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ABSTRACT

The concept of multiresolution analysis (MRA) is introduced for arbitrary separable Hilbert spaces H. It is
put in the general terms of unitary operators [/1 and U2,1, ceey Uz,d, d € Z and a generating element (;5
. 1 1 d
Each MRA yields a system ) = {U]I_cUz’ll s Uzzid'l/’n In=0,...,N— L1 k€ Z,l € Z"}, where the
1y, are related to ¢. Necessary and sufficient conditions on U1, Uz,]_, ceey Uz,d, ¢ and 1y, are given, such

that V is a Riesz system or basis in H.
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1. INTRODUCTION

Multiresolution analysis (MRA) is one of the features of wavelet theory, signal processing and
approximation theory. Take D to be a (d x d) matrix, with integer entries and eigenvalues v;, i =
1,...,d,suchthat |y;| > 1, and k € Z%. Define the dilation operator Zp on L2(R%) by

(Zpf)(z) = /| det(D)|f(Dz),
and the shift operators T, . . ., T; on L?(IR%) by

(Tif)(m):f(m_ei)v iIl,...,d,

with e; the standard basis vectors in IR¢. Then an MRA of L?(IR?) related to the matrix D is an
increasing sequence of closed subspacesV;, j € Z, of L2(IR%), such that

o Zp(V;) = Vi1, Tu(V;)=V;, Ve Z%, j € Z,

e clos Y V; = Lz(le), N v; ={0},
jeZ JEZ

o peromaey {Trd | k € Z%} isaRiesz basisfor V.
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Starting from an MRA, aRiesz basisfor L?(1R?) of the form
{(ZT*b, |n=1,...,|de(D)| - 1, j € Z, k € 2%}
can be constructed, where 1, is such that the set
{T*¢, |n=1,...,|det(D)| - 1, k € 2%}

isaRiesz basisof V1 N Vg-. Here T* denotes T4 - - - T5¢.

In this paper we put the concept of MRA inafunctional analytic setting, replacing L2(IR?) by asepara-
ble Hilbert space H and the operators Zp and T, . . ., Ty by arbitrary operators Uy and Uz 1, . . ., Uz g
on H satisfyingtherelation U5U; = U, UP* for somek € Z?. Here we usethe multi-index notation
Uk = U}, - Up4, for k € Z*. This notation will be used aso in the sequel of thisreport. Then an
MRA for H can be defined solely in terms of conditionson thetuple [U1, Uz 1, . . ., Uz 4, ¢], Where ¢
isan MRA-generator.

The paper is organized as follows. In Section 2 we recall the general concept of frames and Riesz
systems and in Section 3 we recall the concept of MRA intermsof atuple (U1, Uz 1, ..., Uzq, ¢]. It
is shown how MRA isrelated to the existence problem of a special kind of frames and Riesz bases. In
Section 4 sometheory on Riesz systems generated by a finite number of mutually commuting unitary
operators is developed. In Section 5 necessary and sufficient conditions are presented guaranteeing
a positive solution of a related existence problem in 1%(Z). In Section 6 similar conditions are given
guaranteeing a solution of the existence problem related to MRA.

2. RIESZ SYSTEMS, GENERAL CONCEPT

Let H be a separable Hilbert space with inner product (-, -). For a countable index set ID by (D)
we denote the Hilbert space of al square summable functions ID into ¢ and by (-, -)p we denote its
inner product. The standard orthonormal basis in I?(ID) is denoted by {e;};cm, S0 e;(3) = 6; ; for
i,7 € ID. The expression [3(ID) indicates the linear span of the set {e; | j € D}.

Definition 2.1
A collection 7 = {v;| j € ID} in H is caled aframe with frame bounds mz and Mg, real and
positive, if the sequence (z, v;);ep belongsto 1?(ID) and

mr||z))? < D |(,v;)]* < Mp|jz|’, Vz e H. (2.1)
jebD

A frame F iscalled tight if the frame bounds satisfy mr = Mp. A frameiscaled exact if it isno
longer aframe whenever any one of itselementsis removed

Now let {v;| j € ID} beaframein H. Thendefine S : H — I13(ID) by

Sz = Z(az,vj)ej, Ve e H.
jeD

According to Definition 2.1, there are positive my and Mz such that

mple|® < [|S2|? < MF||=|> (22)
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It thus follows that S is a bounded linear operator from H into I?(ID), which is aso bounded from
below. The constants my and My are given respectively by

mp = [|(5*5)7| ™" and My = |[5*5].

