ki(r,)F(r,t) =7[(r —)Q(r) — {r + %art - %(2 +a)t}®(t)] + ki (r, t)2(2), (2.3)

with
ki(r,t) = at® + [1 — (2 + a)r]t + 2. (2.4)
Denote by t1(r), ta(r) for fixed r the two zeros of ki (r,t), they may be so defined that, cf.(3.1) of [5],

[t1(r)] < |r| < |t2(r)] for |r|>1, r#1, (2.5)
B(1) = min(1, ), (1) = max(l, 2);

note that
0<a<2, (2.6)

is the necessary and sufficient condition for the existence of a stationary distribution.
In [5] the sequences r,, n =0,1,2,...; t,, n=0,1,2,..., are defined by
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a

o = —, t0=a—2;



kl(Tnatn—l):Oa kl(rnatn) =0,
ro <tg <m1 <t1 <7To e < tpaa < <th...,
tho1 =t1(rn), n=1,2, ..., t, =ta(ry), n=0,1,2,....

From (4.7) of [5] we have for |r| <1, |t| <1,

Q(r) 2—a ﬁ

§|3|

}{H :: — (2.8)

n=1

to —t. o tn
t 1+a{H 1}{n1;[0t

These functions can be continued meromorphically, and

r.,m=0,1,2,..., arethe zeros of Q(r), =, <0,
to,n=1,2,..., are the zeros of ®(t), t, <0,
Tp,m=1,2,... are the poles of Q(r), 7, >0,
tn,n=0,1,... are the poles of ®(t), t, >0,

all poles and zeros have multiplicity one, see (3.8) and (3.10) of [5].
For the construction of the partial fractions representations of () and ®(¢) we need their residues

wpn, and ¢y,:

On = t]ir? (t — t,)®(2), n=0,1,2,...,
" (2.9)
W = lim (r —7,)Q(7), n=12,....

These residues can be obtained immediately from (2.8). However, since we need the recursive relations
between these residues, it is more effective to start from the relations which have led in [5] to the
expression (2.8), cf. (3.6) of [5]. These relations are: for j = 1,2,

(1)  Qr)+ ka(r, t;(r)2(¢(r)) =0 for all 7 #r,,
() lim [Qr) + ko(r,t;(r)B(5;(r)] =0 forall n=0,12,..., (2.10)
with

ko(r,t) == -1+ 1a2t - 1ar. (2.11)

2 2

The relations (2.10) follow from the condition that F(r,t), cf.(2.2), should be finite for all |r| < 1,
[t| <1, see [5].
To derive the recursive relations for the residues note that k1 (r,¢;(r)) =0, j = 1,2, implies that

dt;j(r) _  2r—(2+a)t;(r)
dr  2atj(r)+1—(2+a)r’

(2.12)

Because it follows from the properties of the roots of the quadratic equation kq(r,t) = 0, cf. (b.4) of



[5]: that
1
Tn+Tnt1 = 2+ a)tn, th+terr = E[(Q +a)rne1 — 1], (2.13)
we obtain
dta(r) Trn — Tntl dtq(r) T — Tn_1
|1':1'n = — ) |1':1'n = P (214)
dr tn tn—l dr tn—l tn
From (2.7) and (2.9) we obtain: for j = 1,2,
dta(r)] ™"
Hm@uwﬂém@»:¢n[;“q , n=0,1,2,..., (2.15)
=Ty r =ty

-1
im (7 = r)#(t () = dnos [ 90] L n—nm

Hence from (2.9), (2.10)ii, (2.14) and (2.15), forn =1,2,...,

tn — th—
Wn = _k2(’rn7 tn)ninl(ﬁny

Tn —Thn41

; . (2.16)
-1 —
= _kZ(Tnatn—l)u(ﬁn—la
Tn —Tpn—1
and so: forn=1,2,...

Dn _ -1+ %aztn—l - %a"'n Tntl — Tn (2 17)
Fno1 —1+ 10ty — tarn,  Tn—Tno1’ :
Wn+1 _ -1+ %a/ztn - %a'rn+1 tn+1 —tn

Wn -1+ %agtn — %arn tn —tno1

From (2.16) and (2.17) it is seen that the w, and ¢, can be recursively calculated once ¢¢ is known.
For the determination of ¢y see (2.29) below.

We consider the relations (2.17) for n — oc. It is readily seen from (2.4) and (2.7) that r, — oo,
t, — oo for n — oo and that, cf. (4.2), (4.3), (b.7) of [5]: for n — oo,

t T 1 t 1 T 1
8, i SN L 682, ntl .62
Tn n n T’Il

1 2
§:= %[2+a+\/a2+4]>5>1.

