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ABSTRACT

We consider networks where traffic is served according to the Generalised Processor Sharing
(GPS) principle. GPS-based scheduling algorithms are considered important for providing
differentiated quality of service in integrated-services networks. We are interested in the
workload of a particular flow i at the bottleneck node on its path. Flow i is assumed to
have long-tailed traffic characteristics. We distinguish between two traffic scenarios, (i) flow 4
generates instantaneous traffic bursts and (ii) flow i generates traffic according to an on/off
process. In addition, we consider two configurations of feed-forward networks. First we focus
on the situation where other flows join the path of flow ¢. Then we extend the model by adding
flows which can branch off at any node, with cross traffic as a special case. We prove that
under certain conditions the tail behaviour of the workload distribution of flow i is equivalent
to that in a two-node tandem network where flow i is served in isolation at constant rates.
These rates only depend on the traffic characteristics of the other flows through their average
rates. This means that the results do not rely on any specific assumptions regarding the
traffic processes of the other flows. In particular, flow 7 is not affected by excessive activity of
flows with ‘heavier-tailed’ traffic characteristics. This confirms that GPS has the potential to
protect individual flows against extreme behaviour of other flows, while obtaining substantial
multiplexing gains.
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Keywords and Phrases: Generalised Processor Sharing (GPS), heavy-tailed traffic, regular
variation, Weighted Fair Queueing (WFQ).
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1 Introduction

Integrated-services networks carry a large amount of different services. Each of these services
has its own traffic characteristics and requires its own quality of service (QoS) guarantees. This
heterogeneity in traffic characteristics and QoS guarantees requires traffic control mechanisms
to regulate the usage of network resources. In particular, scheduling mechanisms play an im-
portant role in achieving differentiated QoS. One of the most important scheduling algorithms
is the Generalised Processor Sharing (GPS) mechanism, which was first studied by Parekh and
Gallager [12, 13]. GPS is characterised by two attractive properties, (i) each backlogged flow is
guaranteed a minimum service rate and (ii) the excess service rate is redistributed among the
backlogged flows in proportion to their minimum service rates. Because of the second property
GPS is work-conserving. Commonly-used scheduling mechanisms in packet-switched networks,
such as Weighted Fair Queueing (WFQ) and other algorithms [16], are based on GPS.
Achieving differentiated QoS is a challenging task due to the highly bursty traffic characteristics
in high-speed communication networks. In contrast to traditional assumptions, the burstiness
extends over a wide range of time scales. Statistical data analysis [14, 17] has in fact shown
that traffic patterns may look similar when observed on various time scales. This behaviour
is usually referred to as self-similarity. Several studies, e.g. [10], further offered evidence of
a closely related property called long-range dependence, which means that correlations in the
traffic activity decay slowly over time. These findings caused a fundamental shift in modelling
traffic behaviour. Classical models mostly assume traffic processes with a Markovian structure,
which are inherently short-range dependent. Recently though, the focus has shifted to traffic
processes with long-tailed characteristics, which provide a useful paradigm for modelling long-
range dependence and self-similarity. An example of such a model is an on/off process where
the on periods are regularly varying with index —v, v € (1,2).

It is not clear to what extent long-tailed traffic may impact the potential for scheduling mech-
anisms to help achieve differentiated QoS. To be able to guarantee end-to-end QoS, it is par-
ticularly relevant to understand to what degree traffic flows are negatively affected as they
traverse the network. Anantharam [1] was one of the first to study the influence of scheduling
strategies on the extent to which long-tailed traffic affects network performance. He showed
the influence can be significant, depending on whether or not preemption is admissible.

In this study we investigate the impact of long-tailed traffic on performance in GPS networks.
Existing work on GPS networks is largely restricted to a deterministic setting. In [13] Parekh
and Gallager show that the first GPS property, minimum guaranteed rates, translates into
worst-case bounds on delay and workload for leaky bucket controlled traffic flows. It is clear
that the second GPS property, work conservation, yields statistical multiplexing gains. In
order to quantify these gains however, and to examine how they are possibly influenced by the
occurrence of long-tailed traffic, a stochastic analysis of GPS networks is required.

Networks of fluid flows seem to defy exact analysis for all but a few specific cases, and in
particular we are not familiar with any stochastic analysis of GPS networks. In [15] Ramanan
and Dupuis study a FIFO network fed by fluid flows defined in terms of finite-state Markov
processes. Aalto and Scheinhardt [3] determine the buffer content distribution in a tandem
queue fed by independent on/off flows with exponential off periods and generally distributed



on periods. In the present paper we specifically focus on GPS networks fed by several traffic
flows, of which at least one has long-tailed traffic characteristics. Under certain conditions we
show that the tail distribution of the workload of the long-tailed flow at the bottleneck node
on its path is equivalent to that in a two-node tandem network where it is served in isola-
tion at constant rates. These rates are the service rates of the two bottleneck nodes for the
long-tailed flow in the original network, reduced by the average traffic intensities of the other
flows. Hence, the long-tailed flow is only affected by the traffic characteristics of the other flows
through their average rates and is not influenced by excessive behaviour of any of the other
flows. This result extends the results in Borst, Boxma and Jelenkovié¢ [4, 5] for a single GPS
node fed by traffic with long-tailed characteristics. Agrawal, Makowski and Nain [2] establish
a similar reduced-load equivalence result for a fluid queue fed by a flow with subexponentially
distributed on periods and a general light-tailed flow.

The remainder of this paper is organised as follows. In the next section we consider a simple
two-node tandem network, which is fed by a single flow. As alluded to above, this model
will play a key role in analysing more complex network configurations. We relate the tail
behaviour of the busy-period distribution at node 1 to the arrival process. Then we determine
the tail behaviour of the workload distribution at the second node in terms of the residual
busy-period distribution at node 1. Two traffic processes are considered, (i) a traffic flow
generating instantaneous bursts and (ii) a traffic flow behaving according to an on/off process.
We describe the GPS mechanism in more detail in Section 3. In Sections 4 and 6 we extend
the model of Section 2 to a GPS tandem network that is fed by multiple flows. We consider
two network configurations: in Section 4 we assume that all lows which are served at node 1
proceed to node 2, while in Section 6 we allow for flows which are only served at node 1. In
both sections we determine an upper and a lower bound for the workload distribution of the
long-tailed flow at node 2. In Section 5 we prove a general lemma which shows that the lower
and upper bounds for the workload distribution asymptotically coincide. We use this lemma
to derive the asymptotics for the other models in this paper as well. In the subsequent sections
we extend the analysis to more general GPS networks with the long-tailed flow traversing more
than two nodes. In particular, in Sections 8 and 9 we consider an extension of the GPS network
in Sections 4 and 6 respectively. We determine for both network configurations an upper and
a lower bound for the workload distribution of the long-tailed flow at the bottleneck node on
its path in order to obtain the tail behaviour.

2 Two-node tandem network fed by a single flow

In this section we consider a simple tandem network, which is fed by a single flow. We anal-
yse the tail behaviour of the workload distribution at the first and second node. Admittedly,
this model represents the simplest possible network scenario, but it plays a central role in the
further analysis. We need the results concerning the tail behaviour of the workload distribu-
tion in this tandem network to analyse more general networks, where multiple flows share the
capacity according to the GPS principle. Surprisingly, it turns out that in the GPS networks



that we consider, the tail behaviour of the workload distribution of an individual flow is equiv-
alent to that in a tandem network where the flow is served in isolation at constant rates. We
consider two traffic scenarios, (i) the flow generates instantaneous traffic bursts and (ii) the
flow behaves according to an on/off process. In Subsections 2.1 and 2.2 we give for both traffic
scenarios the tail behaviour of the busy-period distribution at node 1. In Subsection 2.3 we
derive the tail behaviour of the workload distribution at node 2 for both traffic scenarios using
the busy-period characteristics at node 1.

First we introduce some notation. Denote by d; and d2 the constant service rates at node 1
and node 2, respectively. We assume d; > dy to exclude the trivial case where the workload at
node 2 is always zero. We define p to be the traffic intensity, i.e., the mean amount of traffic
offered to the network per unit of time. For stability we assume p < dz. Denote by A(s,t) the
amount of traffic generated during the time interval (s,¢]. We define W*¢(t) to be the workload
at time ¢ if the flow were fed into a queue of rate c,

We(t) = sup {A(s,1) - oft =)}

assuming W¢(0) = 0. For ¢ > p, W€ is a stochastic variable with the limiting distribution of
We(t) for t — oo. We define P to be the busy period in this queue. Observe that the total
workload in the tandem network at time ¢ is W% (t), while the workload at node 1 is W9 (t).
Thus the workload at node 2 at time ¢ is

Wi () = Wh(t) - Wh(t)
= g 40D~ =) - g (A ~ e =) .

assuming the system is empty at time 0. For dy > p, let W%-% be a stochastic variable with
the limiting distribution of W42 (t) for t — oo.

