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Abstract

The algebraic structure of the set of square positive matrices is that of a semi-ring.
The concept of a prime in the positive matrices has been introduced. A few examples
of primes in the positive matrices are known but there is no general classification. In
this paper a partial classification of primes in the positive matrices and in the doubly
stochastic matrices is presented. The classification of primes in the doubly stochastic
matrices is reduced to the classification of solutions to an index equation and a linear
equation over a latin square.
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1 Introduction

The purpose of this paper is to present results on the classification of primes in the positive
matrices and in the doubly stochastic matrices.

The motivation of the authors for the study of positive linear algebra lies in problems
of the research area of control and systems theory. The stochastic realization problem for
finite-valued processes, see [22], is of interest to signal processing. In the literature one also
speaks of the realization problem for the hidden Markov model, for a partially observed
Markov chain, and for a finite stochastic system. A positive linear system is a dynamical
system as understood in systems and control in which inputs, states, and outputs take
positive values. The realization problem for this class of linear systems is of interest to
compartmental analysis and to economics. The main question for these problems is the
characterization of minimality for these systems. This question reduces to a problem of
positive linear algebra, see [22]. For an entry into the literature on the second class of
systems see [1].

The concept of a prime in the positive matrices has been defined in a paper by D.J.
Richman and H. Schneider in 1974, see [23]. The algebraic structure of a semi-ring, in
particular that of a monoid with respect to multiplication, allows one to define a prime



in the positive matrices. Several examples and special classes of primes in the positive
matrices have been published, see [2, Sec. 3.4] and [23]. Primes in the Boolean matrices
were explored in [7]. No complete classification of primes in the positive matrices is known.
There is thus a need for such a classification and for the development of the algebraic theory
of positive matrices. The use of a classification of these primes for the questions of control
and system theory requires further study.

A summary of the results follows. A prime in the positive matrices is shown to be
monomially equivalent to the direct sum of an identity matrix and of an indecomposable
doubly stochastic matrix. The classification of primes in the doubly stochastic matrices
is reduced to the classification of solutions of an index equation and of a linear equation
over a latin square. The index equation can be solved in a straightforward manner. The
linear equation over a latin square requires analytic solvability conditions that grow in
complexity with the dimensions of the problem. A procedure to construct all primes in
the doubly stochastic matrices is described. Examples of primes in the doubly stochastic
matrices are presented, some of which are doubly stochastic circulants. The algebraic
structure of the subclass of positive matrices will be useful to positive linear algebra and
to control and system theory.

An outline of the paper by sections follows. Section 2 contains definitions and a problem
formulation. Results of the classification of primes in the positive matrices are presented
in Section 3 and of primes in the doubly stochastic matrices in Section 4. Concluding
remarks are made in Section 5. The appendices contain various results of a technical
character. Definitions and results on permutation matrices are presented in Appendix A,
on circulants in Appendix B, on latin squares in Appendix C, and on doubly stochastic
matrices in Appendix F. The solvability of a linear equation over a latin square is discussed
in Appendix D, that of index equations in Appendix E, and the proofs for primes in the
doubly stochastic matrices are presented in Appendix G.

Primes in the doubly stochastic circulants are studied in the paper [21].

2 Problem formulation

In this section a prime in the positive matrices is defined and the problem is posed of
classifying all such primes.

2.1 Definitions

Positive matrices may be regarded either as matrices, as elements of a semi-ring, or as
convex polyhedral cones. The relationships between the matrix, the algebraic, and the
geometric approach is extremely useful. Sources on positive matrices are [2, 3, 5, 17].

In this paper the set Ry = [0,00) is called the set of positive real numbers and (0, 00)
the set of strictly positive real numbers. This terminology is used in [9, 2.2]. Let Z, =
{1,2,...} denote the set of the positive integers and N = {0,1,...} the set of the natural
numbers. For n € Z let Z, = {1,2,...,n} and N, = {0,1,2,...,n}. Denote by R} the
set of n-tuples of the positive real numbers. The tuple (R, R"}) will be called a vector
space with the understanding that R, does not have an inverse with respect to addition.
Denote the simpler in R’y by

St = {m € R'ﬂzn:xz = 1}.
i=1



The set Rﬁxm of matrices over R, will be called the set of positive matrices of size k by
m.

Definition 2.1 A vector a € R’} is said to be of order k and this is denoted by n(a) =k
if exactly k elements of a are strictly positive. The indices of the strictly positive elements
of such a vector are denoted by

,L(a‘) = (ilai27"' 7ik) C Zn-

Denote for a € R}y by a, = a|,-(a) € R:L_(a), the vector obtained by selection of the strictly
positive elements of the vector a. Let

1
_ 1 Rnxn
e=| . | € RY™.
1

Definitions of special positive matrices are stated below.

Definition 2.2 a. A positive matriz is said to be a permutation matrix if every row and
every column has ezxactly one element equal to 1 while all other elements are equal
to zero. The set of permutation matrices in R*" is denoted by P™*".

b. A matriz is said to be a diagonal matrix if all off-diagonal elements are zero. The
set of diagonal matrices in RT*"™ is denoted by D} ™. A strictly positive diagonal
matrix is a diagonal matriz whose diagonal elements are strictly positive.

c. A positive matriz is said to be a monomial matrix if every row and every column
contains exactly one strictly positive element. The set of monomial matrices in
RY*™ is denoted by MT™".

d. A positive matriz is said to be a doubly stochastic matrix if for every row the sum of
the row elements and for every column the sum of the column elements equals one.
The set of doubly stochastic matrices in R ™ is denoted by DST*™.

e. A matric A € R™™ is said to be a circulant or circular matrix if

Ay = Aijijn, Vi€ Zna,j € Zna, (1)
Anj = Avjp1, V€ Zno, (2)
Ain = Aip11, Vi€ Zy g, (3)
Ann = A1r. (4)

It is said to be a positive circulant if it is a circulant and if A € R:‘_X”, and it is said
to be a doubly stochastic circulant if it is a circulant and doubly stochastic.

If A€ RY™ is a circulant then write

ay an ... Q9 ay

ay a1 as , ay
A= . . ] . = circ(a), a=

an QAp—-1 -.-. Qa1 Qn



If a € RY*"™ then A = circ(a) € R*"™ and if a € ST} then A = circ(a) € DST". A
circulant A = circ(a) is said to be of order k if the vector a is of order k. Denote
the set of doubly stochastic circulants by

DSCP*" = {A € DST"A s circulant}.

The terminology used above is fairly standard, see [2]. A circulant is mentioned in [16,
2H.2]. If M € M7*" is a monomial matrix then there exists a permutation matrix
P, € P™™ and a strictly positive diagonal matrix Dy € D:LLX” such that M = P D;.
Similarly there exists a Dy € Dixn with the same properties as Dy such that M = Dy P;.

2.2 Algebraic theory of positive matrices

The algebraic structure of the set of positive matrices is what will be called a semi-ring.
A formal definition follows. This definition is patterned on the concept of a ring, see for
example [12, 2.1].

Definition 2.3 A semi-ring is defined to be a structure consisting of a non-empty subset
X together with two binary compositions +, . called respectively addition and multiplication
and two elements 0,1 such that

1. (X,+,0) is a commutative monoid;
2. (X,.,1) is a monoid;

3. the following distributive laws hold for all a,b,c € X
a(b+c)=ab+ac, (b+c)a=ba+ca, al=0a=0.

A semi-ring differs from a ring in that it does not have an inverse with respect to addition.
A semi-ring is related to but different from a dioid as defined in [10, p. 86], see also [11].
Examples of a semi-ring are R and the set of positive matrices R} " for any n € Z.

