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ABSTRACT

The spatial discretization of initial-boundary-value problems for (nonlinear) parabolic or hyperbolic PDEs with
memory terms leads to (large) systems of Volterra integro-differential equations (VIDES). In this paper we study
the efficient numerical solution of such systems by methods based on linear multistep formulas, using special
factorization (or splitting) techniques in the iterative solution of the resulting (expensive) nonlinear algebraic
equations. The analysis of the convergence and stability properties is complemented by numerical examples.

1991 Mathematics Subject ClassificatioB5L06, 65R20
Keywords and Phrasesumerical analysis, Volterra integral equations, splitting methods, stability.
Note: Work carried out under project MAS 1.4 - 'Exploratory Research' .

1. Introduction

We consider efficient time integration methods for the spatially semidiscretized initial-
boundary-value problem for the partial Volterra integro-differential equation (PVIDE) of the
generic form

t
= L(t, X, u(tx), v(tx)), v(tx):= c'[ k(t, T, u(tx), u(,x))dr,

(1.1) aug,x)

with appropriate boundary conditions on the boundieyof the spatial domai in Rd.

Here, L is a differential operator in the space varialdleQ (with Q bounded), & tg, c< tp,

and k is a given real function. If the lower limit c in the integral operator is less than the initial
point f, then it will be assumed that the "history” ofxiis known for < t<tgpandx 0 Q.

Such problems, or closely related ones (e.g. PVIDEs with constant delays) occur more and
more frequently in the mathematical modelling of physical or biological phenomena where
memory effects play a non-negligible role. Due to a better understanding of the analytical
theory of PVIDEs such models are becoming increasingly complex, and there is a distinct need
for efficient numerical methods to solve these equations. Since, as Volterra [21] (who
introduced partial integro-differential equations and coined the name "equazioni integro-
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differenziali" in this paper) already pointed oute problem of solving integro-differential
equations constitutes in general a problem that is fundamentally different from the one of
solving differential equations.”, these numerical methods have to be able to cope with these
problems.

We present four representative examples of PVIDESs arising in applications; for additional
details and other PVIDE models the reader is referred to [1, 4, 5, 10, 11, 13, 14, 15, 16, 18,
19, 20, 22, 23, 24, 25] and the references listed in these papers and books.

Example 1.1.Nonlinear conservation law with memory [6]. This model problem was
motivated by the more complex physical problem of the extension of a finite, homogeneous,
elastoviscous body moving under the action of an assigned body force g (see [6]); it is given

by

t
12 X = a‘p(‘;f(t’x)) o G f""(?a(x“x” dt + g(tx), —0 <t<oo,

where @, : R - R are given smooth constitutive functions; [0,.0) - R is a given
(positive, nonincreasing) memory kernel. It is assumed that the (smooth) history of the motion
of the body, u(t,x) = h(t,x), up to time t = 0 is known. Note thatjfer 0 and g= 0, (1.2)
reduces to the (quasilinear and hyperbolic) Burgers' equation.

Example 1.2.The two-dimensional version of the mathematical model for the evolution of a
community of species (or population) that is allowed to diffuse spatially is described by (cf. [5,
p. 6 and p. 183] and [10])

t
a3 HY =@ oum - [ DU e o + g,
0

where u is the size of the populatidnis the two-dimensional Laplace operator, g represents
external influences, the kernels given byk(t) = T2t exg-t T-1) ork(t) = T2exp(- t T1),

and T is the point where the so-called "strong" generic delay k€thakssumes its maximum.
This example will be used in our experiments reported in Section 4.

Example 1.3.A PVIDE with nonlocal convection is given by

t
augf[,x) = GZS)EE,X) - % J- K(t— 1) u(t,x) u(t,x) d + yu(t,x)(1 - u(t,x)),

c

(1.4)
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wherey >0 and < 0. The (smooth) kernel describes the nonlocal density in this population
model.This equation differs from the Fischer-type PVIDE studied in [14], where the
guadrature term represents a convolution over the space variable.

Example 1.4.The mathematical model describing a spatially aggregated population model
with (nonlinear) diffusion and (nonlocal) convection in two spatial dimensions is given by the
PVIDE

t

= Au(tx) - (vTO) IK(t—T) UTX) u(tx) dt + g(tx), c<O.
C

s 2

The main difference with equation (1.3) consists of the convection opefatan front of the

integral term. HereyT = (v1,v) is a given velocity vector and is the two-dimensional
gradient operator. As in Example 1K3js nonnegative and smooth. Equation (1.5) differs
from the PVIDEs studied in [13] by the quadrature term which is here based on time
convolutions, whereas [13] treats the case of space convolution. This is the second example to
be used in our experiments to illustrate the use of splitting methods in solving PYIDEs.

Note the "nonstandard" form of the PVIDEs in (1.3), (1.4) and (1.5) (giving rise to the kernel
k = k(t, T, u(tx), u@,x)) in (1.1)), which is typical for mathematical models in population
dynamics.

