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On the M/G/1 Queue with Heavy-Tailed Service Time Distributions

J.W. Cohen
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

In present teletraffic applications of queueing theory service time distributions B(t) with a heavy tail occur, i.e.
1— B(t) ~t™" for t = oo with v > 1. For such service time distributions not much explicit information is
available concerning the tail probabilities of the inherent waiting time distribution T (¢). In the present study
the waiting time distribution is studied for a stable A/ /G /1 model for a class of service time distributions with
1<v <2 Forv= 1% the explicit expression for Q(¢) is derived. For rational v with 1 < v < 2, an
asymptotic series for the tail probabilities of W (¢) is derived.

1991 Mathematics Subject Classification: 90B22, 60K25

Keywords and Phrases: M/G/l model, stable, service time distribution, heavy-tails, waiting time distributions,
asymptotic series for tail probabilities.

Note: work carried out under project LRD.

1. INTRODUCTION

In classical applications of teletraffic theory the service time distributions in queueing models are fre-
quently assumed to have a negative exponential tail; a modelling assumption which has been justified
by extensive measurements. Measurements on high-speed communication networks have shown that
service time distributions with heavier tails may occur.

The qualitative relation between the tails of the stationary waiting distribution and that of the
service time distribution has been extensively investigated for several basic queueing models by ap-
plying results from the theory on regular variation of probability distributions, see e.g. [7], [5]. For
a fine and more detailed study on tail behaviour, see [12]. However, in several practical applications
more quantitative results are much needed. Explicit representations for heavy-tailed distributions are
readily available. To derive from such a representation of the service time distribution a manage-
able expression for the stationary waiting time distribution is not so simple. This problem has been
discussed by ABATE, CHOUDHURY and WHITT, cf. [6]. These authors introduce a class of long-tail
service time distributions. For such distributions they study multiterm asymptotic expansions for the
tail of the stationary waiting time distribution of the M/G/1 queueing model. Their results are most
interesting, in particular the numerical results show the difficulties involved in obtaining a reasonable
accuracy for the smaller tail probabilities.

The present study concerns the stationary waiting time distribution W (t) of the M/G/1 queueing
model for which the service distribution B(t) has the asymptotic behaviour

1-B@#)=0@{t""), t = oo, (1.1)
with
l1<v<2. (1.2)

This tail-behaviour is mentioned in [6] but there the discussion mainly concerns the case with v > 2.
The case v € (%, 1) is of special interest because it involves “long range dependence” of the waiting
time process, cf. [8]. NORROS [8] analyses a storage model with long range dependence by describing



the net input as a fractional Brownian process, he derives a lower bound for the tail probabilities of
the stationary distribution of the storage level.

In present day queueing literature no explicit results seem to be known for the stationary waiting
distribution W (¢t) for an M/G/1 queueing model with traffic load a < 1 and service time distributions
as characterised by (1.1) and (1.2). Presumably this is due to the fact that the Laplace-Stieltjes
transform 3(p) of distributions with heavy tails is difficult to obtain explicitly. Moreover if 3(p) is
known then, although the Laplace-Stieltjes transform w(p) of W(t) can be easily calculated from
the Pollaczek-Khintchine formula, the explicit determination of W (t) from w(p) seems hardly to be
possible and so one has to use numerical inversion of the Laplace-Stieltjes transform, cf. [9], [10].

Explicit results for W (t) in particular for W (t) with ¢ — oo are very desirable, they may fos-
ter the insight in the effects of long range dependence and may also serve to check the quality of
approximations.

In the present study we introduce a class of service time distributions B(t) for which (1.1) and (1.2)
apply and which have rather simple Laplace-Stieltjes transforms. For such service time distributions
and the related waiting time distributions asymptotic series for ¢ — oo can be explicitly calculated.
These results extend those obtained by applying “slowly variation” analysis.

For this class of distributions also the explicit expression of the service time distribution can be
obtained. For the inherent waiting time distribution we have not succeeded in obtaining an explicit
relation for general v € (1,2). For v = 1%, however, a fairly simple explicit relation for W (t) is
obtained (the case v = 1% seems to be important in the applications). For v = li it is also possible
to obtain an explixit result for W (¢). It is, however, a fairly complicated expression and therefore
omitted here.

We next review shortly the sections of the present study.

In section 2 we introduce the class of service time distributions B(t),¢ € [0,00). They are charac-
terised by

B(t)=1- 2_V5/£ 0+t — 9, (1.3)
0

with
1<v<2,5>0,0<0<1;
here s and ¢ are constants and I'(+) is the gamma function. Note that

B0+)=1-4, (1.4)

7 2—vé
B:= [ tdB(t) = -.
/

v—1s

With
5= [ e "aBl)  Rep >0,
0_
it is shown that for Rep > 0,
1-8(p) w (- 1 wrv—1
PB, w1

W = —.

p

2—v w-—1 b (1.5)



In section 3 the case v = 1% is studied. It is shown that for ¢ > 0,

26
B(t) =1+ T[\/ st — (1 + 2st)e’® Erfc(V/st)], (1.6)
™
with the complementary error function given by:

o0
2

Erfc (z) = /e*” du.
The inherent stationary waiting time distribution for the A//G/1 model with load a < 1 is given by:
for t > 0,

W(t)= 1—(1+va)(2)/2el=VDst Brfe((1 — v/a)V/st) ;
™ 1.
L Va2 B+ V) "

The asymptotic relations are given by: for ¢ — oo,

M 1 L
1- B() = 2;5;—1)"“% + ofjst] M), (18)

M
1-W(t) = g(l —a) Z(—l)m[w
= 1 (1.9)
1 F0n+5)+00ﬁrM*ﬂ,

o (1+ \/5)2m+2] (stym+1/2

for every finite M € {1,2,...}.
In section 4 an explicit expression for B(t), cf. (1.3), is given, viz., cf. (4.7),for 0 < p=2—-v <
1,0<d<1,s>0,

0 A [
1-B() = —[— s Yyt dul. 1.1
e T I T R (1.10)

This section further contains the asymptotic series expansion of 1 — B(t) for t — oo as well as for
t ] 0, see (4.11) and (4.12).

