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Abstract

The compensation approach has recently been introduced for the determination of the stationary distribution
of two-dimensional nearest-neighbour random walks without one-step transitions to the North, the North-East
and the East. The present study compares this approach for the symmetrical shortest queueing model with the
analytical solution. It is shown that the final results are identical.
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INTRODUCTION

The ‘compensation approach’ has recently been introduced for the determination of the stationary dis-
tribution of queueing processes which can be modelled by two-dimensional nearest-neighbour random
walks for which one-step transition probabilities to the North, North-East and East are not possible,
cf. [1],[2],[3],[4]. This approach leads to a series representation for the stationary state probabilities of
which the terms are obtained by a recursive algorithm. In [1] and [2] it is shown that the compensation
approach generates the exact solution for the stationary state probabilities of the symmetrical shortest
queueing model, whenever it is positive recurrent. In order to obtain a deeper insight concerning the
compensation approach we compare the results obtained by the compensation approach with those
resulting from the analytic solution of the symmetrical shortest queue [5].

This comparison has been discussed in the report [7]. However, as Adan, Wessels and Zijm have
pointed out (private communication) the conclusions drawn in that report are based on a serious
mistake, and a misinterpretation of the algorithm of the compensation approach.

The present study is a corrected version of the report [7].

In Section 2 several results obtained in [5] are recapitulated. The two key functions Q(r) and ®(¢)
in the analysis of the symmetrical shortest queue are both meromorphic and have been represented
in [5] as infinite product forms, see (2.8) below. For our present goal we need their partial fractions
representation. From this representation the expressions for the state probabilities are derived in
Section 3. With x; the queue length of server ¢, 1 = 1,2, the pgm, Q(r) and ®(t) are defined by (note
the symmetry): for k,m € {0,1,2,...},

Prm = Pr{x1 =k, xa =k +m} =Pr{xe = k,x; = k +m}, (1.1)
Q(r) =Y pomr™,  IM[<1, B(t):=) prett, [ <1
m=0 k=0

Section 4 starts with the description of the compensation approach, and the derivations of the expres-
sions for Q(*)(r) and ®(*)(t), the analogous functions of those in (1.1) but based on the compensation

approach. The expressions for pi’i}t are also derived in Section 4. Next we compare the expressions for



Q(r) and Q(*)(r), and similarly those for ®)(t) and ®(t). These comparisons lead to the conclusion
that Q(r) and Q%) (r) are identical, similarly for ®(t) and ®(*)(¢).

From this it is concluded that the analytical analysis and the compensation approach lead to
identical results. Section 4 concludes with a comparison of the steps in the iterative algorithm of
the compensation approach and the successive determination of the poles and their residues in the
construction of the meromorphic functions ®(-) and Q(-).

2. THE PARTIAL FRACTIONS REPRESENTATION
The bivariate generating function of the stationary distribution of the queue lengths (x1,x2) can be
expressed as a linear combination of the generating functions

Qr) =E{r*1(x, =0)}, |r| <1, (2.1)
d(t) :=E{t*(x; = x2)}, [t| <1,

see [5]; here x; is the queue length at server ¢, ¢ = 1,2. These functions are meromorphic functions,
their infinite product form representations have been derived in [5]. For the purpose of the present
study their partial fractions representation is needed. In the present section they will be derived.

REMARK 2.1. The definitions of symbols used in the present text differs only in some minor points

from those in [5]. O
Put, cf.(1.1),
F(rt) =E{* ¥ X (x, > x)} =Y > pmtfr™, <L | < L. (2.2)
k=0 m=0

From (2.3) of [5] it is seen that for |r| <1, |t < 1,

1 1
ki(r,t)F(r,t) = r[(r — t)Q(r) — {r + m¢—§@+@ﬂ¢0}+hmﬂ¢w, (2.3)
with
ki(r,t) :== at? + [1 — (2 + a)r]t + r2. (2.4)
Denote by t1(r), ta(r) for fixed r the two zeros of ki (r,t), they may be so defined that, cf.(3.1) of [5],
[t1(r)] < |r| < |t2(r)|] for |r|>1, r#1, (2.5)
. 1 1
t1(1) = min(1, =), t2(1) = max(1, -);
a a
note that

0<a<2, (2.6)

is the necessary and sufficient condition for the existence of a stationary distribution.
In [5] the sequences r,,, n =0,1,2,...; t,, n=0,1,2,..., are defined by
2 4

To=_» to= 3

(2.7)

kl(Tnatn—l) = 0: kl(rnatn) = 07



ro<tg<ri<ti<ry ... <th1<ry,<tp...,
tno1 =t1(rn), n=1,2, ..., t, =ta(rn), n=0,1,2,....

From (4.7) of [5] we have for |r| <1, |t| <1,

o) = 3@ - [] == I == (28)
n=0 " n=1"

1 >t =t o~ t,—1
&(t) = n ~ .
0=l E= Il =)

These functions can be continued meromorphically, and

r.,n=0,1,2,..., arethe zerosof Q(r), r, <0,
to,m=12,..., are the zeros of ®(t), t, <0,
rn,m=1,2,... are the poles of Q(r), r, >0,
th,n=0,1,... are the poles of ®(t), ¢, >0,

all poles and zeros have multiplicity one, see (3.8) and (3.10) of [5].
For the construction of the partial fractions representations of Q(r) and ®(t) we need their residues

wn and ¢y,:

On = tliI? (t —t,)®(2), n=0,1,2,...,
wyp = lim (r —r,)Q(r), n=12,....