In this paper, we shall confine our considerations to PVIDEs without delay, i.g). d ket
numerical treatment of PVIDESs with delay will be subject of future research.

The outline of the paper is as follows. Section 2 defines the linear multistep discretization of
spatially discretized PVIDEs and derives stability regions along the lines of the stability
analysis of Matthys [12]. Section 3 gives a stability analysis for the methods which result from
the approximately factorized iteration of the modified Newton systems and presents the main
results of the paper. Stability regions are derived for PVIDESs in one, two and three spatial
dimensions. Finally, Section 4 reports numerical experiments for the problems (1.3) and (1.5).

2. Discretization
Discretization of the differential operator L in the PVIDE (1.1) on a spatial grid of gridpoints in
Q leads to an initial-value problem (IVP) for a system of VIDEs:

t
(2.1) y'(®) =1t y@), 1), z() = t'[ k(t, T, y(®), (1)) dt, y(to) = Yo,
0

wheref represents the discretization of L and where the vector-valued quantitiasdk are
the discrete analogues of u, v and k, that is, the number of compongnisarfdk equals
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the number of grid points used in the spatial discretization of L. Note that the boundary
conditions associated with (1.1) are lumped into the right-hand side of (2.1).

Sincef originates from the differential operator L, the Jacobian matdizég andof/oz may
possess eigenvalues of large magnitude. Let us denote the Jacobian matrices of the function
f(t, y, 2) with respect tyy andz by fy andfz, and the Jacobian matriceskdf, s,y, w) with

respect toy andw by ky andkyy. In this paper, we restrict our considerations to the case
wherefy is much more stiff thafy, ky andkyy, that is, the magnitude of the eigenvalues of

fy is much larger than the magnitude of the eigenvaluely,dfy andky. The spatial
discretization of the PVIDES given in the Examples 1.2, 1.3 and 1.4 have these properties,
because the spatial discretization of diffusion terms leads to much larger eigenvalues than the
discretization of convection terms.

2.1. LMM discretization
By introducing the function

S
(2.2) z(t,) ::tJ' k(t, T, y(t), y(1)) dr,
0

the values of(t) needed when solvingt) from (2.1) can be obtained by integrating the IVP

23)  %H4¥= k(t s.y(0). y(9), 2(tto) =0

from s = p until s = t, and by setting(t) = z(t,t).
We shall use a linear multistep method (LMM) for integrating the equations (2.1) and (2.3). Let
the LMM be defined by the Dahlquist polynomiglsando. Then, we obtain for (2.1) the

formula
(2.4) P(E)yn = ho(E) f(tn, yn, zn) , N =0, 1, ...,

where E is the forward shift operator. Likewise, applying the same LMM to (2.3) with t = t
andy(t) =y, i.e. the equation

2.3) %Y = 1y, 4y y(©), 2(tn 10) =0,
yields the formula
(2.5) p(E)zy = ho(E) k(tn, tv, Yn, Yv) , V=0,1, ..., n.

The combined method {(2.4), (2.5)} has the same order of accuracy as the underlying LMM.



2.2. Stability

Next, we consider the stability of {(2.4), (2.5)}. Evidently, the LMM recursion (2.5) on its
own has the same stability characteristics as the LMM. For the combined method, we need to
consider the stability of the coupled formulas gtk andzy+k, where k is the number of

steps involved in the application of the LMM. This can be done by applying {(2.4), (2.5)} to
the Brunner-Lambert test equation [3]

dy(t dz(t
26 M= gy + 20, 0= nyw,
where¢ andn are complex parameters. However, in order to see clearly the meaning of these

parameters we prefer to look at the first-order variation of {(2.4), (2.5)}, that is, at the linear
relations

P(E)Ayn = ho(E) (fyAYn + fz0zn), p(E)Azn = ho(E) (ky + kw)Ayn.
Writing hfzAz, = AZp, these relations become
P(E)Ayn = o(E) (hfyAyn + AZp), p(E)AZy = o(E) hzfZ(ky + kw)Ayn.

Considering the model situation where the Jacobian mafijcasdfz(ky + k) share the
same eigensystems, we are led to the recursions

(2.7) P(E)Ayn = o(E) (h€Ayn + AZn), p(E)AZn = o(E) FPnAyn.

The same relations are obtained when applying {(2.4), (2.5)} to (2.6), but it is now
immediately clear tha andn, respectively, represent the eigenvalues of the matricef, J :=
and K :=fz(ky + k) at the points (ty, z) = (f, Yn, zn) and (tT,y, W) = (. th, Yn. Yn),
respectively.

Let us define the stability region by the points in thg |- space, where the characteristic
equation associated with (2.7) has its roots on the unit disk. Following Matthys [12], we write
¢ =\ +p andn = - A, so that the characteristic equation can be written in the factorized form

(2.8) (p(@) - Ma(@))(p(@) — hua(Q)) = 0.

