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Abstract
It is well known that a convolutional code can be viewed as a linear system over a finite field. In
this paper we develop this viewpoint for convolutional codes using several recent innovations from
the systems theory literature. In particular we define codes as behaviors of a set of compact support
time trajectories over a vector space. We also consider several different representations of codes, in
particular generalized first order representations. As an application of these ideas, we present a BCH
construction technique for convolutional codes that yields optimal high rate codes.
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1 INTRODUCTION

Viewpoint in mathematics can be everything. A problem, that in one setting may seem difficult if not
impossible to solve, suddenly becomes feasible when considered from an alternate perspective. In this
paper we take a detailed look at convolutional codes from the perspective of linear systems theory
with an emphasis on the different representations of these codes. Using these representations, we
present a construction of convolutional codes with distance lower bounded by the overall constraint
length of the encoder.

Throughout the relatively short history of the theory of convolutional codes, there have been several
authors that have made the link between convolutional codes and linear systems theory. Among the
first authors to do this were Massey and Sain. They published a series of papers [21, 22, 34], containing
a systems theoretic analysis of convolutional codes and encoders. After this, Omura in [25] considered
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Viterbi decoding and its relationship to dynamic programming and later applications of control theory
to optimal receiver design for convolutional codes [26]. In several landmark papers, [3, 4] Forney started
to lay the foundation for the algebraic structure of convolutional codes. In the words of the author [5]:

These papers were a success in providing a linear-systems structure theory for convolutional
codes, in settling certain questions concerning invertibility, and in defining canonical classes
of convolutional encoders. They were generally failures, however, with regard to leading to
any new classes of codes or decoding algorithms, or stimulating very much further work.

Since these papers were written, there have been significant advances in the theory of linear systems.
One notable advance has been the behavioral approach to linear systems of Willems, championed in
a series of papers [37, 38, 39, 40, 41, 42]. The behavioral approach to linear systems looks at system
equations as just one possible way of representing a ‘behavior’, that is, a set of time trajectories
of a vector of selected variables. This point of view allows the development of an extensive theory
of alternative system representations which we demonstrate to be useful within the coding context.
Actually some basic results from the behavioral theory were developed independently for codes by L.
Staiger [36]. Another useful tool developed recently in the systems theory literature is the class of
first order representations by Kuijper and Schumacher [16] and Kuijper [15].

In this paper we will explain those recent advances in systems theory in the context of convolutional
codes defined over a Galois field F. This point of view then allows us to introduce a BCH construction
for convolutional codes, one of the main results of this paper.

The paper is structured as follows: In Section 2 we begin by considering the behavioral view point
for convolutional codes. In particular, we present convolutional codes as duals to autoregressive
systems [38], i.e. as duals to linear shift invariant behaviors which are closed in the topology of
pointwise convergence. We also connect in this section to the work of L. Staiger [36]. We also show
how the notion of input observability, a very natural notion in coding theory, relates to the classical
state observability notion in systems theory.

In Section 3 we derive generalized first order representations for convolutional codes and discuss
minimality of these representations. We then show how driving variable and input-state-output rep-
resentations can be derived by partitioning the state and output of first order representations.

In Section 4 we use the representations from Section 3 to construct a class of convolutional codes
whose free distance is lower bounded by the overall constraint length + 1 of the encoder. Some of the
results presented in Sections 2 and 3 of this paper appeared in abbreviated form in [33, 43].

2 CODES AS DYNAMICAL SYSTEMS

Below we will explain some basic notions concerning dynamical systems and their relations to coding
theory. We start with a general definition of a dynamical system as presented in [42]. For a more
detailed treatment of systems theory we refer to any of the following: [6, 12, 14, 13, 35, 38, 42].

DEFINITION 2.1 A dynamical system Y is defined as a triple

> =(T,W,B)

where T C R is the time axis, W is an abstract set called the signal alphabet, B C W7 is called the
behavior, and the elements of B are called trajectories of the system.

This definition is quite abstract and leaves us with some leeway as to how we can fit convolutional
codes into this frame work. By considering only the trajectories of a dynamical systems without forcing
any a priori structure as to what the inputs and outputs of the system are, considerable freedom is
gained in how you choose to represent your system. It is exactly this freedom that is the key to the
construction of convolutional codes as presented in Section 4.



In systems theory one is often concerned with how to model a given behavior B, in other words,
write down a set of equations in a given operator that every element of the behavior must satisfy. The
equations may be differential equations when T' = R with operator %, or possibly difference equations
for T' = Z 4, with the left shift operator o, defined by

o(wo,wr,ws,...) = (w1, ws,ws, ...). (2.1)

See [42] for many more detailed examples.

In the sequel we will develop a theory which nicely fits the class of convolutional codes into this
framework. For this let F := F, be the Galois field with g elements. As a signal space we will take the
vectorspace W = I and as time axis we will use T = Z. In other words the universum W7 consists
of all one sided infinite sequences of vectors in F™.

On the sequence space W7 define the right shift operator 7 by

7(wo, w1, wa, . ..) = (0, wp,wr,ws . ..). (2.2)

We say a subset C C W7 is right shift invariant if 7C C C and we say C C W7 has compact support
if every element b € C has at most finite many nonzero components. With this we define:

DEFINITION 2.2 A subset C C W7 is called a (time invariant) convolutional code if C is linear, right
shift invariant and has compact support.

We would like to comment on some of the requirements we impose. First note that the condition of
right shift invariance is a condition of time invariance. Note that right shift invariance implies that
any message that is sent at time zero, can be sent at any time ¢t > 0.

The fact that we impose compact support seems to be new. Note that many authors (see e.g. the
monograph [27] and the references therein) do not require that a convolutional code has compact
support and they instead substitute this condition with other conditions like e.g. “remergability” (for
this see Subsection 2.2 about the work of Staiger [36]). On the other hand one has to say that there
seems to be no universal agreement as to how to define a convolutional code and we refer to the recent
paper [9] to emphasize this point.