These residues can be obtained immediately from (2.8). However, since we need the recursive relations
between these residues, it is more effective to start from the relations which have led in [5] to the
expression (2.8), cf. (3.6) of [5]. These relations are: for j = 1,2,

(1)  Qr)+ ka(r,t;(r))2(¢;(r)) =0 for all » # r,,
() lim [Q) + kar,t;(r)B(L()] =0 forall n=0,12,..., (2.10)
with

ko(r,t) := -1+ %a2t — %ar. (2.11)

The relations (2.10) follow from the condition that F(r,t), cf.(2.2), should be finite for all |r| < 1,
[t] <1, see [5].
To derive the recursive relations for the residues note that kq(r,t;(r)) =0, j = 1,2, implies that

dtj(r) _  2r—(2+a)t;(r)
dr ~  2atj(r)+1—2+a)r (2.12)

Because it follows from the properties of the roots of the quadratic equation kq(r,t) = 0, cf. (b.4) of
[5], that



1
Tn + Tn+l = (2 + a)tn, t’n + t’n.+1 = E[(Z + a)’f‘n+1 - 1], (213)
we obtain
dty(r) 1r, —Tpg1 dt () Tp — Th—1
—_ = —— — = ———. 2.14
dr fr=rn aty,—tn_1’ dr fr=r tn1 —tn (2.14)

From (2.7) and (2.9) we obtain: for j =1,2,

lim (r — r,)®(t2(r)) = ¢ [dt2—m] ) , n=0,1,2,..., (2.15)

T—Tn d’[" r=rn

lim (r — 7,)®(t (1)) = s [dtl(”] T acta

T—Tn dT r=rn

Hence from (2.9), (2.10)ii, (2.14) and (2.15), forn =1,2,...,

tn - tn—l
wn = ake(rp,th) —————Pn
Tn — Thn+1
; . (2.16)
n—1 — ln
= aky(Tn,tn—1) ————¢n—1,
Tn —Th—1
and so: forn=1,2,...
¢n 1+ %a2tn_1 — %arn Tnil — Tn (2.17)
¢n—1 -1 + %a2tn - %arn Tn —Tn-1 ’ '
Wn41 _ -1+ %G/Ztn - %aTn+1 tn+1 —tn
W -1+ %a%n - %arn tn —tn1

From (2.16) and (2.17) it is seen that the w, and ¢, can be recursively calculated once ¢g is known.
For the determination of ¢y see (2.29) below.

We consider the relations (2.17) for n — oo. It is readily seen from (2.4) and (2.7) that r, — oo,
t, — oo for n — oo and that, cf. (4.2), (4.3), (b.7) of [5]: for n — oo,

t T t T
206, T_l — aé, ;—H — aé?, Ll 662, (2.18)

'rn n n Tﬂ

1 2
§:= %[2+a+\/a2+4]>5>1.

From (2.17) and (2.18) it is readily seen that ¢ /¢n—1, and similarly wp41/wy, has a limit for n — oo
and

. Pn . Wp
lim = —Ug, lim = — Uy,
n—oo ¢n—1 n—00 Wnp_—1
(2.19)
6—1 6—1
=ad——— w = a8 ———.
He =a ab—1’ H . ab — 1

Because 6, cf.(2.18), satisfies

aé? —(2+a)§+1=0, (2.20)



it follows readily from (2.18) that

16-—-1
526 1 <1, pe > 1, Mo > 1. (2.21)
Put
x - ¢n
(M) &)=Y 2,
" (2.22)
~ Wp T
ii) Q(r) := —
@) )=
To justify the definitions note that for n — oo,
1-Lt _
¢n+1 ¢n — ¢n+1 tn t; N _% 66 ]-1’ (223)
t—top1 t—tn  n tapr 1— ot ad —
Wn+1 Wn =wn+1<1'n >2 1_% _)_16—1
(T - 7"n-i-l)rrn-{-l (T - T’IL)TTL Wn Tn+1 1-—- ,,,n:_l dab—1’

for every finite t # t,,, t,4+1 and r # r,, r,41, respectively. Hence, the sum in the righthand side of
(2.22)i converges absolutely for every finite ¢t # t,, n = 0,1,2,..., because of (2.21); similarly does
the sum in (2.22)ii for every finite 7 # r,,, n = 1,2,.... Consequently the functions ®(¢) and Q(r) are
well-defined meromorphic functions.

