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ABSTRACT

We prove a theorem on the uniform convergence of the local time of an ergodic diffusion.
This result is then used to investigate certain estimators of the invariant density of an
ergodic diffusion, including kernel estimators. We show that the pointwise consistency
of these estimators can be strengthened to uniform consistency.
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1 Introduction

This paper is concerned with the local time of a stationary, ergodic diffusion
and its relation to the invariant probability measure of such a diffusion. More
precisely, we study the semimartingale local time {Lt(x) : t ≥ 0, x ∈ R} of a
stationary, ergodic diffusion X that solves the stochastic differential equation
(SDE) of the form (1). We prove that the random function

x 7→ 2Lt(x)
tσ2(x)

converges in probability to the density of the invariant probability measure,
uniformly over compact intervals (see theorem 5.1). A number of nonpara-
metric estimators for the density of the invariant probability measure that
have been proposed in the literature can be expressed in terms of the local
time of the diffusion. As a result, the uniform convergence of the local time
allows us to prove uniform consistency results for some density estimators,
including kernel estimators and the unbiased density estimators proposed
by Kutoyants (1997a, 1997b) (see theorems 6.1 and 6.2).

The connection between the local time of a stationary process and
density estimators was already noted by several authors, see e.g. Bosq and
Davydov (1999) and the references therein and Kutoyants (1997a). Kutoy-
ants (1997a) is concerned with the same model as we are. He studies the
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properties of density estimators at a fixed point. Kernel estimators for the
invariant density for the model (1) were in fact already studied by Banon
(1978) and Nguyen (1979). The relation with local time was however not
yet observed in those papers. A result concerning the uniform convergence
of the local time of general stationary, ergodic continuous time processes
appears in the paper of Bosq and Davydov (1999). Their theorem requires
a condition on the modulus of continuity of the local time of the process in-
volved, and is therefore not directly applicable in our situation. The results
of the present paper require conditions on the coefficients b and σ of the
SDE (1) and the invariant measure of the diffusion, not on the local time
itself.

For our asymptotic analysis of local time we use the representation
given by the Tanaka-Meyer formula (6). The Brownian integral It and the
Lebesgue integral Jt appearing in (6) are first studied separately. For the
Brownian integral we prove a weak convergence result that is in fact stronger
than we need, and that is interesting in its own right (see theorem 3.3).
For the Lebesgue integral, we note that a straightforward analogue of a
uniform law of large numbers for i.i.d. random variables holds in the context
of ergodic diffusions (see lemma 4.1). In the special case of the uniform
convergence of the empirical distribution function of an ergodic diffusion
this was already noted by Kutoyants (1997c).

This paper is organized as follows. Section 2 gives the general setup
of the paper. We introduce some notation and recall a few basic facts con-
cerning ergodic diffusions and semimartingale local time. In sections 3 and
4 we study the components (7) and (8) of the local time, respectively. We
obtain a weak convergence result for the first component in section 3 and
a Glivenko-Cantelli theorem for the second component in section 4. These
results are then combined in section 5 where we prove the main result of the
paper concerning uniform convergence of local time. In section 6 we apply
the main theorem to prove uniform consistency of some estimators of the
invariant probability density of the ergodic diffusion.

2 Setup and preliminaries

Consider the stochastic differential equation

dXt = b(Xt) dt + σ(Xs) dWt, (1)

where W is a standard Brownian motion and b and σ > 0 are continuous
functions that satisfy certain conditions that ensure the existence of a unique
strong solution for every initial condition (for example the usual Lipschitz
and linear growth conditions, see Karatzas and Shreve (1991)). Recall that
the derivative of the scale function associated to the SDE (1) is the function
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s defined by

s(x) = exp
(
−2

∫ x

0

b(y)
σ2(y)

dy

)
. (2)

We suppose that

lim
|x|→∞

s(x) =∞ and D =
∫
R

1
σ2(x)s(x)

dx <∞ (3)

and we define the probability measure µ on R by µ(dx) = π(x) dx, where

π(x) =
1

Dσ2(x)s(x)
.

