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Abstract
Recently a smooth compactification of the space of linear systems with n states, m inputs and p
outputs has been discovered. In this paper we obtain a concrete interpretation of this compactification
as a space of discrete-time behaviors. We use both homogeneous polynomial representations and
generalized first-order representations, and provide a realization theory to link these to each other.
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1 INTRODUCTION

An analogy that has been instrumental in the development of the ‘behavioral’ theory of linear systems
[14, 15, 16] is that between linear behaviors and linear subspaces of R”. In fact a subspace of R can be
looked at as a static behavior, and the theory of linear time-invariant behaviors may be viewed as the
most direct dynamic generalization of it. The analogy makes it natural for instance to look for ‘kernel’
and ‘image’ representations (corresponding to ‘AR’ and ‘MA’ representations in the terminology of
[16]). It is also suggestive in defining a notion of convergence. Starting from the representation of a
subspace of given dimension m as the column space of a matrix of size n x m, which is determined
up to right multiplication by nonsingular matrices, a natural notion of convergence for subspaces is
obtained by the construction of the quotient topology. One may also use the kernel representation in
the same way; fortunately, this leads to the same notion of convergence. In the same manner, one
can define a topology for the the set of linear time-invariant systems of a given state space dimension
n and a given number of inputs m. Starting for instance from a minimal first-order representation,
which is unique up to similarity transformations, a notion of convergence is again provided by the
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quotient topology. The set of m-dimensional subspaces of R™, with the indicated topology, is usually
denoted by Grass(m,n); we shall use the symbol Sys(m,p,n) to indicate the set of time-invariant
linear systems with m inputs, p outputs, and an n-dimensional state space.

In spite of the analogy between ‘subspaces’ and ‘systems’, there is an important topological difference
between Grass(m,n) and Sys(m,p,n). Whereas the set of subspaces is compact, so that every sequence
must have a limit point, the set of systems is not compact. To give an example in the very simple case
n=1,m =0, p = 1, the discrete-time behavior spanned by the sequence (1,a=!,a=2,---) does not
converge to a limit if a tends to zero. (Compare this to the sequence of one-dimensional subspaces
spanned by the vector (1,a™%,---,a™™); as a tends to 0, this sequence does converge to a limit, namely
the subspace spanned by (0,0,---,1).) A limit behavior can only be obtained if one enlarges the space
of possible behaviors. In our example, a suggestion of how to do this is arrived at as follows. Identify
a sequence w = (w1, ws,...) with the ‘one-sided’ power series w(s) := Y oo, w;s™¢. In this way w, is
identified with the power series

oo

wy(s) == Za_i+1s_i =7 (1.1)

, as—1"
=1

Given that the meromorphic function (as — 1)~! converges to the constant function —1 uniformly on
compact subsets of C as a tends to zero, a natural candidate for a limit point of the one-dimensional
subspaces generated by w,(s) would be the subspace generated by wg(s) = 1. Note that this subspace
is not generated by a power series of the form w(s) = > ;o  w;s™*. The example suggests that one
somehow should add some ‘generalized systems’ which could serve as additional limit points.

It was recently discovered that it is possible to compactify the set Sys(m,p,n) in a “smooth manner”
using either kernel representations by homogeneous polynomial matrices [10] or first-order represen-
tations under weakened minimality conditions [3]. A continuous-time interpretation of generalized
systems in terms of impulsive-smooth behaviors was given in [4], and a discrete-time interpretation
on a rather abstract level has been provided in [9]. We still believe that is is of interest to add an
interpretation in terms of concrete discrete-time behaviors, since the availability of an interpretation
that is as simple and as concrete as possible may contribute to the understanding of the compactified
space of systems.

The purpose of the present paper is therefore to obtain a behavioral interpretation in discrete time
of the systems given by homogeneous higher-order equations as in [10] or by generalized first-order
equations as in [4]. The resulting set of behaviors, which is slightly bigger than the set considered by
J.C. Willems for instance in [14], will be referred to as the set of ‘homogeneous behaviors’.