Obviously ®(t), cf.(2.8), and ®(t) have the same pole set and their poles have the same multiplicity,
similarly for Q(r) and Q(r). Consequently we may write

B(t) = d(t) + (1), (2.24)
Q(r) = Q@r) + Q(r),

with &(t) and Q(r) entire functions. In appendix A it is shown that ®(t) is identically zero and that
Q(r) is constant. Hence from (2.22) and (2.24) we have

@(t):i o (2.25)

n=0 t—in
r) =00) + Y - f"rn %
From (4.8) and (4.9) of [5] we have
2= ) =8() =52 -a), (2.26)

and from (2.1) and (2.25),

Q0)=2(0)=->_ =", (2.27)

In Section 3 it is also shown, see (3.15), that



oM (0) = %(2 +a)y ﬁ (2.28)
n=0 n;n

In appendix B it is derived that

4 (2-a)4—a)
$o = "2 4+a (2.29)

oy = _2(2-a)4—-0a)

2
4 16).
as 4+4a (a7 + da + 16)

3. THE EXPRESSION FOR Pr{x; =k, xo = k+m}
In this section we derive the explicit expressions for the stationary state probabilities, cf.(1.1),

Pem = Pr{x1 =k, xo =k+m}, k£=0,1,2,...; m=0,1,2,.... (3.1)

From (2.3) we have for |t| =1, m =1,2,...,

> 1 dr (r —t)Qr) — [r+ Lart — L2+ a)t]®(t) 1
ko_ 2 2
kgopkmt =9 / 2 / T o(t). (3.2)

rm ki(r,t)
Ir|=1
Note that
1 dr
T m—+1 =0 fOI‘ m:1,2,...,
7T1|T|:1 T (33)

=1 for m=0.

To evaluate the integral in (3.2) it is noted that (2.10) implies that the zeros of k; (r,t) with |t| =1
are no poles of the integrand so that its only poles are those of Q(r). Put

Ry = 5(rven +7), (3.4)
and note that, cf.(2.5),
ki(r,t) = aft — t1(7)][t — t2(r)]. (3.5)

By applying Cauchy’s theorem we obtain from (3.2) and (3.3) for |t| =1, m =1,2,...,

S N i (T2 OQ0) — [+ gart — 5(2+ a)t] ()
> prmt* = Z I ) a(t —t1(r))(t — ta(r))

’r‘m r—»rn

3.6
+L / dr (r —t)Q(r) — [r + Lart — £(2 + a)t]D(t) (36)
27i rm a(t —t1(r))(t — ta(r)) '
Ir|=Rn
In appendix C it is shown that for N — oo,

r—t

[ 5 Q(r)] -0 for N — oo. (3.7)
r ’I‘:RN

Because t;(r)/r, j = 1,2, has a finite limit for » — oo, it is seen that the integrand of the integral
n (3.6) behaves as Ry™ for N — co. Consequently the limit of this integral for N — oo is zero for



every m = 1,2,..., cf. also (3.7).
Hence it follows from (3.6) that: for |t} =1, m > 1,

> > w t—r 1 w t T t T
tk — “n — Tn — - —Wn |: n—"n n—1 " "n ) 3.8
D pim TLZ::I r™ alt — ty (rn)][t — ta(r)] @ 1;1 tn—tno1 | tn—t  tn1—t (38)

From (3.8) it follows by expanding [t, —t]~! and [t,_; —#]~! in power series of ¢, note that t, > 1,n =
0,1,2,..., and by equating the coefficients of t", h = 0,1,2,..., that: form =1,2,...; k=0,1,2,...,

1= —w t,— 17T T tno1,—(k+1
= _ n ut—(lﬂ'l)_'_"it (k+1) 3.9
Phm a; rm [tn—tn_l" tn—tnq " (3:9)

For m = 1 we note that the first integral in (3.2) has a simple pole in r = 0, and so we obtain for
lt] =1,

Because the lefthand side in (3.10) cannot have a pole in ¢t = —% if 2 > a > 1, it follows that

B(-1) = 2 Q) for2>a> 1. (3.11)
a 2+a

We next show that (3.11) also holds for 0 < a < 1. From (3.8) we have form =1, |t| =1,

Z o+ Wn 1 th1—Tn th — Tn (3 12)
Pkt anlrntn—tn_l th1 —t  tn—t | '

It is readily verified that the righthand side is a well-defined meromorphic function and that its only
poles are t,, n = 0,1,2,.... Consequently ¢t = —% is not a pole of the lefthand side, and so (3.11)
holds for 0 < a < 2.

From (2.25) and (3.10) we have for |t| =1,

(0)
t* 3.13
Zp H <t — t 1+ at (3:13)
-Q(0) 1 > fn 1 a
= —(2 — =
Trat T2 +a);1+atn{t—tn T+at)
1 1 b 1 —  ¢n 1
— Q(0 —a(2 —(2 .
Tt at |20+ 39 +a)nz::01+atn 3t +a)nz::01+atnt—tn
The relation (3.13) for |t| = 1 can be continued meromorphically, note that the last sum is a well-
defined meromorphic function. Above it has been shown that ¢t =t¢,,n = 0,1,2,..., are the only poles

of the lefthand side of (3.13). So t = —% is not a pole and consequently



(i)  Q0) =poo = %a(Z +a) Z —¢n

= 1+ at,

(3.14)

(ii) Zpkltk:%(2+a)z on 1
k=0 n

—~ 1+atpt—t,

Because for t = 0 the function k1(r,0) has » = 0 as a zero of multiplicity two it follows from (2.10)i
that

