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Abstract

Let Z denote the free associative algebra Z(Z1, Zs, . ..) over the integers. This algebra carries a Hopf algebra
structure for which the comultiplication is Z, — 3;4;j=nZ; ® Z;. This the noncommutative Leibniz-Hopf
algebra. It carries a natural grading for which gr(Z,) = n. The Ditters-Scholtens theorem says that the
graded dual, M, of Z, herein called the overlapping shuffle algebra (on the semigroup of natural numbers),
is the free commutative polynomial algebra over Z with as polynomial generators certain words which are
called elementary unreachable words (EUW). In this note unreachable words are shown to be precisely the
(concatenation) powers of Lyndon words. More precisely it is shown that the block decomposition algorithm of
[4] is in fact an algorithm for obtaining the Chen-Fox-Lyndon factorization of a word into decreasing Lyndon
words. Further links are discussed between the shuffle algebra and the overlapping shuffle algebra.

AMS Subject Classification (1.991): 16W30, 05A99, 17B01
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1. INTRODUCTION AND STATEMENT OF RESULTS
Let Z = Z(Z1, Za, . ..) be the free associative algebra over the integers in the (noncommuting) inde-
terminates Z1, Za,.... With e(Z;) = 0,4 =1,2,..., the comultiplication

WZn) =Y Zi®Z (1.1)

i+j=n

where Zy = 1, and the antipole

WZn)= > (-V247;,...7, (1.2)
11++Zk,

where the sum is over all strings ¢1,42,...%, 9; € N, such that ¢y + 42 + ... + i = n, the alge-
bra Z becomes a Hopf algebra. This is the noncommutative Leibniz-Hopf algebra. It is of course
cocommutative.

Giving Z,, degree n turns Z into a graded Hopf algebra and in particular a cocommutative coalgebra,
whose homogeneous components are finite dimensional free Z-modules. Its graded dual, M, is hence
an algebra over Z. The Ditters-Scholtens theorem, proved in [4], says that as an algebra M is a free
commutative polynomial algebra on certain generators which are (indexed by) certain words over the
alphabeth N = {1,2,...} which are called elementary unreachable words (EUW).

It is a main purpose of this note to point out that these are precisely the concatenation powers
of elementary Lyndon words (see below for a definition of EUW and Lyndon word). At this point I
would like to thank Guy Melancon, who first suggested that EUW’s should have something to do with
Lyndon words when I lectured on the Ditters-Scholtens theorem in early December 1995 at LABRI,
Univ. de Bordeaux I.

*Work done while visiting LABRI, Univ. de Bordeaux I, Talence, France, in Dec. 1995 with partial support from
LABRI.




I like to call M the overlapping shuffle algebra in analogy with the well known shuffle algebra which
is obtained as follows.

Let U = Z(U,Us,...) be the free associative algebra over the integers in the (noncommuting)
indeterminates Uy, Us,... . This time take

eU;) =0, i=1,2,...
[I,(Ui) =1U;+U; ®1 (1.3)
u(U;) = -U;

to make U into a graded Hopf algebra. The graded dual of U, as a coalgebra, is the socalled shuffle
algebra, S, over Z. It is a well-known theorem that over 9, S becomes a free commutative polynomial
algebra with generators that are (indexed by) Lyndon words, see e.g. [3], Cor.5.5, p.111. This is
definitely not true over Z, that is, S is not free polynomial over Z. And thus the overlapping shuffle
algebra M can be seen as a rather nicer version of the shuffle algebra S. For, indeed, over Q they
become isomorphic, the isomorphism being determined by writing down the identity

1+ Zit + Zot? + ... = exp(Urt + Usr? +...) (1.4)

where t is a counting variable that commutes with everything. Thus the Ditters-Scholtens theorem
implies the shuffle algebra theorem (without explicitely specifying a set of generators for the latter).

The proof of the Ditters-Scholtens theorem by Astrid Scholtens in [4] rests on an algorithm called
the block decomposition algorithm. A main result of the present note is that this algorithm is in fact
an algorithm for the finding of the Chen-Fox-Lyndon factorization of a word into decreasing Lyndon
words. It also seems to me to be a very efficient algorithm for doing so, much better than the standard
algorithm. This, however, remains to be sorted out.

The identification of elementary unreachable words with powers of Lyndon words is an immedi-
ate consequence of the theorem that the block decomposition algorithm gives the Chen-Fox-Lyndon
factorization.

2. BLOCK DECOMPOSITIONS
This section describes the block decomposition algorithm of [4]., which is the main tool for the proof
of the Ditters-Scholtens theorem in [4].