From (2.17) and (2.18) it is readily seen that ¢, /¢n—1, and similarly wp41/wn, has a limit for n — oo
and

(2.18)

)

lim = —lg, lim 2 — — e,

n—00 ¢n_1 n=o0 Wp—1 (2.19)
§—1 by 6—1 '

Ho = a0 o= @0

Because 6, cf.(2.18), satisfies



aé? —(24+a)§+1=0, (2.20)

it follows readily from (2.18) that

161 >1 >1 (2.21)
Sad—1 ’ Ko s Hw . .
Put
N & —  n
(i) &()=)
e (2.22)
Wn
(i) Z T —TnTn
n=1
To justify the definitions note that for n — oo,
n n il tn 1- 4 16-1
bnt1 , Pn _ Fnnr o, ’ (2.23)
t—tn+1 t—tn ¢n t""’ll_t 6abd—1
n41
Wt Wn wntt [T 2 1-— — 16—-1
= —_ ——
(’I“ - "'n+1)'rn+1 (T - Tn)Tn Wn Tn+1 1- Tl bad—1’

for every finite t # t,, tny1 and r # r,, ro41, respectively. Hence, the sum in the righthand side of
(2.22)i converges absolutely for every finite t # t,, n = 0,1,2,..., because of (2.21); similarly does
the sum in (2.22)ii for every finite r # 7, n = 1,2,.... Consequently the functions. ®(t) and Q(r)
are well-defined meromorphic functions.

Obviously ®(t), cf.(2.8), and &(t) have the same pole set and their poles have the same multiplicity,
similarly for Q(r) and Q(r). Consequently we may write

B(t) = d(t) + (1), (2.24)
Q(r) = Q(r) + Q(r),

with &(¢) and Q(r) entire functions. In appendix A it is shown that ®(t) is a constant and that Q(r)
is a first degree polynomial in r. Hence from (2.22) and (2.24) we have

t_t (2.25)
(r) = 2(0) + [21V(0) + i S+ > .
Lot LT,
From (4.8) and (4.9) of [5] we have
(1) = lia, (1) :@(2) = %(2—@, (2.26)
and from (2.1)
o) =e0)= -, (.27)



the second equality in (2.27) is proved in Section 3, see (3.16). In Section 3 it is also shown, see (3.15),
that

QM (0) = %(2 +a)) % (2.28)

In appendix B it is derived that

4 (2—a)(4—a)

=—— 2.29
%0 a? 4+a ’ ( )
2((2—-a)4—a), ,
wl:_a_34+7a(a + 4a + 16).
3. THE EXPRESSION FOR Pr{x; =k, xo = k+ m}
In this section we derive the explicit expressions for the stationary state probabilities, cf.(1.1),
Pem = Pr{x1 =k, xo =k+m}, k£=0,1,2,...; m=0,1,2,.... (3.1)
From (2.3) we have for |t| =1, m =1,2,...,
> 1 dr (r —t)Q(r) — [r + sart — 3(2 + a)t]B(t 1
S ookmtt == [ = rt s lo®) | L / —3(1).  (3.2)
— 2mi rm ki(r,t) 2 rm+
|r|=1 |=1
Note that
! & _g s =1,2
o mil = or m=1,2,..., 53
|r|=1 :

=1 for m=0.

To evaluate the integral in (3.2) it is noted that (2.10) implies that the zeros of k; (r,t) with |¢t| =1
are no poles of the integrand so that its only poles are those of Q(r). Put

Ry = %(TNH +rn), (3.4)
and note that, cf.(2.5),
ki(r,t) = aft — t1(r)][t — t2(7)]. (3.5)

By applying Cauchy’s theorem we obtain from (3.2) and (3.3) for |t| =1, m =1,2,...,

S et = 3" L iy (r gy 7 000) [+ Jart = 32+ )80

R a(t — t1(r))(t — ta(r))
1 / dr (r —t)Q(r) — [r + Lart — (2 + a)t]D(¢) (36)
27 rm a(t —t(r ))(t —ta(r)) '
|r|=Rn
In appendix C it is shown that for N — oo,
Q(Ry) = Ry [QM(0) + Z “nl 400 (3.7)




a result which can be also obtained from (2.8). Because t;(r)/r, j = 1,2, has a finite limit for r — oo,
it is seen that the integrand of the integral in (3.6) behaves as Ry™ for N — oco. Consequently the
limit of this integral for N — oo is zero for every m = 2,3, .. ..