It is our intention to show in this paper that Definition 2.2 leads to a very clear and straightforward
theory which ties well together with systems theory and algebraic geometry. It is our opinion that
Definition 2.2 gives a clearer picture of codes from the systems theory point of view by simplifying many
of the arguments that follow, without losing any of the relevant mathematical structure concerning
codes. Moreover it seems that from an applications point of view nothing new is gained by allowing
infinite code words and we will say more about this in Subsection 2.2.

First we would like to note that we naturally can identify our universum W7 with the vector space
F*[[D]] and we make use of this identification throughout the paper. Note also that the right shift
operator 7 corresponds to multiplication by D in F*[[D]]. With this in mind we have the Lemma:

LEMMA 2.3 C C WT is a convolutional code if and only if C is a F[D] submodule of T [D).

PrOOF To say C is a submodule just means that C is linear and DC C C. The condition C C F*[D] is
equivalent to the condition that C has compact support. O

COROLLARY 2.4 IfC C F*[D] is a convolutional code then there exists a unique positive integer k and
an injective module homomorphism

¢: F*[D] — F*[D]; £(D) — w(D)

having the property that Im (p) = C. Equivalently there is a full rank n X k polynomial matriz G(D)
such that

¢ = {w(D) | 3(D) € F*[D],w(D) = G(D){(D)}. (2.3)



PRrOOF F[D] is a principal ideal domain and F"*[D)] is a free module over F[D]. Since C is a submodule, C
is free as well [8, Chapter IV, Theorem 6.1] and has a well defined rank k. Let g1(D), ..., gx(D) € F*[D]
be a basis for the free module C and let G(D) be the n x k matrix whose i-th column is the vector
gi(D). Then necessarily G(D) has full rank and the representation of w(D) in (2.3) is unique. O

Basing ourselves on this corollary we define:

DEFINITION 2.5 Given a convolutional code C C F*[D]. A module homomorphism ¢ : F*[D] —
F"[D] (respectively a n x k polynomial matrix G(D) whose columns form a basis of the free submodule
C) will be called an encoder of the convolutional code C. If k = rankC we say C has rate %

2.1 Convolutional codes and autoregressive systems

In this subsection we will show that the class of convolutional codes as introduced in Definition 2.2
is in one-one correspondence with the class of left shift invariant linear and complete behaviors in
F*[[D]]. In order to prove this result we need a fundamental theorem due to Willems [38, Theorem 5].
For this first recall the notion of completeness in our context (for the general definition see [38]). If
T =7, and WT = F*[[D]] then a subseteq B C F"[[D]] is complete if w : T — W is in B whenever
w :{0,..., N} — W belongs to B [{g,..,n} for each positive integer N. With this we have:

THEOREM 2.6 [38, Theorem 5] B C W7 is a linear, complete and left shift invariant behavior if and
only if B has a kernel representation, i.e. there is a £ X n polynomial matriz R(s) such that

B={weWT|R(oc)w =0}

In order to connect Definition 2.2 with this class of important behaviors we will introduce a bilinear
form [24]:

G): FDxFMD — F (2.4)
(’LU,U) = Z <wi7 ’U,’) )
i=0
where <, > represents the standard dot product on F*. Note that the infinite sum is indeed well

defined since at most finitely many terms are nonzero. Using this bilinear form we define for every
convolutional code C C F*[D] a corresponding behavior C+ C F*[[D]] through:

Ct = {we ™ [D]]| (w,v) =0,Yv € C}. (2.5)
Similarly if B C F*[[D]] is a linear, left shift invariant and complete behavior we define
Bt = {ve™[D]| (w,v) =0,Vw € B}. (2.6)

Note that the bilinear form (, ) is nonsingular in the sense that (w,v) = 0 for all v € F"[D] implies
that w = 0, and (w,v) = 0 for all w € F*[[D]] implies that v = 0.

We use o to denote the left shift operator on F*[[D]]. It is easy to check that, if w € F*[[D]] and
v € F*[D], one has (w,Dv) = (ow,v). Also, if A is a matrix over F of size p x n and w € FP[[D]],
v € F*[D], then (w,Av) = (A'w,v). By bilinearity, it follows that for every polynomial matrix
A(s) € FP*"[s] we have

(w, A(D)v) = (4'(0)w,v).
Let R(s) € FP*™[s] be a polynomial matrix. The set of all w € F*[[D]] such that R(s)w = 0 will be
denoted by B(R). The matrix R(s) is said to provide a kernel representation for the linear, left shift

invariant and complete behavior B(R). Similarly, we write C(G) for the convolutional code generated
by the generator matrix G(D); the matrix G(D) provides an image representation for the code C(G).



THEOREM 2.7 IfC C F*[D] is a convolutional code with generator matriz G(D), then C* is a linear,
left shift invariant and complete behavior with kernel representation R(c) = G*(c). Conversely, if
B C F*[[D]] is a linear, left shift invariant and complete behavior with kernel representation R(co),
then B* is a convolutional code with generator matriz G(D) = RY(D).

PROOF Let C be a convolutional code with generator matrix G(D). An element w € F*[[D]] belongs
to Ct if and only if (w, G(D)v) = 0 for all v € F*[D]. This is equivalent to (Gt(c)w,v) = 0 for all
v € F*[D], which in turn is equivalent to G*(o)w = 0.

For the second part of the proof, let B be a linear, left shift invariant and complete behavior with
kernel representation R(s). Take v € C(R?) so that v = R*(D)v’ for some v’ € F*[D]. For any w € B,
we then have (w,v) = (w, R{(D)v') = (R(c)w,v') = 0. So it follows that C(R?) C B* and the rest of
the proof will be devoted to the reverse inclusion.