For any two real functions f(-) and g(-), we use the notational convention f(z) ~ g(x) to denote
lim, o0 f(x)/g(z) = 1, or equivalently, f(z) = g(z)(1 + o(1)) as £ — oo. For any stochastic
variable X with distribution function F(-) and EX < oo, denote by F”(-) the distribution
function of the residual lifetime of X, i.e., F"(z) = £ Ji (1 — F(y))dy, and by X" a stochastic
variable with that distribution.

The classes of long-tailed, subexponential, reqularly varying, and intermediately reqularly vary-
ing distributions are denoted with the symbols £,S,R and IR, respectively. The definitions
of these classes are given in Appendix A.

We now state some results for the distribution of the workload and the busy period at a single
node. We need these results to determine the asymptotic behaviour of W9% and later that
of the workload in more general networks.

2.1 Instantaneous arrivals

Suppose the flow generates instantaneous traffic bursts according to a Poisson process with
rate A. Let K be the stochastic variable representing the burst size. We assume that the burst



size distribution K (-) is intermediately regularly varying with mean . The traffic intensity is
p = Ak. The following three results play a crucial role in the analysis in subsequent sections.

Theorem 2.1 (Pakes [11]) If K'(-) € S and p < ¢, then

P(W¢ > ) ~ chp]P(K” > 7).

Theorem 2.2 (Zwart [18]) If K(-) € ZR and p < ¢, then

PP >z)~ P(K > z(c —p)).

c—p

The above theorem immediately gives the tail distribution of the residual busy period.

Theorem 2.3 (residual busy period) If K(-) € ZR and p < ¢, then

P(P" >z)~ P(K" > z(c —p)).

c—p
Remark 2.1 The assumption that K(-) € ZR is in fact not necessary for Theorem 2.3 to hold.
In [5] it is shown that the weaker condition K"(-) € ZR is also sufficient.

2.2 On/off processes

Suppose the flow generates traffic according to an on/off process. We assume the off periods to
be exponentially distributed with mean 1/X. While on, the flow produces traffic at a constant
rate r. Assume the stochastic variable representing the on period K to have an intermedi-

ately regularly varying distribution with mean . Because the fraction of off time is equal to

AKT
1+AK"

p= ﬁ, the traffic intensity is equal to p =

The following three results are the analogues of Theorems 2.1, 2.2 and 2.3, respectively.
Theorem 2.4 (Jelenkovié and Lazar [8]) If K"(-) € S and p < ¢ < r, then

).

T

P(W° > z) ~ p——P(K" >
c—p r—c
Theorem 2.5 (Boxma and Dumas [7], Zwart [18]) If K(-) € IR and p < c < r, then

P(P > 1) Npﬁlp(f( > xg%pp))_

The following theorem immediately follows from Theorem 2.5.

Theorem 2.6 (residual busy period) If K(-) € IR and p < c <, then

x(c—p))_

P(P" > z) ~ p——P(K" >
c—p r—c

Remark 2.2 Again the assumption K(-) € ZR is sufficient but not necessary for the above
theorem to hold. In [5] it is shown that the weaker condition K" (-) € ZR is also sufficient.



2.3 Workload distribution

The above results completely specify the tail behaviour of the workload distribution at node 1.
Moreover, we can use them to analyse the workload distribution at node 2. Observe that the
input process at node 2 is an on/off process with as on periods the busy periods at node 1.
The on rate is equal to the service rate at node 1, di;. The off periods correspond to the idle
periods at node 1, which are exponentially distributed. In addition, the on and off periods at
node 2 are independent.

For both traffic scenarios the tail distribution of the residual busy period at node 1 is interme-
diately regularly varying. Hence, we can apply Theorem 2.4 to determine the tail behaviour
of the workload distribution at node 2, which is given in the following lemma.

Lemma 2.1 (workload second node) If K(-) € IR, then

P(Wht > ) ~ pf P(P" >

p T
dy—p dy —dy”’

with the fraction of off time p' = dl(i:ﬂ.

In Section 5 we give our main theorem concerning the tail behaviour of the workload distri-
bution. In the proof of that theorem we need three properties which are satisfied for the two
traffic scenarios that we described in the previous subsections. In the following lemma these
properties are given.

Lemma 2.2 (properties traffic scenarios) For the traffic scenarios described in Subsec-

tions 2.1 and 2.2 the following three properties hold:

(i) for a, B sufficiently small,
]p(Wd1+a,dz+ﬁ > 1)

v P(Wddz > 1) = G(a, ), with a}bgo G(a,B) =1; (2)
(ii) for any real y,
]P d17d2 —
lim W >~ Y) =1; (3)

z=oo  P(Whdz > )

(iii) for each ¢ > p there exists a finite constant C' such that,
lim sup LWV "> %)

a0 P(Wiidz2 > 1)
Proof. Theorems 2.3 (instantaneous arrivals), 2.6 (on/off processes) and Lemma 2.1 have to
be used for all properties. In addition, we use for (ii) that P"(-) € ZR C L for both traffic
scenarios. Finally, for (iii) we obtain, using Theorems 2.1 (instantaneous arrivals), 2.4 (on/off

=(C < 0. (4)

processes) and Lemma 2.1,

y P(W® > ) 95 P(K" > 2)

1m su = msup ———5>——

P P(Waide > z)  dip o o PP > L)
d1 dzfp dl d2

with ¢ = 1, h = 1 and K" denoting the residual burst size for instantaneous arrivals, and
g = ﬁ, h = r —c and K" denoting the residual on period for on/off processes. Because
K" (1) € IR, (4) follows. O



3 Preliminaries

In the next sections we extend the model which we described in the previous section. We
consider again a two-node tandem network, but now fed by multiple flows, where traffic is
scheduled according to the GPS mechanism. We focus on the workload distribution of a par-
ticular flow ¢ which passes through both nodes. In this section we introduce the notation which
we use throughout the paper and we explain how the GPS mechanism operates. Although the
network that we consider in Sections 4 and 6 has only two nodes, we introduce notation for
networks where flow ¢ traverses N nodes. We conclude with a number of lemmas which we use
in our analysis.

At each node of the network, traffic is served according to the GPS mechanism which operates
as follows. Define ¢, to be the service rate of node n and § (") to be the set of all flows that
receive service at node n, n = 1,...,N. Each flow ¢ € S is assigned a weight ngyn. If every
flow at node n is backlogged at time ¢, then flow ¢ € S(™ is served at node n at rate

bgn
qus(n) ¢q,n

If some of the flows that are served at node n are not backlogged at time ¢, then the excess

¢q,n =

Cn-

service rate is redistributed among the backlogged flows at node n in proportion to their re-
spective weights. This means that the server always operates at the full service rate when
there is work and thus GPS is work-conserving.

Denote by Aq(s,?) := > 4cq Aq(s,t) the amount of traffic generated by flows ¢ € @ in the time
interval (s,t], and denote by A, ,(s,t) the amount of traffic that arrives at node n originating
from flow ¢ during (s,t]. In particular, A, (s,t) = A4(s,t) if node n is the first node flow ¢
feeds into and we define Ag . (s,t) := X c0 Agn(s,t). Let Byn(s,t) be the amount of traffic
from flow ¢ that is served at node n during the time interval (s,t]. Define V, ,(¢) as the work-
load of flow ¢ at node n at time ¢, and V,,, as a stochastic variable with the limiting distribution
of Vyu(t) for t — oo (assuming it exists). Similarly, we define Vi () := 3 co Vyn(t) and we
denote by V;,(t) := - csm Vgn(t) the total workload at node n at time ¢.

Using the above definitions, the following identity relation holds,
Vyn(t) = Agn(s,t) + Vyn(s) — Byn(s,t), for 0 <s <t. (5)
Using (5), the following relation exists between the arrival processes at two successive nodes,
Agnt1(s,t) = Byn(s,t) = Agn(s,t) + Von(s) — Von(2). (6)
The total workload at node n at time ¢ is given by,

Valt) = sup {Ag n(5,1) = ealt =)} (7)

We define p, to be the average rate of flow ¢ and pg := Y ¢ pq to be the aggregate average
rate of all flows ¢ € Q. Let W§(t) be the workload at time ¢ in a queue with service rate ¢ > 0

7



which is fed by flows g € Q. Then, for ¢ > pg, W is a stochastic variable with the limiting
distribution of W§(t) for ¢ — oo. Analogously we denote by ng’dz (t) the workload at time ¢
at node 2 of a tandem network fed by the flows ¢ € Q. For d2 > pg ng’dZ is a stochastic

variable with the limiting distribution of ng’d2 (t) for t — oo.
We make the following crucial assumptions throughout the remainder of this paper.
Assumption 3.1. For stability, we assume for each flow g, ¢¢p, > p, for alln =1,..., N.

This way each flow is guaranteed a higher rate than its average rate. Define ¢, := ¢, — PN {i}
as the average service rate available at node n for flow 4, i.e., the service rate at node n minus
the aggregate average rate of all flows in S(™ other than i.