In section 5 the stationary waiting time distribution W (¢) of the M/G/1 queue with traffic load
a < 1 and service time distribution B(t) as given in (1.9) is studied for the case that y =2 —v , is
a rational number; p = M/N with 0 < M < N and g.c.d. (M,N) = 1. The L.S-transform w(p) of
W (t) is easily obtained. However, its inversion requires the knowledge of 2N — 2 zeros of an algebraic
equation of the degree 2N — 2. We omit the explicit expression for W (¢), although it can be easily
derived. Instead we derive the asymptotic series expansion of 1 — W (t) for t — oo, it still involves the
just mentioned 2N — 2 zeros, but the asymptotic series can be used for the numerical evaluation of
the tail probabilities.

The results obtained in section 5 are used to study the tail probabilities for the case that the traffic
load a 1 1. The result reads: for a T 1, — oo and every finite K € {1,2,...},

1—p a _ _
I_W(W(l—a)ﬂ) Br) =

. K (1.11)
[ sin(ukmI (L = k)T~ 4 o(r= (K (1L 4+ O((1 - a)T55)),
k=1

with0<pu=2-v<1,0<§<1.



2. HEAVY-TAILED DISTRIBUTIONS
Let 7 be a nonnegative stochastic variable with

Pr{r >t} ~ C(t/8)™" for t — oo,

with C > 0 a constant and v > 0. The distribution of 7 is then said to have a heavy tail, this in

contrast to distributions which behave for t — oo as:
Ct Ve for t — oo with v >0, a > 0.

Obviously E{r} < cc if v > 1 and E{7} < 00, E{7?} = 0 if 1 <v < 2.
In our analysis we shall always consider heavy-tailed distributions with

l<v<2.

Obviously the nonnegative stochastic variable 79 with Pareto distribution

0

)", >0,

where ¢ and 6 are parameters satisfying
0<d6<1,6>0,

possesses a heavy-tailed distribution
1— B(t,0) ~§(t/0) " for t — oo.

It is readily verified that

0

The Laplace-Stieltjes transform of the distribution B(t,6) is defined by: for Rep > 0,

B(p,0) = Bfe To} = / Pt dB(t,0), with 3(6) = / 1AB(1,0).
0— 0
It is wellknown that: for Rep > 0,
1{1 —B(p,0)} = 7e"t(1 — B(t,0))dt = 67e"t9—ydt
p ’ ’ @+t)y
0 0
It follows easily that: for Rep > 0,
1 B (o0}
h(p,0) == 1-50p.6) (v —1) /e [T
pB(0) ) 0 +t)

and that h(p) is the L.S.-transform of the probability distribution

t

H(t,0) = — /1— (t,0)}dt, >0,
p@) )
=0, t<0.

2.7)



Let @ be a nonnegative stochastic variable with density
2—1/
Pr{f <0 <6+df} = ﬁf)l—"e—sada ,0>0,1<v<2, (2.9)
—v

here s is a positive constant. Note that
2 _
/01 v 750d0 ( V) (210)

with T'(:) the gamma function; observe that the integral in (2.10) exists at the lower bound since
1<v<2,cf (2.1).
Let T be a nonnegative stochastic variable with distribution B(t) defined by:

o0

/91_"e_39B(t,0)d0; (2.11)

0

2—v

Pr{r <t} = B(t) := ﬁ

evidently B(t) is a mixture of the distributions B(t,#), the mixture being described by (2.9).
Put: for Rep > 0,

B(p) == E{e T}, (2.12)
By partial integration we have from (2.6): for Rep > 0,

o0

_ 1—v
1= 5p.6) _ 60”[9 L/e*"t(aﬂ)*”“dt]. (2.13)
p vr—1 wv-1
0

Hence from (2.9) and (2.13): for Rep > 0,s > 0,

_ 2—v <
1 ﬂ(p) — S g /927ue739d0
p re-viv-1
0
v —s0 pt —v+1
2_VV_1/0 /e (6 +1) dt]dé
0
527 J F(B — ) v s—p)0 pu,, —v+1
CTR2-v)v—-1 s3-v 2—1/ V_1/9€ /e " dudf
= 2__V§[1 pi /0e (s— 0)9[/6 Py~ dy]de].
v—1s I'(3
0
(2.14)
2I'(z) = (z + 1). Because, cf. (2.4),
o 2-vé
5 =E{f(6)} = 222 (2.15)

v—1s’



we have from (2.14): for 0 < p < s,

1-25(p) s3=vpr=t / —(s— / —w -
I Ui s—p)f w, 1—v
TG—1) fe [[ e Yw ~Vdw]dé
0 9

pB
p
—1- % O/Ze—@—lﬂ[/ e u' " du]dz, (2.16)

o0

WA T
— v —(w—1)z —u, 1—v
1+F(3—V)dw/e [/e u Ydu]dz,
0

z

with
s
w=_>1 (2.17)

We have via partial integration: for w > 1,

o0 o0 o0 o0

/ /e_“ul_”dudz = ﬁ /e_“ul_"du — ﬁ /e_wzzl_”dz =

o . 5 . 3 > (2.18)

{ ~ 102 —v).

