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Heavy-traffic Limit Theorems for the Heavy-tailed GI/G/1 Queue

J.W. Cohen
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

The classic GI /G /1 queueing model of which the tail of the service time and/or the interarrival time distribution
behaves as t " S(t) for t — 0o, 1 < v < 2 and S(t) a slowly varying function at infinity, is investigated for
the case that the traffic load a approaches one. Heavy-traffic limit theorems are derived for the case that these
tails have a similar behaviour at infinity as well as for the case that one of these tails is heavier than the other
one. These theorems state that the contracted waiting time A(a)w, with w the actual waiting time for the
stable GI/G/1 queue and A(a) the contraction coefficient, converges in distribution for a 7 1. Here A(a)
is that root of the contraction equation which approaches zero from above for a 1 1. The structure of this
contraction equation is determined by the character of the two tails. The Laplace-Stieltjes transforms of the
limiting distributions are derived. For nonsimilar tails the limiting distributions are explicitly known. For the
tails of these distributions asymptotic expressions are derived and compared.

1991 Mathematics Subject Classification: 60K25, 90B22.

Keywords and Phrases: GI/G/I queue, heavy-tailed distributions, Pareto type, second moments infinite,
heavy-traffic, limit theorems, actual waiting time, contracted waiting time, limiting distributions, tail asymp-
totics.
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INTRODUCTION
The present study is an extension of a previous study [4] on the classical GI/G/1 queueing model
with service time distribution B(t) having a heavy-tail of a Pareto-type structure

1
tv—l

1-B(t) = S(t) for t— oo,

with 1 < v < 2 and S(t) a slowly varying function at infinity and with the tail of the interarrival time
distribution A(t) in some sence less heavy than that of B(t). The case with A(t) heavier than B(t)
was also investigated in [4].

In [4] the present-day interest in the performance analysis of queueing models with service time -
and/or interarrival time distributions having heavy tails has been exposed, and herefor we refer the
interested reader to [4].

In the present study we shall analyse the waiting time distribution for the case that B(t) and A(t)
have similar tails, i.e. both B(t) and A(t) have tails which have a ‘similar’ asymptotic behaviour for
t — 00, for ‘similar’ see the definition 1.1. of section one. As in [4] it turns out that for similar tails
again a contraction coefficient A(a),0 < a < 1, can be defined with A(a) | 0 for @ 71 such that
the waiting time w of the stable GI/G/1 queueing model, i.e. 0 < a < 1, when multiplied by A(a)
converges in distribution for a 1 1. The present analysis shows that heavy traffic limit theorems for
the contracted waiting time A(a)w derived in [4] can be formulated also for the classical GI/G/1
queueing model with similar tails. The paper is organized in the following way.

In section 1 we describe the structure of the distributions A(t) and B(¢) mainly in terms of their
Laplace-Stieltjes (L.S.) transforms «a(p) and 5(p), see (1.1) , ..., (1.9). Starting from the description of
this structure the concepts: heavier than, similar, identical and nonidentical are defined in definition
1.1. The starting point of the analysis is the relation between the L.S. transform of the stationary



distribution w(p) of the actual waiting time w and x(p) which is the L.S. transform of the excess
distribution of the idle time i, cf. (1.14), i.e. with 8/a = q,

_ 1-B(p)(p)
(B—a)p

The solution of this functional equation for the relevant conditions is known and given in (1.15). This
functional equation has also been the starting point in [4]. In particular the reader is advised to
consult [4] for explicit examples of A(t) and B(t) and the derivation of their L.S. transforms.

The known factor in the functional equation above, i.e. its kernel, is analysed in section 2. Its
analysis for the described structure of a(p) and 8(p) leads to the definition of the contraction equation,
cf. (2.7). This equation is analysed in section 3 and the contraction coefficient A(a) is defined as its
root which tends from above to zero for a 1 1.

In section 4 the heavy traffic limit theorem is formulated for the contracted waiting time A(a)w for
a 11 for the case that 1 < v < 2 and B(t) and A(t) have similar tails, see theorem 4.1. This theorem
also describes the L.S. transform of the limiting distribution.

In section 5 the analogous theorem 5.1 is derived but now for the case that v = 2. The limiting
distribution has here a very simple form, encountered before in [4].

In sections 6 and 7 the heavy traffic limit theorems are formulated for the case that B(f) has a
heavier tail than A(t) and conversely, respectively. These theorems are the same as in [4], however,
here the conditions are slightly weaker.

In section 8 an asymptotic expression for the tail of the limiting distribution W, _;(t) is derived
for the case that 1 < v < 2 and A(t) and B(¢) have similar tails. This tail of W,_;(¢) is compared
with that of R,_;(t) which occurs whenever the tail of B(t) is heavier than that of A(t). R,_1(t)
is explicitly known, see herefor [4]. It turns out that the tail of W,_;(t) may lie above as well as
below that of R,_;(¢). This is a rather remarkable phenomenon, and corresponds to a similar fact as
observed in [9].

In section 8 we compare also in some more detail the behaviour of A;(a)w, and As(a)wy with the
index 1 refering to the case that A(t) and B(¢) have similar tails and the index 2 to that with the
tail of B(t) heavier than that of A(t). The reason for this comparison is that the limiting distribution
R,_1(t) appeared to be a very good approximation for the exact distribution of A(a)w if a is not
close to one and v = 11, see [8].

The asymptotic expression for the tail of the limiting distribution I,,_; (¢) of the contracted excess
time of the idle period 1 is also derived in section 8. This limiting distribution is degenerated at zero
if A(t) and B(t) have nonsimilar tails where as for similar tails it is a true probability distribution.
The asymptotic results described in this section lead to an interesting observation concerning the
contracted queueing process.

The three appendices contain same more technical calculations of which the results are needed in
the various sections.

x(p) w(p) , Re p=0.

1. DEFINITIONS
In this study we shall analyse the classical GI/G/1 queueing model with service time and interarrival
time distribution B(t) and A(t) both having a heavy tail. The study is an extension of the study of
BoxMA and COHEN [4].