Note that (2) implies the relation

(σ2π)′ = 2bπ. (4)

It is well-known (see e.g. Gihman and Skorohod (1972)) that the condition
(3) implies that the ergodic theorem holds for the strong solutions of (1),
i.e. that for every f ∈ L1(µ)

1
t

∫ t

0
f(Xs) ds

as→
∫

f dµ

as t→∞. Moreover, the strong solution of SDE (1) that satisfies the initial
condition L(X0) = µ is stationary (see Gihman and Skorohod (1972), p.
138). Throughout the paper we denote by X this stationary solution.

The process X is a continuous semimartingale, so its semimartingale
local time L = {Lt(x) : t ≥ 0, x ∈ R} is well-defined. We will use the
fact that the random field L has the following properties (see Karatzas and
Shreve (1991), theorem 7.1):

(i) For every nonnegative, measurable function f∫ t

0
f(Xs)σ2(Xs) ds = 2

∫
R

f(x)Lt(x) dx. (5)

(ii) For every t ≥ 0 and x ∈ R
Lt(x) = (Xt − x)− − (X0 − x)− + It(x) + Jt(x), (6)

where

It(x) =
∫ t

0
1(−∞,x](Xs)σ(Xs) dWs (7)

and

Jt(x) =
∫ t

0
1(−∞,x](Xs)b(Xs) ds. (8)

The relation (6) is known as (a version of) the Tanaka-Meyer formula. In
the next two sections we study the asymptotics of the random functions It

and Jt occurring in (6).
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3 A weak convergence theorem

By lemma 3.5.7 of Karatzas and Shreve (1991) there exists a jointly contin-
uous modification of the random field {It(x) : t ≥ 0, x ∈ R}. The symbol
It(x) will always refer to this continuous version. In particular, the random
function It : x 7→ It(x) is a continuous function for every t ≥ 0. So for every
A > 0, the restriction of the random function It/

√
t to [−A,A] is a random

element of the Banach space C[−A,A] of continuous functions on [−A,A]
(endowed with the supremum metric). We will prove that under certain
integrability conditions, the random functions It/

√
t have a weak limit in

C[−A,A]. The first step is the following lemma. Note that the proof is
similar to that of lemma 3.5.7 of Karatzas and Shreve (1991).

Lemma 3.1. For p ≥ 2, suppose that∫
|x|p µ(dx) <∞,

∫
|b(x)|p µ(dx) <∞,

∫
|σ(x)|p µ(dx) <∞.

Then there exists a constant C = C(p, b, σ) > 0 such that

E
∣∣∣∣ 1√

t

∫ t

0
1(x,y](Xs)σ(Xs) dWs

∣∣∣∣2p

≤ C|x− y|p

for every x < y and t ≥ 1.

Proof. Let f be the function given by

f(u) =
∫ u

0

∫ v

0
1(x,y](z) dzdv.

Note that |f ′| ≤ |x− y|. Applying the generalized Itô formula to the convex
function f of the semimartingale X we get

1
2

∫ t

0
1(x,y](Xs)σ2(Xs) ds = f(Xt)− f(X0)

−
∫ t

0
f ′(Xs)b(Xs) ds−

∫ t

0
f ′(Xs)σ(Xs) dWs.

Using the triangle inequality and the fact that (u+v+w)p ≤ 3p(up+vp+wp)
for u, v,w ≥ 0 and p ≥ 1 it follows that∣∣∣∣∫ t

0
1(x,y](Xs)σ2(Xs) ds

∣∣∣∣p ≤ 6p |f(Xt)− f(X0)|p

+ 6p

∣∣∣∣∫ t

0
f ′(Xs)b(Xs) ds

∣∣∣∣p + 6p

∣∣∣∣∫ t

0
f ′(Xs)σ(Xs) dWs

∣∣∣∣p .
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Let us consider the expectations of the three terms on the right hand side.
Since |f ′| ≤ |x− y| we have

|f(Xt)− f(X0)|p ≤ |x− y|p|Xt −X0|p ≤ 2p|x− y|p(|Xt|p + |X0|p).