The organization of this paper is as follows. The framework that we shall use will be introduced in
Section 2. Here we also introduce the various representations of homogeneous behaviors. The relations
between these representations will be explored in some detail in Section 3. In this section we also
describe a very simple realization algorithm for homogeneous autoregressive systems first announced
in [12]. In Section 4 we obtain the main result of the paper, establishing a one-to-one connection
between (i) homogeneous polynomial matrices modulo homogeneous unimodular row transformations,
(ii) generalized first-order representations modulo similarity transformations, and (iii) homogeneous
behaviors. Conclusions follow in Section 5.

2 DEFINITIONS AND PRELIMINARIES

Denote by L the set of all functions from the integers Z to the reals R with support bounded on the
left; that is, £ is the set of two-sided infinite sequences of real numbers (---,a_1,aq,as,---) for which
there exists an N such that a; = 0 for all # < —N. Of course, Z can be thought of as a time axis and
L as a signal space. We shall write £? for the analogous space of sequences with values in R?; in the
terminology of [14], this will be our universum.

We shall use two notations for the elements of £7. The first one is the sequence notation



w = (W_pn, ", W_1,Wo | Wi, W2," ") (2.1)

where it is understood that w; = 0 for « < —NV, and in which we use a vertical bar to indicate the
position between the signal values at time points 0 and 1. The second notation is the representation
as a formal Laurent series:

w(s) = Z wis ™" (2.2)
i=—N

Such series may be thought of as consisting of a ‘polynomial part’ w4 (s) = Z?:_N w;s~? and a
‘strictly proper part’ w_(s) := 221 w;s ™%, corresponding to the parts before and after the bar in

the sequence notation. The Laurent series is written in powers of s~! rather than in powers of s so
that the polynomial part is a polynomial in s rather than in s~!; of course this is just a matter of
notation. We shall write £3 for the set of elements of £9 that appear as polynomials in the Laurent
series notation, and the set of elements whose polynomial part is zero will be denoted by £?. We
remark that the spaces £9, E_q{_, L? have been well studied in the systems literature and we refer e.g.
to [6].

Elements of £ can be multiplied in the way suggested by the Laurent series notation (2.2). With
respect to this multiplication and the usual addition, the set £ is a field (compare with [6]) and we
shall make use of this fact in this paper. Note that the field of rational functions R(s) can be viewed
as a subfield of £ by identifying f(s) € R(s) with its Laurent expansion around infinity.

On L7 we shall consider four shift operators, namely left and right shifts with and without cancel-
lation. In sequence notation, the four operators are defined by

o (w_n, ,w_1,wo | wi,we, ) > (Wop, W, wr | wo, w3, )
gg: (’lU_N,“',w_l,W(]|’lU1,’lU2,“‘) [d (’IU_N,"',UJ(],O|U)2,’U)3,“‘) (23)
T (Won, -, wog, wo | Wi, wa, ) = (Won, e, Weg, woy | Wo, W, W2, ) ’
To - (w—Na" t,W_1,Wo | w1, W, ) = (w—N"' L, W_2,W_1 | 0,11)]_,’11)2," )
The same operators can be given in Laurent series notation by
(cw)(s) = sw(s)
(cow)(s) = sw(s) — sw_(5)|s=c0 (2.4)
(tw)(s) = slw(s) )
(row)(s) = s (w(s) —w(0)).
The following relations are easily seen to hold:
o1 = 7o = identity (2.5)
and for allk >0
obrk = obrk = olrk. (2.6)

Consider now a homogeneous polynomial row vector of degree v, with ¢ entries. Such a row vector
may be written in the form

p(s,t) = Z prstt 7k
k=0

where the pg are constant row vectors of length q. We want to associate a linear operator on £ to
this homogeneous vector, which in turn will determine a ‘behavior’ as the set of all elements in £9
that are mapped to zero by this operator. Two linear operators that may be associated to p(s,t) are
the following:

def o v—
p(oo,T) = JOZka k (2.7)
k=0



and
def -
p(o, 1) = ¢ Zpkok. (2.8)
k=0
Both operators have the desirable property that, in the scalar case ¢ = 1, the dimension of the

associated behavior on L is equal to the degree of the polynomial from which the operator is derived.
More is true: the following proposition shows that the behaviors determined by the two operators are
in fact equal.