1 ,dty(r) 1 dtq (r)
1) 228\ 2 _ M 1 -
[Q (r) + [2a I 2a]<I>(7‘) B (t1(r)) a | 0,
so from (2.12),
o1 = Q1(0) = 1a<1>(0) = 1ap(m = 2 +a) Eoo (3.15)
2 2 = 1 + at

here the last relation follows from (3.14)ii. From (3.14)i and (3.15) we obtain again, cf. (2.27),

oo = 0(0) = 3(0) = 3 2 (3.16)
n=0
From the results derived above we obtain
n n — tn—1 —
O pem =3 Z iz [t e e Y k0, m 2 (3.17)

= 1+ at,
(iii)  pro = Speo(—n)ta“HY, k>0,
(iv) pom =2 Z(—wn)r;(m"'l), m > 2,
n=1
_ _ - _¢n
(v)  poo = 2(0) = @(0) = HEZ:O P

. _ 1 > _an
(Vl) Po1 = 5(2+Uz)zom

From (3.17) it is simple to obtain the asymptotic relations

k+1
Pro = — oty (k+1){1 + O((zo) )} for k — oo, (3.18)
1



m-+1
Pom = —wir] MU 4 O((Tl) )} for m — oo,
T2

k+1
1(2+a) —%o (k+1 {1 +O((t0) )} for k — oo.
1

Pk1=2 1+ to

4. THE COMPENSATION APPROACH
The ‘compensation approach’ applied to the symmetrical shortest queueing problem is exposed in the
studies [1] and [2]. By p(w) and p(a) we shall indicate the stationary state probabilities when calculated
by the compensation approach as applied in [1] and [2], respectively, analogously for Q(*)(r), &(2)(t),
®(®)(t). Note that the notations in [1] and [2] differ slightly.

The solution obtained by the compensation approach as exposed in [1] and [2] reads: for k =
0,1,2,...,

P =pke) = C71 3" difeiaf + cigrob 187, m=1,2,..., (4.1)
=0

Py = O Zczfz of, (4.2)
for p%) see (4.8)iv, below.
The constants in (4.1) and (4.2) are defined by, cf.(3.20),...,(3.25) of [2]:
al=t,, B l=r.1, n=0,1,2,..., cf.(2.8), (4.3)

and for¢=0,1,2,...,

al T
Cit1 = /6+1_ aﬁ Ci, co =1, (4.4)
i1+ & 1 — (1+ 1
diy1 = — (241 2?)//6 11— ( 12a)di, do =1,
(Ofi+1 +30)/Bi — (1+ za)
QG (&%)
1= — (4 dy %0
fiy1= P a( +1); fo P

C is determined by the norming condition

i i 2+ Zp(“) (4.5)

k=0 m=1 k=0

(w)

REMARK 4.1. An explicit expression for p;,’ is not given in [1], its determination is only indicated;

(w)

below we give the expression for p;,’ according to [1], see (4.8)iv. O

From the Kolmogorov equations for the stationary state probabilities the following equivalent set
of equations is derived in [1]:



(i) (a4 2)Pkm = aPr—1,m+1 + Pk,m+1 + Pk41,m—1, k>1,m>2;

.. 2 a
(i) (a+2)pr1 = apr—1,2 +Pr2 + " (apr1 + Pr1,1) + " (apr—1,1 + pr1), k>1;

+2 +2
(ili) (a4 1)pom = Po,m+1 + P1,m—1, m > 2;
(4.6)
(iv) —(a+1)po1 + poz + Py 2(ap01 +p11) + po1 =0,
1
(v) 5(“ + 2)pro = apr—1,1 + Pr1, E>1,

(Vi) apoo = Po1-

For our analysis of the compensation approach we need some asymptotic relations for the coefficients
¢i, d; and f;, see [2]. They are easily derived from (4.4) by using (2.18) and (4.3). It results: for
1 — 00,

. Cit+1 16—-1
0 -— <1
® < c; _>6a6—1< ’
d;
(i) - d—fl — ad? > 1,
dit1(cit1 + cita) 6—1
— S—— > 1
(111) di(c,’ + C,'+1) - ab—1 > b (4'7)
e (c; Y 16—1
(IV) _ z+1(cz+l + cz+2)ﬁz+l - < 1,
di(ci + cip1)Bs badb—1
2
cit1fit1 1[6-1
) ¢ fi s { ad—1 <1

From the relations above the expressions for the following generating functions are readily derived.
For |r| <1, |t| £1,

. N (a) ke m R Ci Cit1 pir
tr™ =C d; J
(i) Z Zp Z_: |:]_—Oé,'t+].—0£i+1t:| 1-8ir

k=0 m=1
i) Q@@ Tr;i; (@) m _ ) | o1 ;d o +C,+1)1 fi;”’
(iii) @@ (¢ ipko)tk c-1 ; - ?]Zit’ (4.8)
(iv) @) (t):= :(]p(w)tk — %)+ (14 at) Zp ] ,

- a—?—2 p((f(;)) (L+at)C IZdﬁz 1—61;1-1-1t]‘|
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w) _ 2 i
(v) By = e Yy diBi(es + cipr)-

=0

The relation (4.8)i follows directly from (4.1), also (4.8)ii is obtained from (4.1); (4.8)iii is derived from
(4.2)i. The relation for ®*)(t) is obtained from (4.6)v and iv, and the second expression in (4.18)iv
is obtained by using (4.8)i. By taking t = 0 in (4.8)iv and noting that ®(*)(0) = pgg)), the relation
(4.8)v results. By using the asymptotic expressions (4.7) it is readily verified that the righthand sides
in (4.8)i,...,iv, are for |r| > 1 and/or |t| > 1 well-defined meromorphic functions and so the lefthand
sides in (4.8)i,.. .,iv, can be continued meromorphically into |r| > 1, and/or |t| > 1.