Note that in general a positive matrix does not have an inverse with respect to multi-
plication. For any n € Z, with n > 2 the semi-ring R}*" is neither commutative with
respect to multiplication nor an integral domain (there exist A, B € R}*™ nonzero for
which AB =0).

A sub-semi-ring (Y,+,.,0,1) of a semi-ring (X, +,.,0,1) is a semi-ring such that ¥ C
X and the operations on Y are identical to those of X when these are restricted to
Y. Similarly one may define a sub-monoid (Y,.,1) of the monoid (X,.,1) of a semi-
ring (X,+,.,0,1). Then the set of doubly stochastic matrices (DS}*",.,I) is a sub-
monoid of (R}*™,.,I) for any n € Z,. Moreover, the set of doubly stochastic circulants
(DSCT*™, ., I) is a sub-monoid of (DST*", ., I) and of (R}*",.,I).

2.3 Primes

Consider a monoid (M, .,1). An element u € M is said to be a unit or invertible if there
exists a v € M such that uv = 1 = vu. Such a v is unique, denoted by »~!, and said to be
the inverse of u. Denote by U C M the set of units of M. The triple (U,.,I) is a group
and said to be the group of units of M.

Let X be a semi-ring and z,y € X, z # 0. One says that z is left divisor of y or that y
is a left multiple of x if there exists a z € X such that y = zz. A right divisor and a right
multiple are defined correspondingly. A divisor of z € X is either a left or a right divisor.



If X is a semi-ring then z € X is called a right associate of y € X if there exists a unit
u € U such that © = yu. The relation of right association is an equivalence relation. A
left associate of y € X is defined correspondingly. An associate of y € X is an z € X such
that there exists u1,uy € U such that z = ujyus.

A prime of a semi-ring X is defined to be a nonzero element p € X that is not a unit
and the only divisors of p are either units or associates of p. Equivalently, p € X is a
prime iff it is not a unit and if p = zy then either z or y is a unit. From the definition of a
prime it is clear that one can define a prime in any monoid (X, .,I) with a multiplicative
operation.

Proposition 2.4 Let A € RY*". Then A has an inverse in the positive matrices iff A is
a monomial matriz.

Proof This may be deduced form [2, 3.4.3]. O

Thus the group of units in the set of positive matrices is the set of mononial matrices.

Definition 2.5 A prime in the set of positive matrices R} " is a positive matriz A €
RY*™ such that

1. A is not a monomial matriz;

2. if A= BC with B,C € R}*" then either B or C is a monomial matriz.

The above definition of a prime was introduced by D.J. Richmann and H. Schneider in
1974 [23]. For an exposition on primes in R?*™ see [2, Section 3.4].

Example 2.6 A few examples of primes in the positive matrices are known. In R2+X2
there is no prime. The matrix

01 1
0 € RY® (5
1

~—

1 1
1 0

is a prime in the positive matrices. In Rix‘l several primes are known such as

1 001 0111 0110 1150
1100 1100 1 010 0115 6)
oc110})’l1TO01O0(’'f1T1TO0O0]’l5011]/
0 011 1 001 0 001 1 501
see [23] and [2, p. 79]. There is no classification of all primes in R{**. For n € Z; with
n > 3 let
1
1
a=| 0 | eR", A=circ(a).
0

Then A is a prime in the positive matrices. This follows from [2, 3.4.1].

Recall that (DS*",.,I) is a monoid. Let A € DS*". Then A~! existsand A~! € DS*"
iff A is a permutation matrix. This statement follows from Proposition 2.4. The group
of units in DS ™ is therefore the set of permutation matrices. One may then define a
prime in the set of doubly stochastic matrices.



Definition 2.7 A matriz A € DST*" is called a prime in the set of doubly stochastic
matrices if

1. A is not a permutation;

2. if A= BC with B,C € DS*" then either B or C is a permutation.
The problem addressed in this paper can now be formulated.

Problem 2.8 Classify all primes in the positive matrices and those in the doubly stochas-
tic matrices.

2.4 Equivalences

Definition 2.9 The positive matrices A1, Ay € R*™ are said to be permutation equiva-
lent if

A = X1 45X, (7)

for permutation matrices X1, Xy € P™*™. They are said to be diagonally equivalent if in
(7) X1,X5 € D" are strictly positive diagonal matrices. They are said to be monomially
equivalent if in (7) X1, Xy € M*" are monomial matrices. They are said to be unitary
equivalent with respect to a semi-ring if X1, Xo are units of the semi-ring.

They are said to be cogredient if Ay = PAyP~! for a P € P™*".

The relation of permutation equivalence is reflexive, symmetric, and transitive, hence an
equivalence relation. The same remark applies to diagonal and monomial equivalence. If
Aq, As are, for example, monomially equivalent, then this is denoted by A; = Ay while
it is mentioned that this refers to monomial equivalence. The same notation will be used
for permutation and diagonal equivalence. Note that in the definition of equivalence one
does not require that Xy = X'

Canonical forms for a positive matrix under permutation, diagonal, and monomial equiv-
alance are of interest. Below such forms are developed only as far as is relevant for the
subject of the paper.

Definition 2.10 a. A positive matriz A € R} " is said to be decomposable if n > 2 and
it 18 permutation equivalent to

A A
in which A11, Ags are either a positive number or a square matriz. It is said to be
reducible if it is cogredient to (8).

b. A positive matriz A € R}*™ is said to be indecomposable if n > 2 and it is not
decomposable. It is said to be irreducible if n > 2 and it is not reducible.

c. A positive matriz A € R ™ is said to be completely decomposable if it is permutation
equivalent to a direct sum of zero, one or more indecomposable matrices and, possibly,
a diagonal matriz, or

Ag(Al@AQEB...@Am—I@D),

withm € Z4,n; >2 Yi € Zm—1, N1ye--yNm € Zy, N1+ 02+ ... + 0y = n, for all
i € Zm—1 Ai € RY*™ is an indecomposable matriz, and D € DY "™ is a diagonal
matriz.

The terms introduced above differ slightly from those used in [2].



3 Primes in the positive matrices

In this section results are presented on the classification of primes in the positive matrices.

3.1 Decomposition of primes in the positive matrices

Theorem 3.1 a. The matriz A € R}*" is a prime in the set of positive matrices iff it
is monomially equivalent to the direct sum of an indecomposable doubly stochastic
matriz that is a prime in the positive matrices and an identity matriz, or iff

S 0
A:Ml(o I>M2§SEBI, (9)

with My, My € MW", ni,nyg € N, n1 > 2, n1+ng=n, S € DS?_IX"1 an inde-
composable doubly stochastic matriz that is a prime in the positive matrices, and
I € RP**™ the identity matriz.

b. Algorithm 3.2 transforms a prime in the positive matrices to the form (9).

c. If

S1 0 Sy 0
A:Ml(o1 I )M2:M3<02 I >M4 (10)
n9 n4

are two factorizations as defined in a with S1 € DST*™ and Sy € DST**"™, then
n1 = ns and

S, = P.Sy P (11)

for Py, Py, € P"*™ _ Thus the matriz A determines the matriz Sy up to permutation
equivalence.

Algorithm 3.2 Transformation of a prime in the set of positive matrices to the form of
Theorem 3.1.a. Given a matriz A € RY*™ that is a prime in the positive matrices.

1. Construct permutation matrices Py, Py € P"*™ such that

A 0
A=P1<01 D)Pz, (12)

in which ni,mg € N, ny +ng = n, A; € RI*™ is an indecomposable matriz and
D € R?*™ s a strictly positive diagonal matriz.

2. Determine strictly positive diagonal matrices Dy, Dy € D' ™™ such that

A1 = Dlng

mni1Xni

for a doubly stochastic matriz S € DS . See [19] for numerical algorithms.