PROPOSITION 2.1 For any homogeneous polynomial p(s,t), one has
{w € L7 | p(og,7)w =0} = {w e L] p(o,70)w = 0}. (2.9)

ProOF The statement follows from the identities

v v v
tors Zpkr"_k = o1 Zpkok = o'1y Zpkak
k=0 k=0 k=0
and from the fact that o" is invertible. O

REMARK 2.2 The proposition shows that from the point of view of behaviors it is immaterial whether
one takes p(og, ) or p(o,79) as the operator associated to a homogeneous vector polynomial p(s,t).
One might say, though, that the choice p(ag,7) is closer to tradition in the sense that it acts on one-
sided sequences (interpreted as sequences in £?) in the same way as the standard operator associated
to the dehomogenization p(s) = p(s, 1) of p(s,t). In this context the effect of a factor ¢ in p(s,t) may
be described as ‘cancel one more element to the left’.

REMARK 2.3 The association p(s,t) — p(og,7) is linear, but does not respect the multiplicative
structure of homogeneous polynomials. For instance the operator associated to the homogeneous
polynomial t? is not the square of the operator associated to t.

REMARK 2.4 One might consider other sequence spaces than £7, which can be looked at as the space
of bi-infinite sequences with support bounded to the left. In particular one might take the space of all
bi-infinite sequences. It seems to be hard, though, to associate to homogeneous polynomials a linear
operator on this space in such a way that the dimension of the kernel of this operator is equal to the
degree of the homogeneous polynomial that one started with. If one associates to p(s,t) the operator
(00, T) as defined above, then for instance the operator associated to p(s,t) = s—t, which is oo(1—7),
has a two-dimensional solution space associated to it (spanned by the sequences (---,1,1 ] 0,0,--")
and (---,0,0|1,1,---)). On the other hand, if one would consider only sequences with finite support,
then the same operator would have a zero-dimensional solution space. Finally, the use of sequences
with support bounded to the right would give rise to a theory that is essentially the same as the one
developed in this paper.

To a homogeneous polynomial matrix P(s,t) we associate an operator P(cg,T) by replacing each row
P;(s,t) by the corresponding operator P;(gg,7). We now define:

DEFINITION 2.5 The homogeneous behavior B(P) associated with a homogeneous polynomial matrix
P(s,t) is the set

B(P) = {w € £ | P(o,7)w = 0}. (2.10)



EXAMPLE 2.6 In continuation of the example discussed in the Introduction, consider the set of scalar
homogeneous polynomials of degree 1, i. e. the set of polynomials pq (s, t) = as+bt with (a,b) # (0,0).
It is easily verified that for a # 0 the homogeneous behavior B(p,,s) is the one-dimensional space gener-
ated by the sequence (0 | 1, —g, Z_2> _Z_2> -+-), whereas for a = 0 the homogeneous behavior associated
t0 Pq,p is the space spanned by (1 | 0,0,---). Note in particular that B(ps;) is one-dimensional for
all values of (a,b) # (0,0), since the singularity that occurs at a = 0 for nonhomogeneous behaviors
parametrized by degree-1 nonhomogeneous polynomials of the form p(s) = as + 1 is exactly “filled
up”. This is a special case of the main result of this paper, which states that there is a one-to-one
connection between (i) homogeneous behaviors of degree n with m inputs and p outputs, (ii) triples of
matrices (F, G, H) of sizes n X (n+m) (F,G) and (p+m) X (n+m) (H) satisfying certain minimality
conditions, modulo similarity, and (iii) homogeneous polynomial matrices of size p X (p+ m) with row
degrees summing up to n, modulo left multiplication by homogeneous unimodular matrices.

The dehomogenization P(s, 1) of a homogeneous polynomial matrix P(s,t) will be written simply
as P(s). By identifying polynomials with elements of £, we can look at the matrix of polynomials
P(s) as a matrix with entries in £, and so (using the multiplicative structure of £) as a mapping from
L7 to LP where p is the number of rows of P(s,t). Immediately from the definitions we now have the
following characterization of B(P).