First assume that the matrix R(s) can be completed to a unimodular matrix, so there is a matrix

R(s) such that
R
U(s) := [ A(S)]
R(s)
is unimodular, i.e. has a polynomial inverse. Write

U™ (s) = [T(s) | T(s)]

where the partitioning is conformable to that of U(s). We claim that R(o)w = 0 for w € F*[[D]]
if and only w = T'(o)w' for some w' € FP[[D]]. Indeed, if w = T(c)w' then we can also write
w=[T(o) | T(O‘)][u?,] which implies U(o)w = [u(j,] and so R(o)w = 0. Conversely if R(c)w = 0 then

w = T(o)w' for w' = R(o)w. Now take v € B, It follows that (T'(c)w’,v) = 0 for all w' € FP[[D]],
so that T%(D)v = 0. Define v’ by v' = T*(D)wv, then

v = @) | &) 7,0

1 Pt Cl t '
| = B@) | RO)[[] = B
so that v € C(R?).

Now consider a general kernel representation R(s). We may assume without loss of generality that
R(s) has full row rank. We may then write R(s) = T'(s)Q(s) where T'(s) is a square and nonsingular
polynomial matrix, and @Q(s) can be completed to a unimodular matrix. (This follows by an application
of the Smith form, which is valid over a general Euclidean domain and so in particular for matrices
over F[s].) From the above it already follows that

C(RY c B c c(@Y).

To prove that actually B+ = C(R?!), it suffices to show that the quotient spaces C(Q?)/Bt and
C(Q")/C(R") are both finite-dimensional vector spaces and that the dimensions of these spaces agree.
This is what we shall do now.

As is well-known, the behavior B(T') determined by the nonsingular matrix 7'(s) is a finite-dimensional
vector space over F with dimension 7 := degdet T'(s). Also the mapping Q(o) from F*[[D]] to FP [[D]]
is surjective so we can find elements wy,...,w, € FP[[D]] such that the elements w; defined by
w; = Q(o)w; form a basis for B(T"). Then B(R) is spanned by B(Q) together with the elements w;,
and so v € Bt for v € F*[D] if and only if v € C(Q?) and (w;,v) =0 for alli = 1,...,r. To show that
these extra restrictions are independent, assume that (3", a;w;,v) = 0 for some «; € F and for all
v € C(Q?). It then follows that for all v' € F*[D] we have

O aitbi, o) = () ciQo)wi,v') = (O cwwy, QD)) = 0
=1 =1 =1



so that 2221 a;w; = 0 and hence all «; are zero because the w; are independent. It follows that the
quotient space C(Q?)/B~ is a finite-dimensional vector space with dimension r = degdet T'(s).

To complete the proof, we note that it is a standard fact from polynomial module theory that the
quotient module C(Q*!)/C(R?) = C(R!T*)/C(R?) is finite-dimensional as a vector space over F with
dimension given by degdet T'(s). O

In conclusion we can say that behaviors definable by a kernel representation and the class of convo-
lutional behaviors introduced in Definition 2.2 can be thought of as dual to each other. One has finite
support and right shift invariance on the one hand and infinite support and left shift invariance on the
other. The fact in itself that there is a one-one relation between complete linear left shift-invariant
behaviors on the one hand and finitely generated polynomial modules is well-known; what is newly
established here is that this relation can be implemented through the ‘perp’ operation. Analogous
results were obtained by Nieuwenhuis and Willems [24] in the context of behaviors defined over all of
Z.

2.2 The work of Ludwig Staiger

The behavioral approach to convolutional codes, is not a new one. In fact, some basic results from
the behavioral theory were developed independently for codes by L. Staiger [36] and more recent work
involving convolutional codes over groups can also be found in [18]. In [36], Staiger considers the
class of behaviors! that are given by finitely generated F[[D]] submodules in " [[ D]] as compared to
the F[D] submodules considered in Section 2. Staiger uses a definition equivalent to the following
definition of a convolutional code:

DEFINITION 2.8 Consider a n x k full rank matrix G(D) defined over the polynomial ring F[D]. G(D)
generates a rate % infinite input convolutional code C through

€ := {w(D) | 3(D) € F*[[D]}, w(D) = G(D){(D)} (2.7)
and we say G(D) is an encoder of the code C.

Going from F[D] modules to F[[D]] requires two additional conditions on the behavior. The first is
that the behavior be closed in the topology of pointwise convergence and the second requirement is
that the behavior be “remergable”.

In order to help clarify this topology in the present context, we define a metric on F"[[D]] as it was
introduced by Staiger in [36]:

DEFINITION 2.9 Let w,v € F*[[D]] then define p(w,v) as:

(0,0) = 0 ifw=w
P20 = 1 1 Ghere s i min {tlur # v1).

Ll

(2.8)

Clearly p satisfies the basic axioms for a metric and induces therefore a topology. The metric
induced by p is in fact equivalent to giving W the discrete topology and W7 the product topology
hence, equivalent to the topology of pointwise convergence as mentioned previously (see e.g. [23,
Chapter 7.4]).

The second requirement is that the behavior be “remergable”, which we now define. Let A C W7,

DEFINITION 2.10 Let A C W7T. A trajectory a € A is said to be remergable if for every t € Z, ,
there exists a v € Z4 and a sequence of vectors {vi41,Vi42,: " ,vt+.y} C ™ such that

(a05a1;a2, ---aatavt+17vt+27"')vt-l-’vaoaoa'") € A

fThe class of behaviors Staiger considers is more general: in his work he sets W = IF and T = Z 4, the length of the
code words are then derived from the characteristics of the behavior.



The set A C W7 is said to be remergable if every element in A is remergable.

We now state the main result of interest for us in [36] which gives a classification of the subsets of
WT that represent infinite input convolutional codes.

THEOREM 2.11 C C W7 represents an infinite input convolutional code if and only if C is linear,
closed, time invariant and remergable.

Let the class of behaviors that satisfy Theorem 2.11 be denoted by S™. The extra property of remer-
gability gives us the following relationship between the behaviors of S™ and the set of convolutional

codes C C F*[D]:

THEOREM 2.12 For any Ce S, there exists a convolutional code C C W7, such that C is the closure
of C.

PROOF Let G(D) be a generator matrix for the convolutional code determined by C. Let C be the
compact support behavior defined by G(D). Remergability implies that for any @ € C and any
0 < t € T, there exists a w € C such that p(w,w) < % Hence, every @ € C is the limit point of a
sequence of elements in C, which implies that C = closure(C). O

Staigers notion of remergability is in fact equivalent (under the conditions of linearity and right
shift invariance) to the systems theoretic notion of controllability which we now recall:

DEFINITION 2.13 Given a dynamical system ) = (T, W, B), we call > controllable if for any w,v € B,
and any s,t € T, there exists a {uq,ug,us,...,u;} such that

(w(];wl’ vy Ws, U, U2, Uy w5 Ujy Vi y Vi1, V42, - - ) € B

The class of convolutional codes can easily be seen to be controllable if one considers they all have
an image representation. In fact one can limit the number of u vectors needed in Definition 2.13 by
the memory of the code. As stated previously, we have:

LEMMA 2.14 Let C C F[[D]] be linear and time-invariant, then C is remergable if and only if C is
controllable.