So by the stationarity of X

E |f(Xt)− f(X0)|p ≤ 2p+1|x− y|p
∫
|z|p µ(dz).

For the second term, it holds that

E
∣∣∣∣∫ t

0
f ′(Xs)b(Xs) ds

∣∣∣∣p ≤ tp−1|x− y|pE
∫ t

0
|b(Xs)|p ds

= tp|x− y|p
∫
|b(z)|p µ(dz).

As for the third term, note that by the Burkholder-Davis-Gundy inequalities
there exists a constant Dp > 0 such that

E
∣∣∣∣∫ t

0
f ′(Xs)σ(Xs) dWs

∣∣∣∣p ≤ DpE
∣∣∣∣∫ t

0

(
f ′(Xs)σ(Xs)

)2
ds

∣∣∣∣p/2

≤ tp/2−1Dp|x− y|pE
∫ t

0
|σ(Xs)|p ds = tp/2Dp|x− y|p

∫
|σ(z)|p µ(dz).

Combining these bounds we find that there exists a positive constant B =
B(p, b, σ) such that

E
∣∣∣∣∫ t

0
1(x,y](Xs)σ2(Xs) ds

∣∣∣∣p ≤ tpB|x− y|p

for every t ≥ 1. Another application of the Burkholder-Davis-Gundy in-
equalities gives a constant Ap > 0 such that

E
∣∣∣∣∫ t

0
1(x,y](Xs)σ(Xs) dWs

∣∣∣∣2p

≤ ApE
∣∣∣∣∫ t

0
1(x,y](Xs)σ2(Xs) ds

∣∣∣∣p
≤ tpApB|x− y|p.

for every t ≥ 1. The proof is concluded by dividing both sides of this
inequality by tp.

It is well-known that tightness of a collection of random functions in the
space C[−A,A] is equivalent to pointwise tightness and asymptotic equicon-
tinuity (see e.g. Billingsley (1968), theorem 8.2). Using lemma 3.1, we get
the following result concerning the equicontinuity of the random functions
x 7→ It(x)/

√
t.
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Lemma 3.2. Suppose that∫
|x|2 µ(dx) <∞,

∫
|b(x)|2 µ(dx) <∞,

∫
|σ(x)|2 µ(dx) <∞.

Then for every A > 0 and every ε, η > 0 there exists a δ > 0 such that

P

 sup
x,y∈[−A,A]
|x−y|<δ

1√
t
|It(x)− It(y)| ≥ ε

 ≤ η

for every t ≥ 1.

Proof. By lemma 3.1 there exists a constant C > 0 such that∥∥∥ 1√
t
(It(x)− It(y))

∥∥∥
L4(P)

≤ C
√
|x− y|

for every t ≥ 1 and x, y ∈ R. It then follows from theorem 2.2.4 of Van der
Vaart and Wellner (1996) that there exists a constant K = K(A) > 0 such
that

E sup
x,y∈[−A,A]
|x−y|<δ

1√
t
|It(x)− It(y)| ≤ K

(
η3/4 + δ2η−1/2

)
for every t ≥ 1 and δ, η > 0. Now use Markov’s inequality to complete the
proof.

We arrive at the following theorem concerning the weak convergence of
the random maps It/

√
t.

Theorem 3.3. Suppose that∫
|x|2 µ(dx) <∞,

∫
|b(x)|2 µ(dx) <∞,

∫
|σ(x)|2 µ(dx) <∞.