The operator S is called the frame generator associated with the frame F.
A straight forward computation shows that the adjoint of S is given by

S*a =Y (a,ej)v;, Va€ (D),

jeD
from which it follows that S*e; = v;, 7 € ID. We observe that S* is an injective bounded linear
operator from [2(ID) onto H with range, Ran(5*), closed in H. Equivaently $*S is a boundedly
invertible operator on H and S(S*S)~1 the right inverse of $* with minimal norm. Now define
9, j € ID,inRan(5*) by

5; = (5*5)71S%e;.
Thenfor al z € Ran(.5*)

z=S5*(S(5*S) He = D (2,(5*5)715%;)S%; = Y (=,55)v;
j€D j€D
and aposteriori z = Y (z,v;)v;.
jeD
We summarizein the following theorem.

Theorem 2.2

Let F = {v; | j € ID} beacollectionin H. Then F isaframeif and only if the adjoint of the frame
generator .S associated with F is surjective. If F isaframe the collection {v; | j € ID}, defined by
o; = (5*5)1S*e;, istheframe dual to F.

Definition 2.3
Thecollection R = {v;| j € ID} in H iscalled aRiesz system with Riesz bounds mg and Mg, red
and positive, if

mellalp <[ Y- (e ej)v;ll* < Mrllalp, Vo€ ((D) (23
jeD
Now let {v;] j € ID} beaRiesz system. Then define Ty : 13(ID) — H by
Too = Z a(f)v;.
jeD

Because of the above definition T, extends to a bounded linear operator T from [?(ID) into H, called
the Riesz generator of R, satisfying

mgl|el|® < |Tall? < Mgl|e||®. (24)

We conclude that 7' is injective with range, Ran(T"), closed in H. Equivaently T*T is a boundedly
invertible operator on 12(ID) and (T*T)~1T* the I€ft inverse of T with minima norm. Now define
v, j € ID,inRan(T') by

By = T(T*T) ;.
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Thenfor al z € Ran(T")

z=T(T*T) 'T*z = Y (T*T) 'T*z,e;)Te; = Y (2, 9;)v;
j€D j€D
and aposteriori z = Y (z,v;)v;.
jeD
We summarizein the following theorem.

Theorem 2.4

LetR = {v;|j € ID} beacollectionin H. ThenR isaRiesz systemif and only if thereis abounded
linear injection T : 1?(ID) — H with closed range such that Te; = v;, j € ID. If so the collection
{3;|j € D}, defined by &; = T(T*T)~le;, isthe Riesz system dual to R.

Definition 2.5
A Riesz system which istotal isa Riesz basis.

For aRiesz basis the corresponding Riesz generator T isinvertible. From thisit followsimmediately
that the frame {v; | j € ID} isaRiesz basis if and only if $* isinvertible. It can be proved, see
[1], that an exact frame is equivalent with a Riesz basis. The connection between frames and Riesz
systemsis given in the following theorem, which results from the previous derivations.

Theorem 2.6

Let V = {v;] j € ID} be acollection in H. Then define the operator T : 1?(ID) — H by
Te; = v;, j € ID. Now V isaframeif and only if TT* is a boundedly invertible operator on H.
Further V isa Riesz system if and only if 7*T is a boundedly invertible operator on I?(ID). Finally
V isaRiesz basisif and only if T is aboundedly invertible operator on I2(ID), i.e. if both TT* and
T*T are boundedly invertible operators.

For R = {v;| j € D} in H, defineits Gram matrix G by
GR(Zvj) = (vjvvi)Ha Zv] €.

Since Gr(%,7) = (T*Te;, e;) weconclude Gg = T*T', which yields together with (2.4) that R isa
Riesz system if and only if

mel < Gg < Mgl. (2.5)

3. MULTIRESOLUTION ANALYSIS
In this section the concept of MRA is introduced for the separable Hilbert space H and its relation
with typical Riesz systemsis discussed.

Definition 3.1
An MRA for a separable Hilbert space H isatuple [¢, U1, Uz 1,...,Uz24], Where ¢ € H, Uy isa
unitary operator and Uz 1, . . ., Uz 4 are mutually commuting unitary operators on H, on H satisfying

the following conditions



(i) {Uk¢|k c Z%} isaRiesz systemin H
(ii) ¢ € clos span{U Uk¢| k € Z%}
(iii) UpUL = U UP*, foral k ¢ Z%, where D isa(d x d) matrix withinteger entriesand eigenval ues
vi,i=1...,d,suchtha |»;| > 1.