These factors have the same form as the characteristic polynomial of the underlying LMM.
Hence, the roots of (2.8) are on the closed unit disk farafdu in the stability region of the
LMM, so that its stability region is given by the corresponding region irgthg ¢ space. Let

us consider the special case where the LMM is A-stable and Wheegther real or purely
imaginary. If Img) = 0, then necessarily Rg< 0 and ImA) = - Im(u). Hence,

Re@) = - (ReQ).Re@) + Im2(l)), Im() = Im().Re@ - A),

so that Reaf) < 0. Thus, the stability region of the method {(2.4), (2.5)} contains the domain



(2.9a) {(h&,h2n): Im@E) =0, £ <0, Ref)) <0}.
If Re(§) = 0, then Re( + ) = 0. Hence, R&( = Ref1) = 0, so that
Re) = Im@).Im(p), Im(@n) = 0.

Thus, we may conclude that the stability region contains the poigis?() with Re€) =
Im(n) = 0. Finally, using the maximum modulus theorem, we may even conclude that the
stability region of the method {(2.4), (2.5)} contains the domain

(2.9b)  {(h&,h2n): Re€) <0, Imfn) = 0}.

In order to appreciate this result, we derive the stability region of the test equation (2.6). Since
(2.6) is equivalent to the second-order ODE-¥Y' — ny = 0, we see that we have stability if

the roots of the characteristic equati©h— £ — n = 0 satisfy Re{) < 0. Again using the
transformation § =A +, n =— Au}, it follows that the characteristic equation has the roots

A andy, so that the test equation (2.6) is itself stable ifAlRg(0 and Rgf) < 0, the same
conditions we found for the LMM. We summatrize the above results in the following theorem:

Theorem 2.1.The stability region of the test equation (2.6) and of the method {(2.4), (2.5)}
generated by an A-stable LMM both contain the domains (2.9a) and €2.9b).

Note that in the domains (2.9a) and (2.9b) eithern is required to be real-valued. This
implies that for stable spatial discretizations of PVIDES, the eigenvalues of the Jacobian
matrices J #y and K :fz(ky + ky) at the point (t1, y, w) = (&, th, Yn, Yn) Should not be

both complex.

Example 2.1.Let us consider the population model (1.5) on the 2-dimensional domain
Q = {0 < x1q, x2 < 1} with homogeneous Dirichlet boundary conditions on the boundaiy of
DiscretizingQ by a grid with uniform gridsizAx, the Laplace operatdr and the convection
operatorvT[ can be replaced by matrices D and C. The functiamsdk in (2.1) can be
chosen in several ways, e.g.

(2.10a) f(t,y,z)=Dy + Cz + g(t), k(t, 1,y,w) =- k(- 1)yw,
(2.10b) f(t,y,z) =Dy + z + g(t), k(t, T,y, w) = - K(t — T)Cyw,
(2.10c) f(t,y,z) =Dy + Qyz + g(t), k(t, 1,y,w)=-K(t-1Tw,

whereq(t) is the discrete analogue of gtjn (1.5) andyw, yz are defined componentwise.

In the case (2.10c) the matrices J and K at the poirt, ¢, w) = (t, th, Yn, Yn) are
respectively given by J = D + C diag] and K =—k(0) C diagyn). Hence, if C has complex
eigenvalues (for example, in the case of symmetric or upwind discretiations), then the system
{(2.1),(2.10c)} is only stable ik(0) = 0. It should be remarked that application of the same
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integration method {(2.4), (2.5)} to different representatioh&{ will produce different
numerical results. In this paper, we shall adjust the choice of a suitable representation to the
iteration method used for solving the implicit relations in the integration method {(2.4), (2.5)}
(see Section 3).

In the following, we use the notatiox(A) for the eigenvalues of a matrix A(A) for

A (A)Umin, andp(A) for the spectral radius of A (from the context it will always be clear
whether the Dahlquist polynomiglor the spectral radiysis meant). Furthermoré& will
denote the stability region of the generating LMM.

3. lterative solution of the implicit relations
If the LMM is a k-step method andgfis normalized such that the coefficient dfejuals 1,

then the equations to be solved in each step are given by

Yn+k — 0N f(th+k, Yn+k Zn+k) = (EK = p(E))yn — h(aEX - o(E)) f(tn, Yn, Zn),
(3.1) Zn+k — A K(th+k th+ke Yn+k Yn+k) = (EX = p(E))zn — h @(tn+k Yn+k),
@(ty) := (aEX = o(E))k(t, tn, ¥, yn),

wherea denotes the coefficient ofEn o, to be assumed positive. Note that the equation for
zh+k becomes explicit ik(t, t,y, y) = 0. This happens in the PVIDEs (1.3), (1.4) and (1.5) if
K(0) = 0. In order to reduce the implicitness of the method (3.1), we shall replace the argument
Yn+k IN @ by the extrapolationyg+k-1 — Yn+k-2-