Consider words in N and give N its natural ordering.

2.1 Lexicographical ordening on N*

Let v = aqas...a,, w = biby...b, be two elements of N*, i.e. two words in the alphabeth N. Then
v < w (lexicographically ordering) iff there is a k¥ > 1 such that ay = by,...,ap—1 = b1, ar < by,
where nothing is less than any @ € N. Thus for example 1,1,2 < 1,1,3 and 1,1 < 1,1,1.

2.2 Block decomposition algorithm

Consider a nonempty word w = ajaz...a,. Let ¢t be such that a1 = ag = ... = a; # at41. Let
s >t be such that a;41 > a1,...,a5s > a1, as+1 < a;. Then the first level 1 block of w is ajas ... as.
Now consider the suffix a541 ...a, of w and repeat the procedure. This produces the level one block
decomposition of w

w = b5 b3

Now treat w as a word made up out of the symbols bgl), . ,b(i) with the lexicographic ordering
described above and repeat the procedure to obtain the level two block decomposition

w = b2 b2



3

Write a; = bgo), r = rg. Note that 7,41 < r; and that if r;;1 = r; then b§i+1) = bg-i), i=1,...,7.
Thus after some time the procedure stops. The smallest 7 for which 7; 11 = 7; is the complezity of w,
and the final stabilized decomposition of w

w =" . b4, ¢ = complexity (w)

is the block decomposition of w.
For example 3,2,1 has complexity zero and block decomposition b§°) = 3; bgc) =2; bgc) = 1. Here is
another example

level O w=11,3,1,1,3, 1,1,4, 1,1,2, 1,1,2, 1,1, 1,2,2, 1,1,4, 1,2,2,3, 1,1,1,1
level 1 w=(1,1,3)(1,1,3)(1,1,4)(1,1,2)(1,1,2)(1,1,1,2,2)(1,1,4)(1,2,2,3)(1,1,1,1)
level 2 w=(1,1,3, 1,1,3, 1,1,4)(1,1,2, 1,1,2)(1,1,1,2,2, 1,1,4, 1,2,2,3)(1,1,1,1,)
and this is the block decomposition of w, which hence has complexity 2.

2.3 Elementary unreachable words
A nonempty word w = ajas...a, is elementary if the greatest common divisor of ay,...,a, is 1. The
nonempty word w is unreachable if its (final) block decomposition consists of one block.

2.4 Lyndon words
A strict suffiz of a nonempty word w = a3 ...a, is a word a;...a,, 1 < i < 7. A Lyndon word is a
word w such that w < v for each strict suffix v of w.

A central theorem about Lyndon words is the Chen-Foz-Lyndon theorem, [1], which says that every

word w has a unique factorization in decreasing Lyndon words w1, ..., us.

W= UU ... Us, U; > Uiy1, ¢ =1,...,8—1.
As will be shown in section 4 the blocks bgc), . ,b$°) of the block decomposition of w are (concate-
nation) powers of Lyndon words, bgc) = v, = vv;...v; (s; factors) and v; > vipq, ¢ =1,...,7 — 1.

Thus the block decomposition algorithm of [4] is a (left to right) algorithm for obtaining the Chen-
Fox-Lyndon factorization of a word. (The standard algorithm is right to left). It also looks like the
block algorithm is a much more efficient algorithm but that still needs to be sorted out in detail.

3. OVERLAPPING SHUFFLE ALGEBRA
As in the introduction, let M be the graded dual of Z = Z(Z;, Z5,...). As an Abelian group M has
as basis all words over N where

W, Zi Ly oo Ly ) = 3.1
TTnTe v 0 otherwise
and the empty word is 1 on Zyg = 1 € Z and zero on all nontrivial monomials in the Z;. The
comultiplication on Z induces a multiplication on M, the overlapping shuffle product. Explicitely the
overlapping shuffle products looks as follows. Let v = a1 ...a,, w = by ...b,; be two elements of N*,
i.e. two basis elements of M. Then the overlapping shuffle product of v and w is equal to

VRpsh W= chcg e G (3.2)
f.9

where the sum is over all ¢ and pairs of maps f : {1,...,7} = {1,...,t} g: {1,...,s} = {1,...,¢}
such that f and g are order preserving and injective and Im(f) U Im(g) = {1,...,t}, and where

¢ = afp-1(;) + bg—l(i), 1=1,...,1 (33)



with ap-1(; = 0 if f~1(i) = 0 and similarly for by—1(3)-

The Ditters-Scholtens theorem now says that the overlapping shuffle algebra OSH(N) = M =
@ wZw with this multiplication is the free commutative polynomial algebra over Z with as polynomial
generators the elementary unreachable words: M = Z[w: w € EUW].

