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Uniform Convergence of Curve Estimators
for Ergodic Diffusion Processes

J.H. van Zanten
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P.O. Box 94079, 1090 GB Amsterdam, The Netherlands
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ABSTRACT

For ergodic diffusions, we consider kernel-type estimators for the invariant density, its derivatives and the drift
function. Using empirical process theory for martingales, we first prove a theorem regarding the uniform weak
convergence of the empirical density. This result is then used to derive uniform weak convergence for the kernel
estimator of the invariant density. For kernel estimators of the derivatives of the invariant density and for a
nonparametric drift estimator that was proposed by Banon [1], we give bounds for the rate at which the uniform
distance between the estimator and the true curve vanishes. We also consider the problem of estimation from
discrete-time observations. In that case, obvious estimators can be constructed by replacing Lebesgue integrals by
Riemann sums. We show that these approximations are also uniformly consistent, provided that the bandwidths
and the time between the observations are correctly balanced.

2000 Mathematics Subject Classification: 60160, 62G05.
Keywords and Phrases: Ergodic diffusions, empirical density, nonparametric estimation, uniform convergence.
Note: Work carried out under project PNA3.3 ‘Stochastic Processes and Applications’.

1 Introduction

Ergodic diffusions are the continuous-time analogues of ergodic Markov chains and they occur
at various places in stochastic modeling. Well-known examples are the Wright-Fisher model in
genetics, the Ornstein-Uhlenbeck process in physics and stochastic volatility models and interest
rate models in mathematical finance. We consider processes that solve a stochastic differential

equation of the form
dX; = b(Xt) dt+U(Xt) dWy, (].].)

where W is a standard Brownian motion and b and o are certain measurable functions. By
saying that a solution X of equation (1.1) has the ergodic property with invariant measure p
we mean that the law of large numbers holds, i.e. that

%/Otg(Xs)dsi%/gdu (1.2)

for every ¢ € L'(i) and that we have the weak convergence X; ~» p as t — co. In the next
section we state precise conditions on the coefficients b and o under which solutions of (1.1) have
the ergodic property and we recall the relation between the functions b and o and the density f
of the invariant measure p.



In this paper we study nonparametric kernel-type estimators for the invariant density f
and its derivatives and for the drift function b. Figure 1 shows a simulated sample path of an
ergodic diffusion. It is a realisation of a mean reverting process X that solves the equation

dX; = —2(X, — 1) dt + dW,.

(om) 1 4
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Figure 1: Simulated sample path of the solution of the stochastic differential
equation dX; = —2(X; — 1) dt + dW,.

In figure 2, nonparametric estimates for the invariant density f, its derivative f’ and the drift
function b of the process are shown, based on the observation of the sample path of figure 1.

Figure 2: Nonparametric estimates for the invariant density f, its derivative f’
and the drift function b. The dotted lines are the true curves.

The estimators that were used are the kernel-type estimators that we discuss in this paper.
The simulations indicate that such estimators can give very decent estimates of the curves of
interest. In particular, the pictures show that the estimators are not only pointwise close to the
real curves, but also uniform on intervals. As a result, the estimators give a nice global picture
of the real curves. The purpose of this work is to give a theoretical explanation of this fact.
Our first aim is to derive results regarding the uniform convergence of nonparametric esti-
mators for the invariant density f and its derivatives. Based on the observation of a trajectory



{Xs : s <t} of the diffusion, we can estimate f by the kernel estimator ft,h defined by

N 1 [t r — X
= — K|——=2
ool = [ 8 (257 as

where K is some appropriate kernel function and A > 0 is a bandwidth. Obvious estimators for
the derivatives f("™) of f are then obtained by differentiating this expression. If the kernel K
has an m-th derivative K™ we define

A(m 1 b [T — X

Kernel estimators for the density f and its derivative f’, i.e. the cases m = 0 and m = 1, were
first considered by Banon [1]. In the paper [1], conditions are given for pointwise consistency
of these estimators. For m = 0, uniform consistency was considered in the paper [5]. Let us
remark that in both papers, the authors work under the so-called condition G2 of Rosenblatt
[8]. As is shown in [1], sufficient conditions for G2 can be formulated in terms of the functions
b, o and f, but the requirements are quite demanding. More recently, Kutoyants [4] studied the
pointwise properties of the kernel estimator for the density f. He proved consistency, asymptotic
normality with rate /¢ and efficiency. Rather than working under Rosenblatt’s condition Go,
he used the fact that for the diffusions that we consider, the empirical measure has a density.