We first describe the structure of the distributions A(t) and B(t). It is assumed that

oo oo

Q= /tdA(t) <oo, fB:= /tdB(t) < 00, (1.1)

0

a =

P,
a



and that they can be represented as follows: a T > 0 exists such that,
1— A(t) = G11(t) + Gi2(t),

(12)
1= B(t) = Gou (t) + Gas (1),
with: for a § > 0,
|/e_”th1(t)dt| < oo for Rep>—6, j=1,2, (13)
T

where the function Gj»(t) characterises the dominant term of the righthand sides in (1.2) for ¢ — oo.
Put

CliZQ/’Y,CQ::ﬂ/’Y,7>0, (14)

where v stands for the unit of time. From (1.1) we have

cl>02>0,,a:c—2<1. (1.5)
C1
Further, we define: for Re p > 0,
ap) = [eraa), 8p) = [emapo). (1.6)
0— 0—

The Laplace-Stieltjes (L.S.) transforms are specified as follows.
For Re p > 0,

_lzale) 91(vp) + C1(vp)" ' L1 (vp),
ap (1.7)

_ I_T[Z(p) = g2(7yp) + Ca(vp)"> " La(7p),

with: for j = 1,2,

1

1

i. Cj is a finite positive constant, (1.8)
ii. 1<v; <2,
ili. g;(yp) is regular for Re p > -4, g;(0) =0,
iv.  Lj(yp) is a regular function of pfor Re p > 0, and continuous for Re p > 0,
except possibly at p =0, with
L;(yp) = b; > 0 for |p| = 0, Re p >0,
and
bj <oo forl<uw; <2,

bj =00 forv; =2,

L.
lim M =1 for every p with Re p > 0.

=10 Lj(vp)

It is further assumed that the following limit exists



e L2(2)
f=lmr 20

We make the following remarks concerning the assumptions introduced in (1.7), (1.8) and (1.9).

(1.9)

REMARK 1.1 Many valued functions such as p*i and e.g. log p are defined by their principal value,
so p¥i > 0 for p > 0, logp is real for p > 0; also |arctan z| < 37 for — co < z < oo. |

REMARK 1.2 The class of distributions A(t) and B(t), satisfying (1.7) and (1.8) is actually a subclass
of those characterised by (1.2). For the former class the tail 1 — A(¢) behaves as t~%7 S(t) for t — oo,
with S(t) a slowly varying function at infinity, 1 < v; < 2; see the examples in [4]. |

REMARK: 1.3 Because for p > 0 the lefthand sides in (1.7) are positive, it follows from (1.8)iii
that L;(vyp) is real for p > 0. Note further that the righthand sides of (1.7) are zero for p = 0, so
Vi~ Lj(z) — 0 for z — 0,2 > 0. |

REMARK 1.4 The case for which the limit in (1.9) does not exist will not be considered in the present
study. O

REMARK 1.5 We have excluded the case that C; = 0, but note that if C; = 0 then A(¢) has a negative
exponential tail since § > 0. |

We introduce the following nomenclature.

DEFINITION 1.1 The tail of A(t) is said to be heavier than that of B(t) whenever one of the following
cases occurs.

i. v <o,
ii. vy =vy, by = 0, by < 0, (110)

iii. vy =wy, by =00, by = o0 and f = 0;

analogously, the tail of B(t) is called heavier than that of A(t) if in (1.10) v; and v2,b; and b are
interchanged and f = 0 is replaced by f = occ.

Whenever, A(t) is not heavier than B(t), and B(t) not heavier than A(t) it is said that A(t) and B(t)
have similar tails, and they have identical tails if C; = Cy and Ly (yp) = La(yp) for Re p > 0, whereas
for C1Lyi(yp) # CaLa(7yp) for a p with Re p > 0 and f = 1 the tails are said to be pseudo-identical.
Similar tails are said to be nonidentical if they are not idential or pseudo-identical.

So far for the characterisation of the L.S. transforms «a(p) and 8(p).

Because a < 1, cf. (1.1), the GI/G/1 queueing model possesses a unique stationary waiting distri-
bution W (t), say. By i we shall denote the idle time of a busy cycle of the waiting time process and
by w a stochastic variable with distribution W (t).

Put: for Re p > 0,

o0

w(p) :=E{e "V} = /e*"tdW(t), (1.11)
0—
_1—E{e~r1}
x(p) = T EGT (1.12)
so that
1— Eferl}
x(=p) = —EGT for Re p <0, (1.13)

=x(p) for Re p = 0.



It is well known, cf. [1], that:

ww(p) for Re p = 0; (1.14)

boxle)= (8 —a)p

ii. w(p) is regular for Re p > 0, continuous and uniformly bounded by one for Re p > 0;

(
iii. x(—p) is regular for Re p < 0, continuous and uniformly bounded by one for Re p < 0 with
Xx(p) its boundary value at Re p = 0;

(

iv. 0) =w(0) =1.

The conditions (1.14) formulate the Riemann Boundary Value Problem for the functions w(p) and
x(p)), cf. [1]. For literature concerning this boundary value problem cf. [1], [2], [3] and [4].

In [1] the solution of the boundary value problem (1.14) has been given, whenever a(p) and B(p)
satisfy the conditions (26) of [1]. It is not difficult to show that a(p) and B(p) as given by (1.1), (1.7)
and (1.8) indeed satisfy those conditions. Consequently, it follows from theorem 4 of [1] that

=

w(p) = B{e™"V} =), Re p >0,
1 E{epi} o) (1.15)
X(—P)—T{-I}—GH‘); Re p <0,
where
_ B&al), p d
) 271'15_/ {log ﬂ a)é }f—Pf’

with the integral defined as a principal value integral at infinity and as a principal value singular
Cauchy integral at p if Re p =0, cf. [1].

2. ON THE KERNEL k(p;c1,¢2)
In this section we analyse the kernel

ki ersen) =+ S Rep—o, (2.1)

of the boundary value problem (1.4) with a(p) and B(p) given by (1.1), (1.7), (1.8) and (1.9) and
with, cf. (1.8)ii,

v=wvm=v,l<vr<2 (2.2)

A lengthly algebraic computation shows that (1.7), (1.8) and (2.2) lead to: for Re p =0,

k(p;cr,c2) = . 1 o [e2 = e1 + 191 (7p) — c292(7p) = {1 = 91 (V) H1 = g2(7vp) }ereavp
1= g2(vp) te2cr C1La(vp) (vD)” — {1 — g1(7P) }erc2Ca La(yp) (vp)” 2.3
—c1620102 L1 (vp) L2(vp) il
—{e2C2La(vp) + (=1)"e1C1 L1 (vp) } (vp) -
Put: for Re p =0,
h(p;er,ez) = . [e2 =1 = (vp)" " HeaOaLa(yp) + (—1)"e1Cr L (vp)}]- (2.4)

C2 —C1



With
p=ar, x>0, (2.5)
we obtain from (2.4) and (2.5) for z > 0, Re r =0,

L
h(zr;ci,c) = 1 [co —c1 — x”*l('yr)”*lcQCQMLQ(m)
Cy — C1 LQ(QT) (2 6)
T e AL |
Ll(ﬂf)
The equation
Cl — Cy = Z’V_1|6202L2(Z’) + (—1)”0101L1 (1’)| , T > 0, (27)

will be called the contraction equation, it will be studied in the next section.

The function h(p;ci,ce) introduced in (2.4) may be considered as the principal term for p —
0, Re p = 0 of the function k(yp;c1,c2), cf. (2.3), note that 1 < v < 2.