LEMMA 2.7 Let the row degrees of the homogeneous polynomial P(s,t) be vq,---,v,. An element
w(s) € L7 belongs to B(P) if and only if the entries of the p-vector P(s)w(s) are polynomials of
degrees at most v1 — 1,---, v, — 1 respectively.

In the sequel we will associate to a homogeneous polynomial matrix P(s,t) of size p X ¢ and of row
degrees vy, -+, v, in a natural way a vector space of dimension n := "% | v;. For this note that the
set of p-vectors having the property that the ¢-th component is a homogeneous polynomial of degree
v; —1,i=1,...,p has in a natural way the structure of an R-vector space. Obviously the dimension
of this space is ) »_, v; = n, the McMillan degree of the associated homogeneous polynomial P(s,t).
Since this vector space is closely related with the state space we will abbreviate it with X,. The
analogous space of p-vectors whose i-th component is a homogeneous polynomial of degree v; will be
denoted by X, 1. The dimension of this space is n + p.

DEFINITION 2.8 A p x n matrix X (s,t) whose columns form a R-basis of the vector space X, will be
called a basis matriz of size v.

We define the canonical basis matrixz X(s, t) as the matrix of size p X n given by

sul—l sul—Zt tV1—1 0 0 0
R ve—1 |, :
X)) = | ° 0 0 s FoL (2.11)
0 0 R

REMARK 2.9 Every basis matrix has a unique description of the form X(s,t)S_l, where S € Gl,, is
an n X n invertible matrix. In particular any two basis matrices are related to each other through a
simple GI,, transformation.

The result stated in the lemma above can now be reformulated as follows. Let X (s,t) be any basis
matrix and let X (s) = X (s,1). Then one has that

B(P) = {w(s) € L7 | P(s)w(s) € spang X (s)}.

It will be convenient to use polynomial representations that are of the above form but are not neces-
sarily derived explicitly from a homogeneous polynomial matrix. For any pair of polynomial matrices
(R(s),V(s)), where R(s) and V(s) have the same number of rows, we can define



B(R,V) = {w(s) € L7 ]| R(s)w(s) € spang V(s)}. (2.12)

Finally, a third representation that we shall use is the first-order representation. Consider a triple
of real matrices (F,G, H) where F' and G both have size n x (n +m) and H has size ¢ X (n + m).
With this triple we associate a behavior as follows:

B(F,G,H) = {we€ L7 | w= Hz for some z € B(sG — tF)}. (2.13)

Note that the operator associated to the homogeneous polynomial matrix sG — tF is 0o(G — 7F) =
079(0G — F). We may therefore also write the above definition in the form

B(F,G,H) ={w(s) € L3z € L™ 25 € R" s.t. (sG — F)z(s) = 2o and w(s) = Hz(s)}.

We now turn to the relation between homogeneous behaviors and behaviors defined on Z  such as
for instance in [14]. The latter are given in ‘AR representation’ as follows. Let P(s) be a polynomial
matrix and let S denote the standard left shift that takes (w;,ws,---) to (we,ws,---); then define
B_(P) = {w | P(S)w = 0}. Identifying the space of one-sided sequences with £? , we get the following
simple embedding of the set of ‘standard’ behaviors in the space of homogeneous behaviors.

PROPOSITION 2.10 Let P(s,t) be a homogeneous polynomial matriz, and let P(s) be its dehomoge-
nization. We have:

B_(P) = B(P)n LZ. (2.14)

PROOF Let w be a sequence in B_(P). The fact that P(S)w = 0 means that P(s)w(s) is polynomial.
Moreover, it is immediate from the multiplication rule that the i-th entry of P(s)w(s) is a polynomial
of degree at most pu; — 1, where p; denotes the maximum of the degrees of the entries in the i-th row
of P(s). Since p; < v; where v; is the degree of the i-th row of P(s,t), it follows that w € B(P).
Conversely, let w be a one-sided (strictly proper) sequence in B(P). Then we know that P(s)w(s) is
polynomial and so P(S)w = 0. O

To get a similar result for (R, V')-representations, we need to impose a condition involving the space
X that is defined as follows [2, 8, 4]:

Xr = {g(s) € L% | g(s) = R(s)w(s) for some w(s) € LL}. (2.15)
Using the same reasoning as above, we then obtain the following.