In this paper we also exploit the properties of the empirical density f; in order to obtain
the desired results regarding uniform convergence of the kernel estimators. Our starting point
is the result of [11] that states that under mild conditions, we have the convergence

sup | f,(x)/f(z) —1] 0
=y

for every compact subinterval I of the state space of the process X. Using the empirical process-
type techniques of Nishiyama [6] we then derive a uniform weak convergence theorem for the

normalized difference v/(f;/f —1) (see theorem 3.2). With this powerful tool in hand we prove
that for every m > 0

~(m 1
sup 7557 a) — 17(a)| = O ( = \/z> (1.4
for every compact subinterval I of the state space of the process, provided that the bandwidths
h; converge to 0 at the right speed. For m = 0, the rate ¢'/2 is the exact rate and we find in fact
a uniform weak convergence theorem for the random map v/( ft,ht — f) (see theorem 3.4). For
m > 1, the rate is not exact and the big Op is actually a small op (see theorem 3.5). It seems
that in this case, the exact rate is (h2™ *#)!/2) but that the convergence is not uniform at this
rate. We investigate this problem in the forthcoming paper [12].
Now suppose that the diffusion coefficient ¢ is known and a nonparametric estimate for b
is needed. Based on the relation (3.4) between the functions b, o, f and f’, Banon [1] proposed
the estimator

by = %02#}” + oo’ (1.5)



for the drift function b, provided of course that o is differentiable. It is shown in [1] that this
estimator is pointwise consistent under certain regularity conditions. By the infinite dimensional
delta-method, our results for the estimators of f and f' imply that

~ 1
sup |be () = b(a)| = op (mﬁ) (1.6)
for every compact subinterval I of the state space of X, provided that the bandwidths h; converge
to 0 at the right speed (see theorem 3.6).

In a real life situation, we can of course not observe a process continuously. Therefore, we
also consider the case that we observe the diffusion at discrete time instants 0, A, 2A, ..., nA.
In this case, nonparametric estimators can easily be constructed by replacing the Lebesgue
integrals in (1.3) by the corresponding Riemann sums (see definition (3.5)). Using a maximal
inequality from empirical process theory (taken from [10]), we construct an upper bound for the
expected uniform distance between the continuous-time estimators (1.3) and their discrete-time
approximations (see theorem 3.7). Under the assumption that A = A,, — 0 and nA,, — oo,
this allows us to give results like (1.4) and (1.6) for the discrete-time estimators (see theorems
3.8 and 3.9). In particular, we show that if A, ~ n~ for some « € (0,1), then the bandwidths
hy can always be chosen in such a way that we get uniformly consistent discrete-time estimators
for f and its derivatives and for b.

2 Model assumptions

We consider the stochastic differential equation (1.1), where W is a standard Brownian motion
and b and o are measurable functions. We assume that the SDE has a unique strong solution
for every initial condition (see for instance [3] for conditions in terms of the coefficients b and
o). By (I,r) we denote the (possibly unbounded) state space of the diffusion. More precisely,
we assume that if the law of the initial random variable X is concentrated on (I,7), then the
whole process X takes values in this interval. Typically, this is ensured by the condition that
o(x) >0 for all z € (I,r) and

o(l)

o(r) =

0, b(l)>0 if—oo<I,

, b(r)<0 ifr<oo

(see [2], theorem 2, p. 149). To avoid technical difficulties, we assume that both b and o are
continuous on the state space (/,r) and that o > 0 on (I,7).

Now fix a point oy € (I,7). Recall that the derivative of the scale function associated to
the stochastic differential equation (1.1) is the function s on (I,r) defined by

s(z) = exp <—2 /x j :Z(ZJ)) dy> . (2.1)

s(l)=s(r) =00 and D = /lr mdx < 0. (2.2)

It is assumed that
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The probability measure p on (I, r) is defined by p(dz) = f(x) dx, where

1

f) = Do?(x)s(z)

(2.3)
The distribution function of the measure y is denoted by F. It is well-known (see e.g. [2] or
[9]) that condition (2.2) implies that the solution X of (1.1) is ergodic in the sense that the law
of large numbers holds, i.e. that (1.2) holds for every g € L'(u), and that X; ~ p as t — oco.
Moreover, the solution that satisfies the initial condition £(Xy) = u is stationary. Throughout
the paper, the symbol X denotes this stationary, ergodic solution of the stochastic differential
equation (1.1). We call i the invariant measure of the process, and f and F' the invariant density
and distribution function, respectively.