The shuffle algebra Sh(N) = S also has the words over N as basis, but the multiplication differs

vV Qs W= Z C1C2 ... Cris (3.4)
fi9

where f, g and ¢; are as before. The difference is that ¢ is required to be equal to r + s so that each
¢; is equal to an a; or by.

Obviously a shuffle algebra Sh(A) can be defined for any alphabeth A instead of N.

Similarly an overlapping shuffle algebra OSh(S) is defined for any semigroup S. A basis of OSh(S)
as a free abelian group over Z is formed by S*, the words over S. The multiplication is given by (3.2)
and (3.3) with in (3.3) the “+” replaced by the multiplication in S. I have done some preliminary
exploratory calculations on OSh(S), expecially in the case that S is a free semigroup. It looks like
the OSh(S) will well repay further study.

4. CHEN-FOX-LYNDON FACTORIZATION
In this section is shown that the block decomposition of a word in fact yields the Chen-Fox-Lyndon
factorization.

4.1. LEMMA. Let u,v € N* be two Lyndon words and u < v (lexicographically) then wwv is a Lyndon
words.
This is a known lemma, cf. e.g. [3], p. 106 or [2], p. 6. A slight extension is:

4.2. LEMMA. Let u; < ... < u, be Lyndon words and let u; < u,,. Then ujus...u, is Lyndon.

PROOF. With induction on n, the case n = 2 being taken care of by lemma 4.1. Now let n > 2.

If us < 4, then us ... u, is Lyndon by induction and vy < ug < usg...u, so that u; ...u, is Lyndon
by lemma 4.1.

If up = ... = u,, then ujus is Lyndon by lemma 4.1 and ujus < uz = uz < u3...u, and so
UIUQ . . . Up 18 Lyndon by lemma 4.1.

4.3. LEMMA. Let u,v be two Lyndon words and suppose that u*" < v*® for some r,s € N. Then
u <.

PRrROOF. There are three cases to distinguish.
CASE 1. length(u) = length(v). Let w = a; ...am, v = by ... by. Now suppose that u*" < v**. There
are two possibilities : (i) a1 = by,...,am = by, (the first inequality of u*" < v** shows up after m);
(ii) a1 = b1, ..., ak—1, ar < bg, k < m, the first inequality shows up at or before m.

In the first case we have u = v (and r < s). In the second case u < v.
CASE 2. length(u) < length(v), v = a1 ...am, v = by ...b,, m < n. Again it could happen that a; =
bi,...,am = by (the first inequality of u*" < v** shows up after m) and then v = ubyq1...0n > u.
Or it could happen that a; = b1,...,ar—1 = bg—1, ar < v for ¥ < m and then also u < v.
CASE 3. length(u) > length(v), v = a1...am, v = by...by, m > n. Write m = kn + t, with
0<t<n-—1. Then

u=a;... anagz) Lalt agk) . ..agbk)agkﬂ) ...ang)

’U:bl...bn

Now if by...b, < ay...a,, then definitely not u*” < v**. Therefore a;...a, < b1...by. Ilfan...a, <



by ...b, also u < v and we are through. There remains the case that a;...a, = b;...b,. Then
necessarily s > 2 and

(2)...a$f)...a§k)...a(nk)agkﬂ)...a§k+1)... <bi...bn...

aq
This implies that a?)...ag) < b...b, If a?)...a(nz) < b...b, = a(ll)...ag) then the suffix

agz) ...ag) .. a§k+1) < agl) . asll) .. a§k+1) = u which would contradict that u is Lyndon. Hence

af) .. .agf) =1b; ...b,. Continuing in this way we see that

ag)agl)...ag) :agz)...ag) = ...:a(lk)...agk) =b;...b,
and
a§k+1)...a§k+1)agl)...asll_)t... <by...bbig1...bn..., t<n

It follows that a(1k+1) ...a§k+1) <b...by = a(ll) .. .ail). If agkﬂ) - agkﬂ) < by...bs, u would not be
Lyndon. Hence agk—H) . a§k+1) =by...b;. Thus u is of the form u = v**¥p where p is a strict prefix
of v, or empty. If p is not empty p < v < v**p = u contradicting that u is Lyndon (because p is a
strict suffix of u). Hence p is empty and v = v**. But u is Lyndon and no power > 2 of a word can
be Lyndon. Hence in this case k =1 and u = v. O

4.4. REMARK. The lemma still holds if v is not necessarily Lyndon. Indeed the proof did not use
that v is Lyndon.

4.5. THEOREM. The block decomposition algorithm of section 2 yields the Chen-Foz-Lyndon factor-
ization. More precisely, for a nonempty word w € N*

(i) All blocks formed during the block decomposition algorithm are (concatenation) power of Lyndon
words

(i) Ifw= bgc) ... bsc), bgc) =u;", is the block decomposition of w, then uqy > us > ... > u,.

