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ABSTRACT

We de�ne a class of process algebras with a generalised operation
P

that allows explicit treatment of alterna-

tive quanti�cation over data, and investigate the speci�c subclass formed by the algebras of �nite processes

modulo strong bisimulation.

We prove that, in such algebras, equality between process terms is de�nable by means of a �rst-order data

formula, and that, if the data is computable and has a built-in equality predicate, any �0

4 data formula is

de�nable as an equation between ground process terms. From these results we work to the conclusion that

equality in strong bisimulation algebras with a computable data part is �0

4-hard.

We also investigate a restricted version of alternative quanti�cation: the input pre�x mechanism of Parrow

and Sangiorgi (1995) and Hennessy and Lin (1996). We show that this restriction yields a less expressive

formalism if the data is computable and has a built-in equality predicate: equality between input pre�x processes

coincides with the universal fragment of �rst-order logic for the data. That is, the input pre�x mechanism gives

rise to strong bisimulation algebras for which equality is complete in �0

1.

Finally, we give a ground complete axiomatisation for those strong bisimulation algebras of which the data

part has built-in equality and Skolem functions.
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1. Introduction

A process algebra is an algebra that contains a universe P and binary operations +++ and ��� on P
such that hP;+++i is a semilattice, hP; ��� i is a semigroup, and ��� distributes from the right over +++. The
operation+++ is used to model alternative composition, a nondeterministic choice between its arguments,
and ��� stands for sequential composition, performing its second argument upon completion of its �rst.
A many-sorted process algebra that does not contain operations that take the sort of processes into
some other sort, is often called a process algebra with data; the data being the reduct one obtains by
removing the universe of processes and all operations involving this universe.
The algebras that we consider in this paper consist of a many-sorted algebra of data that contains

a boolean algebra and a process algebra that has, besides the usual process algebraic operations +++
and ��� :
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1. a constant � modelling unsuccesful termination (it is a unit for hP;+++i and additionally satis�es
� ��� p = � for all p 2 P);

2. operations a : D1 � � � � � Dn ! A that map an n-tuple (n = 0 is allowed) of data elements
injectively onto a special set A � P, the elements of which are called atomic actions ;

3. a ternary operation p � b� q that receives a boolean b and processes p and q and yields the
process that performs a choice between p and q, but one that depends on the evaluation of b;
the construction should be read \p if b, else q".

4. a generalised (or: in�nitary) operation
P

: (Pow(P) � ;) ! P (where Pow(P) refers to the set
of all subsets of P), de�ned by P0 7!

PPP
P0.

Our major concern in this paper is with this latter operation: alternative quanti�cation over data. We
have given it a universal algebraic de�nition in the same way as Rasiowa and Sikorski (1963) generalise
the binary joins (_) and meets (^) of boolean algebras to obtain existential (9) and universal (8)
quanti�cation. In our signatures alternative quanti�cation is present as an operation symbol that
binds a data variable. That is, we shall write

P
x:s p (p some process term and x a variable of data

sort s) to denote the (possibly in�nite) expression

p[x := d0] + p[x := d1] + p[x := d2] + : : : ;

where d0; d1; d2; : : : is an enumeration of the universe associated with data sort s.
Alternative quanti�cation is a very useful feature, since it can be used to model the notion of input :

if r(n) refers to the atomic action of reading the natural number n, then
P

x:N r(x) can be used to
refer to the process that can read any natural number; it is a choice between reading 0, 1, 2, : : : .
We shall investigate alternative quanti�cation in a popular class of process algebras: the algebras

of transition systems modulo strong bisimulation. We shall prove that if one has alternative quanti�-
cation as a primitive, then strong bisimulation on the set of �nite processes (transition systems that
are denoted by a process term) with computable data is in the Arithmetical Hierarchy and �0

4-hard:
for any two �nite processes there exists a �rst-order data formula that holds i� they are bisimilar, and
conversely, for every �0

4 data formula one can �nd a pair of �nite processes that are strongly bisimilar
i� the formula holds for the data.
We shall also consider input pre�xing. Roughly, a process term is an input pre�x term if alternative

quanti�cation only occurs in it in the form
P

�x:�s a(�x) � p� b� �, i.e., quanti�cation is always over the
data that de�nes the �rst atomic action following the operation

P
. It turns out that if one restricts

alternative quanti�cation to input pre�xing, then the expressivity of bisimulation coincides with the
universal fragment of �rst-order logic (�0

1): for any universal �rst-order data formula one can �nd
a pair of input pre�x processes that are bisimilar if, and only if, the formula holds, and for any two
input pre�x process terms there exists a universal �rst-order formula that holds if, and only if, they
are bisimilar.
Consequently, there exists no general complete axiomatisation of strong bisimulation, not even if we

restrict alternative quanti�cation to input pre�xing. We shall describe a general method to obtain a
ground complete axiomatisation of the strong bisimulation algebra from an !-complete axiomatisation
of the data, provided that it has a built-in equality predicate and Skolem functions.
This paper is organised as follows. We adapt the notion of algebra with generalised operations of

Rasiowa and Sikorski (1963) to a many-sorted setting and we extend equational logic with a rule for
generalised operations (x2). This enables us to provide the class of process algebras with alternative
quanti�cation over data with a precise universal algebraic de�nition (x3). In x4 we single out speci�c
members of this class: the strong bisimulation algebras. In x5 we explore the connection between
equality in these algebras and �rst-order logic. In x6 we give a ground complete axiomatisation for
those strong bisimulation algebras of which the data part has built-in equality and Skolem functions.
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Related Work Milner (1989) used the generalised operation
P

to provide the input pre�x mech-
anism with a semantical basis. In the process speci�cation language �CRL (Groote and Ponse, 1994b)
the operation appears also in the syntax. A �CRL-speci�cation consists of a set of recursion equations
that de�nes a set of processes over an equationally speci�ed abstract datatype. The syntax and se-
mantics of �CRL are based on the Algebra of Communicating Processes of Bergstra and Klop (1984),
but an abstract algebraic characterisation of alternative quanti�cation such as we carry out in x2{4,
was still missing.
Ponse (1996) investigates the expressivity of a fragment of �CRL that includes conditionals and

recursion, but excludes alternative quanti�cation. It is shown in his paper that in this case strong
bisimulation for computable data is complete in �0

1.
Groote and Ponse (1994a) devise a proof system for �CRL, based on natural deduction, and provide

a set of nonlogical axioms that are all valid in the strong bisimulation algebras (they do not have a
completeness result). To tie in with standard practice in universal algebra, we use a proof system that
is based on equational logic to which we add a replacement rule for binders; the nonequational axiom
scheme p � q !

P
x:s p �

P
x:s q of Groote and Ponse (1994a) �gures in this paper as an instance of

this rule. Also, by our choice of the proof system, we do not incorporate the law of the excluded middle

(b � >_ b � ?) and the axiom :(> � ?), as Groote and Ponse do. Instead, we have added a number
of axioms that are derivable from these two and express the relations between boolean operations and
process algebraic operations (these are derivable in the system of Groote and Ponse (1994a)).
Hennessy and Lin (1995) consider process algebras that have input pre�xing (or rather a restricted

version of it) as a primitive, instead of arbitrary alternative quanti�cation. They de�ne an early and
a late variant of strong bisimulation on symbolic representations of transition systems (the \early"
variant corresponds with our de�nition). Since strong bisimulation is complete in �0

1 in these cir-
cumstances, one cannot attain a ground complete axiomatisation of it without extra assumptions.
Hennessy and Lin (1996) present a proof system for both variants that is complete if it is combined
with a complete proof system for the data. This presumed proof system for the data should allow
the derivation of propositions of the form b � s = t, with the interpretation that the identity s = t
holds for every valuation that satis�es the boolean expression b. Evidently, such a proof system only
exists if the data algebra has an !-complete algebraic speci�cation. We end x6 with an example that
shows that their requirements are not su�cient to guarantee that strong bisimulation on the entire
set of �nite processes (i.e., with alternative quanti�cation as an operation) is semidecidable. Hence, a
stronger requirement (e.g., built-in Skolem functions) is necessary.
Parrow and Sangiorgi (1995) provide a complete set of algebraic laws for a class of name-passing

calculi (such as the �-calculus) that also contain the notion of input pre�xing. Their language has
no facility for an explicit treatment of operations on names and equality on names is syntactical.
Therefore, if it is decidable whether two names are equal, then strong bisimulation is decidable as
well.