Let us write the system (3.1) in the compact form

Dyn+k [

(32) R(Yn+k) = O, Yn+|( = DZrH_k 0

Our starting point for solving (3.2) is the modified Newton method

; - , | — ahf — ahf
(3.3) N(Y(J) —Y(J-l)) =-R(Y(D), N:= B anty antz B
0- ah(ky + kw) | 0

In multi-dimensional problems, the solution of the linear sytems in (3.3) is quite expensive. In
order to reduce these costs we shall replace the matrix N by a more ‘convenient’ matrix.
Firstly, we shall ignore the matricég andky + ky in the iteration matrix N. Secondly,
because of the considerable band width of the matriX,Jir two- and three-dimensional
problems, we shall approximate the matrixdhJ by an approximate factorization. Suppose
thatJ =4 + ... + §, where d is the spatial dimension of (1.1) and wheoedesponds with

the spatial derivative in the ith coordinate direction. Then, we can approximate the matrix
I — ahJ by an approximate factorization based on the splittingg 3+=.J+ ¢



3.4 n:=0-ahy)..(1-ahy).

If d = 1, then the approximatignis of course exact. Forxl2, we havel = | —ahJ + dh2).
For a detailed discussion of the approximatiomne refer to [7].

Example 3.1.We illustrate the splitting J = & J for the population dynamics problem
(1.3) on the 2-dimensional domafa = {0 < X3, X2 < 1} with homogeneous Dirichlet

boundary conditions on the boundaryhfThe Laplace operatdy is replaced by a matrix D

using standard symmetric differences on a grid with uniform gridsizeompare Example

2.1). The function$ andk in (2.1) can be chosen e.g. according to

f(t,y,z) =(D + bl)y + yz + g(t), k(t, 1,y,w)=-«k(t-T)w,

where | is the identity matridg(t) is the discrete analogue of giitin (1.3).The Jacobian
matrix J= D + bl + diagg) can be split withjJ= D; +% (bl + diagg)), where Drepresent the
finite difference discretizations 0#/0x;2.

Approximations of the type (3.4) go back to Peaceman and Rachford [17] for solving elliptic
and parabolic equations by the ADI method. The use of approximate factorization in iterative
processes has been studied in [7, 9] for the solution of partial differential equations without
guadrature terms. Here, we study the effect of including a quadrature term.

Thus, we consider the iterative method

35  N(YO-Y0D)=-R(Y(D), N:= O

whereY (O)is to be provided by a predictor formula. Each iteration consists of the solution of d
linear systems with system matrix-lahJ, i = 1, ... , d. However, these system matrices
correspond with one-dimensional differential operators so that their band width is small (say
less than 5). Hence, the LU decompositions and the forward-backward substitutions are not
costly. Furthermore, in each iteration we need the evaluatit{thof, yn+ki-1), zn+ki-1)) and

K(th+k, th+k Yn+kd 1), yn+k(-1)) and with each update df the LU decompositions of

| - ahd, i=1, ..., d. Note that these function evaluations and LU decompositions can be
done in parallel, which makes the algorithm suitable for implementation on a parallel computer
system.

The form of the iteration method (3.5) strongly suggests choosing the represerftdtion {
such that as much information on the problem as possible is contained in the Jacobian matrix
fy, because in the approximatiantblthe matrix N only the matrify, is taken into account.

Thus, in Example 2.1 the representation (2.10c) is most appropriate, provideqhat
vanishes. Likewise, the matriy corresponding with the representation given in Example 3.1
contains a maximal amount of information on the problem.



3.1. Convergence
The linearized recursion for the iteration em®r:= Y () - Y 4k associated with (3.5) is given

by

' N i ~ I - n1(l - ahd h n-1f
(3.6) el) = (I - N-lN)g(J-l)’ - N-IN = E n-1(1 - ahd) ahn-if; B
O oah(ky +kw) e} 0

As in the stability considerations in Section 2, we consider the model situation where the
Jacobian matrices §z andky + ky share the same eigensystems. Then, we find that the
eigenvalues of the amplification matrix N-IN are given by those of the matrix

01-A1(N)(1-ah(A@))) ahA-MA() O
O -

0 ahA(ky + kw) 0 B
The iterative method (3.5) will be callednvergenif these eigenvalues are within the unit
circle. Writing

(3.7) € :=A(), &k = A (), n =A(K),

where K =fz(ky + k), and imposing the conditidA (I - N-IN)O < 1, will lead to a region
in the(héy, ..., g, n) - space. This region will be called tegyion of convergence

Theorem 3.1.Let
(3.8) P:=(1-ah&)..(1-ah&g), M:=1-ah, T:=P-M, B:=a2h?n.

Then, the region of convergence is determined by the condifdA -0 2 > OTP* + BT 0,
where P and T denote the complex conjugates to P and T.