w—1 w-—1lw?
Hence from (2.16) and (2.18): for w > 1,

1-B(p) _ w¥ d. 1
5 Tt wlo

_ w[l_ 1 w
w-—1

—= 1]

w21/

(2.19)

2—v w-1

It is readily seen that the righthand side has a finite limit for w — 1, and that (2.19) also holds
for 0 < Rep < s. From the definition of B(p),Rep > 0, it is readily verified that {1 — B(p)}/pB is
regular for Rep > 0, continuous for Rep > 0. Because the righthand side of (2.19) is regular for
Rep > 0,p # s, continuous for Rep > 0,p # s, and has a finite limit for p = s it follows that: for
s>0,Rep>0,1<v <2,

1-8(p)  w 1 wv—1 s
5 _w—l[l ] ] forw—pyél,
= %(V—l) for w =1, (2.20)
2—vd
ﬂ_u—lg’

with 3(p) defined by (2.2), (2.11) and (2.12).
Because B(+) is a probability distribution with support [0,c0) it is seen that

1 - B(p)
E(p) := , Rep >0, 2.21
(p) 7 p (2.21)
is the L.S.-transform of the distribution
/{1 — B(r)}dr, t>0, (2.22)

t <O0.



As above it is readily shown that for Rep > 0,s > 0,

1_6(p70) _ w _ 1 _f
50) } _w—l{l w "} forw—p;zél,

=v-1 for w =1.

h(p) == E{

(2.23)

The relations (2.2) and (2.11) describe a class of probability distributions B(t) with support [0, c0)
and heavy tails, i.e.

1—-B(t) =0("") for t —» occ. (2.24)
An element of this class is characterised by the three parameters v, s and ¢ with
l<v<2,0<s<ooand0<d<1. (2.25)

Note that, cf. (2.15),

2—vd
v—1s

5= / 1AB(t) = >0, (2.26)

so that for given ,v and ¢ there exists always an s with s € (0, c0).
It is readily verified that the definition of B(t) for v | 1 makes also sense and that, cf. (2.19),

1-25(p) 2—-v w 1 w?”—-1.6

P :lulJI,Ill(l/—l)w—l{l_Z—l/ w—1 }g: (2.27)
0 w

s
However, the case v = 1 is for the analysis of the M/G/1 queueing model not relevant since § = oo
for v =1.

For v 1 2 the definition (2.11) of B(t) degenerates. This is due to the degeneration of the weighing
function (2.9) for v 1 2; note that the integral in (2.10) diverges for v 1 2.

3. THE CASE v =11
In this section we consider the case

=1- 3.1
v=1s, (3.1)
and we derive an explicit expression for B(¢). With this B(t) as the service time distribution of a
stable M/G/1 queue with traffic load @ < 1 an explicit expression for the stationary waiting time
distribution W (t) as well as for its tail behaviour is derived.
From (2.20) we have for v = 11, Rep > 0,

1— 1/2_1 1/2_1
Bo) | & gzl w wl 2l _w 5 (32)
pB w-—1 w-—1 w—1w/2+1  (w/241)2 p
and so with 8 = d/s: for Rep > 0,
_ p
Blp) =1-b6—" (33)

(V5 + Vo



Hence by using the inversion formula for the L.S.-transform, cf. [2], p. 69,
ioo+5
/ @eptdp, t >0, (3.4)
7ioo+€

with € > 0 and the integral defined as a principal value integral, we obtain from (3.3): for ¢ > 0,

ioo—i—s
ert

S (S —Y,
o | (st or

—loo+e

B(t)=1- (3.5)

The integral in (3.5) is the inversion integral for the Laplace transform. Hence the integral can be
evaluated by using the tables in [1], actually formula (10) p. 234 of [1]. Unfortunately this formula
contains an error. Therefore we calculate directly. We have from (2.2) and (2.9):

ost/2 o 0
—-1/2 739{1 ( )3/2}d6 -1— S / efse( d0,
0

v 0 +t)3/2

0+t

SO

sst/2d T de 5s1/2 d i
1—-B = — J— —s0 — St/ —su 73/2
®) NS ds/(9+t)3/2e Nz ds® e u du

0 t

681/2 <
= NG ds[ et {—2u /2 u | —QS/efs”ufl/zdu}]
t
§s'/? d r 6s'/? d ¥ 2
—9°° oSt 1/2/ —v, —1/2 -9 st 1/2 / e~ U —
NG ds[ e v/ dv] 3 Pt e " du
st Vst
1/2
= %[te“sl/2 Erfc(v/st) + %e“s_l/2 Erfc(v/st) — %\/Z]
™
= \2/—6_[(1 + 2st)e®t Brfc(Vst) — Vst],
™
with, cf. [3], vol. 2, p. 147,
Erfe (z) := /e_uzdu. (3.6)

T

So we have for s > 0,t > 0,

26 o
B(t) =1+ \/_%[\/E — (1 + 2st)e®* Erfe(Vst)], -

B(0+) =1-4.