ProoOF. With induction. At level zero all blocks are single letters and hence Lyndon. Now if b is a
block at level ¢ + 1, then b is of one of the forms

b=c...cr, cir=cp=...=¢p
b=ci...Ck...Cr, €1 =...=CkyCht1l > Cly---,Cpr >C1,7 >k

where in both cases all the ¢; are Lyndon words. In the first case b is a power of a Lyndon word. In
the second case b is a Lyndon word by lemma 4.2. This proves (i). Now let

w=0b . b)) = (4.5)

(2

be the block decomposition of w. By (i), bgc) is the power of a Lyndon word u;. Because this is the
(final) block decomposition

B > b > > b

and it now follows from lemma 4.3 that u; > w2 > ...u, proving (ii) and that

w=ul" . uptT
is the Chen-Fox-Lyndon factorization of w (which is know to be unique). O

4.7. COROLLARY. A word is unreachable if and only if it is a power of a Lyndon word. A word is
elementary unreachable if and only if it is a power of an elementary Lyndon word.



4.8. REMARK. There is a very natural bijection between the set of Lyndon words and the set of
elementary unreachable words (i.e. the powers of elementary Lyndon words.) It is given by

ay...ap — ((ar/d)...(a,/d))*¢

where d is the greatest common divisor of a1,...,a,.

5. COMPARING U AND Z OVER QQ
Over the rational numbers the Hopf algebras ¢/ and Z become isomorphic. To see this consider the
identity

L+ Zit + Zot® + ... = exp(Ust + Uat® +...) (5.1)

The explicit formula for Z, in terms of the U; is

U, U;,...U;
Zn = > e (5.2)
Z1++7,k=TL
ijEN

5.3. THEOREM. Define ¢ : Z@ — Z/{Q by (5.3), i.e. ¢(Zy,) is equal to the right hand side of (5.2).
Then ¢ is an isomorphism of Hopf algebras.

PROOF. Because Z is free, ¢ certainly defines a unique homomorphism of algebras. It is also degree
preserving and ¢(Z,) = U, mod(Uy,...,U,_1) so that ¢ is an isomorphism. Further ¢ respects the
augmentation €. It remains to show that ¢ respects the comultiplication (it is then automatic in this
case that ¢ respects the antipode). Thus it remains to show that if u(U;) =1QU; +U; ® 1 is applied
to (the right hand side) of (5.2) then the result is X4 j=n¢(Z;) ® ¢(Z;). Now

p(Usy - U) =Y Usy o U, ®@Up, ... U,

where 7+ s = k and the ay,...,a,; b1,...,bs are all pairs of complementary subsequences of 41,...,%.
In other words 4; .. .4 is one of the terms of the shuffle product (or merge) of a; ...a, and by ...b;.
It remains to figure out how many 4; ... ¢, there are that yield the term U,, ...U,, @ Uy, ... Us,. This
amounts precisely to choosing r places of k (where the ay,...,a, are inserted in that order, and the

b1,...,bs are inserted in the remaining k¥ — r = s places in that order). This number is r’f—;, Hence

rls!

!
wb(Za)) = > %U U @ Uy, ... U, (k_)

Usy ... Us, U, ...Us,
Y I — (30 Y, 2.8 Z)

r+s=n

which proves what is desired.

Another way, more conceptual, but less immediately convincing to me, is as follows. Note that
U; ®1 and 1 ® U; are commuting variables in Q(U) ® Q(U). Hence A = (1@ Uy)t+ (1 @ Up)t? + ...
and B = (U; ® 1)t+ (U3 ® 1)t? +. .. are commuting elements in Q(U) ® Q(U)|[t]. Hence exp(A+ B) =
exp(A) exp(B) and the desired results follows by applying p to (5.1).

5.4. COROLLARY. The overlapping shuffle algebra M = OSh(N) and the shuffle algebra S = Sh(N)

become isomorphic over Q.

If now follows as a corollary of the Ditters-Scholtens theorem that S®7 Q = Sqy is a free commutative
polynomial algebra over Q. This does not yet specify a set of polynomial generators for SQ. It is



somewhat natural at this stage to suspect that the isomorphism given by theorem 5.3 recovers a
correspondence like that of Remark 4.8 by taking suitable highest order terms.
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