We next compare the results according to the compensation approach with those obtained in Sec-
tions 2 and 3. First we compare some asymptotic results.

From (4.8) the following asymptotic results are readily derived.

k
: a — 6]
(1) pio) = CYeg foaf[1 + O( (a—l) )] for k — oo,
0
2 a ai ¢
(i) piy = mc_ldoﬁocoalé(l + Oé_o)[l + O((a—o) )] for k — oo,
. (4.9)
(a) _ 1 k g
(iii) pg,y =C  dofoog [l + O( (a_) )] for k — oo,
0
. (@) _ 1 m Bi\™
(iv)  pgm = C do(co + c1)B7 1 + O( o )] for m — cc.
From (2.7), (4.3) and (4.4) it is seen that
4 2
agt =t = —, Bt =r1=(a+4), (4.10)
a a
- a+4)? _ a+4
all_tl_( a3)7 ﬂ11:'r2: a3 (a2+4a+8)5
c+c_a2+4a+16 £y = a
YT T v a)(d+a) YT e+ 2
It follows from (3.18), (2.19) and from (4.9) and (4.10),
; (2-a)(4=a) (a2 )" (@ _ ) -1 _a (a2)"
(i) PkONT(T) ) Pro ~ Pry ~C 2+_a(7) ) k — oo,
) (1—a)(1-a) (a2 \* @ _o1_at_ (a2)* (4.11)
(11) Pk1 ~ CLW (T) s pkl ~ C 2(4+a)a (T) s k — 00, .
2—a)(4—a a2 m (a) 1 a? a a? m
(iii)  pom ~ %(cﬂ + 4a + 16) [m] , Do ~CT1 (2+";‘§(j+13) [2(a+4)] , ™M — 00.
In [1] and [2] the constant C is shown to be given by
a(4+ a)
C=—— 7" 4.12
(4—a2)4—a)’ (412)

its derivation is based on (1) =1 — %a, a result which follows from the norming condition, and
the relation (2.3), cf.(3.34) of [2] or (32) of [1], and by considering (2.3) for t = t, = 4/a?.
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When inserting the expression (4.12) for C' into (4.11) it is seen that the corresponding relations in
(4.11) are identical.

Comparison of the expressions for Q(%)(r), cf. (4.8)ii, and Q(r), cf. (2.25), (3.16), shows that these
functions have the same pole set and the same structure, it is readily seen that the similar conclusion
holds for ®()(t), cf. (4.8)iii, and ®(t), cf. (2.25).

For a further comparison we consider the residues of the functions just mentioned.

Put, cf. (4.3) and (4.8), for i =0,1,2,...,

wz(i)l = TEHIJrl(T —ri4) (1) = =C7di(c; + cig1)riga,
(4.13)
$i”) = lim (¢ - )8 (1) = ~C 7 eifits.
In appendix D it is shown that for all 1 =1,2,...,
(a)
(1) w’H‘l — w’H'l
w(a) W; ’
z | (4.14)
i - 9
¢§a—)1 Pi—1
From the comparison of the relations in (4.11) discussed above it follows that
(a) (a)
w1 %o
—_ = 4.15
w1 b0 ( )
From (2.29), (4.10), (4.12) and
(]Sga) = —C_ICOf()t(), (416)
it is readily seen that
¢8’1) = ¢o. (4.17)
Consequently, from (4.14), (4.15) and (4.16) it follows that: for i = 1,2,...,
Wl = w;, $) = i1 (4.18)

Because Q(?)(r) and Q(r) have the same structure and the same pole set, and because their residues
at corresponding poles are equal, cf. (4.18), it follows that,

Q@ () =Q(r) for all r,
(4.19)
®(t) = ®(t) for all ¢,

the second relation in (4.19) is similarly shown. From (2.2), (2.3) and (4.19) it is readily seen that,
cf. (3.17), (4.1) and (4.2),

P = i, (4.20)

for allm =0,1,2,...,and all k=0,1,2,....
Next we compare the construction of the solution according to the compensation approach with
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the construction of the solution described in sections 2 and 3. The compensation approach is based

on the assumption that the p( @)

(4.2), for k=0,1,2,.

possesses a series representation of the following form, cf. (4.1) and

A =07V difaat + aak B, m=12,.. (4.21)
1=0
pk?]) = -1 Z szz Qg3 (422)

here C is a constant, to be determined by the norming condition, and

(@t Frta) = (Ens ), (@075 Brta) = (En Fng), (4.23)
are zero tuples of ky(r,t), cf. (2.4) and (2.7).
Whenever the series in (4.21) converges it follows from (4.23) that pg;)1 satisfies the equations (4.6)i
for all k > 1, m > 2, i.e. the Kolmogorov equations, because each of the terms in (4.21) satisfies these
equations.