Proof. The eigenvaluea(l — N-IN) of the amplification matrix + N-IN are the solutions of
the characteristic equatiok® — C;t A — C = 0, where @ = TP1 and G =BP-L. Using
Schur's criterion, we find that the region whéke(l - N-IN)O < 1 is determined by the
inequalities]Co0?% < 1 andC, < 1- [OC1 + C;*Co00. Evidently, we may restrict our
considerations to the second inequality. Siny + C;"C,0 = 0OPr2 OTP* + BT"[, this
inequality yields the convergence condition of the thearem.

We are particularly interested in tsiability regionof the iterated LMM. Obviously, this region

is the intersection of the region of convergence and the region of stability of the LMM {(2.4),
(2.5)}. The following three sections discuss stability regions in the case of one, two and three
spatial dimensions.
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3.2. One spatial dimension

Although we are mainly interested in the multidimensional case, we start with the one-
dimensional case d = 1, wheate= | — ahJ. This case shows us the largest stable stepsize that
we are allowed to use on the basis of the test equation.

Theorem 3.2.The stability region of the iterate®IM {(2.4),(2.5)} contains the intersection
of the stability regiors of the LMM and the domain

(3.9) {(h&,n2n): abh2nd<hE —a-10, Re€)<0, Im{)=0}.

Proof. Ifd = 1, then P = + ahg and T := 0, so that by virtue of Theorem 3.1 the region of
convergenceC is determined byah2n0 < Ohé - a-10 Since the stability region of the
iterated LMM is the intersection @ and the region of stabilitys of the LMM, we find by
virtue of Theorem 2.1 the result of the theorem.

In order to obtain stability conditions that can be used in practice, we derive the following
corollaries.

Corollary 3.1. Let the eigenvalues andn of J and K be real and let the underlying LMM
be A-stable. Then, a necessary and sufficient condition for the stability of the iterated LMM is

h < -3(J) +/ 52(3) + 4p(K)
2ap(K) |

(3.10) £<0,

Proof. If ¢ is nonpositive and is real, then it follows from (3.9) that we have stability if
ajn|n? + &h— a1 < 0. This inequality is satisfied for &l< 5(J) and allrj| < p(K) provided
thatap(K)h2 + 8(J)h— a-1 < 0. This leads to the stepsize condition of the corodary.

Corollary 3.2. Let the eigenvalue& andn of J and K satisfy Réj < 0 and Im{}) = 0O,

and let the underlying LMM be A-stable. Then, the following assertions hold for the iterated
LMM:

(a) A sufficient condition for stability is

h2 < 82 + V() + 4p%(K)

202p2(K)

(b) Let h be the desired integration step. Then, a necessary and sufficient condition for stability
is

p2(K) <a-4h4 +a-2h3 mEin(h[ElD 2- 20('1Re(E)).
Proof. We deduce from (3.9) that we have stability if

(3.11)  a2n2h*-[E0 2h2 + 20-1hRe€) - a2<0.
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If Re) < 0, then this inequality is certainly satisfied if we ignore the texrdAHRe€). The
remaining inequalitiy is satisfied for af < d(J) and allf| < p(K) if we require that
a2p2(K)h4 - [§ (J)Ph2 — a-2 < 0. This yields the stepsize condition given in part (a) of the
corollary. Part (b) is immediate from (3.1s1).

Example 3.2.We illustrate Corollary 3.1 by means of Example 3.1 in the one-dimensional
case (d = 1), where=ID + bl + diagg) and K =— k(0) diagf). Let y; and z denote the ith
component o andz, respectively. Then, the eigenvalues of K are given(By = — k(0)y;

and the eigenvalues ofsatisfy the inequality b 4(AX) 2 + Zmin < A(J) < b — T2 + Zmax
where #in < zj < Zmax Henced(J) = b— 12 + zpaxandp(K) = [k(0)| |ly |L,- Thus, Corollary

3.1 leads to the conditions

™ - Db- Znax + '\/(T[2 - b= zmax)2 - 4|k(0)|]]y Il
20|k (0)] (1Y [l

bST[Z_Zmax, h <

We conclude this section by plotting the domain (3.9) in(tHeRe€), a2h?Re()) - plane
and the(ahim(&), a2h2Re(n)) - plane, respectively. The Figures 3.1 and 3.2 show these
regions (black part corresponds with unstable points).

Figure 3.1. Stability region in thdahRe€), a2h2Re()) - plane.

Figure 3.2. Stability region in thdahim(€), a2h2Re()) - plane.
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3.3. Two spatial dimensions
For d = 2, the coefficient functions P and T in (3.8) are given by

(3.12)  P:=(1-ah&1)(1-ahéy), T:= a2h2E4,.

Theorem 3.3.Let a< 0 and let1, {2 andn be real. Then, the region of stability of the
iterated LMM contains the intersection®&nd the domain

{(h&,h2n): KE1<a, Er<a, —(al-a)2<mn<a?-2a1}.