To obtain the asymptotic expression for 1 — B(t) for t — 0o we use the asymptotic relation for Erfc
x, cf. [3] vol 2, p. 147: for x — oo,

o0 M+1 1
_ —u? _ 1 —z2 n F(TL + 5) 1 —2M+1
Erfc (Z’) = /e du = 56 E (—1) T/Q) m2n+1 + O(Z’ ), (38)

n=0

€T



for every M =1,2,.... From (3.7) and (3.8) we obtain for t — co and every H = 1,2,...,

H
10 = 2 S T ol 3.9

Next we consider the M /G /1 model with traffic load a = A3 < 1 and service time distribution B(t)
as given by (3.7), here 8 = /s, cf. (2.15) with v = 11. For this M/G/1 model the L.S.-transform
w(p) of the stationary waiting time distribution W (t) is given by the Pollaczek-Khintchine formula:
for Rep > 0,

1
w(p) = (1 - a) 1— aliﬁ(p) . (310)
B
So we have by using (3.3): for Rep > 0,
(1+/2)?
w(p) = (1—a)—— Vsl _
A+ V5P —a (3.11)
1 1 1
=1—a+ =(1 —a)Vas] - ]
2 (1=vVa)s+yp (1+Va)/s+/p
By applying the inversion integral for the L.S.-transform we have with € > 0: for ¢ > 0,
1 YA 1 1
—a
Wt)=1-a+-——vas— / Pt - dp.  (3.12
W=t-or=—Vassg | Sl vavsrvs  Trvavsrys s B2
—loo+te

Consider the integral in (2.3) as the inversion integral for the Laplace transform; then, see remark 3.1
below, we obtain for ¢ > 0,

W(t) = 1-(1+Va)(2)/2e0=vD™ Erfe((1 - Va)Vst)
. (3.13)
+(1 = Va)(2)/2eHVa st Bafe((1+ v/a)/sh),

™

so we have an explicit expression for W ().

REMARK 3.1. To calculate (3.13) from (3.12) note that we have by using partial integration: for
Rep > b,

/e_ptebt Erfe(v/bt)dt = /e_(p_b)t / e~ dudt
0 0 Jbt

_ 1/2ym  1/2y/m OoeJ’t dt 1\/_ 1 1

— = T
p—>b p—0>b ) t/2 2 \//_)\/54_\/5

Because for ¢t — oo the first integral behaves as e #!(bt)~'/? the integral in the lefthand side exists

for Rep > 0, and hence by analytic continuation it is seen that the relation holds for Re p > 0. This
latter integral is listed in [1] vol. 1, p. 177, form. (7). However, it contains a misprint, viz, the factor
=4/ is missing; similarly, on p. 233, form. (5). By noting further that

r+r 1t 1t ,
Pyp+Vh Vb D+ VE
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the derivation of (3.13) from (3.12) is readily obtained. i
To study the tail of the distribution W (t) we apply a theorem of Doetsch, see the appendix.
From (3.12) it is readily seen by analytic continuation that for

|P/5| < (1_\/6)2) —7r<argp<7r,p;é0, (314)
holds

1 1 p%n—1/2
Va)ntz (14 J/a)nt2? gan+1/2”

1 _w(p) _ 1 S n
Bt IO e (3.15)

As in appendix A it is verified that {1 — w(p)}/p satisfies the conditions for the application of the
theorem of Doetsch. Applying this theorem and noting that {1 —w(p)}/p is the Laplace transform of
1 — W(t) we have: for ¢t — oo,

l—a ul . 1 1 r(—in+ 1)
Ve L OV ) i

neven

1—W(t) =

for every finite H € {1,2,...},
By using

1. 1 1 1
I'(—m+2)==T(m+ =)sin(m - =)m, m=0,1,2,...,
2’ T rw 2 2

we obtain the asymptotic expression for 1 — W (t), i.e. for t — oo and every H € {0,1,2,...},

H
1-W(@t) = %(1 - a)g Z(—l)m{m

+of(st)"(H+2)).

m=0 3.16
1 L(m+ 1) (310)

o (14 y/a)2m+2 } (stym+1/2

REMARK 3.2. For fixed st the term T'(m + 1/2)(st)=™~1/2 for m = 0,1,2,..., initially decreases,
reaches a minimum for m ~ st and then increases. The error involved in (3.16) is in absolute value
less than the last term i.e. m = H. Hence for given st the smallest error is obtained by taking that
H for which the absolute value of the last used term reaches a minimum, see further [11] p. 339.
It should be noted that the asymptotic result (3.16) can be obtained also from (3.14) by using the
asymptotic relations for the error function, cf. (3.8). |

4. THE EXPLICIT EXPRESSION FOR B(:) WITH 1 < v < 2.
In this section we shall derive the general expression for B(t),t > 0. Put

p=2—-v, 1<v<2, (4.1)
so, cf. (2.15),
I
0 1 = —19. 4.2
<p<l sf=q . (4.2)

From (2.20) we have: for s > 0,Rep > 0,w = s/p,

1-8(p) —w 1 w1 w
0B w1 a1y u(w—l)Qwu' (43)
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Further: for Rep > s > 0,

(oo}
e —s/e"’te“dt,
w— 5 — -5
P p o
w _sp s _
PN R PP Rl oy poe (44)
o0 o0
= s/e*"te“dt—l—52/e*"tte“dt,
0 0
Wl — 7e_ptit”_1dt
(1) '
0
Hence from (4.3) for ¢ > 0,
1 1 1
B(l — B(t)) = —se’ + ;seSt + ;szte“
oo (4.5)
1 / 1 ges(t=m) | 2 (t=7)
—— | =" {se® T 4 57 (t — )T M
r
) T
Hence
B0 _Lop sl
Bs Iz
t t
il eSt/e_STT”_l(l —s7)dT + _ st/e_”r"_ldr =
(1 + p) J L1+ p)
t t
l—p o st g sk / L shtL t/7
- Pas 20 st 1 t r=1q I ST 1]
P e +'ue F(1+ +st) [ e T T+F(1+'u)e e ' rhdr
0 0
t
1-— t ®
= —ue3t+s—e“— F(18+ Y1+ st) /e Ty
7 7 t /
n sk eSt{—eistt“—f-/,ueiSTTuildT}
L1+ p)
0
(St)u 1—/}, st st st st st / - -1
__ st _ 1_ ¢ sTu=14
F(1+N)+ . e +Me —I‘(1+,u)e {1—p+st} [ e°r T
(st)" L) o
s 1
—__ > {1 - t st_istl_ t
F(1+N)+ { + st}e 11(1+M)e {1—p+st} "
+ s (1 —p+ st) 7e5t7“1dT
L1+ p)
t
(st)"

o0
1
=- + (1—p+ st)e /e*“u“*ldu.
st
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So we have: for t > 0,s > 0,

oo

L (st)H 1—p+st st/ w1
1_'u6[ F(1+N)+ I‘(1+u)e e “u* " dul. (4.7)