Assumption 3.2. We assume ¢y < ¢, foralln=1,...,N — 1.

The above assumption implies that node N can be viewed as the bottleneck node for flow i.
In the following lemma we express the workload of the set of flows @@ at node n in terms of the
amount of traffic served of the other flows. The proof can be found in Appendix B.

Lemma 3.1 (workload at time t) Assuming Vg ,(0) =0,

Von(t) = sup {Agn(s,t) = Boul(s,t)} = sup {Agn(s,t) = (cn(t —5) = Bsm\gn(s,))}-
0<s<t 0<s<t
In the next lemma we present an upper bound for Vj,,(¢) which follows immediately from the
GPS discipline. The result is trivial for the workload at node 1, e.g., if the flow is backlogged
it receives at least a service rate ¢, 1. It will be used in deriving the upper and lower bound
for the workload of flow 7 at node 2 in Sections 4 and 6. Since this lemma is a special case of
Lemma 7.3, we omit the proof.

Lemma 3.2 (GPS upper bound workload 2-node tandem network) For n € {1,2},
Vnlt) < Wit (1),

with ¢y = bg1 if n =1 and ¢, = min{p, 1, pg2} if n = 2.

4 Merging flows

We distinguish between the following two scenarios. In this section we assume the other flows
which feed into the network to join the path of flow i, i.e., they are not allowed to leave this
path (see Fig. 1). In Section 6 flows are allowed to leave the path of flow 7. The latter model
includes cross traffic as a special case.

In particular, we consider the following scenario in this section. We assume the GPS network
to be fed by flow ¢+ and by two additional sets of flows. The set S; and flow i feed into node 1



Figure 1: Two-node network with merging.

and are served both at nodes 1 and 2, while the set of flows S5 feed into node 2 and receive
only service at this node. We are interested in the distribution of the workload of flow 7 at
node 2, V; 5.

In this section we derive both a lower and an upper bound for IP(V; 2 > x). The idea can be
described as follows. If the flows other than i always showed exactly average behaviour, then
Vi2 would be equal in distribution to Wiél’éz. In reality, stochastic fluctuations in the activity
of the other flows will cause V; 2 to deviate somewhat from Wiél@. Accordingly, the bounds
will relate V; o to Wiél’é2 with some additional correction terms. In the subsequent section,
we will then show that these terms can be neglected asymptotically, resulting in the exact
workload asymptotics.

In both the upper and lower bound for V;2(t) we need a manageable expression for the total
workload at node 2. The following lemma provides such an expression.

Lemma 4.1 (alternative expression V5(t))

Vo(t) = Os<1;[<)t{A,~(s, t) + Ag, (s,t) + Ag, (s,t) + Vi(s) — ca(t — s)}
— sup {Aq(s, ) + Ag, (s,1) — ea(t — 9)}.
0<s<t

Proof. Using (7) the total workload at node 2 is given by
Va(t) = sup {Aiz2(s,t) + Ag, 2(s,t) + As,(s,t) — ca(t — s)}.

0<s<t

Using (6) to substitute for A;»(s,t) + Ag, 2(s,t) and then using (7) to substitute for V;(¢)
completes the proof. O

Before presenting the lower and upper bound, we introduce an additional variable. For ¢ < pg,
Uj is defined to be a stochastic variable with the limiting distribution of Ué(t) for t — oo,
with
Uq(t) = sup {c(t —s) — Ag(s, 1)} (8)
0<s<t
In words, Ug(t) is the workload at a node of a flow which feeds this node at constant rate c
and receives an amount of service Ag(s,t) during a time interval (s, t].



Throughout the analysis, we use the following properties of the sup operator,

sup{7 (1) + 9(1)} < sup{ (1)} + sup{g(1)} ©)
which also implies

supl£(8) + (1)} = sup{f(2)} — sup{~g(t)} (10)
The lower bound for IP(V; 2 > ) is given in the following lemma.

Lemma 4.2 (lower bound P(V;2 > z)) For any 6 > 0, € > 0 sufficiently small and any vy,
P(Vip > z) > P(W 2T > 0 4 ) P(YO <), (11)

with Y% a stochastic variable with the limiting distribution of Y%¢(t) for t — oo, where

Vo) = U () + U ) + W ) + S W) + 3 W), (12)
geSL gES>

The stochastic variable Y% can be seen as the ‘correction term’ mentioned earlier, accounting

for scenarios where V; o(t) is smaller than Wc1 a0 20 (4

Proof. By definition,
Via(t) = Va(t) — Vs, 2(t) — Vs, 2(2).

According to Lemma 4.1,

Va(t) = Os<ugt{AZ-(s, t) + Ag, (s,t) + As, (s,t) + Vi(s) — ea(t — s)}
— sup {A;(s,t) + Ag, (s,8) — 1 (t — 9)}. (13)
0<s<t

Using (10), the first supremum in (13) can be lower bounded by

sup {A4i(s,t) = (&2 +20)(t — )} — sup {(ps, —0)(t —5) — As, (5,1)}

0<s<t 0<s<t
— sup {(ps, —0)(t —s) — Ag,(s,1)}.
0<s<t

By definition, this is equal to

") - g2

W (1) —Ugh ™ (t)- (14)

Using (9), the second supremum in (13) is upper bounded by

sup {4;(s,t) — (1 —€)(t — s)} + sup {Ag,(s,t) — (ps, +€)(t —s)}
0<s<t 0<s<t

= W)+ W), (15)
Finally we have to find an upper bound for Vs, (¢) + Vg, (t). Using Lemma 3.2,

Ve, 2(t) + Ve, o(t) < > W¢q )+ > W (). (16)
qES1 qES>

10



Arranging the terms in (14), (15) and (16), we obtain, using (1) and (12),
Via(t) = WS40 () — Y1),

Hence, a lower bound is given by
P(Vip > ) > P(W 5T 5 44y AND Yo < y),

for any y. Because Y€ is independent of the traffic process of flow i, (11) follows. O

The next lemma provides an upper bound for IP(V; 2 > z).

Lemma 4.3 (upper bound P(V; 3 > x)) For anyn >0, v > 0 sufficiently small and any vy,
P(Vip > ) < PWATPE2 S 0 ) y P(WP > 2)P(27 > y), (17)
with Z™ a stochastic variable with the limiting distribution of Z™Y(t) for t — oo, where
psy =1 ps,+v psy v
ZM(t) == USIS1 (t) + WSIS1 (t) + WS:2 (t). (18)

Analogously to Y€ in the lower bound, the stochastic variable Z" can be seen as the correc-
tion term, accounting for situations where V; o(¢) is larger than Wicl+n’02_2y(t).

Proof. By definition,
Via(t) < Va(t).

According to Lemma 4.1,

Vo(t) = Os<ugt{AZ-(s, t) + As, (s,t) + Ag, (s,t) + Vi(s) —ca(t —s)} —
sup {Ai(s,1) + As, (s,1) — 1t — )} (19)
0<s<t

Using (7) to substitute for Vi(s), we obtain for the first supremum in (19),

sup {Az(uat) + ASl (uat) + A52(87t) - 61(8 - ’LL) - 02(t - S)}a
0<u<s<t

which is upper bounded by, using (9),

sup {As, (5,1) = (ps, +V)(t— )} + sup {As, (u,#) = (ps, +v)(t —u)} +

0<s<t 0<u<t
sup {Ai(u,t) — (&1 —v)(s —u) — (é2 —2v)(t — s)}. (20)
0<u<ls<t

The first two suprema in (20) are equal to
psy+v psy v
W 1) + WE ), (21)
Because ¢9 < ¢1, the third supremum in (20) is upper bounded by

sup (Ao, t) = (60 = ) (¢ = 5)} = W2 (1), (22)

11
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— Ma()+V2(1)
—V1(t)
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time
Figure 2: Overflow scenario for instantaneous traffic bursts.

Next we have to find a lower bound for the second supremum in (19). Using (10), we obtain
as lower bound,

Oiggt{Ai(s, t)—(e1+n)(t—s)}t— Uiggt{(psl —n)(t—s) — As, (s,1)}

= W) - Ug ). (23)
Arranging the terms in (21), (22) and (23), we obtain using (1) and (18),
Vip(t) < WHME2V )y 4 zmv (1),
Combining the above bound with the upper bound in Lemma, 3.2,
Via(t) < min{ W& (8), W52 (1) 4 2% (1)}
Hence, an upper bound is given by

P(Viy > 2) <P(W) >z AND (W™ 5 5y OR 27 > y)),

for any y, which leads to (17) because Z™" is independent of the traffic process of flow i. O

5 Tail behaviour of the workload distribution

We now state our key theorem concerning the tail behaviour of the workload distribution.

Theorem 5.1 (asymptotic equivalence) For the traffic scenarios described in Subsections
2.1 and 2.2, under Assumptions 3.1 and 3.2,

P(Vio > z) ~ P(W™ > 1),

where ¢ and ¢o represent the total service rate minus the aggregate average rate of all flows

other than flow i at nodes 1 and 2 respectively, as defined in Section 3.