In the sequel ¢ is called the MRA generator.
Intheliterature an MRA isdefined mostly in another way [3, 7], namely in terms of anested sequence
of subspaces of a Hilbert space, cf. Section 1. Using Definition 3.1 we can construct such a nested
sequence of subspaces for H aswe show now. Let [¢, Uy, Uz, . . ., Uz4) be an MRA for H. Define
the closed subspaces V;, j € Z,in H by V; = clos span{UfU§¢ |k € Zd}. Then the conditionson
MRA yield

UL(V;) = Vs, Us(Vy) = Vi, k€ Z?, and V; C V.

Indeed, since {U7U%¢ | k € Z%} isaRiesz basisfor V;, V; = U (Vo) which yields Uy(V;) = Vj1.
Furthermore

US(V;) = clos span{UéUfo(ﬁ |k € Z%)} = clos span{UfU§+le¢ |k € 2%},

for al I € Z%, because of condition (iii) on MRA. Thisyields U,(V;) = V;. Findly condition (ii) on
MRA yields ¢ € V3 and from the latter result U5¥¢ € Vi foral k € Z%. Thus

Vo = clos span{Uk¢ |k € 2%} c 1

which isequivalent with V; C V;1.

Note that we did not introduce the conditions
closUVj:H andﬂVj:{O},
ez jez

which occur in the traditional concept of a Multiresolution Analysis for L?(IR¢). We observe that
whether or not inserting these conditionswill not change any of the further derivations.

Example 3.2: MRA for L?(IR)
Teke U1 = D, Uy = Te, and ¢ = B, thecardina B-spline of order », see[2]. From spline theory,
see [2], the following results are known

o {T*B, |k € Z} isaRiesz system
e B, = Y 242-n(")DT*B,
k=0

and so thetriple [B,,, D, T] satisfies condition (i) and (i) of Definition 3.1. Further TD = DT?, so
that the triple a so satisfies the third condition of Definition 3.1 for D = (2).

Let[p, U1, Uzz,. .., Uzq] bean MRA for H. We shall usethe concept of MRA for H for constructing
Riesz systems in H. We start this construction defining the countable set of closed subspaces
W;,j€eZ byW; = VjL N V;4+1. Observe that there is no guarantee at this point that W; # {0}.
Since U; and U, are unitary operatorson H

UL(W;) = Un(V;") N Un(V41) = (Un(V3)) " N UL(V41) = Viga 0 Vio = Wi

J
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and similarly U,(W;) = W;. Further W; C W, 1 > j, since the subspaces V; are nested.
Now by definition of the subspaces W, for each N € Z, Vi can be decomposed as

-1
Vv =( W;)® Vu, M < N,
=M

which yidds
clos U Vie = ( @ W;) @ m V.
keZ j=—o0 keZ
So, by adding the conditionsclos | ] Vi = H and (] Vi = {0}, H can bewritten astheorthogonal
_ keZ keZ
direct sum -
H= P w,.
j=—o0

Since W; = Uj (W) each Riesz basis R for Wy yieldsthe Riesz basis Uj (R) for W, j € Z. From
the direct sum decompositionof H it followsthat |J Uj(R)isaRiesz basisfor H.

JEZ
Now the ideais to construct a Riesz basis for Wy of theform {U%+ | k € Z%}. It will turn out that
for constructing a Riesz basis of this form in general more than one element «» will be needed. Our

am isnow to prove the existence of a N € IN and acollection {¢1,...,¥n_1} C V1, such that
@ (Yn,Usp)=0,n=1,....N -1 fordl ke Z%ie ¢, € Vg,
(b) {Ukpp|n=1,...,N -1, k c Z%} isaRiesz basisfor Wp.

Since V1 = Vo @ Wy condition (b) can be rewritten as

) {Ukp|kcZPyu{Ub¢,|n=1,...,N -1, k€ Z%} isaRiesz basisfor V.

The elements ,, are uniquely determined by sequences ¢,, » = 1,..., N — 1in lz(Zd). Since
Vo C Viand Wy C Vi andsince {U U6 | k € Z%} isaRiesz basisin V3, we get

¢ = > pk)UUs¢, (36)
kez?