3. Set



D; 0 Dy 0
M1=P1(01 D), M2=(02 I)Pz.

Then

S 0
a5 )

in which My, My € M7*"™ are monomial matrices and S € DSTX"1 18 indecompos-
able, doubly stochastic, and a prime in the positive matrices.

Definition 3.3 The doubly stochastic pseudo-canonical form of a prime in the positive
matrices is defined to be the matriz (S ®I) € RY*™ in (9). One may call the matriz I the
tail of the form.

It follows from Theorem 3.1.a and Algorithm 3.2 that for every prime A € R}*™ in the
positive matrices one can determine a matrix of the form (S @ I) in which S is doubly
stochastic, indecomposable, and a prime in the positive matrices. It follows from Theorem
3.1.c that such a matrix S is unique up to permutation equivalence. Hence one may call
the matrix (S @ I) a doubly stochastic pseudo-canonical form of the prime A.

Proof of theorem 3.1

b The successive steps of the algorithm 3.2 are proven.

1 This step follows from [2, 4.2.3].
2 The existence of D1, Dy, S follows from the fact that A; is indecomposable and
[4, Th. 6.2]. The latter theorem is a major result in positive linear algebra.

3 The representation follows directly from Steps 1 and 2. Because A; is indecompos-
able and Dy, Dy € D7'*™ are strictly positive, one concludes that S € DS} *™
is indecomposable.

. It follows from b that the prime matrix A € R?*™ has a factorization of the form

(9) in which § € DST**™ is indecomposable. The matrix S indecomposable implies
that n; > 2 and S is not a monomial. It remains to show that S is a prime in the
positive matrices. Suppose S is not a prime. Since S is not a monomial, it follows
that there exists a factorization S = BC with neither B nor C a monomial. Then

B 0 cC 0
A= B(y, B1=JVI1(O I)’ 012(0 I>M2

is a factorization of A with neither B; nor C; a monomial. This contradicts the
assumption that A is a prime.

<. It follows from the fact that S is a prime in the positive matrices and [2, 3.4.24]
that (S @ I) is a prime in the positive matrices. Hence A = M7(S @ I)M, is prime
in the positive matrices.

¢ The equation (10) is equivalent to

S0 Sy 0



for My, Mg € M?_X". Consider factorizations My = Py D1, Mg = Dy P, with D1, D5 €
D™ strictly positive diagonal matrices, P, P, € P™*",

(D1 0O _( Dy 0

Dq1,Dq € Digxn:;, Dq9,Dyy € Di4xn4. Then

Sl 0 - D1152D21 0
(0 I>_P1(O D12D22>P2'

From the assumption follows that S7,S3 are indecomposable. Because Di1, D91 €
DTX”S are strictly positive diagonal matrices D1;52D2; is also indecomposable. The
definition of indecomposability then implies that n; = ng, no = ny4,

(P O [ Py 0
P1_<0 P12>’P2_(0 Py |’

S1 = P11D1152D91 Py1, I = P13D12D93Pys,

with Pi1, Py € lexnl, Py, Pys € P;lzxnz. Hence
S1 = D3 (P11S2P1) Dy

for strictly positive diagonal matrices D3, Dy € DS} ™. Now Si, Sy, and

(P11S2P1) are indecomposable and doubly stochastic matrices. It follows from the
uniqueness of the transformation to doubly stochastic form [4, Th. 6.2.] that
D3, Dy are multiples of the identity and satisfy DsDys = I. Thus S1 = P11S59P»
for P11, Py € prixm, O

3.2 Indecomposable doubly stochastic matrices that are primes in the
positive matrices

Theorem 3.1 reduces the classification of primes in the positive matrices to the classification
of indecomposable doubly stochastic matrices which are primes in the positive matrices.
The latter problem is pursued below. Assume in the following that attention is restricted
to matrices in R7*" with n > 2.

Proposition 3.4 A prime in the positive matrices that is also doubly stochastic is a prime
in the doubly stochastic matrices.

Proof Let A € DS™*" be a prime in the positive matrices. Suppose it is not a prime in the
doubly stochastic matrices. Then it is either a permutation or there exists a factorization
A = BC with neither B nor C' a permutation. If A is a permutation then it is a monomial
matrix hence a unit in the positive matrices. This is a contradiction of the assumption
that it is a prime in the positive matrices. Suppose that there exists a factorization of A
as A = BC with B,C € DS*" neither of which is a permutation. Because B is not a
permutation and doubly stochastic, there exists a column of B with two nonzero elements.
Thus B is not a monomial. Similarly, C € DS " is not a monomial matrix. Then the



above factorization of A implies that A is not a prime in the positive matrices. This is a
contradiction of the assumption. O

The following example shows that a doubly stochastic matrix that is a prime in the doubly
stochastic matrices is not necessarily a prime in the positive matrices.

Example 3.5 Consider the matrix

6 ap 0 as + as
A= ZaiPi =a1l + aoPs + a5 P5 = ay a;+as 0 € DS:_)”_XB. (13)
i=1 as a9 a1l

with a € S% and i(a) = (1,2,5). It follows from Theorem 4.4 that A is a prime in the
doubly stochastic matrices. It follows from [2, Cor. 3.4.20] that it is not a prime in the
positive matrices.

The classification of indecomposable doubly stochastic matrices that are primes in the
positive matrices is unsolved. In the next section attention is focused on primes in the
doubly stochastic matrices.

3.3 Examples of primes in the positive matrices

Theorem 3.6 Consider the matriz
n!

S al; € RY, (14)

=1

in which n > 3, {P;,i € Z,} is an enumeration of the permutations in P™*", and a € Rff_!
is of order 2. This matriz is an indecomposable prime in the positive matrices iff it is
monomially equivalent to the matriz

s 0 ... 0 1-—s
1—-s s... 0 0
sIT+(1—-s)W, =1 : : : (15)
0 0 s 0
0 0 ... 1—5 s

for some s € (0,1) and W,, € P™*" the shift.

Proof <. That (15) is a prime in the positive matrices follows from [23, Th. 2.6]. That
this matrix is indecomposable follows from Proposition F.2.
=. Note that

1
B=——) aP €DSV"
Z?:!l a; Z o
and that B is monomially equivalent to A. From Proposition 3.4 follows that B is a
prime in the doubly stochastic matrices. From Theorem 4.3 follows that B is permutation

equivalent to (15). Hence A is monomially equivalent to (15). O

10



4 Primes in the doubly stochastic matrices

4.1 Equivalent condition for a prime in the doubly stochastic matrices

The set of doubly stochastic matrices decomposes nicely with respect to permutation
equivalence.

Proposition 4.1 Any doubly stochastic matriz is completely decomposable hence is per-
mutation equivalent to the direct sum of zero, one, or more indecomposable doubly stochas-
tic matrices and, possibly, a unit matrix.

Proof The elementary proof is omitted. O

For questions that involve doubly stochastic matrices up to permutation equivalence the
above result implies that attention in the search for primes in the doubly stochastic ma-
trices may be restricted to indecomposable doubly stochastic matrices. Denote the inde-
composable doubly stochastic matrices by INDS}*". It follows from [13] that this set is
closed with respect to multiplication. Note that the set of indecomposable doubly stochas-
tic matrices does neither contain the identity matrix nor the permutations because these
are not indecomposable. Therefore (INDST*", ., I) is not a monoid.

It is first established that primes in the doubly stochastic matrices have an even more
specific structure than that indicated in Proposition 4.1.