3 Main results

Let us begin with formulating two important integrability conditions that we shall use in the
sequel.

Ch: /02 dp < oo and there exists an € > 0 such that

/|b|1+5 dp < oo and /|$|1+E,u(dm) < o0.

o [( e

Very often, linear growth conditions are imposed on the functions b and o. In that case, con-
dition C] reduces to the requirement that the invariant measure p has a finite second moment.
Condition Cy assures the existence of the limiting covariances that we will find in the results
below.

The process X is a continuous semimartingale, so its semimartingale local time {L;(z) :
t >0,z € (I,r)} is well-defined (see for instance [3] or [7]). In particular, the empirical measure
of the process has a density. Indeed, if for ¢ > 0 we denote by u; the empirical measure

1

t
p(B) = /0 15(X,) ds,

then we have the relation pi(dz) = fi(z) dz, where f; is given by

to?(z)

fi(z) (3.1)
The random function f; is therefore called the empirical density. The ergodic property of X
implies that if ¢ grows, then the empirical density f; behaves more and more like the invariant
density f. Indeed, using (3.1), the Tanaka-Meyer formula, the ergodic property (1.2) and the



law of large numbers for martingales, it is easy to prove that for every z € (I, r) we almost surely
have fi(z)/f(z) — 1 as t — oo, provided that [ |b|du < oo and [ o2 du < co. In the paper [11]
we showed that under slightly more restrictive integrability conditions, the convergence of f; to
f is in fact uniform on compact intervals. The exact formulation is as follows.

Theorem 3.1. Suppose that Cy holds. Then for every compact interval I C (I,r) we have
P
sup | fy(z)/ f(z) — 1] =0
zel
as t — oo.

The proof of this theorem can be found in the paper [11]. Note however that the integrability
conditions of the theorem above are somewhat weaker than those needed in [11]. It is easily
seen that this improvement can be achieved by reasoning slightly more careful than in section
3.1 of [11].

The following step is a convergence result for the normalized difference v#(f;/f — 1). It
turns out that for every compact interval I C (I,r), this random map converges weakly in
the space ¢°°(I) of bounded functions on I (see the book [10] for the general theory of weak
convergence in such spaces). The limiting covariances are inner products of the functions A,
given by
Ligry — F

of
It is easily seen that for every x € (I, r), the p-square integrability of the function )\, is equivalent
to condition Cj.

Ap =2 (3.2)

Theorem 3.2. Suppose that Cy and Cy hold and let I C (I,7) be a compact interval. Then
as t — 0o, the random maps Vt(f;/f — 1) converge weakly in £>°(I) to a zero-mean Gaussian
random map G with covariance function

EG(@)G(y) = s M) 12 -

The proof of this theorem relies on theorem 3.1 and can be found in section 4.1. An application of
the continuous mapping theorem gives us the following corollary for the random maps v#(f;— f).
Under special conditions on b and o, a similar result was already obtained in the paper [4].

Corollary 3.3. Suppose that Cy and Cy hold and let I C (I,r) be a compact interval. Then as
t — 00, the random maps Vt(fi — f) converge weakly in £°(I) to a zero-mean Gaussian random
map H with covariance function

B H@)H () = ()7 () os M) 12, - (3.3)



Proof. By assumption, the function o is continuous on (I, 7). The invariant density f is therefore
also continuous (see (2.3)), so [|flloo = supger|f(z)] < oo. It follows in particular that the
map ¢ : £°(I) — ¢°(I) given by ¢(g) = fg is well-defined. Clearly, ||¢(g1) — ¢(92)]lo0 <

lfllsollgr — g2]lcos sO the map ¢ is continuous. By theorem 3.2 and the continuous mapping
theorem we thus have

Vi(fi = f) = ¢(VH(fi) f = 1) ~ $(G)
which completes the proof. O

H,

The result of corollary 3.3 is interesting in itself, but is also the main ingredient in the proof
of the following two results that we have obtained for the kernel estimators (1.3). The kernel K
is understood to be a symmetric probability density with compact support. See section 4.2 for
the proof of the theorems.