PROPOSITION 2.11 Let (R(s),V(s)) be a pair of polynomial matrices having the same number of rows.
If Xgr C spang V(s), then

B_(R) = B(R,V)n LZ. (2.16)

A subspace of £7 may be given in image representation as im M (s) or in kernel representation as
ker N(s), where M(s) and N(s) are matrices over £. If M(s) and N(s) are rational matrices, we may
also look at im M (s) and ker N(s) as curves, that is, as Grass(m, n)- valued mappings defined almost
everywhere (i.e. everywhere except for a finite number of points) on C. The following lemma, which
will be needed below, essentially says that these two points of view are equivalent.

LEMMA 2.12 Let M(s) and N(s) be rational matrices. In this case we have im¢ M(s) = kerc N(s)
for almost all s € C if and only if im M(s) = kerp N(s).

PROOF We may assume without loss of generality that M (s) and N(s) have full column rank and full
row rank respectively as matrices over R(s) (or, equivalently, as matrices over £). Let M(s) have size

g X m and let N(s) have size p x ¢q. If im M (s) = ker N(s) for almost all s € C, then N(s)M(s) =0



almost everywhere and hence everywhere on C. This shows that img M(s) C img N(s). From
im M(s) = ker N(s) it also follows that p + m = ¢, and together with the full rank assumption this
implies that ims M(s) = kerz N(s). The converse is obtained by a similar argument. O

The following lemma is standard; we provide a proof for completeness.

LEMMA 2.13 Let A, B, X, and Y be matrices such that AX + BY = 0. If[A B] and X have full

row rank, then also B has full row rank.

PROOF Let 5 be a row vector such that nB = 0. It follows from n(AX + BY) = 0 that nAX = 0 and
consequently nA = 0 because X has full row rank. But then we have n[A B] = 0, which implies that
n=0. O

The result in the lemma below is standard as well; it is related for instance to the fact that the
observability indices and the controllability indices of a linear system both sum up to the same value,
which coincides with the state space dimension n. We shall need the following form. By the degree of
a polynomial matrix of full row or column rank, we mean the maximum of the degrees of its full-size
minors.

LEMMA 2.14 If P(s) and Q(s) are polynomial matrices of full column rank and full row rank respec-
tively and we have

ker Q(s) = im P(s) (2.17)
for all s € C, then the degree of P(s) is equal to the degree of Q(s).

PROOF From the fact that the equality 2.17 holds for all s it follows that the Smith forms of Q(s
and P(s) must be [I | 0] and [é] respectively. Therefore we can find (see for instance [7, p.382]) a

polynomial matrix T'(s) such that [ggg] is unimodular. Define Z(s) by

o) =[]

it follows that Z(s) is unimodular. Without loss of generality, we may assume that Q(s) = [Q1(s) | Q2(s)]
where Q1 (s) gives a minor with the maximal degree. Partitioning T'(s) and P(s) accordingly, we get

a0 e RS =17 et ]

which shows that det P;(s) = ¢ - det Q1(s) for some nonzero constant ¢. It follows that the degree of
P(s) must be at least as large as the degree of Q(s). Since a similar reasoning provides the reverse
inequality, the lemma is proved. O

3 REALIZATION OF HOMOGENEOUS SYSTEMS

Since we have associated homogeneous behaviors both to triples (F, G, H) and to homogeneous poly-
nomial matrices P(s,t), we can now state the following definition.

DEFINITION 3.1 A triple of constant matrices (F, G, H) is said to be a realization of the polynomial
matrix P(s,t) if B(F,G,H) = B(P).

The following lemma gives a sufficient condition for a triple (F,G,H) to be a realization of a
homogeneous polynomial matrix P(s,t).

