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The ν-stable Lévy Motion in Heavy-traffic Analysis of Queueing

Models with Heavy-tailed Distributions

J.W. Cohen
CWI

P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

For the GI/G/1 queueing model with heavy-tailed service- and arrival time distributions and traffic a < 1
the limiting distribution of the contracted actual waiting time ∆(a)w has been derived for ∆(a) ↓ 0 for

a ↑ 1, see [2]. In the present study we consider the workload process {vt, t > 0}, when properly scaled, i.e.

∆(a)vτ/∆1(a) for a ↑ 1 with ∆1(a) = ∆(a)(1 − a). We further consider the noise traffic nt = kt − at
and the virtual backlog ht = kt − t, with kt the traffic generated in [0, t). It is shown that nt and ht, when

scaled similarly as vt, have a limiting distribution for a ↑ 1. We further consider the M/GR/1 model. It is

a model with instantaneous workload reduction. The arrival process is a Poisson process and the service time

distribution and that of the workload reduction are both heavy-tailed. Of this model two variants have to be

considered. The M/GR/1 model is for the present purpose, the more interesting one, and for this model the

properly scaled workload-, noise traffic- and virtual backlog process are shown to converge weakly when the

scaling parameters tend to zero as a function of the traffic b for b ↑ 1. The limiting processes of the noise

traffic and virtual backlog (properly scaled) appear to be ν-stable Lévy motions for 1 < ν < 2, ν being the

index of the heavy tails. The LSTs of these limiting distributions are derived. They have the same structure as

those for the GI/G/1 model.

The results so far obtained lead to the introduction of the Lv1/Lv2/1 model. For ν1 = ν2 = ν, 1 < ν < 2,

this is a buffer storage model of which the virtual backlog process is a Lévy motion with a negative drift -c.

It is shown that for 0 < c < 1 the workload or buffer content process {vt, t ≥ 0} possesses a stationary

distribution and its LST has been derived.

The results of the present study are new and lead to a better understanding of the stochastics of queueing

models of which the modelling distributions have heavy-tails of a type t−vS(t) for t→∞, 1 < ν ≤ 2 and

S(t) a slowly varying function at infinity.

1991 Mathematics Subject Classification: 60K25, 60J75, 90B22

Keywords and Phrases: Queueing models, heavy-tailed distribution, scaled variables, limiting distributions,

ν-stable Lévy motions, workload process.

Note: This work is carried out under the project LRD in PNA 2.1

1. Introduction

In author’s previous study [2] the GI/G/1 queue has been analysed for the case with heavy-tailed
server- and interarrival time distributions, i.e. for t→∞, 1 < νj ≤ 2,

1−B(t) ∼ t−ν2S2(t) and 1−A(t) ∼ t−ν1S1(t), (1.1)

with Sj(t) a slowly varying function at infinity.
The main result in [2] concerns the stationary actual waiting time w of the stable GI/G/1 queue

with traffic a ∈ (0, 1). It was shown that a unique scaling factor ∆(a), the so-called contraction factor,
exists such that ∆(a)w converges in distribution for a ↑ 1. This contraction factor ∆(a) is defined
as that root of the contraction equation which tends to zero for a ↑ 1. The limiting distribution of
∆(a)w is a proper probability distribution. It has beend derived in [2] for the three cases ν1 < ν2,
ν1 = ν2 and ν1 > ν2.
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The present study is an extension of [2]. Concerning kt , the total traffic generated by the arrivals
in [0, t), the question arrises whether a proper scaling of kt exists which converges in distribution for
a ↑ 1. In [5] it has been shown, that for the M/G/1 model with 1−B(t), for t→∞ as given in (1.1),
such a scaling exists indeed. In the present study it will be shown that this result can be extended to
the GI/G/1 model. For nt, the so-called noise traffic, i.e., for t ≥ 0,

nt := kt − at, (1.2)

it is shown that, with ∆1(a) = (1− a)∆(a),

N(τ ; a) := ∆(a)nτ/∆1(a) (1.3)

converges in distribution for a ↑ 1. With N(τ) a stochastic variable with distribution this limiting
distribution of N(τ ; a), it appears that the process {N(τ), τ ≥ 0} is a ν-stable Lévy motion for
ν := min(ν2, ν2) < 2; for ν = 2 it is the Brownian motion.

To obtain more insight between the limiting structure of N(τ ; a) and that of ∆(a)w for a ↑ 1, we
analyse in this study the queueing model with load removal. This model, to be called the M/GR/1
model, is most easily described in terms of an infinite buffer model. In [7] the relation between this
model and the GI/G/1 model has been exposed. The M/GR/1 model is described at follows.

At epochs tn of a Poisson point process with rate λ the buffer content is increased by an amount
τ+

n with probability p+, whereas with probability p− it is decreased by the minimum of the buffer
content at tn and τ−n . Here {τ+

n , n = 0, 1, . . . } and {τ−n , n = 0, 1, 2, . . .} are independent families of
i.i.d. nonnegative stochastic variables, these families are also independent of the tn-sequence. This
process is studied for the case that τ+

n and τ−n both have a heavy tail. With mt the number of jump
epochs tn in (0, t) and τn = τ±n with probability p±, the ‘traffic load’ kt generated in [0, t) is given
by

kt =
mt∑
n=0

τn. (1.4)

This M/GR/1 process may be considered as a buffer model with unit decrease per unit of time. With

β := p+E{τ+
n } − p−E{τ−n }, (1.5)

it may be shown by using a standard technique that

b := λβ < 1, (1.6)

is the stability condition. E.g. with wn the buffer content immediately before the n-th jump epoch,
it can be shown that wn converges in distribution for n→∞. From our analysis it turns out that
for the heavy traffic analysis of this M/GR/1 model we have to distinguish two cases, viz. β > 0 and
β < 0.

Let us first consider the case with β > 0, i.e.

0 < b < 1. (1.7)

As for the GI/G/1 model we consider here also the noise traffic

nt := kt − bt. (1.8)

The {nt, t ≥ 0} process is obviously a process with independent stationary increments. In the present
study it is shown that a contraction factor ∇(b) exists such that, with ∇1(b) = ∇(b)(1− b),

N(τ ; b) := ∇(b)nτ/∇1(b), (1.9)
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converges for ∇(b) ↓ 0, i.e. for b ↑ 1, in distribution. With N(τ) a stochastic variable with distribution
the limiting distribution of N(τ ; b), it appears that {N(τ), τ ≥ 0} is again a ν-stable Lévy motion for
min(ν−, ν+) < 2 and a Brownian motion when this minimum is equal to 2; here ν± is the index of
the tail of the distribution of τ±n .

Let vt be the buffer contents at time t and v and w stochastic variables with distribution the
limiting distribution of vt for t→∞ and wn for n→∞, respectively. It is shown that ∇(b)v and
∇(b)w both converge in distribution. They have the same limiting distribution and its structure is
the same as that of the analogous distributions of the GI/G/1 model.

Whenever

λβ < 0, (1.10)

i.e. β < 0, it appears that for finite λ, a scaling of nt like that in (1.9) does not exist. However
for λ = ∞ a scaling does exists. It is then shown that the noise traffic when property scaled again
converges in distribution for β ↑ 0. For λ =∞ the wn-sequence for the M/GR/1 model is defined by

wn+1 = [wn + τn]+, n = 0, 1, . . . . (1.11)

The condition β < 0 implies that wn converges in distribution for n→∞. With w as defined above,
it is shown that a scaling of w exists which converges in distribution for β ↑ 0. The relevant limiting
distribution has again the same structure as the analogous one for the GI/G/1 model.

We conclude this introduction with an overview of the various sections.
In Section 2 we describe the GI/G/1 model with heavy-tailed service- and interarrival time distri-

butions B(t) and A(t). The index of the tail of A(t) is indicated by ν1 that of B(t) by ν2. The cases
ν1 = ν2, ν2 < ν1 and ν1 < ν2 with νj ≤ 2 should be distinguished.

In Section 3 the LSTs of the generated traffic kt and of the noise traffice nt for the GI/G/1 model
are derived. Section 4 starts with the formulation of the contraction equation for the GI/G/1 model.
This equation resulted from the analysis in [2], and it defines the contraction coefficient. With this
contraction coefficient the contracted noise traffic N(τ ; a) is defined for a < 1, here a is the traffic load
of the GI/G/1 model. Theorem 4.1 states that the contracted noise traffic converges in distribution
for a ↑ 1, and it describes the LST of the limiting distribution. With N(τ) a stochastic variable with
this limiting distribution, it is seen in Section 5 that the process {N(τ), τ ≥ 0} is a ν-stable Lévy
motion for 1 < ν < 2, and a Brownian motion for ν = 2. For ν < 2, the probabilities of the up- and
downward jumps of the Lévy motion are expressed in terms of the characteristics of the tails of the
service- and interarrival times distributions B(t) and A(t).

In Section 6, where v and w are variables with distributions the stationary distributions of the
workload and the waiting time of the GI/G/1 model, it is shown that the contracted variables ∆(a)v
and ∆(a)w converge in distribution for a ↑ 1; they have the same limiting distribution. The LST
transform of this distribution, already derived in [2], is described in (6.5).

In Section 7 the M/GR/1 model is described. Here the heavy tailed distributions of τ±n are defined.
In Section 8 the noise traffic for the M/GR/1 model is defined. It turns out that for the heavy traffic
analysis two cases have to be distinguished, see (8.9). For both cases it is seen that similar heavy
traffic results can be derived for the noise traffic and the waiting times (or buffer content, for the
latter) see Section 9. The analysis proceeds along similar times as that for the GI/G/1 model. The
essential point is here the construction of the contraction equation. Once this has been obtained the
determination of the limiting distribution of the contracted waiting time requires the derivation of the
solution of a Wiener-Hopf problem of a type studied in [2]. This limiting distribution has the same
structure as that for the GI/G/1 model.

In Section 10 the limiting distributions for the GI/G/1 model and the two variants of the M/GR/1
model are compared. It leads to an inisght concerning the influence of the tails of the various heavy-
tailed distributions on the coefficients of the heavy-traffic limiting distributions.

In Section 11 we investigate the question whether the functional relation between the contracted
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workload and the contracted virtual backlog for the M/G
(1)
R /1 model with 0 < b < 1 also holds (in

distribution) for b ↑ 1. It appears that this is indeed the case.
In Section 12 the buffer model Lν/Lν/1 is introduced. The buffer has an infinite capacity and its

virtual backlog process is described by a ν-stable Lévy motion. By using the results of Section 10
it is shown that, whenever this Lévy motion has a negative drift, then the workload process of this
buffer model possesses a stationary distribution. The LSF of this distribution is obtained. The model
Lν1/Lν2/1 with ν1 6= ν2 is defined as a special case of the Lν/Lν/1 model.

In Section 13 we consider the traffic discription of a buffer model with heavy tailed distributions as
developed in [10]. Here the authors introduce a scaling of the noise traffic and show that this scaled
noise traffic process converges when the scaling factor T →∞. It is illustrated that this limiting
process can be used only for the analysis of the workload process of the buffer if T is a specified
function of the traffic load a with T →∞ for a ↑ 1. The relation between a and T is provided by the
contraction equation.

