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ABSTRACT

We define a class of process algebras with a generalised operation Y that allows explicit treatment of alterna-
tive quantification over data, and investigate the specific subclass formed by the algebras of finite processes
modulo strong bisimulation.

We prove that, in such algebras, equality between process terms is definable by means of a first-order data
formula, and that, if the data is computable and has a built-in equality predicate, any Hg data formula is
definable as an equation between ground process terms. From these results we work to the conclusion that
equality in strong bisimulation algebras with a computable data part is Hg—hard.

We also investigate a restricted version of alternative quantification: the input prefix mechanism of Parrow
and Sangiorgi (1995) and Hennessy and Lin (1996). We show that this restriction yields a less expressive
formalism if the data is computable and has a built-in equality predicate: equality between input prefix processes
coincides with the universal fragment of first-order logic for the data. That is, the input prefix mechanism gives
rise to strong bisimulation algebras for which equality is complete in m.

Finally, we give a ground complete axiomatisation for those strong bisimulation algebras of which the data
part has built-in equality and Skolem functions.
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1. Introduction

A process algebra is an algebra that contains a universe P and binary operations + and - on P
such that (P,+) is a semilattice, (P, - ) is a semigroup, and - distributes from the right over +. The
operation + is used to model alternative composition, a nondeterministic choice between its arguments,
and - stands for sequential composition, performing its second argument upon completion of its first.
A many-sorted process algebra that does not contain operations that take the sort of processes into
some other sort, is often called a process algebra with data; the data being the reduct one obtains by
removing the universe of processes and all operations involving this universe.

The algebras that we consider in this paper consist of a many-sorted algebra of data that contains
a boolean algebra and a process algebra that has, besides the usual process algebraic operations +
and -:



1. a constant d modelling unsuccesful termination (it is a unit for (P,+) and additionally satisfies
d-p =24 for all p € P);

2. operations a : Dy x --- x D,, - A that map an n-tuple (n = 0 is allowed) of data elements
injectively onto a special set A C P, the elements of which are called atomic actions;

3. a ternary operation p </ b > q that receives a boolean b and processes p and q and yields the
process that performs a choice between p and q, but one that depends on the evaluation of b;
the construction should be read “p if b, else q”.

4. a generalised (or: infinitary) operation Y : (Pow(P) — @) — P (where Pow(P) refers to the set
of all subsets of P), defined by P’ — Y P'.

Our major concern in this paper is with this latter operation: alternative quantification over data. We
have given it a universal algebraic definition in the same way as Rasiowa and Sikorski (1963) generalise
the binary joins (V) and meets (A) of boolean algebras to obtain existential (3) and universal (V)
quantification. In our signatures alternative quantification is present as an operation symbol that
binds a data variable. That is, we shall write > . p (p some process term and x a variable of data
sort s) to denote the (possibly infinite) expression

pl :=do] +plr = di] + plr :=do] + ...,

where dy,dy,ds, ... is an enumeration of the universe associated with data sort s.

Alternative quantification is a very useful feature, since it can be used to model the notion of input:
if r(n) refers to the atomic action of reading the natural number n, then ) r(z) can be used to
refer to the process that can read any natural number; it is a choice between reading 0, 1, 2, ... .

We shall investigate alternative quantification in a popular class of process algebras: the algebras
of transition systems modulo strong bisimulation. We shall prove that if one has alternative quantifi-
cation as a primitive, then strong bisimulation on the set of finite processes (transition systems that
are denoted by a process term) with computable data is in the Arithmetical Hierarchy and II9-hard:
for any two finite processes there exists a first-order data formula that holds iff they are bisimilar, and
conversely, for every I1$ data formula one can find a pair of finite processes that are strongly bisimilar
iff the formula holds for the data.

We shall also consider input prefizing. Roughly, a process term is an input prefix term if alternative
quantification only occurs in it in the form ) . -a(Z)-p <1 b> 4, i.e., quantification is always over the
data that defines the first atomic action following the operation ). It turns out that if one restricts
alternative quantification to input prefixing, then the expressivity of bisimulation coincides with the
universal fragment of first-order logic (I19): for any universal first-order data formula one can find
a pair of input prefix processes that are bisimilar if, and only if, the formula holds, and for any two
input prefix process terms there exists a universal first-order formula that holds if, and only if, they
are bisimilar.

Consequently, there exists no general complete axiomatisation of strong bisimulation, not even if we
restrict alternative quantification to input prefixing. We shall describe a general method to obtain a
ground complete axiomatisation of the strong bisimulation algebra from an w-complete axiomatisation
of the data, provided that it has a built-in equality predicate and Skolem functions.

This paper is organised as follows. We adapt the notion of algebra with generalised operations of
Rasiowa and Sikorski (1963) to a many-sorted setting and we extend equational logic with a rule for
generalised operations (§2). This enables us to provide the class of process algebras with alternative
quantification over data with a precise universal algebraic definition (§3). In §4 we single out specific
members of this class: the strong bisimulation algebras. In §5 we explore the connection between
equality in these algebras and first-order logic. In §6 we give a ground complete axiomatisation for
those strong bisimulation algebras of which the data part has built-in equality and Skolem functions.
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Related Work Milner (1989) used the generalised operation ) to provide the input prefix mech-
anism with a semantical basis. In the process specification language uCRL (Groote and Ponse, 1994b)
the operation appears also in the syntax. A pCRL-specification consists of a set of recursion equations
that defines a set of processes over an equationally specified abstract datatype. The syntax and se-
mantics of uCRL are based on the Algebra of Communicating Processes of Bergstra and Klop (1984),
but an abstract algebraic characterisation of alternative quantification such as we carry out in §2—4,
was still missing.

Ponse (1996) investigates the expressivity of a fragment of uCRL that includes conditionals and
recursion, but excludes alternative quantification. It is shown in his paper that in this case strong
bisimulation for computable data is complete in II9.

Groote and Ponse (1994a) devise a proof system for uCRL, based on natural deduction, and provide
a set of nonlogical axioms that are all valid in the strong bisimulation algebras (they do not have a
completeness result). To tie in with standard practice in universal algebra, we use a proof system that
is based on equational logic to which we add a replacement rule for binders; the nonequational axiom
scheme prqg— >, . . p~ >, . qof Groote and Ponse (1994a) figures in this paper as an instance of
this rule. Also, by our choice of the proof system, we do not incorporate the law of the excluded middle
(b= TVb= 1) and the axiom =(T = L), as Groote and Ponse do. Instead, we have added a number
of axioms that are derivable from these two and express the relations between boolean operations and
process algebraic operations (these are derivable in the system of Groote and Ponse (1994a)).