The expressions (4.21), (4.22) should also satisfy the other equations of (4.6) and moreover the
conditions

Z Z o] < 00, S Ipiy)| < oo (4.24)
k=0

k=0m=1

Whenever the conditions mentioned above can be satisfied then the representation (4.21), (4.22) is
justified since the set of Kolmogorov equations possesses only one absolute convergent solution apart
from a constant factor.
The conditions (4.24) obviously require that: for alln =0,1,2,...,
j@nl <1, 1Bl <1, k(87 an") =0, ki (Bt Gn) = 0. (4.25)

n 5

The d;,¢;, fi in (4.21) and (4.22) should obviously be determined by the conditions that (4.21) and
(4.22) satisfy all the equations (4.6), note that (4.21) satisfies (4.6)i. Consider the following partial

sums msj) of the right-hand side of (4.21):

. 0 LY

(i) mgm)z = dyéak BT,

: (1) ._ F=~kagm | jz k3m

(i) ay,, = doCoby B + dociaf BT,

(2) . 7~ ~kpm 7 %z ~kam 7~ ~kam (426)
(ili) =, = doobygBy* + doc1af 5 + dié1a7 BT,

. 3 T ~ ~k D T ~ ~kA T~ ~kA T~ ~kA

() @iy, = dodoGf B + dotrat B + dierah 7 + daeadh B,

with dy = & = 1.

Suppose there exist an &g and (3, satisfying (4.25) and such that :1:;;2 satisfies the condition (4.6)ii
(or (4.6)iii). Then determine & and &; such that mgzl satisfies the condition (4.6)iii ((4.6)ii). Next
determine d; and f3; such that :1:22“)1 satisfies (4.6)ii ((4.6)iii). Hence the iterative procedure for the
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determination of & and d; amounts to alternatingly satisfying the boundary conditions (4.6)ii, (4.6)iii.
In [1] it is shown that

dp = —, (4.27)

is an appropriate starting value and that dgﬁ(’]" satisfies the equation (4.6)ii for all £ > 1. Actually
it is shown in [1] that with the starting value (4.27) the iteration procedure produces a sequence of

&, d;, @&; and B; for which the xgn) converges for N — 0o, and for which the series in (4.21) and (4.22)
are absolute convergent and satisfy (4.24) and the equations (4.6)i, ii and iii. With the solution so
obtained the coefficients in (4.22) for k£ > 1 follow from (4.6)v and for k = 0 from (4.6)iv. The factor
C is then determined by the norming condition.

The determination of &g is obviously crucial. It amounts finding an &y and BO satisfying (4.25) and

0)

such that :1/:5c satisfies (4.6)ii or (4.6)iii. In both cases this leads to an equation of the fourth degree
(0)

for ap or fo. This equation for ag whenever z;,/ should satisfy (4.6)ii has four zeros, viz. %, 1 and
the double zero -1. The condition (4.25) shows that &g as given in (4.27) should be the starting value.

From the iteration procedures described above it is seen that by the alternating adaptation of the
partial sums of (4.21) to the boundary equations (4.6)ii and (4.6)iii a new pole is added to the bi-
generating functions of these partial sums; the pole as well as its residue is uniquely determined. This
iteration corresponds obviously to the analytic continuation of ®(¢) and §(r) as described in [5], and
used in Section 2, cf.(2.10) and (2.16), and it clearly indicates that the starting value é&o = tj " should
be the common zero in t > 1 of (2.4) and (2.11).

m
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Appendix A

In this appendix it will be shown that, cf.(2.24), ®(t) is a constant and Q(r) a first degree polynomial
in 7.
Consider the sequence

P <To<Pp1<T. .. <Tpe1 < pn<Tn<..., (a.1)

with: forn =1,2,...,
2
1< po < E’ (a.Z)

Tn—1 1= t1(pn), Tn 1= t2(pn).

Because pg # 2/a it is readily seen that the 7,, are neither poles nor zeros of ®(t), similarly the p,, are
neither zeros nor poles of §(r), so

Pm F T, Tm 7 tn for allm,n € {0,1,2,...}. (a.3)
Next note that

2 4
ki(r,t) =0and ka(r,t) =0<¢=r=—,t= s orr=—-1——,t=—-.
a a a

IS]

Hence from (2.10), (2.11) and (a.2) we have for n = 1,2,...,

q)(T’ﬂ) _ k2(pnaTn—l) _ _]-+ a Thn—1 — —aPn
®(7-1) B k2 (pn,Tn) N —1+ §a27'n - §apn )

(a.4)