Acknowledgements We thank Alban Ponse and Piet Rodenburg for their careful reading of draft
versions of this paper and Jan Bergstra for many discussions on the subjects of this paper.

2. Generalised Algebra

We adapt the concept of algebras with generalised (or: in�nitary) operations of Rasiowa and Sikorski
(1963) to a many-sorted setting.

Generalised Signatures We assume a class N of names that are not related in any set-theoretical
sense.
Let S be a subset of N . A function declaration over S is a triple F = hf; �s; s0i such that f 2 N , �s a

�nite sequence of elements of S, and s0 2 S; we write F : �s! s0. A binder declaration over S is a pair
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B = hb; si such that b 2 N and s 2 S; we write B: s. A (generalised) signature is a set � = S [F [B
with F a set of function declarations over S and B a set of binder declarations over S. The elements
of S are called sort symbols and � is called S-sorted.
If � and �0 are signatures and � � �0, then we call � a subsignature of �0. A signature is �rst-order

if it does not contain binder declarations. We shall also speak of the �rst-order part of �, meaning
the largest subsignature of � that does not contain any binder declarations.

Generalised Algebras Let � be an S-sorted generalised signature.
A �-algebra is an assignment A of a nonempty set A(s) to every s 2 S, an n-ary operation (or:

�rst-order operation)

A(F ) : A(s1)� � � � �A(sn)! A(s0)

to every (F : s1 � � � sn ! s0) 2 � and a generalised operation

A(B) : domB ! A(s); with domB � Pow(A(s))

to every (B: s) 2 �. The sets D 2 domB are called the admissible sets for B in A. If domB consists
of all nonempty subsets of A(s) for all (B: s) 2 �, then A is said to be a complete generalised algebra.
If �0 is a subsignature of �, then the restriction A��0 of A to �0 is called the �0-reduct of A. If �0

happens to be the �rst-order part of �, then we also call A��0 the �rst-order reduct of A.
Let A and B be �-algebras. We call A a subalgebra of B (notation: A � B) if A(s) � B(s) for

all sorts s 2 �, A(F ) = B(F )�(A(s1)�����A(sn)) (the restriction of the operation B(F ) to A(s1)� � � � �
A(sn)) for every function declaration (F : s1 � � � sn ! s0) 2 �, and A(B) = B(B)�(domB\Pow(A(s))) for
every binder declaration (B: s) 2 �.
A homomorphism from A to B is a family h = hhs j s 2 Si of functions hs : A(s) ! B(s) that

constitute a homomorphism from the �rst-order reduct of A to the �rst-order reduct of B and preserve
the generalised operations, i.e., if (B: s) 2 � and S � Pow(A(s)) is an admissible set for B in A, then
hs(S) is admissible for B in B and

hs(A(B)(S)) = B(B)(hs(S)):

A congruence �= h�sj s 2 Si on the �rst-order reduct of A is a congruence on A if for all (B: s) 2 �
and sets S; S0 admissible for B in A

S=�s = S0=�s implies A(B)(S)=�s = A(B)(S0)=�s.

Term formation We �x disjoint in�nite sets V and �, both disjoint from N .
Let � be an S-sorted generalised signature. The set of bound variables for � consists of all pairs

� = hb; si where b is an element of � and s 2 S; � is called a bound variable of sort s. Let X = hXs �
V j s 2 Si be some S-indexed family of pairwise disjoint sets; we call the elements of the Xs free

variables (of sort s). We construct the S-sorted family T� [X] = hT� [X]s j s 2 Si of �-terms in X
as the least family that satis�es

1. Xs � T� [X]s, and

2. F (t1; : : : ; tn) 2 T� [X]s if (F : s1 � � � sn ! s0) 2 � and ti 2 T� [X]si for 1 � i � n; and

3. B�(t[x := �]) 2 T� [X]s if (B: s) 2 �, x 2 Xs0 , t 2 T� [X]s, and t[x := �] is obtained from t by
replacing all occurrences of the free variable x by the bound variable � of sort s0.

The elements of T� [X]s are called terms of sort s. We denote by FV(t) the set of free variables that
occur in t and we write t = t(x1; : : : ; xn) if FV(t) � fx1; : : : ; xng. A term t is s-ground if it does not
contain variables of sort s, and ground if it is s-ground for every sort s 2 � (that is, if FV(t) = ;).
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Terms are considered modulo �-conversion: t and t0 are �-congruent (notation: t � t0) i� t0 can be
obtained from t by a series of renamings of bound variables.
Let �0 denote the �rst-order part of �. The family of �-terms constitutes a �0-algebra and � is a

congruence on this algebra. We refer by T� [X] (or by T if � and X are clear) to the �0-algebra of
�-terms modulo �-conversion, de�ned as follows

i. T(s) = T� [X]s=�; and

ii. if (F : s1 � � � sn ! s0) 2 � and ti=� 2 T� [X]si=� for 1 � i � n, then

T(F )(t1=�; : : : ; tn=�) = F (t1; : : : ; tn)=�.

Note that � also respects binder declarations, i.e., if t � t0, then also B�(t[x := �]) = B�(t
0[x := �]).

Unless otherwise stated, if we write a term in the sequel, we shall mean its �-congruence class in T.

Remark 2.1 Rasiowa and Sikorski (1963) describe two approaches that both lead to generalised term
algebras that are free in the class of complete �-algebras. We choose not to de�ne them here to avoid
notational complications that are not essential for the rest of this paper.

Let A be a �-algebra, and X = hXs j s 2 Si a family of variables. A family � = h�s j s 2 Si
of mappings �s : Xs ! A(s) is a valuation of X in A. Each valuation extends to a homomorphism
�� : T ! A��0 (where A��0 is the �rst-order reduct of A) in the following way

i. ��(x) = �s(x) for x 2 Xs;

ii. ��(T(F )(t1; : : : ; tn)) = A(F )(��(t1); : : : ; ��(tn)) for every F : s1 � � � sn ! s0 and ti 2 T(si) (1 � i �
n); and

iii. ��(B�(t[x := �])) = A(B)(f��[x:=a](t) j a 2 A(s
0)g) for every B: s, t 2 T(s) and x 2 Xs0 , where

�[x:=a](x) = a and �[x:=a](y) = �(y) if y 6= x.

A substitution � is a valuation of X in T� [X]. The extension of � to a homomorphism �� is similar
to that for valuations, except that we should replace the third clause by

iii0. ��(B�(t[x := �])) = B�(��[x:=x](t)[x := �]).

We shall often write t� for ��(t).
A �-equation in X is an expression of the form t � t0, with t; t0 2 T� [X](s) for some s 2 S. If �

is a valuation of X in A such that ��(t) = ��(t0), then we say that � satis�es t � t0 in A (notation:
A; � j= t � t0); if A; � j= t � t0 for all valuations � of X in A we say that A satis�es t � t0 (notation:
A j= t � t0). We denote by EqTh(A) the set of all �-equations that A satis�es.