Hennessy and Lin (1995) consider process algebras that have input prefixing (or rather a restricted
version of it) as a primitive, instead of arbitrary alternative quantification. They define an early and
a late variant of strong bisimulation on symbolic representations of transition systems (the “early”
variant corresponds with our definition). Since strong bisimulation is complete in II? in these cir-
cumstances, one cannot attain a ground complete axiomatisation of it without extra assumptions.
Hennessy and Lin (1996) present a proof system for both variants that is complete if it is combined
with a complete proof system for the data. This presumed proof system for the data should allow
the derivation of propositions of the form b > s = ¢, with the interpretation that the identity s = ¢
holds for every valuation that satisfies the boolean expression b. Evidently, such a proof system only
exists if the data algebra has an w-complete algebraic specification. We end §6 with an example that
shows that their requirements are not sufficient to guarantee that strong bisimulation on the entire
set of finite processes (i.e., with alternative quantification as an operation) is semidecidable. Hence, a
stronger requirement (e.g., built-in Skolem functions) is necessary.

Parrow and Sangiorgi (1995) provide a complete set of algebraic laws for a class of name-passing
calculi (such as the w-calculus) that also contain the notion of input prefixing. Their language has
no facility for an explicit treatment of operations on names and equality on names is syntactical.
Therefore, if it is decidable whether two names are equal, then strong bisimulation is decidable as
well.

Acknowledgements We thank Alban Ponse and Piet Rodenburg for their careful reading of draft
versions of this paper and Jan Bergstra for many discussions on the subjects of this paper.

2. Generalised Algebra

We adapt the concept of algebras with generalised (or: infinitary) operations of Rasiowa and Sikorski
(1963) to a many-sorted setting.

Generalised Signatures We assume a class N of names that are not related in any set-theoretical
sense.

Let S be a subset of N. A function declaration over S is a triple F = (f, 5,s') such that f e A/, 5 a
finite sequence of elements of S, and s’ € S; we write F:5 — s’. A binder declaration over S is a pair



B = (b, s) such that b € A" and s € S; we write B:s. A (generalised) signature is a set © = SUFUB
with F a set of function declarations over S and B a set of binder declarations over S. The elements
of § are called sort symbols and X is called S-sorted.

If ¥ and X' are signatures and ¥ C X', then we call ¥ a subsignature of ¥’. A signature is first-order
if it does not contain binder declarations. We shall also speak of the first-order part of ¥, meaning
the largest subsignature of ¥ that does not contain any binder declarations.

Generalised Algebras Let X be an S-sorted generalised signature.
A Y-algebra is an assignment 2 of a nonempty set (s) to every s € S, an n-ary operation (or:
first-order operation)

AF) : A(s1) X -+ X A(sy,) — 2A(s")
to every (F:s1---8, — §') € ¥ and a generalised operation
A(B) : domp — 2(s), with domp C Pow(2(s))

to every (B:s) € X. The sets D € domp are called the admissible sets for B in 2(. If domp consists
of all nonempty subsets of 2(s) for all (B:s) € X, then 2 is said to be a complete generalised algebra.

If ¥/ is a subsignature of ¥, then the restriction Ay of 2 to ¥’ is called the X'-reduct of 2. If &'
happens to be the first-order part of X, then we also call A[y the first-order reduct of 2.

Let 2 and B be X-algebras. We call 2 a subalgebra of B (notation: A C B) if A(s) C B(s) for
all sorts s € X, A(F) = B(F)[(a(s,)x---x2(s,)) (the restriction of the operation B(F) to A(s1) x - -+ x
(sy)) for every function declaration (F:sy---s, = s') € ¥, and A(B) = B(B)[ (dompznPow((s))) for
every binder declaration (B:s) € .

A homomorphism from 2 to B is a family h = (hs | s € S) of functions h, : A(s) — B(s) that
constitute a homomorphism from the first-order reduct of 2 to the first-order reduct of B and preserve
the generalised operations, i.e., if (B:s) € ¥ and S C Pow(2(s)) is an admissible set for B in 2, then
hs(S) is admissible for B in B and

hs(A(B)(S)) = B(B)(hs(5))-

A congruence = (05| s € S) on the first-order reduct of 2 is a congruence on 2 if for all (B:s) € &
and sets S, S’ admissible for B in 2

S/8, = S'/6, implies A(B)(S) /8, = A(B)(S") /0.

Term formation We fix disjoint infinite sets V and Z, both disjoint from A

Let ¥ be an S-sorted generalised signature. The set of bound variables for ¥ consists of all pairs
& = (b, s) where b is an element of Z and s € S; £ is called a bound variable of sort s. Let X = (X, C
V | s € S) be some S-indexed family of pairwise disjoint sets; we call the elements of the X, free
variables (of sort s). We construct the S-sorted family Tx[X] = (Tx[X]° | s € S) of E-terms in X
as the least family that satisfies

1. X, C Tx[X]*, and
2. F(ty,...,ty) € Ts[ X if (Fis1--8, = s')€X and t; € Ty [X]* for 1 <i <n;and

3. Be(tlx :=¢]) € Te[X]* if (B:s) € £, ¢ € Xy, t € Tx[X]?, and t[z := £] is obtained from ¢ by
replacing all occurrences of the free variable z by the bound variable & of sort s'.

The elements of Tx[X]® are called terms of sort s. We denote by FV(t) the set of free variables that
occur in ¢ and we write t = t(z1,...,x,) if FV(t) C {z1,...,2,}. A term t is s-ground if it does not
contain variables of sort s, and ground if it is s-ground for every sort s € ¥ (that is, if FV(t) = ().
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Terms are considered modulo a-conversion: ¢t and ¢’ are a-congruent (notation: ¢ ~ t') iff ¢’ can be
obtained from ¢ by a series of renamings of bound variables.

Let X' denote the first-order part of ¥. The family of ¥-terms constitutes a X'-algebra and ~ is a
congruence on this algebra. We refer by Tx[X] (or by T if ¥ and X are clear) to the X'-algebra of
Y-terms modulo a-conversion, defined as follows

i. T(s) = Tx[X]°/~; and
ii. if (F:s1---sp > s') € ¥ and t;/~ € Tx[X]? [/~ for 1 < i <mn, then

T(E)(t1 o tn)~) = F(tr, ... tn) ]~

Note that ~ also respects binder declarations, i.e., if ¢t ~ ¢, then also Be(t[z := &]) = B¢ (t'[x := £]).
Unless otherwise stated, if we write a term in the sequel, we shall mean its ~-congruence class in ¥.

REMARK 2.1 Rasiowa and Sikorski (1963) describe two approaches that both lead to generalised term
algebras that are free in the class of complete X -algebras. We choose not to define them here to avoid
notational complications that are not essential for the rest of this paper.

Let & be a ¥-algebra, and X = (X | s € S) a family of variables. A family o = (a5 | s € S)
of mappings as : X5 — A(s) is a valuation of X in 2. Each valuation extends to a homomorphism
a: % — Al (where ATy is the first-order reduct of ) in the following way

i. a(z) = as(z) for z € X;

. @(T(F)(t1,...,tn)) = A(F)(@(t1),...,a(ty)) for every F:sy---s, = s and t; € T(s;) (1 <i <

iii. @(Be(tlr == £])) = UB)({A[p:=q)(t) | a € A(s")}) for every B:s, t € T(s) and z € Xy, where
Qlz:=aq] (:L‘) =a and Qlz:=aq] (y) = Oé(y) if Y 7é L.