1-B(t) =

The integral in the righthand side of (4.7) is actually the incomplete gamma function
o0
I(u,st) = /efuu"fldu. (4.8)
st

We have, cf. [3], vol I, p. 133,

st = 0 = 30 S s, (19)
n=0 )

and for ¢ — oo, and every finite H € {0,1,2,...},

H

[ st) = (st e Y ()" H o) ) (4.10)

m=0

Consequently, from (4.7) and (4.10): for ¢t — oo,

_ 13 l_lu’ n—1
1—,u+st{2 1—,u+m) 1 o 1 1 (4.11)
T(1 + p) p) (stymti—a T O\ ey th

i.e. (4.14) represents an asymptotic relation for 1 — B(t) with t — oo, for every finite H € {1,2,...}.
Insertion of (4.9) into (4.7) yields a convergent series expansion for 1 — B(t) in ¢ > 0.

H 1 st (St)u
1-B(t) = l_ué[,u(l—,u+st)e iy

1—H+St stz StU+n]
D1+ p) — n! ©w+n

5. ON THE TAIL OF THE WAITING TIME DISTRIBTUTION
In this section we investigate the tail of the stationary waiting time distribution W (t) of the M/G/1
queuing model with traffic load a < 1 and service time distribution B(t), cf. section 4, for the case

(4.12)

O<p=2-v<l. (5.1)
With
w(p) == /e_ptdW(t), Rep >0, (5.2)
0
we have
1 B (o0}
% - /e_pt{l —W(t)}dt, Rep >0, p #0. (5.3)

0
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The Pollaczek-Khintchine formula reads: for Re p > 0,

1
w(p) = (1 - G’)Wa (5.4)
pB
from which it follows that

a 1— 1-38(p)
1—w(p) ob . (5.5)

I

With (2.20) and (5.1) we have:

5
0<,u<1,w:s/p,ﬂ:ﬁ;,0<5§1,s>0, (5.6)
and for Rep > 0,
1— 1 1 1 L
Blp) _ TR NL A L) ey (5.7)
pB L—p/s wn(@l-=p/s)? wn(l-p/s)

note that {1 — 8(p)}/pB has in Rep > 0 only one singularity, cf. (2.20), viz. p = 0 is an algebraic
singularity, actually a branch point if and only if 4 is a rational number. For p rational {1— 3(p)}/pB
can be written as a convergent series of terms p"t"* n =0,1,2,...;m =0,1,..., for |p/s| < 1, and
hence (5.5) shows that such a series expansion also exists for 1 — w(p). Once such a series expansion
has been obtained the asymptotics of 1 — W (¢) for ¢ — oo can be readily obtained by using a theorem
in [4], vol. II, see appendix A.

In this section we assume that u is rational, so we put

M

p=r . M<N, (5.8)
with

M,N e€{1,2,...} and g.cd. (M,N)=1. (5.9)
Put

y= (g)l/N ,5>0, Rep >0, (5.10)

with the principal value of y positive for p > 0, so y is well defined by (5.10).
From (5.7) we have: for Rep > 0,

L _1=80) _ _ »p/s [g_1+u+1(g)_u]
pB (1—p/s)?*"s I ps (5.11)
B yN—M [N+M_M+NM+£ .
(1 —yN)? M M~
Hence from (5.5): for Rep > 0,
N—M
_ __ay Ny MAN N
1-wlp)=1— ) ly Y ) (5.12)
with
_ M+ N N
Ay) = 1=y + 7y MM - ==y + (5.13)
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Note that

N+M M+N M N
=S+ o

y = 1 is a double zero of y
(5.14)
y =1 is a double zero of A(y).

A(y) is a polynomial of degree 2/N. Because y = 1 is a double zero of A(y), we denote its other zeros
by

Yoo =1,2,... 2N — 2, (5.15)
and assume for the present that
multiplicity of y,, is one for alln =1,... 2N — 2. (5.16)

If (5.16) does not hold then the following analysis requires only minor adaptations (see remark 5.1).
The number of zeros of A(y) is finite and so we can write for (5.12) (note 1 <M < N —1),

2N -2

a C
1— = 4N M L 5.17
wip) =1—2v mE— (5.17)

n=1

Hence it is seen that the term between brackets in (5.17) can be written as an absolutely convergent
power series in y for

lyl <Y :=min(|y1], [yal,- .-, |[y2n—2]). (5.18)

So we may put

a ~ 00
1-w(p) = T ayN M Zwkyk. (5.19)
k=0

To determine the wy we apply Cauchy’s theorem with
Ce={y:lyl<e}, 0<e<y, (5.20)

ie. for k=0,1,2,...,

SE e n s (5.21)
£ 2 ) it Aly) ’ '

Ce

the direction of integration is counterclockwise.
The integrand in (5.21) is regular in y, except at ¥y = 0 and at the simple poles y = y,,n =
1,...,2N — 2, and it tends to zero as

|—[N—M+k:+1] for

ly ly| = oo.