Theorem 3.4. Suppose that C1 and Cs hold and let I C (I,r) be a compact interval. Suppose
that f is twice continuously differentiable, that the kernel K is continuous and that h?+/t — 0.
Then as t — oo, the random maps \/Z(ft,ht — f) converge weakly in £>°(I) to a zero-mean
Gaussian random map H with covariance function (3.3).

Theorem 3.5. Suppose that Cy and Co hold and let I C (I,r) be a compact interval. Suppose
that f is m + 2 times continuously differentiable, that the kernel K is m times continuously
differentiable and that the bandwidths hy | 0, but such that h*\/t remains bounded away from
0. Then

sup | £ (@) = 1) (@) 5 0

zel

as t — oo. Moreover, if m > 1 and h;”“\/% 5 0, then

ft(,ﬁ)(x) - f(m)(x)‘ =op <hm1\/i>
t

sup
zel

as t — oo.

Having established these uniform convergence results for the kernel estimators for f and its
derivatives, we can use the infinite dimensional delta-method to investigate functionals of the
estimators. An interesting case is the estimator that Banon [1] proposed for the drift function b.
Suppose that the function o is known and continuously differentiable on (I, 7). Then definitions
(2.1) and (2.3) give the relation

/(@)
f(x)

for every z € (I,r). An obvious nonparametric estimator for the function b is obtained by
replacing f’ and f in this expression by their kernel estimators. We pick a symmetric, compactly

b(z) = %UZ(ZE) +o(x)o’(z) (3.4)



supported, cor}tinuously differentiable probability density K, bandwidths h; | 0 and we define
the estimator b; by (1.5). Using the delta-method, we obtain the following theorem (see section
4.3).

Theorem 3.6. Suppose that Cy and Cy hold and let I C (I,r) be a compact interval. Sup-
pose that [ is 3 times continuously differentiable, that the kernel K is 2 times continuously
differentiable and that the bandwidths hy | 0, but such that hy\/t remains bounded away from 0.
Then

~

by () — b(x)‘ L)

sup
zel

as t — 0o. Moreover, if h}\/t — 0, then

bu(z) — b(:p)‘ — op (htl\/i>

sup
zel

as t — oo.

Now suppose that we observe the diffusion X at discrete instants in time, say at times
0,A,2A,...,nA = t. Then obvious approximations of the kernel estimators (1.3) can be ob-
tained by replacing the Lebesgue integrals by the corresponding Riemann-sums. For m > 0,
n € N and A, h > 0 we therefore introduce the discrete-time estimators

A(m 1 "N om (= XA
- S (2502).
i=1

In section 4.4 we prove the following estimate for the uniform distance between the continuous-
time and discrete-time estimators.

Theorem 3.7. Let a compact interval I C (I,7) and m > 0 be given. Suppose that the kernel
K is m + 2 times continuously differentiable, that [ |b|dp < oo and f02 dp < oo. Then there
exists a constant C' > 0 such that

o cm VA
E Slg; f£A3h(:1:) - f,(L,h),A(ff)‘ <C pm+3

for all n € N and h, A > 0 small enough.

Once we have this bound, the following two theorems follow easily from their continuous-time
counter parts.

Theorem 3.8. Suppose that C1 and Co hold and let I C (I,r) be a compact interval. Suppose
moreover that f and K are twice continuously differentiable. Then if nA, — oo, h2\/nA, — 0
and Ap/n/hd — 0 as n — oo, the random maps \/nAn(fnyhmAn — f) converge weakly in £>°(I)
to a zero-mean Gaussian random map H with covariance function (3.3).



Theorem 3.9. Suppose that C1 and Cs hold and let I C (I,r) be a compact interval. Suppose
moreover that f and K are m+2 times continuously differentiable. Then if nA, — oo, h, — 0,
h™/nA, is bounded away from zero and /A, /h"F3 — 0 we have

F(m m P
sup |7, ) = £ @)| 50
as n — co. Moreover, if m > 1, h"2/nA, — 0 and A,\/n/h} — 0, then

sup
zel

Flim m 1
a0 = 10 =or (s

as n — o0.