A substitution o is a valuation of X in Tx[X]. The extension of o to a homomorphism & is similar
to that for valuations, except that we should replace the third clause by

iii’. o(Bg(tlr :=¢])) = Be(Opa:=a) (D)[x := £])-

We shall often write 7 for &(t).

A ¥ -equation in X is an expression of the form ¢t ~ ¢/, with ¢,¢' € Tx[X](s) for some s € S. If a
is a valuation of X in 2 such that a(t) = a(t'), then we say that a satisfies t ~ t' in A (notation:
Aal=t=t);if A aEt=t for all valuations o of X in 2 we say that 2 satisfies t & t' (notation:
A =t =t'). We denote by EqTh(2) the set of all ¥-equations that A satisfies.

Generalised Equational Logic Let E be a set of Y-equations in X. We write E F ¢, for e
some Y.-equation in X, if e is derivable from E by means of the rules for generalised equational logic,
depicted in Table 1. The pair (X, E) determines an equational theory, a congruence E = (E, | s € S)
on ¥ = Tx[X], where

E,={({t,t"Y | E-t~t and t,t' € T(s) }.

PROPOSITION 2.2 (SOUNDNESS) Let 2 be a Y-algebra and let E be a set of Y-equations in X. If

Ql|:Eand E"tl th,thenQH:tl =~ 1.

ProOF. Induction on the length of the derivation of ¢; = t». For conventional equational logic this
is well-known (see e.g. Burris and Sankappanavar (1981)), so we only deal with the rule for binder
declarations. If 2 |= t; ~ t», then in particular &[;.—q)(t1) = @[p:=q](t2) for any valuation a and for
any a € U(s'), 80 {@[:=q)(t1) | @ € A(s")} = {A[p:—q)(t2) | @ € A(s")}. Hence



tat foreveryt~t € E
for every substitution o

Rt ty T

Flt, .. ta) ~ F(t,,...,t)

for (F:s1- -8, 2> s')€EX

t~t
for (B:s) € &, z a variable of sort s’ € &
Be(tla := £]) ~ Be(t'[x := ¢]) ’
t=t thty tamst
t ot 1Rl thxt
t'~t t = t3

Table 1: Generalized Equational Logic.

a(Bg(ti[z:=¢]) = AB)({ap=a)(t) | a € A(s)})
{

3. Process Algebras with Data

In this section we will define a class of process algebras with data, which is called pCRL. We shall intro-
duce pCRL-signatures, pCRL-theories and pCRL-algebras, and state some elementary results, including
a representation result (Lemma 3.3) for terms over a pCRL-signature.

3.1 Signature

In the sequel, we reserve names b and p as sort symbols referring to booleans and processes, respec-
tively. We shall denote by Xy, the signature consisting of b, nullary function declarations T: A — b
and L:\ = b (A refers to the empty sequence), a unary function declaration —: b — b, and binary
function declarations (-A _):bb — b and (_V _):bb - b. If ¥, C ¥, then we say that ¥ contains
booleans; elements of Ty [X](b) are called boolean terms. As usual we abbreviate —b; V by by by — bs,
and by — by A by — by by b1 < bs.

A first-order signature X is called a data signature if it contains booleans, but p ¢ 3; terms over
a data signature we refer to as data terms.

Let A be an S-sorted data signature. An action declaration for A is a function declaration
a:sy---Sp, = P, where s; € S for 1 <4 < n; we usually suppress the sort name p and write a:s; - - - Sy,.

Let A be an S-sorted data signature and A a set of action declarations for A. The pCRL-signature
for A and A is the smallest signature that contains A and A, and

1. a nullary function declaration §: A — p;
2. binary function declarations (- + .): pp — p and (-- .): PP — D;
3. a ternary function declaration (- <1 -> _): pbp — p; and

4. a binder declaration ) : p.
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Let ¥ be a pCRL-signature and let X be a family of free variables for ¥£. The elements of Tx[X](p)
we shall refer to as process terms. A process term a of the form a () with a:3 is called an action term;
we shall refer to the leading action declaration of an action term by the name of the action term in
typewriter font, e.g., a refers to the leading action declaration of a.

We adopt some notational conventions regarding boolean terms and process terms. Function dec-
larations are usually written in mixfix notation and brackets are omitted where possible. We give the
following precedence to the operators:

CHo)<d <)< (=-2).

Terms of the form p - ¢ are usually written pg. If p = p(zy,...,x,) is a process term, z; € X, (for
1 <i < n)and € is a bound variable of sort s;, then we shall use Zz]—:s]- p as an abbreviation for the
term ). p[z; := £]. Note that by a-conversion the specific choice of the bound variable ¢ is immaterial
and that the free variable z; does not occur in sz;y p. Thus, provided that X, is infinite for all
sorts s € A, we may choose z; different from all other free variables that occur in some mathematical
context; e.g., if p=3 .. p'andg= ) . ¢, then we may assume without loss of generality that
Ty # T2, 1 & FV(q) and zo ¢ FV(p). This assumption will often be implicitly present. We use
Zx1~~~zn:s1~~sn p as an abbreviation of le:sn . -Zzn:sn p.

3.2 The Theory pCRL

Al z+4y X y+z
A2 z4+(y+2) = (z4+y +z
A3 z+2 N
A4 (z+y)z ~ xz+yz
A5 z(yz) r (zy)z
A6 z+6 N T
AT bz R0
ConDl 2z TDy x
CoND2 z<dLlDy y

ConD3 z<1bDy
CoNDd (2 <1by >d) by >4
)

r<Lb>o+y<t-b>9
T<1bi Aba> 6

raaeea

CoND5 (2 <9by D> 6) + (z by > 0) r<dby Vb >0
CoND6 (z b 0)y zy <4bp> o
CoND7 (z+y)<ub>4 rAb>i+y<b>o
Suml Y ..y Ry
Sum3 Zg plz :=¢] ~ Eg plz:=¢+p
Sumd >, (p+q) D Pt D
SUM5 (.5 P)Y R s DY
Sum12 (3°,..p)<b>d ~ Y . . p<b>0

Table 2: The axioms of Iy, for a given pCRL-signature X; the SUM-axioms are schemes ranging over
p,q € T(p); the symbols xz,y,b, by, bs are variables. (We have kept our numbering consistent with
Groote and Ponse (1994a); in their setting SuM2 defines a-conversion.)

Let ¥ be a pCRL-signature, then the pCRL-theory Iy, for ¥ consists of the axioms depicted in Table 2
and the axioms for boolean algebras depicted in Table 3. A X-algebra 2 is called a pCRL-algebra if
A E=Iy.



B1 TANYyR YAz rVysyVe

B2 zA([YAz)m(ZAY) ANz zV(yVz)=(zVy Vz
B3 TANT R sV ez

B4 zA(xVy)~x zV(xAy)~x

B5 (zAy)V(zAz)=zAyVz) (@VyA@Vz)=zV(yAz)
B6 rAl~1 rVT~rT

B7 rA-z~ L zV-zrT

Table 3: The axioms for boolean algebras.