2. The GI/G/1 model

We consider the GI/G/1 model with interarrival time distribution A(t) and service time distribution
B(t).

α :=

∞∫
0

tdA(t) <∞, β :=

∞∫
0

tdB(t), (2.1)

a := β/α < 1,

with interarrival- and service time distributions of the following type. For a finite T > 0 it is assumed
that: for t > T ,

1−A(t) = G11(t) + G12(t), (2.2)

1−B(t) = G21(t) + G22(t),

with

|
∞∫

T

e−ρtGj1(t)dt| <∞ for Re ρ > −δ, j = 1, 2,

for a δ > 0, and where Gj2(t) characterises for t→∞ the dominant terms of the tails. For instance

Gj2(t) = t−νSj(t), t→∞, 1 < v ≤ 2,

with Sj(t) a slowly varying function at infinity, is an example of a heavy-tailed distribution.
Denote by α(ρ) and β(ρ) the Laplace-Stieltjes transform (LST) of A(t) and B(t), respectively; for

Re ρ ≥ 0,

α(ρ) =

∞∫
0−

e−ρtdA(t), β(ρ) :=

∞∫
0−

e−ρtdB(t). (2.3)

For many distributions of the type (2.2) the LSTs can be characterized by: for Re ρ ≥ 0,

1− 1− α(ρ)
ρα

= g1(γρ) + C1(γρ)ν1−1
L1(γρ), (2.4)

1− 1− β(ρ)
ρβ

= g2(γρ) + C2(γρ)ν2−1
L2(γρ),
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with: for j = 1, 2,

i. Cj ≥ 0 and C1 + C2 > 0, (2.5)

γ > 0, here γ stands for the unit of time,

ii. 1 < νj ≤ 2,

iii. gj(γρ) is regular for Re γ > −δ for a δ > 0, gj(0) = 0,

iv. Lj(γρ) is regular for Re ρ > 0, continuous for Re ρ ≥ 0, except possibly at ρ = 0, with Lj(γρ)→
bj > 0 for |ρ| → 0, Re ρ ≥ 0, and

bj ≤ ∞ for 1 < νj ≤ 2,

bj =∞ for νj = 2,

lim
x↓0

Lj(xγρ)
Lj(x)

= 1 for every ρ with Re ρ ≥ 0, ρ 6= 0.

It is further assumed that the following limit exists: for C1 > 0, C2 > 0,

f := lim
x↓0

L2(x)
L1(x)

and 0 < f <∞; for C1 > 0, C2 > 0. (2.6)

Note that we exclude the cases f = 0 and f = ∞, actually f = ∞ leads to the same result as
C1 = 0, C2 > 0, similarly f = 0 to those with C1 > 0, C2 = 0.

Further, we define:

c1 := α/γ, c2 := β/γ, a = c2/c1. (2.7)

We make the following remarks concerning the assumptions introduced above.

Remark2.1. Many valued functions such as ρνi , log ρ, arctanρ are defined by their principal values,
so ρνi > 0 for ρ > 0, log ρ is real for ρ > 0 and |arctanρ| < 1

2π for −∞ < ρ <∞. 2

Remark 2.2. The class of distributions A(t) and B(t) satisfying (2.4) is actually a subclass of those
characterised by (2.2) see [1], [3], for examples.

Remark 2.3. Because the lefthand sides in (2.4) are positive for ρ > 0 it follows that Lj(γρ) is real
for ρ > 0, and since these lefthand sides are zero for ρ = 0 it is seen that xνj−1Lj(x)→ 0 for x→ 0,
Re x ≥ 0. 2

Remark 2.4. The case for which the limit in (2.6) does not exist, will not be considered in this study.
2

Remark 2.5. We have excluded the case C1 = 0 and C2 = 0, note C1 = 0 corresponds to the case
that A(t) has a negative exponential tail because δ > 0, analogously if C2 = 0.

Further we define:

whenever ν1 = ν2 and C1 > 0, C2 > 0 then ν := ν1 = ν2, (2.8)

whenever ν2 < ν1 or C1 = 0, then ν := ν2,

whenever ν1 < ν2 or C2 = 0 then ν := ν1. 2
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3. On the noise traffic

Let ωt be the number of arrivals in [0, t) and kt the total traffic load generated in [0, t) by these
arrivals, ω0+ = k0+ = 0. The virtual backlog h(t) and the noise traffic n(t) are defined by: for t ≥ 0,

ht := kt − t, (3.1)
nt := kt − at.

Remark 3.1. A more appropriate definition of noise traffic would be

nt := kt − E{kt},

because it has a zero expectation for all t ≥ 0. However, the definition in (3.1) is technically some what
easier to handle; moreover, we are mainly concerned with the asymptotics for t→∞ and E{nt} → 0
for t→∞. 2

Because

Pr{ωt = n} = An∗(t)−A(n+1)∗(t), n = 0, 1, 2, . . . , (3.2)

we have for Re ρ ≥ 0, t ≥ 0,

E{e−ρkt} =
∞∑

n=0

βn(ρ){An∗(t)−A(n+1)∗(t)}. (3.3)

Hence: for Re s > 0, Re ρ ≥ 0,
∞∫
0

e−stE{e−ρnt}dt =

∞∫
0

e−stE{e−ρ(kt−at)}dt =
1− α(s− aρ)

s− aρ

1
1− β(ρ)α(s− aρ)

(3.4)

=

[
s− aρ

1−α(s−aρ)
s−aρ

[
1− α(s− aρ)

(s− aρ)α
− α(s− aρ) + α(s− aρ){1− 1− β(ρ)

ρβ
}
]]−1

,

here the last equality follows via some simple algebra, we need it in the next section.

4. The contracted traffic for the GI/G/1 model

In [2] Sections 3, 6 and 7 we have introduced the contraction equations for the three cases ν1 = ν2,
ν1 > ν2 and ν1 < ν2. In the definition given here we combine these three cases. The contraction
equation reads: for 0 < a < 1.

1− a = xν−1|L(x)|, x > 0, (4.1)

with

i. L(x) = aC2L2(x) + (−1)νC1L1(x) for ν = ν1 = ν2 and C1 > 0, C2 > 0, (4.2)

ii. = aC2L2(x) for ν = ν2 < ν1 or C1 = 0,

iii. = (−1)νC1L1(x) for ν = ν1 < ν2 or C2 = 0,

and

c1 = 1, c2 = a. (4.3)
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Remark 4.1. Only the cases mentioned in (4.3) are of interest for our analysis. For another charac-
terisation of these cases. see Remark 4.3. 2

The contraction coefficient ∆(a) is defined to be that root of (4.1) which tends to zero for a ↑ 1.

Remark 4.2. For a sufficiently close to one, i.e. 0 < 1− a << 1 the root ∆(a) of (4.1) always exists
and its multiplicity is one, so it will always be assumed that

0 < 1− a << 1.

For a proof of an analogous statement see Appendix A. 2

Next we introduce the following scaling:

ρ = r∆(a), Re r ≥ 0, (4.4)

t = τ/∆1(a), τ ≥ 0,

s = σ∆1(a), Re σ ≥ 0,

with

∆1(a) := (1− a)∆(a). (4.5)

The contracted noise traffic N(τ ; a) and the contracted virtual backlog H(τ ; a) are defined as follows:
for 0 < 1− a << 1,

N(τ ; a) := ∆(a)nτ/∆1(a), (4.6)

H(τ ; a) := ∆(a)hτ/∆1(a) = N(τ ; a)− τ.

cf. (3.1) and (4.4), i.e traffic is scaled by ∆(a) and time by ∆1(a).

Remark 4.3. In our analysis we shall frequently write

∆ instead of ∆(a),

∆1 instead of ∆1(a). 2

From (3.4), (4.4) and (4.6) we obtain: for 0 < 1− a << 1, Re r = 0 and Re σ > 0,

∞∫
0

e−στE{e−rN(τ ;a)}dτ = (4.7)

[
σ− ar

1− a
[α̂(σ∆1 − ar∆)]−1{α̂(σ∆1− ar∆)− α(σ∆1− ar∆)+ α(σ∆1− ar∆)(1 − 1− β(r∆)

βr∆
)}

]−1

.

with

α̂(s) :=
1− α(s)

αs
, Re s ≥ 0. (4.8)
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From (1.4) we have: for Re r ≥ 0, Re σ ≥ 0,

1− α(σ∆1 − a∆r)
(σ∆1 − a∆r)α

= 1− g1((σ(1 − a)− ar)∆γ) (4.9)

− (−1)ν1−1C1[−(σ(1− a) + ar)γ]ν1−1∆ν1−1L1((σ(1− a)− ar)∆γ),

1− 1− β(r∆)
βr∆

= g2(γr∆) + C2(γr)ν2−1∆ν2−1L2(γr∆)),

and: for Re r ≥ 0, Re σ > 0, c1 = 1,

α(σ∆1 − ar∆) = 1− (σ(1− a)− ar)γ∆[1− g1((σ(1− a)− ar)γ∆)] (4.10)

+ (−1)ν1C1[(−σ(1− a) + ar)γ]ν1∆ν1L1((σ(1− a)− ar)∆γ).

From (2.5)iv and (4.1) it follows readily, since 1 < νj ≤ 2, that

∆(a)
1− a

= ∆2−νj (a)
∣∣L(∆(a))

∣∣−1 → 0 for a ↑ 1. (4.11)

Hence from (2.5)iii: for a ↑ 1, Re r = 0, Re σ ≥ 0,

1
1− a

g1((σ(1− a)− ar)∆γ) → 0, (4.12)

1
1− a

g2(γr∆) → 0,

1
1− a

(σ(1− a)− ar)γ∆[1− g1((σ(1− a)− ar)γ∆)] → 0.

From (4.1) and (2.5)iv for: C1 > 0, a ↑ 1, Re r = 0, Re σ ≥ 0,

[(ar − σ(1− a)γ]ν1∆ν1L1((σ(1 − a)− ar)∆γ) = (4.13)

[(ar − σ(1− a)γ]ν1
∆ν1−1

1− a
|L(∆)|L1((σ(1 − a)− ar)∆γ)

|L(∆)| ∆C1 → 0,

because ∆→ 0 and, cf. (2.6) and (4.2): for ∆ ↓ 0,

L1((σ(1 − a)− ar)∆γ)
|L1(∆)| → 1,

L1(∆)
|L(∆)| →

1
(−1)νC1 + C2f

, C1 > 0.

Put for Re r = 0, Re σ > 0.