Theorem 4.2 a The matriz A € DST*™ with n > 2 is a prime in the doubly stochastic
matrices iff it is permutation equivalent to the direct sum of an indecomposable prime
in the doubly stochastic matrices and an identity matriz, or

A 0
A=P1<01 I)PﬁAl@I, (16)

with P, P, € P", ny,ng € N, ny > 2, ny +ng = n, Ay € DST*™ an indecom-
posable prime in the doubly stochastic matrices, and I € Rizxnz.

b If
A 0 Ay 0
A=P1(01 I>P2=P3(02 I>P4

with Ay € DST™ and Ay € DS**™ are two factorizations as defined in (16)
then n1 = ng and Ay = PsAy P for P5, P € P™X™.

The proof of Theorem 4.2 is provided in Appendix G.

A procedure follows by which one can determine whether a doubly stochastic matrix is
a prime in the doubly stochastic matrices. The details of this procecure are provided in
the appendices D, E, and F.

First decompose the given doubly stochastic matrix by permutation equivalence as
stated in Proposition 4.1. Only if the resulting matrix has the form displayed in (16)
can the given matrix be a prime in the doubly stochastic matrices.

Second, consider an indecomposable doubly stochastic matrix A € DS’}FX”. It follows
from [2, 2.5.6] that the matrix has a representation as a convex sum of permutations

11



n!
=1

The matrix A being indecomposable implies that the vector a € S_’E is of order at least
two. It follows from Lemma G.2 under a condition stated there that A is a prime in the
doubly stochastic matrices iff there do not exist b,c € Sff_! both of order at least two such
that

a = Lp(b)c, (18)

where L,, is the latin square induced by multiplication. See Appendix C for the definition
of this particular latin square. The equivalence follows from the factorization

Y aiPi=A=BC= (Y biP)(}_ cP). (19)

Third, let a € S} be of order > 2. Tt follows from Lemma D.4 that there exist b,c € S}
both of order at least two such that (18) holds iff

i(a) = Ujeie)i(Lm(b) ), (20)

ar = Lpr(b)cy, (21)

where (20) is called an index equation and (21) is a Latin square in which a, € Si(a) is of
full order.

Fourth, it turns out that the latter two equations can be solved. Solvability of the index
equation is tedious but easy. Solvability of the equation over a latin square depends on
inequalities having a solution.

In the next subsection examples of primes in the doubly stochastic matrices are de-
scribed. The examples are structured by the order of the vector a € % in (17). All such
primes for the orders of a being 2 or 3 are classified. For the order of a being 4 or larger a
condition on the real values of the vector is required for the existence of a solution to (21).
The analytic solvability conditions have been derived in connection with the classification
of the primes in the doubly stochastic circulants, see [21].

The partial classification of primes in the doubly stochastic matrices has herewith been
reduced to solvability of equations. The solutions to these equations is described below for
special cases. Apparently the classification of the primes in the doubly stochastic matrices
cannot be described analytically.

4.2 Examples of primes in the doubly stochastic matrices

Theorem 4.3 Consider a doubly stochastic matric A € DS*™ with the conver sum
representation A = Z:il a;P; in whichn >3 and a € ST is of order 2. This matriz is an
indecomposable prime in the doubly stochastic matrices iff it is permutation equivalent to

s 0 ... 0 1-s
1—-s s 0 0
sT+(1—s)W,=| : : € DS7*" (22)
0 0 s 0
0 0 ... 1—s s

for some s € (0,1) and W,, € P"*" the shift.
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Note that each element of the family of primes in the doubly stochastic matrices of the
above mentioned theorem is a circulant. Therefore it seems of interest to investigate also
the primes in the doubly stochastic circulants. See the paper [21] for results on that class.

Proof =. Let A = Y a;P; € DS " be a prime in the doubly stochastic matrices with
a € S of order 2. By premultiplication transform A to the form a1l + a;P; for some
j € Z,. From Lemma G.2.b follows that there do not exist b,c € S’}r! both of order at
least two such that a = L,,(b)c.

From Theorem 4.2 follows that A is permutation equivalent to a matrix of the form
A1 @ I. By assumption the identity part cannot be present because A is indecomposable.
From Proposition F.2 follows that a;I + a;P; is indecomposable iff the permutation P;
has only one cycle. By relabeling the elements of Z,, or, equivalently, by applying a
permutation @ € P™*", QP;QT = W,,. Hence A is permutation equivalent to a1+ a;W,,.
<. This follows by retracing the steps of the proof in the converse direction. The map
(a1 + a2W,, — a € S is a bijection as is needed in Lemma G.2.a. From Lemma D.4
follows that then either Equation (40) or (41) does not hold. From Proposition D.5 follows
that (41) always has a solution. From Proposition D.7 follows that Equation (40) has no
solution iff P; # P} O

Theorem 4.4 Consider the family of doubly stochastic matrices
6
A = Zazﬂ € DSina, (23)
=1

in which {P;,i € Zg} is as defined in Ezample A.5 and a € Si is of order 3. Then A is
an indecomposable prime in the doubly stochastic matrices iff A equals

6 ap 0 as + as
Zaipi =a1l +a9Ps + asPs = as a;+as 0 € DS?’,_XS. (24)
=1 as ay

in which a € Sﬁ_ satisfies i(a) = (1,2,5) C Zg or is permutation equivalent to such a
matrix.

Note that each element of the family of primes in the doubly stochastic matrices is not a
circulant.

Proof =. Let A = 2?21 a;P; € D‘S'ff(‘3 be a prime in the doubly stochastic matrices.
From Lemma G.2.b follows that there do not exist b,c € S?_ both of order at least two
such that @ = L,,(b)c. From Proposition D.8 then follows that the ordered triple i(a) C Zs
is different from (1,2,3) and (4,5,6). Any matrix >.°_, a;P; with i(a) one of the cases
mentioned is permutation equivalent to the matrix of the statement of the theorem, which
corresponds to i(a) = (1,2,5). This can be proved because for any of the matrices A with
i(a) one of the cases mentioned the matrix has one column with no zero and two columns
with one zero. By pre and past multiplication by a permutation the matrix of any of the
cases can be transformed to the form given in the theorem.

<. Note that a € S§ is of order 3 with i(a) = (1,2,5). For the matrix A =a;I + asP) +
a5P5; the map of A to a € Si is a bijection. From Proposition D.8 follows that there do
not exist b, ¢ € S$ both of order at least two such that a = L,,(b)c. From Lemma G.2.a
follows that A is a prime in the doubly stochastic matrices. O
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The procedure to determine whether or not a given matrix is a prime in the doubly
stochastic matrices can then be followed for other matrices than the cases discussed above.
The doubly stochastic matrices of the form

A=Y aP e DSV

in which a € S% with order n(a) > 4 have not been analyzed on whether they contain
primes. It is conjectured that they do not. For the case in which A = Y a;P; € DST*"
with n(a) = 3 the solvability of the index equation is characterized by Lemma E.6. The
solvability of the induced latin square is not yet characterized.

5 Concluding remarks

A decomposition has been presented of a prime in the positive matrices, see Theorem 3.1.
A particular class of primes in the positive matrices has subsequently been characterized
in Theorem 3.6.

A decomposition has been presented of a prime in the doubly stochastic matrices, see
Theorem 4.2. A procedure to determine whether a given doubly stochastic matrix is a
prime in the doubly stochastic matrices has been outlined. Special classes of primes in the
doubly stochastic matrices have been described in Theorem 4.3 and in Theorem 4.4.

A major open problem is to characterize those primes in the indecomposable doubly
stochastic matrices that are also primes in the positive matrices.

A Permutations

A.1 Definitions

In this section definitions and results for permutation matrices are collected. A permuta-
tion matrix was defined in Section 2. The set of permutation matrices in R}*" is denoted
by P'n)(n.

Definition A.1 For n € Z define the shift as the circulant and permutation matriz

00 ... 01
1 .. 00

W,=| 01 0 0 |eRrpm (25)
00 ...1°0

The shift W, € R} ™ corresponds to a cyclic shift by one element on a set with n elements.