It is noted that (2.7) may be rewritten as:

c1 —cy = 2" HABOTLi(x) + cfCIL? (x) + 2(cosvm)cicaly (x) Lo (a:)}%, (2.8)

for z > 0.

3. THE CONTRACTION EQUATION
Put

L(.T) = CQCQLQ(ZE) + (-1)”016’1[41(37), x> 0. (31)
then the contraction equation, defined in (2.7) becomes for 1 < v < 2,
c1 — ¢y = 2" Y L(z)|, x> 0. (3.2)

The righthand side in (3.2) is positive for > 0, and tends to zero for z | 0, cf. remarks 1.1 and
1.3. Because ¢; > co, cf. (1.1) and (4.4), it follows for

1-— e << 1 or equivalently 1 —a << 1,
C1

that the contraction equation (3.2) has a unique positive root with the property that it tends to zero
for a 1 1. Henceforth this root will be denoted by A(a), so

c1 —ce = A7 1(a)|L(A(a))| forl-a<<1,
A(a) L 0 forat1,ie.cp =1,c0 — a.
With
p=rA(a), (3.4)

we consider the function k(yp;ci,c2), Re p =0 for a 1 1. From (2.3) we have: for Re r =0,



KrA@);e,0) = [1+ 3 {en (07A) - e (rA))

C2 —C1

H1=g1(v7FA)H1 = g2(yrA) }ereayT

Cy — C1

+{1 — 92 (’YT'A)}Q c2Ch L}/(JTA?) (777)” [2((AA)) Ac:[:(cAl)
. (A AV (3.5)
~{1- o) erenCy ) oy L2 S
o0 0o A OTA) Lo(yrA) [yrP” Li(A) La(A) A I2(A)
CUTTLQA) L) o ) e-a
La(yrA) Lr(A) ver 0 L1 OTA) Li(A) AL s

AL @ YT TE) e e 0 e
From (1.8)iii we obtain: for A(a) | 0,

l9;(vrA(@)] = O(A(a), j = 1,2; (3.6)
and from (1.8),

LirA@) o

T () —1forj=1,2. (3.7)

To investigate the behaviour of k(yrAa;ci,c2) for A(a) | 0 we first consider the case that, see
definition 1.1,

A(t) and B(t) have similar tails. (3.8)
It follows from (1.8)iv, (1.9), (3.1) and (3.8) that

Lj(A(a))
L(A(a))

From the definition of A(a), cf. (3.3) and (1.8), it follows that: for 1 <v <2anda?11,j=1,2,
Aa) _ A" '(a)L(A(a)) A*¥(a)

,j = 1,2 has a finite limit for A(a) | 0. (3.9)

b C2 —C1 C2 —C1 L(A(a)) -0

L A%a) _ A(@)"'L(A(@) Aa)

ii. oo g L(A() -0, (3.10)
. WLZ(A(CL)) = A(“)C _L(EA(G))A”(a)L(A(a)) 0.

Hence from (1.9) (2.6), (2.7), (3.1), (3.2), (3.6), ..., (3.10) it is seen that the folllowing limit exists
and that: for Re r =0,

lim k(rA(a);ci,co) =

atl
vl Ly(A(a)) v~ Li(Ala),
1+ (r) 1;{111[02sz + (D" m] = (3.11)
L>(A(a)) L1 (A(a))

1+ lim[eaCy )T =Gy
atl

(yr
|IL(A(a))]|
Put, cf. (1.9); for j = 1,2,

dj = Cj lim LJ(A(G))

TN :]-7 = a, 3.12
B IL@@) @7 12



so that for 0 < f < o0,

c C
0<d1=31 and0<d2=%f,

= [C2 + f2C2 + 2(cosvr) fC1Cs]3, (3.13)
dy +dy > 1.

Consequently, from (3.11): for Re r = 0,
ligl k(rA(a);ci,c2) = 1+ do(yr)”t —dy(yF)” L. (3.14)
a

The relation (3.14) holds for the case that A(t) and B(t) have similar tails, for the case of nonsimilar
tails see sections 6 and 7.

4. THE HEAVY-TRAFFIC THEOREM FOR SIMILAR TAILS AND 1 < v < 2.
In this section we shall investigate the solution (1.15) of the boundary value problem (1.14) for the
case a 1 1 with A(¢) and B(¢) having similar tails with 1 < v < 2. Put: for Re r > 0,

p =rAla), (4.1)

with A(a) that zero of the contraction equation (3.2) which tends to zero for a 1. Note that, cf.
(1.11),

w(rA(a)) = E{e "2@W 1 for Re r > 0. (4.2)
It then follows from (1.15) and (4.2) that: for Re r > 0,
w(rA(a)) = A, (4.3)
with
BEOE), rA(a) dE
H(rA(a E_/ {log ﬂ Y }f—rA(a) % (4.4)

It is seen by using (1.4) and (2.1) that: for Re r > 0,

ENOIE " /m {log k(EA@)/561,e2)) o (45)
with, cf. (3.11); for Re £ = 0,

lim K(EA(a) /i e1,e2) = 1+ dog” ™" — ™. (4.6)
Define: for Re r > 0,

@(%) = % / log{1 + dp¢"~! — — d;. (4.7)

e=Tioo

Obviously: for r > 0,

&(1) = lim H(- A(a)), (4.8)

v atl 7y



if the limit and the integral in (4.5) can be interchanged.

We first consider ®(%). We have: for r > 0,
r 1 T v=1 . v=1 . r ds
‘I> o - 1 1 d —ﬂl_d ———milv—1y__ " 72
(5) =g [ g1+ e T — dye s 1) L
1 ; d
v—1_. v—1__. r S
= 1 1 doe” T T _ J, e 3 7 v—1 =2 _
+271'i/0g{ e e s }—is—rs
7 1
v —
—9 /log{l + s”_l[(dg —dy) cos T
0
. . v—1 r—1is ds
—1(d2 + d1)51n 2 W]}(—T‘)m?
1 [ v—1
+% /log{l + s”_l[(dg —dy) cos T
0
. . v—1 r+is ds
+i(dz + dy ) sin 5 ]}(_T)r2 T
-1 Ool {1 + [(d2 — dy) cos 552w +i(dy + dy) sin Shalsv L
R 0 R
27 817 + [(d2 — dy) cos 552w — i(dy + dy) sin St a]sv =17 r2 4+ 52 s
0
1 [ v—1
o 1 1 _ v—1 2
27ri/ og[{1+ [(d2 — dy1)s"~" cos m}
0
w1 . V=1 o irs ds
+{(d2 + dy)s" " sin 5 m} ]7“2 s
Put
Cv—1
A := (dy + dy)sin T >0,

B := (dy — dy) cos %5t m,

C .= d% + d% + 2(d2 — d1) COS(I/ — 1)7‘(’ = (d1 — d2)2 + 4d,d> sin? VTilﬂ' > 0.