ProprosITION 3.1 The following equalities are derivable from Ils;
iLzgb>rr;
ii. Zflzgl 25232 p= Zi2:§2 Zi1:§1 b-
PROOF.
i. We derive
rdb>rrrAb>i+ar<bD> I (ConD3)
HrdbVv-b>9d (ConD5)
R T (B7,ConDp1)
ii. By Sum3 we have () Y. o oo P& (35 5,:5,5, P) + P, whence
PPN 21 DETETRD D (Suml)
R s 505150 P T D z0zii505, P (%, Sum4, SuM1)
N D patiises Pt D giz05ims P (A1)
R D gozrisas P -
DEFINITION 3.2 Let X be a pCRL-signature and X a family of free variables for X. Let A be the set

of action terms over ¥ in X, B the set of boolean terms over ¥ in X. We inductively define the set
By [X] of X-basic terms in X as follows:

1. e By[X],and > . .a<b>d € By[X], fora € A and b € B;

2. if pe By[X],then ) . _a-p<b>0 € Bs[X], for a € A and b € B; and

3. if p,q € By [X], then p + ¢ € By [X].
LeEMMA 3.3 (Basic TERM LEMMA) For every p-ground process term p there exists a basic term
q € By [X] such that Iy Fp = q.
ProoOF.  Straightforward by induction on the number of symbols in p. O
For By [X] a set of basic terms, let B&[X] = By [X] U {€}, where € acts as a unit for -. That is, we
assume p-€ = € - p = p. We call a basic term simple if it is of the form

Yoz p<1b>4,

with p € B [X]. Note that if we define § = ., p;, then every basic term is of the form

Zpi, p; a simple basic term for all i € T (I finite).
iel
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a

a—»e forallae A

p—>p p-—re

S q ba 4 ac A andp,p,qeP

p-—>q

_ acA peP' CPandqe (PU{e
P T q peEP C q e (PU{e})

Table 4: The transition system specification for 3.

4. The Strong Bisimulation Algebra

For the rest of this paper we fix a data signature A and a A-algebra ® such that D[, is the
two-element boolean algebra; we denote D(T) by T and (L) by L. Also, we fix a set of action
declarations A for A and denote by ¥ the pCRL-signature for A and A.

We shall construct an algebra of processes P and define a congruence £ on this algebra. The
quotient B/« will turn out to be a pCRL-algebra that we shall call the strong bisimulation algebra
for ® and A.

Processes First, define a set A of atomic actions by
A ={a(dy,...,dy)|asy1-- s, € Aand d; € D(s;) for 1 <i<n }.

The set P = P™ of processes is obtained by the following recursion

new

po = AU{d}
Pt = P"U{p-q, XP'|p,q€P", D #P' CP"}

we shall write p + q for Y {p, q}.
Let B be the X-algebra such that P[a =D, P(p) = P and operations defined by

B(a)(dy,...,dn) = a(dy,...,d,) foreacha:s; ---s,€X;
B(5) = &
PB(+)(p,a) = p+q;
B()(p,a) = p-q o
p itb="T;
Blas b = { PP
BOo)P) = P for each ) # P' C P.

Operational Semantics and Bisimulation The rules in Table 4 define a transition relation
— CP x A x(PU{e}) on PB.

For convenience of notation we define P¢ = P U {€} and, for any binary relation R on P, R¢ =
R U {(e,€)}. Also, we shall tacitly assume that p ranges over P and p’ ranges over P€ in p =5 p'.

DEFINITION 4.1 (BISIMULATION) A binary relation R C P x P is called a bisimulation relation if it
is symmetric and R¢ satisfies

if (p,q) € R and p -2 p’, then there exists q’ € P¢ such that q =+ q' and (p’,q’) € RE.
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LEMMA 4.2 If (R; | ¢ € I) is a family of bisimulation relations, then R = [J{R; | i« € [} is a
bisimulation relation as well.

ProOF. If (p,q) € R and p = p’, then (p,q) € R; for some i € I, so there exists q’ such that
q—q and (p',q') € R§, whence (p',q’) € R". 0

If p,q € P and there is a bisimulation relation that contains the pair (p, q), then p and q are called
bisimilar (notation: p £ q).

LEMMA 4.3 The family £ = (6] s € S) with 0= £ and 8,=id(B(s)) for s # p is a congruence on

B.

Proor. It is trivial that, for s # p, the relation 6 is an equivalence relation on B (s) and that it
has the substitution property for all operations.
The identity relation on P is a bisimulation relation that contains (p, p); any bisimulation relation
that contains (p,q) also contains (q, p) by definition; and if Ry and R, are bisimulation relations
containing (p,q) and (q,r), respectively, then R; o Ry U R2 o Ry is a bisimulation relation that
contains (p,r). So £ is an equivalence relation on P.
Clearly, £ also has the substitution property for the function declarations in A and A. Since all
pCRL-operations are defined from - and ), it remains to show that these operations have the
substitution property.
If (p1,q1) € R and (p2,q2) € Ry, with Ry, R2 bisimulation relations, then the relation

R={P-a1,9-9), (P -q1,9-92) | (P,q) € Ri} UR>

is a bisimulation relation; so if p; £ p2 and q; £ q2, then p1 - q; £ p2 - Q2.

If  £#P,P" CP and P'/& = P"/«, then for all p € P’ there exists q € P” and a bisimulation
Rp that contains (p,q) and for all g € P” there exists p € P’ and a bisimulation R that contains
(q,p).- Then, using Lemma 4.2, it is easy to verify that also the relation

{ZP, 2P") (P 2PV U J{Rp | P € PIU(J{Rq | a € P}

is a bisimulation relation.
We conclude that £ is a congruence on 3. O

LEMMA 4.4 The algebra P /<> satisfies IIx.
PROOF.  As in the proof of the previous lemma we should find suitable bisimulation relations that
witness the validity of the axioms in IIy;. We omit the straightforward, but lengthy verification. OJ

Thus, the algebra P/« is a pCRL-algebra and we call it the strong bisimulation algebra for © and A.
Let p,q € P. We say that q simulates p if there exists a bisimulation relation R that satisfies: if
p = p/, then there exists q' € P€ such that g =+ q' and (p’,q’) € R¢; we call R a simulation of p

by q.
PRrOPOSITION 4.5 If p,q € P, then q simulates p iff q & q+ p.
Proor. If R is a simulation of p by q, then

RU{(q,q+p), (a+p,q)} Uid(P)

is a bisimulation witnessing q £ q + p.
For the converse note that any bisimulation relation containing (q,q + p) is a simulation of p by q
as well. O
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5. Strong bisimulation and first-order logic

Let X be a family of variables for A. The set Fa[X] of first-order A-formulae is the smallest set that
contains the A-equations and is closed under the connectives —, A, and V of first-order logic (V, —
and 3 are defined from these in the usual way). If ¢ € Fa[X], then we shall denote by FV(yp) the
set of free variables occurring in ¢, where it is understood that V and 3 are binders (i.e. the variable
x € X, does not occur free in (Vz:s)p and (Jz:sp). A formula ¢ is called closed if FV(p) = 0.