LEMMA 3.2 Let P(s,t) be a p X ¢ homogeneous polynomial matriz with row degrees v = (v1,...,Vp).
Let X(s,t) be a spanning matriz for the vector space X,,. If a triple (F, G, H) is such that the equality



. [sG—tF
im

= ] = ker[-X(s,t) | P(s,t)] (3.1)

holds for almost all (s,t) € C? \ {(0,0)}, then B(F,G, H) is equal to B(P).

ProoF First take w € B(F,G, H), and let z(s) and the constant vector zo be such that w(s) = Hz(s)
and (sG — F)z(s) = zg. We then have, by (3.1) and lemma 2.12,

g . sG—-F | _ _
[ w(s) ] € img [ T ] = kerg [-X(s) | P(s)].
It follows that P(s)w = X (s)zg € spang X(s) and so w € B(P). For the reverse inclusion, take
w € B(P). Then we must have P(s)w(s) = X(s)zo for some constant zy and by the formula above

we get w € B(F,G, H). O

The following theorem states that every polynomial matrix has a realization. Moreover, it is shown
that the matrices (F,G, H) in the realization can be chosen to satisfy certain requirements that will
later be seen to be minimality conditions. Our proof is based on an elementary realization algorithm
which applies mutatis mutandis (compare with [13]) to standard (non-homogeneous) systems as well.
This algorithm was first announced in [12]. Though we formulate the proof for real homogeneous
systems P(s,t) we would like to remark that the same proof is also valid for homogeneous matrices
P(s,t) which are defined over an arbitrary base field.

THEOREM 3.3 Every homogeneous system P(s,t) has a realization (F,G, H) satisfying the following
properties:

sG — tF

1. rank [ "

] =m+n for all (s,t) € C? \ {(0,0)}.

2. rankg(s) [sG — tF] = n.

Finally P(sq,to) has rank p if and only if soG — toF has rank n, in particular P(s,t) is controllable
if and only if sG — tF is controllable.

PRrROOF The existence of a realization is shown via a simple realization algorithm. Let v = (v4,...,vp)
be the set of row degrees of P(s,t) and let X (s,t) be a basis matrix for the vector space X, .

Algorithm: Consider the p x (2n + m + p) matrix
A(s,t) == [tX(s,t) | —sX(s,t) | P(s,t)].

By definition the i-th row of A(s,t) contains homogeneous polynomials of degree v; and so A(s,t)
defines a linear map from R2"+™*P to the vector space X, ;1. Note that dim X,y; = n + p, and
that the mapping defined by A(s,t) is surjective (since X(s,t) is a basis matrix for X,, and every
polynomial z(s,t) in X, 41 can be written as z(s,t) = tz1(s,t) + sza(s, t) for some z;(s,t) and z5(s,t)
in X,). Therefore the kernel of this mapping is an (n +m)-dimensional subspace of R2"*™+P_ Let an
image representation for this subspace be given by the matrix

F
G (3.2)
H

where the partitioning corresponds to the partitioning of A(s,t). It is immediate from Lemma 3.2
that the triple (F, G, H) defines a realization of P(s,t).

We now show that the triple (F, G, H) constructed this way does have the properties 1. and 2. as
claimed in the theorem. To show 1., we have to prove that



[SoG - toF

- ] — 0 (33)

for some (sg,tp) € C?\ {(0,0)} and 29 € R**™ implies that zg = 0. So suppose that (3.3) holds. Then
we have in particular that sgGzg = tgF'zp, so there must exist an £y € R™ and constants o and S
such that Gz = azy and Fzg = Bzy. We then have X (s,t)(sG —tF)zy = X (s,t)(as — Bt)zg. On the
other hand we also have X (s,t)(sG — tF)zq = P(s,t)Hzy = 0, and so it follows that zg = 0 so that
Fzy = Gzy = 0. Since also Hzy = 0, it follows from the independence of the columns of the matrix in
(3.2) that zp = 0.

It remains to be shown that rankg(,)[sG —tF] = n. This will be a trivial consequence of the
controllability part which we will now prove.