Yo = . @u(k)U1US$, n=1,...,N -1, (3.7)
kez?

wherep € 1?(zZ%), known, andtheq,, € 12(Z%), to be determined, arethe generating sequences. Sothe
ideaisto formulate conditions on the sequences q,,, given the sequence p, such that the conditions (a)
and (b') are satisfied. Therefore we reformulate these conditionsin terms of the generating sequences.
Condition (a) can be put easily in terms of the generating sequences by substituting (3.6) and (3.7)
into this condition and using U5 Uy = U, UP*. We get

(¢n7 Uéc()b) = (T¢> * qn, Rka)Zdv

with 74(k) = (¢, Us¢)m, k € Z% and R* = R'---RY for I € Z? a composition of bilateral
shift operators on lz(Zd), each one acting along a standard basis vector of Z¢. So condition (a) is
equivaent with
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(T¢> * qn, Rka)Zd =0, VnE{l,...,N—l} Vkezd' (38)

In order to set condition (b') in terms of the generating sequences we present the following theorem.

Theorem 3.3
Let [¢, U1, Uay, . .., Uz 4] bean MRA and p the generating sequence of ¢. Then {RP*p | k € Z%} is
aRiesz systemin lz(Zd). Let¢,, n=1,..., N — 1 bein Wy with generating sequences ¢,,. Then

(U | ke ZyU{Us, |n=1,...,N -1, keZ%
isaRiesz basisfor V7 if and only if

{RP*p| k€ ZWy U{RP*¢,|n=1,...,N — 1L ke 2%}
isa Riesz basis for 12(Z%).

Proof
For convenience, write ¢yg = ¢ and g9 = p. Further, introduce the boundedly invertible operator
S Vi — 13(Z%) by

Sf=aif f= Y a(k)U:U5¢.

kez?

Notethat SUS = RP*S, k € Z% and S¢ = p. Thusapplying S onthe Riesz system {U5¢ | k € Z¢}
yields {RP*p | k € Z¢}, whichisalso aRiesz system, since S is a bounded invertible operator with
closed range. The second result follows immediately after observing

{RP*q,|n=0,...,N -1, kecZ) =S{Us¢n|n=0,...,N -1 ke Z).

a

The previous results yield that if we can construct sequences g,, € lz(Zd), such that
o (T4 % qn, RP*p)7a = 0, Voer1  N_13 Ve zas
o {RP*p|keZ} U{RP*q,|n=1,...,N — 1 ke Z% isaRies basisfor [(Z%),

then we get elements,,, n = 1,..., N — 1, in V3 for which condition (a) and (b) are satisfied.

4. RIESZ SYSTEMS GENERATED BY UNITARY OPERATORS

Let Uy,...,Uq be unitary operators on H and let ¢ € H. We shal present necessary and suf-
ficient conditions on the tuple [Us, ..., Ug, ¢] such that {U7¢ | j € Z%} is a Riesz system, with
Ui = Uft-. .U Further itsdual Riesz system will be computed.

In Section 2 it has been shownthat {U7¢ | j € Zd} isaRiesz systemif and only if its Gram matrix G,
G(i,§) = (U79,U'¢) = ($,U"7¢) = 74(i — j),
satisfies (2.5). Observing that 7*T with matrix G acts by convolution on lz(Zd),

T*Ta =14 * a,
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we arrive at the following theorem.

Theorem 4.1

For unitary operators Uy, ..., Uz on H and ¢ € H, the collection {U7¢ | j € Zd} isaRiesz system
if and only if the sequence 7, defined by 74(5) = (¢, U%¢), j € Z¢, yields a boundedly invertible
convolution operator on lz(Zd), or equivaently if and only if

0 < ess inf 74(z) < ess sup 74(z) < oo, (4.9)
zeT? 2eT?

where 74 denotes the d-dimensional discrete Fourier transform of 7,
T6(2) = Z 7'¢,(j)z_j, z € Td,
jez?
with 29 = z{l . -sz, j € Z%, and T the d-fold product of the unit circle with normalized L ebesgue

measure .

Note that from this theorem it follows that for 74 € 11(Z?) the collection R = {U7¢ | j € Z%} isa
Riesz system if and only if 7, has no zeroes on T,

Since T*Ta = 74 * o We see that the dual Riesz system of R is of the form R = {quz |j € Zz%}
with ¢ given by

$= > (i),
jez?

where 74 * 74 = eo.