Proof. If h¢, < a and R < a with a< 0, then we have in (3.12) P >0 and T > 0, so that by
virtue of Theorem 3.1 the region of convergence is determined by

(P-BO)(P+BO) > TOP +BL.

If n =0, thenp > 0, so that this condition reduces te- B > T. From (3.12) it then follows
that we should require 4 ahé > = a2h2n, i.e.a2h?n < 1-2a0. If n <0, thenB<0, so
that we havéP+ B)(P-B) > TOP+ B0 If P+ < 0, then P- B<~T, which is impossible.
Hence, we assume+3 > 0, leading to + ahg > (3. The inequality P 3 > 0 is equivalent
with a2h2n > - (1 - ah&1)(1 - ah&2), which is satisfied iti2h2n > - (1 - an)2, and the
inequality 1- ahg > B is equivalent witha2h2n <1 - ahg, which is always satisfied for

n <0. Thus, the convergence region is determined&y<ha, K> < a and-(a-1-a)2 < hen

< a2 - 2an-l. Taking the intersection witd (see Theorem 2.1), we obtain the stability region
as given by the theorem.

Corollary 3.3. Let the eigenvalue&, and&» of J; and J be real and nonpositive, let the
eigenvalues) of K be real, and define

£o:=min{5(31), 33}, no:=&+ max V-n, ni:= maxn,
n<-€02 n=0
whereng = 0 if A(K) = - €92 andny1 = 0 if all A(K) < 0. Then the iterated LMM {(2.4),

(2.5)} is stable if the underlying LMM is A-stable and if

h <min{ 1 ,—Eo+\_/502+rl1 }

ano anz

Proof. Applying Theorem 3.3 with1 < §o, {2 < 0, and a = Bg, we find that we have
stability if

- V2
h < 1 forn<-%02, h < S0+ V&o+n

a(Zo +V-n) an

The right-hand sides in the inequalities are monotonically decreasingnlitbr¢ving the
corollary.+

for n=0.
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Thus, we have unconditional stability if dnd 3 have negative eigenvalug<p and if K has
eigenvalues inq &g2, 0]. This is surprising, because in the one-dimensional case, where
approximate factorization is not needed, we do not have a region of unconditional stability (see
Corollary 3.1).

Example 3.3.We illustrate this Corollary 3.3 by means of Example 3.1 with d = 2 and the
splitting J = Dy + 7 (bl + diagg)) and 3 = D, + 2 (bl + diagg)) , so thaid(Jy) = 5(J) =3
(b — 212 + zpay) andA(K) = — k(0)y;. Assuming thatk(0) = 0 and b< 212 — zyax, and
becauseiy> O (recall that yrepresents the size of the population), we have

§0=; (-2 + zma), No= maxVk(Oy + 3 (b= 2/ + zma),

YizYo

(212 - b - Zmax)?
= O’ =
ni Yo 2K (0)

whereno = 0 if all y; < yo. Hence, if all y< yo, then we have unconditional stability and if one
or more y > yp, then we should satisfy the stepsize condition

h < — 2 X
a (2 max Vk(0)y; + b- 2m2 + Zmax)
YizYo

Theorem 3.4. Let&1 and&, be complex and lef be real. Then, the region of stability of the
iterated LMM contains the intersection®and the domain

{(n&1,hé2,n2n): Re€1) <0, Refr)<0, —a2<hn<a?},

Proof. Let us consider the most critical case whgrandéy are purely imaginary, so that in
(3.12) T< 0, so that by virtue of Theorem 3.1 the region of convergence is determined by

PR -B02 > - TOP* +BLL

We verify this inequality for- a-2 < 2n <a-2, i.e.-1 <B < 1. Let us write By = ixy,
h&» = ixo, and Rn = x. Then this inequality becomes

(3.13) a4x2<(1+0a2x12)(1 +a2xp2) - a2Dx1x2[r\/ (1—0(2(x1x2—x))2+a2(x1+x2)2 .
On substitution off =+ 1, i.e. x= + a2, we obtain

(02x12x22 + (x1 = %2)2) (X1 +%X2)2 > 0, X1%+ X%+ 02x12X22(X1 —X2)2 + 2X12X22 > 0.

These inequalities are clearly satisfied for al#x0 and » # 0, yielding the result of the
theoreme

Fora4x2 > 0, the regiorC in the (x,x2)-plane satisfying (3.13) is bounded. We illustrate this
for a = 2/3 and x =t 5. Figures 3.3 and 3.4 preséntor x =5 and x = 5, respectively (the
black part represent points of divergence).
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Figure 3.3.Region in thIm(h&1), Im(h€2)) - plane satisfying (3.13) for2h = 5.

]

Figure 3.4.Region in thIm(h&1), Im(h€2)) - plane satisfying (3.13) for2h = - 5.

We verified that for = 0 and x< 0 the value dk (I - Kl'lN)D increases most rapidly along
the lines X = — X2 and X% = Xp, respectively. Hence, taking x — x2 if x 2 0 and X = xp if

X <0, we can plot in the {xx) - plane a domain which is contained in the convergence region
(see Figure 3.5).