I(∆) := (−1)ν1C1[(−σ(1− a) + ar)γ]ν1−1 L1((σ(1− a)− ar)∆γ)
L1(∆)

L1(∆)
|L(∆)|

∆ν1−1

1− a
|L(∆)|+ (4.14)

C2(γr)ν2−1 L2(γr∆)
L2(∆)

L2(∆)
|L(∆)|

∆ν2−1

1− a
|L(∆)|,

and, cf. (2.6) and [2], formula (3.12),

dj := Cj lim
x↓0

Lj(x)
|L(x)| , j = 1, 2, . . . . (4.15)
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By using (2.5)iv, (4.1) and (4.3) we obtain from (4.14) and (4.15): for Re r = 0, Re σ > 0,

lim
a↑1

I(∆(a)) = (γr)ν−1[d2 + (−1)νd1] for ν = ν1 = ν2 and C1 > 0, C2 > 0, (4.16)

= (γr)ν2−1d2 for ν2 < ν1 or C1 = 0,

= (γr)ν1−1(−1)ν1d1 for ν1 < ν2 or C2 = 0.

Next, we insert the expressions (4.9) and (4.10) into the righthand side of (4.7) and consider the
resulting expression for a ↑ 1, so ∆(a) ↓ 0. By using the relations (4.11), . . . , (4.16) it is not difficult
to show, although it is rather laborious, that the following limit exists and that: for Re r = 0, Re σ > 0,
and a ↑ 1,
∞∫
0

e−στE{e−rN(τ ;a)}dτ →
[
σ − r[d2(γr)ν−1 − d1(γr̄)ν−1]

]−1 for ν = ν1 = ν2, C1 > 0, C2 > 0,

→
[
σ − rd2(γr)ν−1

]−1 for ν = ν2 < ν1 or C1 = 0, (4.17)

→
[
σ + rd1(γr̄)ν−1

]−1 for ν = ν1 < v2 or C2 = 0.

The results obtained above lead to the following theorem.

Theorem 4.1.

i. The stochastic variables N(τ ; a) and H(τ ; a) converge in distribution for a ↑ 1;
ii. Let N(τ) and H(τ) be stochastic variables with the limiting distribution of N(τ ; a) and H(τ ; a),

respectively, then for τ ≥ 0, Re r = 0,

E{e−rN(τ)/γ} = e[d2rν+d1r̄ν ]τ/γ for ν = ν1 = ν2, C1 > 0, C2 > 0, (4.18)

= ed2rντ/γ for ν = ν2 < ν1 or C1 = 0,

= ed1r̄ντ/γ for ν = ν1 < ν2 or C2 = 0,

E{e−rH(τ)/γ} = erτ/γE{e−rN(τ)/γ}.

Proof. Denote by J(σ, r; a) for 0 < 1− a << 1, Re r = 0, Re σ > 0, τ ≥ 0, the righthand side of the
expression (4.7). We may then write by using the inversion integral for the Laplace transform: for
0 < 1− a << 1, Re r = 0, τ ≥ 0,

E{e−rN(τ ;a)} =
1

2πi

i∞+ε∫
−i∞+ε

eστJ(σ, r; a)dσ, for ε > 0. (4.19)

The expectation in the lefthand side of (4.7) is bounded in absolute value by one, so that |J(σ, r; a) <
σ−1. As above it follows that: for Re r = 0, τ ≥ 0, σ = ε−1, and ν = ν1 = ν2, C1 > 0, C2 > 0,

lim
a↑1

J(σ, r; a) =
[
σ − r[d2(γr)ν−1 − d1(γr̄ν−1]

]−1
. (4.20)
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Because eστ , Re σ = ε > 0 is bounded for every finite τ , dominated convergence shows that the
integral in (4.19) converges for a ↑ 1, Re r = 0, τ ≥ 0, i.e.

E{e−rN(τ ;a)} =
1

2πi

i∞+ε∫
−i∞+ε

eστdτ

σ − r[d2(γr)ν−1 − d1(γr̄)ν−1]
(4.21)

= eτ [d2(γr)ν+d1(γr̄)v], ν = ν1 = ν2, C1 > 0, C2 > 0.

Obviously, the righthand side of (4.21) is continuous at r = 0, Re r = 0, and by the continuity
theorem for characteristic functions it follows that N(τ ; a), converges in distribution for a ↑ 1. Hence
the statements concerning N(τ ; a) and N(τ) have been proved for the case ν = ν1 = ν2, C1 > 0,
C2 > 0. Those for the other cases are proved similarly. By using (4.6) the statements concerning
H(τ ; a) and H(τ) follow immediately from those for N(τ ; a). 2

Remark 4.3. From (4.6) it is seen that we may take H(τ) in such a way that

H(τ)− τ = N(τ), τ ≥ 0. (4.22)

Remark 4.4. From the definition of dj , cf. (4.15), it is readily seen that, see also [2], formula (3.13),

d1 =
C1

D
≥ 0, d2 =

C2f

D
≥ 0,

with

D :=
[
C2

1 + f2C2
2 + 2(cos νπ)fC1C2

]1/2
,

and f as defined in (2.6). In this definition f is nonzero and finite. However, the cases with f = 0 or
∞ also make sense. Whenever f is infinite then d1 = 0, and d2 = 0 for f = 0. Hence it is seen that
the three cases in (4.18) of Theorem 4.1 may be also characterized by

ν = ν1 = ν2, d1 > 0, d2 > 0, (4.23)

ν = ν2 < ν1 or d1 = 0, d2 > 0,

ν = ν1 < ν2 or d1 > 0, d2 = 0,

whenever f ≥ 0, i.e. in the assumption (2.6) 0 < f <∞ is replaced by f ≥ 0. 2

5. The stable Lévy noise traffic

The distribution of the stochastic variable N(τ), τ ≥ 0 is a ν-stable distribution. We characterise the
distribution of N(τ) in terms of the notation used in [4], see [4], page 5. From (4.18) we have: for
Re r = 0, τ > 0, 1 < ν ≤ 2,

log E{erN(τ)/γ} = (τ/γ)[d2r
ν + d1r̄

ν ] (5.1)

= |r|ν [(d2 + d1) cos
ν

2
π − (d2 − d1)i

r

|r| sin
ν

2
π](τ/γ)

= −|r|ν [−(d2 + d1) cos
ν

2
π]

τ

γ

[
1− i

d2 − d1

d2 + d1

r

|r| tan
ν

2
π
]
.
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With the notation used in [4] the righthand side is the logarithm of the characteristic function of the
ν-stable distribution Sν(σ, d, µ) with σ ≥ 0, −1 ≤ d ≤ 1, −∞ < µ < ∞, where (note cos ν

2π ≤ 0 for
1 < ν ≤ 2).

σ =
[
−(d2 + d1) cos

ν

2
π
]1/ν[

τ/γ
]1/ν

, (5.2)

d =
d2 − d1

d2 + d1
and µ = 0.

Similarly, it is seen that H(τ) has a stable distribution with the same σ and d but µ = −τ/γ.
The process {N(τ), τ ≥ 0} is obviously a process with independent increments and it is self-similar

with index 1/ν, i.e. N(bτ) and b1/νN(τ), b > 0, have the same distribution for every τ > 0. In [4] this
process {N(τ), τ ≥ 0} with 1 < ν < 2 is called a ν-stable Lévy motion with independent self-similar
stationary increments, for ν = 2 it is the Brownian motion.

In the context of Queueing Theory the {Nt, τ ≥ 0} process will be called the ν-stable Lévy noise
traffic, the process {H(τ), τ ≥ 0} will be referred to as the ν-stable virtual backlog process. Note
that: for τ > 0,

E{N(τ)} = 0, E{H(τ)} = −τ, (5.3)

since the properly scaled noise traffic nt and the virtual backlog ht, when properly scaled, i.e. N(τ ; a)
and H(τ ; a), converge in distribution to N(τ) and H(τ), respectively. We shall not investigate here
whenever the finite dimensional distributions for the N(τ ; a) process converge for a ↑ 1 to those of
N(τ). For the M/G/1 process this is readily verified, since for this case the {ht, t ≥ 0} process has
stationary independent increments, see [5].

In [4], see Section 3.12, a sample function description of a ν-stable Lévy motion 1 < ν < 2 is
given which is appropriate for the description of the traffic process of a queueing model. The sample
functions of the ν-stable N(τ) motion are here, see [4], p. 311, characterized as pure jump processes.
The probability of an upward jump being (1 + d)/2 = d2/(d1 + d2), that for a downward jump is
(1 − d)/2 = d1/(d1 + d2), see (5.2). The jump epochs of jump y with y ∈ (y, y + dy) in an interval
(0, t) form a Poisson process with intensity depending on y. Actually the expectation of the number
of jumps y with y ∈ (y, y + dy) in t÷ dt is given by:

d2

d1 + d2
|y|−(ν+1)dydt for y > 0,

d1

d1 + d2
|y|−(ν+1)dydt for y < 0.

Note that the expectations are unbounded.

Remark 5.1. From the definition of d1 and d2, cf. (4.15) and Remark 4.4, it is seen that d2/d1 is
independent of ν and so the probabilities of an upward and of a downward jump are independent of
ν. 2

6. The contracted workload process of the GI/G/1 model

Denote for the GI/G/1 queue by vt, t ≥ 0, the workload at time t. Then vt, is given by Reich’s
formula; see [6], p. 170. With v0 = v0 ≥ 0, and t ≥ 0,

vt := max[v0 + ht, sup
0<u<t

(ht − hu)]. (6.1)

In this section we consider the contracted workload ∆(a)vτ/∆1(a) for a ↑ 1, cf. (4.4).
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It is well-known that the actual waiting time process {wn, n = 1, 2, . . . } and the workload process
{vt, t ≥ 0} both possess a stationary distribution if a < 1. Denote by w and v stochastic variables with
distribution the stationary distribution of the wn-process and the vt-process, respectively. Further,
it is known, cf. [6], p. 296, formula (5.109) or p. 373, formula (6.110), that for Re ρ ≥ 0, a < 1,

E{e−ρv} = 1− a + a
1− β(ρ)

ρβ
E{e−ρw}. (6.2)

In [2] it has been shown that the contracted waiting ∆(a)w converges in distribution for a ↑ 1. Replace
in (6.2) ρ by r∆(a), Re r ≥ 0, so that for Re r ≥ 0,

E{e−r∆(a)v} = 1− a + a
1− β(r∆(a))

βr∆(a)
E{e−r∆(a)w}. (6.3)

From (2.4), (2.5) and (4.1) it is readily seen that

lim
a↑1

1− β(r∆(a))
βr∆(a)

= 1 for Re r ≥ 0. (6.4)

Because ∆(a)w converges in distribution for a ↑ 1 it is seen from (6.3) and (6.4) that ∆(a)v converges
in distribution and that it has the same limiting distribution as ∆(a)w for a ↑ 1. Let V be a stochastic
variable with distribution the limiting distribution of ∆(a)v.

In [2] the LST of the distribution of ∆(a)w has been derived, and so this leads immediately to the
LST of the distribution of V. We quote here some results from [2].