It follows from (5.21) that for £ =0,1,2,...,

2N -2
_ M+ N N. ..  y—uyy
_ § : (k+1), N+M _ = T LY M -

REMARK 5.1 If (5.16) does not apply so that the integrand in (5.21) has some poles with multiplicity
larger than one then the calculation of the residues at such poles requires the appropriate adaptation.
We leave that to the reader and proceed here with the assumption (5.16). |
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Put
d
AWy =—A4
(y) a (),
so that
1 Y= Yn _ 14(1) -1
Y, -—ylgryln 0 =[A% (yn)] ™" (5.23)
Note that
M+ N N
(1= ) + oMM - 2y Sy o (5.24)

hence from (5.29) and (5.25) for k =0,1,2,...,

2N -2
1—a _ —
wy = > (=gl )y N MYy Y, (5.25)
n=1
Consequently from (5.13), (5.19) and (5.22): for y < Y,
2N-2
n=1 n
with
1— N\2
Z, = LWy g N o (5.27)

Yn
Hence from (5.10) and (5.26): for |p/s| <YV, |arg 2] < m,

2N2

l—w — m
Z Z Zy (N=M+k) ( )(k )N (5.28)
n=1

We next apply theorem 2 of [4], vol. II, p. 159 (see also appendix A). In appendix A it is shown
that the conditions of this theorem are fulfilled by (5.28). It follows from (5.3), (5.28) and the quoted
theorem that: for s > 0,¢ — oo and every finite H € {0,1,2,...},

N2 k N—-—_M+H
=Y z ZF YyNst)™" N +o((st)”" v ), (5.29)
n=1
with
L(—m)=0 form=0,1,2,...,
sin mm (5-30)
L(—m)T(1 +m) = —(———) "', m not an integer.
T
Note that in the righthand side of (5.29) the terms with k = M + hN,k = 0,1,2,..., disappear.
Further, cf. (5.6) and (5.8),
M 4
= —— 6<1 31
= 0<E<, (531)

here 3 is the average service time.
The relation (5.31) is the asymptotic series for the tail probabilities of the stationary waiting time
distribution of the M /G /1 model with traffic load a and service time distribution B(t) given by (4.5)

with u = %
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6. THE TAIL PROBABILITIES FOR 1 —a << 1.
In section 3 we have considered the case v = 1%, it corresponds to the case M = 1, N = 2, of the
preceding section. The relation (3.16) describes the tail probabilities of the waiting time distribution
W (t). From (3.16) it is seen that for 1 —a << 1 the term between curled brackets in (3.16) may be
replaced by
1
=7

so that for 1 —a << 1 we may write: for ¢ — oo and every H € {1,2,...} for the case v = 1%,

)2m+2

L(m+ %)
[ = vaystyr+d

In the present section we shall investigate the tail probabilities of 1—W (t) for the case that 1—a << 1
and, cf. (5.8) and (5.9),

M

+o{(st)" 2. (6.1)

H
LW () = 5+ Vava Y (1)

= —. 6.2
b= (6.2)
We start from (5.29): for s > 0,t — oo and every finite H € {0,1,2,...},
A M~k Ntk N Mim
1-Wi(t) = Zn I Y ——)WNst)" =~  +o((st) ~ . 6.3
(t) ; 1?:0 (=) st) ((st) ) (6.3)

From appendix B, cf. (b.10), it is seen that the 2N — 2 zeros y,, = yn(a),n =1,... ,2N — 2, can be
divided into three classes with respect to their asymptotic behaviour for a 1 1. Viz. cf. (b.4), (b.8),
(b.9), for a 11,

l—aM nt1 s 6.4
L. yn(a) = ( aﬁ)NiMeffjﬂlﬂl—ko(l—a),n:l,...,N—M, (6-4)
a
N
ii. yn(a)N(NJrM)ﬁ,n:N—M+1,...,N,
. |yn(a)|~|10” |28, n=N+1,...,2N -2,
—a

here the ¢,, are constants.
Put, cf. (5.32),

l1—aM 2n41 _3
b::( a N) = , Ep 1= eN- 771’
Mot (6.5)
T::bst:b(SN_ME.
Then (6.3) may be rewritten as: for 7 — oo and every finite H € {0,1,2,...},
N—M H
M —k N-—M+k
N-—M _ -1 —N=Mik (N Mtk
1-w(A=Mar) = Zn Y TN ~ )T e (N—M+k)
n=1 k=0
N H
M-k b  N_mik N—M+k
+ > Zyy T 1(T)(—N) T (6.6)
n=N-M+1 k=0 Yn
2 H —_— k b N—-—M+k N—-—M+k N—-—_M+H
+ Z ZnZF_I(T)(y—N) T +o(r )
n
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We consider the expression (6.6) for a T 1. It is noted that (6.4) and (6.5) describe the asymptotic
behaviour of b and y,(a) for a T 1. Hence we need the behaviour of Z,,, cf. (5.27), for a 1 1 for the
three cases

(6.7)
1 n=1, ,N—M,
ii. n=N-M+1,...,N,
ii. n=N+1,...,2N — 2.
In appendix C the behaviour of Z,, is derived and it is seen that: for a 1 1,

M (6.8)
i Zn:—NiM+O((l—a)N7M) forn=1,2,..., N - M,
ii. Zn=v+01-a) forn=N-M+1,...,N,
iii. Zp=0(:%) forn=N+1,...,2N-2.

From (6.4), (6.5), (6.6) and (6.8) it is seen that: for a 1 1,¢ — oo and every finite H € {0,1,2,...},

1 " M —k. _ o~
1_W(1\b’6—]\14‘/157) :[N—M Z ZF—I(T)T— N eT—L(N—M—i-k)
k=0

n=1

—M+k M

+o(r™ TR )L+ O((L - a) ¥ ),

A simple calculation shows that for h =0,1,2,...

)

N-—-M
N Z — 204 kri
Z €n - € -
n=1 n=1

—0 for k # h(N — M), (6.10)
=(-1)"(N - M) for k=h(N — M).