Figure 3.5.Region of convergence in tifem(héy), h2n) - plane.
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3.4. Three spatial dimensions

Suppose that in Theorem 3.1 the parampteanishes. Then, the region of convergence is
determined by the inequalityP] > 0T . Inequalities of this type have been studied in [7]. For
three spatial dimensions (d = 3) it was found that the convergence region contains the region
{(hE1, Ko, hE3): |argl&j) [< W4, j=1, 2, 3. This result leads us to sethg; = xexp(i6),

ah&o = yexp(iB), ahéz = zexp(iB), where eithe® = 3174 or08 = 5174, and to consider the

range of (realp-values for which the convergence condition

Q(x.y,zp) = (OPE)R - B%)2 - CT(B)P'(6) + BT (B)F >0

in Theorem 3.1 is satisfied for all nonnegative x, y and z values. Sinu&P£3” (5174) and
T(34) = T°(514), the function Q does not depend &nUsing Maple, we found that
Q(x,y,zp) can be expressed in the form

Q= [(Boz? + 2z +Bo)y3 + (BozB + 52 + 4oz + Jy2 + (223 + 4poz2 + 62 + Po)y
+Boz3 + 32+ Poz + 1] x4 +
[(Boz2 + 22 +Po)y* + (B2z3 + Puz2 + Baz + )8 + (Boz* + P13 + Paz? + Psz
+ Be)y2 + (224 + Baz3 + Psz2 + Brz + &y + Pozt + 68 + Bez? + 8z + Po| X3 +
[(Boz3 + 52 + 480z + Jy* + (Boz? + P13 + Paz? + Bsz + Po)y3 + (524 + P4z’
+ Bgz2 + Boz +B1o)y2 + (4Boz* + Psz3 + Boz2 + B11Z +PB12)y + 37 + Bez3
+B1oz2 + P12z +Bra] x2 +
[(223 + 48022 + 62 + Bo)y* + (224 + Bz + Psz2 + Brz + y3 + (4Boz* + P52
+ Bgz2 + B11Z +P12)y2 + (62 + B7z3 + B1122 + P14z + P15)y + Poz? + 8B
+B12z2 + Bz +PBag] x +
[(Boz8 + 32 + 2Bz + Dy4 + (Boz? + 6 + Bez2 + 8z + Po)y3
+ (32 + Bz3 + P102? + P12z +P13)y? + (2Boz* + 82 + 1222 + B15Z +P16)Y
+ (24 + 2028 + 1322 + Brez +PB17)]

where
Bo=2/2, B1=10+ 3B, B2 = (2 +B)Bo.
Bz = (8 +B)Bo, Ba = (16 + B)Po, Bs =22 + 4,
Be = (7 +B)Bo, B7 = (14 + B)Bo, Bg= 42+ 1B - 3p2,
Bo=(26 + B-3B9)Bo, B1o=15-3p2+2B,  P11=30-6p2+ 4B,
B12= (8- 2B2)Bo, B13=4-2p2, B14 = (16— 4B2)Bo,
B15=8-4p2, B16 = (2 - 2B?)Bo, B17=(1- B2

If BO < 1, then all coefficient; are positive, so that Q is positive for all nonnegative values
of x, y and z. Hence, we have proved:
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Theorem 3.5. Let&1, {2 andéz be complex and laj be real. Then, the region of stability of
the iterated LMM contains the intersectiorSdnd the domain

{(h&1,h€2,h&3,h2n): |argC¢&)) |sm4,j=1,2,3, - a2<hn<a?}.e

4. Numerical experiments

In our numerical experiments, we used the L-stable, second-order backward differentiation
formula (BDF) and the A-stable, second-order trapezoidal rule (TR) for integrating
y' =1(t, y, 2). This respectively yields the formulas

(4.1a) Yn+1:%Yn - %Yn-l + % hf(tn+1, Yn+1,Zn+1) , N=1,2, ..,
(4.2a)  yn+1=ynt % h (f(tn' Yn, Zn) + f(tn+1, Yn+1, Zn+1)) , =01, .,

wherezn+1 = z(th+1, th+1) is obtained from a numerical integration of (2.3). In both cases
(4.1a) and (4.2a) we again used the second-order BDF and the TR, respectively. The starting
value needed by the BDF was computed by backward Euler.