Then for every A > 0 the restrictions of the random functions It/
√

t to
[−A,A] converge weakly in C[−A,A] to a zero mean Gaussian random func-
tion I with covariance function

E I(x)I(y) =
∫ x∧y

−∞
σ2(z)µ(dz).

Proof. To establish finite dimensional convergence, take x1, . . . , xd ∈ R.
The process (I(x1), . . . , I(xd)) is a d-dimensional martingale and by the
ergodic theorem we have

1
t
〈I(xi), I(xj)〉t =

1
t

∫ t

0
1(−∞,xi∧xj ](Xs)σ2(Xs) ds

as→
∫ xi∧xj

−∞
σ2(x)µ(dx).
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So the central limit theorem for continuous local martingales (see for instance
Van Zanten (1998), theorem 5.1) confirms that the marginals of It/

√
t con-

verge weakly to the marginals of I. By lemma 3.2 the restrictions of the
random functions It/

√
t to [−A,A] are asymptotically equicontinuous and

therefore tight in C[−A,A] (see Billingsley (1968), theorem 8.2). It then
follows from Prohorov’s theorem that we have the desired weak conver-
gence.

4 A uniform ergodic theorem

Let us recall the definition of the bracketing numbers of a normed function
space. Given two functions l and u, the bracket [l, u] is the set of all functions
f with l ≤ f ≤ u. An ε-bracket is a bracket [l, u] such that ‖u − l‖ < ε.
The bracketing number N[ ](ε,F , ‖ · ‖) is the minimum number of ε-brackets
needed to cover F .

The following lemma is the analogue of a classical uniform law of large
numbers for i.i.d. random variables that can be found for instance in Van de
Geer (1999). It gives a condition in terms of bracketing numbers under which
the ergodic theorem holds uniformly over a class of functions. The lemma
can be proved by a straightforward modification of the proof of lemma 3.1
of Van de Geer (1999).

Lemma 4.1. Let F be a class of measurable functions and suppose that
N[ ](ε,F , ‖ · ‖L1(µ)) <∞ for every ε > 0. Then

sup
f∈F

∣∣∣∣1t
∫ t

0
f(Xs) ds−

∫
f dµ

∣∣∣∣ as→ 0.

In general, the supremum occurring in the lemma does not have to be
measurable. In the non-measurable case the lemma also holds, but almost
sure convergence should then be understood in the sense of Van der Vaart
and Wellner (1996), definition 1.9.1. In this paper we only use the lemma in
the proof of theorem 4.3, which involves a measurable supremum. Indeed,
since the random functions Jt defined by (8) are càdlàg (see Karatzas and
Shreve (1991), p. 222) the supremum in (9) does not change when we take it
over a countable dense subset of R. This implies that the supremum is in fact
measurable. We will use lemma 4.1 in conjunction with the following simple
result concerning the bracketing entropy of a certain class of functions.

Lemma 4.2. Let f ∈ L1(µ) be a nonnegative function. Then the class
F = {1(−∞,x]f : x ∈ R} satisfies N[ ](ε,F , ‖ · ‖L1(µ)) <∞ for every ε > 0.

Proof. For ease of notation, define the function fx = 1(−∞,x] f for every
x ∈ R. Moreover, we define the finite measure ν on R by putting dν = f dµ.
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Now fix ε > 0. The fact that ν is finite implies that we can find a finite
number of points −∞ = x0 < x1 · · · < xn =∞ such that ν(xi, xi+1] < ε for
every i. Since x ≤ y implies fx ≤ fy, the brackets [fxi , fxi+1 ] cover F . By
construction the bracket [fxi , fxi+1 ] is an ε-bracket, since∫

(fxi+1 − fxi) dµ =
∫

1(xi,xi+1]f dµ = ν(xi, xi+1] < ε.

This concludes the proof of the lemma.

Lemma’s 4.1 and 4.2 give us the following result concerning the random
maps Jt.