Next we replace the vector ¢ € H by afinite collection {¢4, . .., ¢x} and pose the same problem,
namely under which conditions

RN:{UJ¢n|n:177N7]€Zd}

isaRiesz system. For thisweintroducetheindex set ID = {1,..., N} x Z% and define the unitary
operator Sy from I2(ID) into L?(T¢, ¢ V) = L?(T¢) @ ¢ by

(Snen;)(2) = Zen,

with {1, ..., en} the standard orthonormal basisin ¢'¥. Now we see that Ry is a Riesz system if
and only if the Gram matrix G with entries (U7 ¢,,, U i¢m)(n,j),(m,i) represents a bounded invertible
operator on lz(Zd). A straight forward computation shows

(SnGen;)(2) = 2G(2)en,
where G(z) € ¢ V*V isdefined ae. by

(G(mn = Y. (b, Uigpn)z 7.

jez?
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Hence the Gram matrix G represents a bounded invertible operator on ! (D) if and only if the matrix
valued function G from T¢ into ¢ ¥ *¥ satisfies

O<essinf  min_ (G(2)§,€)<esssup max_ (G(2)¢,€) < oo,

€T ¢ @V, €T Ee ™,
1€l =1 1l =1
which means
Im,m>0Y, pa mIy < G(2) < MIy ace. (4.10)

5. RIESZ BASES IN 13(Z%)

In this section we deal with the following problem. Let the sequence 4 yield a boundedly invertible
convolution operator on 12(Z%) and let By € 1?(Z%). Give necessary and sufficient conditions on
sequences 3, n=1,...,N — 1,in lz(Zd) and determine IV such that

(I) (7 * ﬁ‘nv RDkﬁO)Z = 07 VnE{l,...,N—l} Vkezdv
(i) {RP*B,|n=1,...,N — 1,k e Z%} isaRiesz basisfor 1(Z?).

We reformulate this into terms of the Hilbert space L2(T¢).

Since we deal with a rather arbitrary matrix D € Z%*? we start with some results to relate D to a
diagonal matrix. The first result, we present, follows directly from Cramer’s rule.

Lemmab5.1
Let A € Z¥¢. Thenthereisaunique AT € Z%*¢, such that

ATA = AAT = det(A)I,.

Further we introduce the so-called Smith normal form of amatrix with integer entries, which isgiven
in the following theorem.

Theorem 5.2
Let A € Z%*4. Then there are unimodular matrices U, V € Z%*¢, i.e. det(U) = det(V) = 1, and a
diagonal matrix A € z%*¢, such that

A=UNV. (5.11)

Thisfactorisation is not unique.

Proof
Cf. [5]
a

With (5.11) we have
det(A) = det(A)

and
A-I— — V+/\-I- U+,
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where AT (z,7) = T] A(J,7). Inthe sequel weshall use L = | det(A)].
iF
It can be proved by somestraight forward computationsthat the problem posed in the beginning of this

section is equivalent with the following one. Give necessary and sufficient conditions on sequences
Bn,n=1,...,N —1,inl32Z%) and determine N such that

(i) (v * Bn, RAkﬁO)Z =0, vnE{l,...,N—l} Vkezdv
(i) {R™B,|n=1,...,N — 1,k e Z%} isaRiesz basisfor 1?(2%),
with A € Z%*¢ adiagona matrix involved in the Smith normal form of D.
Letnow \; = A(i,4),i = 1,...,d. Definew,, = e2™/% ;=1 ... d,and K asthe d-fold segment

of dl z € T% such that
ag(z)e€[0,2r/N), i=1,...,d.

We observe, that {z* | k € Z?} isan orthonormal basis for L»(T¢) and
{\/Z zk1>‘1 . -zsdxd | k€ Zd}
is an orthonormal basisfor Ly( K4). So
(VI A hadag 1021 N ke %)

is an orthonormal basis for Ly( K4, @), the Hilbert space consisting of al ¢~ -valued Euclidean
square integrable functionson K. In dealing with this presented problem we present some auxiliary
results.

Lemma 5.3
The (n x n) Fourier matrix F,, with entries

Fn(i,j)zl/\/r_zw:f, ,7=0,...,n— 1L

isunitary.
Using thisresult we prove the following lemma.