12



workload — Ma(t)+V2(1)
‘ == Ma(t)
V2(t)

time

Figure 3: Overflow scenario for an on/off process.

According to this theorem, the workload distribution of flow ¢ at node 2 is asymptotically
equivalent to that in a tandem network where flow ¢ is served in isolation at rates ¢; and ¢s.
Hence, the workload of flow ¢ at node 2 is only affected by the characteristics of the other flows
through their average rates, even when the other flows are ‘heavier-tailed’. This suggests that
an extremely large workload of flow ¢ is most likely due to either a long on period or a large
burst size of flow ¢ itself. During the subsequent congestion period, the other flows continue
to receive service at approximately their average rates. In the theorem this is represented by
the constant rates ¢; and é;. This result extends the result of [4] for the single-node case and
shows that GPS is capable of isolating flows in networks as well.

The typical overflow scenario is schematically depicted in Fig. 2. At some point, flow ¢
generates a large burst, causing V; 1(t) to reach some large value. After that, flow ¢ returns to
its average behaviour, producing traffic at rate p;. Consequently, V; ;(t) will start to decrease
roughly at rate p; — ¢, and V;o(t) will start to increase approximately at rate ¢; — ¢, until
Vi1(t) reduces to zero at some point. From then on, V;(¢) will remain relatively small, and
Vi2(t) will also start to decrease, roughly at rate p; — ¢, until V;2(t) becomes zero as well.
The corresponding behaviour for an on/off process is illustrated in Fig. 3.

A similar reduced-load equivalence result is obtained in [2] for a flow with subexponential on
periods and a general light-tailed flow. Here, the other flows need not be light-tailed because
of the GPS properties. Note however that Assumption 3.1 is crucial. If p; > ¢, for some n
then flow 7 may not receive service at a stable rate when other flows generate a large amount of
traffic. Flows with an on period distribution or a burst size distribution which is heavier-tailed
than that of flow 7 will then potentially affect the workload of flow i, see [5].

The above theorem follows from a general lemma which shows that the bounds of Lemmas 4.2
and 4.3 asymptotically coincide. Before giving this lemma, we first introduce some additional

notation. Let R; be some stochastic variable. For §,¢,n7 and v > 0 let Ci’f and DT;’ also be

stochastic variables.

Lemma 5.1 (general result) If for 6,e,n and v > 0 sufficiently small and any vy,
P(R; > z) > P(W" " > 54+ 4)P(C% <), (24)

i >

P(R; > z) < P(WHT27 > g — ) + P(WE > 2)P(D"} > y), (25)
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and P(WE > z) and P(W/"" > z) satisfy Properties (2), (3) and (4), then
P(R; > z) ~ P(W" > z). (26)
Proof. The lower bound (24) implies, for any d, ¢ > 0 sufficiently small and any y,

P(R; >z) PW o2t S o4 ) P(WH > 2+ y)

ai,az = Tanas a1,a2 (Ci’? <vy).

P(W; "™ > ) P(W;"™ >z +y) P(W;*™ > x) !

Using Properties (2) and (3), we obtain
(R > (II) d,€

llwnlgolfm Z Gi(—e, (5)][)(077/ S y)

Letting y — oo and then §,¢ | 0,
]P .
lim inf U8 >T) o (27)

z—oo P(W/™" > 1) =

Analogously, the upper bound (25) implies, for any 7, v > 0 sufficiently small and any v,

)

PW"" >z) = PW™" >z —y) P(W " > 1) P(W""* > z)

)

PR >z) _PW"™ >z —y) PW™ >a—y)  PW! >u)

Using Properties (2), (3) and (4), we have

lim sup P(R; > z)

—_— < Gi(n, — P(D"?
T 00 ]P(Wial,az > .’,U) — Gl(lrlﬂ V) +C ( —1 > y)?

for some constant C' < oo. Letting y — oo and n,v | 0,

P(R; > )

li —— < 1. 28
sl P(WI® > 7) = (28)
Combining Equations (27) and (28) gives the desired result. O

6 Splitting flows

Consider again a tandem network in which the following flows are served according to the GPS
principle (see Fig. 4). As in Section 4, flow i and the set of flows S; feed into node 1 and
are served both at nodes 1 and 2, and the set of flows S feed into node 2. In addition, we
consider in this section the set of flows S5 which feed into node 1 but do not move on to node 2
after receiving service at node 1. We first derive a lower bound and an upper bound for the
workload distribution of flow ¢ at node 2, IP(V;2 > z). Then we use Lemma 5.1 to determine
the tail behaviour of IP(V; 2 > ).

In the following lemma we give an alternative expression for V5(¢) which we need in the proof
of the lower and upper bound for IP(V; 2 > ).

14
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Figure 4: Two-node network with splitting.

Lemma 6.1 (alternative expression V5(t))

Va(t) = Oiugt{Ai(s, t) + Ag, (s,t) + As, (s,t) + Vi1(s) + Vs, 1(s) — ca(t — s)}
— 0s<u[<)t{A,~(s, t) + Ag, (s,t) + Ag,y (s,t) — c1(t — s)} + Vsy,1(2).
_s_

Proof. Because of (7),
Va(t) = Uiugt{AM(s’ t) + Ag, 2(s,t) + Ag, (s, 1) — ca(t — 5)}.
Using (6) to substitute for A;2(s,t) + Ag, 2(s,t), we obtain

Vo(t) = Os<1;[<)t{A,~(s, t) + Ag, (s,t) + Ag, (s,t) + Via(s) + Vs, 1(s) — ca(t — 5)}

—Vii(t) = Vs, a(t).

As Vi(t) = V;1(t)+Vs, 1(t)+ Vs, 1 (), the proof is completed using (7) to substitute for Vi (¢). O

Analogously to Section 4, we introduce some additional variables. Due to the presence of the
additional set of flows S3, these variables are more complicated than in the previous section.
For 6,¢e > 0, redefine Y€ to be a stochastic variable with the limiting distribution of Y%¢(t)
for t — oo, with

-0 -0 % %
YO() = UL (1) + UG (1) + WE T () + WERT (1) + S Wi (1) + Y WP (t). (29)
geSL q€S2
For n,v > 0, redefine Z™" to be a stochastic variable with the limiting distribution of Z™"(t)

for t — oo, with

3
— —v — . +v 7
20() = U ) + UL O+ ST W w0+ Y Wi, (30)
Jj=1 q€Ss

Now we derive both an upper and a lower bound for IP(V; 2 > ). These bounds are similar to
the bounds in Lemmas 4.2 and 4.3, except for the structure of the correction terms Y€ and
Z™". In the following lemma we give a lower bound for IP(V; 2 > z).

Lemma 6.2 (lower bound P(V;2 > z)) For any 6 > 0, € > 0 sufficiently small and any vy,

P(Vip > z) > P(W] 2922 > 5 4 ) P(Y <), (31)

)
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Proof. By definition,
Vip(t) = Va(t) = Vs, o(t) = Vs, 2(t). (32)
According to Lemma 6.1,

Va(t) > Oiggt{Ai(S’ t) + As, (s,t) + Ag, (s,t) — ca(t —s)} —
Os;uét{Ai(s, 1) + Ag, (s,8) + Ag, (s,8) — c1(t — ). (33)

Using (10), the first supremum in (33) is lower bounded by

sup {4;(s,t) — (C2 +20)(t — s)} — sup {(ps, —0)(t —5) — Ag,(s,t)} —
0<s<t 0<s<t

sup {(ps, = 0)(t =) = As, (5,8)},

which is equal to (using (8))
Wi () UG T ()~ UG (0),

Next we need an upper bound for the second supremum in (33). Using (9) it is upper bounded
by

W2 () + WES () + WE= ().

Finally, using Lemma 3.2 we find a similar upper bound for Vg, 2(t) and Vg, 2(t) as in (16).
Adding the three bounds and using (1) and (29),

Via(t) 2 W 20020 (1) — YO (1),
Because Y is independent of the traffic process of flow 4, (31) follows. O
The following lemma provides an upper bound for P(V; 2 > z).
Lemma 6.3 (upper bound P(V; 5 > x)) For anyn >0, v > 0 sufficiently small and any vy,
P(Vip > ) < PWOTEW S oy 0y L PWP > 0)P(Z27 > y). (34)
Proof. By definition,
Via(t) < Va(t).