For the case with ν = ν1 = ν2, 1 < ν < 2 and C1 > 0, C2 > 0, see Theorem 4.1 of [2],

E{e−rV/γ} = lim
a↑1

E{e−r∆(a)v/γ} = eΦ(r), (6.5)

with

Φ(r) =
1

2πi

−i∞∫
i∞

[log[1 + d2ξ
ν−1 − d1ξ̄

ν−1]]
r

ξ − r

dξ

ξ
, Re r > 0,

= − 1
π

∞∫
0

{arctan
A(rs)ν−1

1 + B(rs)ν−1
} 1
1 + s2

ds

s

− 1
2π

∞∫
0

log{1 + 2B(rs)ν−1 + C(rs)2(ν−1)} ds

1 + s2
, r ≥ 0;

here

A := (d2 + d1) sin
ν − 1

2
π, B = (d2 − d1) cos

ν − 1
2

π, (6.6)

C := (d1 − d2)2 + 4d1d2 sin2 ν − 1
2

π;

and for ν = ν1 = ν2 = 2, C1 > 0, C2 > 0, see [2], Theorem 5.1.,

E{e−rV/γ} =
1

1 + r
, Re r ≥ 0. (6.7)

For the case with ν = ν2 < ν1 or C1 = 0, see [2], Theorem 6.1: for Re r ≥ 0, ν2 ≤ 2,

E{e−rV/γ} =
1

1 + rν2−1
, (6.8)
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and for the case with ν = ν1 < ν2 or C2 = 0, see [2], Theorem 7.1: for Re r ≥ 0,

E{e−rV/γ} =
1

1 + r
. (6.9)

A further result proved in [2] concerns the idle time i of the GI/G/1 model. For î a stochastic variable
with

E{e−ρ
ˆi} =

1− E{e−ρi}
ρE{i} , Re ρ = 0,

it has been shown in [2] that: for Re r < 0,

lim
∆(a)↓0

E{e−r∆(a)
ˆi} = exp

[ 1
2πi

i∞∫
ξ=−i∞

[log{1 + d2ξ
ν−1 − d1ξ̄

ν−1}] r

ξ − r

dξ

ξ

]
. (6.10)

From the description of the limiting noise process {N(τ), τ ≥ 0} it is seen that the characteristics
ν, d1 and d2 of this Lévy motion, cf. also Remark 4.1, determine completely the limiting distribution
of ∆(a)v for a ↑ 1. It is further noted that these characteristics depends only on the tails of A(t) and
B(t). For the asymptotic behaviour of the tail of the distribution of V the reader is referred to [2].

7. The M/GR/1 model, workload reduction

In order to obtain a better insight in the limiting results obtained in the preceding sections we consider
in this and the next sections a variant of the M/GR/1 model. This model will be characterized by
the symbol M/GR/1 and it is described as follows.

Let tn, n = 0, 1, 2, . . . with t0 = t0 > 0, be a Poisson point process with arrival rate λ. Put

σn+1 := tn+1 − tn, n = 0, 1, . . . , (7.1)

so that σn, n = 1, 2, . . . , is a sequence of i.i.d. stochastic variables with

Pr{σn < σ} = 1− e−λσ, σ ≥ 0. (7.2)

We further introduce two sequences of i.i.d. nonnegative stochastic variables, viz. τ+
n , n = 0, 1, 2, . . . ,

and τ−n , n = 0, 1, 2, . . . , with B+(τ) and B−(τ) the distribution of τ+
n and τ−n , respectively. It is

assumed that the three families {σn, n = 1, 2, 3, . . .}, {τ+
n , n = 0, 1, 2, . . .} and {τ−n , n = 0, 1, 2, . . .}

are independent families.
With

0 < p± < 1 and p+ + p− = 1, (7.3)

the sequence wn, n = 0, 1, 2, . . . , is recursively defined by: for n = 1, 2, . . . ,

wn+1 :=
[
wn + τ+

n − σn+1

]+

with prob. p+, (7.4)

:=
[
wn − τ−n − σn+1

]+

with prob. p−,

w0 = w0 ≥ 0.

The stochastic variable vt, t > 0, is defined as follows. For tn < t < tn+1, n = 0, 1, 2, . . . , and

τn := τ+
n with prob. p+, (7.5)

:= −τ−n with prob. p−,
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vt, t > 0, is defined by

vt :=
[[

wn + τn

]+ − (t− tn)
]+

, (7.6)

vtn+ =
[
wn + τn

]+

, vtn+1− = wn+1.

Obvious the M/GR/1 model may be considered as an M/G/1 model where at an arrival epoch tn

the workload is increased with probability p+ by τ+
n or is reduced with probability p− by τ−n . This

model has been considered in [7] as an M/G/1 model with negative customers or workload removal.
We shall investigate this M/GR/1 model for the case that B+(t) and B−(t) have heavy tails.
Set

β±(ρ) :=

∞∫
0−

e−ρtdB±(t), Re ρ ≥ 0, (7.7)

β(ρ) := p+β+(ρ) + p−β−(ρ̄), Re ρ = 0,

β± :=

∞∫
0

tdB±(t),

β := p+β+ − p−β−,

b± := λp±β±, b = b+ − b− = λβ.

It is assumed that: for Re ρ ≥ 0,

1− 1− β±(ρ)
ρβ±

= g±(γρ) + C±(γρ)ν±−1L±(ρ), (7.8)

f (0) := lim
x↓0

L+(x)
L−(x)

with f (0) ≥ 0 for C± > 0.

Here g±( · ), C±, ν± and L±( · ) have the same properties as the analogous functions and constants
in (2.5).

As in Remark (3.5) we introduce here the following convention:

ν := ν+ whenever ν+ = ν− and C± > 0, (7.9)

:= ν+ whenever ν+ < ν− or C− = 0,

:= ν− whenever ν− = ν+ or C+ = 0.

8. On the noise traffic for the M/GR/1 model

In the description of the traffic of the M/GR/1 model we shall use in this and the following sections
the same symbols as in the preceding sections for the GI/G/1 model; so here the symbols are defined
for the M/GR/1 model.

Denote by kt the traffic generated in [0, t). Since the arrival process tn, n = 0, 1, . . . , is a Poisson
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point process with rate λ, we have: for Re ρ = 0, t ≥ 0,

E{e−ρkt} =
∞∑

n=0

(λt)n

n!
e−λt

[
p+β+(ρ) + p−β−(ρ̄)

]n (8.1)

=
∞∑

n=0

(λt)n

n!
e−λtβn(ρ) = e−λt{1−β(ρ)}.

It follows that

E{kt} = bt. (8.2)

Set, for t ≥ 0,

nt := kt − bt, (8.3)

ht := kt − t = nt − (1− b)t.

A simple calculation shows that: for Re ρ = 0,

E{e−ρnt} = eρt[b+{1− 1−β+(ρ)
ρβ+ }−b−{1− 1−β−(ρ̄)

ρ̄β−
}]

, t ≥ 0. (8.4)

With (7.8) we obtain from (8.4): for Re ρ = 0,

log E{e−ρnt} = ρt[b+g+(γρ)− b−g−(γρ̄) + b+C+(γρ)ν−1L+(γρ)− b−C−(γρ̄)ν−1L−(γρ̄)] =

λρt[p+β+g+(γρ)− p−β−g−(γρ̄) + p+β+C+(γρ)ν−1L+(γρ)− p−β−C−(γρ̄)ν−1L−(γρ̄)]. (8.5)

We introduce again a scaling of ρ and t, viz. for Re r ≥ 0, τ ≥ 0,

ρ = r∇ and t = τ/∇1, ∇1 = ∇(1− ε), ∇ > 0, 1− ε > 0, (8.6)

where ∇ and ε will be specified below. Put

N(τ ; ε) := ∇nτ/∇1 , (8.7)

then from (8.5), (8.6) and (8.7): for Re r = 0,

log E{e−rN(τ ;ε)} =
λrτ

1− ε

[
p+β+g+(γr∇)− p−β−g−(γr̄∇) (8.8)

+ {p+β+C+(γr)ν−1L+(γr∇) − p−β−C−(γr̄)ν−1L−(γr̄∇)}∇ν−1}
]
.

For the specification of ∇ and ε we distinguish two cases, viz.

i. β = p+β+ − p−β− > 0 and b = λβ < 1, (8.9)

ii. β = p+β+ − p−β− < 0.

In the next section it will be seen that wn as defined in (7.4) for the M/GR/1 model converges in dis-
tribution for n→∞ for each of the two cases distinguished in (8.9), however the limiting distributions
are different for the non-heavy traffic case.

We consider first the case

β > 0, b = λβ < 1. (8.10)
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In this case we take

ε := b = λβ < 1, (8.11)

so that (8.8) may be written as: for Re r = 0,

log E{e−rN(τ ;b)} =
rτ

1− λβ
[b+g+(γr∇) − b−g−(γr̄∇)] + (8.12)

rτ∇ν−1

1− b
{b+C+(γr)ν−1L+(γr∇)− b−C−(γr̄)ν−1L−(γr̄∇)}.

For the present case we define ∇ as that root ∇(b) of the contraction equation

xν−1

1− b

∣∣∣K1(x)
∣∣∣ = 1, x > 0, (8.13)

with

K1(x) = b+C+L+(x) + (−1)νb−C−L−(x), x > 0, b = b+ − b−, (8.14)

which tends to zero for b ↑ 1. As in Appendix A it is shown that ∇(b) is uniquely defined and is a
simple root for 0 < 1− b << 1.

As in Section 4 it is shown that the following theorem holds.

Theorem 8.1. For β > 0 and ε = b = λβ < 1,

i. N(τ, b) converges in distribution for ε ↑ 1,

ii. for N1(τ), τ ≥ 0, a stochastic variable with distribution the limiting distribution of N(τ, b) holds:
for Re r = 0,

E{e−rN1(τ)/γ} = e[d+
1 rν+d−1 r̄ν ]τ/γ , (8.15)

with

d+
1 :=

b+C+f (0)

F1
≥ 0, d−1 :=

b−C−

F1
≥ 0, b+ − b− = 1, (8.16)

F1 :=
[
(b−C−)2 + (b+f (0)C+)2 + 2(cos νπ)b−b+f (0)C+C−

]1/2

.

Remark 8.1. The limit ε ↑ 1 in Theorem 8.1 should be interpreted as λ→ β−1 with β fixed. 2

Remark 8.2. From (8.16) it follows that

1 =
[
(d−1 )2 + (d+

2 )2 + 2(cos νπ)d−1 d+
2

]1/2

. 2

Next we consider the case, cf. (8.9),

β < 0. (8.17)

In (8.8) we take again ε = λβ so that ε < 0 and the first factor in the righthand side of (8.8) becomes

λ

1− λβ
.
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Because β < 0 this factor cannot tend to infinity for finite λ > 0. We, therefore, consider the case
that λ→∞. To do this rewrite (8.4) by using (8.6) as: for Re r = 0,

E{e−r∇nτ/∇1} = exp
[ rλτ

1− λβ
[p+β+{1− 1− β+(r∇)

r∇β+
} − p−β−{1− 1− β−(r̄∇)

r̄∇β−
}]

]
.