Hence it follows from (3.6) that: for |t| =1, m > 2,

ad > w t—r 1 w t T t T
k n —I'n —Wn n~— 'n n—1 — Tn
= —rpalt —ta(ra)]ft —ta(rn)] @ Zgtn —ta1 [ tn -t tp_1—t (38)

From (3.8) it follows by expanding [t, —t]™! and [t,_; —#]~! in power series of ¢, note that t, > 1,n =
0,1,2,..., and by equating the coefficients of t*, h = 0,1,2,..., that: form=2,3,...;k=0,1,2,...,

1 > —Wn tn_T’n _ Tn_tn 1 —k+1)
i 4= (k+1) = 3.9
Pk aZ rm [tn—tn_l" ot ! (3.9)
n=1
For m = 1 we note that the first integral in (3.2) has a simple pole in r = 0, and so we obtain for
It] =1,

Because the lefthand side in (3.10) cannot have a pole in t = —% if 2 > a > 1, it follows that

1 2
(—-) = Q(0) for 2 > a > 1. (3.11)
a 2+4+a

We next show that (3.11) also holds for 0 < a < 1. Consider, therefore, again (3.6) with m = 1,
|t| = 1. For this case the limit of the integral in (3.6) is readily calculated, and it is found that for
m=1, |t =1,
1 tph_1—T tn — Tn >
t " n +12M0 iy 3.12
St = T e .12)

— Tn tn - tn—l
n=1

It is readily verified that the righthand side is a Well defined meromorphic function and that its only
poles are t,, n = 0,1,2,.... Consequently t = _E’ is not a pole of the lefthand side, and so (3.11)
holds for 0 < a < 2.

From (2.25) and (3.10) we have for |t| = 1,

> Qo) 1 — ¢n 1
th = — ~(2 3.13
kzzop’“ T+at 2 +“)§)t—tn1+at (3:13)
—Q(O) > 1 a
= 2 =
1+ at ta g t —tn 1 + at}
1 1 —  on 1
— Q(0 —a(2 2 .
T1at | MO+ 5 +a)n§)1+atn +azl+at —tn
The relation (3.13) for |t| = 1 can be continued meromorphically, note that the last sum is a well-
defined meromorphic function. Above it has been shown that t = ¢,, n = 0,1,2,..., are the only poles

of the lefthand side of (3.13). So t = —% is not a pole and consequently



(i)  Q0) =poo = %a(Z +a) Z —¢n

= 1+ at,

(3.14)

(ii) Zpkltk:%(2+a)z on 1
k=0 n

_01+atnt—tn'

Because for t = 0 the function k1(r,0) has » = 0 as a zero of multiplicity two it follows from (2.10)i
that

1 ,dty(r) 1 dtq (r)
1) 228\ 2 _ M 1 -
[Q (r) + [2a I 2a]<I>(7‘) B (t1(r)) a | 0,
so from (2.12),
o1 = Q1(0) = 1a<1>(0) = 1ap(m = 2 +a) Eoo (3.15)
2 2 = 1 + at

here the last relation follows from (3.14)ii. From (3.14)i and (3.15) we obtain

poo = Q(0) = (0) =) — (3.16)
n=0
From the results derived above we obtain
() o = i s e G I ek S Y R I P (3.17)
a tn —tn_1 ™ tn—tn_y *L |7 =T

=1 n

= 1+ at,
(ifi)  pro = Spmo(—n)ta“HY, k>1,
(iv) pom =2 Z(—wn)r;(m"'l), m > 2,
n=1
_ _ - _¢n
(v)  poo = Q(0) = @(0) = HEZ:O P

. _ 1 > _an
(Vl) Po1 = 5(2+Uz)zom

From (3.17) it is simple to obtain the asymptotic relations

k+1
Pro = — oty (k+1){1 + O((zo) )} for k — oo, (3.18)
1



m-+1
Pom = —W1Ty (m+1){1 + O((Tl) )} for m — oo,
T2

k+1
1(2+a) —%o (k+1 {1 +O((t0) )} for k — oo.
1

Pk1=2 1+ to

4. THE COMPENSATION APPROACH
The ‘compensation approach’ applied to the symmetrical shortest queueing problem is exposed in the
studies [1] and [2]. By p(w) and p(a) we shall indicate the stationary state probabilities when calculated
by the compensation approach as applied in [1] and [2], respectively, analogously for Q(*)(r), &(2)(t),
®(®)(t). Note that the notations in [1] and [2] differ slightly.