PROOF The implication < is clear. To prove = let w,v € €. For any t € L+, wip,y remerges to the
all zero trajectory in finite time. Let w denote the remerged trajectory. Then by time invariance and
linearity the trajectory @ + D™wv € C for any m € Z. O

With this in mind, one can see Theorem 2.11 and Theorem 2.12 as dual versions of the following
theorem of Willemst:

THEOREM 2.15 [42, Proposition 4.3] Let Y = (Z4,F,B) be a dynamical system with B linear, left
shift invariant and closed in the topology of pointwise convergence, then the following conditions are
equivalent:

1. " is controllable.
2. B = closure(B), where B = {w € B | w has compact support }.

3. B=1Im M (c), where M(s) € F¥*"[s].

IThe results were stated for W = R™, T = Z, here we state the equivalent results in the present framework.



2.3 Complezity, observability and Kronecker indices

In Definition 2.5 we defined the rate of a convolutional code C C F*[D]. In this section we define
some further basic properties of convolutional codes and we relate them both to Systems theory and
Coding theory. As a preliminary we recall a standard result from module theory:

LEMMA 2.16 G(D) and G'(D) define the same behavior if and only if there exists a k X k unimodular
matriz U (D) such that

G(D)U(D) = G'(D).

One important consequence of Lemma 2.16 and Definition 2.2 is that the class of equivalent encoders
is given a finer structure than if we were to use Definition 2.8.

EXAMPLE 2.17 Counsider the codes with generator matrix defined over Fy[D] by

G(D) = ( 77);:11 ),G’(D): ( P )

Then G(D) is not externally equivalent to G'(D), however, if one allows infinite input then by con-

sidering the input DL_H , they are easily seen to be externally equivalent.

Based on Lemma 2.16 we will be able to assume that G(D) has ordered Kronecker (column) indices
V2 2 Uk
where the indices v; are formally defined through:
v; = maxq{deg(gi;;) |1 <j<n} i=1,...,k

Note that the indices v; > -+ > v, depend only on the particular convolutional code C C W7 and are
independent of the particular encoder matrix G(D). Also note that the sum of the Kronecker indicies
is equal to the highest degree of the full size minors of any encoder G(D). Based on this we define:

DEFINITION 2.18 The complexity of a convolutional code C is defined as the highest degree of the
full size minors of an encoder G(D).

In the systems literature the complexity is also known as the McMillan degree and we will use this
convention as well.

We shall now discuss a notion of observability for convolutional codes. The classical notion of
observability as it was developed by Kalman relates to the reconstructibility of the state from obser-
vations of inputs and outputs. In particular for a linear system it means that if inputs and outputs
are zero for a sufficiently long period, then the state must be zero. The definition that we shall give
for observability of convolutional codes is similar to this interpretation. Note that the definition below
gives observability as a property of the code rather than as a property of its representation; this is
in marked contrast with the standard behavioral theory [42] where observability is a property of the
representation rather than of the behavior.

DEFINITION 2.19 Let a convolutional code C be given. Consider the polynomials w(D) that have the
following property: there exists an integer J such that for all j > J there is a polynomial v;(D) such
that w(D) + D?v;(D) € C. The code C is said to be observable if all polynomials with this property
belong to C.

EXAMPLE 2.20 The code given by the generator matrix G(D) of Example 2.17 is not observable since
[Dfl] + Dj[DiH] belongs to the code for all 7 > 0 but [Dfl] is not in the code. The generator matrix
G'(D) in the same example gives a code which is observable, as is easily seen from the criteria that
will be given below.



The relevance of the definition for decoding is obvious, since it means that after a certain number
of zeros have been received following a certain non-zero sequence, one can be sure that the received
sequence is a message. The number of zeros that one has to wait is allowed by the definition to depend
on the message, but we shall see below that actually a uniform bound can be given that depends only
on the code. A somewhat more concise reformulation of the definition can be given as follows.

LEMMA 2.21 A code C is observable if and only if
CNnF'[D] = C
where the overbar denotes closure in the topology of pointwise convergence.

PROOF The ‘if’ part is clear since the sequence of polynomials w(D)+D?v;(D) € C converges to w(D)
in the topology of pointwise convergence as j tends to infinity. Suppose now that C is observable. The
inclusion C C C N T [D] is obvious. To prove the reverse inclusion, let w(D) € F*[D] be such that
w? (D) — w(D) for some sequence of polynomials w?(D) in C. Then there is for any given £ a J such
that Zf:o w; D = Ef:o wgDi for 7 > J. By the definition of observability, this implies that w € C.

O

Before we come to an algebraic characterization of observability we insert the following lemma which
states that “nontrivial 1/1 codes are never observable”.

LEMMA 2.22 Let p(D) be a scalar polynomial of the form pgD*+ pgr1 DT + - -, where p; # 0. Then
there ezist for all j > 0 polynomials r;(D) and q;(D) such that

p(D)r;(D) = D +D*g;(D). (2.9)
However there exists no polynomial r(D) such that p(D)r(D) = D* unless p(D) = p,D*.

PROOF Define field elements 7, ..., r;_1 by solving the system of equations pyro =1, pet17r0 +per1 =
0, ..., Pegj—170 + -+ + perj—1 = 0; note that these equations can indeed be solved by the assumption
that p; # 0. Then the polynomial r;(D) := EZ;& r;D* is such that (2.9) holds for some polynomial
g;(D). The second part of the statement is obvious. O

THEOREM 2.23 A code C with encoder G(D) is observable if and only if the greatest common divisor
of the full size minors of G(D) is of the form D* for some £ > 0.