For A-algebras ® and valuations « of X in @, satisfaction of first-order A-formulae is recursively
defined from satisfaction of A-equations in the following manner:

1. ©,a = —p if, and only if, not D, a [ ¢,
2. ©,a = @A if, and only if, both ®,a | ¢ and D, «a |= 1,
3. D,a | (Vr:s)p if, and only if, D, af,.—q) | ¢ for every a € D(s).

If ©,a | ¢, then we say that a satisfies p in D; if ©,a = @ for all valuations « of X in ®, then we
say that © satisfies ¢ (we write D |= @).

We shall now show that equations between p-ground process terms are logically equivalent with
first-order A-formulas.

THEOREM 5.1 If X is infinite for all sorts s € A, then for any p-ground process terms p and ¢ there
exists a first-order A-formula ¢ such that ©,a = ¢ iff B/, a |= p = q, for all valuations « of X in
D.

ProorF. By Lemmas 3.3 and 4.4 we may assume without loss of generality that p and ¢ are basic
terms, i.e. let I and J be disjoint finite sets such that

p= Zpi, q= Z 5, with p; and g; simple.
i€l jed

We shall prove the theorem by strong induction on the sum of the complexities |p| and |g| of p and
q respectively, defined as the maximal nesting of -, with |§| = 0 and |a| = 1 for all action terms a.
If |p| + |g| =0, then p = ¢ = 4, so a(p) = a(q) for all valuations o of X in ©, and we can take for
 the formula (T & T) (or any other tautology).

Suppose |p| >0, |g| =0 and p; = ), .o a;p; <1 b; > 6.

Since ¢ = 4, a@(p) = a(qg) if, and only if @(p) = 4, i.e. if, and only if, aj;,.—g,)(b;) = L for all d; and
for all i € I. Hence define

o = N\((VZi:5:)~(b; = T))

i€l

By symmetry, the case where |p| = 0 and |gq| > 0 follows, so only the case where |p|, |¢| > 0 remains;
let qj = ;. .5, a;q; 1 bj > 0.

First, we consider action terms a; = a;(t{,...,1,
valuation «, @(a;) = a(a;) iff a; = a; and a(t]) = &(ti) for all 1 < k < m; = n;. Hence, the
equation a; & a; is logically equivalent to a first-order A-formula:

) and a; = a;(t{,...,t}, ). Notice that, for any

@i R aj { (t~ YA A~ t},,) otherwise (5.1)

ni

It now suffices to find formulae ¢; such that ®,a |= ¢; iff @(q) simulates @(p;), for any valuation
a; for, a symmetric argument yields formulae ¢; such that ¢; iff @(p) simulates @(g;) and we can

define Y = (/\ie[ (Pi) A (/\je] 90]')'



12

By the induction hypothesis we find formulae ¢;; such that D, a = ¢;; iff P/, a | p) ~ qj, for
any valuation a of X in ® (we put @;; = (T ~ T) if p,¢; = € and p;; = ~(T = T) if one of p}, ¢;
equals € but not both). We define

i = (V2i:5:) (0 =~ T) =\ (325:5,)((b; = T) A (@i = a;) A piy),
JjEJ
and prove that ©, a |= ¢; iff @(q) simulates @(p;).
(=) Suppose @(p;) —= p. Then there exists a sequence d; of elements of ® such that

d[i,-::tii](ai) =a, d[iizzgi](p;) =D, and d[iizzgi](bi) =T.
Hence there exists a j € J and a sequence d; such that
d[f]:Cz]](b]) = T7 d[i]:d_]](a]) = a7 a‘nd d[j]:&]](q‘;) = p

Thus @(g) = p and we conclude that @(q) simulates &(p;).

(<) Fix arbitrary an arbitrary sequence d; of elements of ®, and assume Q[z,:=3,](bi) = T. Then
a(p;) == p, with a = ajz,._g,)(a;) and p = ajz,._q,)(p}), so a(g) — p. Hence, there exists a
sequence d; of elements of © such that

a[ij::(fj](bj) =T, a[ij::(fj](aj) =a, and a[ij::ij](q}) =P
Hence D, a |= ¢;, and the theorem follows. O

We now consider a restricted form of alternative quantification.

DEFINITION 5.2 (INPUT PREFIX TERMS) An input prefix term is a basic term of the form

> Y s 2i(@)pi Abi >+ > aj(t;)p; <bj>6
il jeJ
with a;:8; and a;:5; action declarations, t; a sequence of terms, Z; a sequence of variables, and p;, p;
input prefix terms, for each i € I, j € J.
We shall say that an input prefix term is unconditional if Z; # X implies b; = T and recursively all
the p;, p; are unconditional, for all ¢ € I and j € J.

Let ¥ be the pCRL-signature ® and A. The set of input prefix terms is not closed under the
operations, but it generates (together with X) a subalgebra J5[X] C ¥5[X] that we shall call it
the algebra of input prefiz terms. Similarly we obtain the algebra of unconditional input prefiz terms
Us [X] C Tx[X] as the subalgebra generated by the set of unconditional input prefix terms. Notice
that s [X] is also a subalgebra of Js[X].

LEMMA 5.3 For every p-ground process term p € Jn[X] (p € Us[X]) there exists an (unconditional)
input prefix term ¢ such that Iy Fp = q.

Proofr. Routine by structural induction on p. O

If alternative quantification is replaced by the input prefix mechanism, as is done in Parrow and
Sangiorgi (1995); Hennessy and Lin (1996), then we obtain a considerably sharpened version of The-
orem H.1.

COROLLARY 5.4 If X is infinite for all s € A, then for any p-ground input prefix terms p and ¢ there
exists a universal first-order A-formula ¢ such that ©,a | ¢ iff P/, a E p = q, for all valuations
aof X in ®.
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ProoOF.  We need to show that the existential quantifiers occurring in the ¢; of the proof of Theo-
rem 5.1 are redundant.
So suppose

pi = Z > zs a;(t;)p} Q4 b; >, where T; = X or T; = t;,
iel

and for all j € J

g = Zzzjzg,- a;(tj)g; < bj > 9, where Z; = X or Z; = ;.
JjEJ

Defining J; = {j € J | a; = a;}, we find by (5.1) from the proof of Theorem 5.1 and some standard
logical reasoning that ¢; is equivalent to the formula

(VZi:5) (b =\ (32;:5)((b; ~ T) A (F ~ &) A @ij)-
JEJ:

The existential quantifiers can be eliminated recursively from this formula by applying a consequence
of the Equality Theorem (cf. Shoenfield (1967)):

(Fz:s)((x = t) A ) & plz =t provided that = ¢ FV(t).

