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ABSTRACT

Large systems of linear equations over F2 with sparse coe�cient matrices have to be

solved as a part of integer factorization with sieve-based methods such as in the Number

Field Sieve algorithm. In this report, we �rst discuss the Wiedemann algorithm to solve

these systems and investigate the relation between the sparsity of the matrix and the

performance of (a slightly adapted version of) the algorithm. Then we turn to the more

e�cient block algorithms and discuss a new version of the block Wiedemann algorithm,

proposed by Villard, based on the FPHPS algorithm by Beckermann and Labahn. Finally

we compare the performance of our implementation of this version of the algorithm with

that of Lobo's implementation of the classical block Wiedemann algorithm and that of

Montgomery's implementation of his block Lanczos algorithm. The latter is shown to be

much faster, even more than expected theoretically.
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Introduction

Systems of linear equations can be solved by Gaussian elimination. This is a simple
procedure that yields all solutions when applied with exact arithmetic. But in
the case of sparse matrices, i.e. matrices containing mainly zeroes, methods which
take advantage of this sparsity use much less memory and time to solve the system
than Gaussian elimination. As a part of integer factorization with the Quadratic
Sieve [19, 20] or the Number Field Sieve [14], one has to �nd dependencies among
the columns of a matrix over F2 , the �eld with two elements. These matrices are
extremely large and sparse for big numbers. Consider for instance the world record
factorization of RSA-130 [6], a 130-digit number: The matrix in which column
dependencies had to found, had 3,516,502 rows and 3,504,823 columns, with on
average only 39.4 non-zero entries per row. To store this matrix in a computer's
memory one needs to store \only" the positions of 138,690,744 ones, which takes
considerably less memory than storing for all positions either a 1 or a 0; the �rst
option takes about 600 megabyte1, the latter over 1500 gigabyte. In fact, for such
huge matrices only the former solution is practically possible. During Gaussian
elimination, however, the matrix loses its sparsity due to �ll-in: One adds rows to
another several times. Since the matrix is sparse, most non-zeroes will be added
to zeroes that therefore become non-zeroes too. The initially almost empty (i.e.
all-zero) matrix gets �lled in with non-zeroes. Therefore the amount of memory
required to store the matrix increases strongly. This makes Gaussian elimination
impractical for solving large systems of equations with sparse coe�cient matrices.
To avoid problems with �ll-in, mathematicians use algorithms that do not change

the matrix, but only manipulate a few vectors to solve such systems of equations.
These methods only need storage for the sparse matrix and for a few (dense) vectors.
Besides, they take advantage of the fact that sparse matrices can be multiplied by
vectors much faster than normal, i.e. dense matrices. The best known examples are
the Conjugate Gradient method [9], the Lanczos method [13, 12] and the Wiede-
mann method [22]. These methods are still quite ine�cient when used over F2 ,
because they involve mainly manipulations with single bits, whereas most comput-
ers handle 32 or 64 bits at the same time. Moreover, single bits have to be unpacked
�rst if they are stored e�ciently. To improve their e�ciency, algorithms have been
modi�ed to work with blocks of vectors instead of single vectors. Coppersmith �rst
made block versions of the Lanczos [4] and Wiedemann [5] algorithms. Inspired

1using four bytes to save a row number, storing the row numbers of the ones per column
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by his work, Montgomery [18] implemented his own version of the block Lanczos
algorithm, which is nowadays widely used for integer factorization. Kaltofen [10]
suggested many di�erent versions of block Wiedemann, but Lobo [15] and he imple-
mented Coppersmith's block Wiedemann because the methods Kaltofen suggested,
work only over �elds with su�ciently many elements. For use over F2 Kaltofen
recommended to me a version suggested by Villard [21], which is based on an al-
gorithm by Beckermann and Labahn [2]. I have implemented this version of block
Wiedemann, and compared it with Montgomery's block Lanczos and Lobo's imple-
mentation of Coppersmith's block Wiedemann.
In the �rst chapter we describe the scalar Wiedemann algorithm. In chapter 2

we discuss block vectors and several versions of the block Wiedemann algorithm.
In the third chapter we take a look at the implementations of these algorithms and
compare their performance in practice.
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Chapter 1

Wiedemann's algorithm

The Wiedemann algorithm solves Ax = b using the minimum polynomial of a
Krylov sequence. The minimum polynomial is computed by the Berlekamp-Massey
algorithm, but this requires some projection of the Krylov sequence. This projection
randomizes the algorithm. First we explain howWiedemann solves Ax = b with this
minimum polynomial. Then we describe the Berlekamp-Massey algorithm. Finally,
we discuss the randomization and its impact upon the performance of the algorithm.

1. The Krylov sequence

Consider the equation Ax = b over a �nite �eld Fq , with A a non-singular, sparse
n� n matrix. In order to preserve its sparsity, we do not change anything at all to
the matrix. We use it only as a \black box" that converts a vector b into Ab. Now
we can apply the black box to Ab and so on. What we get is the Krylov sequence

b; Ab;A2b; A3b; : : : (1.1.1)

The set of all these vectors has dimension no more than n, so there exists a non-
trivial linear dependency relation between the �rst n + 1 vectors of this sequence.
There are c0; : : : ; cd 2 Fq satisfying

c0b+ c1Ab+ c2A
2b+ � � �+ cdA

db = 0 (1.1.2)

with d � n and c0 6= 0 1. We may even suppose the coe�cients to be normalized in
such a way that c0 = 1. With this normalization (1.1.2) gives:

b = �A(c1b+ c2Ab+ c3A
2b+ � � �+ cdA

d�1b):

If we de�ne

x = �(c1b+ c2Ab+ c3A
2b+ � � �+ cdA

d�1b)

then x is a solution of Ax = b. Wiedemann uses the following de�nitions

f(x) = c0 + c1x+ c2x
2 + � � �+ cdx

d

f�(x) =
f(x)� f(0)

x
1If c0 = 0; A(c1b+ � � �+ cdA

d�1b) = 0; because A is non-singular, this means that c1b+ � � �+
cdA

d�1b = 0. Remove zero coe�cients until a non-zero trailing coe�cient is found. This must
happen, because there exists some non-trivial linear dependency relation between these vectors.
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and describes our solution to Ax = b as

x = �f�(A)b:

So if we are able, given the Krylov sequence (1.1.1), to determine a polynomial f(x)
that ful�lls f(A)b = 0, we can �nd a solution to Ax = b. But how can we �nd such
a polynomial? The following, almost trivial observation shows us the way:

Aj
�
c0b+ c1Ab+ c2A

2b+ � � �+ cdA
db
�
= Aj0 = 0 for j = 0; 1; : : :

or, equivalently,

c0A
jb+ c1A

j+1b+ � � �+ cdA
j+db = 0 for j = 0; 1; : : : :

This means that the Krylov-sequence is a linear recurring sequence. Usually, this
is denoted the other way round: A sequence S = fs0; s1; : : : g of elements of Fq is a
linear recurring sequence generated by p(x) = p0 + p1x+ � � �+ plx

l 2 Fq [x] i�

plsi + pl�1si+1 + � � �+ p0si+l = 0 for i = 0; 1; : : : (1.1.3)

or, equivalently,

deg (p(x)s(x)) < l where s(x) =

1X
i=0

six
i:

Lemma: The set of all p(x) 2 Fq [x] satisfying (1.1.3) is an ideal in Fq [x].

Proof: Consider p(x); q(x) and r(x) 2 Fq [x] satisfying

plsi + pl�1si+1 + � � �+ p0si+l = 0 for i = 0; 1; : : :

qmsi + qm�1si+1 + � � �+ q0si+m = 0 for i = 0; 1; : : :

r(x) = r0 + r1x+ � � �+ rkx
k

� p(x) + q(x) = (p0 + q0) + � � �+ (pl + ql)x
l + ql+1x

l+1 + � � �+ qmx
m

(we assume without loss of generality that m � l) and this satis�es (1.1.3):
qmsi + � � �+ ql+1si+m�l�1 + (pl + ql)si+m�l + � � �+ (p0 + q0)si+m =
plsi + pl�1si+1 + � � �+ p0si+l + qmsi + qm�1si+1 + � � �+ q0si+m = 0 + 0 = 0.
So p(x) + q(x) generates the sequence.

� r(x)p(x) = r0p0 + (r0p1 + r1p0)x+ � � �+ rkplx
k+l; this satis�es (1.1.3) too:

(rkpl)s0 + (rk�1pl + rkpl�1)s1 + � � �+ (r0p0)sk+l =
r0(plsk + pl�1sk+1 + � � �+ p0sk+l) + � � �+ rk(pls0 + pl�1s1 + � � �+ p0sl) =
r0 � 0 + � � �+ rk � 0 = 0.
So r(x)p(x) generates the sequence.

Because Fq [x] is a principal ideal ring, there is a unique monic polynomial p(x)
generating this ideal. This polynomial is the minimum polynomial of the sequence
S. It is the lowest-degree solution p to

plsi + pl�1si+1 + � � �+ p0si+l = 0 for i = n� l; n� l + 1; : : : ; 2n� l� 1

which means that p is the lowest-degree polynomial for which the coe�cients of xi

in p(x)s(x) are zero for n � i � 2n� 1. This can be rewritten as

p(x)

1X
i=0

six
i � r(x) mod x2n

with deg(r) < n. Such a polynomial p(x) can be found by the Berlekamp-Massey
algorithm.
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2. The Berlekamp-Massey algorithm

The Berlekamp-Massey algorithm [3, 17] from Coding Theory computes a solution
to the key equation in decoding BCH codes:

�(x)

1X
i=0

six
i � !(x) mod x2n: (2.1.1)

Here the si are given; both �(x) and !(x) have to be found, subject to the condition
that deg(�) and deg(!) must be minimal. Zierler [23] gives a somewhat simpli�ed
version of the algorithm which computes only the minimum polynomial �(x) and not
!(x). This is all we need in the Wiedemann algorithm, but to understand Zierler's
version we take a look at the complete algorithm �rst. We break the problem of
solving (2.1.1) up into a series of much easier problems

�(k)(x)

1X
i=0

six
i � !(k)(x) mod xk+1 for k = 0; 1; : : : ; 2n� 1 (2.1.2)

and use �(k)(x) and !(k)(x) to �nd �(k+1)(x) and !(k+1)(x). It might happen that

�(k)(x)

1X
i=0

six
i � !(k)(x) mod xk+2

in which case we can simply take �(k+1)(x) = �(k)(x) and !(k+1)(x) = !(k)(x), but
in general we �nd

�(k)(x)

1X
i=0

six
i � !(k)(x) + �kx

k+1 mod xk+2

where �k is the coe�cient of xk+1 in �(k)(x)
P1

i=0 six
i. If �k 6= 0 we construct

�(k+1)(x) and !(k+1)(x) by solving � (k)(x) and 
(k)(x) from the auxiliary equation

� (k)(x)

1X
i=0

six
i � 
(k)(x) + xk mod xk+1: (2.1.3)

Having solved this equation, �(k+1)(x) and !(k+1)(x) can be constructed by:

�(k+1) = �(k) ��kx�
(k)

!(k+1) = !(k) ��kx

(k):

It is clear that these �(k+1)(x) and !(k+1)(x) satisfy

�(k+1)(x)
1X
i=0

six
i � !(k+1)(x) mod xk+2

if �(k) and !(k) satisfy (2.1.2) and � (k) and 
(k) satisfy (2.1.3). Two obvious ways
to de�ne � (k) and 
(k) are

� (k+1) = x� (k) ; 
(k+1) = x
(k) (2.1.4)

and

� (k+1) =
�(k)

�k
; 
(k+1) =

!(k)

�k
; (2.1.5)
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each with

� (0) = 1 ; 
(0) = 0:

Of course (2.1.5) can be used only when �k 6= 0. Both de�nitions give solutions to
(2.1.3). Berlekamp [3] derives upper bounds to the degrees of �(k) and !(k) using a
function D(k). Then he gives a criterion to choose between (2.1.4) and (2.1.5) using
D(k) and proves that one �nds �(k) and !(k) of minimal degree in every step by
starting with the right initialization and applying his criterion. Now let S = fsig1i=0
be a linear recurring sequence with minimum polynomial �(x) of degree n. This �
is the lowest-degree polynomial satisfying (2.1.2) for k = 2n� 1, but �(k)(x) is the
lowest-degree solution to this equation for each k. This shows that �(2n�1) = �, i.e.
�(2n�1)(x) is the minimum polynomial of S. Doing more iterations than needed
does not change the solution; if �(k) generates S, then �j = 0 for all j > k.
Moreover D(k+1) can be computed from D(k) using only �k. In the Wiedemann
algorithm we do not need !(k), and �(k+1) can be computed using only S, � (k) and
�(k). This means there is no need for us to compute 
(k) and !(k) explicitly. In
this case D(k) can be replaced by a simpler function �(k). All we need to compute
is the minimum polynomial of a given sequence of �eld elements fsig1i=0, which is
known to be linearly generated by a polynomial of degree at most n. This minimum
polynomial �(x) can be computed by Zierler's version of the algorithm:

1. �(0)(x) 1; � (0)(x) x; �(0)  0

2. Do for j = 0; 1; : : : ; 2n� 2:

�j  the coe�cient of xj+1 in �(j)(x)

1X
i=0

six
i

�(j+1)  �(j) ��j�
(j)

� (j+1)  

�
x��1

j �(j+1) if �j 6= 0 and �(j) � 0

x� (j) if �j = 0 or �(j) < 0

�(j+1)  

�
��(j) if �j 6= 0 and �(j) � 0

�(j) + 1 if �j = 0 or �(j) < 0

3. �(x) �(2n�1)(x).