PROOF Suppose first that the condition on the minors of G(D) holds. After postmultiplication by
a unimodular matrix if necessary, we may assume that G(D) = R(D)T (D) where R(D) has a left
polynomial inverse and T'(D) is a diagonal matrix with diagonal entries of the form D?. We can find

a matrix R'(D) such that [R'(D) | R(D)] is unimodular. Define H(D) and H'(D) by

[ H(D)
H'(D)

so that in particular H'(D)R(D) = I and H(D)R(D) = 0. A polynomial w(D) belongs to C(G)
if and only if H(D)w(D) = 0 and H'(D)w(D) € C(T). Suppose now that w(D) is such that for
all sufficiently large j there exists a v;(D) € F*[D] such that w + D7v;(D) € C; then it follows that
H(D)w(D)+D?!H(D)v;(D) =0 and H'(D)w(D)+D?H'(D)v;(D) € C(T). The first condition (applied
with j larger than the degree of w(D)) implies that H(D)w(D) = 0. As for the second condition, note
that membership of C(T") is decided on the basis of only the lowest coefficients, and so again by taking
j sufficiently large it follows that H'(D)w(D) € C(T). Consequently, we have w € C(G).

For the converse part of the proof, suppose now that the full size minors of G(D) have a common

divisor that is not of the form p;D* for some £. We can then write G(D) = R(D)T(D) where T(D)

] — [R(D)| R(D)]""



10

is diagonal and at least one of the diagonal elements is not of the form p,D?. It then follows from
the preceding lemma that T(D) generates a non-observable behavior, so there exists a polynomial

w'(D) such that for all sufficiently large j there is a vj(D) such that w'(D) + D7v}(D) € C(T), but

J

w'(D) ¢ C(T). Since R(D) has full column rank, this implies that R(D)w'(D) ¢ C. On the other
hand, we do have R(D)w'(D) + DI R(D)v}(D) € C. It follows that C is unobservable. O

It can be inferred from the proof that for an observable code C, membership of a polynomial w(D)
can be decided by verifying whether H(D)w(D) = 0 where H(D) is some given polynomial matrix
(a syndrome former, see below), plus a finite test which involves only the first coefficients of w(D).
Moreover it follows that there is a uniform bound on the number of zeros that have to be received
before one can conclude that a message has been completed.

The theorem above shows that our concept of ‘observability’ is equivalent to the existence of a
feedforward inverse with delay, as studied by Massey and Sain [22]. There is a conceptual difference,
however, since observability is defined above purely in terms of the code itself, where the term ‘code’
is understood in the behavioral sense as the set of all possible messages.

2.4 Syndrome formers

Recall that in Section (2) we defined an encoder for a code as an injective module homomorphism
from ¢ : F¥*[D] — " [D] whose image is the code and we associated to this map the matrix G(D).
With this in mind, we define:

DEFINITION 2.24 A syndrome former for a code as a module homomorphism given by
¢ : F*[D] — % [D]
with the property that Im (¢) C ker ().

We will say that a code C is shift invariant if Dw(D) € C implies w(D) € C. The next lemma provides
a simple criterion for representability by a syndrome former.

LEMMA 2.25 A convolutional code is shift invariant and observable if and only if there exist an encoder
@ and a syndrome former ¢ such that the following sequence is exact:

0 — F*[D] % T [D] -5 ¢ [D].

Note that a syndrome former 1 can also be presented through a (n — k) X n polynomial matrix
H(D), where the definition just gives that H(D)G(D) = 0. In particular

Im G(D) C ker H(D)

with equality holding if and only if C is observable.
H(D) induces a representation for the convolutional code C introduced in (2.3) through:

C ={w(D) | H(D)w(D) = 0}. (2.10)
DEFINITION 2.26 We say a syndrome former is a minimal syndrome former if 4 is onto, i.e. if

" [D] -2 Ik [D] — 0.
is exact.

In particular we have:

LEMMA 2.27 Let H(D) be a syndrome former. Then H(D) is minimal if and only if the full size
MInors are coprime.
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Note that the lemma justifies our use of the word minimal. In conclusion we have that:

THEOREM 2.28 A convolutional code is shift invariant and observable if and only there are an asso-
ciated encoder and syndrome former ¢ and 1 such that the following sequence is exact:

0 — F*[D] % D] % F*[D] — 0.

EXAMPLE 2.29 Let C be defined by the generator matrix G(D) = (D + 1,D + 1)'. We can associate
to this a minimal syndrome former H(D) = (1,1). The code generated by G(D) is not observable;
the code recognized by H(D) is slightly bigger and is observable.

Note that the definitions presented here are very general indeed. In fact, there is no need to restrict
to modules over polynomial rings in this setting. Any mathematical object where the notion of a
factor space is well defined can serve for this theory. For this let C' be such a space and assume C'
is a subset of C where C'/C is well defined. Let M be a set isomorphic to C. We can think of M
as our set of messages, C' our encoded messages and C the set of all possible transmitted messages.
With the proper restrictions, we can define observablity, controllability and minimality in terms of
the associated encoder and syndrome former ¢ and 1 with

0—M-5¢C5C/c—0

being exact. Here you would require that ¢ and % be defined as before, respecting the underlying
structure of the objects considered ( e.g. groups, rings, fields, modules, vector spaces etc...).

3 FIRST ORDER REPRESENTATIONS OF CONVOLUTIONAL CODES

In this section we will show how a convolutional code has in a canonical way a first order representation.
We derive these results on a purely module theoretic level. It is possible to make use of the duality
between codes and autoregressive systems as presented in Section 2 to develop the theory presented
in this section.

THEOREM 3.1 (Realization Theorem I) Assume C C F*[D] is a rate £ convolutional code of com-
plezity c. Then there exists (c +n — k) X ¢ matrices K,L and a (c+n — k) X n matriz M (all defined
over F) such that (2.8) is equivalently described through

C :={w(D) | J=(D) : Kz(D) + DLz(D) + Mw(D) = 0}. (3.11)
Moreover the following properties hold:
1. ( K+DoL | M )has rank ¢ +n —k for all Dy € F.

2. (K +DoL) has rank ¢ & G(Dy) has rank k.