Since all other formulae occurring in the proof of Theorem 5.1 are universal, this completes the
proof of the corollary. O

Arithmetical classification for computable data

We shall call a formula open if it does not contain occurrences of quantifiers (3,¥). A formula ¢ is in
prenez-form if o = (Qu1:51) ... (Qup:sp)Y, where each (Qux;:s;) is either (Jx;:s;) or (Va;is;), 1, .., Tn
are all distinct, and 4 is an open formula; the sequence (Qx1:s1)...(Qxy:sy,) is called the prefiz of
. The number of alternations of a prefix is the number of pairs of adjacent but unlike quantifiers.
A X, -prefiz is a prefix that begins with an existential quantifier (3) and has n — 1 alternations; a
I1,,-prefiz is a prefix that begins with a universal quantifier (V) and has n —1 alternations (for instance,
the prenex-form (Va1:s1)(3w2:s2)(Fw3:53)(Va:s4)p, with p open, has a II3-prefix).

We denote by X0 (A) (I12(A)) the set of first-order A-formulas that are logically equivalent to a
prenex-form with a ¥,,-prefix (II,,-prefix). We may always add “dummy” quantifiers in front of a
prenex-form, so

(Zn(A) UL (A)) C (3544 (A) NI (A)).

Any first-order A-formula has a logically equivalent prenex-form (cf. Shoenfield (1967)), so for every
A-formula ¢ there exists an n such that ¢ € X2 (A) U Y (A).

Let us call a first-order A-formula ¢ bisimulation expressible if there exist p-ground process terms
p and ¢ such that ©,a | ¢ iff P/, a E p =~ q, for every valuation a of X in ©. We shall now see
that for certain data algebras any formula in II§(A) is bisimulation expressible.

PROPOSITION 5.5 (3-INTRODUCTION) If ¢ is bisimulation expressible by p-ground process terms p,
and g,, {z} N FV(q,) = 0 and A # 0, then (3%:5)¢p is bisimulation expressible.

ProOF.  We define p-ground process terms A3 and p3 by

A3 =D ..:ap, p3 =aq, + A3 (a an action term, {Z} N FV(a) = 0.)
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By Proposition 4.5 it is immediate that @(p3) simulates @(\g), for every valuation a of X in D,
so it suffices to show that ®,a = (3%:5)¢ iff @(A3) simulates a(ag,). So we consider the single
transition @(aq,) = a(q,) of @(aq,). Using that {Z} N FV(aq,) = 0 we find that

a(qy) = ag._g(gp) and a(A3) = ap._q(py), for any sequence d € D(5).

IfD,a |= (37:3)¢, then @()\3) simulates & (aq,), for there exists a sequence d such that 7= (Pp) =
(7:=d(¢p) = @(gy); and conversely, if D, a [~ (37:5)¢p, then there exists no such sequence, whence
(A3) does not simulate &(ag,). O

Qi Qi

PROPOSITION 5.6 (V-INTRODUCTION) If ¢ is bisimulation expressible by p-ground process terms p,
and ¢, and A contains an action declaration a:s, then (Vx:s)p is bisimulation expressible.

ProoOF.  We define p-ground process terms Ay and py by

Av =2 sa(@pe  pv =), 2a(@)e.

Fix an arbitrary valuation a of X in ® and let a(d), for any d € D(s), refer to af,.—4(a(x)). Then
a(Av) and a@(py) have the following transitions:

— a(d) _
2i=d] (Py) a(pv) LGN Afz:—d)(2y) for every d € D(s).

Ql

a(hy) =2,

Clearly, a(Av) = a(py) iff ap.=q)(Pp) = Aa:=q)(qy) for every d € D(s); so P/ | Av = py iff
D,a = (Vz:s)e. O

COROLLARY 5.7 If ¢ is bisimulation expressible by p-ground process terms p, and g,, {Z2} N
FV(q,) = 0 and A contains an action declaration a,:s for every s € {32}, then

(Va‘:l:51)(335“2:52)(%_:3:53)90
is bisimulation expressible.
ProoOF. By a sequence of applications of Proposition 5.6 we obtain p-ground process terms Ay and
pv that express (VZ3:53)¢. Notice that if {Z>} N FV(q,) = 0, then {Z2} N FV(py) = 0, so we may

apply Proposition 5.5 to show that (3Z2:52)(VZ3:53)p is bisimulation expressible. Another sequence
of applications of Proposition 5.6 completes the proof. O

If A contains an equality function for every sort s € A, i.e. a function declaration [- =5 _]: ss = b,
then A is a many-sorted first-order language; the function declarations with target sort b being the
predicate symbols. The following definition is somewhat more liberal: we allow the equality function
to be a binary term operation (a term with precisely two free variables).

DEFINITION 5.8 (BUILT-IN EQUALITY) A A-algebra ® has built-in equality for sort s iff there exists
a boolean A-term [z =, y] in variables z and y of sort s such that for all valuations « of X in D:

. T ifa(z) =a(y)
a([r =sy]) = { 1 otherwise !

A data algebra has built-in equality if it has built-in equality for all its sorts.

Note that any two-element boolean algebra has built-in equality: we set
[zr=py] =z cy.

Iz =2 2p §=uy1-yn and z;,y; € X, for 1 < i < n and ® has built-in equality for
S1,..-,5n, then we use [Z = g| as a shorthand for [z; =5, y1] A -+ A [Tn =5, Yn)- If © has built-in
equality for every sort s € A occurring in the least signature containing 4, then we shall say that ©
has built-in equality for A.

If ©® has built-in equality, then any open formula ¢ can be translated to a boolean term ¢® such
that ¢ < (¢ & T), simply by replacing every equation t ~ t' by [t = t'].
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PROPOSITION 5.9 If ¢ is an open formula, then there exists a boolean term ¢® such that D,a = ¢
iff ®,a | p® ~ T, for any valuation a of X in D.

If © has built-in equality, then any universal A-formula is bisimulation expressible by means of
P-ground input prefix terms.

COROLLARY 5.10 If ® has built-in equality and A contains for every sort s € A an action declaration
a,:s, then any formula in II(A) is bisimulation expressible by means of input prefix terms.

PROOF. Let ¢ be any open A-formula, and let a be some action term not containing variables
(e.g., ap(T)). Clearly, B/,a E a<p®>d~a iff D,a E . Any number of applications of
Proposition 5.6 to these terms obviously yield input prefix terms. O

THEOREM 5.11 If ® has built-in equality and 4 contains for every sort s € A an action declaration
a,:s, then any formula in I19(A) is bisimulation expressible.

Proor. By Corollary 5.7 it suffices to show that for any first-order A-formula of the form (3%:5)¢,
with ¢ open, there exist p-ground process terms p and ¢ such that FV(¢) = ) and D,a |= ¢ iff
P/, a E p =g, for every valuation « of X in D.

Let ©® be a boolean term such that ¢ < (¢® ~ T), the existence of which follows from Proposi-

tion 5.9. We define p and ¢ by
pzzj:§a<l<pb>6 q = a,

where a an action term not containing variables. The verification that, indeed, @(p) & a(q) iff
D,a [ g, is trivial. O

If © is a computable algebra (see Bergstra and Tucker (1995) for a definition), then every open A-
formula defines a recursive relation on the natural numbers. Thus Theorem 5.1 states the relation &
on the set of finite processes (those elements of P that are interpretations of ground process terms) is
in the Arithmetical Hierarchy, it can be defined from a recursive relation by means of a finite sequence
of complementation and projection operations (cf. Rogers, Jr. (1992)). Moreover, on the set of input
prefiz processes (those elements of P that are interpretations of ground input prefix terms) strong
bisimulation is in II9, by Corollary 5.4.