Further, cf. (5.30), for k =h(N — M), h=0,1,2,...

k=M1 k=M

Sin ™

N)’lT N

D(MZky — (14

_1\h
= C (- 3 singh+ ) Jom

Insert (6.10) and (6.11) into (6.9) then, for a T 1, — oo, and every finite K € {1,2,...},

(6.11)

K
1wt =1 > Tk - 2D sin(h Tom)r kR (6.12)

+o(r EIFT) (1 + O((1 — @) ¥om)).



18

With p = M/N, cf. (5.8), we have from (6.5)
b=((1- a)ﬁ)ﬁ,O < p < 1, prational. (6.13)
a
Put

L—p,
= ——b .14
c u(s Y (6 )

then (6.12) may be rewritten as: for 0 < p < 1,0< 6 <1,
1—Wi(epr) =

1K ) (6.15)
= (1= k) sin(ukm)r=C =k 4+ o(z=0=WE){1 4+ O((1 - a) 7)),
k=1

for a1 1,7 — oo and every finite K € {1,2,...}.

This relation (6.15) is the asymptotic expression for the tail probabilities of the stationary waiting
time distribution W (t) of the M/G/1 queue with traffic load a and service time distribution B(t) as
given by (4.7).

REMARK 6.1. The condition that u should be rational is not essential. Actually (6.15) applies for every
pwith 0 < g < 1. The proof of this statement is simple. Suppose y = 2—v is rational. Then a sequence
Wi, j =1,2,..., exists with all p; rational and p; — p. Denote by W;(t) the stationary distribution
of the M/G/1 queue with traffic load a; and service time distribution B;(-) with B;(:) given by
(4.7) where g = pj. Obviously B;(-) converges completely to B(-) for j — oco. Consequently w;(p),
the L.S.-transform of W;(t), converges to w(p), cf. (5.5), for Rep > 0, in particular w;(0) = w(0).
Hence by the continuity theorem for the L.S.-transform of probability distributions it follows that
W;(t) — W (t) for all points of continuity of W (t). From (6.15) with p = p;,j =1,2,..., it is hence
seen that (6.15) also holds for u = jlim Wi O

For p rational we shall rewrite the relation (6.15) is a slightly different form.
Put

k=hN+m, he{0,1,2,...}, m€0,1,... ,N -1, (6.16)
so that
sin pkr = (—1)"M sin M,

then (6.15) may be rewritten as:

H _1\hm N-—-1 Ny
1—W(cpr) = [% > % doT(a- %)(hN +m)) sin(m%ﬁ)fu—u)mmr 611)
h=0 m=1 .

o(r=(1=IIEM (1 4 O((1 — a)¥=7)),

for at 1,7 — oo and every finite H € {0,1,2,...}.
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APPENDIX A
Theorem 2. Doetsch [4] vol II, p. 159.

Let f(s) be the Laplace transform of F'(t),

(o)

(s) = / =5t F(1)dt,

0

and suppose that holds:
F(t) = 5 [ e 1(s)as
27i
Go

with

: 1
Gq;::{s:s:reﬂ¢,0§r<oo,—7T<<Z5<7T},

2

the integral in (a.2) being a principal value integral, i.e.

F(t) = lim {/ tre- 1‘Zﬁdr—l—

R—>oo

—|—/e”e f(refl‘p}e*wdr.

-R

19

Theorem 2. Let f(s) be regular in the angular section |arg(s—so)| < ¢, 5 < ¢ <, of a neighbourhood
so with exception of the point sg. In this angular domain holds for s — s¢ uniformly with respect to

arg(s — so) an asymptotic representation

= ch(s —50)™ +0((s —50)™), Redg<Re); <...,

forevery n =20,1,2,....
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On the half lines s = sore*l®, f(s) is in every finite interval absolutely integrable, however not
necessarily regular. The integral in (a.2) exists for ¢ > T. Then F(t) has for ¢ — oo the asymptotic
representation

F(t) = e M Lot Y, (a.4)

NE
=
L

(—=Ax)

i
o

for every m =0,1,2,....

We have to show that this theorem can be applied in the derivation of the result in section 5, cf.

(5.34).
We have
1%@) B O/efm ~W(D)}dt, Rep >0, "

and since 1 — W (¢t) > 0 for ¢t > 0 it is seen that the integral in (a.5) converges absolutely for Re p > 0.
The function W (t) is a bounded monotone function on (0, c0) and hence has bounded variation. From
the representation

W(t) = (1 - a) f: a"H™ () , t > 0, (2.6)

with
H%(t) =1fort >0,

HOHO (1) = [ H™(t — 1)dH*(7), t > 0,

and B(t) as given in section 4 it is readily seen that W (t) is continuous for ¢ € (0,00). From theorem
2, Doetsch [4], vol. I, p. 212, it follows that

5+ioo

1 1-
L-W(t) = 5~ ept¥

E—iOO

dp, (a.8)

for every € > 0, the integral in (a.8) is again a principal value integral.
We have, cf. (5.5) and (5.11), for Rep > 0,

1-w(p) a 1— 1-8(p)

— P8
_ a 1— ’
p L-aly e (52 (2.9)
1 —-8(p) pls p l4p 1 p_
1- = L_ ~(£y-n
B T=pfs T Tus

with p rational and 0 < p < 1, cf. (5.4). It is known, cf. section 5, that p = s > 0 is not a pole of
{1 —B(p)}/pB neither of {1 —w(p)}/p, it is a removable singularitiy.
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To every zero y,, of A(y), cf. (5.13) and (5.15), corresponds a p,, defined by, cf. (5.10),
pn=syN n=1,...,2N —2. (a.10)