Lemma5.4
Let g,k € I3(Z%). Then

[A1l=1  [Agl-1

1/L - ( Z Z g}(willzl, .. .,wi‘fizd)iz(whzl, .,wi‘fizd))zr dpa(z2)
T¢ 51=0 ja=
(9, R"*h)ya ifr =Nk, k € Z¢,
0 if r # Ak, k € Z%
Proof

We consider the following computation

|>\1| 1 |xgl-1

1/L Z Z g ""Alzlv S zd)iz(willzl, wi" zq)) 2" dpg(2)
Td .71 0
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[A1l=1  [xgl-1

= 1/L Z Z —.717'1 .. _Jd"'d/g(z)il(z)z—r,ud(z)

71=0 T

| 3(2)h(2)z " pa(z) ifr =Nk, k € Z¢,
Td

0 if r £ Ak, k € Z%

The proof iscompleted by observing that the d-dimensional discrete Fourier transform of R'hisgiven
by z~!h and that thistransform is unitary. O

Lemma 5.5
Let g,k € 1((Z%). Thenforal k ¢ Z¢

[Aal-1  [Agl-1

7 j kaX
E E g ""Alzlv . wxdzd)h(wxlzl, e, wytzd))z Zhd 2y dpa(z)
Ky 9170

= (g, RAkh)Zd

Proof
With a straight forward computation we see, that the integrand

[Al=1  [Agl-1

Z Z g ""Alzlv . wA zd)iz(wxlzl, . .,wi‘izd)) kada -zsdxd
31=0

remains unchanged if z; isreplaced by wliz;, i = 1,...,d,forr € Z¢ and s0

Ad-1 Ag-1 o .
( Z e Z 9wz, .. wit za) (w21, - - Wyt za)) 2 ’1°1>‘1 .. ‘stxdd/ld(z)

K, 57=0

Ag=1  [Ag|-1 ] _ i N

(> - Z g ""Alzlv . .,wi‘fizd)h(whzl, . .,wi‘;zd))z’fﬂl e 2p i dpg(2),
K; 71=0

with
Kg = [7‘1(.«.))\1, (7‘1 + 1)(.«.))\1) X ... X [wa)\da (Td + 1)W)\d).

Consequently the result followsfrom Lemma5.4.
0

By Lemma 5.5 condition (i) can be written as

[A1l=1  |Agl-1

Z Z o ""Alzlv oW 2a)Br(wy; 21 - - w3 2a)

K, 51=0

ﬂAo(willzl, . .,(.«.2§.\‘fizd))zlfl>‘1 . -zsdxdd,ud(z) =0.
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Since this relation must hold for every k € Z¢ and since {+/Lz"* | k € Z%} isan orthonormal basis
for L2(K ), wefind that

[Aal-1  [Agl-1

Z Z 0% ""Alzlv .. .,wi‘;zd)ﬁn(willzl, .. .,wi‘izd)

71=0
ﬁo w? zl, Wl 4 2)) 2 -zkdxdd,ud z)=0a.e.onKygn=1...,N-1 (512
>\1 >‘d 1 d

We proceed by searching necessary and sufficient conditionson 3,, € lz(Zd), n=1...,N—-1s0
that
N ={RMB,|n=0,....N—-1, ke z%

isaRiesz systemin lz(Zd). Since Cy isgenerated by N vectors fo, . . ., By _1 in the Hilbert space
lz(Zd) and the unitary operators Ry, . . ., Rqg we may use result (4.10). ThusCy isaRiesz system if
and only if A

mIy <G(z) < MIy ae., z€ T4,
with

(G(2))mm = Y (B R™Brm)gaz ™, m,n=0,...,N - 1. (5.13)
kez?

This result can aso be put in terms of the Fourier transforms of 3,,. Therefore we derive, using
Lemmab.5,

(2 A “kidg—ka)
G(zll’ .. zdd)m,n — Z (ﬂn,R/\kﬂm)Zl 11| 2 aha
kez?

[A1l=1  [xgl-1

Z / Z Z ﬂ" wklul’ o "wii“d)ﬁm(willul, . .,wi‘;ud))

kezég, 5=0

k1>\1 kd)\d —kiX1 | —kgArg
uy .. d,u ( ) -z

[A1l=1  [xgl-1

1/L Z / Z Z ﬁn wflul, .. .,wi‘fiud)ﬁm(willul, .. .,wi‘fiud))

kezik, 5=0 Jja=
kidi o kada —k1X1 —kaXg
VIug b dpg (u) VL2 M RN

Since {/L z¥1*1 ... zkada | | € Z%} isan orthonormal basisfor Ly( K ), the latter result yields

é(zi‘l, .. z;‘d)m,n
A1 [Ag|-1 . — -
= 1/L Z Z ﬁn ""Alzlv .. .,wszd) Bm(wyiz1, . .,wx‘:zd). (5.14)
k=0 kg