The solution claimed by the compensation approach as exposed in [1] and [2] reads: for k =
0,1,2,...,

P =pk) = C7H Y dileiaf + cigraky 185, m=1,2,.., (4.1)
=0

Pho = 1Zc,f, 5 (4.2)
for p%) see (4.8)iv, below.
The constants in (4.1) and (4.2) are defined by, cf.(3.20),...,(3.25) of [2]:
al=t,, B l=r.1, n=0,1,2,..., cf.(2.8), (4.3)

and for¢=0,1,2,...,

al ﬁl
Cit1 = ﬁﬂ_ ——Ci» co =1, (4.4)
i1+ & 1 — (1+ 1

di+1=—(a+1 2?)/ﬁ+1 ( 12a)d1~, do=1,

(it1 + 5a)/Bi — (1 + 3a)

(o785} (&%)
= — L (dy + dp), -2
f+1 Qi1 + %a( +1) fO a0 T %a

C is determined by the norming condition

i i )+ Zp(“) (4.5)

k=0 m=1 =

REMARK 4.1. An explicit expression for p%’) is not given in [1], its determination is only indicated;

(w)

below we give the expression for p;,’ according to [1], see (4.8)iv. O

From the Kolmogorov equations for the stationary state probabilities the following equivalent set
of equations is derived in [1]:



(i) (a4 2)Pkm = aPr—1,m+1 + Pk,m+1 + Pk41,m—1, k>1,m>2;

.. 2 a
(i) (a+2)pr1 = apr—1,2 + Pr2 + " (apr1 + Pr1,1) + " (apr—1,1 + pr1), k>1;

+2 + 2
(ili) (a4 1)pom = Po,m+1 + P1,m—1, m > 2;
(4.6)
(iv) —(a+1)po1 + +poz + s 2(apo1 +p11) +po1 =0,
1
(v) 5(“ + 2)pro = apr—1,1 + Pr1, E>1,

(Vi) apoo = Po1-

For our analysis of the compensation approach we need some asymptotic relations for the coefficients
¢i, d; and f;, see [2]. They are easily derived from (4.4) by using (2.18) and (4.3). It results: for
1 — 00,

. Cit+1 16—-1
0 -— <1
® < c; _>6a6—1< ’
d;
(i) - d—+1 —aé® > 1,
dit1(cit1 + cita) 6—1
— S—— > 1
(111) di(c,’ + C,'+1) - ab—1 > b (4'7)
i (s Y 16—1
(IV) _ z+1(cz+l + cz+2)ﬁz+l - < 1,
di(ci + cip1)Bs bad—1
2
cit1fit1 1[6-1
) cifi s { ad—1 <1

From the relations above the expressions for the following generating functions are readily derived.
For |r| <1, |t| £1,

. N (a) b m R Ci Cit1 pir
ttr™ =C d; J
(i) Z Zp Z_: |:]_—Oé,'t+].—0£i+1t:| 1-8ir

k=0 m=1
. a > a) m a ﬂir
(i) ol mz Pomr™ = 24y >+clz§%d (ci +cis) 7= 5
“ - _ cifi
(iii) @@ Zpko =C! - ot’ (4.8)
i=0 1

. w w 2 w = a
(iv) @) () ::Z ( )t’c p pgo) (1+at)2p21)tk] ,

0 j—

2 (w) | 1 Cit1

= (1 t)C d; B;
a—+ 2 Poo +at) Z ﬁ 1—a,+1t]
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w) _ 2 i
(v) By = e VY diBiles + cipr)-

=0

The relation (4.8)i follows directly from (4.1), also (4.8)ii is obtained from (4.1); (4.8)iii is derived from
(4.2)i. The relation for ®*)(t) is obtained from (4.6)v and iv, and the second expression in (4.18)iv
is obtained by using (4.8)i. By taking t = 0 in (4.8)iv and noting that ®(*)(0) = pgg)), the relation
(4.8)v results. By using the asymptotic expressions (4.7) it is readily verified that the righthand sides
in (4.8)i,...,iv, are for |r| > 1 and/or |t| > 1 well-defined meromorphic functions and so the lefthand
sides in (4.8)i,.. .,iv, can be continued meromorphically into |r| > 1, and/or |t| > 1.

We next compare the results according to the compensation approach with those obtained in Sec-
tions 2 and 3. First we compare some asymptotic results.