Generalised Equational Logic Let E be a set of �-equations in X. We write E ` e, for e
some �-equation in X, if e is derivable from E by means of the rules for generalised equational logic,
depicted in Table 1. The pair h�; Ei determines an equational theory, a congruence �E = h �Es j s 2 Si
on T = T� [X], where

�Es = fht; t0i j E ` t � t0 and t; t0 2 T(s) g.

Proposition 2.2 (Soundness) Let A be a �-algebra and let E be a set of �-equations in X. If
A j= E and E ` t1 � t2, then A j= t1 � t2.

Proof. Induction on the length of the derivation of t1 � t2. For conventional equational logic this
is well-known (see e.g. Burris and Sankappanavar (1981)), so we only deal with the rule for binder
declarations. If A j= t1 � t2, then in particular ��[x:=a](t1) = ��[x:=a](t2) for any valuation � and for
any a 2 A(s0), so f��[x:=a](t1) j a 2 A(s

0)g = f��[x:=a](t2) j a 2 A(s
0)g. Hence
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t � t0 for every t � t0 2 E

s � t

��(s) � ��(t)
for every substitution �

t1 � t01 � � � tn � t0n
F (t1; : : : ; tn) � F (t01; : : : ; t

0
n)

for (F : s1 � � � sn ! s0) 2 �

t � t0

B�(t[x := �]) � B�(t0[x := �])
for (B: s) 2 �, x a variable of sort s0 2 �

t � t
t � t0

t0 � t

t1 � t2 t2 � t3
t1 � t3

Table 1: Generalized Equational Logic.

��(B�(t1[x := �])) = A(B)(f��[x:=a](t1) j a 2 A(s
0)g)

= A(B)(f��[x:=a](t2) j a 2 A(s
0)g)

= ��(B�(t2[x := �])) �

3. Process Algebras with Data

In this section we will de�ne a class of process algebras with data, which is called pCRL. We shall intro-
duce pCRL-signatures, pCRL-theories and pCRL-algebras, and state some elementary results, including
a representation result (Lemma 3.3) for terms over a pCRL-signature.

3.1 Signature

In the sequel, we reserve names b and p as sort symbols referring to booleans and processes, respec-
tively. We shall denote by �b the signature consisting of b, nullary function declarations >:�! b

and ?:�! b (� refers to the empty sequence), a unary function declaration ::b! b, and binary
function declarations ( ^ ):bb! b and ( _ ):bb! b. If �b � �, then we say that � contains

booleans ; elements of T� [X](b) are called boolean terms. As usual we abbreviate :b1 _ b2 by b1 ! b2,
and b1 ! b2 ^ b2 ! b1 by b1 $ b2.
A �rst-order signature � is called a data signature if it contains booleans, but p 62 �; terms over

a data signature we refer to as data terms.
Let � be an S-sorted data signature. An action declaration for � is a function declaration

a: s1 � � � sn ! p, where si 2 S for 1 � i � n; we usually suppress the sort name p and write a:s1 � � � sn.
Let � be an S-sorted data signature and A a set of action declarations for �. The pCRL-signature

for � and A is the smallest signature that contains � and A, and

1. a nullary function declaration �:�! p;

2. binary function declarations ( + ):pp! p and ( � ):pp! p;

3. a ternary function declaration ( � � ):pbp! p; and

4. a binder declaration
P

:p.
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Let � be a pCRL-signature and let X be a family of free variables for �. The elements of T� [X](p)
we shall refer to as process terms. A process term a of the form a(�t) with a:�s is called an action term;
we shall refer to the leading action declaration of an action term by the name of the action term in
typewriter font, e.g., a refers to the leading action declaration of a.
We adopt some notational conventions regarding boolean terms and process terms. Function dec-

larations are usually written in mix�x notation and brackets are omitted where possible. We give the
following precedence to the operators:

( + ) <
P

< ( � � ) < ( � ):

Terms of the form p � q are usually written pq. If p = p(x1; : : : ; xn) is a process term, xi 2 Xsi (for
1 � i � n) and � is a bound variable of sort sj , then we shall use

P
xj :sj

p as an abbreviation for the

term
P

� p[xj := �]. Note that by �-conversion the speci�c choice of the bound variable � is immaterial
and that the free variable xj does not occur in

P
xj :sj

p. Thus, provided that Xs is in�nite for all
sorts s 2 �, we may choose xj di�erent from all other free variables that occur in some mathematical
context; e.g., if p =

P
x1:s1

p0 and q =
P

x2:s2
q0, then we may assume without loss of generality that

x1 6= x2, x1 62 FV(q) and x2 62 FV(p). This assumption will often be implicitly present. We useP
x1���xn:s1���sn

p as an abbreviation of
P

x1:sn
� � �
P

xn:sn
p.

3.2 The Theory pCRL

A1 x+ y � y + x
A2 x+ (y + z) � (x + y) + z
A3 x+ x � x
A4 (x+ y)z � xz + yz
A5 x(yz) � (xy)z
A6 x+ � � x
A7 �x � �

Cond1 x�>� y � x
Cond2 x�?� y � y
Cond3 x� b� y � x� b� � + y � :b� �
Cond4 (x� b1 � �)� b2 � � � x� b1 ^ b2 � �
Cond5 (x� b1 � �) + (x� b2 � �) � x� b1 _ b2 � �
Cond6 (x� b� �)y � xy � b� �
Cond7 (x+ y)� b� � � x� b� � + y � b� �

Sum1
P

x:s y � y
Sum3

P
� p[x := �] �

P
� p[x := �] + p

Sum4
P

x:s(p+ q) �
P

x:s p+
P

x:s q
Sum5 (

P
x:s p)y �

P
x:s py

Sum12 (
P

x:s p)� b� � �
P

x:s p� b� �

Table 2: The axioms of �� for a given pCRL-signature �; the Sum-axioms are schemes ranging over
p; q 2 T(p); the symbols x; y; b; b1; b2 are variables. (We have kept our numbering consistent with
Groote and Ponse (1994a); in their setting Sum2 de�nes �-conversion.)

Let � be a pCRL-signature, then the pCRL-theory �� for � consists of the axioms depicted in Table 2
and the axioms for boolean algebras depicted in Table 3. A �-algebra A is called a pCRL-algebra if
A j= �� .
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B1 x ^ y � y ^ x x _ y � y _ x
B2 x ^ (y ^ z) � (x ^ y) ^ z x _ (y _ z) � (x _ y) _ z
B3 x ^ x � x x _ x � x
B4 x ^ (x _ y) � x x _ (x ^ y) � x
B5 (x ^ y) _ (x ^ z) � x ^ (y _ z) (x _ y) ^ (x _ z) � x _ (y ^ z)
B6 x ^ ? � ? x _> � >
B7 x ^ :x � ? x _ :x � >

Table 3: The axioms for boolean algebras.

Proposition 3.1 The following equalities are derivable from ��

i. x� b� x � x;

ii.
P

�x1:�s1

P
�x2:�s2

p �
P

�x2:�s2

P
�x1:�s1

p.