Now, let ® consist of a two-element boolean algebra, the field (Z, +, x, 0, 1) of integers and a built-
in equality function [- = ]:Z? — b; D is a computable algebra (cf. Stoltenberg-Hansen and Tucker
(1995)). It was shown by Matijasevi¢ (1970) that for every i € w there exists j € w and a polynomial
U; with integer coefficients such that

(mvyly' .. 7yl> € Wn iff (ElyiJrl .. -yj)(Ui(namayly' .. )yj) ~ 0))

where Wy, Wy, ... is the list of all (i42)-ary recursive enumerable relations (Matijasevi¢ and Robinson
(1975) proved that, in fact, one can choose j < i + 13).

Hence, by Kleene’s Enumeration Theorem (cf. Rogers, Jr. (1992)), the binary predicates E;, defined
by

Ei(m,n) & Vy1)Fy2) - .- Vyi - . y)~(Ui(n, z, 91, .- .,y;) = 0) if i is odd
A Vy1)3y2) .- Fyi - .. y;) Ui(n, z, 91, ..., y;) = 0)  if i is even

are complete in I19.
Thus we get the following theorem by applications of Corollary 5.10 and Theorem 5.11, respectively.

THEOREM 5.12 For the class of strong bisimulation algebras with a computable data algebra:
i. equality on the set of input prefix processes is complete in I1?; and

ii. equality on the set of finite processes is I1-hard.
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REMARK 5.13 Observe that the formula U;(n, 2, y1,...,y;) = 0 can also be expressed by
a(Ui(TL)m)yl: v 7y,])) hud G(O)

So even if equality is not present in the data algebras, Corollary 5.7 can still be employed to show
that equality on the set of interpretations of ground process terms is I19-hard.

We have not been able to settle the following question:

QUESTION 5.1 Is equality on finite processes complete in I19?

6. Relative Completeness

Theorem 5.12 indicates that there exist strong bisimulation algebras with a computable data algebra
that have no ground complete axiomatisation. In this section we shall identify a subclass of computable
data algebras such that each strong bisimulation algebra over any member of this subclass has a
complete axiomatisation. Membership of this subclass is determined by the properties of having
built-in equality, and allowing the elimination of quantifiers in the following sense:

DEFINITION 6.1 (BUuIiLT-IN SKOLEM FUNCTIONS) A data algebra ® has built-in Skolem functions if
for every A-formula ¢ with FV(p) = {z,y1,...,yn} there exists a term ¢, = t,(y1,...,Yyn) such that

D = (Jx:s)p implies D = p(toWis- oy Un), Y1y -»Yn)-

If ® is a computable algebra, then the set CIEqTh(®D) of variable-free identities that hold in @ is
decidable. Moreover, if © has built-in Skolem functions and X, is nonempty, then TA[X]® contains
a variable-free term (take for instance the “Skolem function” for the tautology (3z:s)(z = x)), for

every sort s € A. Thus if ® is a computable algebra with built-in equality and Skolem functions, then
EqTh(®) is decidable: if ¢t = ¢(Z) and t' = t'(Z), then

txt < ~Frs)-(txt) & -3z:5)(t=t] = 1),

and the existential formulas can be eliminated by substituting Skolem functions; this will yield variable-
free terms w and u' such that t ~ t' € EqTh(®) iff [u = v'] = T € CIEqTh(®).

The axiomatisation that we shall prove to be complete consists of a recursive (but infinite) set
of identities between process terms and the recursive set EqTh(®) of A-equations that are valid in
D (Bergstra and Heering (1994) show that such data algebras possess a finite w-complete algebraic
specification if hidden sorts and functions are allowed).

It is immediate by the proof of Theorem 5.1 that for any two process terms p and ¢ we can find a
first-order A-formula ¢ such that ©,a |= ¢ iff &(q) simulates &(p). If © has built-in Skolem functions,
then we can eliminate all quantifiers from ¢; so the following proposition is an immediate consequence
of Proposition 5.9.

PRrOPOSITION 6.2 If © has built-in equality and Skolem functions, then there exists a boolean term
b such that a(b) = T iff a(q) simulates @(p), for all valuations o of X in PB/<.

We call such a boolean term a simulator for p by q.
Let us abbreviate IIy, U EqTh(®) by IIx (D).

LEMMA 6.3 (SpLIT LEMMA) If ® has built-in equality and Skolem functions and X is infinite for
all sorts s € A, then for all bisimilar p-ground basic terms p,q € Tx[X](p) there exist a finite set K
and simple basic terms pg and ¢ such that for each k € K

Iy UEqTh(D) - > py~p, Oy UEqTA(D)F Y g ~q, and pi £ g
keK keK
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PrOOF.  Since p and ¢ are basic terms there exist finite disjoint sets I and J such that
p=Y_pi q=» g, andp; g; simple.
icl jed
Let p; = Y ;.5 @ip; <b; > 6 and let bfj be a simulator for a;p; <b;> ¢ by ¢;. Define p;; =
Zfiigi aip; Qb A be > 4.
Claim: I (D) -3, pij = pi.
Since p £ ¢, for any valuation « there exists j € J such that &(g;) simulates & (a;p} < b; > 9).

Hence I1(D) = \/{b}; | j € J} = T, so by ConND5 and some straightforward applications of the
axioms for the booleans we derive

> aip; < bi AV >0 aip; by ANV, |G €T} 6
i€ aip;<1bi/\Tl>6
a;p; < b > 4§

X

X

X

and by Sum4

X

Z Zfiigi aip; <b; A bfj >4 Zfii§i Z aip; < b; A be )
jeJ jeJ
R Vg5 @Dy b > 0.

By a symmetric argument we find simulators bgj and simple basic terms

such that Iy, (D) F 3° 0 ;a1 =~ gj-
It remains to show that p;; £ ¢;;. Since X is infinite for all sorts s € A, we may assume without
losing generality that for all¢ € I and j € J

{z:}n{z;} =0 {=:}NnFVig,) ={Z;} N FV(pi;) = 0.
Let a be any valuation such that &(p;;) —= p'; there exist d; such that Qpz,.=d;) (0;) = T, so we find
a(gj)->+q and p’ & ¢ or p’ = q' = €. Hence there exist d; such that Qjz,omd;) (@55 < b >0) 2.

Moreover, @(p;) — p', whence aj; _z(pi)) == p'. So az,._z,(b;) = T, and a(g;) = q'. We
conclude that @(q;;) simulates a(p;;) for all valuations a.
Conversely, by interchanging p and ¢ in the preceding argument @(p;;) simulates &(g;;) for all

valuations a, so p;; £ ¢;;. |
If a:sq --- sy is an action declaration, b is a boolean term, and t;, ¢} are data terms of sort s; such
that @(b) =T = a(t;) = a(t;) for all valuations a, then
a(ty,...,tp) <b>d & a(t),...,t.) b4,

so to be able to prove equalities between process terms that originate from conditional equalities
between data terms, we need to axiomatise this interplay between data and processes. To this end,
we assume that © has built-in equality for A and define for every a:5 € A an axiom

(AE.) a@)<[z=g|>d~a(y)<[@=7g]>0.
If the boolean algebra of ® has two elements, then conditionals distribute over - :
(SCA) (zy<b>d) = (z<b>)(y<abr>0).