Remark 3.10. It should be noted that for given A,,, it may be impossible to find bandwidths
h,, that satisfy all the conditions of theorem 3.9. Suppose however that A, = n™® for some
0 < @ < 1 and that we want to find bandwidths h, of the form h, = n?, with 8 > 0, such
that the conditions of the theorem are satisfied. In terms of a and (3, the conditions for uniform
consistency are f < «/6 in the case m = 0 and f < min{«a/2(m + 3),1/2m — «/2m} in the case
m > 0. Note that such a 5 can be found for every a € (0,1). The additional conditions for the
second assertion of the theorem in this case translate to 1/2(m+2)—a/2(m+2) < f < a/3—1/6.
This extra requirement can be met if and only if (m +5)/(2m +7) < a < 1.

Based on the observations of X at the instants 0, Ay, ...,nA,, we can of course also define
the estimator b, of b by putting

/ S}in,An ()

bp(z) = 10%(2)=
() =3 ()fn,hn,An(x)

+o(z)o’ (),

where the h,, are suitably chosen bandwidths. As in the proof of theorem 3.6, the delta-method
can be used to derive the following result from theorems 3.8 and 3.9.

Theorem 3.11. Suppose that Cy and Coy hold and let I C (I,r) be a compact interval. Suppose
moreover that f and K are 3 times continuously differentiable. Then if nA, — oo, h, — 0,
\/An/hfl — 0 and hp\/nA, remains bounded away from 0, we have

sup |bp () — b(x)‘ 5o

zel

as n — oo. Moreover, if h2\/nl,, — 0 and A,v/n/h3 — 0, then

?vlgf) Bt(x) - b(x)‘ —or (ﬁm>

as t — oo.



4 Proofs

4.1 Proof of theorem 3.2

We first write f;/f —1 in a convenient form. If we combine (3.1) with the Tanaka-Meyer formula
for the local time L;(z) we find that for every x € (I,r)

fule) — f(ay = K22 P 27l

to?(x)
1 t
+%/0 sgn(x—Xs)O'(Xs) dW (4'1)
1 [t sgn(z — X;)b(X;)
1 [ (R ) 4

Next, we use the generalized It6 formula and definition (2.3) of the invariant density f to rewrite
the Lebesgue integral in (4.1). Recall that we fixed a point zo € (/,7) and define

1(:1: r) F Y
Ty =2—%——, Il (y) = / (%) dz. (4.2)
o> f 20

Note that we have the relation A\, = om, (see definition (3.2)). From It6’s formula we get

trsen(z — X)b( X,
[/ (P KD _ )
f(x)(Hx(Xt) - HCL‘(XO))
B | X —z| — | Xo — 7|
o?%(x) (4.3)

1 t
- o /0 sen(z — X,)o(X,) dW,
t
—f(:z:)/0 Az (Xs) dW.
Combination of equations (4.1) and (4.3) gives
. t
M) 1 = L) - L 00) — [ As(x)am (4.9

which is the representation that we need.
We begin with considering the first term on the right hand side of (4.4). From the definitions
(4.2) it is easily seen that the functions IT, can be bounded by a function II that does not depend
on the parameter z. Indeed, we have for every z,y € (I,1)
/ ’ 2& dz
w0 0°(2)f(2)

/xij(z)dz /nyI_iF(Z)dz‘wL

L, (y)] < . 0%(2)f(2)

<

=: l(y).
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Using the triangle inequality and the stationarity of the process X we then find that for every
e>0

ze(l,r) ze(l,r)

P ( sup [T (X;) — I (Xo)| > 6\/1_5> < 2P ( sup [T (Xp)| > sﬁ)
< 2P(II(Xy) > evt) — 0.