A.2 Cycles of permutations

Terminology on cycles of permutations follows, see [12, Section 1.6]. A permutation -y of
Zy, which permutes a sequence of elements i1,1%9,...,%,, 7 > 1, cyclically, or

’7(11) = 7:2)’7(7:2) = i3) s 57(7:7‘—1) = Z'T;’Y(i?‘) = 7:17

and leaves unchanged the other elements of Z,, is said to be a cycle. The integer r is said
to be the order of the cycle. A cycle is denoted by v = (i1,149,...,4,) and considered as
an ordered subset of Z,,. This notation differs from that in [12] by the comma’s. Two
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cycles are said to be disjoint if their symbols contain no common elements. Any two
permutations with disjoint cycles commute. A cycle decomposition of a permutation is the
list of all its cycles. It is denoted by ¢(P). An example is

0

, o(P)=(1,2)(3)(4,6,5).

S O OO
O O O O O
O O O = O O
_ o O O o O
oSO O = O O O
o= O O O O

Note that P transforms 1 into 2, or y(1) = 2, or 1 — 2, and y(2) = 1, hence the cycle
(1,2).

Proposition A.2 Let P € P"*". For any Q € P™*", Qc(P) = ¢(QPQT), or, in words,
the cycles of P transformed by Q equal the cycles of QPQT.

Proof Denote by j = P(i) that i —* j or P = 1. Let j = P(i) and k = Q(i).
Then i = QT (k) and Q(j) = Q(P(i)) = Q(P(QT(k))). Thus i 7" j implies that k =
Q(i) —2PQ" Q(j). From this the result follows. |

From Proposition A.2 follows that the cycles of the permutations of P and QPQT are the
same except for relabeling of the elements of Z,,. Two permutations are said to be cycle
equivalent if they have the same cycle decomposition except for relabeling of the elements
of sets. Thus P;, Py € P>*5 with ¢(Py) = (1,2,3)(4,5) and ¢(P;) = (2,5)(1,3,4) are cycle
equivalent. Two permutations are cycle equivalent iff they are cogredient.

Definition A.3 A permutation is said to be in the pseudo-canonical form for cycle equiv-
alence if its cycle decomposition has the form

c(P) = (11,09, -+« s by ) (J1y e - v 5 Jirg) - - - (K1s Koy o ooy K, )y (26)
wherem € Zy, 1r1,...,"m €24, 11219 2>2Tm > 1,01 =1, tp11 =i +1, j1 =14, +1, etc.
For example,

P=WyoWsaW,o1®1, ¢P)=(1,2,3,4)(5,6,7)(8,9)(10)(11),

is a cycle decomposition of the matrix P in the pseudo-canonical form. In such a pseudo-
canonical form the cycles are ordered in decreasing order. Because there may be two or
more cycles with the same order such a form is invariant under relabeling the elements of
Zp, that appear in cycles of such orders. Hence it is called a pseudo-canonical form.

The following technical result is used in Proposition F.2.

Proposition A.4 Let P € P™*". There exist Q1,Q9 € P™*"™ such that Z,, = C1 U O,
where the union is a disjoint union and where Cy, Cy C Z, are either cycles of both QQ1Q2
and Q1PQy or the unions of such cycles, iff P € P"*™ has at least two cycles.

Proof <. Suppose that P has at least two cycles, say

c(P) = (i1,02y - 8ry ) (15 - - o5 g (K1, oy ooy Koy )
Let

C, = (ilaiZa"' ain)a Cy = (jla--- aj?“z)(klak2a- e 7kTm)’
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Q1 =Qy =1¢€ P"™". Then ¢(@Q1Q2) = ¢(I) = (1)(2)...(n), and both C; and Cy are
unions of cycles of ¢(Q1Q2) and of ¢(P).

=. Let Q3 = Q1Qz € P™™. Then Q1 PQ; = Q1PQTQ1Q; = P1Q3 with P, = Q: PQT.
Thus Z, = C; U Cy where C; and C; are cycles or unions of cycles of Q3 and P;Qs.
Suppose that C; = (i1,...,iy, ) is both a cycle of @3 and P;Q3. Then it is also a cycle of
QY of P = (P1Q3)QY, and finally of P = QT P/Q;. Thus, in this case, P has at least
two cycles. In the case in which C] is the union of two or more cycles of Q3 and P;Q3 the
proof goes similarly. Then C; may be a cycle or a union of cycles of P. O

A.3 Multiplication of permutations

In the main body of the paper the multiplication of two permutations plays a major role.
In this subsection results for this point are collected.

Example A.5 Consider the following enumeration of the elements of
P3X3 = {Pl, e ,P6}:

0 01 010
Ph =1 PBb=Wy=|100|, R=Wi=[00 1], (27)
010 1 00
1 0 0 0 01 010
P =|oo1|,P=(010]|, PB=|100 (28)
010 1 00 0 01
The multiplication table for P3*3 is then given by
J
1 2 3 45 6
111 2 3 4 5 6
2 2316 45
331 2 5 6 4 (29)
4 45 6 1 2 3
5 5 6 4 3 1 2
6 6 4 5 2 3 1

where, if P;P; = P, then the entry in the table corresponds to &, and the enumeration of
P3%3 is that defined above.

A.4 Permutation covering

Definition A.6 A subset
PC ={P;, iel} Cc P™" (30)

is said to be a permutation covering of R} " if

Z -PZ:E?'L)

el
where E, € R is such that (Ey);j =1 for alli,j € Z,.

A permutation covering consists of exactly n permutations. Which subsets of P™*™ form
a permutation covering?
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Example A.7 The set of multiple shifts
{wo,wa,... Wit} c prxn

is a permutation covering of R7*".

B Circulants

In this section results on circulants are collected. A circulant or circular matrix is defined
in Definition 2.2. A source on circulants is [6].
The matrix A € R™*" is a circulant iff there exists a vector a € R™ such that

A=) aWi T, (31)
=1

where W,, € P™*™ is the shift, see Definition A.1. The set of doubly stochastic circulants
with the multiplication operation (DSCT*™, ., I) is a monoid for any n € Z,.
The group of units of the doubly stochastic circulants DSC"}*™ is given by

U={wo,w,,....wit}. (32)

C Latin squares

A latin square is a well known concept, see [8]. In this paper another definition is presented
that seems more suitable than one of the definitions of the literature.

Definition C.1 A matriz A € R*™ will be called a positive latin square if there ezists a
permutation covering {P;,i € I} C P™*™ of R*™ and a vector a € R’} such that

A=Y"aP;. (33)
=1

In this case define the map L : R, — R*"™ by A= L(a) = a;P;. The matriz A € R}*"
is called a doubly stochastic latin square if it is a positive latin square and doubly stochastic.
In this case it admits a representation as (33) where a € S”}.

It follows from the definition of a positive latin square, in particular from a permutation
covering, that every row and every column of such a matrix A =) a;P; is a permutation
of the elements of the vector a € R'}.

A characterization of the set of latin squares follows from a characterization of the set
of permutation coverings.

Definition C.2 The latin square induced by multiplication of permutation in P"*™ is
defined as

Ly : RY — RY*™ Ly(2)kj = i, if PPj = P, (34)
where P;, Pj, Py, are elements of an enumeration of P™*".
It is proven below that L, is a positive latin square.
Example C.3 The latin square in R3*3' induced by multiplication of permutations in

P3%3 is given by
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Ty X3 T2 T4 T5 T
Ty 1 T3 Te L4 Ts

. T3 Ty T1 Ty Tg T4
Lm(m)_ T4 Te Ty T1 To T3 ) (35)

s T4 Tg T3 1 T2
Tg Iy T4 IT92 XT3 I
where the enumeration of P3*3 is as stated in A.5. This matrix may be represented as

6

=1
where the permutation covering is given by the following permuations
Pro= IT=(1)(2)3)4)(5)(6), P»=(2,3,1)(6,5,4), P3=(3,2,1)(5,6,4),
P, = (47 1)(57 2)(67 3)7 Ps = (57 1)(67 2)(47 3)7 Ps = (6a 1)(4a 2)(5a 3)

Proposition C.4 A latin square induced by multiplication as defined in C.2 is a latin
square as defined in C.1.