PROOF Assume G(D) has column indices p1 > - -+ > pr, and McMillan degree ¢ := Y~ p1;. Let
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1 0 0
D
pu-1 g 0
0 1
X(D) = D (3.12)
D#z—l
o .1
D
0 0 Dhm—1

In [31] the matrix X (D) with was called a ‘basis matrix’. The matrix X (D) has dimensions ¢ X m,
X (D) is of full rank for all D € F (the algebraic closure of F) and has the property that for every
polynomial vector

fD)=(£(D),..., fm(D)) € F"[D],deg fi(D) < pi — 1

there exists a unique vector v € F¢ such that vX (D) = f(D). Next identify all polynomial vectors in
f(D) € F™[D] with deg f;(D) < p; with a scalar row vector in the space F™*¢ and consider the map

®: [Fetn Fetk
®(v) — w { D)g((%) ] (3.13)
| co) |

Since X (D) is of full rank one verifies that there are (¢ +n — k) linearly independent constant vectors
in the left kernel of this matrix, i.e. there is a full rank matrix (K L M) of size (c+n — k) X (2¢+n)
which can be expressed in pencil from as:

( K+DL |M)(§((g;):0. (3.14)

First we prove that the representation has property (1). Suppose that for some Dy € F, and some
y € Fet"=* we have that y( K+DyL M ) = 0. This implies that yK = —DyyL so there exists
constants a, # and av € I such that yK = av and yL = Sv. By (3.14) we obtain (yK + DyL) X (D) =
(a + BD)vX(D) = 0 which implies that (a,8) = (0,0) or v = 0 since X (D) has full rank. Either
condition implies that y (K L M) = 0 which gives the desired result, y = 0. This and the fact
that(G(D), X (D))’ is a minimal basis (i.e. column proper and no rank drop over the algebraic closure)
imply that

ImF[D] ( g((,g)) ) =ker]p[D]( K+DL M )

It follows that
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hence C is described by (3.11). Next we prove property (2). From equation (3.14) we obtain
(K +DL) X(D) = —MG(D) From this it follows that if y € ker (K + DyL)then —yM € ker G(Dy).
By property (1) we know that ker (K + DyL) Nker M = V, hence we obtain the following inequality:

dim (ker G(Dy)) > dim (ker (K + DoL)) > n — k. (3.15)

Therefore, if rankG(Dy) = k then rank (K + DyL) = c¢. The converse follows from the fact that
(K +DoL) X(Dg) + MG(Dy) = 0 and the matrices ( K +DoL | M ), X(Do)have full rank imply
that G(Dp) does as well. O

EXAMPLE 3.2 Consider the rate % code over Fy given by the generator matrix:

D? D+1
GDl:==| D*?+D+1 1
1 D

The Kronecker indicies are given by p:=[2,1], and a basis matrix is:

1 0
XD):=| D 0
0 1

The scalar matrix corresponding to (X (D), DX (D)',G(D)")" is given by:

).
|

0 00 00O

S oo O
S CoC O ~=O
[ i e )
_ o oo
=)
O - ==

1
0
0
0
1

SO = O

1
0
0
0

The kernel is given by:

101010101

1000 01001

01 010O00O0O0O0]

01 00O0O0T1T11

hence,

1 01 010 1 01
1 00 0 01 0 01

K'_OIO’L'_IOO’M_OOO
010 0 00 1 11

Image representations and kernel representations are dual in a certain sense and, as there are
canonical first order representations for image representations, there are also canonical first order
representations for kernel representations. The following theorem clarifies this.

THEOREM 3.3 (Realization Theorem II) There ezist ¢ X (c+k) matrices P,Q and a n X (c+k) matriz
R (all defined over F) such that (2.10) is equivalently described through

{w(D) = Rz(D) | Pz(D) = DQz(D)}. (3.16)
where z(D) = Y, z:D' € F*¥[D]. Furthermore, the following properties hold:

1. ( P+}?)Q )has rank c+ k for all Do € F.
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2. (P +DoQ) has rank ¢ & H(Dy) has rank n — k.

PROOF The proof is dual to that of Theorem 3.1 and we omit some of the details. Let H(D) be a
syndrome former for the code C. Assume H (D) has row indices 1 > -+ > p,—t and McMillan degree
c:= Z?:_Ok pi-Consider the (n — k) X ¢ matrix of the form

1 D ... D71 o ... 0
po—1
X(D): 0 0 1 D ... D '0
: 0 0 T, 0
o --- ... 001 D ... D#a-k—1

Next identify all polynomial vectors in f(D) € F*~*[D] with deg fi(D) < p; with a scalar column
vector in the space F*~*+¢ and consider the map

& [etn Fr—kte

() +— (X(D) DX(D) H(D) )v (3.17)

Since X (D) is of full rank over F, one verifies that there are ¢ + k linearly independent constant

vectors in the right kernel of this matrix, i.e. there is a full rank matrix ( P —Q R )’ of size
(2¢+n) x (c+ k) . From this it follows that property (1) holds and that

From this we obtain the following:

w(D) € C & HD)w(D) =0 ( X(D) H(D)) ( %) ) —0

& 3:(D), ( P-pe )z(D) - ( (D) )

hence the C is described by (3.16). The proof of property (2) follows similarly. O

In this representation the (¢ + k)-vector z(D) describes the set of ‘internal variables’ and w(D)
describes again the set of ‘external variables’, i.e. the behavior of the system. The matrices P, Q
are linear maps from the space of internal variables to the space of state variables. Corresponding to
change of coordinates one has a natural equivalence among pencil representations

(P,Q,R) ~ (SPT~',SQT~,RT™),

where S € Gl, and T € Gl.y. Asin the case of image representations every equivalence class describes
a parity check matrix H (D) uniquely up to pre multiplication by a (n—k) X (n —k) unimodular matrix.
We would like to remark that the dynamics described through

Pz = Qzy; wy = Ray.

is usually characterized in the coding literature through graphical methods — e.g. a trellis dia-
gram [27].

Below we describe two alternative representations of convolutional codes that are easily derived
from the codes corresponding first order form.
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3.1 Driving variable form

Using Property (1) of Theorem (3.16) with Dy = 0 guarantee that after a suitable change of basis we
can express the matrices ( P Q@ R )as:

P=(I 0),Q=(A B),R=(C D).