Proof.

i. We derive

x� b� x � x� b� � + x� :b� � (Cond3)

� x� b _ :b� � (Cond5)

� x: (B7;Cond1)

ii. By Sum3 we have (�)
P

�x1�x2:�s1�s2
p � (

P
�x1�x2:�s1�s2

p) + p, whence

P
�x1�x2:�s1�s2

p �
P

�x2�x1:�s2�s1

P
�x1�x2:�s1�s2

p (Sum1)

�
P

�x1�x2:�s1�s2
p+
P

�x2�x1:�s2�s1
p (�;Sum4;Sum1)

�
P

�x2�x1:�s2�s1
p+
P

�x1�x2:�s1�s2
p (A1)

�
P

�x2�x1:�s2�s1
p. �

Definition 3.2 Let � be a pCRL-signature and X a family of free variables for �. Let A be the set
of action terms over � in X, B the set of boolean terms over � in X. We inductively de�ne the set
B� [X] of �-basic terms in X as follows:

1. � 2 B� [X], and
P

�x:�s a� b� � 2 B� [X], for a 2 A and b 2 B;

2. if p 2 B� [X], then
P

�x:�s a � p� b� � 2 B� [X], for a 2 A and b 2 B; and

3. if p; q 2 B� [X], then p+ q 2 B� [X].

Lemma 3.3 (Basic Term Lemma) For every p-ground process term p there exists a basic term
q 2 B� [X] such that �� ` p � q:

Proof. Straightforward by induction on the number of symbols in p. �

For B� [X] a set of basic terms, let B�
� [X] = B� [X] [ f�g, where � acts as a unit for �. That is, we

assume p � � = � � p = p: We call a basic term simple if it is of the formP
�x:�s a � p� b� �;

with p 2 B�
� [X]. Note that if we de�ne � =

P
i2; pi, then every basic term is of the form

X
i2I

pi; pi a simple basic term for all i 2 I (I �nite).
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a
a
��! � for all a 2 A

p
a
��! p0

p ��� q
a
��! p0 ��� q

p
a
��! �

p ��� q
a
��! q

a 2 A and p;p0;q 2 P

p
a
��! qPPP
P0

a
��! q

a 2 A, p 2 P0 � P and q 2 (P [ f�g)

Table 4: The transition system speci�cation for P.

4. The Strong Bisimulation Algebra

For the rest of this paper we �x a data signature � and a �-algebra D such that D��b
is the

two-element boolean algebra; we denote D(>) by >>> and D(?) by ???. Also, we �x a set of action
declarations A for � and denote by � the pCRL-signature for � and A.
We shall construct an algebra of processes P and de�ne a congruence $ on this algebra. The

quotient P=$ will turn out to be a pCRL-algebra that we shall call the strong bisimulation algebra

for D and A.

Processes First, de�ne a set A of atomic actions by

A = fahd1; : : : ; dni j a:s1 � � � sn 2 A and di 2 D(si) for 1 � i � n g.

The set P =
S

n2! P
n of processes is obtained by the following recursion

P0 = A [ f�g
Pn+1 = Pn [ fp ��� q;

PPP
P0 j p;q 2 Pn; ; 6= P0 � Png;

we shall write p+++ q for
PPP
fp;qg.

Let P be the �-algebra such that P�� = D, P(p) = P and operations de�ned by

P(a)(d1; : : : ; dn) = ahd1; : : : ; dni for each a:s1 � � � sn 2 �;
P(�) = �;
P(+)(p;q) = p+++ q;
P(�)(p;q) = p ��� q;

P( � � )(p;b;q) =

�
p if b =>>>;
q if b =???; and

P(
P
)(P0) =

PPP
P0 for each ; 6= P0 � P.

Operational Semantics and Bisimulation The rules in Table 4 de�ne a transition relation

��! � P �A � (P [ f�g) on P.
For convenience of notation we de�ne P� = P [ f�g and, for any binary relation R on P, R� =

R [ fh�; �ig. Also, we shall tacitly assume that p ranges over P and p0 ranges over P� in p
a
��! p0.

Definition 4.1 (Bisimulation) A binary relation R � P �P is called a bisimulation relation if it
is symmetric and R� satis�es

if hp;qi 2 R and p
a
��! p0, then there exists q0 2 P� such that q

a
��! q0 and hp0;q0i 2 R�.
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Lemma 4.2 If hRi j i 2 Ii is a family of bisimulation relations, then R =
S
fRi j i 2 Ig is a

bisimulation relation as well.

Proof. If hp;qi 2 R and p
a
��! p0, then hp;qi 2 Ri for some i 2 I , so there exists q0 such that

q
a
��! q0 and hp0;q0i 2 R�

i , whence hp
0;q0i 2 R�. �

If p;q 2 P and there is a bisimulation relation that contains the pair hp;qi, then p and q are called
bisimilar (notation: p$ q).

Lemma 4.3 The family $ = h�sj s 2 Si with �p=$ and �s= id(P(s)) for s 6= p is a congruence on
P.

Proof. It is trivial that, for s 6= p, the relation �s is an equivalence relation on P(s) and that it
has the substitution property for all operations.
The identity relation on P is a bisimulation relation that contains hp;pi; any bisimulation relation
that contains hp;qi also contains hq;pi by de�nition; and if R1 and R2 are bisimulation relations
containing hp;qi and hq; ri, respectively, then R1 � R2 [ R2 � R1 is a bisimulation relation that
contains hp; ri. So $ is an equivalence relation on P.
Clearly, $ also has the substitution property for the function declarations in � and A. Since all
pCRL-operations are de�ned from ��� and

P
, it remains to show that these operations have the

substitution property.
If hp1;q1i 2 R1 and hp2;q2i 2 R2, with R1;R2 bisimulation relations, then the relation

R = fhp ��� q1;q ��� q2i; hp ��� q1;q ��� q2i j hp;qi 2 R1g [ R2

is a bisimulation relation; so if p1 $ p2 and q1 $ q2, then p1 ��� q1 $ p2 ��� q2.
If ; 6= P0;P00 � P and P0=$ = P00=$, then for all p 2 P0 there exists q 2 P00 and a bisimulation
Rp that contains hp;qi and for all q 2 P00 there exists p 2 P0 and a bisimulation Rq that contains
hq;pi. Then, using Lemma 4.2, it is easy to verify that also the relation

fh
PPP
P0;
PPP
P00i; h

PPP
P00;
PPP
P0ig [

[
fRp j p 2 P0g [

[
fRq j q 2 P00g

is a bisimulation relation.
We conclude that $ is a congruence on P. �

Lemma 4.4 The algebra P=$ satis�es �� .

Proof. As in the proof of the previous lemma we should �nd suitable bisimulation relations that
witness the validity of the axioms in �� . We omit the straightforward, but lengthy veri�cation. �

Thus, the algebra P=$ is a pCRL-algebra and we call it the strong bisimulation algebra for D and A.
Let p;q 2 P. We say that q simulates p if there exists a bisimulation relation R that satis�es: if

p
a
��! p0, then there exists q0 2 P� such that q

a
��! q0 and hp0;q0i 2 R�; we call R a simulation of p

by q.

Proposition 4.5 If p;q 2 P, then q simulates p i� q$ q+++ p.

Proof. If R is a simulation of p by q, then

R[ fhq;q+++ pi; hq+++ p;qig [ id(P)

is a bisimulation witnessing q$ q+++ p.
For the converse note that any bisimulation relation containing hq;q+++ pi is a simulation of p by q
as well. �
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5. Strong bisimulation and �rst-order logic

Let X be a family of variables for �. The set F�[X] of �rst-order �-formulae is the smallest set that
contains the �-equations and is closed under the connectives :, ^, and 8 of �rst-order logic (_, !
and 9 are de�ned from these in the usual way). If ' 2 F�[X], then we shall denote by FV(') the
set of free variables occurring in ', where it is understood that 8 and 9 are binders (i.e. the variable
x 2 Xs does not occur free in (8x:s)' and (9x:s'). A formula ' is called closed if FV(') = ;.
For �-algebras D and valuations � of X in D, satisfaction of �rst-order �-formulae is recursively

de�ned from satisfaction of �-equations in the following manner:

1. D; � j= :' if, and only if, not D; � j= ',

2. D; � j= ' ^  if, and only if, both D; � j= ' and D; � j=  ,

3. D; � j= (8x:s)' if, and only if, D; �[x:=a] j= ' for every a 2 D(s).

If D; � j= ', then we say that � satis�es ' in D; if D; � j= ' for all valuations � of X in D, then we
say that D satis�es ' (we write D j= ').
We shall now show that equations between p-ground process terms are logically equivalent with

�rst-order �-formulas.