Theorem 4.3. Suppose that
∫
|b(x)|µ(dx) <∞. Then

sup
x∈R

∣∣2
t Jt(x)− σ2(x)π(x)

∣∣ as→ 0. (9)

Proof. Denote by b+ and b− the positive and negative parts of b, so b =
b+ − b−. It clearly holds that

sup
x∈R

∣∣∣∣1t
∫ t

0
1(−∞,x](Xs)b(Xs) ds−

∫ x

−∞
b(y)µ(dy)

∣∣∣∣ ≤
sup
x∈R

∣∣∣∣1t
∫ t

0
1(−∞,x](Xs)b+(Xs) ds−

∫ x

−∞
b+(y)µ(dy)

∣∣∣∣
+ sup

x∈R

∣∣∣∣1t
∫ t

0
1(−∞,x](Xs)b−(Xs) ds−

∫ x

−∞
b−(y)µ(dy)

∣∣∣∣
(10)

By lemma’s 4.1 and 4.2, the two terms on the right hand side of (10) converge
almost surely to 0. It thus remains to show that

2
∫ x

−∞
b(y)µ(dy) = σ2(x)π(x).

But this follows immediately from the relation (4).

5 Convergence of local time

Let B be a Borel subset of R. Taking f = 1B/σ2 in (5) we see that for every
t > 0

1
t

∫ t

0
1B(Xs) ds =

∫
B

2Lt(x)
tσ2(x)

dx.

In other words, the random function

x 7→ πt(x) =
2Lt(x)
tσ2(x)
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is a density of the empirical measure

B 7→ 1
t

∫ t

0
1B(Xs) ds

with respect to the Lebesgue measure on R.
By the ergodic theorem and (5) we have the convergence∫

R
f(x)πt(x) dx

as→
∫
R

f(x)π(x) dx

for every f ∈ L1(µ). It follows that almost surely, we have the weak conver-
gence πt  π.

More can be said about the convergence of πt to π. Recall the represen-
tation of the local time given by the Tanaka-Meyer formula (6). It follows
from the law of large numbers for martingales, the ergodic theorem and the
relation (4) that for every x ∈ R we have the convergence

2Lt(x)
t

as→
∫ x

−∞
2b(y)π(y) dy = σ2(x)π(x).

Since the local time Lt(x) is càdlàg in x and σ is continuous, the random
density πt is also càdlàg and it follows that almost surely, we have pointwise
convergence of πt to π. By Scheffé’s theorem it then follows that we also
almost surely have the convergence of πt to π in L1(µ). The following
theorem is a consequence of theorems 3.3 and 4.3 and concerns the uniform
convergence of local time.

Theorem 5.1. Suppose that∫
|x|2 µ(dx) <∞,

∫
|b(x)|2 µ(dx) <∞,

∫
|σ(x)|2 µ(dx) <∞.

Then

sup
|x|≤A

∣∣2
t Lt(x)− σ2(x)π(x)

∣∣ P→ 0 and sup
|x|≤A

|πt(x)− π(x)| P→ 0

for every A > 0.

Proof. The second statement follows from the first one upon noting that the
continuous positive function σ2 is bounded away from zero on the compact
interval [−A,A]. So it remains to prove the first statement. By the Tanaka-
Meyer formula (6) we have

2
t Lt(x)− σ2(x)π(x) =

2
t (Xt − x)− − 2

t (X0 − x)− + 2
t It(x) + 2

t Jt(x)− σ2(x)π(x).
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for every x ∈ R. So for |x| ≤ A it holds that

|2t Lt(x)− σ2(x)π(x)| ≤
2
t (|Xt|+ |X0|+ 2A) + 2

t |It(x)|+
∣∣2

t Jt(x)− σ2(x)π(x)
∣∣ .