It follows from (4.9) and (4.10) that: for r > 0,

r 17 A(rs)r—t 1 ds
oLy =_= &
(7) 7r/{arcmn1—|—B(7‘5)"*1}1+s2 s
0
1 [ 1 ds
- 1 1 2B v—1 2(r—1) =
e [ log{1+ 2B(rs) ™+ Clrsp )

0

Because of 1 < v < 2 it is seen that: for r > 0,s > 0,
1+2B(rs)"~' + C(rs)>™=Y > 1for s > 0,

and

™
__< tan ———~2
5 < arctan 7 Brs)r 1

so that both integrals in (4.11) exist and are finite.

(4.10)

(4.11)

(4.12)

(4.13)
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We next show that the relation (4.8) holds. By inserting in (4.5) the expression (3.5) for k(rA(a);cq, ¢2)
it is readily seen by transforming the integral in (4.5) to an integral over [0, 00) (cf. the transformation
of (4.7) into (4.9)) that the integral in (4.5) converges uniformly for 0 < A(a) << 1; Hence from (4.12)
and (4.13) it is seen that (4.8) holds and it follows that the following limit exists, and cf. (4.2), (4.3),
(4.7) and (4.8),

im w( =1 —rA(a)W/y
limw(CA@w) = limEe ) "
= e‘b(s), Re r > 0,
with @(Z) given by (4.7) for Re r > 0 and by (4.11) for r > 0. Because w(rA(a)) =1 for r =0, cf.
(1.14)iii and (1.15) and ®(r/~) — 0 for r — 0, it follows from Feller’s continuity theorem for the L.S.
transforms of probability distributions, cf. [7], p. 431, that the contracted waiting A(a)w /v converges
in distribution for a T 1. Hence we have the following heavy traffic limit theorem.

THEOREM 4.1. Whenever the interarrival and service time distribution A(t) and B(t) have similar
tails with 1 < v < 2 then the contracted waiting time A(a)w converges in distribution for a 11 and

i 1;%1 Efe "A@W/7} = ¢2("/7) Re r >0, (4.15)
where
r _ 1 T v—1 cv—1 r df
i (}(,y) =3 / [log{l + d2& d & }]f—r £ Re r >0,
r 1 - v—1 —v—1
i, ®(=) =-zlog{l+dor"™" —di7 ™"}
0% 2
1 ico dé'
= v—1 _ cv—1 r =5 —
+5— /[log{1+d2£ di§ }]—g—r ¢ ,Re 7 =0, (4.16)
—ioco
r 1 A(rs)r—t 1 ds
L B(L) =—— —
111 ('y) T /{arctan 1+ B(rs)v—1 }1 +5s? s
0
1 ¥ ds
o 1 1 B v—1 2(1/—1) >
e [ g1+ Bro ™+ Oy 1 2
0

here di and ds are given by (3.13), for A, B and C see (4.10), for the contraction coefficient A(a),
see section 3.

ProoF. The statement concerning the convergence has been proved above, see below (4.14). For
(4.16)i, see (4.7) and (4.14); (4.16)ii follows from (4.16)i by using the Plemelj-Sokhotski formula, cf.
[1], for (4.16)iii, cf. (4.11). a0

REMARK 4.1. It should be noted that (4.16)i and ii is the analytic continuation of (4.16)iii into
Re r > 0. O

We conclude this section with the analysis of the excess variable 1 of the idle time i, i.e. iis the
nonnegative stochastic variable with distribution function given by

1
E{i}

Pr{i<t}= / [1 —Pr{i < t}]dt, t > 0. (4.17)
0
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It is wellknown that: for Re p > 0,

1— E{e~*1}
pE{i}
for the last equality sign in (4.18) see (1.12). From (1.15) we have

E{e~i} = = x(0), (4.18)

x(p) =ef=7) Re p >0, (4.19)

and, as before, cf. (4.7), it is shown that: for 1 <v < 2,Re r > 0,

11%111 E{e 7A@ 1/7} = hmx(rA( )/7y) = e/ (4.20)
a
with
1 ico dé‘
®(—r/y) = — [ log{1 vl —. 4.21
(-r/7) = 5 [ log(1+ ot~ d - (4.21)
—ioco
Analogous to the derivation of (4.11) we obtain for: r > 0,
i (rs)v—1 1 ds
B(— - _=
W/arctan1+B (rs)»=114s2 s
9 (4.22)
—{—i /log{l +2B(rs)" ™t + C(rs)?*—1} ds
27 1+ s2°

0

Note that ®(—r/v) — 0 for » — 0. It follows readily that we have proved the following

COROLLARY 4.1. For the conditions of the theorem /.1 the stochastic variable A(a)i converges in
distribution for a 11 and with ®(—r/~v) given by (4.22):

lim E{e™" @i/7) = @7/ 1 > 0. (4.23)

5. THE HEAVY-TRAFFIC THEOREM FOR SIMILAR TAILS WITH v = 2.
In this section we investigate the case with A(t) and B(¢) have similar tails and v = 2.
With A(a) the zero of the contraction equation (3.2) with v =2, i.e. of

c1 —ce=xL(x), © >0,

and L(z) — oo for z | 0, cf. (1.8)iv, (1.9) and (3.1) for v = 2, we have as in section 4: for Re r > 0,

limH(CAW@) = 5= [ | . (5.1)
E=—ioo

Because we consider the case v = 2, the similar analysis which has led to (4.11) shows that: for r > 0,

. 1 ds
E%rllH(rA(a)/y :——/{arctan Ars} 557 s

%9 (5.2)

1 9, 9, ds
+2ﬂ_/log{1—|—A (rs) }1+82,
0
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note that: for v = 2, cf. (4.10),
A=d +dy=1,B=0, C = (d +dy)* = A* =1, (5.3)

with d; and ds given by (3.13), since for v = 2 we have 0 < f < oo, cf. definition 1.1.
The integrals occurring in (5.2) have been calculated in appendix B. From (5.2), and (b.1), (b2),
(b.18) of appendix B it is seen that

mH(%A(a)} = —log{l+r}, r>0. (5.4)

Consequently, it follows from (1.15) that

o(r) = li%rllw(rA(a)/fy) = ligl E{e mA@W/7)y

(5.5)

= forr > 0,
147

Because the righthand side of (5.5) is continuous in r = 0, (5.5) also holds for r > 0. Moreover both
sides of (5.5) are regular for Re r > 0, continuous for Re r > 0 and so by analytic continuation:

w(r) = for Re r > 0. (5.6)

By applying again Feller’s continuity theorem we obtain as in the preceeding section the following
heavy traffic limit theorem.