Theorem 5.1 If Xs is in�nite for all sorts s 2 �, then for any p-ground process terms p and q there
exists a �rst-order �-formula ' such that D; � j= ' i� P=$; � j= p � q, for all valuations � of X in
D.

Proof. By Lemmas 3.3 and 4.4 we may assume without loss of generality that p and q are basic
terms, i.e. let I and J be disjoint �nite sets such that

p =
X
i2I

pi; q =
X
j2J

qj ; with pi and qj simple.

We shall prove the theorem by strong induction on the sum of the complexities jpj and jqj of p and
q respectively, de�ned as the maximal nesting of �, with j�j = 0 and jaj = 1 for all action terms a.
If jpj+ jqj = 0, then p = q = �, so ��(p) = ��(q) for all valuations � of X in D, and we can take for
' the formula (> � >) (or any other tautology).
Suppose jpj > 0, jqj = 0 and pi =

P
�xi:�si

aip
0
i � bi � �.

Since q = �, ��(p) = ��(q) if, and only if ��(p) = �, i.e. if, and only if, ��[�xi:= �di]
(bi) =??? for all �di and

for all i 2 I . Hence de�ne

' =
^
i2I

((8�xi:�si):(bi � >))

By symmetry, the case where jpj = 0 and jqj > 0 follows, so only the case where jpj; jqj > 0 remains;
let qj =

P
�xj :�sj

ajq
0
j � bj � �.

First, we consider action terms ai = ai(t
i
1; : : : ; t

i
ni
) and aj = aj(t

j
1; : : : ; t

j
nj
). Notice that, for any

valuation �, ��(ai) = ��(aj) i� ai = aj and ��(tik) = ��(tjk) for all 1 � k � ni = nj . Hence, the
equation ai � aj is logically equivalent to a �rst-order �-formula:

ai � aj $

�
:(> � >) if ai 6= aj

(ti1 � tj1) ^ � � � ^ (tini � tjnj ) otherwise
(5.1)

It now su�ces to �nd formulae 'i such that D; � j= 'i i� ��(q) simulates ��(pi), for any valuation
�; for, a symmetric argument yields formulae 'j such that 'j i� ��(p) simulates ��(qj) and we can
de�ne ' = (

V
i2I 'i) ^ (

V
j2J 'j).
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By the induction hypothesis we �nd formulae 'ij such that D; � j= 'ij i� P=$; � j= p0i � q0j , for
any valuation � of X in D (we put 'ij = (> � >) if p0i; q

0
j = � and 'ij = :(> � >) if one of p0i; q

0
j

equals � but not both). We de�ne

'i = (8�xi:�si)((bi � >)!
_
j2J

(9�xj :�sj)((bj � >) ^ (ai � aj) ^ 'ij)),

and prove that D; � j= 'i i� ��(q) simulates ��(pi).

()) Suppose ��(pi)
a
��! p. Then there exists a sequence �di of elements of D such that

��[�xi:= �di]
(ai) = a; ��[�xi:= �di]

(p0i) = p; and ��[�xi:= �di]
(bi) =>>>.

Hence there exists a j 2 J and a sequence �dj such that

��[�xj := �dj ]
(bj) =>>>; ��[�xj := �dj ]

(aj) = a; and ��[�xj := �dj ]
(q0j) = p.

Thus ��(q)
a
��! p and we conclude that ��(q) simulates ��(pi).

(() Fix arbitrary an arbitrary sequence �di of elements of D, and assume ��[�xi:= �di]
(bi) = >>>. Then

��(pi)
a
��! p, with a = ��[�xi:= �di]

(ai) and p = ��[�xi:= �di]
(p0i), so ��(q)

a
��! p. Hence, there exists a

sequence �dj of elements of D such that

��[�xj := �dj ]
(bj) =>>>; ��[�xj := �dj ]

(aj) = a; and ��[�xj := �dj ]
(q0j) = p.

Hence D; � j= 'i, and the theorem follows. �

We now consider a restricted form of alternative quanti�cation.

Definition 5.2 (input prefix terms) An input pre�x term is a basic term of the form

X
i2I

P
�xi:�si

ai(�xi)pi � bi � � +
X
j2J

aj(�tj)pj � bj � �

with ai:�si and aj :�sj action declarations, �tj a sequence of terms, �xi a sequence of variables, and pi; pj
input pre�x terms, for each i 2 I , j 2 J .
We shall say that an input pre�x term is unconditional if �xi 6= � implies bi = > and recursively all

the pi; pj are unconditional, for all i 2 I and j 2 J .

Let � be the pCRL-signature D and A. The set of input pre�x terms is not closed under the
operations, but it generates (together with X) a subalgebra I� [X] � T� [X] that we shall call it
the algebra of input pre�x terms. Similarly we obtain the algebra of unconditional input pre�x terms

U� [X] � T� [X] as the subalgebra generated by the set of unconditional input pre�x terms. Notice
that U� [X] is also a subalgebra of I� [X].

Lemma 5.3 For every p-ground process term p 2 I� [X] (p 2 U� [X]) there exists an (unconditional)
input pre�x term q such that �� ` p � q.

Proof. Routine by structural induction on p. �

If alternative quanti�cation is replaced by the input pre�x mechanism, as is done in Parrow and
Sangiorgi (1995); Hennessy and Lin (1996), then we obtain a considerably sharpened version of The-
orem 5.1.

Corollary 5.4 If Xs is in�nite for all s 2 �, then for any p-ground input pre�x terms p and q there
exists a universal �rst-order �-formula ' such that D; � j= ' i� P=$; � j= p � q, for all valuations
� of X in D.
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Proof. We need to show that the existential quanti�ers occurring in the 'i of the proof of Theo-
rem 5.1 are redundant.
So suppose

pi =
X
i2I

P
�xi:�si

ai(�ti)p
0
i � bi � �; where �xi = � or �xi = �ti,

and for all j 2 J

qj =
X
j2J

P
�xj :�sj

aj(�tj)q
0
j � bj � �; where �xj = � or �xj = �tj .

De�ning Ji = fj 2 J j ai = ajg, we �nd by (5.1) from the proof of Theorem 5.1 and some standard
logical reasoning that 'i is equivalent to the formula

(8�xi:�si)(bi !
_
j2Ji

(9�xj :�sj)((bj � >) ^ (�tj � �xi) ^ 'ij)).

The existential quanti�ers can be eliminated recursively from this formula by applying a consequence
of the Equality Theorem (cf. Shoen�eld (1967)):

(9x:s)((x � t) ^ ')$ '[x := t] provided that x 62 FV(t).