After partitioning z; as z; = (x;/,u;')" , the transformation gives rise to the well known driving variable
form for convolutional codes given by the system

Ti4+1 — Ail?t + B'U,t

wi = Cil?t + Dut ’ (318)

and discussed in more detail in [21].

3.2 Input/state/output form

Properties (1) and (2) of Theorem (3.11) with Dy = 0 guarantee that after a suitable change of basis
we can express the matrices ( K L M )as:

k=(g)r=(3¢")m=(%2)

After partitioning the output w; as w; = (y;,u:) the transformation gives rise to the well known
input-state-output form for convolutional codes given by the system

1 = Azy + Buy

o e 4 Du (3.19)

Note that there is a difference between the systems (3.18) and (3.19). In the latter we are partitioning
the behavior of our code as input and output. Hence system (3.19) corresponds to a systematic
representation of the code i.e.

@ = g )

where G(D) is a matrix over F(D).

3.8 Connections to geometry

In this subsection we would like to shortly explain how our approach to convolutional coding theory
is motivated in part by results in algebraic geometry.

A rate k/n linear block code is by definition a k-dimensional subspace of the vector space F*. The
set of all k-dimensional subspaces of the vector space F™ is called the Grassmann variety. In this way
we can view a rate k/n linear block code as a point in a Grassmann variety, which is a smooth and
projective variety. This variety parametrizes therefore all rate k/n linear block codes.

As it was recognized first by Martin and Hermann [19] it is well possible to identify a linear system
with a morphism from the projective line to a Grassmann variety. The set of all morphisms from
the projective line to a Grassmann variety, whose mapping degree (i.e. the McMillan degree of the
underlying system) has a fixed value is called in the algebraic geometry literature a Quot Scheme.

Such a Quot Scheme is again a smooth projective variety [28] and as it turns out it naturally
parameterizes all linear systems having a fixed input number, a fixed output number and a fixed
McMillan degree. It is therefore our belief that this variety should also naturally parameterize all rate
k/n convolutional codes having a fixed complexity.

It turns out that the way we defined convolutional codes they indeed become points in a quot
scheme. For this first note that the first order representation of the form (3.11) is not unique. Indeed
if T € Glp4. and S € Gl. one has natural equivalent descriptions given through the equivalence
relation:
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(K,L,M) ~ (TKS™,TLS™',TM). (3.20)

On the other hand one verifies that if both (K, L, M) and (K, L, M) are realizations of a particular
rate k/n behavior C C F*[D] in the sense of Theorem 3.1 then necessarily (K, L, M) and (K, L, M)
are equivalent in the sense of (3.20).

The equivalence classes induces by the group action (3.20) build up a quot scheme in the following
way: Consider the set of all triples (K, L, M) having size (c+n—k) xe¢, (c+n—k)xcand (c+n—k)xn
respectively and which satisfy:

1. (K+D0L|M)hasrankc+n—kforallD0€F.
2. ( K| M ) has rank c+n — k.
3. (K + DL) has rank c.

Then the main theorem in [29] states that the set of equivalence classes under the equivalence rela-
tion (3.20) forms a quot scheme and this particular quot scheme is a smooth and projective variety.
Note that this variety is just the Grassmann variety if the complexity ¢ = 0. In this way we can view
rate k/n linear block codes as convolutional codes of complexity zero.

4 AN ALGEBRAIC CONSTRUCTION OF CONVOLUTIONAL CODES

In this section we will apply the ideas developed previously to construct convolutional codes. From now
on, we assume that all encoders and syndrome formers considered satisfy the minimality conditions
stated in Theorem 2.28. A key problem in convolutional coding theory has been to find a method
for effectively characterizing the free distance dy of a given convolutional code. Very much related to
this problem is the task of designing codes of a given rate and complexity with good free distance.
At present, the most effective techniques for doing this has been to make an exhaustive search of the
class of codes determined by the rate and complexity,and compute the free distance of encoders in
this class, until one with maximal or near maximal free distance is found. To date, there have been
few significant construction techniques developed for convolutional codes.

4.1 State observability

The notion of state observability plays a crucial role in our code construction presented below. Recall
the system given by

Ti4+1 = Ail?t + But

o e 4 Du (4.21)

If we know the outputs and input for a given time period [t,t + 7], can we determine what the
corresponding states of the machine are? Note that since we know the inputs for all time in the given
interval, it is enough to determine the initial state ;. By iterating the equations of system 4.21 we
arrive at the following equations:

D 0 .. 0
Yi c . . Ut
Y41 CA CB D T : Ut 41
Y2 | = | CA? Ty + CAB CB D - itz
Yrer oA CA™B CA™2B ... CB D e
C
Clearly, the state will be observable if the matrix has full rank.

CA™
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DEFINITION 4.1 Let s be the dimension of the state (the z; vectors) of the system given by equation
(4.21). The pair [A, C] is called observable if the matrix
C

CAs—l

has rank s.

4.2 A new parity check matriz for convolutional codes

From the kernel representation of a code C, one has that w(D) € C iff H(D)w(D) = 0. If w(D) =
wo +w D + ...+ wyDY and H(D) = Hy + HiD + ... + H,,D™, we can represent this with a the
(m + v+ 2) x (v + 1) sliding block matrix, (see e.g. [17]):

H, 0 o --- 0

H, H, 0

Hy, H; H,

: H2 H1 Wo

i w1
H, . Hy we -0

H,, H; :

0 H,, H, Wy

0 0 Hp, :

0 0 0 0 H,

We now derive a sliding block matrix in terms of the matrices A, B, C, D that correspond to the
i/s/o representation of the code.

THEOREM 4.2 Given an observable code C and the corresponding i/s/o representation given in equa-
tion (8.19) with initial state xo = 0, then w(D) = wo + w1 D + ...+ w, D" € C if and only if

Yo
0O -+ -+ 0 AYB AY-1B ... AB B U
D .
CB D ’

vy —

I CAB D w | =7 (4.22)
: . OB D “
CA-'B CA"™2B ... CB D

Uy

PROOF For the bottom half of the matrix set ¢ = 0 and 7 = v in Equation 4.1. To see the top half
note that zop = 0 and 2441 = Az + Buy imply that

Zyy1 = ATBug + A" 'Bu; 4+ -+ ABu,_1 + Bu,.