This shows that |
P
sup —= (I (X) — Mz (Xo)) — 0.
ze(l,r) \/% ’ ’

By Slutsky’s lemma and (4.4), it thus remains to show that the random maps

1
T —
Vit

converge weakly to G in £°°(I). The desired finite dimensional convergence follows easily from
the ergodic property (1.2) and the central limit theorem for martingales. To prove asymptotic
tightness we view the random maps (4.5) as collections of endpoints of continuous martingales,
so that we can apply the results of Nishiyama [6]. For every z € (I,r) and ¢t > 0, define the
martingale M%® by

/ Aa(X0) W, (4.5)
0

1 st
ML = 7 / e (Xy) dW,.
0
Then obviously we have

1 t
Vi /0 Ao (X) dW, = M{*

for every z. An important quantity related to the family M = {Mf’x : ¢ € I'} is the quadratic

modulus (in this case with respect to the metric d(z,y) = /|x — y|)
<Mt,m _ Mt,y)
IM]|; = sup :

zyel |z =yl

— . (4.6)
\/? oAz = Ay)?(X) ds
= sup
zyel |z -yl

It follows from [6], theorem 3.4.2, that the random maps (4.5) are asymptotically tight if || M|,
is asymptotically tight for ¢ — oo. To prove that this is indeed the case, observe that for x <y

11



and z,y € I we have
t
2 [ s = [0a =A@ 8

= — Zth(z) z)dz
= [oe =225 1@

fi(2) . 20, f(2) dz
<swp I [0 =070
—su fi(2) v 1 »
=ANS 4/90 2@
1 f2)],
<A ) S ey | [ o

The function 1/(0?f) is equal to a constant times the function s given by (2.1) (see definition
(2.3)). In particular, it is continuous and therefore bounded on the compact interval I. We may
thus conclude that there exists a constant C' > 0 such that

fi(2) 12
f(z)) . (4.7)

By theorem 3.1, the quadratic modulus || M]||; is therefore asymptotically tight and the proof is
finished.

1M, < ¢ (sup
zeIl

Remark 4.1. It follows from inequality (4.7) and theorem 2.4.4 of [6] that there exists a version
of the random maps (4.5) that is continuous in z. So in fact, the weak convergence of these
random maps to the limit G takes place in the space C'(I) of continuous functions on the interval
I. In particular, we see that the random map G admits a continuous version. Since the invariant
density f is continuous, the same holds for the limit H of corollary 3.3. We will use this little
refinement in the proof of lemma 4.3 below.

4.2 Proof of theorems 3.4 and 3.5

The asymptotic bias of the kernel estimators can be treated in the same manner as the bias of
a kernel estimator for the density of i.i.d. observations. We find that if the bandwidth h = h;
tends to 0, then the bias also tends to 0, uniformly on compact intervals.

Lemma 4.2. Let m > 0 be given. Suppose that f is m + 2 times continuously differentiable
and that K is m times continuously differentiable. Then for every compact interval I C (I,r)
we have

sup |17 i3 ) = £ )| = 0(42)

for h — 0.

12



Proof. By stationarity of the process X and Fubini’s theorem we have

o o . _
Eft(,h)(x):/l WK( )(xhy> f(y)dy.

Say that the support of K is contained in the compact interval J. Since both K and f are m
times continuously differentiable, repeated partial integration and a change of variables yield

Efth /K ™) (¢ + hz) dz

for every x € I and h > 0 small enough. The invariant density f is assumed to be m + 2 times
continuously differentiable. So by Taylor’s formula we have

P (x4 hz) = fF(2) + hzf M) (z) + h222 / 1(1 — ) ™2 (4 + thz) dt.
0

If we plug this in the preceding display and use the fact that K is symmetric and integrates to
1 we get

1
E {0 (z) — 0 (z) = b2 / / 2K(2)(1 — )£ (3 + the) dtdz.
’ JJo
Since we are looking for an expansion for h — 0 we can assume that the quantity z +thz appear-

ing as the argument of f(™+2) in the preceding display is contained in a compact subinterval of
(I,7). Therefore, the quantity |f™*2) (z + thz)| is bounded and we can find a constant C' > 0

such that
/ 2?K(z) dz
R

for all h small enough. This completes the proof of the lemma. [l

e 1B f (@) — 1™ (2)] < OW?
TE

Now that we know that the kernel estimators are asymptotically unbiased, we consider the
difference ft(r,?) (x) — E ft(zn) (x). Using theorem 3.2 we can prove the following lemma.