Dornstetter [7] showed that the Berlekamp-Massey algorithm can be derived from
the extended Euclidean algorithm. Consider the key equation

�(x)

1X
i=0

six
i � !(x) mod x2n

and remember that we only use the �rst 2n terms of S to determine �(2n�1)(x) =
�(x), the minimum polynomial of S. Rewrite the key equation as

�(x)

2n�1X
i=0

six
i = !(x) + x2nr(x):

Now consider the so-called reciprocal equation:

�rec(x)

2n�1X
i=0

s2n�1�ix
i = x2n�1+d�t!rec(x) + xd�r�1rrec(x)
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where d=deg(�), t=deg(!) < d and r=deg(r) < d. Replace !(x)rec by xd�t�1!(x)rec

and r(x) by xd�r�1r(x) to �nd

�rec(x)

2n�1X
i=0

s2n�1�ix
i = x2n!rec(x) + rrec(x)

with deg(rrec) < d. This means that we have performed the Euclidean division
�recSrec=x2n. See [7] for a proof of the formal equivalence of the algorithms.

3. The randomization

We want to compute the minimum polynomial of the Krylov sequence fAibg1i=0
to solve Ax = b. This is a bit more complicated because the Krylov sequence
does not consist of �eld elements, but of vectors with elements in Fq . The lemma
remains valid, so there still exists a well-de�ned minimum polynomial, but the
Berlekamp-Massey algorithm does not work anymore because we cannot divide by
�j in the computation of � (j+1). We have to \convert" the Krylov vectors into �eld
elements to be able to use the Berlekamp-Massey algorithm. Besides, storing 2n
(dense) vectors takes more memory than storing a dense n�n matrix! Wiedemann
proposed to replace the Krylov vectors by the inner products of all these vectors
with a given vector u1. These inner products are �eld elements. Then we can
determine the minimum polynomial p1(x) of the sequence fhu1; Aibig1i=0 via the
Berlekamp-Massey algorithm. Since we are computing the generating polynomials
of sequences in reversed order, we have to reverse them back to �nd the solution
f(x) to f(A)b = 0 and hence the solution x = �f�A(b) to our system of linear
equations Ax = b. We de�ne prev(x) to be the polynomial with the coe�cients
of p(x) in reversed order. Let p(x) = cd + cd�1x + � � � + c0x

d be the minimum
polynomial of the Krylov sequence. Since

hu1; A
i
�
c0b+ c1Ab+ � � �+ cdA

db
�
i = hu1; A

i0i = hu1;0i = 0

we see that

c0hu1; A
ibi+ c1hu1; A

i+1bi+ � � �+ cdhu1; A
i+dbi = 0 i = 0; 1; : : :

so this p(x) generates the sequence of inner products, hence it belongs to the ideal
of all generating polynomials for this sequence. This ideal is generated by p1(x), so
p1(x) is a factor of p(x). By repeating this procedure with other vectors u2; u3; : : :
we will �nd factors p2(x); p3(x); : : : of p(x). Now we hope to �nd the complete
polynomial p in a few iterations, i.e. from a small number of factors pi. This is
a highly important point: the trick that enables us to use the Berlekamp-Massey
algorithm, randomizes the Wiedemann algorithm and is therefore a key-factor in its
performance. A priori, we do not know whether we will �nd the complete minimum
polynomial p(x) and if we �nd it, we do not know how many iterations this will
take.
Luckily, we do not have to do all the work again in every iteration: Suppose we

have found the factor f1(x) = prev1 (x) of f(x) = prev(x). Put b0 = b, d1 = deg(p1)
and b1 = f1(A)b0. If b1 = 0 we are ready, else observe that the Krylov sequence of
b1 has as its minimum polynomial p=p1, which has degree d�d1 � n�d1. Therefore
we need only 2(n � d1) terms of the sequence fhu2; Aib1ig1i=0 and 2(n � d1) steps
in the Berlekamp-Massey algorithm, to �nd its minimum polynomial p2(x) . This
is a factor of p=p1; f2(x) = prev2 (x) is a factor of f=f1 = prev=prev1 . Compute b2 =
f2(A)b1 = f2f1(A)b0. If f2f1(A)b0 6= 0 then determine the minimum polynomial
f3 of fhu3; Aib2ig1i=0 and so on. Usually we �nd fr with fr : : : f1(A)b = 0 after a
small number of iterations. Then we have found f(x) = fr : : : f1(x) and a solution
x = �f�(A)b to Ax = b. This is the algorithm in the simplest case, namely when
A 2M(Fq ; n� n) is a non-singular matrix:
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1. k  0; d0  0; y0  0; b0  b

2. if bk = 0 then x �yk STOP

3. pick a random vector uk+1 2 Fnq

4. compute the �rst 2(n� dk) terms of f< uk+1; A
ibk >g

1
i=0

5. determine fk+1(x), the reversed minimum polynomial of this sequence

6. yk+1  yk + f�k+1(A)bk; bk+1  b0 +Ayk+1; dk+1  dk + deg(fk+1)

7. k  k + 1; continue with step 2.

In this description an extra vector yk is introduced, and the bk are computed using
this vector, to avoid doing the same computations twice (or more) in determining
the bk. The following two lemmas show that these new computations give the
desired results: the new bk are the same as the previously de�ned ones and yk gives
the solution to Ax = b.

Lemma b0 +Ayk = fk : : : f1(A)b for k = 1; 2; : : :

Proof By induction on k

� k = 1: b0 +Ay1 = b0 +A(y0 + f�1 (A)b0)
= b+Ay0 + (f1(A)� 1)b = b+A0+ f1(A)b� b = f1(A)b

� k ! k + 1: b0 +Ayk+1 = b0 +A(yk + f�k+1(A)bk)
= b0 +Ayk + fk+1(A)bk � bk = fk+1(A)bk + b0 +Ayk � bk
= fk+1(A)bk = fk+1(A)(b0 +Ayk) = fk+1fk : : : f1(A)b

Lemma yk = (fk : : : f1)
�
(A)b for k = 1; 2; : : :

Proof By induction on k

� k = 1: y1 = y0 + f�1 (A)b0 = 0+ f�1 (A)b = f�1 (A)b

� k ! k + 1:
yk+1 = yk + f�k+1(A)bk = (fk � � � f1)

�
(A)b+ f�k+1(A)(fk � � � f1(A)b0)

= (fk � � � f1)
�
(A)b+

�
fk+1(x)�fk+1(0)

x fk � � � f1(x)
�
x=A

b

= (fk � � � f1)
�
(A)b+

�
fk+1���f1�fk+1���f1(0)

x

�
x=A

b�fk+1(0)
�
fk���f1�fk���f1(0)

x

�
x=A

b

= (fk � � � f1)
�
(A)b+ (fk+1 � � � f1)

�
(A)b� (fk � � � f1)

�
(A)b

= (fk+1 � � � f1)
� (A)b

The main question is, how many factors fi(x) of f(x) do we have to �nd, before
f(x) ful�lls f(A)b = 0, or how many iterations of the algorithm are needed to �nd
f(x)? This is the only aspect in which the algorithm is randomized. Wiedemann
[22] proves for �(k), the probability that f(x) is found in at most k iterations, that

�(k) > 1� log

�
qk�1

qk�1 � 1

�
for k > 1

where q is the number of elements of our �eld and log denotes the natural logarithm.
For su�ciently large values of q, the fraction q=(q� 1) is close to 1 and hence �(2)
is almost 1. This shows that the algorithm will usually need at most two iterations
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over large cardinality �elds. In the case of small �elds we might need more iterations.
For q = 2 the following lower bounds are obtained:

�(2) > 0:307

�(3) > 0:712

�(4) > 0:866

�(5) > 0:935

�(6) > 0:968

This means that the algorithm stops after at most three passes with probability
bigger than 0.7 for random matrices. Since we are primarily interested in sparse
matrices, we have to investigate whether the number of iterations needed is a�ected
by sparsity.
Furthermore, we are interested in �nding column dependencies, i.e. in solving

Ax = 0 for non-square or square but singular matrices A. The algorithm only
needs to be slightly modi�ed to solve these cases too. To solve an n � (n + 1)
matrix, take the �rst n columns as A and the last column as b. Now either we �nd
a solution to this system, which gives us a dependency between the n+1 columns,
or the algorithm fails. The only way the algorithm can fail to produce a solution is
by producing a dependency relation with c0 = 0 if A is singular:

c1Ab+ c2A
2b+ � � �+ cdA

db = 0: (3.1.1)

In this case we cannot conclude that c1b+c2Ab+ � � �+cdA
d�1b = 0. If this equation

does not hold, the algorithm fails, but in this case we have already found a vector
from A's nullspace, i.e. a dependency between the �rst n columns:

A(c1b+ c2Ab+ � � �+ cdA
d�1b) = 0:

In either case we �nd a column dependency. The only problem is that the reversal
of polynomials that we introduced is not the reversal of a polynomial with respect
to its degree, i.e. the reciprocal polynomial

frec(x) = xdeg(f)f(x�1):

This problem occurs because pl might be zero in (1.1.3). In that case we do not
want to reverse the polynomial with respect to its degree d < l; we want to reverse
it with respect to l, i.e. we want to take xlp(x�1) instead of xdp(x�1). The recip-
rocal polynomial is never divisible by x, so the relation (3.1.1) cannot be found by
multiplying only the reciprocal polynomials from the Berlekamp-Massey algorithm.
We have to multiply the reversed factor fi(x) = xdp(x�1) = c0+ c1x+ : : :+ cdx

d by
xs for a suitable s in step 5 of our algorithm. Take as s the smallest non-negative
integer satisfying

c0hA
ib; ui+ � � �+ cdhA

i+db; ui = 0 for i = s; s+ 1; : : : ; 2n� d� 1 (3.1.2)

Such an s exists since s = l� d � 0 satis�es (3.1.2). Replace fi(x) by x
sfi(x). This

polynomial ~c0 + ~c1x+ : : :+ ~cd+sx
d+s satis�es

~cshA
i+sb; ui+ � � �+ ~cs+dhA

i+d+sb; ui = 0 for i = 0; 1; : : : ; 2n� s� d� 1

because ~ci+s = ci for i = 0; : : : ; d. Since ~c0 = : : : = ~cs�1 = 0 this is equivalent to

~c0hA
ib; ui+ � � �+ ~cs+dhA

i+d+sb; ui = 0 for i = 0; 1; : : : ; 2n� s� d� 1

so xsfi(x) = ~c0 + ~c1x+ : : :+ ~cd+sx
d+s is a solution to

h
�
f0A

ib+ f1A
i+1b+ � � �+ fs+dA

s+i+db
�
; ui = 0 for i = 0; 1; : : : ; 2n� s� d� 1

(3.1.3)
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and can be used as fi(x) in step 5 of our algorithm. Note that a polynomial f(x)
that satis�es (3.1.3) for n independent vectors u 2 F

n
q must generate fAibg1i=0.