1+r

THEOREM 5.1. Whenever A(t) and B(t) have similar tails with v = 2 then A(a)w converges in
distribution for a1 1 and

1
i. limEe "A@W/ = _—_ Re r >0,
atl 1+r (57)
ii. 11%1 Pr{A(a)w <t} =1—e7", t > 0.
a

REMARK 5.1. It is noted that the result for » = 2 is identical to that in [4], cf. section 5 of [4],
although the conditions for its validity in [4] differ slightly from those required here, which are some
what weaker. |

REMARK 5.2. To calculate x(A(a)r) for a 1 1, replace in (5.2) r by —r and use the results in appendix
B; it is then seen that H(—rA(a)/y) — 0 for a T 1 and so from (1.15) it is seen that

ligl x(rA(a)) = 1forr > 0. (5.8)
O

6. THE TAIL OF B(t) IS HEAVIER THAN THAT OF A(t)
In this section we consider the case that the tail of B(¢) is heavier than the one of A(t); so that
definition 1.1 shows that one of the following cases occur:

i. vy > w9,
ii. vy =v, by <00,bp =00, (61)
iii. 1y =1y, by =o00,by =00, f=o00.

With k(yp;ci,ce) as defined in (2.1) we have, cf. (2.3), for Re p =0,
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k(p;ci,c2) =
Co 1 c1 [c2 —c1 +c191(7p) — c2g2(vp) — {1 — 91 (vp) H1 — g2(vp) ercavp
+{1 = g2(vp) ye2e1 C1 Ly (75) (7)™ — {1 — g1 (7p) }ercaCoLa(vp) (vp)"2 (6.2)
_eie . @ (rp)™
162C1C2 L1 (yp) L2 (7p) o~

~{e2C2La(vp) (vp)"* " = 1 CL Ly (v0) (7)1}
For the present case the equation
c1—co =2 eyChlo(x), >0, 1 <wvy <2, (6.3)
will be called the contraction equation, and by A(a) we shall again denote that zero of (6.3) which
goes to zero for Z—j = a 1 1; this zero of (6.3) is unique.
With
p=rA(a)

we have from (6.2): for Re r =0,

KrA@);,6) = [1+ 3 {en (07A) - e (rA))

C2 —C1

Hl-gi(y7rA) {1 - 92(7TA)}61627FC2 -

+{1 P (’YT'A)}C201 Ch L}/(JTA?) (’yr)ul E:Ei; A;l L—QilA)

_ Ly(yrA) 1, ALy (A)
—{1-g1(y7A)}ereo o () (yr) p— (6.4)
Li(yrA) Ly(yrA) Li(A) (yr)*” (yr)"2 AnF=2"1L5(A)
Li(A)  La(A) Lo(A) yr co — 1

La(yrA) L1 AT La(A)
—0202m(7 ) T —c
Li(y7A) Ly(D) 1 A7 s (A)
@) LE) T T e
From (6.3) and the definition of A(a), we have

Aa)” e, CyLa(A(a))

€1 —C2
We consider the relation (6.4) for A(a) | 0. As in section 3 it is shown for all three cases of (6.1)
that (1.8), (1.9) and (6.5) imply that the following limit exists and that: for 1 < v, < 2 and Re r = 0,

—c1c2C1Cs

+c Cl

— 1 for A(a) — 0. (6.5)

li%rll k(rA(a);cr;ez) = 14 (yr)27t. (6.6)
As in section 4 we obtain from (6.6): for Re r > 0,
r . ' r d€
#0) ity [ {loskEA@/rae) T F (6.7)
E=—ico

1 _ r dé

=_— log{l + &= 1}

ori / e

§=—ioo

= —log{l+rv2"1}.
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The last equality in (6.7) is easily derived by contour integration in the righthalf {-plane by noting
that the logarithm in the integrand is regular for Re £ > 0 and continuous for Re £ > 0, since vs > 1,
see also [4].

REMARK 6.1. A simple calculation shows that —®(r/v) in (6.7) can be also written as (4.4) with
di =1,d, =0, 1ie. A=sin%n, B =cos5tin, C =A% O
As in section 4 and 5 the following theorem is proved.

THEOREM 6.1. Whenever the tail of B(t) is heavier than that of A(t) then A(a)w converges in
distribution for a1 1 and

i.  limE{e mA@W/7} = ¥,Re r>0, (6.8)
atl 141

ii. li?ll Pr{A(a)w <t} =R,,—1(t) ,t > 0,1 < 1, <2,

with the contraction coefficient A(a) that root of the contraction equation (6.3) as defined below (6.3).

REMARK 6.2. The distribution R, _;(¢) and its asymptotic series for ¢ — oo are explicitly known, see
herefor the study [4]. Theorem 6.1 remains true for all v, > vs, as it is readily seen from the analysis
given above. Theorem 6.1 has been obtained for the first time in [4], however, the conditions for its
validity are here somewhat weaker than in [4]. O

REMARK 6.3. From (5.7) it is seen that ®(r/v) = 0 for r < 0, note that the integral in (6.7) has no
pole in Re £ > 0 if < 0. So from (1.15) we obtain

li%lil x(rA(a)) = 1forr > 0. (6.9)

O

7. THE TAIL OF A(t) IS HEAVIER THAN THAT OF B(t)
In this section we consider the case that the tail of A(t) is heavier than that of B(t). From definition
1.1 it is seen that one of the following cases occur:

i v>u, (7.1)
ii. s =w1,b; <00,by =00,
il. wvy=w,bp =00,bp =00, f=0.
For the present case the equation
c1— ¢y =" e C1Ly(z),z > 0, (7.2)

will be called the contraction equation and by A(a) we shall again denote that zero of (7.2) which
tends to zero for cs 1 ¢; or equivalently a 1 1.
With

p=rA(a),
we have from (7.2),

A" (a)e;C1 L1 (A(a))

C1 —C2

— 1 for A(a) { 0. (7.3)
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As in (6.2) we now have: for Re r = 0,

KrA@); ,0) = [1+ {10 (07A) — c20,0mA))

Cy — C1

H1=g1(v7FA)H1 = g2(yrA) }ereayT

C2 —C1

H1l-gi(y7PA) {1 - 92(7TA)}61627FC2 -

Lo(yrA) Ve Lo(A) A2 Li(A)
La) "Le) a-a (7.
st S o 45
Ll(rYFA) Ly ('YTA) LZ(A) (’)/F)Vl (’77‘)”2 AV1+V271L%(A)
L(A)  Li(A) Li(A) r c2 —c
Lao(yrA) Ly (A) ot AL (A)
_{0202m I (A) (’yr) W

Li(yrA) i AL (A)
(o Li(A) () ¢ —c Hazaw-

—{1—g1(7rA)}ereaCr

—c1c2C1Cs

We consider the relation (7.4) for a 1 1. Analogously to the derivation of (6.6) it is seen that: for
Re r =0,

ligl k(rA(a);ci,c2) = 1+ (yr)t L. (7.5)