Obviously such a p,, is a singularity of the righthand side in (a.9), i.e this righthand side is not regular
at p,,. Because {1 —w(p)}/p is regular for Re p > 0, continuous for Re p > 0 it follows that Re p,, < 0.
However {1 —w(p)}/p exists for Re p = 0. Since the p,, are zeros of the denominator in (a.9) it follows
that

Repn <0, n=1,...,2N —2. (a.11)
So

1 1
§7r<argl)n<1§7r,nzl,...,2N—2. (a.12)

Hence there exists a 1 with 0 < ¢ < %W such that

1 1
§7r+1/)<argpn<1§7r—z/)foralln:1,...,2N—2. (a.13)

For a v so defined it is readily shown that

%ﬂ'-‘r’t/) 1%71' 1¢
1 wrele 1 —w(rel?). ig
ﬁ / + / }e 7-e—i¢lre d¢ s t> 0,
1 ¥

1
™ 271'7

[N

tends to zero for r — co. Because {1 —w(p)}/p is regular for all p = rel® with r > 0 and ir+ >
¢ > %n and also for %W — Y <p< 1%7r, it follows from (a.8) by applying Cauchy’s theorem that: for
every t > 0,

R .
1 i1 — w(rel?) |
1-W(t) = =—— lim {/ et &ewdr
2 rel¥
= (a.14)

0
0 .
re—1¥

R
Consequently the integral as mentioned in the theorem exists.

It is readily verified that {1 — w(p)}/p is regular in the angular section —37 — 4 < ¢ < 7 + ¢ of
a neighbourhood of p = 0 except at the point p = 0. Further the singularities p,,n =1,... ,2N —2
do not lie on the halflines p = re*¥ r > 0, and so it is easily seen from (a.9) that {1 — w(p)}/p is
absolutely integrable on every finite interval of these halflines, note that 0 < p < 1,50 0 <1 —p < 1.
Finally we have to show that {1 —w(p)}/p permits for p — 0 a uniformly asymptotic representation
as mentioned in the theorem, but this is evident because the series representation of (5.29) converges
uniformily for [p/s| < Y, cf. (5.18).

Hence it has been shown that theorem 2 of [4], vol. II, p. 159 can be applied.

APPENDIX B
In this appendix we derive some properties of the zeros yi, ... ,ysn of the polynomial

M+ N N
(1 _ 2N \2 N—Mj, N+M _ M, iV
A =A-y") + v "l —r Y )b (b.1)
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with M and N positive integers and
1< M < N and g.cd. (M,N)=1.

Note that
M+ N N N
NtM _ M TNV opm N M Ny oM
y Yt Ty (y" —1) M(y 1),
LyNHM - MENGM L K] = (N + M)yM (N - 1),

so that y = 1 is a double zero of A(y). We take
Yan—1 =y2n = 1. (b.2)
Rewrite A(y) =0, cf. (b.1), as:

N—M:_l_a% (1-y")?
a N1-MENyM 4 M,

y N YEL (b.3)

and consider the the 2N — 2 zeros yi(a) of (b.3) as a function of a.
Obviously there are exactly N — M zeros yi(a),k =1,... ,N — M, say, for which holds: for a 11,

l_a%)NiMe%ﬂ'i_ko(l—a)_ (b4)
a

For the other zeros holds: for a 11,

yr(a) = (

yr(a) > y(1) #0, k=N-M+1,... ,2N -2, (b.5)
with for some k
(1—-a)(1l- y,jcv(a))2 — ck, (b.6)

and for the other k’s

M+ N M

1
with
ooy, k=N —M+1,... 2N -2,
constants. Hence a zero yx,k € {N — M +1,... ,2N — 1} behaves for a 7 1 as
Ck

E (b.8)

ykN|

1—a

or as

N 1
~[——1—-(1- M, .
e~ [ 1 = (1 = el (0.9)

It is seen that there are:

i. N — M zeros for which (b.4) applies,
ii. M zeros for which (b.9) applies,
iii. N — 2 zeros for which (b.8) applies;

note (b.10)i follows from (b.4), (b.10)ii from (b.7), and (b.10)iii from (b.10)i and ii since the total
number of zeros is N — 2.



APPENDIX C
The behaviour of Z,, for a — 1.

To study the behaviour of Z,,,n =1,...,2N — 2, with, cf. (5.27),

Zn = (1 - yr]:r)Qy;lYna

Y, =AW (y,) = [-201—y)) +

v M+N N-M

a
—[2y
a

1-— " M

for a 11 we have to consider the three cases of (6.7).

ad. (6.7)i, Z, forn=1,2,... ,N — M.
From (6.4)i we have for a 1 1,

2N

(1-yy)” =1+0((1 - a)¥=),

and

so that
ynAD (yn) ~ ~(N = M) + O((1 — a) =),

Hence, from (c.1), (c¢.2) and (c.3), for a 11,

1 M

N-M

Z, =

ad. (6.7)ii, Zp forn=N—M+1,...,N.
From (6.4)ii

N

N—{—M)%)z for a — 1,

(L=ya)? = (1=

and
a

yn AW (y,) ~ 71 + Yo, 1 # 0,72 # 0,

l1-a
with v; and 7» constants. Hence
Zn=73+01—-a)fora t1forn=N-M+1,...,

with 73 a constant.
ad (6.7)iii, Z, forn=N+1,... 2N — 2.
From (6.4)iii we have

(- gy~ 1

fora 11,

—a
and

yn AW (yn) = O(1).
Hence: for a 11,

Z,=0((1-a)t) forn=N+1,...,2N —2.

+0((1—a)v-m)forn=1,...,N— M.

M

Y MINyY

_% (V=D
GW% )s
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(c.2)
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