Proof By definition C.2
L (2)k; = x5, if PPj = Py.
Fix z1 say. Define Q; € R}*"

1, if PP, = P,
(Q1)kj :{ 0, else. ’

For all k € Z,, there exists an unique j € Z, such that P, P; = P, namely P; = PlT Py.
Therefore every row of ()1 contains exactly one element equal to 1. Similarly every column
contains exactly one element equal to 1. Thus Q; € P™*" is a permutation matrix.
Similarly define Q2,...,Qn,. Then {Q;,¢ € I} is permutation covering and

D Linear equation over a doubly stochastic latin square

The classification of primes in the doubly stochastic matrices has been shown to be equiv-
alent to the solvability of a linear equation over a latin square in Section 4. In this section
results for the latter problem are collected.

D.1 Problem formulation

Problem D.1 Let a € S be a vector of order at least 2 and let L : ST — R*™ be the
map of a doubly stochastic latin square. Determine conditions on a € S'y such that there
do exist b,c € S} both of order at least two such that the following equality holds

a = L(b)c. (36)

In Section 4 this problem is formulated for the case where L = L,,, the latin square
induced by multiplication of permutations, see Definition C.2.
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D.2 General solvability conditions

Notation and a result on the specialization order are stated below. Sources on this are
[17, Ch. V] and [16]. For z € R} let

Z1)
z) = ERL, zp2xp 2 ... 2 Ty, (37)
Zn]

denote the vector with the components of x in decreasing order.

Definition D.2 For z,y € R, one says that x is majorized by y or that y majorizes z,
if
k k n n

> @y yip k=1,2...,n—1, >z = yp (38)
- o

=1 =

IN

Denote by x =y that x is majorized by y and call X the specialization order on R’ .

It follows from [16, X] that, with =,y € R}, z < y iff there exists a S € DS}*" such that
z = Sy.

Proposition D.3 Let a,b,c € ST and L : ST — R} ™ be the map of a doubly stochastic
latin square. Assume that (36) holds. If a € S} is a vector of order n(a) € N, then both
b and c are vectors of orders at most n(a), or n(b) < n(a) and n(c) < n(a).

Proof The assumptions that b € S} and L is a latin square imply that L(b) € DST*". It
then follows from the characterization of the specialization order and equation (36) that
a =< ¢, or that

k k n n

Za[i] g, k=1,2,...,n—-1, Za[i]zz%]:l.

=1 =1 =1 =1

IN

If a is a vector of order m then

m

1=3 ap < ;C[z‘]

=1

and hence, because c € S, >7i"; ¢ = 1. Thus c is a vector of order at most m. Because

a = L(b)c there also holds a = Li(c)b for another positive latin square L;. The result for
¢ then follows by symmetry. O

Lemma D.4 Let a € S} be a vector of order n(a) > 2. Let L : S — RY*"™ be the map
of a latin square. There exist b,c € S both of order at least two such that

a = L(b)c, (39)

iff there exist b,c € ST such that 2 < n(b) < n(a), 2 < n(c) < n(a), and the following

conditions both hold:
1. i(a) = Ujei(e)i(L(D) 5); (40)
in words, the rows indezxed by the strictly positive elements of the vector a equal the

rows indezed by the strictly positive elements of the columns L(b) ; for all j indezed
by the strictly positive elements of the vector c;
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2. and
ar = L, (b)cy, (41)
where ar = aliq) € S:L_(a) is of order n(a), ¢» = clyc) € S”_i(c) is of order n(c), and

L (b) = L()|i(a)xi(c)-
Proof <. Let P, Py € P"*™ be such that

a C
po-(3), me-(3).

Then

_ ar \ _  Le(b) = Cr "
Pa = (O >_<0 *>(O>byc0nd1t10nsland2,

= P L0b)P ( g ) by condition 1,

= PlL(b)C,

hence a = L(b)c.
=. It follows from Proposition D.3 that 2 < n(b) < n(a) and 2 < n(c) < n(a). Let
P, P, € P"*™ be such that

ar \ _ cr o\

a, € S™ and ¢, € S both of full order. Then

ar T L’l‘(b) * Cr
(0 >=P1a=P1L(b)P2P20=<O *>(0 ), (42)

where the decomposition of the matrix follows form the definitions of L.(b), a,, ¢, Pi,
and P». That the (2,1)-block is zero follows from the facts that ¢, contains the strictly
positive elements of the vector ¢. Then (42) implies that

i(a) = Ujeie)i(L(b) 5), (43)
and a, = L,(b)c,. The fact that i(a) indexes the strictly positive elements of the vector a
implies that in (43) equality holds. ad

D.3 Specific linear equations over a doubly stochastic latin square

Proposition D.5 Let a € S be of order n and let L : STy — S7 be a circulant. Then
there exists b,c € S both of order at least two such that that a = L(b)c.

Proof This follows from [21, Proposition 3.5]. O

For the sake of clarity the proof of the above proposition is presented for the case n = 2.
Suppose that ¢ = (a3 ag)T with a; > 1/2; otherwise permute the elements of the vector
a. Because a € Si is a vector of order 2, a; < 1. Define

b1 = (1 + al)/2, Ccl1 = (3&1 — 1)/(2&1).
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Then 0 < b3 < 1 and 0 < ¢; < 1 because 3a; —1 > % >0and ¢ <1 & a1 < 1.
Thus b= (b1 1 —b1)T € S2 and ¢ = (¢c1 1 — ¢1)T € S? are vectors of order two. Finally

a = circ(b)ec. |

Proposition D.6 Let a € Si! = Si be of order two. Then there do not exist b,c € Si
both of order at least two such that

a = Ly(b)c (44)
iff the indices of the strictly positive elements of the vector a are given by
i(a) =(1,2), (1,3), (2,3), (4,5), (4,6),0r (5,6). (45)

Note that the values of the strictly positive components of a are otherwise unconstrained.

Proof By Lemma D.4 there exist b, c € SS both of order at least two such that (44) holds
iff

i(a) = Ujeie)i(Lm(b)).5), (46)
aliwy = Lm®)ih)xi(e)lice)- (47)
From Proposition D.5 follows that (47) always has a solution. By Proposition E.1 and

Example E.2 there do not exist solutions b, ¢ of (46) iff the index set i(a) is one the cases
mentioned in (45). |

Proposition D.7 Let a € ST be of order 2 with i(a) = (i1,i2) C Zn, i1 # 2. Then there
do ezxist b,c € S both of order at least two such that a = Ly, (b)c iff

P, PL =p,Pt (48)

21~ 19 22" 11"

Proof From Proposition D.3 follows that if there exist b,¢ € S satisfying a = Ly,(b)c
both of order at least two then both b and ¢ are of order at most two, hence precisely two.
From Lemma D.4 follows that there exist b,c € S both of order two such that a = L,,(b)c
iff (40) and (41) both hold. From Proposition E.1 follows that (40) holds iff (48) holds.
From Proposition D.5 follows that in this case (41) always has a solution. O

Proposition D.8 Let a € 5'3_ be of order 8. There do exist b,c € 53_ both of order at
least two such that a = Ly,(b)c iff either i(a) = (1,2,3) or i(a) = (4,5,6).