Lemma 4.3. Suppose that C; and Cs hold and let I C (I,r) be a compact interval. Suppose
that the kernel K is m times continuously differentiable, and that the bandwidths hy | 0. Then
as t — 0o, the random maps

= WPV (@) — B 7 ()

converge weakly to Hy, in £°°(I), where Hy = H is the zero-mean Gaussian random map with
covariance function (3.3) and Hy, =0 for m > 1.

13



Proof. Say that the support of K is contained in the compact interval J. Then we have the
relation

WPV (@) - B fU7 ()

-/ hit K(m) (ﬂ” - y) ViFi(y) — () dy (4.8)

= /JK(m) (2) Py (x — hyz) dz

for every z € J and h; small enough, where P; = \/t(f; — f). For t > 0 we define the function
Q:: I xJ —= R by Quz,z) = x — hyz. Since hy | 0 there is a tg > 0 such that the function
Q; takes values in I} = {z € (I,r) : d(z,I) < 1} for every t > ty. For t > ¢y we can therefore
rewrite (4.8) as

eV — B FOY) = 6(PL Qo).
where ¢ : £°°(11) x £°(I x J) — £>(I) is given by
HP.Q)(e) = [ K™ (2)P(Q(a,2) de
J
It is not hard to see that the map ¢ is continuous on the domain D C ¢°°(I;) x £>°(I x J) of
all pairs (P, Q) for which P is continuous. By corollary 3.3 we have P; ~ H in ¢*°(I;), where
the covariance function of H is given by (3.3). Moreover, by remark 4.1, the random map H is
continuous. Obviously the maps @Q); converge uniformly on I x J to the map Q(z,z) = z. By
Slutsky’s lemma we thus have the weak convergence (P, Q;) ~ (H, Q) in £>°(I1) x £°(I x J),

and we remarked that the random element (H, (@) takes values in the domain D. Hence, it
follows from the continuous mapping theorem that

WPV — B f5) = §(P, Qu) ~ $(H,Q) = ( /J K™)(2) dz) .

Since K is a probability density, the integral on the right hand side is equal to 1 for m = 0. For
m > 1 it is equal to 0, by partial integration. O

Combination of lemmas 4.2 and 4.3 yields theorems 3.4 and 3.5.

4.3 Proof of theorem 3.6

Let D C ¢°°(I) x £>°(I) be the collection of all pairs (p, ¢) for which ¢ is continuous and positive.
Then the map ¢ : D — £>°(I), with

$(p,q) = $0°2 + o0’
p
is well-defined and easily seen to be continuous on D. By theorem 3.5 we have
(1) 7 P
(£ Fone) 5 (7, 5)
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in £°°(I) x £°°(I) and the pair (f, f) is clearly and element of D. So by the continuous mapping
theorem,

l;t = ¢ (ft(}l)taft,ht) E} qb(f,?f) =b

in />°(I), which proves the first part of the theorem. If h}/t — 0, then by theorems 3.4 and 3.5
and Slutsky’s lemma

ht\/g (ft(i)t - fla ft,ht - f) ~ 0
in £°°(I) x £°°(I). Since

BV = b) = a2 (6 (0, o) = #'.1))

we can finish the proof by using the infinite dimensional delta-method (see [10], chapter 3.9).
The only thing that remains to be shown is that the map ¢ is Hadamard-differentiable at the
point (f, f'). To that end, write ¢ as a composition of maps

(p,q) = (p,1/q) = p/q — Lo*p/q+ o0’

By lemma 3.9.25 of [10], the map g — 1/q is differentiable on the domain of all functions that are
bounded away from zero, which implies that the first map in the chain above is differentiable on
D. That the second map, multiplication of two functions, is Hadamard-differentiable is not hard
to check. The last map is affine and therefore differentiable. So by the chain rule, the map ¢ is
Hadamard-differentiable and the second assertion of the theorem follows by the delta-method.

4.4 Proof of theorem 3.7

We use the usual notations D(e,G,d), N(e,G,d) and Njj(e,G,d) for the packing, covering and
bracketing numbers of a semimetric space (G,d) (see [10]).