From (a.4) it is seen that ®(7,) is bounded for every finite n. Obviously p, — oo, 7, — 00, for n — o
and it is readily verified that: for n — oo,

n— 1 n n
Tt — 1, Issa, Pl gs2s (a.5)
Pn ad Pn Pn

From (a.4) we have for m =1,2,...,

TN+m ﬁ —1+ 3a®TN_14i — 5apN4i (2.6)
=1 =14 5a? TNy — sapN
For n large we have from (a.5), by using (2.20),
-1+ La*r,_1 — Lap, §—1 12 -2+ (1L+a)s 1
e I % +o(). (a.7)
~1+ 3027, — zapn (a6 —1) pna  ab— pn
From (a.5) it is seen that
— 1
o< L <o, (8)
n=1""

so by using (2.21) it is seen from (a.6) that for sufficiently large N and m =1,2,...,
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’ITL

| q)(7—N+7ﬂ) | ~

2 1+a -2 1
B(rx) L (2.9)

6—1 a ad-1 = Pk

note that the righthand side of (a.9) tends to zero for m — oc.
From (2.10) we have for m =1,2,..

1 ka(PNtm> TN 4m) P(TN 1m)
Q m) = — S(1n). a.10
PN+m (pN+ ) PN+m ‘I)(TN) ( N) ( )
For sufficiently large N it is readily seen that ko(pN+m, TN+m)/PN+m is bounded in m =1,2,..., and

so we obtain from (a.9) and (a.10), since ®(7y) is finite for finite N that

|®(TN+m)| < es\?_)l_m with e%’_)‘_m —0 for m — oo,
(a.11)
Upwsm)l/pnsm < €2 with €250 for m oo,
for every finite N and every pg satisfying (a.2).
From (2.10)i we have for every r and j = 1,2,
1 1
;Q(r) + ;kz(r, t;(r)®(t;(r)) =0. (a.12)

For r = r, + € with |e] << 1 it is seen from (2.16), since &(t) and Q(r) are entire functions and
t;(rn) and r, are simple poles of ®(t) and Q(r), respectively, that

= | =

A 1 ~ 1
Qr) + ;kz(r, t;(r)®(t;(r)) + ;O(r —7rn) =0forr — rp,. (a.13)
Consequently we obtain from (2.24), (a.11), (a.12) and (a.13) that for j = 1,2, and n — oo,

—02(pn) + kPt () B(t5(00)) — . (a.19)

Because

lim |_k2(pm i(pn))| # 0,

n—oo

and, cf. (a.11),
8(t5(pn)) — 0 for m — oo,

and so &(p,) — 0 for n — oo, (a.14) implies that Q(p,)/pn — 0 for n — co. By noting that &(¢) and
Q(r) are both entire functions, Liouville’s theorem implies that

&(t) =0, (a.15)

Q(r) = 2(0),

because for varying py with 1 < py < 2 the set of p, = pn(po) will be dense in (r, c0) for some r > 0.

A slightly different approach for the derivation of the results in this appendix from the product
form representation (2.8) is Cauchy’s method of decomposing meromorphic functions, see [6] Section
VIIIL.4.



Appendix B
In this appendix we derive explicit expressions for ¢g and w;.
Consider first the case
1
a

It follows, cf.(2.5),

> 1.

1 4
tZ(I)ZE’ t1(1) =1, tl(—)za, t2(—):a—2—t0
Hence from, cf.(2.10),
2 1 2 2
o)+ |14 L3 - L2 a3y =0,

So from, cf.(2.10),

2
)+ lim —— =4/

a

the relation (2.29) for ¢ follows.
Next consider the case

1
- <1
a

Then

nh =t wm=1, kEhH=o t=wd)=2

a a a a a

and (b.3) follows again by using (2.10). As before we obtain again the relation (2.29) for ¢y.

To determine w; note that k1(2, %) = 0, hence
at® +1 2
™ = o |t0:‘;i2 = a_z(a+4)

From (2.9) and (2.10) we have

w1 + lim [—1 + %a%o — larl] tl(r_irl(h(r) —4/a®)®(t1(r)) = 0.

T—T1 2

r) —4/a?

So

a—:4] [dtéy)] - 0.

w1 + ¢ |:—1+2—

=71

and by using (2.12) the expression (2.29) for w; results.

17

(b.3)
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Appendix C

To evaluate the integral in (3.6) with m = 1,2,..., for N — oo note that (2.10) implies that: for

It =1,

Lo—vae) =""ta - Lene) + %ar}@(tg(r)).

72 r2 2

From (a.2) and (a.4) we have

D (t2(pn)) — 0 for n — oo.

(c.1)

(c.2)

The integral in (3.6) does not change its value if the contour |r| = Ry is replaced by the contour
|r| = pn+1, note that ry < py41 < rny41 and apply Cauchy’s theorem. Hence by using (2.18) it

follows that: for |t| =1,

1
——(pn41 —t)QpNy1) = 0 for N — oo.