Obviously the righthand has a limit for λ→∞ and it is readily seen that this limit is a characteristic
function of a proper probability distribution, since this characteristic function is continuous in r = 0,
Re r = 0. Hence ∇nτ/∇1 , τ > 0 converges in distribution for λ→∞. By N2(τ ; ε), τ ≥ 0, we
shall denote a stochastic variable with distribution the limiting distribution of ∇nτ/∇1 with ∇ > 0.
Therefore, we obtain from (8.17): for Re r = 0, ∇ > 0 and every τ ≥ 0,

E{e−rN(τ ;ε)} = exp
[ rτ

|β| {p
+β+g+(γr∇)− p−β−g−(γr̄∇)}+ (8.18)

rτ

|β| {p
+β+C+(γr)ν−1L+(γr∇) − p−β−C−(γr̄)ν−1L−(γr̄∇)}∇ν−1

]
.

For the present case, cf. (8.17), we define ∇ as that root ∇̃(β) of the contraction equation

p−β−

|β| xν−1|K2(x)| = 1, x > 0, (8.19)

where

K2(x) :=
p+β+

p−β−
C+L+(x) + (−1)νC−L−(x), x > 0, (8.20)

which tends to zero for |β| ↓ 0. As in Appendix A it is shown ∇̃(β) is uniquely defined and is a simple
root for 0 < |β| << 1.

As in Section 4 it is shown that the following theorem holds.

Theorem 8.2. For β < 0, and 1− ε = |β|,

i. N(τ ; ε) converges in distribution for ε→ 1, (8.21)

ii. with N2(τ), τ ≥ 0, a stochastic variable with distribution the limiting distribution of N(τ ; ε) holds:
for Re r = 0,

E{e−rN2(τ)/γ} = e[d+
2 rν+d−2 r̄ν ]τ/γ , (8.22)

with

d+
2 :=

C+f (0)

F2
≥ 0, d−2 :=

C−

F2
≥ 0, (8.23)

F2 :=
[
(C−)2 + (f (0)C+)2 + 2(cos νπ)f (0)C+C−

]1/2
.

Remark 8.3. The limit ε→ 0, i.e. β ↑ 0, should be understood as p+/p− → β−/β+ with p++p− = 1.
2
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9. The wn-process for M/GR/1
In this section we consider the {wn, n = 0, 1, 2, . . .} process for the M/GR/1 model; it is recursively
defined in (7.4). We shall further consider the sequence in, n = 0, 1, 2, . . . , defined by: for n =
0, 1, 2, . . . ,

in := −
[
wn + τ+

n − σn+1

]−
with prob. p+, (9.1)

:= −
[
wn − τ−n − σn+1

]−
with prob. p+;

obviously, we have

in ≥ 0, n = 0, 1, 2, . . . . (9.2)

Write

α̃(ρ) := E{e−ρσn}, Re ρ > −λ.

It follows from (7.1) that

α̃(ρ) =
λ

λ + ρ
, Re ρ > −λ. (9.3)

To derive a relation for E{e−ρwn} we use the following identity: for every complex ρ and real x,

e−ρx = e−ρ[x]+ + e−ρ[x]− − 1. (9.4)

Again we take w0 = 0, cf. (7.8), and we shall surpress the condition w0 = w0 = 0, in expressions
containing a mathematical expectation, i.e. we shall write

E{. . .} for E{. . . |w0 = 0},

since we are mainly interested in results for n→∞, which are in general independent of w0.
Starting from (9.4) we obtain from (7.3) and (9.1): for Re ρ = 0, n = 0, 1, 2, . . . ,

E{e−ρwn+1} = p+E{e−ρ[wn+τ+
n−σn+1]

+}+ p−E{e−ρ[wn−τ−n−σn+1]
−} = (9.5)

p+E{e−ρ(wn+τ+
n−σn+1)}+ p−E{e−ρ(wn−τ−n−σn+1)}

+1− p+E{e−ρ[wn+τ+
n−σn+1]

− − p−E{e−ρ[wn−τ−n−σn+1]
−} =

E{e−ρwn}[p+β+(ρ) + p−β−(ρ̄)]α̃(ρ̄) + 1− E{eρin}.

Hence with β(ρ) as defined in (7.7) we have: for w0 = 0, Re ρ = 0, n = 0, 1, . . . ,

E{e−ρwn+1} = β(ρ)α̃(ρ̄)E{e−ρwn}+ 1− E{eρin}. (9.6)

Introduction of the generating functions
∞∑

n=0

rnE{e−ρwn}, Re ρ ≥ 0, (9.7)

∞∑
n=0

rnE{eρin}, Re ρ ≤ 0,
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with |r| < 1 leads to: for Re ρ = 0, |r| < 1,

[1− rβ(ρ)α̃(−ρ)]
∞∑

n=0

rnE{e−ρwn} = 1 + r
∞∑

n=0

rn{1− E{eρin}}. (9.8)

Relations of this type have been frequently studied in Queueing Theory, see e.g. [6], see Sections
II.5.2, II.6.7, or [8]. The relations (9.8) formulates a Wiener-Hopf problem for the two generating
functions in (9.7), and as such its solution can be constructed. From the solution so obtained it may
be shown that wn and in both converge in distribution for n→∞, and their limiting distributions
are proper probability distributions if b < 1, cf. (7.7). We omit the proof, see also (9.1) below.

With w and i stochastic variables with distributions these limiting distributions, respectively, it
may be shown that for 0 < b < 1, and Re ρ ≥ 0,

E{e−ρw} = lim
r↑1

(1− r)
∞∑

n=0

rnE{e−ρwn}, (9.9)

E{e−ρi} = lim
r↑1

(1− r)
∞∑

n=0

rnE{e−ρin}.

We omit also the proofs of these statements, and refer herefor to [6], [8] and [9].
Multiplying (9.8) by 1− r and letting r ↑ 1 yields, by using (9.9), that: for Re ρ = 0,

E{e−ρw} =
1− E}eρi}

1− β(ρ)α̃(ρ̄)
=

(1− E{eρi}(λ− ρ)
λ− ρ− λβ(ρ)

. (9.10)

Because

E{e−ρw}
∣∣∣
ρ=0

= E{e−ρi}
∣∣∣
ρ=0

= 1,

it follows from (7.11) and (9.3) that

E{i} = (1− b)/λ > 0 for b < 1. (9.11)

Let î be a stochastic variable with distribution defined by: for Re ρ ≥ 0,

E{e−ρ̂i} =
1− E}e−ρi}

ρE{i} , (9.12)

and put: for Re ρ = 0,

ψ(ρ) :=
−ρE{i}

1− β(ρ)α(ρ̄)
. (9.13)

Further, from (9.10) and (9.13): for Re ρ = 0,

E{e−ρw} = e− log ψ(ρ)E{eρ̂i}, (9.14)

and

i. E{e−ρw} and E{e−ρ̂i} are regular for Re ρ > 0, continuous for Re ρ ≥ 0, (9.15)

ii. E{e−ρw} = E{e−ρ̂i} = 1 for ρ = 0.
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It is seen that (9.14) and (9.15) formulate a Riemann Boundary value problem with the line Re ρ = 0
as the line of discontinuity. A boundary value problem with β(ρ) and α(ρ), described by (7.7) and
(9.3) has been discussed in [9], see also [2]. We may use the solution derived in [9], since it can be
shown that (7.8) and (9.3) imply that the conditions for the validity of the solution in [9] are fulfilled.
Using the solution derived in [9] it is seen that

E{e−ρw} = exp
[ 1
2πi

i∞∫
ξ=−i∞

[− log ψ(ξ)]
ρ

ξ − ρ

dξ

ξ

]
, Re ρ > 0, (9.16)

E{eρ̂i} = exp
[ 1
2πi

i∞∫
ξ=−i∞

[− log ψ(ξ)]
ρ

ξ − ρ

dξ

ξ

]
, Re ρ < 0,

and by using the Plemelj-Sokhotski formulas it is seen that: for Re ρ = 0,

E{e−ρw} = e
1
2 log ψ(ρ)+ 1

2πi

i∞∫
−i∞

[− log ψ(ξ)] ρ
ξ−ρ

dξ
ξ

, (9.17)

E{eρ̂i} = e
− 1

2 log ψ(ρ)+ 1
2πi

i∞∫
−i∞

[− log ψ(ξ)] ρ
ξ−ρ

dξ
ξ

.

Next we consider the expression ψ(ρ) in some detail. From (7.2), (7.7), (9.12) and (9.13) we have: for
Re ρ = 0,

ψ−1(ρ) =
1− λ{1− β(ρ)}/ρ

(λ− ρ)(1− b)/λ
= (9.18)

1
1− ρ/λ

[
1 +

λ

1− λβ
{p+β+{1− 1− β+(ρ)

β+ρ
} − p−β−{1− 1− β−(ρ̄)

β−ρ̄
}}

]
.

In (9.18) we insert the expressions (7.8) for the LSTs of the heavy-tailed service time distribution
B±(t), and we again distinguish the two cases in (8.9).

i. The case with

β > 0, λβ < 1.

With ρ = r∇(b) and ∇(b) that zero of the contraction equation (8.13) which tends to zero for b ↑ 1,
we obtain from (9.18) (deleting the algebra): for Re r = 0,

φ(γr) := lim
b↑1

[ψ(r∇(b))]−1 = 1 + d+
1 (γr)ν−1 − d−1 (γr̄)ν−1. (9.19)

From (9.16) we have: for Re r = 0,

E{e−r∇(b)w} = exp
[ 1
2πi

i∞∫
−i∞

[− logψ(ξ∇(b))]
r

ξ − r

dξ

ξ

]
, Re r > 0.

Because of dominated convergence of the integral in (9.19) for ∇(b) ↓ 0, it follows that
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lim
b↑1

E{e−r∇(b)w/γ} = e
1

2πi

i∞∫
−∞

[log φ(ξ)] r
ξ−r

dξ
ξ

, Re r > 0, (9.20)

= e
− 1

2 log φ(r)+ 1
2πi

i∞∫
−∞

[log φ(ξ)] r
ξ−r

dξ
ξ

, Re r = 0,

and, similarly,

lim
b↑1

E{er∇(b)̂i/γ} = e
1

2πi

i∞∫
−i∞

[log φ(ξ)] r
ξ−r

dξ
ξ

, Re r < 0, (9.21)

= e
1
2 log φ(r)+ 1

2πi

i∞∫
−i∞

[log φ(ξ)] r
ξ−r

dξ
ξ

, Re r = 0.

The analysis above leads to the following theorem.

Theorem 9.1. For the M/GR/1 model with 0 < b = λβ < 1, and LSTs β±(ρ) of B±(t) as given in
(7.8) the contracted variables ∇(b)w and ∇(b)̂i both converge in distribution for b ↑ 1. The LSTs of
their limiting distributions are given by (9.20) and (9.21) with: for Re r = 0,

φ(r) = 1 + d+
1 rν−1 − d−1 r̄ν−1 for ν = ν+ = ν−, C± > 0,

= 1 + d+
1 rν−1 for ν = ν+ < ν− or C− = 0,

= 1− d−1 r̄ν−1 for ν = ν− < ν+ or C+ = 0,

and, cf. (8.16),

d+
1 =

b+c+f (0)

F1
, d−1 =

b−C−

F1
, b+ − b− = 1,

F1 =
[
(b−C−)2 + (b+f (0)C+)2 + 2(cosνπ)b−b+f (0)C+C−

] 1
2
,

here ∇(b) is that root of the contraction equation (8.13) which tends to zero for b ↑ 1, cf. (8.13).