Proof From Lemma D.4 follows that b,c € Si as formulated in the statement of the
proposition do exist iff the Equations (40) and (41) both hold. From Proposition E.7
follows that Equation (40) has a solution iff i(a) = (1,2,3) or i(a) = (4,5,6). If i(a) =
(1,2,3) then it follows from Proposition E.5 that i(c) = (1,2,3) and the Equation a, =
L,(b)c, reduces to

ai b1 c1
ay | =circ| by Cy
as b3 c3

It then follows from [21, Proposition 3.5] that this equation has a solution. Ifi(a) = (4,5, 6)
then a permutation must be applied to transform (41) to the form of [21, Proposition 3.5].

Thus in this case (41) also has a solution. O
Proposition D.9 Let a € 53_ be of order 3. Then there exists b,c € (0,1) such that

al b 0

c
a=| a |=] 1-b b ( 1—c ) ,

as 0 1-b
iff a% > 4a;as.
Proof [21, Proposition A.9]. O
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E Index equations over a latin square

In this appendix necessary and sufficient conditions are provided for the existence of a
solution to the index equation over a latin square of Lemma D.4.

Proposition E.1 Given a € 8" with n(a) = 2 and i(a) = (i1, i2).
a There exist b,c € S with n(b) = n(c) = 2 such that i(a) = Urei(c)i(Lm(b)x) if
Pi1 ‘P'LJ; = Plzpzj;
b If the condition of a holds then all solutions are given by
]Djl € anna arbitrary, R? = (Rlﬂz)fzu
Pkl = P};HU Pk:z = 13;;327
i(b) = (J1,52), i(c) = (k1, ka).

Proof Suppose that b,c € S”; exist. Let i(b) = (j1,j2) and i(c) = (k1, k2). Then the index
relation holds iff, case 1,

Lm(b)il,kl = bjl’ LM(b)il ko = bjza Lm(b)iz,kl = bjza Lm(b)iz,kz = bjl’

or, case 2, the assignment with the indices j; and js interchanged holds. In case 1 there
follows from the definition of L,, that the relations equal

Pj1Pk1: 1) Pj2Pk1: 127 szsz: 1) lePk2: ig-

From this follows that

Pkl = ‘PJJ;‘PH = PjY;PZé’ sz = PJ];PH = P]'J;Piz: sz = Pil PIZ; = P’ilPiZleMg)
P P,LJ; = le P]j; = PZszJ; (50)
In case 2 the same conclusion results. Part b. follows immediately from (49). O

Example E.2 Let a € S% withn(a) = 2 and i(a) = (i1,42). For which tuples (i1,i3) C Zs
do there not exist b,c € S% with n(b) = 2 = n(c) such that i(a) = Ugei(e)t(Lm(b).k)-
According to Proposition E.1 such b, ¢ do not exist iff P“Pg #+ PZZPE = P,. The only
possible choices for P, € P%%6 such that P, #+ PwT are P, = Py and P, = P3. From
P, = P, P follows P, = P,P;,. For P, = P, the possible tuples (i1,i3) are (1,2), (2,3),
(3,1), (4,6), (5,4), and (6,5). For P, = P3 one obtains the same tuples. Because the
ordering of i; and i3 is unimportant the tuples may also be written as (1,2), (2,3), (1, 3),
(4,5), (4,6), and (5,6).

Proposition E.3 Let a € ST with n(a) = 3 and i(a) = (i1,42,13) C Zy.

a There erist b,c € S both of order two such that

Z(a’) = Ukez(c)Z(Lm(b)k)a (51)

iff one of the following three conditions holds:

P“Pg = Pisz'Za (52)
PPl = PP, (53)
PZSPE = PlszI:: (54)
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b If one of the conditions of a holds then all combinations of the indices of b,c are con-
structed as follows, in case (52):
Py, =Pl'P,, Py, =PLP,,

119

P;, € P"™ " arbitrary, Pj, = (P, PF)P;

22+ 11 Ji»

i(b) = (J1,52), ilc) = (ky, ko).

The solution in the other cases is easily deduced by symmetry.

The proof of Proposition E.3 is easily deduced from that of Proposition E.1. The same
holds for the following results.

Proposition E.4 Let a € S with n(a) = 3 and i(a) = (i1,42,i3) C Z,. There eist
b,c € 8" with n(b) = 3 and n(c) = 2 such that (51) holds iff

p, Pl =p, P = p, P (55)

21+ 79 22+ 13 23+ 121
Proposition E.5 Let a € ST with n(a) = 3 and i(a) = (i1,42,13) C Zy.

a There exist b,c € STy with n(b) = 3 and n(c) = 3 such that (51) holds iff

P, Pl =p,PL = P, P, (56)

117 19 27 13 237 11
b Assume that the condition of a holds. All solutions for b,c are constructed by:

P;, € P™*" arbitrary, Pj, = P,PP;, P;,=P,PL.P; P, =P.P,,

2+ 11

Py, = P Fiyy, Py = PTst, i(b) = (j1,72,53), i(c) = (k1, k2, k3).

Lemma E.6 Let a € S”, with n(a) = 3 and i(a) = (i1,42,i3) C Zp.

a There exist b,c € S both of order at least two such that (51) holds iff of the three

products P“PZZ, P,ZPg, PZSP21 two are equal or all three are equal.

b The conditions of a remain the same if the order of the indices in i(a) = (i1,i9,13) s
arbitrarily interchanged.

Proof =. If b,c € S} exist then it follows from (51) that 2 < n(b) < n(a) = 3 and the
same bounds on n(c). The possible values of (n(b),n(c)) are thus (2,2), (2,3), (3,2), and
(3,3). The result then follows from the three previous propositions.

<. This follows from the three previous propositions. O

Proposition E.7 Let a € S be of order 3 with i(a) = (i1,i,i3) C Zg. There erist
bc € S8 both of order at least two such that (51) holds iff either i(a) = (1,2,3) or

i(a) = (4,5,6).

Proof Lemma E.6 is applied. For i(a) = (1,2,3) the products are all equal to P3 while
for i(a) = (4,5,6) they are all equal to P,. All other ordered triples in Zg with different
elements are: (1,2,4), (1,2,5), (1,2,6), (1,3,4), (1,3,5), (1,3,6), (1,4,5), (1,4,6), (2,3, 4),
(2,3,5), (2,3,6), (2,4,5), (2,4,6), (2,5,6), (3,4,5), (3,4,6), and (3,5,6). For i(a) =
(1,2,5), PLP} = P;, P,PT = P;, PsPl' = P5 hence the three products are different.
Similarly in all other cases the three products are each different. O
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F Doubly stochastic matrices

A doubly stochastic matrix was defined in Definition 2.2. The set of such matrices of
size n X n is denoted by DS”*". Sources on doubly stochastic matrices are [17, Ch. V]
and [14, 15, 16, 18, 20]. The set of doubly stochastic matrices in DS}*" is a convex
polyhedron of dimension (n — 1)? whose extremal elements are the set of permutation
matrices according to a theorem of G. Birkhoff [2, 2.5.6]. Therefore any doubly stochastic
matrix may be represented as a convex sum of permutation matrices.

Definition F.1 A matriz A € R " is said to have a representation as a convex sum of
permutations if

n!
=1

where T € S_’f_! and {P;,i € Z,y} = P™*" is the set of permutations of size n X n. Such
a matriz is said to be nontrivial if it is not itself a permutation, or, equivalently, if the
vector = is of order two or larger.

Note that a circulant and a positive latin square in RZ_X" have representations as convex
sums of permutations in which the sum is only over n permutations and in the case of a
doubly stochastic circulant the permutations are the shifts.