Since all other formulae occurring in the proof of Theorem 5.1 are universal, this completes the
proof of the corollary. �

Arithmetical classi�cation for computable data

We shall call a formula open if it does not contain occurrences of quanti�ers (9,8). A formula ' is in
prenex-form if ' = (Qx1:s1) : : : (Qxn:sn) , where each (Qxi:si) is either (9xi:si) or (8xi:si), x1; : : : ; xn
are all distinct, and  is an open formula; the sequence (Qx1:s1) : : : (Qxn:sn) is called the pre�x of
'. The number of alternations of a pre�x is the number of pairs of adjacent but unlike quanti�ers.
A �n-pre�x is a pre�x that begins with an existential quanti�er (9) and has n � 1 alternations; a
�n-pre�x is a pre�x that begins with a universal quanti�er (8) and has n�1 alternations (for instance,
the prenex-form (8x1:s1)(9x2:s2)(9x3:s3)(8x4:s4)', with ' open, has a �3-pre�x).
We denote by �0

n(�) (�
0
n(�)) the set of �rst-order �-formulas that are logically equivalent to a

prenex-form with a �n-pre�x (�n-pre�x). We may always add \dummy" quanti�ers in front of a
prenex-form, so

(�0
n(�) [ �0

n(�)) � (�0
n+1(�) \ �0

n+1(�)).

Any �rst-order �-formula has a logically equivalent prenex-form (cf. Shoen�eld (1967)), so for every
�-formula ' there exists an n such that ' 2 �0

n(�) [ �0
n(�).

Let us call a �rst-order �-formula ' bisimulation expressible if there exist p-ground process terms
p and q such that D; � j= ' i� P=$; � j= p � q, for every valuation � of X in D. We shall now see
that for certain data algebras any formula in �0

4(�) is bisimulation expressible.

Proposition 5.5 (9-introduction) If ' is bisimulation expressible by p-ground process terms p'
and q', f�xg \ FV(q') = ; and A 6= ;, then (9�x:�s)' is bisimulation expressible.

Proof. We de�ne p-ground process terms �9 and �9 by

�9 =
P

�x:�s ap' �9 = aq' + �9 (a an action term, f�xg \ FV(a) = ;.)
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By Proposition 4.5 it is immediate that ��(�9) simulates ��(�9), for every valuation � of X in D,
so it su�ces to show that D; � j= (9�x:�s)' i� ��(�9) simulates ��(aq'). So we consider the single
transition ��(aq')

a
��! ��(q') of ��(aq'). Using that f�xg \ FV(aq') = ; we �nd that

��(q') = ��[�x:= �d](q') and ��(�9)
a
��! ��[�x:= �d](p'); for any sequence �d 2 D(�s).

IfD; � j= (9�x:�s)', then ��(�9) simulates ��(aq'), for there exists a sequence �d such that ��[�x:= �d](p') =
��[�x:= �d](q') = ��(q'); and conversely, if D; � 6j= (9�x:�s)', then there exists no such sequence, whence
��(�9) does not simulate ��(aq'). �

Proposition 5.6 (8-introduction) If ' is bisimulation expressible by p-ground process terms p'
and q' and A contains an action declaration a:s, then (8x:s)' is bisimulation expressible.

Proof. We de�ne p-ground process terms �8 and �8 by

�8 =
P

x:s a(x)p' �8 =
P

x:s a(x)q'.

Fix an arbitrary valuation � of X in D and let a(d), for any d 2 D(s), refer to ��[x:=d](a(x)). Then
��(�8) and ��(�8) have the following transitions:

��(�8)
a(d)
���! ��[x:=d](p') ��(�8)

a(d)
���! ��[x:=d](q') for every d 2 D(s).

Clearly, ��(�8) = ��(�8) i� ��[x:=d](p') = ��[x:=d](q') for every d 2 D(s); so P=$ j= �8 � �8 i�
D; � j= (8x:s)'. �

Corollary 5.7 If ' is bisimulation expressible by p-ground process terms p' and q', f�x2g \
FV(q') = ; and A contains an action declaration as:s for every s 2 f�s2g, then

(8�x1:�s1)(9�x2:�s2)(8�x3:�s3)'

is bisimulation expressible.

Proof. By a sequence of applications of Proposition 5.6 we obtain p-ground process terms �8 and
�8 that express (8�x3:�s3)'. Notice that if f�x2g \ FV(q') = ;, then f�x2g \ FV(�8) = ;, so we may
apply Proposition 5.5 to show that (9�x2:�s2)(8�x3:�s3)' is bisimulation expressible. Another sequence
of applications of Proposition 5.6 completes the proof. �

If � contains an equality function for every sort s 2 �, i.e. a function declaration [ =s ]: ss! b,
then � is a many-sorted �rst-order language; the function declarations with target sort b being the
predicate symbols. The following de�nition is somewhat more liberal: we allow the equality function
to be a binary term operation (a term with precisely two free variables).

Definition 5.8 (Built-in Equality) A �-algebra D has built-in equality for sort s i� there exists
a boolean �-term [x =s y] in variables x and y of sort s such that for all valuations � of X in D:

��([x =s y]) =

�
>>> if �(x) = �(y)
??? otherwise

A data algebra has built-in equality if it has built-in equality for all its sorts.

Note that any two-element boolean algebra has built-in equality: we set

[x =b y] = x$ y.

If �x = x1 � � �xn, �y = y1 � � � yn and xi; yi 2 Xsi for 1 � i � n and D has built-in equality for
s1; : : : ; sn, then we use [�x = �y] as a shorthand for [x1 =s1 y1] ^ � � � ^ [xn =sn yn]. If D has built-in
equality for every sort s 2 � occurring in the least signature containing A, then we shall say that D
has built-in equality for A.
If D has built-in equality, then any open formula ' can be translated to a boolean term 'b such

that '$ ('b � >), simply by replacing every equation t � t0 by [t = t0].
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Proposition 5.9 If ' is an open formula, then there exists a boolean term 'b such that D; � j= '
i� D; � j= 'b � >, for any valuation � of X in D.

If D has built-in equality, then any universal �-formula is bisimulation expressible by means of
p-ground input pre�x terms.

Corollary 5.10 If D has built-in equality and A contains for every sort s 2 � an action declaration
as:s, then any formula in �0

1(�) is bisimulation expressible by means of input pre�x terms.

Proof. Let ' be any open �-formula, and let a be some action term not containing variables
(e.g., ab(>)). Clearly, P=$; � j= a� 'b � � � a i� D; � j= '. Any number of applications of
Proposition 5.6 to these terms obviously yield input pre�x terms. �

Theorem 5.11 If D has built-in equality and A contains for every sort s 2 � an action declaration
as:s, then any formula in �0

4(�) is bisimulation expressible.

Proof. By Corollary 5.7 it su�ces to show that for any �rst-order �-formula of the form (9�x:�s)',
with ' open, there exist p-ground process terms p and q such that FV(q) = ; and D; � j= ' i�
P=$; � j= p � q, for every valuation � of X in D.
Let 'b be a boolean term such that ' $ ('b � >), the existence of which follows from Proposi-
tion 5.9. We de�ne p and q by

p =
P

�x:�s a� '
b
� � q = a;

where a an action term not containing variables. The veri�cation that, indeed, ��(p) $ ��(q) i�
D; � j= ', is trivial. �

If D is a computable algebra (see Bergstra and Tucker (1995) for a de�nition), then every open �-
formula de�nes a recursive relation on the natural numbers. Thus Theorem 5.1 states the relation $

on the set of �nite processes (those elements of P that are interpretations of ground process terms) is
in the Arithmetical Hierarchy, it can be de�ned from a recursive relation by means of a �nite sequence
of complementation and projection operations (cf. Rogers, Jr. (1992)). Moreover, on the set of input
pre�x processes (those elements of P that are interpretations of ground input pre�x terms) strong
bisimulation is in �0