Define B(z) = G(z%, . . ., z%); Then by combining result (4.10) and (5.14),

Theorem 5.6
Let N € IV befixed and {So, . . ., Bn—1} be asubset of lz(Zd). Let further A bea(d x d) diagona
matrix with integer entries. Then the collection

N ={RMB,|n=0,....N—-1, ke z%
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isaRiesz systemif and only if for the (N x N) matrix valued function z — B(z),
z € K4, with entries

(B(2))m,n
[A1l=1  [xgl-1

2 k k 2 k k
= 1/L Z e Z Br(wy;21, - - .,wszd) Bm(wyiz1, . .,wx‘:zd),
k1=0 kg=0

j,=0,...,N — 1, (5.15)
admitsreal positive constantsm and M, such that
miy < l%’(z) < My, ae., z€ Ky. (5.16)

So Theorem 5.6 presents necessary and sufficient conditions on Bo, . ,ﬁN_l, sothat Cy isaRiesz
system. We proceed by searching for similar conditions on the Fourier transforms of these sequences,
such that Cy isaRiesz basis for 12(z4).

Corollary 5.7
If Cy isaRiesz system,then N < L.

Proof
Definethe (L x N') matrix valued function z — H(z), z € Kg4, withentries

(H(2))pm = L_l/zﬁn(nglr(r))(l)zl, . .,wg\z(r))(d)zd), (5.17)

n=0,....N—-1,»=0,...,L — 1, wherer isan arbitrary bijection from the set{0, 1,..., L — 1}
onto{l € Z*|0< I; <|\| - L,i=1,...,d}. Since B(z) = A*(2)H(z), z € Ky, B isinvertible
ae. if and only if H isinjectiveae. If therefore B satisfies (5.16), i.e. B(z) isinvertible for amost
al ze Kg,thenN < L.

0

Consider the special case N = L and assume B satisfies (5.16). Now Corollary 5.7 yields that B
isinvertible a.e. if and only if H, as introduced in the above proof, isinvertible ae. So (5.16) is
equivalent with H being invertibleae. on K. Further let B and H denote bounded linear operators
on L4(K4; ¢'*) corresponding to B and H, respectively, i.e.

(Bn)(z) = B(z)n(z) and (Hn)(z) = H(z)n(2), ae., = € K4

for al n € LA(Kq4 €Y). Then B = H*H and H~! = B~H*. So H is a boundedly invertible
operator, since B isaboundedly invertible operator and

(H'n)(2) = H(2) *n(2).

Theorem 5.8
Let N € IN befixedand A\ bea(dx d) diagonal matrix withinteger entries. Let further {fo, . .., Bn—1}
be a subset of 12(Z%), such that the collection

Cn ={RMB,|n=0,....N—1, ke z%

isaRiesz system. Then thiscollectionisaRiesz basisif and only if N = L.



14

Proof
LetCLAbeaRi&szsysteminlz(Zd). Then H(z) isinvertiblefor dmost al z € K4 and M isinvertible,
since B satisfies (5.16). Define &, 1, € L3 K4 €LY forn=0,...,L — 1,and k € Z% by

Enk(z) = VI e, z € Ky

Furthermore introduce VY : 13(Z%) — L¥(Kq4; €'L) by

RO, O
(VAR)(2) = :
A0, D))

where = isan arbitrary bijection fromtheset {0, 1,..., L — 1} onto the collection
J={lezZ0<; <|\|—-1,i=1,...,d}. With thisdefinition

oAbl e,y = [ IR e dia(2)

K4
|>\1| 1 |Agl-1 ) )
= [() - Z (w5iz, . .., w5t zg) P dpa(z) = ||h)|2a,
Ky ™= 0

for dl h € 13(Z?%), so that V) isan isometry. Define h,, . € 1(J ® Z%)by

il \/_ZA1k1 .. Adkd if (u_))‘ 21, .. .,w;ndZd) € Ky,
nib(2) = '
0 otherW|se.

Then {h,x|n € J, k € Z?} isan orthonormal basis for 1%(Z?). Withthiswe get Valr(n) & = &n,—k
and so the operator V, is unitary. Applying Va on R+ 3,, yields

ﬁn(wylf(o))(l) z,.. "wg(o»(d)zd)
V/\(R"kﬁn)(z) — Mk :
ﬁn( (7r(L 1))(1) 3 ’wg‘z(L_l))(d)Zd)
= \/fz/\kH( )511 = H(z)en,k(z) = (Hgn,k)(Z),
fordln=0,...,L -1 SORAkﬁ (VA)*Hén k-
Since {€, | n=0,. — 1, k € Z%} isan orthonormal basis for L2(K4; ¢1) and (Va)*H is

boundedly inverti bIe, We get that Cy isaRiesz basisfor 13(Z%).