From (4.8) the following asymptotic results are readily derived.

k
: a — 6]
(1) pio) = CYeg foad[1 + O( (a—l) )] for k — oo,
0
2 a Qi ¢
(i) piy = mc_ldoﬁocoalé(l + Oé_o)[l + O((a—o) )] for k — oo,
. (4.9)
(a) _ 1 k s
(iii) pg,y =C  dofoog [l + O( (a_) )] for k — oo,
0
. (@) _ 1 m Bi\™
(iv)  pgm = C do(co + c1)B7 1 + O( o )] for m — cc.
o
From (2.7), (4.3) and (4.4) it is seen that
4 2
ag! =to = —, fot=r=5(a+49), (4.10)
a a
- a+4)? _ a+4
all—tl—( a3)7 ﬁllz'r?: a3 (a2+4a+8)5
a’? +4a + 16 a
ate=Graure PTare
It follows from (3.18) by using (2.19) and from (4.9) and (4.10),
- (2-a)(d-a) (42" @ ) o1 o (a2)F
(i) PkONT(T) ) Pro ~ Pry ~C H_G(T) , k— o0,
) (4—a®)(1=a) (42 )* (@) _ o1 a2 (a)* (4.11)
(11) Pk1 ~ CLW (T) s Pry ~ C ma (T) s k— o0, .
2—a)(4—a a2 m (a) —1 a? a a? m
(111) Pom ~ %(GZ + 4a + 16) [m] s Pom ™ C 1 (2+—|;§(‘;:_1§) [2(a+4)] , m — Q.
In [1] and [2] the constant C' is shown to be given by
a(4+a)
C— : 4.12
(4—a2)4—a)’ (4.12)

its derivation is based on (1) =1 — %a, a result which follows from the norming condition, and
the relation (2.3), cf.(3.34) of [2] or (32) of [1], and by considering (2.3) for t = t, = 4/a?.
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When inserting the expression (4.12) for C' into (4.11) it is seen that the corresponding relations in
(4.11) are identical.

Comparing the generating functions it is seen that Q(*)(r), cf.(4.8)ii, and Q(r), cf.(2.25), have the
same pole set but not the same structure because of the second term in the righthand side of (2.25),
such a term does not occur in the righthand side of (4.8)ii, this term cannot be identically zero because
of (3.7). Comparison of ®(t), (4.8)iii, and ®(t), cf.(2.25) and (2.27), show that they have the same
pole set and structure. To compare ®®)(t) and ®(t) it suffices to compare, cf.(4.8)iv and (3.10), the
function, cf.(4.1),

[e’s) (a) N ) e’} ¢ Cit1
E tt=C E d; + i

Pr1 4 t [1 —a;t 1 —oyqqt B
k=0 =0

and E,;";Opkltk as given by (3.12); they have the same pole set, but not the same structure.
For a further comparison we consider the compensation approach in some more detail.
The compensation approach starts with the choice of ay, i.e.

4
ap = — >1, (4.13)
a
this choice is motived in [1] and [2] by experimental and heuristic arguments on the one hand and by
a theoretical result obtained in [9] on the otherhand. This ay generates the infinite sequence

ag>Po>a1>P1> ... > an> P> angls- - (4.14)

(B is uniquely defined by a,, n =0,1,2,..., and similarly a, by Bn—1, n = 1,2,..., for both cases as
that zero of the biquadratic function kl(%, 1) which satisfies the relevant inequality in (4.14).
For every n =0,1,2,...,and k,m € {0,1,2,...}

akBm and ak,,Bm (4.15)
are solutions of the equation (4.6)i. Starting with the linear combination
oA + cral B, (4.16)

the coefficient ¢; is determined so that this linear combination satisfies (4.6)i and (4.6)iii. From (4.16)
and o 8™ the linear combination

af B5 + craf i + diaf BT (4.17)

is formed and d; is chosen in such a way that (4.17) satisfies (4.6)i and (4.6)ii. With d; so determined
(4.17) violates (4.6)iii, therefore a term cyak 8™ is added to (4.17) with cp chosen so that (4.6)i and
(4.6)ii are satisfied. Again a term dyak B is added to satisfy (4.6)i and (4.6)iii. This process is
iterated, it leads to the recursive relations for ¢; and d;, cf.(4.4), and in the limit to the expression
(4.1) for pgizb, which is an absolutely convergent series representation. Once (4.1) is known the p%)
are calculated from (4.6)v,vi. The equation (4.6)iv is discarded because it is linearly dependent of the
other equations in (4.6).