Wiedemann's lower bound for �(k) shows that usually polynomials solving (3.1.3)
for three random vectors u already generate this sequence.
Anyway, we can solve Ax = 0 with A an n� (n+ 1) matrix. For matrices with

more than n + 1 columns, simply leave the excess columns away. Square matrices
and matrices with fewer columns than rows can also be handled, but these cases
are of no importance for sieve-based factorization methods; one can always produce
matrices with excess columns by sieving long enough. For square matrices, one
might take a random vector as b; with probability at least 0.5 this does not belong
to A's nullspace. This forces the algorithm to produce a dependency with c0 = 0
which gives a column dependency, i.e. a vector from A's nullspace. For the case of
matrices with fewer columns than rows, see [22].
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Chapter 2

Block Wiedemann

Sparse matrices can be applied very fast to vectors. Multiplying a matrix with
a vector can be considered as taking a linear combination of the columns of the
matrix. Adding a multiple of a sparse column to a vector amounts to adding the
right multiples of only a few entries to the corresponding entries of the vector. Store
the M �N matrix A with elements from Fq as follows:

� aij = row number of the ith non-zero entry of column j of A

� bij = value of this entry

� nj = the weight, i.e. the number of non-zeroes, of the jth column of A

and multiply it by v 2 FNq in the following way:

� start with w=0, the null vector of length M , i.e. w1 = � � � = wM = 0

� do for j = 1; : : : ; N :

if vj 6= 0 do for i = 1; : : : ; nj :

add vj � bij to waij

then w = Av. When working over F2 , this simpli�es to

� aij = row number of the ith non-zero entry of column j of A

� nj = the weight of the jth column of A

for the storage and

� start with w = 0 2 FM2

� do for j = 1; : : : ; N :

if vj 6= 0 do for i = 1; : : : ; nj :

add 1 to waij
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for the computation. But this means we manipulate single bits, while computers
can handle 32 or even 64 bits1 just as fast! With XOR, the exclusive-or operator,
a computer adds 32-bit words bitwise in one operation. This means that we can
multiply a matrix with 32 vectors at once, if we store them as a vector of 32-bit
words:

� aij = row number of the ith non-zero entry of column j of A

� nj = the weight of the jth column of A

� vj = (v1;j : : : v32;j) where vij is the j
th entry of the vector vi

Now the product w = Av is computed in the following way:

� start with w=0, the N � 32 zero block vector

� do for j = 1; : : : ; N :

if vj 6= 0 do for i = 1; : : : ; nj :

waij  waij XOR vj .

This means that we can perform matrix-vector multiplications over F2 16 times
faster: vj will be zero in about half of the cases when considering single random
vectors over F2 , but it will hardly ever be zero when considering a block of 32
random vectors. In our algorithm, only the matrices are sparse; the vectors can be
considered as random vectors. Using blocks of vectors we can do 32 matrix-vector
multiplications in twice the time of a single matrix-vector multiplication, which
means a factor 16 speed up, if we can use those blocks of vectors in the rest of our
algorithm just as e�ciently as 32 single vectors in the normal algorithm. To store
single bits e�ciently, we have to pack eight bits in a byte and unpack these bits
when we need them in a computation. We do not need such packing and unpacking
when we work with block vectors. This is an extra speed-up.
In the normal algorithm we take a vector u and determine the �rst 2n terms of
faig1i=0 = fhu;Aibig1i=0. Then we try to �nd a linear combination of the Krylov
vectors that solves Ax = b by determining the minimum polynomial of the sequence
faig

1
i=0, i.e. a polynomial f(x) = f0 + � � �+ fnx

n 2 Fq [x] which ful�lls

uAibfn + � � �+ uAi+nbf0 = 0 for i = 0; 1; : : : ; n� 1 (0.2.1)

or, equivalently,

a(x)f(x) = p1(x) + x2np2(x) with a(x) =

2n�1X
i=0

aix
i and deg(p1) < n:

In the block case we denote the matrix size by N �N instead of n� n and instead
of the vectors b and u we take block vectors (i.e. N � 32 matrices) x and y and

determine the �rst 2N=32 terms of fAiyg
2N=32
i=0 . From now on we use � instead of x

as polynomial variable, because x already denotes a block vector. The question is:
Can we determine a combination of these block vectors Aiy with at least some of its
columns in the nullspace of A? We have to reduce the amount of memory needed for
the computation to something comparable with the storage for the sparse matrix;
otherwise, the original Wiedemann method will be more practical (though slower).

Taking the scalar Wiedemann algorithm as a guideline, we store fa(i)g
2N=32
i=0 =

fxTAiyg
2N=32
i=0 and try to solve

xTAiyfl + � � �+ xTAi+lyf0 = 0 for i = 0; 1; : : : ; 2N=32� l � 1 (0.2.2)

1I consider from now on only 32 bit-computers
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where the fi are 32 � 32 matrices. This means we have either to generalize the
Berlekamp-Massey algorithm to work with matrices instead of �eld elements or to
�nd another way to solve (0.2.2).

1. Coppersmith's block Wiedemann algorithm

Coppersmith has generalized the Berlekamp-Massey algorithm to the case of matrix
polynomials, i.e. polynomials with matrices as coe�cients. These polynomials can
also be regarded as \polynomial matrices", i.e. as matrices having polynomials as
entries. This means one can speak of the degree of an element of the matrix and the
degree of a row of the matrix (the maximum of the degrees of the elements of that
row). There is no reason to restrict ourselves to the case of blocks of 32 vectors2, so
we take a block of m vectors for x and and a block of n vectors as y, with m;n 2 N.
As a generalization of the scalar Wiedemann algorithm we try to solve

a(�)f(�) = p1(�) + �N=m+N=np2(�) with a(�) =

N=m+N=nX
i=0

a(i)�i; deg(p1) < N=n:

The coe�cients of f(�) should be vectors from F
m
2 , but we compute a polynomial

with m�n matrices as coe�cients, giving n solutions for f . We develop this matrix
polynomial f step by step, starting with f (t0)(�) with t0 = dmn e and computing

f (t+1)(�) from f (t)(�). In the scalar Berlekamp-Massey algorithm we have to update
both � (k)(x) and �(k)(x) to �nd �(2n�1)(x); in the block case we also have to
do about twice the work expected and update what might be considered as the
concatenation of two matrix polynomials: f (t)(�) will be a (m+ n)�n polynomial
matrix. De�ne

Coe�(j; f
(t)
l a)� =

jX
k=0

nX
�=1

f t;kl;� a
(j�k)
�;� ; 0 � j �

N

m
+
N

n
; 1 � � � m; 1 � l � m+ n

where a
(j)
�;� is the entry of (xTAjy)T in position (�; �). Let Coe�(j; f (t)a) be the

matrix with Coe�(j; f
(t)
l a)� as entry (l; �) with 1 � l � m + n; 1 � � � m. As

an upper bound to the degree of a row of f (t) we store for every row its so-called
nominal degree. This is initialized with a suitable value, for instance the real degree
of the row, and updated using the following rules:

degnom(f + g) = maxfdegnom(f); degnom(g)g

degnom(�f) = degnom(f) + 1:

In every step we maintain the following two conditions:

C1: Coe�(j; f
(t)
l a) = 0T for 1 � l � m+ n and degnom(f

(t)
l ) � j < t

C2: Rank(Coe�(t; f (t)a)) = m.

Condition C1 is the generalization of the condition

�(k)(x)

1X
i=0

six
i � !(k)(x) mod xk+1

in the scalar case. C2 is necessary to perform the inductive step. Coppersmith [5]
assumes m � n for his probabilistic analysis; Villard [21] shows that this condition
can be weakened. Let A be an N �N matrix. This is Coppersmith's algorithm in
the homogeneous case, i.e. for Ax = 0:

2Not even in the case of 32-bit computers!
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1. Choose x 2M(F2 ; N �m); z 2M(F2 ; N � n); let y = Az.
Compute a(i) = (xTAiy)T for all 0 � i < N

m + N
n +O(1).

De�ne a(�) =
P

i a
(i)�i.

2. Let t0 = d
m
n e and choose for f

(t0) an (m+n)�n matrix polynomial of nominal

degree t0: Let the �rst m rows of f (t0) have degree t0�1 and satisfy condition
C1 and take �t0In for the last n rows.

3. Determine a non-singular (m+ n)� (m+ n) matrix � (t) such that the �rst n
rows of � (t)Coe�(t; f (t)a) are zero and such that the nominal degrees of the
rows of � (t)f (t) are the same as those of the rows of f (t). Note that the last m
rows of � (t)Coe�(t; f (t)a) must be linearly independent to maintain condition
C2.

4. Compute f (t+1) = D� (t)f (t) where D is the diagonal (m+n)� (m+n) matrix
with as diagonal elements �rst n times a 1 and then m times a �.

5. Stop if f (t+1) = f (t) for a few consecutive values of t; else increase t by one
and continue with step 3.

We discuss the algorithm step by step. The \O(1)" term in step 1 is a safety
measure; the actual number of terms needed to �nd a solution follows from the
stopping criterion in step 5, but it will be shown to be very likely about N

m+ N
n . The

best choices for m and n are multiples of the computer word size, because matrix-
block vector products can be computed most e�ciently in these cases. By taking n =
m = 32k the number of matrix-vector products is reduced by an extra factor k. The
amount of work per product increases, but these computations can be distributed
over k computers. Each computer computes xTAiyj for i = 0; 1; : : : ; 2N32k + O(1)
where yj is the block vector containing the columns 32j � 31; : : : ; 32j of y. Making
m a multiple of n reduces the number of matrix-block vector products at the cost
of an increase in work per block vector product xT �Aiy. Note that Coppersmith
transposes the a(i).
In step 2, �nding a matrix polynomial satisfying all restrictions might be di�cult.

Coppersmith suggests one may need to take another block vector as x or increase t0
to be able to �nd such an f (t0). In the case m = n, we have t0 = 1 and the �rst m
rows of f (1) have to be linearly independent rows with constant elements. The �rst
m rows of Coe�(1; f (1)a) will be formed by the product of the �rst m rows of f (1)

and a(1). So if m = n, and x and z are chosen subject to the condition that xTAy
is non-singular, then choosing m linearly independent rows with constant elements
as the �rst m rows of f (1) is su�cient to satisfy condition C2.
Finding � (t) in step 3 can be achieved by sorting the rows of Coe�(t; f (t)a) in

order of increasing nominal degree of the corresponding rows of f (t). Then deter-
mine n independent vectors in the nullspace of this sorted matrix by bringing it
in row-echelon form using Gaussian elimination. Each of the n vectors is found by
substituting 1 for one free variable and 0 for the others. These are the �rst n rows
of � (t). Take the unit vectors corresponding to the positions of the pivots as the
other m rows. This means that the last m rows of � (t)f (t) are m rows of f (t), and
the �rst n rows of � (t)f (t) consist of one of f (t)'s other rows plus some rows of lower
or equal nominal degree. This assures the nominal degrees of the rows of � (t)f (t) to
be the same as those of the rows of f (t).
In step 4 we simply apply the linear transformation � (t) to f (t) and multiply the

last m rows of � (t)f (t) by �. This means we have to increase the nominal degrees
of these last m rows by 1.
The estimated number of iterations needed in step 1 and the stopping criterion in

step 5 can be justi�ed only heuristically: In every iteration we increase the average
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nominal degree by m=(m+n). We start with all rows having nominal degree t0, so
when we have determined f (t) the average nominal degree is t0+(t�t0)(m=(m+n)).
Now we see why we have to compute N

m+N
n +O(1) terms of the sequence (x

TAiy)1i=0;

by the time t > N
m+ N

n + t0 the di�erence between t and the average nominal degree
is

t� t0 � (t� t0)
m

m+ n
= (t� t0)

n

m+ n
> (N=m+N=n)

n

m+ n
= N=m:

This means that there are values of l such that t� degnom(f
(t)
l ) > N=m. For such

values of l, condition C1 consists of more than N=m �m = N equations: We set

dl = degnom(f
(t)
l ). Now C1 gives

0T = Coe�(j; f
(t)
l a) =

X
0�k�j; 1���n

f t;kl;� a
(j�k)
�;� with a(j�k)�;� = xT�A

j�ky�

for 1 � � � m and dl � j � t. This means that the vector
P

�;k f
t;k
l;� A

d�ky� is

orthogonal to the vectors xT�A
j�d (1 � � � m; dl � j � t), so for l such that

t � dl > N=m, our candidate-generating polynomial ful�lls more than m � N=m
equations, which seems to be the appropriate generalization of the N equations
(0.2.1) which f has to ful�ll in the scalar case. Coppersmith proves that with high
probability for such a t = N=n+N=m+O(1) even the following holds:

Coe�(j; f
(t)
l a) = 0T for 1 � l � n; dl � j <1: (1.2.1)

This equation may fail for a few values of l, but it holds (with high probabil-
ity) for most of the l 2 f1; : : : ; ng. In every iteration we compute Coe�(t; f (t)a).
Usually this is non-zero, so we have to compute a transformation � (t) that makes
Coe�(t; f (t+1)a) zero, but when we have performed enough iterations and the above

equality holds, Coe�(t; f (t)a) = 0T . In this case f
(t+1)
l = f

(t)
l for 1 � l � n. If we

detect this last condition on a few successsive iterations, we assume that we arrived
at the point where (1.2.1) holds and stop the iterations. Now we know that

hxT�A
j�d;

X
�;k

f t;kl;� A
d�ky�i = 0 for 1 � � � m; dl � j � t:

Let d0l be the actual degree of fl; d
0
l � dl. De�ne

gl;�(�) =

d0X
k=0

f t;kl;� �
d0�k for 1 � l � n; 1 � � � n:

This is the reciprocal polynomial of f
(t)
l;� . Now de�ne our solution vectors:

wl :=

nX
�=1

gl;�(A)z� for 1 � l � n:

We know that

xTAi �A1+dl�d
0

lwl = 0 for some l 2 f1; : : : ; ng

and Coppersmith [5] proves that this means that with high probability

A1+dl�d
0

lwl = 0 for some l 2 f1; : : : ; ng: (1.2.2)

If wl = 0 we �nd the trivial solution to Ax = 0, but the probability that this
happens is small, if we assume that (1.2.2) holds: In the computation of the matrix
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polynomial f (t)(�) we do not use z; we only use y = Az. This means that any vector
z0 that di�ers from z only by an element from Ker(A) gives the same polynomial f .
Since Az0 = 0, values of wl computed from z and z0 will di�er by the constant term
of f times z � z0; this is an element of the kernel of A. Our vector z di�ers from
the vector z0 which gives w0l = 0 by a random element of Ker(A), so the wl that we
get is the constant term of f times that random element, i.e. a random element of
Ker(A). This means that the probability that wl = 0 is 1=jKer(A)j, which is in our
case very small. So with high probability the block w = (Ad1�d

0

1w1 : : : A
dn�d

0

nwn)
contains almost n non-zero vectors from the nullspace of A.

2. Block Toeplitz algorithms

Wiedemann already suggested the possibility of computing a generator polynomial
for the sequence of matrix-vector products by fast algorithms for Toeplitz systems
instead of the Berlekamp-Massey algorithm, but remarked that this would only
mean a speed-up of a part of the algorithm which already used only a negligible
fraction of the total computing time. Kaltofen [10] uses this suggestion in the block
case to propose several other block Wiedemann algorithms. Having computed

a(i) = xTAiy for all 0 � i <
N

m
+
N

n
+

2n

m
+ 1

we want to �nd a polynomial

f(x) =

DX
i=0

c(i)xi with D = d
N

n
e and c(i) 2M(F2 ;m� n)

satisfying

DX
i=0

c(i)a(i+j) = 0 for j = 0; 1; : : : ; E � 1 with S = n(D + 1); E = d
S

m
e:

(2.2.1)

Note that Coppersmith shows that usually the solution to this problem which his
algorithm �nds, also solves it for j � E. This a priori stronger requirement is used
in the further analysis of the algorithm. It is not clear that just any solution to
the above equations will give a solution to Ax = 0. Kaltofen ignores this point: he
proposes other ways to solve (2.2.1) without showing explicitly that these solutions
can be used in Coppersmith's further analysis just as well. The system which
Kaltofen solves is a linear system of block Toeplitz structure:0

BBB@
a(D) a(D�1) : : : a(1) a(0)

a(D+1) a(D) : : : a(2) a(1)

...
...

...
...

a(D+E�1) a(D+E�2) : : : a(E) a(E�1)

1
CCCA
0
BBB@

c(D)

c(D�1)

...
c(0)

1
CCCA =

0
BBB@

0
0
...
0

1
CCCA
(2.2.2)

with c(i) 2 Fn2 . We compute m solutions, so actually we �nd c(i) 2 M(F2 ; n�m).
Kaltofen [10] suggests to use the generalized Levinson-Durbin algorithm to solve
this system, or a speeded version of this algorithm using Fast Fourier Transform-
based polynomial multiplication and a divide-and-conquer approach. Both solutions
require that the matrix has generic rank pro�le, i.e. that the leading i� i principal
submatrices3 are non-singular for 0 � i � rank A. Kaltofen shows that ~A = V AW

3the i� i submatrices located in the left upper corner of A
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has generic rank pro�le with probability at least 1� 1
2N(N � 1)=q if V is an upper

triangular Toeplitz matrix and W a lower triangular Toeplitz matrix with elements
from the same �eld Fq as A. Unfortunately, in the case q = 2 this lower bound is

negative forN � 3 and, even worse, with a reasonably high probability the matrix ~A
does not have generic rank pro�le: The probability that the �rst principal submatrix
is singular, i.e. that the element in the left upper corner of A is 0, is already 1

2 .
Kaltofen suggests some more approaches, but shows that these alternatives will be
considerably slower than Coppersmith's algorithm.

3. Power Hermite Pad�e approximation

Villard [21] proposes yet another method to �nd a generating polynomial for a(x).
He considers (0.2.2) as a matrix Pad�e approximation problem: Given a p�q matrix
A with power series over a �eld K as elements and given M;N; r 2 N �nd P 2
K(p�r)[x]; Q 2 K(q�r)[x] with deg(P ) � M , deg(Q) � N and the columns of Q
being linearly independent over K such that

A(x)Q(x) + P (x) = xM+N+1R(x) with R 2 K(p�r)[[x]]:

Our case can be written as 
1X
i=0

a(i)xi

!
Q(x) + P (x) = xN=n+N=m+O(1)R(x) with R 2 K(m�32)[[x]]:

(3.2.1)

We want to �nd P 2 K(m�32)[x]; Q 2 K(n�32)[x] with deg(P ) � N=m, deg(Q) �
N=n; a solution Q with linearly independent columns gives independent solutions
to our system. Now we show (3.2.1) to be equivalent to a power Hermite Pad�e
approximation problem, that is, to approximating a vector of power series by a
vector of rational functions. The product FG of two vectors of power series (or
polynomials) simply is the inner product of these two vectors.

De�nition Let F=(F1; : : : ; Fl) be an l-tuple of formal power series with coe�-
cients from a �eld K and let � � 0; s > 0; n1; : : : ; nl 2 N [ f0;�1g be in-
tegers; n=(n1; : : : ; nl). Then a power Hermite Pad�e approximant (PHPA)
P = (P1; : : : ; Pl) of type (n,�; s) consists of polynomials Pi with scalar coe�-
cients having degrees bounded by the ni with

P(xs)F(x) = P1(x
s)f1(x) + � � �+ Pl(x

s)fl(x) = x�R(x):

This concept was introduced by Beckermann and Labahn in [1]. It is important to
realise that they use the convention that the zero polynomial has degree �1. We
need a somewhat more general concept to prove the correctness of the algorithm
that we give later on:

De�nition For � 2 Z and n = (n1; : : : ; nl), ni 2 Z; ni � �1, we de�ne n(�) by
n(�):=(maxf�1; n1 + �g, : : : ,maxf�1; nl + �g).

We use the notation L�� for the set of all PHPA's of type (n(�); �; s). Beckermann
and Labahn [2] show that this set L�� is a �nite-dimensional space over K for every
� 2 Z and � 2 Z�0 . They also give an algorithm to compute a basis for all
the PHPA's of a given F, and show that classical Hermite Pad�e approximations
and matrix-Pad�e forms can be regarded as special cases of power Hermite Pad�e
approximation. We use the following de�nition:

A(x) =

1X
i=0

a(i)xi where a(i) = xTAiy
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and rewrite (3.2.1) as

A(x)Q(x) + P (x) = xN=n+N=m+O(1)R(x) with R 2 K(m�(m+n))[[x]]:
(3.2.2)

Denote the jth column of P;Q and R by Pj ; Qj and Rj , respectively, and take
B = N=n+N=m+O(1). The last equation is equivalent to

A(x)Qj(x) + Pj(x) = xBRj(x) (1 � j � m+ n)

that is

nX
i=1

(Ai(x)Qij(x) + eiPij(x)) = xBRj(x) (1 � j � m+ n)

where Ai is the i
th column of A, ei the i

th unit vector and Pij(x) the element in
row i, column j of P . Replace x by xm and we �nd the equivalent equation

nX
i=1

(Ai(x
m)Qij(x

m) + eiPij(x
m)) = xmBRj(x

m) (1 � j � m+ n):

(3.2.3)

This vector equation consists of m scalar equations. It is equivalent to the following
single scalar equation:

(1; x; : : : ; xm�1)

nX
i=1

(Ai(x
m)Qij(x

m) + eiPij(x
m)) = (1; : : : ; xm�1)xmBRj(x

m)

(3.2.4)

for 1 � j � m + n. The condition that the ith entry of the left vector in (3.2.3)
equals the ith entry of the right vector in (3.2.3) is equivalent to the condition that
the coe�cients of xk with k � i� 1(mod m) in the left and right side of (3.2.4) are
equal. This means that we can rewrite (3.2.2) as

nX
i=1

�
(1; x; : : : ; xm�1)Ai(x

m)Qij(x
m) + xi�1Pij(x

m)
�
= xmB(1; : : : ; xm�1)Rj(x

m)

for 1 � j � m+n. Our matrix Pad�e problem (3.2.2) can indeed be seen as a power
Hermite Pad�e approximation problem

P(xs)F(x) = P1(x
s)f1(x) + � � �+ Pl(x

s)fl(x) = x�R(x)

with l = m+ n, s = m, � = mB = m(N=n+N=m+O(1)) and

fi(x) =

�
xi�1 i = 1; : : : ;m
(1; x; : : : ; xm�1)Ai(x

m) i = m+ 1; : : : ;m+ n

where Ai is the i
th column of A. The elements of P and Q are

Pij(x) = Pi(x) from the jth solution for i = 1; : : : ;m ; j = 1; : : :m+ n

Qij(x) = Pi+m(x) from the jth solution for i = 1; : : : ; n ; j = 1; : : :m+ n:

We introduce the defect and order of a power Hermite Pad�e approximant to give a
better description of the solutions to our problem:
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De�nition The defect of a power Hermite Pad�e approximant P = (P1; : : : ; Pl)
(with respect to the �xed multiindex n=(n1; : : : ; nl)) is

dct(P) = minfni + 1� deg(Pi) : 1 � i � lg

where the zero polynomial has degree �1.

De�nition The order of a power Hermite Pad�e approximant P (with respect to
s 2 N and F) is

ord(P) = supf� 2 N0 : P(x
s)F(x) = x�R(x) with R 2 K[[x]]g:

With these de�nitions we can describe our PHPA solution set L�� simply as

L�� = fP 2 K
l[x] : dct(P) > ��; ord(P) � �g

and we can de�ne the so-called �-bases of PHPA's:

De�nition The system P1; : : : ;Pl with Pi 2 Kl[x] is a �-basis if and only if

1. P1; : : : ;Pl 2 L�+1

2. For each � 2 Z [ f+1g and for each Q 2 L�� there exists a unique
tuple of polynomials (�1; : : : ; �l) with deg(�i) < dctPi + � such that
Q=�1P1 + � � �+ �lPl.