Controllability: Take (so,t9) # (0,0). It follows from the identity P(s,t)H = X(s,t)(sG — tF)
that Hz € ker P(sg,t9) for all z € ker(soG — toF). Moreover, it follows from property 1. that
ker H N ker (s9G — toF') = {0}, so that

dim ker P(sg,tp) > dimker (s9G — tpF') > m (3.4)

where the final equality is obvious from the fact that sG — tF' has size n X (n +m). Since P(s,t) has
size p X (p+ m), it follows that soG — toF' must have full row rank when P(so, t) has full row rank.
The converse is immediate from Lemma 2.13. i

REMARK 3.4 For a fixed basis matrix X(s,t) the coefficients of the realization (F,G,H) can be
chosen continuously dependent on the coefficients of the homogeneous system P(s,t). This follows
from the presented realization algorithm, in particular identity (3.2). A similar result using the so
called ‘Fuhrmann realization’ [2, Ch. 1.10] has been established by Gliising-Liierflen [5].

In addition to this realization theorem, which describes the transformation from polynomial to state
space form, we shall also need a result that produces a polynomial representation starting from a
state space description. Such a result may be called an ‘elimination theorem’, since essentially what
is involved is the elimination of the state variables.

THEOREM 3.5 For any triple (F, G, H) satisfying conditions 1. and 2. of Thm. 3.3, there exists a pair
of homogeneous polynomial matrices (X (s,t), P(s,t)) such that the following holds:

(i) ker[-X(s,) | P(s,t)] = im [sG;F] for all (s,) # (0,0)
(i) P(s,t) has full row rank

(#1i) the columns of X (s,t) form a basis for the vector space X,,, where v = (v1,...,vp) is the set of
row degrees of P(s,t).

In particular, we have B(F,G,H) = B(P).

PrOOF We dehomogenize with respect to a point (sg, ) such that s9G — toF has full row rank. For
ease of notation and without loss of generality we shall assume that we can take (sg,t9) = (1,0), so
that the matrix G has full row rank. By any one of a variety of methods (see for instance [7, p. 488]
or [1, p.61]), one can find polynomial matrices X (s) and P(s) such that
sG—F ]

(3.5)

ker[-X(s) | P(s)] = im [ H

for all complex s. Since we can premultiply X (s) and P(s) by a unimodular matrix without affecting
the above property, we may assume that the matrix [—X(s) | P(s)] is row reduced. Let n be the
number of rows of G. Because sG — tF' has full row rank n, it follows from the relation (3.5) and
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Lemma 2.14 that the sum of the row degrees of [—X(s) | P(s)] must be equal to n. Let the row
degrees of P(s) be denoted by v1,...,v,. Because G has full row rank and X (s)(sG — F) = P(s)H,
the row degrees of X (s) must be strictly less than those of P(s). It follows that the v; are also the
row degrees of [—X(s) | P(s)] so that they must sum up to n. It follows that the columns of X (s)
all belong to the vector space X,. Since X(s) has n columns and the columns are independent by
Lemma 3.1 in [3], it follows that actually X (s) must be a basis matrix. Finally note that P(s) must
have full row rank by Lemma 2.13.

Now let X (s,t) and P(s,t) be the homogenizations of X (s) and P(s) respectively. Property (i) in
the statement of the theorem follows from (3.5) together with our assumptions that [—X(s) | P(s)] is
row reduced and that [g] has full column rank. Properties (ii) and (iii) are immediate from what has
been said above. The final claim is immediate from Lemma 3.2. O

4 HOMOGENEOUS SYSTEMS AND THEIR HOMOGENEOUS BEHAVIORS

We shall need the following uniqueness theorem for polynomial representations (compare [3, Thm. 3.10]).

THEOREM 4.1 Let (R1(s),Vi(s)) and (Ra(s), Va(s)) be two pairs of polynomial matrices, and assume
that for ¢ = 1,2 the following holds:

(i) Ri(s) has full row rank,
(i) spang Vi(s) D Xg,,
(i53) Vi(s) has full column rank over R.

Under these conditions, we have B(R1,V1) = B(R2,V2) if and only if there ezxists a unimodular
polynomial matriz U(s) and a nonsingular constant matriz S such that Ra(s) = U(s)R1(s) and Va(s) =
U(s)Vi(s)S.