According to Lemma 6.1,

Vo(t) = Os<1;[<)t{A,~(s, t) + Ag, (s,t) + Ag, (s,8) + Via(s) + Vs, ,1(s) —eca(t — s)} —
Os;uét{Ai(s, 1) + Asg, (5,1) + Agy (5,8) — c1(t — 8)} + Vi1 (1). (35)

First observe that V;i(s) + Vs, 1(s) < Vi(s). Using (7) to substitute for Vi(s), the first
supremum in (35) is thus upper bounded by

sup {A4;(r,t) + As, (r,t) + Ag,(r,8) + Ag,(s,t) —ci1(s —r) —ca(t — s)}. (36)

0<r<s<t
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Note that (36) can be written as

0<§~1i€<t{Ai(r’ t) — (61 —2v)(s —r) — (¢ — dv)(t — 3)

+A51(Irat) - (:051 + V)(t - ’I") + ASz(Svt) - (:052 + V)(t - 3)
+As,(r,t) — (ps; +v)(E —7) + (ps; —v)(E —s) — Agy(s, 1)}

Using (9) and ¢; > ¢, this is upper bounded by

sup {Ai(r,t) = (ég —4v)(t =)} + sup {=2v(s —r)} + sup {As, (r1) = (ps; +¥)(t —7)}

0<r<t 0<r<s<t 0<r<t

+ sup {As, (s,t) = (ps, +v)(t =)} + sup {Asy(r,1) = (ps, +v)(t —7)}
0<s<t 0<r<t

+ sup {(psy —v)(t —5) — As;(s5,1) },
0<s<t

which by definition is equal to
WE () + WETT (1) + WEST (1) + WERT (1) + USSR T (1),

Now we have to find a lower bound for the second supremum in (35). Using (10), this lower
bound is given by

W) — Ug T (1) — UEE T (t).

2

Finally, because of Lemma 3.2, we obtain for the third term in (35)

Vea(t) < Wfq (t).
qeSs

Adding the three bounds and using (1) and (30),
‘/i,Z(t) S Wi51+2ﬂ,5274u _’_Zn,y(t)‘

Combining the above bound with the upper bound in Lemma 3.2, we obtain the following
upper bound,

Via(t) < min{Wj’i (t), Wi Tanee = gy o gmv (p)y,

2

Because Z™" is independent of the traffic process of flow i, (34) follows. O

Now we have all the ingredients to use Lemma 5.1, which gives the main result of this section.

Theorem 6.1 (asymptotic equivalence) For the traffic scenarios described in Subsections
2.1 and 2.2, under Assumptions 3.1 and 3.2,

P(Vip > z) ~ P(W > 1),

where ¢1 and ¢y represent the total service rate minus the aggregate average rate of all flows

other than flow i at nodes 1 and 2 respectively, as defined in Section 3.
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7 Preliminaries general networks

In the next two sections we extend the model of Section 6 and focus on the Nth node on the
path of flow 7. We assume this node to be the bottleneck node for flow ¢. Again we assume
the flows to be served at each node according to the GPS mechanism. First we introduce some
additional notation and present a number of lemmas which we use in the next sections. Then
we analyse the behaviour of the workload of flow i at the bottleneck node on its path, if no
other flows feed into any of the nodes on this path. Although this model is quite simple, it
provides some useful intuition for the results in Sections 8 and 9.

We define S; to be the set of flows that feed into node j and S?, to be the set of flows that feed
into node m and leave the path of flow 7 at node p (so flows in SE, receive service at node p).
For ¢ € SP, we define ng = min{dg m,...,Pqp}, which is the minimum rate guaranteed to
flow ¢ on its path along node m up to and until p.

We now present some lemmas which we use in the next sections. The proofs can be found in
Appendix B. The following lemma gives a lower bound for the amount of service flow g receives
at node n during time interval (s, ].

Lemma 7.1 (lower bound B, (s,t)) Forqec S2,1<m <n <p and v, < ¢g,

Bq,n(sa t) > 'Yq(t —8)— S<Ssup<t{7q(5m —5) — Aq(sa Sm)}- (37)

Using this lemma, we can derive an upper bound for the total workload of flow ¢ € S?, at
nodes m,...,n. This upper bound is presented in the next lemma.

Lemma 7.2 (upper bound total workload flow ¢) For ¢ € S, 1 < m < n < p and
Vg < Py,

3" Vai(t) S We(t). (38)

j=m

The above lemma immediately implies the following lemma, which includes Lemma 3.2 as a
special case.

Lemma 7.3 (GPS upper bound workload) For g€ SP,, 1 <m <n <p,
Van(t) < Win(2). (39)

From Lemma 7.2 we can derive an upper bound for the amount of service that flow ¢ receives
during interval (s,t| as well. This upper bound is given in the following lemma.

Lemma 7.4 (upper bound By ,(s,t)) Forqe Sh,1<m <n<p andy, < (ﬁq,

Bq,n(sa t) < 7q(t - 5) + sup {Aq(smv t) - 7q(t - Sm)} (40)
0<sm <t
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We now briefly discuss the workload behaviour at the Nth node of a network which is fed
only by flow i. Take m* € argmin,—;__ny-1{¢,}. In Section 3 we assumed that ¢, > ¢y
(Assumption 3.2) for all n = 1,...,N — 1, so that ¢, > ¢y. The workload distribution,
IP(V; v > ), is given in the following theorem.

Theorem 7.1 (workload node N) P(V,n > z) = P(W"N > 1).

)

Proof. Observe that, because of the definition of m*, the total workload at nodes 1,...,m*

is equivalent to that at a node with service rate ¢~ which is fed by the original traffic process
of flow ¢ (a formal proof can be found in Appendix B). Hence,

*

Vij(t) = Wi (1), (42)
1

3

<.
Il

Since ¢y < ¢+ (Assumption 3.2) we can apply the same reasoning to the total workload at
nodes 1,..., N and we have

N

D Vii(t) = Wi (#).

j=1
In [9] the following observation is made. If ¢; > ¢; for £ > j then the backlog at node k
will always be zero in stationarity and this node can be removed from the network. Because
the nodes succeeding node m* (except N) have a service rate which is larger than c¢,,-, the
workload at these nodes is zero and we have, using (1),

N m*
Vi,N(t) = Z Vi,j (t) — Z Vi,j (t) — Wicm* JCN (t),
j=1 j=1
which completes the proof. O

The workload at node N in this network is equal to that at node 2 in a two-node tandem
network serving flow ¢ at rates ¢y, and c¢y. Thus the distribution of the workload is entirely
determined by the bottleneck nodes. Asymptotically, this is still true for the more general
networks which we discuss in the next sections.

8 General network with merging

Analogously to Sections 4 and 6 we distinguish between two network scenarios. In this section
we consider an extension of the network described in Section 4 and assume that each node on
the path of flow i in the GPS network is fed by an additional set of flows (see Fig. 5 for the
case where flow i traverses 4 nodes). These sets follow the path of flow ¢ and do not leave
before node N, the bottleneck node. In Section 9 we consider an extension of this network
and the network described in Section 6 and allow the flows feeding into a node on the path of
flow ¢ to leave this path before the bottleneck node. In both sections we first derive an upper
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Figure 5: General network with merging.

and a lower bound for the workload distribution of flow ¢ at the bottleneck node. Then we use
Lemma 5.1 to determine the tail behaviour.

In this section we only give the proof of the lower and upper bound for P(V; y > z). The
other proofs can be found in Appendix B.

Recall that in the two-node model the upper and lower bounds for V; o(t) were derived from
bounds for V;i(¢) and V,(¢). Similarly, in the N-node case, the lower and upper bounds for
Vi n(t) rely on bounds for the total workload at each node n € {1,..., N}. Define

X, (t) = sup {Ai(sl,t) + Z [Agj (Sj,t) — Cj(8j+1 — Sj)] } .

0<s1<.. <5, <8pp1=t j=1

In the next lemma we give an expression for V,,(¢) in terms of X,,(¢). This expression will be
used in deriving the upper and lower bounds for V; n(t).

Lemma 8.1 (workload node n) Forn > 2,
Vn(t) = Xn(t) - anl(t)- (43)

In order to determine a lower and an upper bound for V,,(¢) we have to find a lower and an
upper bound for X,,(¢). In the next lemma the lower bound for X,,(¢) is presented.

Lemma 8.2 (lower bound X, (t)) For any 6,...,60,,

Xalt) > W) - Y U2 o),
j=1

with e := ming—1,._p{cm — Z;”Zl 0;}.
The upper bound for X,,(¢) is given in the following lemma.

Lemma 8.3 (upper bound X,(t)) For any &,...,&,,

X)) < WED + Y WE 1),
i=1

with d := minm:l,...,n{cm - E;nzl §J}
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We now introduce some additional notation similar to Section 4. For d,e > 0, define Y€ as a
stochastic variable with the limiting distribution of Y¢(t) for t — oo, with

N ]
Y€ (t) Z Z Wi+ 3 S whe). (44)
Jj=1q€S;

For n,v > 0, define Z™" as a stochastic variable with the limiting distribution of Z™(t) for
t — oo, with

N Ps +V Nl ps; —Tl
Zm( Z Z (45)

We use the bounds for X,,(¢) to construct a lower and an upper bound for IP(V; 5 > z). The
lower bound is given in the following lemma.