As a consequence of this de�nition, the elements of a �-basis are linearly independent
over K[x]. See [2] and the references therein for a proof of the existence of �-bases.
Note that

dct(cP)=dct(P); dct(P+Q) � minfdct(P), dct(Q)g; dct(xP) = dct(P) � 1;

ord(cP)=ord(P); ord(P+Q) � minford(P); ord(Q)g; ord(xP) = ord(P) + s:

Now it is easy to derive the following result:

Lemma L�+1� � L�� ; dim L�+1� � dim L�� � 1

Proof The �rst statement is obvious.
For the second assertion, consider P 2 L�� nL

�+1
� , i.e. ord(P)=�, dct(P)> ��.

Then for Q 2 L�� there exists a c 2 K such that Q� cP 2 L�+1� :
Write P(xs)F(x) = x�RP (x); Q(xs)F(x) = x�RQ(x). The trailing coe�cient
of RP (x) is non-zero since ord(P)=�. Let c denote the quotient of the trailing
coe�cients of RQ and RP ; then RQ(x)� cRP (x) = xR(x). This means that
(Q� cP)(xs)F(x) = x�(RQ(x)� cRP (x)) = x�+1R(x) so Q� cP 2 L�+1� .
So adjoining P to a basis of L�+1� gives a system of generators for L�� . This
proves the second part of the lemma.

The proof of the lemma suggests the following way to construct �-bases of PHPA's:
it is the Fast Power Hermite Pad�e Solver by Beckermann and Labahn
Let l � 2; s 2 N; F = (f1; : : : ; fl)

T ; n = (n1; : : : ; nl)

1. di;0  ni;Pi;0  ei, the i
th unit vector, for i = 1; : : : ; l; �  1

2. ci;�  x��Pi;�(x
s)F(x)jx=0 for i = 1; : : : ; l and ��  fi : ci;� 6= 0g

3. If �� = ; then Pi;�+1  Pi;� , and di;�+1  di;� for i = 1; : : : ; l
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4. If �� 6= ; then ��  � with d�;� =maxfdi;� : i 2 ��g

Pi;�+1  Pi;� �
ci;�
c�;�

P�;� ; di;�+1  di;� for i 2 �� ; i 6= �

Pi;�+1  Pi;� ; di;�+1  di;� for i 62 ��
P�;�+1  xP�;� ; d�;�+1  d�;� � 1

5. �  � + 1; continue with step 2

This FPHPS algorithm is well de�ned (in particular step 2) and the P1;�; : : : ;Pl;�

satisfy

L�� = f�1P1;� + � � �+ �lPl;� : deg(�i) � di;� + �g and ord(Pi;�) > �:

This can be seen from the following lemma:

Lemma The P1;� ; : : : ;Pl;� form a �-basis with dct(Pi;�) = di;� +1 for �=0,1, : : :

Proof By induction on � for �xed �.
For � = 0 this follows directly from the de�nition of L0� .
Suppose that the assertion is true for �. We show that FPHPS gives the right
output for �+1. By assumption Pi;�(x

s)F(x) = x�Ri(x) with Ri(x) 2 K[[x]]
so ci;� = Ri(0) is well-de�ned. We have

ord(Pi;�+1) � � + 1 and dct(Pi;�+1) � di;�+1 + 1

by construction. A linear dependency relation between the P1;�+1; : : : ;Pl;�+1

would give a linear dependency relation between the P1;� ; : : : ;Pl;� , which we
assume to be linearly independent with respect to polynomial coe�cients, so
P1;�+1; : : : ;Pl;�+1 are linearly independent with respect to polynomial co-
e�cients. Now we have to show that P1;�+1; : : : ;Pl;�+1 generate L�� and
dct(Pi;�+1) � di;�+1 + 1.
First consider the case L�+1� = L�� . Now each Q 2 L�+1� has a representation

Q = �1P1;� + � � �+ �lPl;� ; deg(�i) < dct(Pi;�) + �:

If �i 6= 0 we get dct(Pi;�) + � > deg(�i); otherwise we have deg(�i) = �1 <
dct(Pi;�+1) + �. Since Pi;� 2 L�� = L�+1� we have ci;� = 0. This means
that Pi;�+1 = Pi;� and di;� = di;�+1, so dct(Pi;�+1) = dct(Pi;�) = di;� +1 =
di;�+1+1. This means that the above representation forQ already is a suitable
representation in terms of a � + 1-basis:

Q = �1P1;�+1 + � � �+ �lPl;�+1 ; deg(�i) < dct(Pi;�+1) + �:

This shows thatP1;�+1; : : : ;Pm;�+1 generateL
�+1
� and dct(Pi;�+1) = di;�+1+

1 if L�+1� = L�� .
Now consider the case L�+1� 6= L�� . Put

L� := f�1P1;�+1 + � � �+ �lPl;�+1 : deg(�i) < dct(Pi;�+1) + �g:

We have L� � L�+1� and we can estimate the dimension of L� as follows:

dim(L�) = maxfdct(P1;�+1) + �; 0g+ � � �+maxfdct(Pl;�+1) + �; 0g

� maxfd1;�+1 + 1 + �; 0g+ � � �+maxfdl;�+1 + 1 + �; 0g

� maxfd1;� + 1 + �; 0g+ � � �+maxfdl;� + 1 + �; 0g � 1

= dim(L�� )� 1 = dim(L�+1� )
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so L� = L�+1� and we have equality in the above inequalities. We have L�+1� 6=
L�� (8� � �) since ; 6= L�� nL

�+1
� � L��nL

�+1
� , so the above remains valid if

we replace � by � � �. We know that

maxfdct(P1;�+1) + �; 0g+ � � �+maxfdct(Pl;�+1) + �; 0g =

maxfd1;�+1 + 1 + �; 0g+ � � �+maxfdl;�+1 + 1 + �; 0g

so if we choose � su�ciently large, i.e. make sure that dct(Pi;�+1) + � > 0
and di;�+1 + 1 +� > 0 (8l) we can conclude that

dct(P1;�+1) + � + � � �+ dct(Pl;�+1) + � = d1;�+1 + 1 +�+ � � �+ dl;�+1 + 1 +�:

Since dct(Pi;�+1) � di;�+1 + 1 this gives dct(Pi;�+1) = di;�+1 + 1 for i =
1; : : : ; l which completes our proof.

This gives us a deterministic way to �nd all solutions f(�) = f0 + f1� + � � �+ fl�
l

to

xTAiyfl + � � �+ xTAi+lyf0 = 0 for i = 0; 1; : : : ; 2N=32� l � 1

but we still have to rely on probabilistic results to see that these solutions are likely
to solve

A(Aizfl + � � �+Ai+1zf0) = Aiyfl + � � �+Ai+lyf0 = 0 for i = 0; 1; : : : ; 2N=32� l � 1

so we have another probabilistic block Wiedemann algorithm to solve Ax = 0.

4. Probabilistic results

Coppersmith [5] proves that his algorithm works for most matrices with high prob-
ability. His lower bounds to the probabilities that some su�cient conditions are
met impose a few conditions on the matrix A. Matrices which do not meet these
requirements are called pathological. The formal de�nition of pathologicalness is
quite unintuitive and it is infeasible to verify whether a speci�c matrix really is
pathological. Coppersmith's block Wiedemann algorithm probably is the best test
for pathologicalness: If the algorithm fails, the matrix is pathological with high
probability. Coppersmith remarks that it has been his experience that matrices
arising from integer factorization are not pathological ([5, p344]). There is a more
intuitive criterion: Pathological matrices are matrices with several eigenvalues with
high multiplicity (compared to m and n). This means that the algorithm will work
correctly with high probability for all matrices having at most a few eigenvalues
with high multiplicity.
Kaltofen [10] discusses several ways to randomize the block Wiedemann algo-

rithm. These randomizations lead to probabilistic algorithms for which Kaltofen
gives lower bounds to the probability that the desired results are obtained, but un-
fortunately all these lower bounds involve the number of elements in the �eld over
which we solve Ax = b. We are interested in huge matrices with elements from
F2 . In this case all lower bounds are negative. Since we know already that the
probability that the algorithm gives the desired results is at least zero, these lower
bounds are not much of a help to us.
Villard [21] shows that the algorithm works with high probability for all matrices

(including pathological ones) if m � n. This condition is not necessary in general;
Villard shows that m � minf�; ng is su�cient, where � is the number of blocks of
the Frobenius normal form of the restriction of A to its range space. See appendix
A of [21] for a description of the Frobenius normal form of a matrix. Usually this
� is smaller than the computer word size, of which m is a multiple; this makes
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m � n super
uous. Since we know that the algorithm by Beckermann and Labahn
computes a basis for the solution space of our block Toeplitz system (2.2.2), which
contains the generating polynomial f of Sx = fxTAiyg1i=0, the only remaining
question is whether this polynomial generates S = fAiyg1i=0, too. The number of
terms of Sx used in the computation of f is N=n+N=m+O(1). To be able to take
a better look at the O(1) term, we denote this number by dN=ne + dN=me + �.
This � is called the shift parameter. Villard studies the relation between � and
the probability that at least one column of f generates the corresponding column
of S. In this case, we �nd at least one solution to Ax = 0. This is what Villard
calls \success". The following lemma is Corollary 9.2 from [21]:

Lemma If m � minf�; ng+ 2 and � � 8 then the probability of success is always
greater than �0 = 0:03.

Usually, � << m and this gives a much stronger result ([21], Corollary 9.3):

Lemma If m � 4�, � � 8 and jKer(A)j � 4 then the probability of success is
greater than 0.6.

Compare this to the lower bound �(k) to the probability of success within k it-
erations in the scalar case; this is still the strongest lower bound known. It only
gives �(2) > 0:3 over F2 . The above Lemma shows that in the block algorithm one
iteration usually su�ces. In practice, the block Wiedemann algorithm performs
even better. This is why the only iteration in the block algorithm is the iteration
in the generalized Berlekamp-Massey (or the FPHPS) algorithm, which is the gen-
eralization of the inner iteration in the scalar algorithm, i.e. the iteration in the
Berlekamp-Massey algorithm. In the block algorithm there is no generalization of
the outer iteration; we do not have to repeat the whole procedure several times
with other random block vectors x. Moreover, it follows from Villard's analysis
that the probability of success is an increasing function of �. Villard also gives a
lower bound to the probability that f generates S, i.e. that we �nd n solutions,
from which similar corollaries (with much lower probabilities) can be derived.
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Chapter 3

Experiments with the Wiedemann algorithms

In this chapter we describe the implementations of the scalar and block versions of
the Wiedemann algorithm which we used and discuss the results of computations
using these computer programs.

1. The scalar Wiedemann algorithm

In the scalar case we only used random matrices as test material, because the
smallest matrices available from integer factorization already were too big to solve
with scalar Wiedemann within a reasonable time. These matrices are not very
carefully generated in my program wiedeman: It simply multiplies numbers from
a standard random number generator by a suitable sparsity factor to compute the
number of zeroes which separate two ones. The program starts in the left upper
corner and �lls the matrix column by column with such a random number of zeroes,
a one, another random number of zeroes and so on. The sparsity factor determines
the sparsity of the matrix, hence the name. Columns containing only zeroes are
deleted and generated again. Note that all-zero columns can occur only if the
product of the sparsity factor and rand_max (the maximum output of the random
number generator) exceeds the number of rows. The big advantage of this sloppy
procedure is its speed. A disadvantage is that it does not generate matrices that
closely resemble factorization matrices. In matrices from sieve-based factorization,
the �rst few rows are much more dense, i.e. contain many more ones, than the other
rows. The �rst 100 rows of a factorization matrix with 100,000 rows and columns
may already contain 25% of all the ones. Later we show that in the block algorithm
these quasi-random matrices behave just like matrices arising from factorization.
The matrices must have more columns than rows; the number of solutions re-

quested must not exceed the column surplus to grant the existence of these solu-
tions. First a dependency relation between the �rst n+ 1 columns is found. Then
the program replaces the �rst column of the matrix involved in the dependency
relation by one of the excess columns that were ignored when �nding the previous
solutions, and repeats the whole algorithm to �nd another column dependency.
Instead of random vectors the program uses unit vectors. These are chosen using

the following procedure: Start with u1 = e1, the �rst unit vector; if bk = 0 after the
kth iteration, we are ready; else uk+1 = el where l is the smallest index of a non-
zero entry of bk. The �rst reason to use this procedure is that computing the inner
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product of a vector v with the unit vector el is easy; it simply is vl, the l
th entry

of v. The second reason for this choice is that we avoid the risk that the sequence
fhuk+1; Aibkig

2n�dk
i=0 is the zero sequence, which gives fk+1(x) = 1 as the trivial

factor of f(x), so we avoid the risk of doing a complete iteration in vain. Since the
sequence is not all-zero, the Berlekamp-Massey algorithm will �nd a polynomial
of degree at least one that is a factor of f=(f1 : : : fk), i.e. one of the non-trivial
factors of the minimum polynomial that we still had to �nd. This means that the
algorithm always �nds a solution to Ax = 0 in at most n + 1 iterations, where A
is an n� (n+ 1) matrix. Apart from this modi�cation, the computer program is a
straightforward implementation of the algorithm as described in the second chapter.