Lemma 4.4. Let G be a countable collection of functions on (I,r) that is bounded in L?(u).
Then there exists a constant C' > 0 such that

b
Bsuw| [ g(x)aw,| < CK@)Vi-a
9€G |Ja
for all 0 < a < b, where
diam G 1/2
K@) =suplglizgn+ [ D (0.1 lixgn)" de (19)
g

Proof. Let the random map Z on G be defined by

1
Vvb—a

b
Z(g) = / 9(Xs)dWs, g€g.
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If we fix some gy € G, then clearly

FE sup
geg

[ oo aw,

< <E|Z(90)|+E sup |Z(g>—z<h>|> Vb—a.  (410)

g,heg

For the first expectation we have E|Z(go)| < (E|Z(go)|)/? = lgollz2(uy < supg llgllz2¢u)- To
bound the second expectation, we apply corollary 2.2.5 of [10]. Clearly, we have

12(9) = Z(W) |2y = llg — Bl 2

for every g,h € L?(u). Hence, by the cited result of [10], we have

sup |Z(g) — Z(h)]

B diam G D 1/2
< (&,G, 11 llr2y) ' de
g,h€G 0

L*(P)

for some constant B > 0. O

We can now give a bound for the uniform difference between Lebesgue integrals and their
approximations. The infinitesimal operator of the diffusion X is denoted by A, i.e. for every
twice continuously differentiable function g on (I,7) we put Ag = bg' + (1/2)02g".

Lemma 4.5. Let G be a countable collection of twice continuously differentiable functions on
(I,7) such that supyeg|Ag| < G for some function G € L*(n). Then there exists a constant
C > 0 such that

E sup
geg

1 ma 1 ¢
& ex)as- PICTRNIEL (Il oA + K (0G')VA)

for every A > 0 and n € N, where 0G' = {og' : ¢ € G} and the constant K(cG') is defined by
(4.9).

Proof. By Itd’s formula we have dg(X;) = (Ag)(Xy)dt + (og')(Xy) dWy. Tt follows that for
every a < b

b b
B suplg(Xy) — 9(Xo)| < B sup / (Ag)(X,) ds / (0g)(X,) dW,
g g a a

+ E sup
g

The first expectation on the right hand side is clearly bounded by the quantity (b —a)||G||z1(,)-
By the preceding lemma, the second one can be bounded by a constant times K(0G')v/b — a.
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Hence,

1 ma 1 &
E Xs)ds — — X
supl 5 ) 906 ds = 32006 )
1 n A
= I sup |— / 9(Xs) —9(X(i-1)a)) ds
g An Z:ZI (i*l)A ( § (7’ 1) )
1 n iA
~ Z/ E sup |g(X,) — 9(X(j_1)a)]| ds
ne= JE-1nA g
< cl|Gllpi A + dK (oG, p)VA
for some constants ¢, d > 0, which proves the assertion of the lemma. [l

To proof theorem 3.7 we apply lemma 4.5. For every x € I, define the function g, by

1 T —
— (m) Yy

Let I* C I be a countable, dense subset and put G = {g, : * € I"'}. The quantity that we have
to bound is then equal to

FE sup
9€g

i/nA (X)ds_li (X

It is easy to see that for every x € 1

1
gl < NK ) oo sb b KO o 0? =2 G
and that .
1GlLiw < B 7es (4.11)

for some constant B > 0 and every h small enough. Another calculation shows that there exists
a constant C > 0 such that

1
logalliz < C s 1D
for all z € I, so oG’ is bounded in L?(p). To bound the packing integral in K (0G’) we note that
the class oG’ is pointwise Lipschitz in the following sense:

Yy t—z
(m+2) (21—~
[ e (52) af

1
< K oo gl — ylo (2).

l09:(2) = 0g,(2)| = 0(2) 155
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It follows from theorem 2.7.4 of [10] that with D = 2||K(m+2)||oo||a||Lz(u) and | = diam(I)

Dl

D(e,0G', || - lIr2(w) < Nij(e, 0G|+ lz2() < N(W"*%e/D,1,] -]) < e

Hence, we find that there exists a constant £ > 0 such that

1
hm+3/2

K(oG') < E (4.12)

for all h small enough. By inequalities (4.11) and (4.12) and lemma 4.5 we thus have for A and
h small enough

n

nA 1
A CILEED SLE TN

B sup 14, 0)
zel i=1

‘—Esup

n
) 7 geg

<C (IGlunA + K(0G)VA)
VA

hpm+3°

<D

This concludes the proof of theorem 3.7.
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