Lemma 8.4 (lower bound P(V; y > z)) For any 6 > 0, € > 0 sufficiently small and any y,
P(Viy > z) > P(Wm eV o 0 L P(YO < ). (46)

Proof. By definition,

Vin(t i::zsj

Using Lemmas 7.3 and 8.1 this is lower bounded by

Xy(t) — Xn_1(t ZZW%

Jj=14q€S;

Now we can use the lower bound in Lemma 8.2 for X (¢) and the upper bound in Lemma 8.3
for Xn_1(t). Taking 0; = ps; — ¢ in Lemma 8.2 and &; = ps; + € in Lemma 8.3 we obtain for
0 > 0, € > 0 sufficiently small,

Vin(t) > WENHNo () i Ugjj—é(t) e Z Ps -I—e i 5 Wfq(t).
j=1 j=14€S;
Using (1) and (44) yields,
Vi (t) > Wim = et N ) — yoc(y).
Hence, the lower bound is given by
P(Vin > z) > P(Wom 7oV ENG o 0 Ly AND Y2 < ).
Because Y€ is independent of the traffic process of flow 4, (46) follows immediately. O

Note that the lower bound we found for V;»(¢) in Lemma 4.2 is indeed a special case of the
lower bound for V; n(t).

The upper bound for IP(V; y > z) is given in the following lemma.

21



Lemma 8.5 (upper bound P(V; y > z)) For anyn > 0, v > 0 sufficiently small and any y,
P(Viy > z) < P(Wom o= o 0y L PWP > 2)P(Z7 > ) (47)
Proof. By definition,
Vin(t) < Vn(t).
Thus, because of Lemma 8.1,
Vin(t) < Xn(t) — Xn-1(t).

Analogously to the proof of the lower bound we take the upper bound in Lemma 8.3 for Xy (t)
and the lower bound in Lemma 8.2 for Xy_;(¢). Taking {; = ps; + v in Lemma 8.3 and
0; = ps; —n in Lemma 8.2, we obtain for n > 0, v > 0 sufficiently small,

‘/z,N(t) < WZ-EN_NV Z PS +v W m* +m* 77 + Z USS -n t

Using (1) and (45) yields,
Vi (t) < Wim Fmmen =i gy 4 zme (g).

Combining the above bound with the upper bound in Lemma 7.3, we obtain
P(Viy > ) < P(WP >z AND (Wom P V=N S 0 OR 2 > y)).

Because Z™" is independent of the traffic process of flow i, (47) follows. O

Again note that the upper bound for V; 2(¢) in Lemma 4.3 is a special case of the upper bound
for VZ',N(t).

We are now able to characterise the tail behaviour of IP(V; 5 > ). It follows immediately from
Lemma 5.1 and the lower and upper bound given in Lemmas 8.4 and 8.5.

Theorem 8.1 (asymptotic equivalence) For the traffic scenarios described in Subsections
2.1 and 2.2, under Assumptions 3.1 and 3.2,

P(Viy > z) ~ P(Wm N > 1),

where ¢« and ¢y represent the total service rate minus the aggregate average rate of all flows

other than flow i at nodes m* and N, respectively, as defined in Section 5.

Remarkably, the workload distribution of flow ¢ at the bottleneck node is asymptotically equiv-
alent to that in a two-node tandem network where flow ¢ is served in isolation at constant rates.
In Sections 5 and 6 these rates are simply ¢; and ¢s. For the N-node network we have to take
the two smallest service rates for flow ¢ when reduced by the aggregate average rates of the
other flows, ¢,,» and ¢x. Hence, for the network described in this section as well, the workload
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Figure 6: General network with splitting.

of flow ¢ at the bottleneck node is only affected by the characteristics of the other flows through
their average rates. This suggests that an extremely large workload of flow ¢ at its bottleneck
node is most likely due to either a long on period or a large burst of the flow itself and the
other flows showing roughly their average behaviour. Consequently, we can consider flow ¢ to
be served in isolation at constant rates ¢1,...,¢éx. Following the reasoning of [9] as in the proof
of Theorem 7.1 we can then remove all nodes with capacity ¢, > ¢+, after which we are left
with a two-node tandem network.

9 General network with splitting

In this section we extend the model of the previous section and assume that each node on the
path of flow i is fed by an additional set of flows, which can leave this path before node N (see
Fig. 6 for the case where flow 7 traverses 4 nodes).

As before we derive an upper and a lower bound for IP(V; x > z) and we use Lemma 5.1 to
determine the tail behaviour of this distribution. Analogously to the previous section we defer
most of the proofs to Appendix B.

We first introduce some additional notation. Define flg(s, t) to be the amount of work arriving
at node k during the interval (s,t] associated with flows entering the path of flow 7 at node &
and passing through node p > k, i.e.,

Apst ZAgmst

Define Aﬁ ,,(s,t) to be the amount of work arriving at node n during the interval (s, t] associated
with flows entering the path of flow ¢ before or at node k£ and passing through node p > n > k,
ie.,

Agnst ZZASm (s,t). (48)

Jj=1m=p

Similarly we define V?(t) to be the workload at node k at time ¢ associated with flows passing
through node p > k (including flow 7), i.e.,

k N
=D Vspu(t) + Vig(t).
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Finally we define ¢} (s,t) to be the amount of service available in node k during the interval
(s,t] for flows passing through node p > k, i.e.,

ch(s,t) == cp(t —s) Z Z Bgm (s,t). (49)

ji=1lm=k

The following lemma expresses the workload at node n at time ¢ associated with the flows
passing through node p, in terms of X2(t), with

XI(t):=  sup {fn(sl,t>+—j§: Liﬁ(Sk,t>——cﬁ(Sk,5k+1>]}.
k=1

0<s1<...<sppp1=t
Lemma 9.1 (workload node n) For2 <n <p,
Vi(t) = X0(t) — X7, (t). (50)

If we take p equal to N in (50) and Z?Zl >Ny ngmyk(s,t) = 0 so that & (sk,s611) =
ck(Sgs1 — s) for kK = 1,...,N — 1, then we see that it reduces to the result in Lemma 8.1
where we assumed that flows cannot leave the path of flow ¢ before node N.

Before presenting the upper and lower bound for X2(t) we first introduce some additional
notation. Let R be the index set of the flows and v, ¢ and ¢ € R®. For any vector z € RF,
denote Tsm = qusjm Tq.

Define
kK N k-1 f p—1
di==cr—Y_ > vsm = > > (vsm —sp),
j=1m=k f=1j=1m=f
and
k[ p-1
ey —ck—ZZCsm—ZZZ Com —ysm).
j=lm=k f=1j=1m=f

In the next lemma we present the lower bound for X2 (¢).

Lemma 9.2 (lower bound X2(t)) Forn <p and v, < ¢,
P ()" S ¢ o
X0 > W (1) = 3 3 UGk (1) zzzsz+wm}
k—1m=p k=1j=1m=k qeST"
with (eb)* := ming—y,_,{e}}.
In the following lemma an upper bound is given for XP(¢).

Lemma 9.3 (upper bound XZ(t)) Forn < p and v, < ¢,,

n

XP(t) < +ZZWSm +ZZZZ{U% )+ W)}

=1m=p k=1j=1m= quSm

with (db)* := ming—y _n{d}}.
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Note that if we take p = N in Lemmas 9.2 and 9.3 and we omit all terms concerning flows
that leave before node N, we obtain Lemmas 8.2 and 8.3, respectively. The additional terms
reflect the fluctuations of the service capacities available for flow i. Before deriving a lower and
upper bound for the workload of flow 7 in node N at time ¢, we first introduce some additional
notation.

For 6,¢ > 0, define Y€ as a stochastic variable with the limiting distribution of Y%¢(¢) for
t — oo, with

Yo(t) = SN S (Up ) + U + W) + W)

N PSN*(S\S \ PSN+E\5 | N -
+ 2 Ugh ) + Z &+ W) (51)

k=1 i—1 N
J qESj

For n,v > 0, define Z™" as a stochastic variable with the limiting distribution of Z™(t) for
t — oo, with

77 = S %

N pSN-l—V\S \ — PSN 77|5 ‘
k=1
Also define
k-1 f N-1
o —ZZIS’”IHZZZIS’"I (53)
j=lm=k f=1lj=1m=f

In the next lemma the lower bound for IP(V; x > z) is given.
Lemma 9.4 (lower bound IP(V; y > z)) For any d,e > 0 sufficiently small and any y,
P(Viy > 3) > P(Wm—Tmo NN g )Py <), (54)
Proof. By definition,
N N
Vin(t -2 Z > Z
j=1qesy j=1qesy
Using Lemmas 7.3 and 9.1 this is lower bounded by

N ;
XN() = XN ) = > W)

j=1gesN
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Now we can use the lower bound for X% (¢) as given in Lemma 9.2 and the upper bound for
XX _,(t) as given in Lemma 9.3. We take in Lemma 9.2 {, = p, — ¢ and y, = p, + 6, hence,

N k N-1

)-SR Y Y (et s wp),

k=1j=1m= quS]m

PSN

XN () > Wz‘eN* Z sN

with for k=1,..., N,

k=1 f N-1
ey = ck—zz pgm—Sm|5 +25ZZ 155"
Jj=1m=k f=1j=1m=f
= 5k+(50k,

and thus e%* = ¢y + don for § > 0 sufficiently small.
Analogously, we take in Lemma 9.3 v, = pq + € and 1, = p; — €, hence,