It follows as before that: for Re r > 0,

ico

ro .1 ) r o dé
o) =limas [ loalkoa @) pene) e
17 oy T dE
=om [ lesli-e S (76)
5:—.ioo
1 o1y T d€
~ 2 / los{l =& e e
E=—ioo
To calculate the integral in (7.6) write: for Re r > 0,
L P e de
r —&nT r
3Ly = — log{—> ]
(’y) 2 / o 1-¢ }§+7‘ §+
S (7.7)
1 r d€
Sy / 10g{1—£}§+r?.
§=—ico

The logarithm in the first integral in (7.7) is regular for Re £ > 0, and continuous for Re £ > 0,
since v; > 1. Because Re £ > 0 it follows readily by contour integration in the right half £-plane that
this integral is zero. The logarithm in the second integral of (7.7) is regular for Re & < 0, continuous
for Re £ < 0. Because £ = —r is a simple pole of this second integral which is also a principal value
singular Cauchy integral, it follows readily by contour integration in the left half &-plane that this
second integral is equal to —log{1 + r}. Hence: for Re r > 0,
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r
d(—) =1 .
(7) 0g1+r

(7.8)

As in the preceding sections 4, 5 and 6 we obtain the following

THEOREM 7.1. Whenever the tail of A(t) is heavier than that of B(t) then A(a)w converges in
distribution for a1 1 and

1
forRe r > 0,
r (7.9)

li%rll Pr{A(a)w <4t} =1—e ' fort >0,
a

lim E{fe—TA@W/vy _
o e =1

with A(a) that root of the contraction equation (7.2) which tends to zero for a 1 1.

REMARK 7.1. Theorem 7.1 also holds for all o > vy, as it may be seen from the analysis above.
This theorem has also been obtained in [4], however, the present theorem holds for somewhat weaker
conditions than that in [4]. O

REMARK 7.2. It is simply seen that the integrals in (7.7) are both zero for r < 0. Hence from (1.15)
it is shown that

ligl x(rA(a)) = 1forr > 0. (7.10)

d

8. THE ASYMPTOTIC EXPRESSION FOR THE TAIL OF THE LIMITING DISTRIBUTION, 1<r<?2
In this section we shall derive an asymptotic expression for ¢ — oo for the limiting distribution W, _1 ()
with 1 < v < 2, where

1-W,_1(t) := Ll?ll Pr{A(a)w > t}. (8.1)

From theorem 4.1 we have: for r > 0,

or) == %1 E{e mA@W/7} = o®(r/7), (8.2)

Hence: for Rer > 0,

o0

/e*”tdW,,,l(t) = (M),
0—
so that
a 1 — e®(r/7)
/e*”{l — W, 1(yt)}dt = — T > 0. (8.3)
0

From (4.16) and (a.20) of appendix A we have: for 1 <v < 2,r | 0,

&(r/v) = —max(dy, do)r’ {1+ O(r" 1)} (8.4)
Consequently, from (8.3) and (8.4) we obtain for 1 < v < 2,r |0,

o0

/ =1 — Wy_y (vt)}dt = max(dy, do)r”=2{1 + O(r*=1)}. (8.5)

0
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By applying theorem 2 of [5], vol. II. p. 159, we obtain from (8.5): for 1 < v < 2,t — oo,

max(dl, d2) 1 1

with d; and da given by (3.13).
For the case that the tail of B(t) is heavier than that of A(t), it is seen from (6.8) that: for t — oo,

1 1 1
1= Ry,1(7t) = mw—_l{lJrO(t,,z—_l)}- (8.7)
Hence with vo = v it follows that W,_;(¢) and R,_;(t) have ‘similar’ tails, and for ¢ — co.
1
1—W,_1(yt) = max(dy,dy){1 — R, _1(vt) H{1+ O(t"—l )} (8.8)
We have, cf. (3.13),
Cy + fC
dy +dy = 1sz > 1,
|Cl—f02|<D<C1+f02 forl <v <2, (89)

1
D = {C? + f?C2}\/? foru:la.

Because of (8.8) it is of interest to consider max(d;,ds2) as a function of v € (1,2); note that (8.9)
implies that dj,j = 1,2, can be very large. In appendix C it is shown with

1 1
01,0 := 5[1 —4cosvm £ 4\/(c0s vr — 1)(cosvm + 5)], (8.10)
that
. 1
1. ].g <v<2=d +dy <2,
1 C.
ii. 1<u<1§,6l<%<62:>d1+d2<2,
| fCl I% (8.11)
i 1<u<1§,0<c—12<610r0—12>62:>d1+d2>2,
. 1 fC
1v. I/Zlg,fC—f:].:}dl:dzzl,d1+d2:2.
Note that
dy  fCs
—_—=—" 8.12
i~ C (8.12)
and
0<d <1< (8.13)

Hence it is seen that for all 1 < v < 2,v # 1%, the tail of the limiting distribution W, _1(t) may lie
above as well as below that of the limiting distribution R,_;(yt), note that the latter arises whenever
the tail of B(¢) is heavier than that of A(t). This leads to a remarkable conclusion, when comparing
the case that B(t) has a heavier tail than A(t) to the case that they have similar tails. In the latter
case W,_1(vt) and R,_1(vt) have similar tails and that of W,_; (yt) may be lighter as well as heavier
than that of R,_1(vt). A similar phenomenon has been observed in [9]. So far for the comparison of
the tails of the limiting distributions W,_;(t) and R, _; (t) for the contracted waiting times A;(a)w(a)
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and As(a)we, of which the first one refers to the case that B(t) and A(¢) have similar tails and the
latter one to that with the tail of B(t) heavier than that of A(t).

Numerical results for the case v = 11, cf. [4], [8], have indicated that for 0 < 1 —a << 1, the
limiting distribution for the contracted waiting time A(a)w leads to a very good approximation for
the distribution of w even for moderate values of a, i.e. a not so close to one. Therefore let us compare

the tails of the distributions

W,,,l(fm)) and RH(#@),

with Ay (a) and As(a) defined by the contraction equations, cf. (3.2) and (6.3) with ¢; = 1,¢2 = a,
ie. for Aj(a) >0,j=1,2,

1-a =AU (@L(AL(@)] = AU (@)]aChLa(Ar (@) + (~1)”C1Li(Ar (@),

Ly (A (a (8.14)
= AV Ya)aCyLa(Aq (a))|1 + (—1)”%.
1—a = AY Ha)aCyLa(As(a)). (8.15)

Note cf. (1.8)iv. and (1.9), that for ¢ > 0,0 < z << 1,

Ly (ex) _ Lo(ex) Li(x) La(z) N Ly(z)
L1 (5:1:) LQ(ZE) Ll(SZE) L1 (ZU) L1 (ZU)

~ f. (8.16)

Let us approximate (8.14), cf. (8.16), and with 1 —a << 1, by:

v 1

l—a~ A’filaCQLQ(Al (a))|1 + (—1) E .