2. Experiments with the scalar algorithm

This version of the scalar Wiedemann algorithm is randomized only in the sense
that we do not know precisely in how many iterations the solution will be found.
We do know that the algorithm will succeed in at most n + 1 iterations, and that
we avoid iterations without result, so we may hope that the performance of the
algorithm with this special choice of uk is at least as good as that of the algorithm
with random uk. If this is true, we can use Wiedemann's lower bound for �(k) as a
lower bound to the probability that a solution is found by our algorithm in at most
k iterations. In most of the experiments, the algorithm found more than 85% of
the solutions in at most two iterations. This is much better than the Wiedemann
lower bound �(2) � 0:31. Matrices for which Ax = 0 can easily be solved by hand,
may sometimes be quite di�cult to solve for the program. In one case, the third
and fourth column of the matrix were identical; the algorithm found a dependency
relation involving almost all other columns of the matrix, after four iterations.
We have computed �ve solutions to Ax = 0 for 200 random matrices A of approx-

imately the same average sparsity (i.e., matrices generated with the same sparsity
factor) with 100 rows and 105 columns. In the following table we summarize the
results for groups of matrices with average column weight 42, 21 and 5. The ap-
proximate average column weight of the matrices is denoted by �. Usually, the
algorithm performs much better than suggested by the lower bound for �(k):

� = 42 � = 21 � = 5
k freq. cum. freq. cum. freq. cum. �(k)
1 542 542 522 522 484 484 -
2 353 895 365 887 381 865 0.307
3 98 993 100 987 117 982 0.712
4 6 999 13 1000 16 998 0.866
5 1 1000 0 1000 2 1000 0.935

The number of solutions found for matrices of this weight in exactly k steps is
listed under frequency (\freq."); \cum." is the cumulative frequency, i.e. the num-
ber of solutions found in at most k steps. Wiedemann's lower bound for �(k) is
listed in the last column. The algorithm seems to need more iterations for matrices
with lower weight. To see this e�ect more clearly, I have repeated this experiment
with matrices of much lower weight. To generate matrices with such a low column
weight we have to choose such a large sparsity factor that the product of this factor
with the maximum random number exceeds the number of rows. In this case all-zero
columns may be generated. These are deleted and re-generated. This means that
we refuse certain \random" matrices. To see whether this selection of the matrices
in
uences the performance of the algorithm we repeated the experiment, this time
allowing all-zero columns.
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no zero columns � = 1:7 zero columns � = 2:1
k frequency cumulative frequency cumulative �(k)
1 50 50 38 38 -
2 137 187 139 177 0.307
3 255 442 261 438 0.712
4 246 688 274 712 0.866
5 180 868 157 869 0.935
6 91 959 81 950 0.968
7 33 992 35 985 0.984
8 6 998 13 998 0.992
9 2 1000 2 1000 0.996

Comparing these results to those in the previous table, we see that this scalar
Wiedemann algorithm needs more iterations to solve Ax = 0 for sparse matrices
than for dense matrices, regardless of the appearance of all-zero columns. We can-
not rely on Wiedemann's lower bound to predict the number of iterations needed
for our program, since we do not take random vectors as uk. For (extremely) sparse
matrices the algorithm needs more iterations and hence it takes longer than ex-
pected to solve the system for such matrices. A similar experiment with matrices
of size 500� 505 shows the same results: The algorithm �nds the solutions in fewer
steps if the matrices are more dense, see the next table.

� = 1:6 � = 3:7 � = 9:7
k freq. cum. freq. cum. freq. cum. �(k)
1 11 11 341 341 476 476 -
2 47 58 438 779 402 878 0.307
3 111 169 174 953 110 988 0.712
4 195 364 43 996 12 1000 0.866
5 236 600 2 998 0 1000 0.935
6 197 797 2 1000 0 1000 0.968
7 108 905 0 1000 0 1000 0.984
8 59 964 0 1000 0 1000 0.992
9 28 992 0 1000 0 1000 0.996
> 9 8 1000 0 1000 0 1000 -

The running time of the algorithm is dominated by the matrix-vector products.
These products each take �N bit-operations, so although the number of these prod-
ucts is a bit lower for dense matrices, the total number of bit-operations for dense
matrices is still higher than for sparse matrices.

3. Coppersmith's block Wiedemann algorithm

For the original block Wiedemann algorithm by Coppersmith I used the program
WLSS2 by Austin Lobo [16]. It consists of four sub-programs which write their
results to �les and an auto-scheduler to execute these sub-programs consecutively.
Together they solve Ax = 0 over F2 . These are the four parts:

select selects x and z randomly such that a(1) = (xTAy)T is nonsingular;

sequence computes the sequence fa(i)g
2N=32n+2
i=0 = f(xTAiy)T g

2N=32n+3
i=1 ;

minpoly computes a matrix-polynomial f generating this sequence;

evaluate evaluates the solution by computing f(A)y.

In select random block vectors x and z are chosen; if xTAy = xTA2z is singular
then other vectors x and z are chosen. The number of vectors in the block vectors
x and z, m and n respectively, have to be multiples of 32 in this program. By
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taking n = 32k the matrix-vectorproducts can be distributed over k computers;
each computer runs sequence and evaluate with 32 of the columns of y = Az.
The matrix-block vector products in sequence are performed as described before.

Having computed the matrix-block vector product Aiy, the computation of xTAiy
boils down to taking the \inner-product" of block vectors xT � Aiy. Computing
this as a standard matrix product, i.e. using

wij =

NX
k=1

ukivkj 1 � i � 32; 1 � j � 32;

requires 2� 322 �N bit-operations. Of course this can be improved with a factor
32 by using block-arithmetic:

wi =

NX
k=1

ukivk 1 � i � 32:

This wi is the i
th row of w. In this way the computation of w = uT v takes 2 �

32 � N = 64N bit-operations. A matrix-block vector product Av takes �N bit-
operations for a sparse N �N matrix A with on average � ones per column. This
means that the standard way to compute an inner-product of block vectors takes
more time than a matrix-block vector product (usually 20 � � � 40). Coppersmith
([5, p342]) describes a better way to compute such an inner-product uT v, using a
look-up table C: Let u and v be N �32 block vectors, stored as vectors of N 32-bit
words ui and vi, and let C be a 4� 256 array of 32-bit words C(k; j).

� Do for i=1, : : : ,N :

{ Express ui as the concatenation of four bytes: ui = (j1jj2jj3jj4);

{ C(k; jk) C(k; jk) XOR vi for k = 1; : : : ; 4.

� Write for i=1, : : : ,32: i = 8(k � 1) + l with 1 � k � 4 and 1 � l � 8;

wi =
X
j2Jl

C(k; j) where Jl = fj : 0 � j � 255; the lth bit of j is 1g:

In the �rst step the look-up table C(k; j) is initialized; XOR amounts to bit-wise
addition modulo 2. At the end of this step, the word C(k; j) is the sum of the
words in v corresponding to the words in u whose kth byte has value j. The sum
in the next step is again a bit-wise sum modulo 2. The ith word of the product
w = uT v is the sum of all vi corresponding to ui with a 1 as their ith bit, i.e. the
sum of all C(k; j) where the lth bit of j is 1 if i = 8(k � 1) + l with 1 � k � 4 and
1 � l � 8. So the product w = uT v is the 32� 32 matrix w with wi as its i

th row
for 1 � i � 32. Hence this computation gives the desired result. The number of
bit-operations needed to compute w in this way is only O(8N).
This technique is needed not only in sequence, but also in minpoly. We need to

compute

Coe�(t; f (t)a) =
�
f
(t)

deg(f (t))
j : : : j f

(t)
0

�
0
BBBBB@

a(t�deg(f
(t)))

...

a(t)

1
CCCCCA for t0 � t �

N

n
+
N

m

where f
(t)
l is the coe�cient of xl in f (t)(x). The degree of f increases from t0 to

N=n, so it will be on average about N=2n. The a(i) are n � m matrices, so the
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vectors have average length N/2. Compare the number of bit-operations needed
for the computation of Coe� to that for the matrix-block vectorproducts: The
latter ones require (N=n+N=m+O(1)) � �N operations. Consider the case m =
n = 32; � = 24: Without look-up table, the computation of Coe�(t; f (t)a) takes
O(64 �N=2� (N=n +N=m)2) = O(2N2) bit-operations. Using the look-up table
it only requires O(8 �N=2� (N=n+N=m)) = O(N2=4) bit-operations. Compare
this to the O((N=n + N=m) � �N) = O( 32N

2) bit-operations of the matrix-block
vectorproducts: without this look-up table, computing the minimum polynomial of
our sequence would take more time than the computation of this sequence itself!
Block Wiedemann would be 16 times faster than scalar Wiedemann, if the running
time of the complete algorithm was almost completely spent on matrix-block vector
multiplications. Without the look-up table, both the inner-products of block vectors
and the computation of Coe� would take more time than the matrix multiplications.
In this case, block Wiedemann would not be much faster than the scalar algorithm.
This subprogram stops if Coe�(t; f (t)a) = 0T for 20 consecutive values of t.
In evaluate a similar technique is used to compute the product of an N � 32

block vector u with a 32� 32 matrix w: again u and v = uw are stored as vectors
of length N with 32-bit words as elements; w is stored as 32 of these words, each
containing a row of w.

� Do for j=1, : : : ,255:

C(1; j) = (jj0j0j0)� w; C(2; j) = (0jjj0j0)� w;
C(3; j) = (0j0jjj0)� w; C(4; j) = (0j0j0jj)� w:

� Do for i=1, : : : ,N:

{ ui = (j1jj2jj3jj3),

{ vi = C(1; j1) XOR C(2; j2) XOR C(3; j3) XOR C(4; j4).

It is clear that this gives the desired results:

vi = C(1; j1) XOR C(2; j2) XOR C(3; j3) XOR C(4; j4)

= (j1j0j0j0)� w + (0jj2j0j0)� w + (0j0jj3j0)� w + (0j0j0jj4)� w

= ((j1j0j0j0) + (0jj2j0j0) + (0j0jj3j0) + (0j0j0jj4))� w

= (j1jj2jj3jj3)� w = ui � w:

This computation takes about 7N bit-operations for large N . The standard way
would take some 64N bit-operations, so again without this technique this prod-
uct would take more bit-operations than a matrix-block vector product; with the
technique, it takes less.
The computation of f(A)b uses a Horner scheme:

Anbfn + � � �+Abf1 + bf0 = bf0 +A (bf1 +A (bf2 + A (� � �+A (bfn)) : : : )) :

This expression is developed backwards; we compute bfn, A(bfn), bfn�1 + A(bfn),
A(bfn�1+A(bfn)), bfn�2+A(bfn�1 +A(bfn)) and so on. Every column of f(x) is
a vector polynomial representing a possible solution to Ax = 0. The degrees of the
columns of f are usually di�erent. When a column has been developed completely,
it is made inactive before we continue the Horner evaluation. If we would not
do this, we would multiply vectors from A's nullspace by A and thus destroy the
solutions found.
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4. The FPHPS block Wiedemann algorithm