Given a matrix A € DS ", its representation as a convex sum of permutations as in
Equation (57) is not unique. An algorithm to obtain from A the decomposition may be
constructed along the lines of ordinary linear algebra.

Proposition F.2 Consider the family of doubly stochastic matrices
a1l 4 aaP € DS, (58)

where aj,ay € (0,1), a1 +ay =1, P € P"*", P # I, n > 2. A matriz of this family
s indecomposable iff the permutation matriz P has only one cycle, or, up to relabeling,

c¢(P)=(1,2,...,n).

Proof It will be proved first that any matrix of the form (58) is indecomposable iff there
do not exist Q1, Q2 € P™*" such that Z,, = C; U Cs, a disjoint union, where Cy, Cy C Z,
are either cycles or union of cycles of both Q1Q2 and Q1 PQ,. With this statement the
proof follows from Proposition A.4.

=. Suppose there exist Q1, Q2 € P™*" such that Z, = C; UCy with C; and Cs having
the properties stated above. It follows from the definition of a cycle that then @;Q2 and
Q1PQ; have a decomposition of the form

(5 7)

where the diagonal blocks are square and the decomposition is conform the partition
Zn, = C1 U Cy. Hence Q1[a1l + agP]Q2 has the same decomposition and a;l + ayP is
decomposable. This is a contradiction.

<. Suppose a1l + ay P is not indecomposable, hence decomposable. From Proposition 4.1
follows that this matrix is completely decomposable, or there exist Q1,Qs € P™*™ such
that

Q1ilar]l + a2 P]Qs = ( ; 2 )
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Hence Z, = C; U Cy where C and Cy are either cycles or unions of cycles of QQ1Q2 and
Q1 PQy where the partition of Z,, is conform the partition in the above matrix. This is a
contradiction of the statement made at the start of the proof. O

G Proofs for primes in the doubly stochastic matrices
The proof of Theorem 4.2 is based on a proposition that is first stated and proved.

Proposition G.1 Let ni,ny € Zy, n =ni+ng, and A; € DST'™™ be an indecomposable
prime in the doubly stochastic matrices. Then

A 0

) e DST*"

18 a prime in the doubly stochastic matrices.

Proof The proof is analogous to [2, Th. 3.4.24]. Suppose that A is a not a prime in the
doubly stochastic matrices. Then there exists a factorization A = BC with B,C € DST*"
neither of which is a permutation. Let
B
B= ( B; ) € RY*", By € R}
There exists a permutation matrix Q € P™*" such that, if B; has any zero column, these
columns are placed on the right of B;Q. Then

B, B Cn C
war-a-wawo- (5 ) (G o)

where By; € RTXT, By € Rilx(n*r), and the other matrices are conformingly. By the
choice of @, B1s = 0 and no column of By is zero. If r = 0 then (B1; Bis) = B1a =0
hence A; = 0 but this contradicts that A; is indecomposable. Thus r > 0. Note that
B11C13 = 0. Because By has no zero columns, it follows that Ci9 = 0. If » = n then

but then I = B30 cannot hold. Thus 0 < r < n.
Note that A; = B11C11 and I = ByyCys. If 7 < my then

4 = (Byy 0) ( i )

contradicts that A; is prime in the doubly stochastic matrices. If » > n; then I = ByyCa,
n—1r < ng, By € Rizx(n_r), and Cyy € RSZL_T)X”Z, is a contradiction. Thus r = n; and
BH, Bgz, 011, 022 are square matrices. Note that 321011 + 322021 = 0 hence 321011 =0
and B22021 = 0. From BQQCQQ = ] follows that Bgz is nonsingular. This and 322021 =0
imply that Cy; = 0. From A;; = B11C1; follows that C;; is either an indecomposable
prime or a permutation. In either case, this and By;C1; = 0 imply that By; = 0. From
By3Cqy = I and B,C € DST*" follows that Byy,Cyy € P"2*"2. Finally one obtains the
factorization in DST*"
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_( Bu1 0 Cnu 0
Al@I‘(o I)(O I)'

Neither B nor C a permutation implies that neither Bi; nor C1; is a permutation. Hence
Aq1 = B11Cqq is a factorization that contradicts that A; is a prime in the doubly stochastic
matrices. o

Proof of Theorem 4.2 =. From Proposition 4.1 follows that A is permutation equivalent
to the direct sum A; ® I where A; € DS'™™ is a direct sum of indecomposable doubly
stochastic matrices. Then A; is a prime in the doubly stochastic matrices. Because, if A;

is not a prime then there exist By,C; € DS ™™ neither of them is a permutation such
that A1 = BlCl. Then

A:Pl(gll 2)192:[191(51 g>][<811 3>P2]:Bc

is a factorization of A such that B,C € DS} " and neither of them is a permutation.
This contradicts that A is a prime in the doubly stochastic matrices.

Suppose that A; is the direct sum of two or more indecomposable doubly stochastic
matrices. Without loss of generality suppose that

Ay 0
A1:P3(02 Ay )P4,

with Ps, Py € P™*™ Ay € DS?"™ and A3 € DS **™ indecomposable. Then consider
the factorization

A =[P, ( 642 2>][<é ?43 )Pz]:BC.

Because Aj is indecomposable it is not a permutation, hence so are B and C. Thus A is
not a prime in the doubly stochastic matrices which is a contradiction.

<. This follows from Proposition G.1.

b. The proof is analogous to that of Theorem 3.1. O

Lemma G.2 Let

n!
A=) a;P € DST" (59)
=1

be a doubly stochastic matriz that is not a permutation. Hence a € Si! is a vector of order
at least two. Let Ly, : Sﬁ_! — RTX"! be the latin square induced by multiplication of the
permutations, see Definition C.2.

a. Assume that the relation between A € DS?*™ and a € S according to Equation (59)
is a bijection. If there do not exist b,c € S_’f_! both of which are of order at least two
such that

a= L, (b)c (60)

then A € DST*"™ defined above is a prime in the doubly stochastic matrices.

b. If A € DST*" is a prime in the doubly stochastic matrices then there do not exist
b,c € ST both of order at least two such that (60) holds.
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The assumption on the bijection in Lemma G.2.a is satisfied if A = >, , a;F;, where

{P;,i € Z,} is a permutation covering of R}*". An example of a permutation covering is
the collection of shifts {W™1 m € Z,}.

Proof of G.2 a. Suppose that A is not a prime in the doubly stochastic matrices. Because
by assumption A is not a permutation, this implies that there exist B,C € DS*" neither
of which is a permutation such that A = BC. Because B,C € DS*", they admit the
representations B = > b;F; and C = ) ¢; P;, for b,c € S:ﬁ!. Because neither B nor C is a
permutation, b, ¢ are vectors of order at least two. Now

S aP=A4=BC= (3 bP) (Y eak)=>

k

n!

> Ln(b)rjc;

=1

Pk7

by the definition of the latin square induced by multiplication of permutations. The
assumption that the relation between A and a is a bijection now implies that

n!

ag = Y Lin(b)ijcj, k=1,2,...,nl, & a=Ly(b)ec. (61)
7=1

Then there exist b,c € S7' of order at least two such that a = L,,(b)c. This is a contra-
diction of the assumption that such b, ¢ do not exist.
b. Suppose there do exist b,c € Si! each of which is at least of order two such that
a = Ly (b)e. Let B=3b;P; and C = ¢;P;. Then

Y. D big

t j,P;Pj=Py

n!

QouP)( ciP) =)

k=1

BC

Py

n!

= Y [Lm(brjcjl P =Y _apPy, by a= Lp(b)c,
k=1 k

= A

Because b, c € S?_! are of order at least two, neither B nor C is a permutation. Then this
and A = BC imply that A is not a prime in the doubly stochastic matrices. This is a
contradiction of the assumption. O
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