(8.17)

Hence from (8.16) and (8.17) and (3.13),
Al(a) Cl =1 1 1
~14+ (1) — |77 = (—)v—1. 8.18
g~ T+ D7l = () (8.18)

From (8.8), (8.9) and (8.18) we have: for t — oo,

Pr{A;(a)wy /vy > t} = max(d;, d2) Pr{Az(a)w/y > t} =

Pr{As(a)wy/y > iiEZ; t} = m;z;(d_l’j;) tu1—1 {1+ O(t,,l_l )b

SO

Pr{da(aw/y 2 7) = Al 2yt o

_ max(dy,dz)/dy 1 dyt
B re-vy 1 {1+O(7—V71)}'

AQ(a)l v—1
20 Ly

[P
=

Hence we obtain the interesting result:

.. Pr{Ai(a)w; >t}
lim lim =m
t—00 atl Pr{Az(a)wy > vt}

dy, C
ax(1, d_l) = max(l,fa), (8.19)

which compares the case of similar tails (w1) to that that with B(-) having a heavier tail than A(-)(w»).
_ We continue this section with the derivation of an asymptotic result for the limiting distribution
I,_1(t) of A(a)ifor a1 1, cf. corollary 4.1. From this corollary we have: for r > 0,1 < v < 2,
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(o)

/ e "dl, 1 (t) = 21/, (8.20)
0
From appendix A, cf. (a.6), (a.13), (a.17) and (a.18) it is seen that: for r | 0,7 > 0,
®(—r/y) = —min(dy, do)r” {1+ O(r" ")} (8.21)
Hence
0

= min(dy,d2)r” 2{1 + O(r* ')} for r | 0.
From which it follows by using theorem 2 of [5], vol. II, p. 159 that: for t — 00,1 < v < 2,

1= L) = s S (14 O} (8.23)

The relations (8.20) and (8.23) lead to an interesting conclusion. Note that they apply for the case
that A(t) and B(t) have similar heavy tails and 1 < v < 2. It is seen that the limiting distribution
I, 1(t) is not a degenerated distribution. However, if B(t) has a heavier tail than A(t) or conversely
then it is seen from sections 6 and 7, cf. (6.9) and (7.10), that the limiting distribution of A(a)i is a
degenerated one at zero. The same holds for the case v = 2 discussed in section 5.

We conclude the present section with a more detailed consideration of the case of similar tails in
terms of the ratio dy/d;. For this case we have, cf. (3.13),

From definiton (1.1) and (3.12) it is seen that the tails of A(¢) and B(t) are nonidentical if dy # d,
and identical or pseudo-identical if dy = d; = 1.
Whenever

1< — < o0, (8.24)

so that
max(dl,dz) = d2 y min(dl, dz) = dl,

then for t — oo, (8.6) shows that 1 — W, _;(#) is mainly influenced by by the tail of B(t), whereas
1 —1I,_4(t) is mainly dominated by that of A(t), cf. (8.23).
Whenever

then 1—W,_1(t),t — 00, is mainly dominated by the tail of A(t), whereas 1 —I,_;(t) by that of B(t).
But note that in (8.19) the tail of B(t) as well as that of A(¢) is present with that of A(t) dominating
because d; > dy. Note that these conclusions do not depend on v because dy/d; is independend of v.

The asymptotic results discussed above indicate that the contracted queueing process is strongly
dominated by the heavier tail of A(t) and B(¢) if these distributions have nonsimilar tails. Whenever
they have similar tails it appears that the contracted queuing process preserves more queuing aspects
of the stable model because for similar tails the contracted excess time A(a)i has a true limiting
distribution. In this limiting distribution and in that of the contracted waiting time the characteristics
dy and ds of both tails are present. For 1 < v < 1% the coeflicients in the asymptotic expressions for
the tails of these distributions may strongly vary.

ACKNOWLEDGEMENT. With much pleasure the author remembers Prof. Boxma’s extensive comments
and views on the heavy tailed queueing model.
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APPENDIX A
In this appendix we first calculate the integral

T
/li—Sst with — 1< g < L. (a.1)
0
Note that
? u 7 umi o p i i
s et o : o
——ds = do = e*™ do. 2
/1+s2 y /1+a2 7= /1+02 7 (2.2)
—00 0 0
Hence
o0
/1+ 2ds—{1+e”’” (a.3)

The integral in the lefthand side is well defined, its integrand is regular for Im s > 0, continuous
for Im s > 0, except for a single pole at s = i. By contour integration in the upper half s-plane, it is
seen that: for |u| <1,

+oo
L ds =R —Re = (a.4)
omi 1+2S °F | T &
— 00

Hence from (a.3) and (a.4) we have: for |p| < 1,

o0
H 1
/ l—sl——s2ds = gsecﬁlmr. (a.5)

To investigate ®(r/v) for r | 0, cf. (4.16)iii, put for r > 0,1 < v < 2,

A(rs)r—1

Flrs) = —U8)
(r;s) 1+ B(rs)v—1’

we have: for r > 0,

v—1
/{arctan Alrs) } L ds

1+ B(rs)» 171452 s
(a.6)
rv=t /{arctanF r,s) 1 ) sV 72 ds
F(r,s) 1+ B(rs)»=1 1+s2
Because rs > 0 we have
0< arctan F(r, s) <1. (@7)

- F(rys)

Hence if B > 0 it follows because of dominated convergence and by using (a.5) that
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/arctanF T, s) 1 sV 2 s
rw (r,s) 1+ B(rs)»=21+s?
/SV2 == sec2_y —l{siny_1 3t
1+ 52 _W 2 "= 9" 5
0
since 1 <v < 2.
Hence from (4.10), (a.6) and (a.8): for B > 0,1 < v < 2,
1
L(r)~ E(dl +do)r’ H1+O(r" 1} for r | 0. (a.9)
Next consider the case B < 0. Denote by
1 -1
0o = ;(f)yila (a.10)
the zero of 1+ B(rs)’~!in rs > 0.
Write with 0 < e << 1,
L(re) = rvt 0/ : 075 / arctanF (r,s) 1 sV 2 ds) (a11)
e F(r,s) 1+ B(rs)»=11+s2 '

—€ oo+e

It is readily verified that the second integral in (a.11) tends to zero for ¢ | 0, uniformly in r > 0.
Hence by letting r | 0 we obtain from (a.7) by using dominated convergence,

[ s [omt ]+ it
0 so+e sote

uniformly in € > 0. By letting ¢ | 0 we obtain again (a.9) but now for B < 0. Hence we have: for
l<v<2andr|O,