The program FPHPSwie is my implementation of the version of the block Wiede-
mann algorithm which uses the Fast Power Hermite Pad�e Solver by Beckermann
and Labahn to compute a generating polynomial for the sequence of matrix-block
vectorproducts instead of Coppersmith's generalization of the Berlekamp-Massey
algorithm. This program only works with m = n = 32, i.e. x and y are N � 32
matrices. The random block vector z is generated by a random number generator.
The block vector x, however, is not chosen at random. I take the �rst 32 unity
vectors as the columns of x, as Coppersmith suggests in his article ([5, p342]). By
this choice of x we avoid the computation of the block vector inner products x�Aiy;
now a(i) = x�Aiy simply is the matrix consisting of the �rst 32 rows of Aiy. The

computation of fxTAiyg
N=16
i=0 simpli�es to a repeated matrix-block vector product;

we compute Ay, store its �rst 32 rows, multiply it by A to get A2y, store its �rst
32 rows etc.
The FPHPS-algorithm is implemented in the following way: The initialization

in the �rst step is trivial. In the next step we compute the coe�cient of x�

in Pi;�(x
32)F(x). This is the sum of the coe�cients of x� in the 64 products

Pi;�;j(x
32)fj(x) where Pi;�;j denotes the jth polynomial from the tuple Pi;� . Re-

member the de�nition of F = (f1; : : : ; f64):

fi(x) =

�
xi�1 i = 1; : : : ; 32
(1; x; : : : ; x31)Ai(x

32) i = 33; : : : ; 64

where Ai is the ith column of A =
P

i a
(i)xi. From the �rst 32 products, only

the product Pi;�;j(x
32)fj(x) with j � � (mod 32) has a non-zero coe�cient for x� ;

this coe�cient is the coe�cient of xb�=32c in P
(j)
i;� (x). In the last 32 products, the

computation takes much more work. The coe�cient of xj in fi(x) is a
(b�=32c)
ij0 , i.e.

the element in position (i; j0) of a(b�=32c) where j0 � j (mod 32), 0 � j0 � 31. This
means that the coe�cient of x� in the last 32 products Pi;�;j(x

32)fj(x) is

ci;� =

64X
j=33

b�=32cX
k=0

P
(k)
i;�;ja

(b�=32c�k)
j0;j�33

where P
(k)
i;�;j is the coe�cient of xk in Pi;�;j , the jth polynomial from the tuple

Pi;� . Computing ci;� amounts to taking the sum of 32 inner products of vectors.
Since these computations involve only vector manipulations we cannot use the block
vector multiplication techniques with the look-up table described before. The com-

putation of ci;� is done for 32 values of i in parallel: We store P
(k)
1;�;j ; : : : ;P

(k)
32;�;j in

a 32-bit word P
(k)
�;j and compute c = (c1; : : : ; c32) simultaneously. For j = 33; : : : ; 64

we do the same. For k = 0; 1; : : : ;maxfdeg(Pi;�)g we take row j0 of a(b�=32c�k) and

consider it bit by bit; if a
(b�=32c�k)
j0;j�33 = 1 we add P

(k)
�;j to our sum.

If all these coe�cients are zero, this iteration is completed; else we determine for
which index i with a non-zero coe�cient the value of di;� is maximal. The tuple
Pi;� is added to the other tuples with non-zero coe�cients, Pi;� is multiplied by
x (i.e. all coe�cients of powers of x in polynomials in the tuple are moved one
position up) and the dl;� are adjusted accordingly. This completes this iteration.
The program stops the algorithm after d2N=32e+� iterations, where � is spec-

i�ed as a command line argument. If the evaluation shows that there are fewer
solutions found than desired, the FPHPS algorithm continues and after a given
number of iterations the solution is evaluated again. Both the extra number of
iterations performed between two evaluations and the maximum number of itera-
tions have to be speci�ed as command line arguments. In the evaluation we use
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a Horner evaluation scheme as explained in the previous section and the look-up
table technique to compute a block vector inner product.

5. Experiments with FPHPS block Wiedemann

The main goal of these experiments has been to investigate whether the FPHPS
algorithm can obtain the right results with our particular choice of the random
vector x, and if so, in how many iterations, i.e. with which shift parameter �. We
used random matrices, generated exactly as in the scalar case. In the scalar case,
sparsity seemed to be a crucial factor in the performance of the algorithm. To see
whether this is true for the block algorithm too I compared N �N matrices with
varying densities. In the following tables the number of solutions found for several
values of the average column weight � and shift parameter � are listed in the case
N = 8200 (left) and N = 15;000 (right):

� n� 0 17 18 19 20 21
2.02 30 30 30 30 30 30
2.39 30 30 30 30 30 30
3.76 0 0 0 0 18 26
7.83 0 0 12 28 - -
16.01 0 0 6 19 19 20
32.35 0 0 11 27 - -
81.23 0 0 4 16 16 16
321.26 0 0 8 23 23 24

� n� 0 10 30 40 50 60
1.72 16 16 16 16 16 16
2.65 0 17 17 17 17 17
5.64 0 0 0 0 0 13
14.63 0 0 0 24 24 24
24.63 0 0 0 25 25 25
74.44 0 0 0 22 23 23
148.91 0 0 0 23 24 24
296.80 0 0 0 25 25 25

In both tables we see a distinction between the two smaller values of � and the
�ve bigger values of �: In the �rst case the algorithm �nds solutions without or
with only a few extra iterations; in the second case it takes about 20 (N = 8200)
or 40 (N = 15;000) iterations to �nd some 20 solutions. Within each of these two
\sparsity classes", the exact magnitude of � does not seem to in
uence the number
of solutions found or the number of iterations needed. It is not clear yet whether
� = 3:76 (N = 8200) and � = 5:64 (N = 15;000) belong to one of these classes, or
to a third class. This gets clear in the next table, for N = 25;000:

� n� 0 5 50 55 60 100 105 110 120
1.71 30 32 - - - - - - -
2.99 0 0 0 0 0 0 0 0 30
4.65 0 0 0 0 0 0 0 28 28
5.90 0 0 0 0 0 0 28 - -
9.65 0 0 0 0 28 - - - -
19.64 0 0 0 9 21 21 21 21 22
24.65 0 0 0 17 17 - - - -
49.60 0 0 0 25 25 - - - -
99.47 0 0 0 22 27 - - - -
248.46 0 0 0 6 22 - - - -

The program stops if the number of solutions or the number of iterations exceeds
a given bound. This is why for most matrices the number of solutions is unknown
for some of the larger values of �. Columns that give rise to non-zero solutions are
not changed in the rest of the program, so we do know that the number of solutions
for these values of � is at least as high as that for the last value of � for which it
is known. For su�ciently dense matrices the algorithm needs about 55 iterations
to solve the system Ax = 0. To solve this for the matrix A with � = 1:71 extra
iterations are not needed. The matrices that are not su�ciently dense to be solved
in 55 iterations, but also not su�ciently sparse to make extra iterations super
u-
ous, are in a class of their own; the algorithm needs more iterations to solve these
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matrices than to solve matrices from both other classes. We see globally the same
picture for N = 20;000:

� n� 0 5 40 50 60 70
2.16 30 30 30 30 30 30
2.72 18 21 21 21 21 21
4.65 0 0 0 0 0 27
7.54 0 0 0 28 - -
9.64 0 0 0 0 0 29
19.64 0 0 0 25 26 -
39.60 0 0 0 0 0 0
79.50 0 0 0 21 21 21
159.06 0 0 0 20 20 20
264.63 0 0 0 26 - -

Note that the algorithm did not �nd any solutions at all in one case; the random
matrix may have been non-singular. Apart from this case, the algorithm needs 51 to
60 iterations and �nds 20 to 26 solutions for the matrices with � > 10, irrespective
of the exact magnitude of �. For extremely small values of � (� < 3) the algorithm
�nds solutions without extra iterations. Only the performance in the third class,
i.e. for � neither extremely small nor su�ciently large, is quite unpredictable. This
holds even more for N = 30;000:

� n� 0 60 70 80 90 100 110 120 130 140 150 160
1.71 30 30 30 30 30 30 - - - - - -
2.65 30 - - - - - - - - - - -
3.65 0 0 0 0 0 29 - - - - - -
5.65 0 0 0 0 0 0 0 0 0 0 0 27
7.66 0 0 28 - - - - - - - - -
9.66 0 0 0 0 0 0 0 0 0 29 29 29
14.65 0 0 13 13 13 13 - - - - - -
29.63 0 0 18 - - - - - - - - -
59.60 0 0 18 18 18 18 18 18 18 18 18 -
119.45 0 0 22 22 22 22 22 22 - - - -
199.02 0 0 11 11 11 11 - - - - - -

The performance in the third class can be quite bad for N = 40;000 too:

� n� 0 10 80 90 95 100 110 120 150 160
1.72 30 30 30 30 30 30 30 30 30 30
2.32 30 32 - - - - - - - -
3.66 0 0 0 0 0 0 0 0 0 28
7.66 0 0 0 28 28 30 - - - -
9.66 0 0 0 28 - - - - - -
15.65 0 0 0 0 6 16 - - - -
19.67 0 0 0 9 10 10 10 10 10 10
39.65 0 0 0 24 24 24 25 25 25 25
132.81 0 0 0 21 21 21 21 22 - -

The extremely sparse matrices are solved without extra iterations and the suf-
�ciently dense matrices take about 70 (N = 30;000) or 90 (N = 40;000) extra
iterations. As in the case N = 20;000, the number of extra iterations in the third
class is sometimes the same and sometimes up to twice as much as in the class of
the su�ciently dense matrices. The last table of this kind summarizes the results
obtained for N = 50;000:
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� n� 0 10 100 110 120 150 160 270 280
2.16 30 32 - - - - - - -
2.17 1 1 1 1 1 1 1 - -
4.66 0 0 0 0 0 0 0 0 27
6.80 0 0 0 0 0 0 30 - -
7.99 0 0 0 29 - - - - -
9.66 0 0 0 22 29 - - - -
24.65 0 0 0 20 20 20 - - -
49.64 0 0 0 17 17 17 - - -
99.59 0 0 0 17 17 - - - -

These results con�rm our observations: extremely sparse matrices are solved im-
mediately, su�ciently dense matrices require a number of extra steps that does not
depend on the exact sparsity and the matrices that are neither su�ciently dense
nor extremely sparse take up to a small multiple of this number of extra steps,
but compared to the total number of iterations (and the number of matrix-vector
products needed) the di�erences are small. Theoretically, we need about 3N=32
matrix-vectorproducts. For a 25;000� 25;000 matrix the 120 extra terms that we
needed in the worst case constitute about 5% of the expected number of terms. For
N = 50;000 we needed 280 extra terms in the worst case; this is still less than 6%
more than expected. Moreover, the algorithm performed even better if the density
of the matrices is not extremely low, but more like that of actual factorization ma-
trices. The number of extra iterations needed for su�ciently dense matrices does
depend on the size of the matrix. We take a better look at the relation between N ,
the size of the matrix, and the number of extra terms needed, �, for the matrices
that are su�ciently dense:

N 8200 15,000 20,000 25,000 30,000 40,000 50,000
� 18 35 45 53 65 90 105

N/� 456 429 444 472 462 444 476

Of course these values are estimated and interpolated. Nevertheless, they give a
heuristic to estimate the number of extra terms needed beforehand. These numbers
�t the relation � = N=450 remarkably well. This means that usually we need only
2.4% more matrix-vectorproducts than expected theoretically if we use unit vectors
instead of random vectors.
We also did experiments with 10;000�10;000 matrices using each time 25 matrices

of approximately the same sparsity instead of one, to improve the reliability of the
results. In the next table we give the number of matrices with an average column
weight of about � for which at least ten solutions were found after � extra iterations.

� n� 0 5 10 15 20 25 30 35 40 45 50 55 60 200
2.2 23 24 24 24 24 24 24 24 24 24 24 - - -
3.0 4 4 6 6 9 11 12 13 15 17 17 - - -
4.7 0 0 1 2 2 4 5 9 9 15 15 17 23 25
6.3 0 0 0 0 9 9 13 16 16 22 22 - - -
9.7 0 0 0 0 0 21 21 22 22 24 24 24 25 25
19.7 0 0 0 0 0 18 18 18 18 18 18 18 18 18
39.5 0 0 0 0 0 20 20 20 20 20 20 20 20 20
79.3 0 0 0 0 0 19 19 19 19 19 19 - - -

This con�rms our other observations quite well: For su�ciently dense matrices,
�nding dependencies always takes 21 to 25 extra iterations, regardless of the ex-
act magnitude. This accords with our heuristic: 10;000=450 � 22. The extremely
sparse matrices (� � 2:2) are almost all solved without extra iterations. The matri-
ces with � � 3:0, � � 4:7 and � � 6:3 belong to what we called the third class; here
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the number of extra iterations varies, but usually it is bigger than for the su�ciently
dense matrices.
The bound for extreme sparsity is an average column weight of about 2.8 or 2.9.