(11)

Let us now consider the three terms on the right hand side of (11). By
the stationarity of X, the expectation of the first term is bounded by
4(

∫
|x|µ(dx) + A)/t, so the first term converges to 0 in mean, hence also in

probability. It follows from theorem 3.3 that the restrictions of the random
functions It/

√
t to [−A,A] have a weak limit in C[−A,A]. It follows that

the restrictions of the random functions 2It/t to [−A,A] converge weakly to
0 in C[−A,A]. This is equivalent to

sup
|x|≤A

2
t |It(x)| P→ 0,

which covers the second term. The convergence of the third term in (11)
follows from theorem 4.3.

6 Applications

6.1 Kernel estimators

Let K be a probability density on R with compact support. We investigate
the uniform consistency of the kernel estimator π̂t of the invariant density
defined by

π̂t(x) =
1

tht

∫ t

0
K

(
Xs − x

ht

)
ds,

where the ht are positive numbers such that

ht ↓ 0 as t→∞. (12)

Theorem 6.1. Under the conditions of theorem 5.1 and (12) we have

sup
|x|≤A

|π̂t(x)− π(x)| P→ 0

for every A > 0.

Proof. Clearly we have the relation

|π̂t(x)− π(x)| ≤ |π̂t(x)− E π̂t(x)|+ |E π̂t(x)− π(x)| (13)

10



We will show that the supremum for |x| ≤ A of both of the terms on the
right hand side of (13) converges to 0 in probability. For the first term, note
that by relation (5) and the stationarity of X

|π̂t(x)− E π̂t(x)| ≤ 1
ht

∫
R

K

(
y − x

ht

)
|πt(y)− π(y)| dy

=
∫
R

K(u)|πt(x + htu)− π(x + htu)| du.

Now say that supp(K) ⊆ [−B,B] for B > 0. Then it follows that for every
x ∈ R and t > 0

|π̂t(x)− E π̂t(x)| ≤ sup
|u|≤B

|πt(x + htu)− π(x + htu)| .

So for t large enough to ensure that ht ≤ 1 we have

sup
|x|≤A

|π̂t(x)− E π̂t(x)| ≤ sup
|x|≤A,|u|≤B

|πt(x + htu)− π(x + htu)|

≤ sup
|x|≤A+B

|πt(x)− π(x)|,

which converges to 0 in probability by theorem 5.1. It remains to show that
the second term on the right hand side of (13) converges to 0, uniformly for
|x| ≤ A. Using the same arguments that we used to bound the first term,
we see that it is enough to show that

sup
|x|≤A,|u|≤B

|π(x + htu)− π(x)| → 0.

But this follows readily from (12) and the fact that π is continuous and
therefore uniformly continuous on compact intervals.

6.2 Other density estimators

Under the assumption that the diffusion coefficient σ is known, some unbi-
ased estimators for the invariant density π were proposed and studied by
Kutoyants (1997a, 1997b). The most basic one is the estimator π̃t defined
by

π̃t(x) =
2

tσ2(x)

∫ t

0
1(−∞,x](Xs) dXs.

We will prove the uniform consistency of this estimator. The uniform con-
sistency of the other estimators in Kutoyants (1997b) can be shown in a
similar manner.
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Theorem 6.2. Under the conditions of theorem 5.1 we have

sup
|x|≤A

|π̃t(x)− π(x)| P→ 0

for every A > 0.

Proof. By (1) and the Tanaka-Meyer formula (6) we have∫ t

0
1(−∞,x](Xs) dXs = Lt(x)− (Xt − x)− + (X0 − x)−.

It follows that

π̃t(x) = πt(x)− 2
σ2(x)

1
t

(
(Xt − x)− − (X0 − x)−

)
,

which implies the relation

|π̃t(x)− π(x)| ≤ |πt(x)− π(x)|+ 2
σ2(x)

1
t

(|Xt|+ |X0|+ 2x) .

Theorem 5.1 gives the desired convergence of the first term. For the conver-
gence of the second term, use the fact that σ2 is bounded away from 0 on a
compact interval and the stationarity of X.
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