For proving the converse we assume Cr, to be a Riesz basis for 12(Z¢). Then H hasto beinvertible,
since RM3,, = ViHE, . It followsthat the matrix valued function H hastobeinvertibleae. on Ky
andthus N = L.

o

Similar results as Theorem 5.6 and Corollary 5.7 can now be given rather easily for

Cn ={RMB,|n=0,....N—1, ke z%
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being aframe. We can write
RNB, = ViHEL L) = VAHU enp,

with U : 12({0, ..., N — 1} ® Z%) — L?*(K4; ¢') the unitary operator given by Ue, p = &, 1. SO
T* = U*H*V), istheframe generator of Cyy if C isaframe. Now Theorem 2.6 yieldsimmediately
the following theorem.

Theorem 5.9
Let N € IN befixed and {fo, . .., n_1} beasubset of lz(Zd). Then the collection

{R™B,|n=0,....N-1 kezZ%

isaframeif and only if for the (N x N) matrix valued function z — H(z)H*(z), z € Ky, with H
defined asin (5.17) there exists red positive constants m and M, such that

mly < H(z)H*(2) < MIy, a.e., z € Kq. (5.18)

So similar to Theorem 5.6 we have presented necessary and sufficient conditionson Bo, cee, ﬁN_l, 0]
that Cy isaframe. Finaly we present a corollary of Theorem 5.9, analogousto Corollary 5.7.

Corollary 5.10
If Cy isaframe then N > L.

6. RIESZ BASESIN H
In the third section we used MRA to construct Riesz bases of the form

{(UiUsb |n=1,....N-1,j€Z keZ%

for the separable Hilbert space H. Thevectors),, were uniquely determined by (3.7). The generating
sequences g,, of 1,, had to be determined such that

o (Ty % qn, Rka)Zd =0, Vne{l,...,N—l} Vkezd’
o {RP*p|k ez} U{RP*q, |n=1,...,N — 1,k € Z%} isaRiesz basisfor 1(Z%).

Bytakingy = 74, fo=pandf, = ¢,, n=1,..., N — 1,in(5.12), Theorem 5.4 and 5.6, we arrive
at thefollowing result.

Result 6.1

Given asequence p € lz(Zd). Then the following two problems are equivalent.

Problem 1:

Construct sequences ¢,, n = 1, ..., | det(D)| — 1, in 13(Z) such that

11 (74 * gn, RP*p)2a = 0, Voneqa, . det(D) -1} Vipezzds
1.2 {RP*p |k € 2%} U{RP*q, |n=1,...,|det(D)| — 1,k € 2%} isaRiesz basisfor 13(Z).

Problem 2:
Construct §,, n = 1,...,| det(D)| — 1, in L?(T¢), the d-dimensional discrete Fourier transforms of
gn € 13(Z?), such that



16

21
[Aal-1  [Agl-1 ) . . )
Z e Z Flwy 21, - - .,wi‘fizd)qAn(willzl, .. .,wi‘fizd)
71=0 Ja=0
~ (g1 Jd kidi | Jkadag -0 on K
po(wy, 21, - - ., w3t 2a)) 21 234 dpg(z) = O a.e. ds

n=1,...,|de(D) - 1

2.2 The matrix-valued function z — H(z), z € K4, with entries

A~

(H(z))r,j — | det(/\)|—1/2é‘j(w§‘7;(7))(1)zl’ o wg‘Z(r))(d)zd)’

7,7 =0,...,|det(D)| — 1, wherer isan arbitrary enumeration from {0, 1, . .., | det(D)| — 1}
onto{l € Z¢|0<1; < |N|—1,4=1,...,d} andwithp = qo, isinvertible for amost all
z € Kg.

Thematrix A = diag(A1, . . ., Ag) used in Problem 2 isadiagona matrix appearing in a factorization
(5.11).

Observe that in the one-dimensional case, if we start with p ¢ 1%(Z) and then search for sequences
¢n,m=1,...,|det(D)| — 1,in1}(Z) such that Problem 1 is solved, condition 2.2 isa generalization
of the condition as presented in [2], p.142, where multi resolution analysis for L2(IR), see Section 1,
isdiscussed. We notice also that possible solutions for Problem 2 are givenin [4, 7] and [6].
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