PN+1

(c.3)
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Appendix D

In this appendix it will be shown that for all n = 1,2, ...,

(a)
wn-l—l — (./J"+]_’ (d].)
w(na) Wn
ﬁ = Pn . (d.2)
()255:1_1 ¢n—1
We start with the proof of (d.1). From (4.13) we have for i = 1,2,...,
w!? d; ¢;i+c¢ ;
i1 O G i+1 Tit1 (d.3)

wg“) di1¢ci1+ci 15

From (4.4),
Tit1 t; — tig1
Ciy1 T ¢ = T Ci
tit1 ti — Tig1
Civ1 _ ti Tip1 —tipa
¢ tiv1 ti — Tt
so that
Civ1+¢ _ rip1ticn ri— 1t tig — 1
ctcia Ti tip1ti —Tip1 ti —tioy

diti  (2+atip)ripe — (2+a)ti

di o (2 + ati+1)Ti+1 — (2 + a)ti+1 )

By using the relation r?,; = at;11t;, which follows from (2.7) and the properties of the zeros of k; (r,t)
cf. (2.4), we obtain by inserting the relations above into (4.3) that for i = 1,2,...,

wl(i)l t; —t;_1 r; —t; (2 + ati)m+1 — (2 + a)t,-

W tigr —ti T —ti (2+at)ri— (2t a)t; (d4)
From (2.17) we have
wip1 ti —ti _ 1 30°ti + 3ariy) _ (d.5)
w; tip1 —t; 1-— %(ﬂti + %an
So in order to prove (d.1) it remains to show that
1-— %a2ti + %ar,q_l _ Ti— t; (24 ati)ris1 —(2+ a)ti. (d.6)
1— La%t; + Lar; riv1 —t; (24 at)r; — (24 a)t;
For the lefthand side Lg of (d.6) we have
L =14 2% =) (d.7)

1—%a2t; + Lar;’

For the righthand side Rg of (d.6) we have by using r;r;+1 = (at; + 1)t;, cf. (2.4) and (2.7),
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(2 + a)t (7‘,’+1 — 7‘,') — (2 + ati)(ri+1 — ri)ti

Re =1+

In order that
L¢ = R,
we should have cf. (d.7) and (d.8) after division by ¢; # 0 and ;41 —7; # 0,

za a(l —t;)

1—2a2t; + tar;  (2+ati)(at; +1—7;) — (24 a)(rig1 — ;)

From which it follows that (d.10) is equivalent to

ti{a® +4a +4} — (2+a)(r; + riy1) = 0.

i
(2 + Hlti)ti(ati + 1) — (2 + a)ti""H—l — (2 + ati)’l‘iti + (2 + (1,)tl2 )

(d.8)

(d.10)

(d.11)

Because, cf. (2.4) and (2.7), we have r; + r;41 = (2 + a)t;, it is seen that (d.11) is an identity for
all ¢ = 1,2,.... Hence (d.6) holds for 7 = 1,2,..., i.e. the validity of (d.1) has been proved for all

n=12,...
Next we prove (d.2). From (4.13) we have for ¢ =0,1,2,...,

¢§i)1 _ Cit1 fig1 tipa

H e fi ti

We have, see below (d.3),

Cit1 tit1  Tit1 — tit1

(I ti —Tip1
From (4.4),

7 1

fis _ (i + dinr),

fi 1+ zatiy

(24 atip1)(rig1 — Tiya)
2+ atip)ripn — (2+a)tipr

diy1+di=d;

From (d.14) we obtain

d,’+1 +d; _ 24 ati41 (2 + at,’)TH_l — (2 + a)t,’ Tit1 — Ti42

d; +d;_1 a 2+ at; (2 + at,’+1)Ti+1 — (2 + a)t,’_{_l T — Tig1 ’
fixr __ (2+at)rip1 — (2+a)t;  Tip1 —Tige
fi (24 atip1)riyr — (2 4+ a)tiyr 7 —ripr

Hence from (d.12), ..., (d.15),

¢Ei)1 _ Titl — tivi (2+ati)riyn — 2+ a)ts  rig1r —Tigo
¢E“) Tig1 —t; (24 atip1)rizr — (24 a)tipr ri—rigr

From (2.17) we have

(d.12)

(d.13)

(d.14)

(d.15)

(d.16)
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Gip1 11— %aztz’ + %CWi+1 Tit2 — Titl (d.17)
b; 1- %aZtH_l —+ %arH_l Tit2 — T ' '
So in order to prove (d.2) we have to show that for ¢ =0,1,2,...,
1-— %a?t,' + %QTH-I _ rit1 — tit1 (2 + at,-)r,-+1 — (2 + a)t,- (d 18)
1—3a’tipy +gar;  Tigr —ti (2+atip)ripn — 2+ )t '
For the lefthand side of (d.18) we write
laz ti - ti
Lig=1-—2 2( +11) : (d.19)
1-— §a ti+1 + 50,’!'1'_1_1
The righthand side of (d.18) may be written as:
a(r,-.H — ].)
1 (fiss )(@ +atip1)ripr — 2(tigp1 +ti) —atia (B + 1) (d:20)
Note that (2.4) and (2.7) imply that
1
tiy1 +t; = E[(Q + a)ri_{_l — 1], atiy1t; = 7‘?+1.
Hence in order that
Lis = Rus,
we should have
1-r;
¢ = Tit1 : (d.21)

2 — azti+1 + ar;41 (2+3a + ati+1)ri+1 — %[(2 + G,)’I‘,H_l - 1] - atH_l - 7‘12_1_1

a

It is readily verified that (d.21) is indeed an identity for all # = 0,1,2,..., and so (d.2) has been
proved.
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