1 N-1

zk: Z {qu € +qu+5( )}’

1 j=1m=k geS"

. ﬂN+| \ N-
X]]}’I()<WN1 +Z o+
k=

with for k=1,...,N — 1,

k—1
B = a3 S (s 150 -2 3 Y I8
j=1lm=k f=1j=1m=f
= C(j — €0y,

and thus d%—r = Gy — €0+ for € > 0 sufficiently small.
Then using (1) and (51) we obtain,

Vi (t) = Wim = om NN () — YO (i).
Hence, the lower bound is given by,
P(Viy > z) > P(Wm™ —m VTN o oy AND YO < y).
Because Y is independent of the traffic process of flow 4, (54) follows immediately. O
The upper bound for IP(V; y > ) is given in the following lemma.
Lemma 9.5 (upper bound P(V; y > z)) For any n,v > 0 sufficiently small and any y,
P(Viy > @) < PWm T 00N S gy LW > )P(27 > y). (55)
Proof. By definition,
Vi () < Vi (t) = Vi (1)
Using Lemma 9.1,

Vin(t) < XN () — XN, (t).
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Analogously to the proof of Lemma 9.4 we use the upper bound for XY (#) as given in Lemma
9.3 and the lower bound for X¥_, (#) as given in Lemma 9.2. We take in Lemma 9.3 v, = p,+v
and 1, = p,—v. In Lemma 9.2 we take (, = p, —n and 7, = p,+n. Using (1) and (52) yields,

‘/i,N (t) S Wzém* +N0 ,CN—VON (t) + Zn7V (t)
Combining the above bound with the upper bound in Lemma 7.3, we obtain
P(Viy > z) <P(WP >z AND (W m* 1om=tNVIN o 4y OR Z7 > y)).

Because Z™" is independent of the traffic process of flow i, (55) follows. O

Note that the lower and upper bound for V; y(¢) in Lemmas 9.4 and 9.5 reduce to the lower
and upper bound in Lemmas 8.4 and 8.5, in case we assume that no flows leave the path of
flow i, i.e., S7* = () for m < N.

We now have gathered all the elements to characterise the tail behaviour of the workload
distribution in the most general class of networks that we consider.

Theorem 9.1 (asymptotic equivalence) For the traffic scenarios described in Subsections
2.1 and 2.2, under Assumptions 3.1 and 3.2,
P(Vin > z) ~ P(W™ > ),

)

where ¢mx and ¢y represent the total service rate minus the aggregate average rate of all flows

other than i at nodes m* and N, respectively, as defined in Section 3.

Again the workload distribution of flow ¢ at the bottleneck node is asymptotically equivalent
to that in a fwo-node tandem network where flow 7 is served in isolation at constant rates.

10 Concluding remarks

In this paper we analysed the workload behaviour under the GPS mechanism in networks
fed by multiple flows. Specifically, we considered a particular flow ¢ traversing the network
and assumed it to have heavy-tailed traffic characteristics. We distinguished between two
configurations of feed-forward networks, (i) other flows follow the path of flow i when they
feed into any of the nodes on this path and (ii) other flows can leave the path of flow i. In
addition, we considered two traffic scenarios for flow 4, (i) flow i generates instantaneous traffic
bursts and (ii) flow 7 generates traffic according to an on/off process. Under these conditions
we showed that the tail behaviour of the workload distribution of flow ¢ at its bottleneck node is
equivalent to that in a two-node tandem network where flow ¢ is served in isolation at constant
rates. In case flow ¢ traverses only two nodes and the second node is the bottleneck node, these
rates are the service rates in the original network reduced by the average rates of the other
flows. However, when flow ¢ traverses more than two nodes, we have to take the rates from
the nodes which are bottleneck when the service rate is reduced by the average rates of the
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other flows. Hence, flow 7 is only affected by the characteristics of the other flows through their
average rates. This suggests that the GPS mechanism is capable of isolating individual flows in
networks, even when they have heavy-tailed traffic characteristics, while achieving significant
multiplexing gains.

The results in this paper may be extended in several directions. We assumed for each flow the
minimal rate guaranteed by the GPS mechanism to be larger than the average input rate. It
may be possible to relax this assumption for a certain class of flows as in [6]. In this paper we
only considered the workload distribution at nodes with the minimum average service rate for
flow ¢ on its path. The tail behaviour of the workload distribution of flow 7 at a node following
the node with the minimal average service rate is an interesting topic for further research.

References

[1] V. ANANTHARAM. Scheduling strategies and long-range dependence. Queueing Systems
33 (1-3), 73 — 89, 1999.

[2] R. AGRAWAL, A.M. MAKOWSKI AND P. NAIN. On a reduced load equivalence for fluid
queues under subexponentiality. Queueing Systems 33 (1-3), 5 — 41, 1999.

[3] S. AALTO AND W. SCHEINHARDT. Tandem fluid queues fed by homogeneous on-off
sources. EURANDOM Report 99-022, 1999, to appear in Operations Research Letters.

[4] S.C. BorsT, O.J. Boxma, AND P.R. JELENKOVIC. Generalized Processor Sharing with
long-tailed traffic sources. In: Teletraffic Engineering in a Competitive World, Proceed-
ings of ITC-16, Edinburgh, UK, eds. P. Key, D. Smith (North-Holland, Amsterdam),
345 — 354, 1999.

[5] S.C. BOrsT, O.J. BoxMA, AND P.R. JELENKOVIC. Induced burstiness in Generalized
Processor Sharing queues with long-tailed traffic sources. Proceedings of the 37th Annual
Allerton Conference on Communication, Control, and Computing, Urbana-Champaign,
Illinois, 1999.

[6] S.C. BORsST, O.J. BoXMA AND P.R. JELENKOVIC. Asymptotic behavior of Generalized
Processor Sharing with long-tailed traffic flows. Proceedings of Infocom 2000, Tel Aviv,
912 — 922, 2000.

[7] O.J. BoxMA AND V. DUMAS. The busy period in the fluid queue. Performance Evalu-
ation Review 26, 100 — 110, 1998.

[8] P.R. JELENKOVIC AND A.A. LAZAR. Asymptotic results for multiplexing subexponen-
tial on-off processes. Advances in Applied Probability 31, 394 — 421, 1999.

[9] O. KELLA AND W. WHITT. A tandem fluid network with Lévy input. Queues and
Related Models, 1. Basawa and U. Bhat (eds.), Oxford, Oxford University Press, 112 —
128, 1992.

28



[10] W.E. LELAND, M.S. TAQQU, W. WILLINGER AND D.V. WILSON. On the self-similar
nature of Ethernet traffic (extended version). IEEE/ACM Transactions on Networking
2,115, 1994.

[11] A.G. PAKES. On the tails of waiting-time distributions. Journal of Applied Probability
12, 555 — 564, 1975

[12] A.K. PAREKH AND R.G. GALLAGER. A generalized processor sharing approach to flow

control in integrated services networks: the single node case. IEEE/ACM Transactions
on Networking 1 (3), 344 — 357, 1993.

[13] A.K. PAREKH AND R.G. GALLAGER. A generalized processor sharing approach to flow

control in integrated services networks: the multiple node case. IEEE/ACM Transactions
on Networking 2 (2), 137 — 150, 1994.

[14] V. PAXSON AND S. FLoyD. Wide area traffic: the failure of Poisson modelling.
IEEE/ACM Transactions on Networking 3 (3), 226 — 244, 1995.

[15] K. RAMANAN AND P. Dupuis. Large deviation properties of data streams that share a
buffer. Annals of Applied Probability 8 (4), 1070 — 1129, 1998.

[16] D. STILIADIS AND A. VARMA. Efficient fair queueing algorithms for packet-switched
networks. IEEE/ACM Transactions on Networking 6 (2), 175 — 185, 1998.

[17] W. WILLINGER, M.S. TAQQu, W.E. LELAND AND D.V. WILSON. Self-similarity in
high-speed packet traffic: analysis and modeling of Ethernet traffic measurements. Sta-
tistical Science 10, 67 — 85, 1995.

[18] A.P. ZWART. Tail asymptotics for the busy period in the GI/G/1 queue. Technical report
COSOR 99-12 Eindhoven University of Technology. Submitted for publication, 1999.

A Definitions

Definition A.1. A distribution function F(-) on [0, 0] is called long-tailed (F(-) € L) if

1 —F(z—y)

xlgglo = Fla) =1, for all real y.

Definition A.2. A distribution function F(-) on [0, o] is called subezponential (F(-) € S) if

1— F*
lim (=)

- ) _9
T—00 1—F($) ’

where F?*(-) is the 2-fold convolution of F(-) with itself, i.e., F**(z) = [ F(z — y)F(dy).