We call this axiom the Static Condition Aziom, because it distinguishes our notion of strong bisimu-
lation from the notion of bisimulation that occurs in, e.g., Bergstra and Ponse (1997), where for each
conditional all valuations of the free variables are taken into account.
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LEMMA 6.4 The algebra P/« satisfies Iy, (D) +AE+SCA.

ProoF. By Lemma 4.4 it suffices to prove that P/« |= SCA and P/« = AE, for all a:sy -+ s, €
A.
For the first part notice that if (p-q<1b>d) -2+ p’, then b = T, s0 q<< b >4 & q. For the second
part notice that if D([- =, _|)(di,d;) =T for all 1 <i <, then a(dy,...,d,) =a{dy,...,d,). O

(2
Built-in Skolem functions can be used to eliminate redundant occurrences of > .

PROPOSITION 6.5 Suppose © has built-in Skolem functions. If b = b(Z,§) is a boolean term such
that ® | (Jz:5)b ~ T and p is a process term such that {z} N FV(p) = 0, then

Oy(®) = ,..p<b>0~p.
Proor.  Since ® has built-in Skolem functions, we get by induction on the length of T a sequence

of A-terms #, = #,(¢) such that

DE(FE5b~T implies D =b(t(7),7) ~ T,
so ConDpl1 yields p < b(ty(y),y) > § =~ p, and, by Sum3

YrsP<bD> ORI p<AbD>I+p<b(t(F),7) >0

R :pIbD>+Dp.

On the other hand, by means of CoND1, B7, COND5, A2, and A3 we can derive

pRp<b(Z,7)>6+p,

so with Sum1, Sum4, and Suml we find

PR ;PR pAbDI+p) R PO+ pR Y P>+ (6.2)
So we get

6.1 6.2
7.§p<b>6(z)Zi:§p<b>6+p(m)p. a

THEOREM 6.6 If © has built-in equality and Skolem functions and Xj is infinite for all s € A, then
B/ Ep=~qiff Uy (D)+AE+SCA F p = ¢, for all p-ground process terms p and gq.

ProoOF.  The implication from right to left follows from Lemma 6.4; we prove the implication from
left to right by strong induction on the sum of the complexities |p| and |g| of p and ¢ respectively,
defined as the maximal nesting of - with |§| = 0 and |a| = 1 for all action terms a.

By Lemma 6.3 it suffices to prove the theorem for simple basic terms; let

p= Zjﬂl a1p1 <by>46 and ¢ = Zfz:§2 asps by > 9.

If @(by),a(be) = L for all valuations a, then by,bs & L and by CoND2 and Suml we find p,q =~ 4.
The remaining case is that by, b2 % L. Then a; and as must agree on their leading action declaration,
i.e. let a; = a(t;) and as = a(#;) for some a:sy -+ s, € A.

Define b = by2 A byy, where by» is a simulator for a;p; by asps and b1 a simulator for asps by a1p1;
we shall first prove

Iy (D)+AE+SCAF a1p1 <b> 3 =~ aspe <b1> 4§ (6.3)
For all valuations «, @(b) = T implies @(a(t1)) = @(a(t2)), so b A [t1 = t2] ~ b and

a1 Ab> I~ (a1 Aty =H]>06) ab>4d (ConD4)
m(aa<d[fi =8>8 ab>d (instance of AE,) (6.4)
Ray<b>4 (ConD4).
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If p1,p2 = ¢, then (6.3) trivially follows; otherwise p1,p2 # €, so the induction hypothesis yields
HE(©)+AE+SCA|—p1 QbD&NPQ b1 0. (65)
and we can derive (6.3):

a1p1 Ab> I~ (ap <b>0)(p1r <b>9) (SCA)
~ (ay <AbD>6)(p2 Ab>0) (6.4), (6.5)
X agps A1b> 0 (SCA)

Observe that by — (baAb) is a simulator for a;p; < by >0 by aspa <1 by 4. Since Zh:gz aspr < by >0
simulates ) a1p1 < by >4,

T1:51
) |: 3@2252([)1 — (b2 A b)),
so by Proposition 6.5, CoOND4 and some straightforward applications of the axioms for booleans

arp1r by > Y o (apr by >6) by = (b2 AD) > 6 (6.:6)

~ 252:@ a1pr <Lby Abs ANb> 6.
Moreover, if we interchange the subscripts in the preceding argument we get
D ozyis, @2P2 b2 Abi ADD 0 & azps by > 0. (6.7)
We obtain IIy; (D)+AE+SCA F p = ¢ by the following derivation

b= Efl;gl a1p1 < bl > 0

RD giss Doz, M1P1 LD Ab2 ADD O (6.6)

R D a5 Ddgisy 2P2 JD2 ADIADD O (Conp4), (6.3)

R D risy 2uzyes, @2P2 Jb2 AbL ADD O (Prop. 3.1(ii))

R D gs, @2P2 Iba >0 (6.7)

=q .

Hennessy and Lin (1996) consider the subclass of data algebras that have built-in equality and an
w-complete specification, and give a complete proof system for their input prefix mechanism on the
basis of these restrictions. We conclude this paper with an example showing that these restrictions
are not sufficient in the case of alternative quantification.

Consider the single-sorted, first-order signature ¥4 defined by

Yy={t,e: Aot , At > t,B:t > ¢, F:ttt - t},

and let A consist of £y,, ¢ and two binary function declarations [- =¢ _]: tt — b and [- <¢ ]:tt — b.
Let ® be the A-algebra such that

1. D[y, is a two-element boolean algebra;

o
2. DIy, = Tx,[0] (the algebra of ground Y¢-terms);
3. D([- =¢ -]) is the equality function on D(t); and

4. D([- <¢ ])(t,t') =T if t is a subterm of ¢ and L otherwise.
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Note that © has built-in equality. Venkataraman (1987) has shown that the existential fragment
of the first-order theory of ground term algebras with subterm predicate is decidable, so EqTh(D) is
decidable and may serve as an (infinite) w-complete specification of ©.

On the other hand, Venkataraman (1987) gives an effective method for reducing any instance of
Post’s correspondence problem over the alphabet {4, B} to a ¥3(A)-formula. Since Post’s correspon-
dence problem is complete in X9, we conclude that any problem in IIS can be effectively reduced
to a II3(A)-formula, which is bisimulation expressible by our Corollary 5.7 provided that the set of
action declarations A contains actions ap,:b and a¢:t. Thus, equality on the set of finite processes in
the strong bisimulation algebra over ® and A is I19-hard, whence cannot posses a ground complete
axiomatisation.
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