Obviously, the relation (4.1) so obtained depends only on the coefficient a in the biquadratic equation
for @ and B and the starting value og. For fixed a we can repeat the procedure above with another
starting value &g, say, instead of . This &g generates the zeros Bo, 61, Bi,-.., and so on, a “~” is
used to indicate that they stem from the initial &q; it is supposed that &y > 1 and &g # ay, &y # Bn
for any n, say 1 < &g < ap. It is then readily seen that &, # am, B # Bm for all n and m. The

recursive formulas for the coefficients ¢,, d,, keep the same structure with &y = dyp = 1, but generally
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5,' 7561', Jl ;éd,',iz ].,2,....
The absolute convergence of the series in (4.1) follows from the structure of the recursive relations
(4.4), from their asymptotics (4.7) and from the fact that

o<1t
6 ad—1

<1 (4.18)

Because ¢ is independent of g and @y, it is seen that the sequences ¢; and ¢;, have the same asymptotic
behaviour, similarly for the sequences d; and d;. Consequently, it follows that the series representation
for ﬁ;ca")l, i.e. (4.1) with ¢; and d; replaced by & and d; is also absolutely convergent. In [1] and [2] it

has been shown that

PIPIY

k=0 m=0
converges absolutely, a result which follows readily from (4.8) with » =t = 1. Analogously it follows
that

o oo
k=0

converges absolutely. Consequently, if the compensation approach produces an absolute convergent
solution of all the Kolmogorov equations then the ﬁ;;l)w and the pgca")l are two of such solutions. The
inherent Markov chain is irreducible and positive recurrent, note 0 < a < 2, so it follows that the
solutions pg:z and ﬁs;:zl can only differ by a factor. However, they differ essentially, as it may be seen
from their bivariate generating functions. The pole sets of these functions are o, 5o, @1, f1,.. ., and

ag, Bo, a1, P1, - . ., respectively, and these are disjoint sets. Hence, we have reached a contradiction and

P
0

m=

have to conclude that neither pg:z nor }35;2 is a solution of all the Kolmogorov equations, i.e. the PE:Z
as calculated by the compensation approach do not represent the stationary state probabilities.

A direct proof of the conclusion just reached follows from the structural differences between the
generating functions in (2.25) on the one hand and those in (4.8) on the other hand. The following
considerations provide further information.

The relation (2.3) between the generating functions is fully equivalent with the set of all the Kol-
mogorov equations, and the condition that the set of stationary state probabilities is an absolutely
convergent solution of all the Kolmogorov equations is equivalent with the condition that any zero-
tuple (r,t(r)) with |r| < 1,]t(r)| < 1, is a zero-tuple of the righthand side of (2.3). Rewrite (2.3) as:
for |[r| < 1,]t <1,

ky(r,)E{tYr%(z > 1)} = 2r[(r — t)Q(r) — {r + %art - %(2 +a)t}®(t)]. (4.19)

In (4.19) we substitute the expression (2.4) for k;(r,t) and the generating functions (%) () and &(®)(t)
as given in (4.8). This leads to: for |r| <1, <1,

2 _ 21 G Cit1 B _
[at® +[1 (2+a)r]t+”]Zd’[l—ait+1—ai+1t 1=fir
=0
OB+ S et ) 2] .

=0

1 1 2 (a) > C; Cit+1
- —art — - (2 ty—— C+(1 t d;B;
{r+gart = 52+ )t} 5——1Ipoy'C + ( +a); B e T T et
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The three series in (4.20) are all well-defined meromorphic functions and since (4.20) should be an
identity for all |r| < 1,[¢| < 1, if the compensation approach produces the correct solution, it follows
that this identity can be continued analytically for all |r| > 1, all |¢| > 1.

It is readily seen that (4.20) is indeed an identity for all ¢ if » = 0, and also for all r if ¢ = 0.