Since the code is observable and w; = 0 for all £ > v+ 1 we must have z,,; = 0 and the result follows.
O
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4.8 Input/state/output construction

In the previous section we gave a factorization of the parity check matrix of a convolutional code in
terms of the matrices A, B, C, D corresponding to the i/s/o form of the encoder. In this section we
will show how this leads one to a BCH construction for convolutional codes. Let a € F and s,r € N.
Consider the following two matrices.

a” 0 0

A—| 0 @ T (4.23)
0 0 o
1 a o2 -+ ot
1 aZ 044 a?(r—l)

B=| . . . _ (4.24)
1 aof a.Zs . as(;‘—l)

THEOREM 4.3 Let A and B be defined as above. Choose a, a primitive element in F,, where q > s%r.
Then the matriz

(B 4B a2B ... 4B )
has the property that every subset of s columns are linearly independent.

PROOF By construction the above matrix is a Vandermonde matrix with first row given by

(1 a o - a”z).

This gives us the following:

THEOREM 4.4 Let ¢ > s?r and A and B be given by (4.23) and (4.24) respectively. Choose a matriz
C, so that the pair [A, C] is observable. Then, for any matriz D, the convolutional code C determined
by the i/s/o representation given by [A, B,C, D] has

deS‘{'l.

REMARK 4.5 That such a matrix C can be chosen and what in particular is a good choice of C,
as well as the fact that this construction can be extended to the case where the base field is Fy is
discussed in detail in [32].

PRrROOF Let w(D) =wo +w1D +...+wy,DY €C , where w; = ( zt ) Then

1
Yo Y1 Yy
ug Uy U~y

is an input output sequence of the FSM determined by [A, B, C, D] and in particular

1

(yanla-'-)y’yau07u13"'u’y)
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is in the kernel of (4.22). We will show that the weight of w(D) > s + 1. There are two fundamental
cases to consider: 1) v < s2, or 2) v > s2.

casel: If v < s? then (ug,u1, - -u.y)l is in the kernel of ( B AB A?B --- A"B ) hence, by

construction, wt((ug,u1,- - uy)) > s+ 1.

case2: If v > s2, then either wt((uo,us, - us2)) > s+ 1 or wt((uo,us, - us2)) < s+ 1. In the
first case we are done, so assume that wt((uo,u1,---us2)) = b < s + 1. This implies that there
are s — b subsequences of length s or bigger containing only zero vectors. Let w;y1,usya,: - Uits
be one such subsequence. The state of the FSM at time ¢ + 1 must be non-zero, since if it were

zero, this would imply that (ug,uq,- - -ut)l is in the kernel of ( B AB A?B ... A”B ) where
wt((ug,u1,---u)) < s + 1 a contradiction. By observability, this implies that there must be at least
one non-zero output y; for t+1 < i <t+s. Since we have at least s — b such subsequences, we must

have at least s — b non-zero outputs, hence wt((wp, w1, w,2)) > s — b+ b = s hence w(D) > s+ 1.
O

EXAMPLE 4.6 Let n = 3,k = 2 and s = 4. Then set 37 = p > 52k = 32. Choose @ = 2, where 2 is a
generator for the group of units of Fz7. The corresponding A and B matrices are:

4 0 0 O 1 2
0 16 0 O 1 4
4= 0o 0 27 0|’ B = 1 8
0 0 0 34 1 16

Next, choose a C so that the system is observable and any D. One such choice is as follows:
C:(l 11 1), D:(O 0)
A minimal generator of the code corresponding to this i/s/o representation is:

28D%2 +16D+34 21D%2+36D+ 17
14+31D 4D?>+7D+ 4
4D*>+D 27D%2 4+ 3D

The designed distance is 5, however one can easily show that the actual distance is greater than or
equal to 6.

Several authors have presented techniques for constructing convolutional codes [1, 10, 11, 20], how-
ever the above construction differs from these in the following ways:

e knowledge of optimal block codes is not required
e works for any rate

e by letting ¢ = 2™, m € Z one can extend the construction technique to the binary case [32].

ExXAMPLE 4.7 Let p = 1801, « = 11 and s = 30. Then

g11(D) = 315D + 749 + 75D'0 + 897D? + 639D3 — 610D* + 872D° — 133D8 + 40D” — 431D8 +
565D° + 247D + 408D'2 + 674D3 — 11D* — 783D15

g1,2(D) = 935D + 104D + 838D? + 410D3 + —340D* — 376D5 — 141D6 + 995D7 + 322D8 —
258D° — 529D — 193D'2 — 507D — 746D — 552D + 559

g2,1(D) = 825D + 418D +82D? + 830D3 + 47D* + 850D5 + 449D% — 741D7 + 601D8 + 306D° +
452D + 524D'? + 310D + 235D — 708D
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g2,2(D) = 1 —442D + 672D + 756D? — 586 D3 + 909D* + 224D5 — 457D% + 661D7 — 532D8 —
300D° + 385D — 98D12 — 627D13 + 281D

g31(D) = 858D —424D0 —185D2 — 91D3 + 928D* + 988D° — 570D8 — 593D7 + 640D — 631D +
750D + 175D'2 4 647D'3 + 895D — 22D10

g32(D) = —22D+907D104-812D% 4 550D% — 615D* 4 324D° — 105D + 435D + 559D8 — 679D —
336D — 472D'2 + 544D'3 — 273D + 233D1°

defines a convolutional code with df > 31.

5 CONCLUSIONS

In this paper we studied convolutional codes in the behavioral framework of linear systems theory. We
showed that the class of autoregressive systems can be considered as dual to the class of convolutional
codes. We also developed some of the theory of convolutional codes considered as behaviors. Using
these tools we were able to represent the class of convolutional codes in ways not considered in the
literature previously. By making use of these different representations of codes and their corresponding
systems theoretic properties we were able to derive an algebraic construction of convolutional codes
where the resulting codes have free distance lower bounded by the overall constraint length + 1.
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