It is almost impossible to determine an exact bound for being su�ciently dense;
usually an average column weight of about 7 or 7.5 seems to be su�cient, although
sometimes matrices with � � 9:7 or � � 15 seem to belong to the third class.
Moreover, these bounds seem to be independent of the matrix size; at least there
is no indication that bigger matrices need a higher average column weight to be
su�ciently dense, i.e. to be solved with � = N=450 extra iterations.

6. Comparing the block algorithms

To compare the two di�erent versions of the block Wiedemann algorithm we solved
the 61;249 � 85;095 matrix arising from the factorization of r71 = (1071 � 1)=9
with each of these algorithms. This matrix had already been solved by Mont-
gomery's block Lanczos [18] using the program gauss by Montgomery which is a
part of the implementation of the General Number Field Sieve developed at Ore-
gon/CWI [8]. The matrix has quite a lot of excess columns. The program FPHPSwie

solved the truncated matrix containing only the �rst 61,249 columns of the matrix.
The algorithm needed 130 extra iterations, which accords well with our heuristic
(61;249=450 � 136). Moreover, we solved two random matrices of the same size
and weight. One matrix took 140 extra iterations, the other 130. This indicates
that the number of iterations needed for our sloppily generated random matrices
is the same as that for factorization matrices. Lobo's program WLSS2 was able to
solve the system with only 100 excess columns. Block Lanczos needed 10,000 excess
columns to solve the system. To compare these last two methods I also solved the
system with the complete matrix with both of them. In the following table are the
running times (in hours:minutes) for the four parts of the algorithms, the number
of non-zero solutions and the column surplus, i.e. the number of excess columns.
In the column for FPHPS we give the running time for the parts of the program
corresponding to the subprograms of WLSS2. Note that there is no running time
for select in this column; we simply take the �rst 32 unity vectors as our random
block vector x and we do not have to test whether xTAy is singular. Generating
y is considered as a part of sequence in this table. We tried to use unity vectors
instead of a random block vector in Lobo's program, too. The results from this
experiment are in the column with as remark \ei". As explained before, the com-
putation of the sequence and the evaluation of the minimum polynomial can be
distributed over several computers by taking for m and n suitable multiples of 32.
The remarks \m = n = 96" and \m = n = 192" indicate that in these cases the
matrix multiplications have been distributed over 3 and 6 computers, respectively.
The times given are the running times for one computer. We used Silicon Graphics
Indy workstations with a 100MHz IP22 processor.

program FPHPS WLSS2 WLSS2 WLSS2 WLSS2 WLSS2
surplus 0 100 100 23,254 23,254 23,254
remark - - m = n = 192 - m = n = 96 ei
select - 0:01 0:02 0:01 0:01 -
sequence 1:10 1:41 0:21 3:00 1:06 2:59
minpoly 3:43 0:42 2:01 0:58 1:29 1:52
evaluate 0:41 0:52 0:11 1:06 0:25 3:23
total 5:34 3:16 2:35 5:05 3:01 8:15
solutions 30 32 192 32 96 17

We start with comparing the two di�erent versions of block Wiedemann. This
means we have to compare the �rst and second column. The running time of
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Lobo's program WLSS2, i.e. of Coppersmith's block Wiedemann, is roughly de-
termined by the two parts which compute matrix-block vector products: sequence
and evaluate. For the FPHPS algorithm this is not true: the computation of
the minimum polynomial of the sequence of 32 � 32 matrices by Beckermann and
Labahn's algorithm takes twice the time of the other parts. This makes the FPHPS
algorithm considerably slower than Coppersmith's algorithm. The di�erence in
running time for the two ways to �nd the minimum polynomial is mainly due to
the fact that we cannot use a look-up table technique in the FPHPS algorithm.
Without this technique, Coppersmith's generalization of the Berlekamp-Massey al-
gorithm would also take more time than the other parts of the algorithm together.

The FPHPSwie program performs the computation of the sequence fxTAiyg
2N=32
i=0

about 30% faster than the program sequence, mainly because the �rst program

only computes fAiyg
2N=32
i=0 and then takes the trivial inner products with unit vec-

tors, whereas the latter program has to compute xT �Aiy for a random vector x for
i = 0; 1; : : : ; 2N=32. Moreover, the a(i) are transposed in the latter program. The
di�erence in the running times for the evaluation of the solutions is comparatively
small.
If we compare the running time of WLSS2 using one computer with that using

several computers, it is immediately clear that the overall improvement of this
parallelization is limited; the total running time using six computers is only 20%
less than with one computer. The running times for the parallelized parts decrease
almost by a factor six indeed, but the running time for minpoly (which is performed
on a single computer) increases strongly. It is clear that using even more computers
will not reduce the running time much further; it will reduce the running time of
parts of the program which are not time-critical, but increase the running time
of the part of the program which already takes most of the total running time,
minpoly. As a matter of fact, comparing the fourth and �fth column of the table
we see that for the complete matrix minpoly already uses half of the total time if
we use three computers. This means that using more than three computers will not
decrease the running time much. Although the increase in speed is quite small, this
parallelization has another possible advantage: the coe�cients of the polynomial
found using k computers has 32k columns, so we �nd up to 32k solutions instead
of up to 32. If we want to �nd more solutions with the FPHPSwie program, we can
take advantage of the fact that the FPHPS algorithm produces a �-basis containing
64 elements and evaluate the other 32 PHPA's from the �-basis too. This doubles
the time for the evaluation, without a�ecting the other parts of the program. The
number of solutions found may increase, but the experiments with random matrices
showed that usually almost all solutions are found in the last 32 elements of the
�-bases. Only in the case of the extremely sparse matrices most solutions are found
in the �rst 32 PHPA's.
Now we take a look at the experiment where we tried to combine the advantages

of the two versions of block Wiedemann by using unit vectors in Coppersmith's
algorithm. This means we have to compare the sixth column of the table with the
fourth. The running time for the computation of the sequence is the same in both
cases, because the program computes the inner products with the unit vectors in
the standard way. This can be improved, in which case we expect an improvement
similar to the di�erence between the running times for sequence in the second and
the �rst column. The time needed for the computation of the minimum polynomial
doubles if we use unit vectors instead of a random block vector, but �nally the
program succeeds to �nd a suitable polynomial, although it produces thousands of
warnings that matrices that should be non-singular are singular. The degree of the
polynomial is higher than expected so we need more matrix-block vector products in
the evaluation of the solution than with the random vectors, but �nally, we �nd 17
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non-trivial dependency relations in our matrix. Unfortunately, the possible gain in
computing time from the easier computations of the block vector inner products is
superseeded by the extra time needed to �nd and evaluate the minimum polynomial.
Finally, we try to compare these running times with those of block Lanczos. In

the look-up table computations in WLSS2 a 32-bit word is split into four words of
eight bits; in the block Lanczos program, a 32-bit word is split into three words
of length 11 (where the last bit of the last word is not used). This makes these
techniques even more e�ective. In theory, block Wiedemann needs about 3N=32
matrix-block vector products and block Lanczos only 2N=32. Moreover, the number
of bit-operations needed for block Lanczos is even more dominated by the matrix-
block vector products than that for block Wiedemann. So theoretically we expect
block Wiedemann to use more than 50% more time than block Lanczos. In fact,
it only took 64 minutes to solve the complete matrix with block Lanczos. This is
almost �ve times faster than the 5h05 for Lobo's block Wiedemann. In this case
block Lanczos had an extra handicap: It simulated a 64-bit computer (splitting a 64
bit word into �ve words of length 13). However, Coppersmith's block Wiedemann
found 32 solutions in 3h16, using only 100 excess columns. Block Lanczos needed
10,000 surplus columns to �nd 8 solutions, but this took only 35 minutes (without
simulating a 64-bit computer). Without the handicap, the block Lanczos program
is even more than �ve times faster than WLSS2 and more than nine times faster than
FPHPSwie.
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Conclusions

We have implemented a new version of the block Wiedemann algorithm (using the
FPHPS algorithm by Beckermann and Labahn) to solve large systems of linear equa-
tions with sparse coe�cient matrices over F2 and compared the performance of this
algorithm with that of Coppersmith's block Wiedemann and that of Montgomery's
block Lanczos algorithm. First we experimented with the scalar (i.e. standard)
Wiedemann algorithm. This showed better practical performance than expected
when considering Wiedemann's lower bound for the probability of success. We
used a particular way to choose unit vectors instead of random vectors (see section
3.1). This may have improved the performance of the algorithm. The most impor-
tant observation, however, is the fact that the sparsity of the matrix in
uences the
number of (outer) iterations, i.e. the number of factors of the minimum polynomial
of the Krylov sequence which we have to �nd to determine this polynomial and
hence to solve our system. For extremely sparse matrices the performance of our
version of the Wiedemann algorithm is worse than the lower bound. This must have
been caused by our way of choosing \random" vectors.
Using block algorithms (i.e. working with blocks of 32 bits instead of single

bits to perform computations more e�ciently) we do not have to choose random
block vectors several times; we �nd solutions with our �rst choice. This means
that there is no equivalent in the block case of the outer iterations of the scalar
algorithm. Thus, using blocks instead of single vectors improves the performance of
the Wiedemann algorithm. This is already observed in [15], [11]. In Coppersmith's
block Wiedemann algorithm we have to choose the random vectors obeying the
condition that xTAy is non-singular. In the FPHPS version of the block Wiedemann
algorithm there is no such condition and we can use the block vector consisting of
the �rst 32 unit vectors. This makes the computation of the block vector product
xT � Aiy trivial, but we have to perform a few percent extra iterations. Villard's
theoretical analysis shows that this would not be necessary with high probability if
either our matrix or our blocking factor m would ful�ll a condition which is hard to
verify. The number of extra iterations needed is aboutN=450 for \su�ciently dense"
matrices. In our experiments (matrix dimensions from 8200 to 50,000) su�ciently
dense meant an average column weight of at least 7. For extremely sparse matrices
(an average column weight of at most 2.9) the FPHPS program solved the system
(almost) without extra iterations. Between these two classes of matrices, we �nd
a third class where the performance of the algorithm varies. We needed up to two
times as many extra iterations as usual to solve systems with matrices from this
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third class. We see no clues that the bounds between the sparsity classes vary with
the matrix size.
The FPHPS program computes the sequence fxTAiyg

2N=32+�
i=0 30% faster than

Lobo's implementation of Coppersmith's block Wiedemann algorithm, the program
WLSS2, because the multiplication with xT is trivial (in this case, xT is a unit
vector) and because the a(i) do not have to be inverted in FPHPSwie. The number
of extra iterations needed because our x is not a \good blocking vector" is very small
for most matrices. Yet, FPHPSwie is much slower than Lobo's program since the
computation of the minimum polynomial with the FPHPS algorithm takes much
more time than Coppersmith's algorithm. In the FPHPS algorithm we manipulate
polynomials with scalar coe�cients. Although we can perform 32 of these operations
in parallel by storing the polynomials in blocks, we cannot use the techniques with
the look-up table for the computation of matrix products explained in section 3.3.
These techniques are essential for the speed of Coppersmith's block Wiedemann
algorithm.
Compared with Montgomery's block Lanczos, the block Wiedemann algorithms

are much slower. Theoretically we expected block Wiedemann to use at least about
twice the running time of block Lanczos, but in practice Montgomery's block Lanc-
zos program is �ve times as fast as Lobo's program for Coppersmith's block Wiede-
mann. This is partly caused by the very e�cient implementation Montgomery
made of his block Lanczos algorithm. Both versions of block Wiedemann seem to
be better in solving systems with few excess columns than block Lanczos. How-
ever, factorization matrices normally have quite a lot of excess columns, since it is
practically infeasible to stop sieving exactly at the moment when enough columns
are found. Moreover, these matrices are \�ltered" by combining relations [8], which
results in smaller but denser and almost square matrices. Usually, block Lanczos is
able to solve these �ltered matrices. This means that in practice, the cases in which
block Wiedemann beats block Lanczos do not occur.
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