In order to reduce the degree of implicitness, we replace in the first n steps of the integration of
(2.3) the value ofn+1 by the extrapolation y& — yn-1. Thus, in the BDF case

(4.1b)  zy+1=

1 2
Zy — gzv-l + 3 h k(tn+1, tv+1, &n—Yn-1, YV+1), vV <n-1,
(4.1c) Zn+1 = %

2
Zpg + 3 h k('[n+1, th+1, Yn+1, Yn+1),
and in the TR case

(4.2b) Zy+1 =2y t+ % h(k(tn+1y ty, 2Yn = Yn-1. Yv) + K(tn+1, ty+1, 2Yn = Yn-1, YV+1)).
(42C) Zn+1 = Zn + % h(k(tn+1, tn1 ZYH - yn-l; yn) + k(tn+1, tn+11 Yn+11 Yn+1))1

wherev < n— 1. The extrapolation of,+1 does not affect the accuracy or the stability, so that
the methods (4.1) and (4.2) are both second-order accurate and their stability region with
respect to the test equation (2.6) still contains the domains (2.9a) and (2.9b).

We illustrate the performance of the iterated BDF and TR by integrating the population
dynamics problems (1.3) and (1.5). Both problems were discretized on the two-dimensional
domainQ = {0 < x1 < 1, 0< x2 < 1} with homogeneous Dirichlet boundary conditions using
second-order symmetric finite differences on a uniform, cartesian grid with me&ksiaé&
prescribed the exact solution ujtby

(4.3) u(t,x) = et xgxo(1 = x1)(1 = x2)

and determined the function gftaccordingly.
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In order to clearly see the algorithmic properties of the approximate factorization approach, we
used a fixed stepsize h and a fixed number of iterations m. For the initial approximation to the
solution f/n+1, Zn+1) of (4.1) and (4.2) we simply useyh(z,). The maximal absolute errors

produced at the end point were written a$4.®o that cd can be interpreted as the number of
correct digits.

4.1. Diffusion model
In the diffusion model (1.3), we chose

(4.4)  k()=et, b=1 t<2.

The functionsf andk were chosen as in Example 3.1. In order to avoid updates of LU
decompositions, we approximated the matrixfy = D + | + diagg) by the constant matrix

D + I. The Jacobian splitting was also chosen as in Example 3.1. The Tables 4.1 and 4.2 list
the cd-values obtained by the BDF and the TRAfar = Axo = 1/40 and for a few h and m.

From these results we see that (i) the second-order behaviour is shown, (ii) the methods
remain stable for relatively large stepsizes, (iii) the number of iterations needed to solve the
implicit relations varies from 3 for small to 5 for large stepsizes, and (iv) TR is slightly more
accurate than BDF because of its smaller error constant.

Table 4.1. cd-values of BDF for problem {(1.3),(4.3),(4.4)}.

h m=1 m=2 m=3 m=5 m =10
1/5 2.9 3.6 4.2 5.1 5.1
1/10 35 4.5 5.5 5.8 5.8
1/20 4.2 5.6 6.5 6.4 6.4
1/40 4.8 6.7 7.0 7.0 7.0
1/80 5.4 7.6 7.6 7.6 7.6

h m=1 m=2 m=3 m=5 m =10
1/5 3.4 4.2 4.9 5.8 5.8
1/10 4.0 5.1 6.1 6.5 6.4
1/20 4.6 6.2 7.0 7.0 7.0
1/40 5.2 7.2 7.6 7.6 7.6
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4.2. Diffusion-convection model
In the diffusion-convection model (1.5), we chose

(4.5) Kt)=tet, v=(1,2f, 0<t<1

and we defined the functiomsaindk according to (2.10c). Note that with this representation
we do not need boundary conditions frbecausey satisfies homogeneous boundary
conditions. The matrix J is given by J = D + C dg@(Again, in order to avoid updates of

LU decompositions, we approximated J by the matrix D. The Jacobian splitting was defined
according to dimension splitting. Unlike the discretization of the diffusion model
{(1.3),(4.3),(4.4)}, the spatial error of the discretization of the diffusion-convection model
{(1.5),(4.3),(4.5)} does not vanish. Therefore, we present results on a relatively fine mesh
with Ax1 = Axp = 1/80, so that the temporal error is dominating. The Tables 4.3 and 4.4 list
the results obtained by the BDF and TR methods. We see a similar behaviour as for problem
{(1.3),(4.3),(4.4)}. For stepsizes1/80, the spatial error becomes dominant, so that the cd-
values start to converge to a constant value.

Table 4.3. cd-values of BDF for problem {(1.5),(4.3),(4.5)}.

h m=1 m=2 m=3 m=5 m =10
1/5 2.4 3.1 3.7 4.6 4.6
1/10 3.1 4.0 5.0 5.4 5.3
1/20 3.7 5.1 6.0 6.0 5.9
1/40 4.3 6.2 6.6 6.5 6.5
1/80 4.9 7.1 7.0 7.0 7.0
1/160 5.5 7.4 7.3 7.3 7.3

h m=1 m=2 m=3 m=5 m =10
1/5 2.9 3.7 4.4 5.2 5.4
1/10 3.5 4.6 5.6 6.0 6.0
1/20 4.1 5.7 6.5 6.6 6.6
1/40 4.8 6.7 7.1 7.1 7.1
1/80 5.4 7.5 7.4 7.4 7.4
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