Next multiply (4.20) by 1 — 8;7 and let r — 3; = 7'1'_4}1 then we obtain

2 2 ¢j Cj+1 -1
{at* +[1 - 2+ a)rjp1]t + rj+1}dj[1 —]a]-t + 1 —Jaj_Ht Tip = d;(e; + ¢jt1), (4.21)

and this relation should hold for all t. Because, cf.(2.7),
a; =71, ajp =ti,
and
at? + [1 = 2+ a)rjpalt + iy = a(t — ta(rjsn))(t — ta(rj41)) = alt — t;)(t — tj41),
we obtain from (4.21),
—lacjti(t — tj41) + acjprtipa (t— )it dj = (¢ + cjy1)dy, (4.22)
or
—lacjt; + ciratialt + ale; + cirn)titivn = (¢ + ¢jpa)ripn.
Since d; # 0 and at;t;1 = 73, we may rewrite (4.22) as
—alejt; + cipatilt = ripa(e; +¢ipa)(1 —7i41), (4.23)

and this should hold for all £.
It is konwn that r;1; > 1, and from (4.4) it is readily seen that

citeipr 70, ¢ty +cipitipn # 0.

and so (4.23) cannot hold for all ¢.

Consequently (4.20) does not hold for all r and ¢, i.e. we reach again the conclusion that the
compensation approach does not produce the stationary state probabilities. It is readily seen that the
same conclusion is reached if we substitute ®(*)(t), instead of ®(®)(t) in (4.19).
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Appendix A

In this appendix it will be shown that, cf.(2.24), ®(t) is a constant and Q(r) a first degree polynomial
in 7.
Consider the sequence

P <To<P1<TL .. <Tpe1 < pn<Tn<..., (a.1)

with: forn =1,2,...,
2
1 < po < E’ (a2)

Tp—1 =11 (pn)a Tn = tg (pn)

Because pg # 2/a it is readily seen that the 7,, are neither poles nor zeros of ®(t), similarly the p, are
neither zeros nor poles of Q(r), so

Pm F Ty Tm 7 Ta for allm,n € {0,1,2,...}. (a.3)
Next note that
2 4
ki(r,t) =0 and ko(r,t) =0 <= r=—,t=—orr=—-1——, t=—-—.
a a a
Hence from (2.10), (2.11) and (a.2) we have for n = 1,2,...,

®(1,) _ ka(pn,Tn—1) _ -1+ %a%’n_l — %apn
D(7p—1) k2 (pn,Tn) =1+ fa%m, — zapn

(a.4)

From (a.4) it is seen that ®(7,) is bounded for every finite n. Obviously p, — oo, 7, — 00, for n — o
and it is readily verified that: for n — oo,

n— 1 n n
ot —c1, Issa, Pl gs2s (a.5)
Pn ad Pn Pn

From (a.4) we have for m = 1,2,.. ;

@(TN+m) _ ﬁ -1+ %a2TN—1+i — %apN_H- (a 6)
(7nv) -

1 1 )
P -1+ §a2TN+z’ — 5APN+i

=1

For n large we have from (a.5), by using (2.20),

—1+%Q2Tn—1+%apn - _ 6_]- 1_i g _2+(1+a)6 +O(i) (a 7)
—1+1a?m +ap,  6@—-1) [ pana  ad-1 pn’ '

From (a.5) it is seen that
=1
o<y Lan, (0.9
n=1""

so by using (2.21) it is seen from (a.6) that for sufficiently large N and m = 1,2,. ..,
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’ITL

(}(TN—Fm) 2 ]. +a -2 1
~ 1—- 9
| ®(7y) | 6—1 a ab—1 ;pk ’ (2.9)

note that the righthand side of (a.9) tends to zero for m — oc.
From (2.10) we have for m =1,2,..

1 ka(PNtm> TN +m) (TN 1m)
QpN+m) = — S(y). a.10
L 0(p1m) e T i) B 2) gy (2.10)
For sufficiently large N it is readily seen that ko (pN4+m, TN+m)/PN+m is bounded in m =1,2,..., and
so we obtain from (a.9) and (a.10), since ®(7y) is finite for finite N that
|®(TN+m)| < es\?_)l_m with e%’_)‘_m —0 for m — oo,
(a.11)
6ol /pvim < €L with €250 for m— oo,
for every finite N and every pg satisfying (a.2).
From (2.10)i we have for every r and j = 1,2,
1 1
;Q(r) + ;kz(r, t;)®(t;(r)) = 0. (a.12)

For r = r, + € with |e] << 1 it is seen from (2.16), since &(t) and Q(r) are entire functions and
t;(rn) and t,, are simple poles of ®(t) and Q(r), respectively, that

= | =

A 1~ 1
Qr) + ;Q(tj(r)) + ;O(r —7rn) =0forr — r,. (a.13)
Consequently we obtain from (2.24), (a.11), (a.12) and (a.13) that for j = 1,2, and n — oo,

1 4 2 -

o Uon) + k2 (pns t3(pn)) (2 (pn)) = 0. (a.14)