1, by Corollary 5.4.
Now, let D consist of a two-element boolean algebra, the �eld hZ;+;�; 0; 1i of integers and a built-

in equality function [ = ]:Z2 ! b; D is a computable algebra (cf. Stoltenberg-Hansen and Tucker
(1995)). It was shown by Matijasevi�c (1970) that for every i 2 ! there exists j 2 ! and a polynomial
Ui with integer coe�cients such that

hx; y1; : : : ; yii 2 Wn i� (9yi+1 : : : yj)(Ui(n; x; y1; : : : ; yj) � 0),

whereW0;W1; : : : is the list of all (i+2)-ary recursive enumerable relations (Matijasevi�c and Robinson
(1975) proved that, in fact, one can choose j � i+ 13).
Hence, by Kleene's Enumeration Theorem (cf. Rogers, Jr. (1992)), the binary predicates Ei, de�ned

by

Ei(x; n)$

�
(8y1)(9y2) : : : (8yi : : : yj):(Ui(n; x; y1; : : : ; yj) � 0) if i is odd
(8y1)(9y2) : : : (9yi : : : yj)(Ui(n; x; y1; : : : ; yj) � 0) if i is even

are complete in �0
i .

Thus we get the following theorem by applications of Corollary 5.10 and Theorem 5.11, respectively.

Theorem 5.12 For the class of strong bisimulation algebras with a computable data algebra:

i. equality on the set of input pre�x processes is complete in �0
1; and

ii. equality on the set of �nite processes is �0
4-hard.
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Remark 5.13 Observe that the formula Ui(n; x; y1; : : : ; yj) � 0 can also be expressed by

a(Ui(n; x; y1; : : : ; yj))$ a(0):

So even if equality is not present in the data algebras, Corollary 5.7 can still be employed to show
that equality on the set of interpretations of ground process terms is �0

2-hard.

We have not been able to settle the following question:

Question 5.1 Is equality on �nite processes complete in �0
4?

6. Relative Completeness

Theorem 5.12 indicates that there exist strong bisimulation algebras with a computable data algebra
that have no ground complete axiomatisation. In this section we shall identify a subclass of computable
data algebras such that each strong bisimulation algebra over any member of this subclass has a
complete axiomatisation. Membership of this subclass is determined by the properties of having
built-in equality, and allowing the elimination of quanti�ers in the following sense:

Definition 6.1 (Built-in Skolem Functions) A data algebra D has built-in Skolem functions if
for every �-formula ' with FV(') = fx; y1; : : : ; yng there exists a term t' = t'(y1; : : : ; yn) such that

D j= (9x:s)' implies D j= '(t'(y1; : : : ; yn); y1; : : : ; yn).

If D is a computable algebra, then the set ClEqTh(D) of variable-free identities that hold in D is
decidable. Moreover, if D has built-in Skolem functions and Xs is nonempty, then T�[X]s contains
a variable-free term (take for instance the \Skolem function" for the tautology (9x:s)(x � x)), for
every sort s 2 �. Thus if D is a computable algebra with built-in equality and Skolem functions, then
EqTh(D) is decidable: if t = t(�x) and t0 = t0(�x), then

t � t0 $ :(9�x:�s):(t � t0)$ :(9�x:�s)([t = t0] � ?),

and the existential formulas can be eliminated by substituting Skolem functions; this will yield variable-
free terms u and u0 such that t � t0 2 EqTh(D) i� [u = u0] � > 2 ClEqTh(D).
The axiomatisation that we shall prove to be complete consists of a recursive (but in�nite) set

of identities between process terms and the recursive set EqTh(D) of �-equations that are valid in
D (Bergstra and Heering (1994) show that such data algebras possess a �nite !-complete algebraic
speci�cation if hidden sorts and functions are allowed).
It is immediate by the proof of Theorem 5.1 that for any two process terms p and q we can �nd a

�rst-order �-formula ' such that D; � j= ' i� ��(q) simulates ��(p). If D has built-in Skolem functions,
then we can eliminate all quanti�ers from '; so the following proposition is an immediate consequence
of Proposition 5.9.

Proposition 6.2 If D has built-in equality and Skolem functions, then there exists a boolean term
b such that ��(b) =>>> i� ��(q) simulates ��(p), for all valuations � of X in P=$.

We call such a boolean term a simulator for p by q.
Let us abbreviate �� [ EqTh(D) by ��(D).

Lemma 6.3 (Split Lemma) If D has built-in equality and Skolem functions and Xs is in�nite for
all sorts s 2 �, then for all bisimilar p-ground basic terms p; q 2 T� [X](p) there exist a �nite set K
and simple basic terms pk and qk such that for each k 2 K

�� [ EqTh(D) `
X
k2K

pk � p; �� [ EqTh(D) `
X
k2K

qk � q; and pk $ qk.
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Proof. Since p and q are basic terms there exist �nite disjoint sets I and J such that

p =
X
i2I

pi; q =
X
j2J

qj ; and pi, qj simple.

Let pi =
P

�xi:�si
aip

0
i � bi � � and let bpij be a simulator for aip

0
i � bi � � by qj . De�ne pij =P

�xi:�si
aip

0
i � bi ^ b

p
ij � �.

Claim: ��(D) `
P

j2J pij � pi.

Since p$ q, for any valuation � there exists j 2 J such that ��(qj) simulates ��(aip
0
i � bi � �).

Hence �(D) `
W
fbpij j j 2 Jg � >, so by Cond5 and some straightforward applications of the

axioms for the booleans we deriveX
j2J

aip
0
i � bi ^ b

p
ij � � � aip

0
i � bi ^

W
fbpij j j 2 Jg� �

� aip
0
i � bi ^ >� �

� aip
0
i � bi � �

and by Sum4

X
j2J

P
�xi:�si

aip
0
i � bi ^ b

p
ij � � �

P
�xi:�si

0
@X

j2J

aip
0
i � bi ^ b

p
ij � �

1
A

�
P

�xi:�si
aip

0
i � bi � �.

By a symmetric argument we �nd simulators bqij and simple basic terms

qij =
P

�xj :�sj
ajq

0
j � bj ^ b

q
ij � �

such that ��(D) `
P

j2J qij � qj .
It remains to show that pij $ qij . Since Xs is in�nite for all sorts s 2 �, we may assume without
losing generality that for all i 2 I and j 2 J

f�xig \ f�xjg = ; f�xig \ FV(qij) = f�xjg \ FV(pij) = ;.

Let � be any valuation such that ��(pij)
a
��!p0; there exist �di such that ��[�xi:= �di]

(bpij) =>>>, so we �nd

��(qj)
a
��!q0 and p0 $ q0 or p0 = q0 = �. Hence there exist �dj such that ��[�xj := �dj ]

(ajq
0
j� bj ��)

a
��!q0.

Moreover, ��(pi)
a
��! p0, whence ��[�xj := �dj ]

(pi)
a
��! p0. So ��[�xj := �dj ]

(bqij) = >>>, and ��(qij)
a
��! q0. We

conclude that ��(qij) simulates ��(pij) for all valuations �.
Conversely, by interchanging p and q in the preceding argument ��(pij) simulates ��(qij) for all
valuations �, so pij $ qij . �

If a:s1 � � � sn is an action declaration, b is a boolean term, and ti, t
0
i are data terms of sort si such

that ��(b) =>>> ) ��(ti) = ��(t0i) for all valuations �, then

a(t1; : : : ; tn)� b� � $ a(t01; : : : ; t
0
n)� b� �,

so to be able to prove equalities between process terms that originate from conditional equalities
between data terms, we need to axiomatise this interplay between data and processes. To this end,
we assume that D has built-in equality for A and de�ne for every a:�s 2 A an axiom

(AEa) a(�x)� [�x = �y]� � � a(�y)� [�x = �y]� �.