L) = %(d1 + ) {1 + 02 D)y, (a.12)

see also remark A.1 below.
Put: forr > 0,1 <v < 2,

o0

Ly(r) := % /1og{1 +2B(rs)’~t + C(rs)2<"—1>}1 —(:1-832' (a.13)
0
From the last line in (4.9) and from (4.10) it is seen that: for s > 0,7 > 0,
14 2B(rs)"~' + C(rs)>=Y > 0. (a.14)
Write: for rs > 0, B # 0,
b(r) = % Brv-1 / log{1 + QB(;;)(:;) +, 10(7-3)2@_1)} 13:2 s, (a.15)

0

The first factor of the integral is in absolute value uniformly bounded in r > 0.
Hence by using (a.5), we have:
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lim 7 log{1+2B(rs)" ' 4+ C(rs)>-D} 5! ds
740 2B(rs)v—1 1+s2 (a.16)

1 1
:iiﬂ'seci(u—l)wfor +B>0,1<v<2.
So from (4.10), (a.15) and (a.16): for r | 0, B # 0,

IL(r) = %|B|rvfl sec %(V D1+ 0@ 1)}

1 (a.17)

= 5|d2 —dy P71+ O h}.

Next we consider I2(r) for r | 0 with B = 0, so that: for r > 0,
i d
I — = [ loef1 2(v—1) s
2(r) 5 / og{l+ C(rs) }1 e
ER (a.18)

Crv—1 /10g{1+0(rs)2("1)} sv—1 d

27 C(rs)v—1 1+

0

Again the first factor of the integrand is uniformly bounded in r > 0 and tends to zero for r | O.
Hence, for B=0 and r | O:

L(r) = o(r’™h). (a.19)
Hence from (a.6) and (a.19) we obtain: for r | 0,

BO)+ 1) = S+ s+ ds i (14064 7) (020

= max(dy,dz)r’ {1+ O(r* 1)}

REMARK A.1l. Actually, we have not proved the character of the order terms in (a.12) and (a.17). A
finer asymptotic analysis proves the character of these order terms. The proof is fairly standard, but
rather laboriously and lengthly and has therefore been omitted. Note: to derive the asymptotic series
for

i 2
_ r® ds
{arctan s” 1}ﬁ—,
ré+s< s
0

write for 0 <7 < 1,

o) 2 d n I o0 2 d

_ r s - r s
/{arctans" 1}7“2-{—32? :{/+/+/}{3«f0t3«nsy 1}{7'—24—32}?’
0 0 r 1

and use in the various integrals the series expansion for arctan z with |z| < 1, and |z| > 1 and for
r?/(r* + s%) for |r/s| <1 and for |s/r| < 1. O

APPENDIX B
In this appendix we shall calculate, the integrals, cf. (5.2); for r > 0,

o0

Ji(r) = %/[arctan(Ars)]

0

1 ds

T35 5" (b.1)
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o0
ds
_ 2
Jo(r) = - /log{1+A (rs) }1+82 (b.2)
0
Obviously, we have
17 1 d
s
. Ars)]—— 22 :
B = 5 / farctan(Ars)] -, (b.3)
17 d
_ 2 2 s
REMARK 4.1. We define the principal values of the logarithms, note that A > 0,
log{1 —iArs} and log {1 +iA(rs)}, r >0,
as follows; note that the value of lim e (%), a 1 1 is not influenced by this definition.
For s > 0,
log{1 FiArs} = log{1 + A?(rs)? }eTarctanArs, (b.5)
With this definition of their principal values we have: for r > 0,
log{1 —iArs} is uniquely defined on the slitted s-plane with slit
{s:s=x+i(Ar)7!, —co <2 <0},
(b.6)
log{1+1iArs} is uniquely defined on the slitted s-plane with slit
{s:s=z—i(Ar)~!, —oco < z < 0}. O
We have, cf. [6], p.114, for Im s =0,
—iArs
= —_— b.
arctan Ars = log T idrs’ (b.7)
Hence with: for r > 0,
Jig(r) := — / log{1 — 1Ars} —, (b.8)
Jo1(r) == — log{l +i rs}l ol (b.9)
we have
Ji(r) = Jui(r) — Jiz(r). (b.10)

Obviously log{1 — iArs} is regular for Im s > 0, continuous for Im s > 0. Further the integrand in
the expression for Ji1(r) has only a single pole in Im s > 0, viz. s = i. Hence it is readily seen by
contour integration in the upper half s-plane that

. 1 log{l —idrs}
4m

1
Ji1(r) = 2w = —log{1 + Ar}. (b.11)

252 o= = 4

Analogously, via integration in the lower s-plane we obtain



24

.1 log{l+iArs 1
Jia(r) = —2nlﬂ%|s: = log{1 + Ar}. (b.12)

_i = _Z
Hence from (b.10): for r > 0,
1
Ji(r) = 5 log{1 + Ar}. (b.13)

Put: for r > 0,

1 d
. S
J21(T) = E / lOg{l—lATS}H—SZ,

oo (b.14)
1 ds
= — [ log{l+iArs}——~
Jaa(r) yp / og{l+1i rs}1+s2,
—00
so that for r > 0,
Ja(r) = Jo1(r) + Joa(r). (b.15)
As above we have
1 log{l —iA 1
Jor(r) = 2w ot = iArsh LA,
.1 logl+ Ars} 1 ’
= - 21— - —i = -1 1 A
Jaa(r) T 5 s= 1 og{l + Ar},
so from (b.15),
1
Jo(r) = 3 log{1+ Ar}. (b.17)
Hence from (b.13) and (b.17): for r > 0,
Ji(r) + Jo(r) =log{l + Ar}. (b.18)
AppPENDIX C
In this appendix we consider the conditions for the validity of the inequalities, cf. (8.11),
di +dr 22forl <v<2. (c.1)
From (3.13) we have
1
§(d1 +dy) >1 < 32> +2(1 —4cosvm)z + 3 < 0, (c.2)
with
_fCy  dy
=G i (c.3)
Write
32° —2(1 —4cosvm)x + 3 = 3(x — 01)(z — &), (c.4)

)

1 4 1
012 := 5(1 —4cosvm) F g\/(cosmr —1)(cosvm + 5)

Because: for 1 < v < 2,
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cosvm —1 <0,

cosmr—l—%>0 forv > 1%;

it follows that

1 1
1§<u<2 :>§(d1+d2)<1. (c.5)
Further since d1d, = 1,
1
1<u<1§:>0<61<1<62, (c.6)
and so
1 C 1
1<u<1§,6<%<62 = 5 +dy) <1,
1
(c.7)
1 fCs fCs 1
1 l-and0 < —= < § — > —(dy +d 1.
<v< 3 an < c, <d; or c. > 2:>2(1+ ) >
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