Proof. The solution of the boundary value problem (9.14), (9.15) is unique and given by (9.16)
and (9.17). Because for b < 1, wn converges in distribution for n→∞ and the LST of its limiting
distribution, which is given by (9.16) and (9.17), is continuous in r = 0, Re r ≥ 0, its follows from the
continuity theorem for characteristic functions and (9.28) that ∇(b)w converges for b ↑ 1 and that its
limiting distribution is a proper distribution of which the LST is given by the righthand side of (9.28).
Analogously for ∇(b)̂i. 2

Corolloary 9.1. For the M/GR/1 model with b < 1 the stochastic variable vt converges in distri-
bution for t→∞. For the stochastic variable v with distribution that limiting distribution of vt for
t→∞ holds that ∇(b)v converges in distribution for b ↑ 1 and its limiting distribution is the same of
that of ∇(b)w for b ↑ 1.

Proof. The proof that vt converges in distribution for t→∞ for b < 1 is analogous to that for
the stable M/G/1 of GI/G/1 model, see [6], and therefore omitted. Because the jump epochs of the



22

M/GR/1 model form a Poisson point process the PASTA property can be applied here, and so it
results that wn for n→∞ and vt for t→∞ have the same limiting distribution, i.e. v and w have
the same distribution. So the convergence in probability of ∇(b)w for b ↑ 1 implies that of ∇(b)v for
b ↑ 1. 2

Next we consider the second case in (8.9), i.e.

β = p+β+ − p−β− < 0. (9.22)

In order not to complicate the analysis we assume that τn is not a lattice variable.
From the analysis in the preceding section, cf. the discussion after (8.17), it turned out that the

noise traffic nt when properly scaled can only converge in probability if first λ → ∞. Actually this
implies that we have to take

α̃(ρ) = 1 for Re ρ ≥ 0. (9.23)

This implies that (9.10) has to be replaced by: for Re ρ = 0,

E{e−ρw} =
1− E{eρi}
1− β(ρ)

. (9.24)

Since

E{e−ρw}
∣∣∣
ρ=0

= E{eρi}
∣∣∣
ρ=0

= 1,

we have

E{i} = −β > 0,

as it follows from (9.22). Again with î a stochastic variable with distribution defined by: for Re ρ ≥ 0,

E{e−ρ̂i} =
1− E{e−ρi}

ρE{i} , (9.25)

we obtain from (9.24): for Re ρ = 0,

E{e−ρw} =
−ρβ

1− β(ρ)
E{eρ̂i}. (9.26)

and

i. E{e−ρw}, E{e−ρi} are regular for Re ρ ≥ 0, continuous for Re ρ ≥ 0, (9.27)

ii. E{e−ρw}
∣∣∣
ρ=0

= E{e−ρ̂i}
∣∣∣
ρ=0

= 1.

Again it can be shown that the boundary value problem formulated by (9.26) and (9.27) has a unique
solution for β(ρ) as given in (7.7) and (7.8), cf [9]. It follows further, cf. [9], that this solution is given
by (9.16) and (9.17) with: for Re ρ = 0,

ψ−1(ρ) =
1− β(ρ)
−ρβ

= 1 +
1
|β|

[
p+β+{1− 1− β+(ρ)

ρβ+
} − p−β−{1− 1− β−(ρ̄)

ρ̄β−
}
]
. (9.28)

With ∇̃(β) that root of (8.19) which tends to zero for β → 0, we obtain from (9.28): for Re r = 0,

φ(γr) := lim
|β|→0

ψ−1(r∇̃/β) = 1 + d+
2 (ρr)ν−1 − d−2 (ρr̄)v−1, (9.29)
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with d±2 as defined in (8.23). Analogously to Theorem 9.1 the following theorem is proved.

Theorem 9.2. For the M/GR/1 model with β < 0, α(ρ) = 1 for Re ρ ≥ 0, and the LSTs of B±(t)
as given in (7.8) the contracted variables ∇̃(β)w and ∇̃(β)̂i both converge in distribution for β → 0.
The LSTs of their limiting distributions are given by

lim
β→0

E{e−r∇̃(β)w/γ} = e
1

2πi

i∞∫
−i∞

log φ(ξ) r
ξ−r

dξ
ξ

, Re r > 0, (9.30)

= e
− 1

2 log φ(r)+ 1
2πi

i∞∫
−i∞

log φ(ξ) r
ξ−r

dξ
ξ

, Re r = 0,

lim
β→0

E{er∇̃(β)̂i/γ} = e
1

2πi

i∞∫
−i∞

log φ(ξ) r
ξ−r

dξ
ξ

, Re r < 0, (9.31)

= e
1
2 log φ(r)+ 1

2πi

i∞∫
−i∞

[log φ(ξ)] r
ξ−r

dξ
ξ

, Re r = 0,

with: for Re r = 0,

φ(ξ) = 1 + d+
2 rν−1 − d−2 r̄ν−1 for ν = ν+ = ν−, C± > 0,

= 1 + d+
2 rν−1 for ν = ν+ < ν− or C− = 0,

= 1− d−2 r̄ν−1 for ν = ν− < ν+ or C+ = 0,

and, cf. (8.23),

d+
2 =

C+f (0)

F2
≥ 0, d−2 =

C−

F2
,

F2 =
[
(C−)2 + (C+f (0))2 + 2(cos νπ)f (0)C+C−

] 1
2
,

and ∇̃(β) that root of the contraction equation (8.19) which tends to zero for β → 0.

Remark 9.1. The complex integrals in the expressions (9.20) and (9.30) have the same structure as
those in (6.5), and so as in section 6 they can be transformed into real integrals, see also [2] for details.
2

10. Comparison of the GI/G/1 and the M/GR/1 model

In this section we compare the noise traffic N(τ) for the GI/G/1 model, see Sections 4 and 5, and that
for the M/GR/1 model, see section 8. In Section 8 we have discussed two variants of the M/GR/1
model. That with 0 < λβ < 1 will be indicated by M/G

(1)
R /1, that with λ =∞, β < 0 by M/G

(2)
R /1.

Further we shall restrict the discussion to the case that ν = ν1 = ν2, C1 > 0, C2 > 0, cf. (2.4), and
ν = ν+ = ν−, C± > 0, cf. (7.8), since for the other cases, cf. (2.8) and (7.9), the comparison is not
essentially different. These {N(τ), τ ≥ 0} processes are ν-stable Lévy motions for 1 < ν < 2, and
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Brownian motions for ν = 2. The Lévy motions are pure jump processes, but Brownian motion is
not. We therefore, consider only the case with

1 < ν < 2. (10.1)

From Theorems 4.1, 8.1 and 8.2, it is seen that the distribution of N(τ) is the limiting distribution
of the properly scaled noise traffic nt when the scaling factor ∇ goes to zero. Comparison of these
distributions for the GI/G/1- and the M/G

(2)
R /1 model shows that their limiting distributions are the

same, cf. (4.15), (4.18) and (8.22) and (8.23), whenever

C2 = C+, C1 = C−, f = f (0), (10.2)

i.e. whenever B(t) and B+(t), and also A(t) and B−(t) have the same tails, cf. (2.4) and (7.8). From
(10.2) it then follows that

d2 = d+ and d1 = d−, (10.3)

nothe that d1/d2 is independent of ν.
Because d2/(d1 + d2) and d1/(d1 + d2) are the probabilities of an up- and a downward jump in

the N(τ)-process of the GI/G/1 model, it is seen from (10.3) that these probabilities are equal to
those for the N(τ)-process of the M/G

(2)
R /1 model. This comparison of the limiting noise traffics for

the GI/G/1 and the M/G
(2)
R /1 model elucidates the effect of the distribution A(t) (its tail) on the

limiting noise traffic of the GI/G/1 model.
Comparison of the noise traffics for the GI/G/1 and the M/G

(1)
R /1 model shows again that the

limiting noise traffics for these models have the same structure, cf.(4.18) and (8.15). However, from
(4.21) and (8.16), it is seen that (10.2) does not imply that (10.3) holds. Obviously the component
α̃(ρ) = λ/(λ + ρ), Re ρ ≥ 0 with 0 < λβ < 1, cf. (8.9)i, has its own influence on the probabilities of
the up- and downward jumps of the limiting noise traffic of the M/G

(1)
R /1 model.

Next we compare, again for the case 1 < ν < 2 the contracted actual waiting ∆(a)w for a ↑ 1 of
the GI/G/1 model to the analogous characteristics for the M/GR/1 model.

Noticing that the actual waiting time w and the virtual waiting v have the same (stationary)
distribution, it follows readily from (6.5) and Theorem 9.1 that the limiting distributions for the
contracted waiting times ∆(a)w and ∇(b)w for the GI/G/1- and the M/G

(1)
R /1 model have the same

structure. However, they are not identical whenever (10.2) holds, viz. for the same reasons as above
for the limiting noise traffics.

Comparison of the limiting distributions of the contracted actual stationary waiting times of the
GI/G/1 and of the M/G

(2)
R /1 model shows that they have also the same structure and are equal

whenever (10.2) holds, cf. (6.5) and Theorem 9.2.

11. On weak convergence of the noise traffic

In this section we consider the weak convergence of the noise traffic {N(τ ; b), τ ≥ 0} of the M/G
(1)
R /1

mode; with, cf. (8.9),

0 < b = λβ < 1. (11.1)

The noise traffic nt and the virtual backlog ht are given by, cf. (8.3),

nt = kt − bt, (11.2)

ht = nt − (1− b)t.
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With the scaling factor ∇(b) and ∇1(b) = ∇(b)(1− b), cf. Section 8, we consider the contracted noise
traffic and the contracted virtual backlog: for τ ≥ 0,

N(τ ; b) := ∇(b)nτ/∇1(b), (11.3)

H(τ ; b) := ∇(b)hτ/∇1(b) = N(τ ; b)− τ,

here the contraction factor ∇(b) is that root of (8.13) which tends to zero for b ↑ 1.
From Theorem 8.1 it is known that N(τ ; b), τ ≥ 0, converges in distribution for b ↑ 1 and so (11.3)

implies that this holds also for H(τ ; b). Let N1(τ) and H1(τ), τ ≥ 0, be variables with distributions
the limiting distributions for b ↑ 1 of N(τ ; b) and H(τ ; b), respectively. The characteristic function of
H(τ ; b) follows from (11.3) and for that of N(τ ; b), see (8.12) with ε = b.