PrROOF The ‘if’ part is immediate from the definition. For the converse, first note that we must
have B_(R;) = B_(R3) by Prop.2.10. It then follows from the uniqueness theorem for polynomial
representations of behaviors on Z ;. that there must exist a unimodular matrix U(s) such that Ro(s) =
U(s)R1(s). So for the rest of the proof we may assume that this unimodular transformation has
already been carried out, and we write R;(s) = Ra(s) = R(s). Since both Vj(s) and Va(s) have full
column rank over R, it will be sufficient to show that spang V;(s) = spang V2(s); by symmetry, is is
actually already sufficient to prove that spang V;(s) C spang Va(s).

Take g(s) € spang Vi(s). Because R(s) has full row rank, there is a w(s) such that g(s) =
R(s)w(s). Write w(s) = wy(s) + w_(s) where w;(s) € L] and w_(s) € LY. Because R(s)w_(s) =
g9(s) — R(s)w4(s) is a polynomial, we have that R(s)w_(s) € Xg and so, by assumption (ii) above,
R(s)w_(s) belongs to both spang V;(s) and spang Va(s). Since also R(s)w(s) € spang Vi(s), we get
that R(s)w4(s) € spang V1(s) and so w4 (s) € B(R,V1) = B(R,V2). Now we have both R(s)wy(s) €
spang Va(s) and R(s)w—_(s) € spang Va(s), so g(s) = R(s)w(s) € spang Va(s). O

The crucial property that we have been aiming for is stated in the theorem below.

THEOREM 4.2 If two triples (Fy,G1, Hy) and (Fy, Gy, Hs) both satisfy properties 1. and 2. of Thm. 3.3,
then B(Fy,G1,Hy) = B(Fs, Gs, Hy) if and only if there exist constant nonsingular matrices S and T
such that Fy = SFlT_l, Gy = SGlT_l, and Hy = HlT_l.

PROOF By the elimination theorem of the previous section, we can find for i = 1,2 homogeneous
polynomial matrices X;(s,t) and P;(s,t) satisfying conditions (i)—(iii) of that theorem. In particular
it follows that B(Py,X;) = B(Fy,G1,H;) = B(Fy,Ge,Hs) = B(P2,X5). The assumptions of the
uniqueness theorem Thm. 4.1 are satisfied and so we can conclude that there exists a unimodular ma-
trix U(s) and a constant nonsingular matrix S such that Ps(s) = U(s)Pi(s) and Xa(s) = U(s)X1(s)S.
It follows that
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and by our assumptions on both triples this implies the results claimed in the theorem (see the proof
of Thm. 4.1 in [3] for details). O

REMARK 4.3 It follows as in [3, Thm.4.2] that the conditions 1. and 2. of Thm.3.3 are actually
minimality conditions. To be precise, we have the following: if B(Fi,G1, H1) = B(F3, G2, Hy) where
sG1 — tF) has size n; x (n; +m1) and sG5 — tF; has size ny X (ng +my), and the triple (F1, G, Hy)
satisfies conditions 1. and 2., then ny > n; and mg > m;. So it is justified to refer to triples (F,G, H)
satisfying conditions 1. and 2. as minimal triples.

REMARK 4.4 The main result in [11] states that there is a one-to-one relation between minimal
triples modulo similarity equivalence and full row rank homogeneous polynomial matrices modulo left
multiplication by homogeneous unimodular matrices. So from the above theorem we also obtain a
one-to-one connection between the latter quotient space and homogeneous behaviors.

5 CONCLUSIONS

Using the set of formal Laurent series as a universum we introduced a new class of behaviors which
we called homogeneous behaviors. Every homogeneous behavior can be described either through
a homogeneous polynomial matrix or through a triple of matrices (F,G, H) inducing a generalized
first-order representation of the homogeneous behavior. The relation between higher-order and first-
order representation was explained. Both the equivalence classes of first-order representations and the
equivalence classes of higher-order representations can be seen as points in a certain quotient scheme
due to Grothendieck (cf. [11]), and therefore from a mathematical point of view our results come
down to giving these points a concrete interpretation as elements in the Grassmannian of the space
of vector-valued formal Laurent series.
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