Because

lim |_k2(pm i(pn))| # 0,

n—oo

it follows that

A

B(t;(pn)) — 0 for n — oo,

and so (i)(fn) — 0 for n — oo, further (a.14) implies that Q(p,)/pn — 0 for n — co. By noting that
®(t) and Q(r) are both entire functions, Liouville’s theorem implies that

&(t) = ¥(0), (a.15)

A d -~
Q(r) =Q —Q(r)]r=0,
(r) = (0) + 7 L Ol =0
because for varying py with 1 < py < % the set of pn, = pn(po) will be dense in (r, o) for some r > 0.
A slightly different approach for the derivation of the results in this appendix from the product

form representation (2.8) is Cauchy’s method of decomposing meromorphic functions, see [8] Section
VIIL.4.



Appendix B
In this appendix we derive explicit expressions for ¢g and w;.
Consider first the case
1
a

It follows, cf.(2.5),

> 1.

1 2 1 2 4
ta(l) = — t1(1) =1 ti(—) = - ta(—) = — = to.
=2 wm=1 ad=1 wd-L-y

Hence from, cf.(2.10),
2 1, 2. 1 2 2
and (2.26) we obtain
2
a)=Lte-au-a
So from, cf.(2.10),
2 o =1+ L1a?ty(2) - Lar 4
0% 4 tim T2 ZE ) L) = 0

a’ .52 tao(r) — 4/a?

a

the relation (2.29) for ¢ follows.
Next consider the case.

1
- <1
a

Then

nh =t wm=1 mkEhH=o t=wd)=2

a a a a a

and (b.3) follows again by using (2.10). As before we obtain again the relation (2.29) for ¢y.

To determine w; note that ki(2, %) = 0, hence

at®> +t
To

= 2 (ata)

TN = |t0:aji2 a2

From (2.9) and (2.10) we have

w1 + lim [—1 + %a%o — larl] tl(r_irl(h(r) —4/a®)®(t1(r)) = 0.

T—T1 2

r) —4/a?

So

a—:4] [dtéy)] - 0.

w1 + ¢ |:—1+2—

=71

and by using (2.12) the expression (2.29) for w; results.

17

(b.3)
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Appendix C

In this appendix we show that: for N — oo,
Q(Ry)| = Ry [2M)(0) Z 2]+0
From (2.25) we have

{Q(Ry) — Q(0) — Ry[2M(0) + Z R =Y RNL 1

—Tn Tn
N w 1 w 1
Z Z N
_ e + +m .
R = BN —rNim TNim

For N sufficiently large we have, cf.(2.18), (2.19),

WN4m 1 _ WNim [ TN ]2 Wn
RN —TN+m TN4+m WNT]2V TN+m 1-—- m
§—11™ 1
(62) [a2536 1] Ry
’"N a0 — 1- N+1(a6)

From (2.18), (2.21) and (c.3) it is readily seen that the righthand side of (¢.2) is uniformly bounded
in N and so (c.1) follows.
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Appendix D
In this appendix we shall compare numerically p%) and pgo for the case a = 1 in order to obtain an
insight concerning the numerical results obtained by the compensation approach.

From (2.25) and (2.27) and from (4.8)iii we have: for k¥ — oo,

e 6 (to)\FH £ FH1
Pro = doty {14—% . +0({ = )} (d.1)

k k
(@) _ 1@ gy GF2 to to
W) =gt S 2 (1) ro((2)

For a = 1 we have, cf.(4.10),

t(] = 4, tl = 25, ™ = ].0, To = 65,

¢ —1+La?ty—Lary 1o —my 55 b1 to 44 £(2.17)
- = =—= - —=—--, ct.(2.17),
bo -1+ %aztl — %arl 1 —To 13 ¢o t1 65
—t tg 2
¢ = nohh_ -, cf.(4.4),
to —Tr tl 5
4 (' +3a)rs —(1+3a) 112
1= 7= = T 39
7"+ sa)yr — (14 1a) 13
1 1 a+2 44
L v T

Hence for £ — oo,

. _ 44
i. pro ~ doty (k+1){1 — g(o-lﬁ)k}a

_ 44
ty*{1 - ﬁ(0.16)’“}.

(d.2)

24+a

i ply ~C!

With C given by (4.12) the first factors in (d.2)i and ii are equal, cf.(4.11), and so it is seen that for
(a)

not too small values of k, the difference between pro and p;, will be very small. This is obviously due
to the choice of C' and the rapid increase of ¢, forn =1,2,....
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