The characteristic function of the distribution of N1(τ) is given in (8.15), that of H1(τ) follows
from (8.15) and (11.3), i.e. for Re r = 0, τ ≥ 0,

E{e−rH1(τ)/γ} = er[1+d+
1 rν−1−d−1 r̄ν−1]τ/γ . (11.4)

From the definition of nt and ht for the M/G
(1)
R /1 model it is readily seen that the processes {nt, t ≥ 0}

and {ht, t ≥} may be so defined that their sample functions are continuous from the right with limits
from the left, similarly for the processes {N(τ ; b), τ ≥ 0} and {H(τ ; b), τ ≥ 0}, with 0 < 1− b << 1.
All these just mentioned processes are processes with independent increments. The characteristic
functions of N1(τ), τ ≥ 0 and H1(τ), τ ≥ 0, cf. (8.15), (11.4), show that the processes {N1(τ), τ ≥ 0}
and {H1(τ), lτ ≥ 0} both have independent increments and N1(0) = H1(0) = 0, a.s. These processes
are both ν-stable Lévy motions with zero and nonzero, negative drift, respectively, cf. [14], when
ν < 2, for ν = 2 they are Brownian motion. The sample functions of these processes may again be so
defined that they are continuous from the left with righthand limits whenever 1 < ν < 2. For ν = 2,
i.e. Brownian motion, the sample functions are continuous.

For the workload vt of the M/G
(1)
R /1 model we have cf. (6.1) or (7.6) with v0 = 0, for t ≥ 0,

vt = max[ht, sup
0<u<t

(ht − hu)]. (11.5)

With

V(τ ; b) := ∇(b)vτ/∇1(b), τ ≥ 0, (11.6)

we obtain from (11.5); for τ ≥ 0, 0 < 1− b << 1,

V(τ ; b) = max[H(τ ; b), sup
0<u<t

(H(τ ; b)−H(τ ; u)]. (11.7)

From the characteristic function of N(τ ; b) and of N1(τ), cf. (8.12) and Theorem 8.1 it follows that
the finite dimensional distributions of the {N(τ ; b), τ ≥ 0} process converge for b ↑ 1 to those of the
{N1(τ), τ ≥ 0} process, and similarly for the {H(τ ; b), τ ≥ 0} and the {H1(τ), τ ≥ 0} process.

Define: for τ ≥ 0,

V1(τ) := max[V1(0) + H1(τ), sup
0<u<τ

(H1(τ) −H1(u))], (11.8)

and take presently V1(0) = 0.
We now apply a result from [11] concerning the convergence in the Skorokhod topology of a func-

tional of a sequence of stochastic processes with independent increments to the same functional of
the limiting stochastic process. The theorem in [2], Section 3.2 can be applied here for the sequence
H(τ ; bn) with bn ↑ 1 and the functional of H(τ ; b) in the righthand side of (11.7). It then follows that
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the righthand side of (11.7) converges in distribution for b ↑ 1, the limiting distribution being that of
the righthand side of (11.8). Consequently we have:

V(τ ; b) converges in distribution for b ↑ 1 with limiting distribution (11.9)
the distribution of V1(τ) for every τ > 0.

We consider again the workload process of the M/G
(1)
R /1 model but now with a stochastic initial

workload v0: for t ≥ 0,

vt = max[v0 + ht, sup
0<u<t

(ht − hu)]. (11.10)

Since 0 < λβ < 1 we know that vt converges in distribution for t→∞. Let again v be a stochastic
variable with limiting distribution that of vt for t→∞, actually, this distribution is independent of
that of v0.

For the distribution of v0 we take that of v, the stationary distribution of the Markov process
{vt, t ≥ 0}. It then follows that

v=d max[v + ht, sup
0<u<t

(ht − hu)], t ≥ 0, (11.11)

where =d indicates that the left- and righthand side of (11.11) have the same distribution. From (11.11)
we obtain by scaling that: for τ ≥ 0,

∇(b)v=d max[∇(b)v + H(τ ; b), sup
0<u<τ

(H(τ ; b)−H(u; b))], (11.12)

here ∇(b)v is the stationary distribution of the Markov process ∇(b)vt/∇1(b), 0 < 1− b << 1.
From Corollary 9.1 it is known that ∇(b)v converges in distribution for b ↑ 1. Let V1 be a stochastic

variable with distribution this limiting distribution of ∇(b)v for b ↑ 1.
Using again Section 3.2 of [11] it follows by letting b ↑ 1 in (11.12) that: for τ ≥ 0,

V1=d max[V1 + H1(τ), sup
0<u<τ

(H1(τ) −H1(u))]. (11.13)

Take in (11.8) V1(0)=d V1 it then follows from (11.8) and (11.13) that

the distribution of V1 is a stationary distribution of the Markov process {V1(τ), τ ≥ 0}.
(11.14)

From Theorem 9.1 and Corollary 9.1 it now follows that the LST of the distribution of V1 is given by

E{e−rV1/γ} = e
1

2πi

i∞∫
−i∞
{log φ(ξ)} r

ξ−r
dξ
ξ

for Re r > 0, (11.15)

= e
− 1

2 log φ(r)+ 1
2πi

i∞∫
−i∞
{log φ(ξ)} r

ξ−r
dξ
ξ

for Re r = 0,

with, cf. (9.19),

φ(r) := 1 + d+
1 rν−1 − d−1 r̄ν−1, Re r = 0, (11.16)

and d±1 as defined in (8.16).

Remark 11.1. Above we have proved only the weak convergence of the process {V(τ ; b), τ ≥ 0} with
b ↑ 1 for the M/G

(1)
R /1 model; that for the M/G

(2)
R /1 model is analogous. For the GI/G/1 model a

somewhat more refined analysis is required, and the approach as used in [13] may then be used. 2
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12. The Lévy queueing model Lν/Lν/1
Let Lν(t), t ≥ 0, 1 < ν < 2, be a ν-stable Lévy motion with characteristic function given by: for
Re r = 0, t ≥ 0,

E{e−rLν(t)/γ} = e[cr+a+rν+a−r̄ν ]t/γ , (12.1)

with

c > 0, a± > 0, γ > 0.

Define the process {vt, t ≥ 0} by

vt := max[v0 + Lν(t), sup
0<u<t

(Lν(t)− Lν(u))], (12.2)

with v0 the initial value of vt.
This vt-process will be called the workload process of a Lν/Lν/1 buffer model, see also Remark

12.1 below. The input process is described by the noise traffic nt and the virtual backlog ht.

nt = Lν(t) + tc, E{nt} = 0, (12.3)

ht = Lν(t), E{ht} = −ct.

Obviously, vt is the buffer content at time t.
The analysis of this section concerns the question wether the vt-process possesses a stationary

distribution and if so to derive an expression for this distribution.
We restricted here the analysis to the case 1 < ν < 2 and a± > 0; that with ν = 2 and/or

a+ + a− > 0, a± ≥ 0 is analogous and simpler.
To investigate this problem we try to construct an M/G

(1)
R /1 buffer model for which the workload

process, when properly scaled, possesses a limiting process for the scaling factors approaching limits,
see the analysis in Sections 8, 9 and 10. It is then tried to identify the limiting workload process with
that described by (12.2).

With kt the traffic generated in [0, t) it follows from the definition of ht and from (12.3) for t ≥ 0,

ht = kt − t, (12.4)

E{kt} = (1− c)t.

In order that the present model makes sense as a buffer model it is obviously necessary that, cf. (12.3)
and (12.4),

0 < c < 1, (12.5)

and in the following it will be assumed that (12.5) applies.
With

∆̂ :=
[ c

|a+ + (−1)νa−|
] 1

ν−1
> 0, (12.6)

put

i. γ̂ :=
γ

∆̂c
,

ii. α± :=
a±

|a+ + (−1)νa−| , (12.7)
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and replace in (12.1) r by r∆̂ then: for Re r = 0,

E{e−rLν(t)/(γ̂c)} = e[r+α+rν+α−r̄ν ]t/γ̂ . (12.8)

Define

n̂t :=
1
c
Lν(t) + t, ĥt =

1
c
Lν(t), (12.9)

so that

E{n̂t} = 0, E{ĥt} = −t. (12.10)

Put

v̂t := max[ṽ0 + ĥt, sup
0<u<t

(ĥt − ĥu)], t ≥ 0. (12.11)

Obviously, the relations (11.4) and (12.8) have the same structure when comparing H1(τ)/γ and
1
cLν(t)/γ̂ since d±1 ≥ 0 and |d+

1 + (−1)νd−1 | = 1, cf. Theorem 9.1; also (11.8) and (12.11) have the
same structure. Next, we investigate whether the Lévy motion ĥt = 1

cLν(t) can be the limiting virtual
backlog of a properly scaled M/G

(1)
R /1 model, cf. the analysis which has led to the definition of H1(τ)

in Section 11.
Choose positive number p±, β± with

p+ + p− = 1, p+β+ − p−β− > 0. (12.12)

For these p±, β± choose a λ̃ > 0 such that

0 < λ̂p+β+ − λ̂p−β− < 1, (12.13)

and define λ by

λ(p+β+ − p−β−) = 1. (12.14)

Consider the following equations

α+ =
λp+β+C+

D
f (0), α− =

λp−β−C−

D
, (12.15)

for C± > 0, 0 < f (0) <∞, and with

D = |λp+β+C+f (0) + (−1)νλp−β−C−|. (12.16)

It is seen that the equations (12.15) are compatible with (12.7)ii, so that

C+f0 = α+ D

λp+β+
, C− = α−

D

λp−β−
, (12.17)

for every D > 0 and every 0 < f (0) < 1.
Next we construct two probability distributions B±(t) such that, for the β±, p±, ; C± introduced

above
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i. β± =

∞∫
0

tdB±(t), (12.18)

ii. 1−B±(t) = 1−B±1 (t)− β±C±

Γ(1− ν)
(t/γ̃)νL±

( γ̂

t

)
, t ≥ T,

for a T > 0 with L±
( γ̂

t

)
slowly varying functions at infinity and

lim
t→∞

L+(γ̂/t)
L−(γ̂/t)

= f (0), 0 < f (0) <∞,

and for a δ > 0,

|
∞∫

T

e−ρt{1−B±1 (t)}dt| <∞ for Re ρ > −δ.

It is not difficult to show that for given β± > 0, C± > 0, f (0) and ν with 0 < f (0) < ∞, 1 < ν < 2,
a T > 0, a δ > 0 and functions B±1 (t) > 0, L±(γ̂/t) can always been constructed such that B±(t),
t ≥ 0, are probability distributions for which (12.18) i and ii hold. Note there is still some room for
the choice of B±(t) for 0 ≤ t ≤ T .

We may now formulate and prove the following theorem.

Theorem 12.1. For the Lν/Lν/1 buffer model with virtual backlog ht = Lν(t), 1 < ν < 2, given by

E{e−rht} = E{e−rLν(t)} = e[cr+a+rν+a−r̄ν ]t/γ , Re r = 0,

with

0 < c < 1, (12.19)

and the workload process {v0, t ≥ 0} defined by

vt = max[v0 + ht, sup
0<ν<t

(ht − hu)], (12.20)

holds:

i. vt converges in distribution for t→∞, its limiting distribution is the stationary distribution of the
v̂t-process;

ii. for V a stochastic variable with distribution this limiting distribution its LST is given by:

E{e−rV/γ} = eΦ(r) for Re r > 0, (12.21)

= e−
1
2 log ω(r)+Φ(r) for Re r = 0,
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where

Φ(r) =
1

2πi

i∞∫
−i∞

{log ω(ξ)} r

ξ − r

dξ

ξ
,

ω(r) = 1 +
a+

c
rν−1 − a−

c
r̄ν−1, Re r = 0.