If the boolean algebra of D has two elements, then conditionals distribute over ��� :

(SCA) (xy � b� �) � (x� b� �)(y � b� �).

We call this axiom the Static Condition Axiom, because it distinguishes our notion of strong bisimu-
lation from the notion of bisimulation that occurs in, e.g., Bergstra and Ponse (1997), where for each
conditional all valuations of the free variables are taken into account.
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Lemma 6.4 The algebra P=$ satis�es ��(D)+AE+SCA.

Proof. By Lemma 4.4 it su�ces to prove that P=$ j= SCA and P=$ j= AEa for all a:s1 � � � sn 2
A.
For the �rst part notice that if (p ��� q� b��)

a
��!p0, then b =>>>, so q� b�� $ q. For the second

part notice that if D([ =si ])(di; d
0
i) =>>> for all 1 � i � n, then ahd1; : : : ; dni = ahd01; : : : ; d

0
ni. �

Built-in Skolem functions can be used to eliminate redundant occurrences of
P
.

Proposition 6.5 Suppose D has built-in Skolem functions. If b = b(�x; �y) is a boolean term such
that D j= (9�x:�s)b � > and p is a process term such that f�xg \ FV(p) = ;, then

��(D) j=
P

x:s p� b� � � p.

Proof. Since D has built-in Skolem functions, we get by induction on the length of �x a sequence
of �-terms �tb = �tb(�y) such that

D j= (9�x:�s)b � > implies D j= b(�tb(�y); �y) � >,

so Cond1 yields p� b(�tb(�y); �y)� � � p, and, by Sum3P
�x:�s p� b� � �

P
�x:�s p� b� � + p� b(�tb(�y); �y)� �

�
P

�x:�s p� b� � + p:
(6.1)

On the other hand, by means of Cond1, B7, Cond5, A2, and A3 we can derive

p � p� b(�x; �y)� � + p,

so with Sum1, Sum4, and Sum1 we �nd

p �
P

�x:�s p �
P

�x:�s(p� b� � + p) �
P

�x:�s p� b� � +
P

�x:�s p �
P

�x:�s p� b� � + p: (6.2)

So we get

P
�x:�s p� b� �

(6:1)
�
P

�x:�s p� b� � + p
(6:2)
� p. �

Theorem 6.6 If D has built-in equality and Skolem functions and Xs is in�nite for all s 2 �, then
P=$ j= p � q i� ��(D)+AE+SCA ` p � q, for all p-ground process terms p and q.

Proof. The implication from right to left follows from Lemma 6.4; we prove the implication from
left to right by strong induction on the sum of the complexities jpj and jqj of p and q respectively,
de�ned as the maximal nesting of � with j�j = 0 and jaj = 1 for all action terms a.
By Lemma 6.3 it su�ces to prove the theorem for simple basic terms; let

p =
P

�x1:�s1
a1p1 � b1 � � and q =

P
�x2:�s2

a2p2 � b2 � �.

If ��(b1); ��(b2) =??? for all valuations �, then b1; b2 � ? and by Cond2 and Sum1 we �nd p; q � �.
The remaining case is that b1; b2 6� ?. Then a1 and a2 must agree on their leading action declaration,
i.e. let a1 = a(�t1) and a2 = a(�t2) for some a:s1 � � � sn 2 A.
De�ne b = b12 ^ b21, where b12 is a simulator for a1p1 by a2p2 and b21 a simulator for a2p2 by a1p1;
we shall �rst prove

��(D)+AE+SCA ` a1p1 � b� � � a2p2 � b� � (6.3)

For all valuations �, ��(b) =>>> implies ��(a(�t1)) = ��(a(�t2)), so b ^ [�t1 = �t2] � b and

a1 � b� � � (a1 � [�t1 = �t2]� �)� b� � (Cond4)

� (a2 � [�t1 = �t2]� �)� b� � (instance of AEa) (6.4)

� a2 � b� � (Cond4).
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If p1; p2 = �, then (6.3) trivially follows; otherwise p1; p2 6= �, so the induction hypothesis yields

��(D)+AE+SCA ` p1 � b� � � p2 � b� �. (6.5)

and we can derive (6.3):

a1p1 � b� � � (a1 � b� �)(p1 � b� �) (SCA)

� (a2 � b� �)(p2 � b� �) (6.4), (6.5)

� a2p2 � b� � (SCA)

Observe that b1 ! (b2^b) is a simulator for a1p1� b1 �� by a2p2� b2 ��. Since
P

�x2:�s2
a2p2� b2 ��

simulates
P

�x1:�s1
a1p1 � b1 � �,

D j= 9�x2:�s2(b1 ! (b2 ^ b)),

so by Proposition 6.5, Cond4 and some straightforward applications of the axioms for booleans

a1p1 � b1 � � �
P

�x2:�s2
(a1p1 � b1 � �)� b1 ! (b2 ^ b)� �

�
P

�x2:�s2
a1p1 � b1 ^ b2 ^ b� �.

(6.6)

Moreover, if we interchange the subscripts in the preceding argument we get

P
�x1:�s1

a2p2 � b2 ^ b1 ^ b� � � a2p2 � b2 � �. (6.7)

We obtain ��(D)+AE+SCA ` p � q by the following derivation

p =
P

�x1:�s1
a1p1 � b1 � �

�
P

�x1:�s1

P
�x2:�s2

a1p1 � b1 ^ b2 ^ b� � (6.6)

�
P

�x1:�s1

P
�x2:�s2

a2p2 � b2 ^ b1 ^ b� � (Cond4), (6.3)

�
P

�x2:�s2

P
�x1:�s1

a2p2 � b2 ^ b1 ^ b� � (Prop. 3.1(ii))

�
P

�x2:�s2
a2p2 � b2 � � (6.7)

= q �

Hennessy and Lin (1996) consider the subclass of data algebras that have built-in equality and an
!-complete speci�cation, and give a complete proof system for their input pre�x mechanism on the
basis of these restrictions. We conclude this paper with an example showing that these restrictions
are not su�cient in the case of alternative quanti�cation.
Consider the single-sorted, �rst-order signature �t de�ned by

�t = ft; ":�! t; A: t! t; B: t! t; F :ttt! tg,

and let � consist of �b, �t and two binary function declarations [ =t ]: tt! b and [ �t ]: tt! b.
Let D be the �-algebra such that

1. D��b
is a two-element boolean algebra;

2. D��t
= T�t [;] (the algebra of ground �t-terms);

3. D([ =t ]) is the equality function on D(t); and

4. D([ �t ])(t; t0) =>>> if t is a subterm of t0 and ??? otherwise.
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Note that D has built-in equality. Venkataraman (1987) has shown that the existential fragment
of the �rst-order theory of ground term algebras with subterm predicate is decidable, so EqTh(D) is
decidable and may serve as an (in�nite) !-complete speci�cation of D.
On the other hand, Venkataraman (1987) gives an e�ective method for reducing any instance of

Post's correspondence problem over the alphabet fA;Bg to a �0
2(�)-formula. Since Post's correspon-

dence problem is complete in �0
1, we conclude that any problem in �0

2 can be e�ectively reduced
to a �0

3(�)-formula, which is bisimulation expressible by our Corollary 5.7 provided that the set of
action declarations A contains actions ab:b and at:t. Thus, equality on the set of �nite processes in
the strong bisimulation algebra over D and A is �0

2-hard, whence cannot posses a ground complete
axiomatisation.
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