Proof. For c satisfying the condition of the theorem, cf. (12.19), we consider the M/G
(1)
R /1 buffer

model with arrival rate λ̂ satisfying (12.14) and distributionsB±(t) as constructed above, see (12.18).
From the results in Section 9, cf. Theorem 9.1 and Corollary 9.1, and Section 11 it is seen that the
workload process ṽt of this M/G

(1)
R /1 model when scaled by ∇(b) and ∇1(b) = ∇(b)(1 − b) with

b = λ̂(p+β+ + p−β−), i.e. ∇(b)ṽτ/∇1(b), converges weakly for b ↑ 1 to a process {v̂t, τ ≥ 0} with

v̂t = max[ĥt, sup
0<u<τ

(ĥτ − ĥu)], τ ≥ 0, (12.22)

where, cf. (12.8): for Re r = 0,

E{e−rîhτ /γ̂} = E{e− r
c Lν(τ)/γ̂} = e[r+α+rν+α−r̄ν ]τ/γ̂. (12.23)

Obviously (12.22) may be rewritten as

v̂τ = max
[
1
c
Lν(τ), sup

0<u<τ
(
1
c
Lν(t)− 1

c
Lν(u))

]
. (12.24)

Moreover it follows that v̂t converges in distribution for τ →∞, see Corollary 9.1, and so with V̂ a
stochastic variable with distribution the limiting distribution of v̂τ for t→∞ it follows from (11.15)
that

E{e−rV̂/γ̃} = e
1

2πi

i∞∫
−i∞
{log ω(ξ)} r

ξ−r
dξ
ξ

, Re r > 0, (12.25)

= e
− 1

2 log ω(r)+ 1
2πi

i∞∫
−i∞
{log ω(ξ)} r

ξ−r
dξ
ξ

, Re r = 0,

with

ω̂(r) := 1 + α+rν−1 − α−r̄ν−1, Re r = 0.

Multiplication of (12.25) by c shows that cV̂ has as distribution the limiting distribution of the process
{vt, t ≥ 0} as defined in (12.2), so that cV̂=d V. It follows from Corollary 9.1 and (11.15) that

E{e−r
c V/γ̃} = e

1
2πi

i∞∫
−i∞
{log ω̂(ξ)} r

ξ−r
dξ
ξ

, Re r > 0 (12.26)

with

ω̂(r) = 1 + α+rν−1 − α−r̄ν−1 for Re r = 0.

Since, cf. (1.7), γ̂ = γ/∆̂c, we have

1
c
V̂/γ = ∆̂V/γ.
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so that by replacing r∆ by r in (12.26) we obtain (12.21). The proof is complete. 2

Remark 12.1. As in (6.5) a real integral expression for E{e−rV/γ} can be derived, also asymptotics
for the tail of the distribution of V can be derived. This asymptotic analysis is similar to that given
in [2].

Remark 12.2. Above we have introduced the Lν/Lν/1 model for the workload process of a buffer
with virtual backlog Lν(t). The model Lν1/Lν2/1 is defined as follows. For ν2 < ν1, 1 < ν2 < 2 it is
the above model with ν = ν2 and a− = 0, whereas for 1 < ν1 < ν2, ν1 < 2 it is the Lν/Lν/1 model
with ν = ν1 and a+ = 0. The Lν1/Lν2/1 model should be compared with the heavy tailed GI/G/1
model of Section 2, in particular see Remark 2.5. It is not difficult to show that Theorem 12.1 also
applies for the Lν1/Lν2/1 model with ν1 6= ν2. The integral in (12.16) is then evaluated as the similar
one in (6.5), cf. (6.8) and (6.19). 2

13. On self-similar traffic modeling for fluid queueing models

In [10] the authors discuss the modelling of self-similar traffic for a fluid buffer model. Traffic me-
asssurements suggested that self-similar processes could be adequate for the analysis of buffer models
used in ATM systems. In this section we compare the approach developed in [10] with that developed
in the preceding sections.

When considering the models discussed in the preceding sections as buffer models then an essential
characteristic is the model assumption that a message ariving at an arrival epoch is instantaneously
fed into the buffer, so that the buffer content then experiences a jump. In a fluid model the packets
of an arriving message are successively fed into the buffer. During ON-periods traffic is fed into the
buffer, no traffic is generated during OFF-periods; ON- and OFF-periods alternate. Their durations
are independent stochastic variables and those of the ON-periods are i.i.d., similarly those of the
OFF-periods. In [10] the authors develop a limit theorem for the scaled traffic generated in a time
interval [0, t) for the case that the ON- and OFF-periods have heavy-tailed distributions.

The approach in [10] is not restricted to a fluid model. It may applied as well to the M/G/I buffer
model with instantaneous input. For the comparison of the approach in [10] and that of the present
study if suffices to consider the simple M/G/1 model with heavy tailed service time distribution B(t)
and arrival rate λ. For the sake of simplicity we take for the LSF transform β(ρ) of B(t), cf. (2.4):
for Re ρ ≥ 0,

1− 1− β(ρ)
ρβ

= g(γρ) + C(γρ)ν−1, (13.1)

with

i. β =

∞∫
0

tdB(t), 0 < a = λβ < 1, (13.2)

ii. 1 < ν < 2, C > 0,

iii. g(γρ) is regular for Re ρ > −δ for a δ > 0, g(0) = 0.

To keep the comparison as simple as possible we take 1 < ν < 2 and in (3.4) L(ρ) ≡ 1.
For kt the traffic generated in [0, t) the noise traffic nt and the virtual backlog ht are given by

nt = kt − at, (13.3)

ht = kt − t = nt − (1− a)t.
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As in (8.4) it follows for the present case that: for Re ρ = 0,

E{e−ρnt} = eaρt{1− 1−β(ρ)
ρβ }. (13.4)

For a T > 0 the scaling in [10] reads,

t = Tτ and ρ = rT−k, Re r ≥ 0, k > 0. (13.5)

It then follows from (13.1), (13.2) and (13.5) that: for Re r = 0,

log E{e−rnTτ /T k} = arτT 1−k{g(γrT−k) + C(γr)ν−1T−k(ν−1)}. (13.6)

Take

k = 1/ν, (13.7)

so that 2k > 1, cf. (13.2)ii. It then follows from (13.2)iii that for T >> 1, Re r = 0,

E{e−rnTτ /T 1/ν} = eaC(γr)ν(τ/γ){1 + arτO(T 1−2/ν)}. (13.8)

From (13.8) it follows readily that the stochastic variable nτT /T 1/ν converges in distribution for
T → ∞ and every a > 0. The limiting distribution is actually a ν-stable distribution. As in Section
11 it is shown that {N̂τ , τ ≥ 0} is a ν-stable Lévy motion, here N̂τ , τ ≥ 0 is a stochastic variable
with distribution this limiting distribution.

The weak convergence of the scaled noise traffic T−1/vnτT for T →∞ for the heavy tailed M/G/1
model is a similar limiting result as given in Theorem 3 of [11] for the fluid model with heavy tailed
ON- and OFF-periods.

Next we consider the virtual backlog ht. We obtain from (13.3) for Re ρ = 0, t ≥ 0,

E{e−ρht} = e(1−a)ρtE{e−ρnt}. (13.9)

Hence: for Re r = 0, T >> 1,

E{e−rhτT /T 1/ν

} = e(1−a)rτT t−1/ν

eaC(γr)ν(τ/γ){1 + arτ)O(T 1−2/ν)}. (13.10)

Because 1−1/ν > 0 for 1 < ν < 2 it is seen from (13.10) that for 0 < a < 1 the characteristic function
of the scaled virtual backlog hτT /T 1/ν does not converge for T →∞.

The workload vt of the M/G/1 model with virtual backlog ht is described by

vt := max[v0 + ht, sup
0<u<t

(ht − hu)], t ≥ 0. (13.11)

For the M/G/1 model with the scaled noise traffic nτT /T 1/ν the workload v̂τT = vτT /T 1/ν is given
by

v̂τT := max[v̂0 + hτT /T 1/ν, sup
0<u<τ

(hτT /T 1/ν − huT /T 1/ν)]. (13.12)

Because the characteristic function of hτT/T 1/ν does not converge, it is seen from (13.12) that the
function of v̂τT cannot have a true limiting distribution for T →∞. Consequently it is seen that the
scaling of time by t = τT and that of nτT by T−1/ν is for T → ∞ not an appropriate scaling of the
noise traffic nt since vτT /T 1/ν does not converge in distribution for T →∞.

However when taking

T = [∆(a)(1− a)]−1, (13.13)
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with ∆(a) that zero of the contraction equation: for 0 < a < 1,

aCxν−1 = 1− a, x > 0. (13.14)

which goes to zero for a ↑ 1, it follows that

(1− a)T 1− 1
ν = aC, T−1/ν = ∆(a), (13.15)

T →∞ for a ↑ 1.

and so we obtain from (13.10): for Re r = 0.

E{e−r∆(a)hτ/∆1(a)} = e[γr+γrν]aCτ/γ{1 + arτO(aC
∆(a)
1− a

)}, (13.16)

with ∆1(a) = ∆(a)(1− a). Since ∆1(a)/(1− a) ↓ 0 for a ↑ 1 it is seen from (3.16) that ∆(a)hτ/∆1(a)

converges in distribution for a ↑ 1 Considering again the vt-process it is seen as in Section 10 that
∆(a)vτ/∆1(a) converges in distribution for a ↑ 1, and every τ > 0.

The analysis above illustrates that the scaling of the noise traffic as in [10] is not adequate for the
analysis of the workload process vt for large t, unless the scaling depends on the traffic parameter.
This dependency is determined by the contraction equation. The ultimate result is then a heavy traffic
theorem, see the preceding sections.

Appendix A

In this appendix we show that the equation (8.1),

1− b = xv−1|K(x)|, x > 0, (a.1)

with

K(x) = b+C+L+(x) + (−1)νb−C−L−(x), x > 0, (a.2)

has for b < 1 and b sufficiently close to one, i.e. 0 < 1− b << 1, a single zero ∇(b) with the property
that ∇(b) ↓ 0 for b ↑ 1. We consider here only the case that ν = ν1 = ν2, C± > 0, the other cases are
proven similarly.

From (7.16) with ρ > 0 we obtain, cf. also Remark 2.3,

ρν−1L±(ρ)→ 0 for ρ ↓ 0, (a.3)

since

g±(ρ) = O(ρ) and 1 < ν ≤ 2.

From (a.2) we have for x > 0,

|K(x)| = [{b+C+L+(x)}2 + {b−C−L−(x)}2 + 2(cos νπ)b+b−C+C−L+(x)L−(x)]
1
2 . (a.4)

Hence from (a.3) (and Remark 2.1),

xν−1|K(x)| ↓ 0. (a.5)

From (a.5) it follows that (a.1) has for 0 < 1− b << 1 a single zero ∇(b) > 0 which tends to zero for
b ↑ 1, note that |K(x)| 6= 0 for 0 < x << 1.
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