A relevant subclass of S is the class R of regularly-varying distributions (which contains the
Pareto distribution).
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Definition A.3. A distribution function F(-) on [0, o] is called regularly varying of index —v
(F()eR ) if

F(x)zl—@, v >0,
T

where [ : R4 — R is a function of slow variation, i.e., lim;_ % =1,7>0.

A technical extension of R is the class ZR of intermediately reqularly varying distributions.

Definition A.4. A distribution function F(-) on [0,00] is called intermediately regularly
varying (F(-) €e IR) if

Jim lim sup ~— 2%

=1.
M zseo 1 — F(x)

Examples of subexponential distributions which do not belong to ZR include the Weibull,
lognormal and Benktander distributions.

B Proofs
Lemma 3.1 Assuming Vg ,(0) =0,

Von(t) = sup {Agn(s,t) — Bon(s,t)} = sup {Agn(s,t) = (cn(t — s) = Bgm\gu(s:1)}-
0<s<t 0<s<t

Proof. We show
(i)

Von(t) < sup {Agn(s,t) — (enlt — s) = Bsmngn(s: 1))},
0<s<t

(i)

sup {Ag.n(s,t) = (cn(t —5) = Bsmngn(s,8))} < sup {Agu(s,t) — Bon(s,1)}
0<s<t 0<s<t

and (ii)

sup {Aq.n(s,t) — Boun(s,t)} < Vou(t).
0<s<t

(i) Define
s* := max{s|Vgn(s) =0,0 <s <t}

i.e., s* is the last time before ¢ at which the workload of all the flows ¢ € ) at node n was 0.
Note that s* is well-defined since Vg ,(0) = 0. Because of the definition of s*, Vg ,(s) > 0 for
all s € (s*,t]. Recall that the GPS mechanism is work-conserving, so that

BQ,H(S*vt) + BS(”)\Q,n(S*at) = cn(t — 5*)7
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and hence,
Von(t) = Aqgn(s™,t) + Von(s™) — Bou(s™,1)

Agn(s™,t) = (ealt — ") = Bgmngn(s™, 1))
sup {Agn(s,t) — (en(t — s) = Bomngu(s: )}
0<s<t

IN

(ii) By definition,

Ban(s:t) < cult = s) = Bstgn(s: 1),
for all s € [0, t].
(iii) From (5),

Von(t) > Agn(s,t) — Bon(s,t)

for all s € [0,¢]. Hence,

Von(t) 2 sup {Agun(s,t) — Bon(s, 1)},
0<s<t

for all £ > 0. O

Lemma 7.1 For g€ S8, 1 <m <n <p and v, < ¢,

Byn(s,8) > %(t = 5) = sup_ {7g(5m — 5) — Aq(5, 5m)}-
§<sm <t

Proof. We will prove by induction on r that for each r € {0,...,n —m},

Bq,n(sa t) > ’Yq(t —5) — <SUP <t{7q(3n—r —8) — Aq,n—r(sa Sn—r)}, (56)
SSSn—rS

which gives immediately the desired result for r = n — m.
For r = 0, (56) reduces to

Bun(s,8) 2 %(t =) = sup{34(sn = 5) = Agu(s,50)}, (57)

which can be verified as follows. We distinguish between two cases.
(i) If V4 n(sn) > 0 for all s, € [s,t], then flow ¢ is continuously backlogged at node n during
[s,t], meaning that

Byn(s,t) > gt — s) > dg(t — 5) > y(t — s).

Obviously we then immediately obtain (57).
(ii) If the workload Vj ,(sy,) is equal to O for some s,, € [s, t], then define s}, := max{s, |V, n(sn) =
0,0 < s, <t}. We have,

Bq,n(sat) = Bq,n(sv S:’(L) + Bq,n(S:;’t)
= Von(s) + Agn(s, s3) = Van(sy) + Ben(sy:1).
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Since V;, ,,(s;) = 0 and flow ¢ is continuously backlogged at node n during (s}, ], this is lower
bounded by
Agn(8,85) + an(t = 53) = Agn (s, 55) + 74t — s7)

= ’Yq(t —8) — ('Yq(s;; —8) — Aq(s, Sp)) > 'Yq(t —8) — S<S;1p<t{'7q(3n —8) — Aq,n(sa Sn)}-

Now assume (56) to hold for r — 1, i.e.,

Bq,n(sa t) > Yq (t—s)— sup {7q(3n—r+1 —5) — Aq,n—r-i—l(sa Sn—r—i—l)}- (58)
5S5n7T+1§t
As in (57),
Bq,nfr(sa 3n7r+1) > ')’q(snfr+1 - 3) - sup {')’q(snfr - 5) - Aq,nfr(sa Snfr)}-

§<Spn—r<Sn—r+1

Using (6) to substitute By p—r(s, Sp—r+1) for Agpn—ry1(Sn, Sn—r41) in (58) yields (56). 0

Lemma 7.2 For g€ S5, 1 <m <n <p and v, < ¢g,

n

3 Vo) < We(d).

j=m
Proof. By induction on r we prove that for each r € {0,...,n —m},
n n—1
Vyn(t) = Z V4,i(8) + Agn—r(s,t) — Bgn(s,t) — Z Vy,i(t), forall 0 <s <t (59)
j=n-—r j=n-—r

For r = 0, (59) reduces to (5). Assume (59) to hold for » —1. Substituting (6) for Ay, r+1(s,t)
we immediately obtain (59).

Taking r = n —m in (59) and choosing time s such that >°7_, V; ;(s) = 0 (for example s = 0)
yields,

Vl]y]'(t) = Aq(sat) - Bq,n(sat)-

J=m

Rewriting the lower bound for B, (s,t) in Lemma 7.1 to

— sup {—Ag(s,5m) =Ygt —sm)},
s<sm <t

we obtain,

V;I:](t) < Aq(svt) + sup {—Aq(S, Sm) - ')/q(t - Sm)} = Ssup {Aq(Sm,t) — ’Yq(t — Sm)}
=m §<sm <t s<sm <t

J

and the proof is completed. O

Lemma 7.4 Forqe 58,1 <m <n <p and v, < ¢g,

Byn(s,t) <vyg(t —s)+ sup {Ag(sm,t) — Yq(t — sm)}-
0<sm <t
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Proof. We first prove by induction on r that for each r € {0,...,n —m},

Byn(s,t) < Agnr(s,t) + D Vgj(s). (60)

j=n—r
For r =0, (60) reduces to the upper bound which immediately follows from (5). Assume (60)
to hold for r — 1. Substituting (6) for Ag,—r(s,t) yields (60).
Taking » = n — m in (60) and using Lemma 7.2 we obtain

Byn(s,t) < Ag(s,t) + Wi (s) < Ag(s,t) + sup {Ag(sm,s) — Yg(s — sm)}-
0<sm <t

O

Equation (42)

m*

D Vij(t) = sup {Ai(s,t) — cm- (t — )}

= 0<s<t
Proof. As in the proof of Lemma 8.1, for any n > 1,

YVt = s (Aent) = Y - ) = WD),

'__ 0<51<...<5p,<8p41=t j=1
We now show with a lower and upper bound that

Wi () = W (1), (61)

with ¢j« := minj—; _,{c;}. We first show that the right-hand side is a lower bound for the
left-hand side. Imposing a restriction on the optimising arguments, the supremum becomes
smaller. Hence, choosing s =51 = ... = s« and sj+41 = ... =1,

n
sup {Ai(s1,8) =Y cj(sjrn — 55)} = sup {Ai(s, 1) — cj=(t — 5)}.

0<s1<..<spy1=t j=1 0<s<t
Next we show that the right-hand side is in fact also an upper bound. Because ¢; < ¢;+ for all
jg=1...,n,

n n
ZCJ Sj+1 = Sj) = Z “(sj41 = 85) = ¢j= (t — 1),
Jj=1 J=1

and the proof is completed. O

Lemma 8.1 Forn > 2,
V() = Xn(t) — X 1(2).
Proof. Note that (") = §—m=1) g and S®m1nNgG,_ . =0 We prove by

induction on m that for each m € {0,...,n — 1},
Vo(t) = sup {Asm-m=1) ym(8n—m,t)
0<8n—-m<..<s5p<Spt1=t
n n—1
+ > (As;(s5,t) —ci(sjin—s)— D V), (62)
j=n—m j=n—m
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with the notational convention that $(®) = {i}. If m = 0, then (62) reduces to (7).
Assume (62) to hold for m — 1. Using (6) to substitute for Agm-m) ;11 (Sn—m+1,1),

Vn(t) = sup {As(n—m)ynfm(sn—m-i-la t) + Vn—m(sn—m—l—l) - Vn—m(t)

0<8n—m4+15...<s5p<Spp1=t

+ Y (As;(s,t) = cilsjpr —s5))} —

j=n—m+1

n—1
> Vi)

j=n—m+1

Substituting (7) for V,—m(Sp—m+1), and arranging the terms yields (62).

Taking m =n — 1 in (62), we obtain

so that V;,(t) = X, (t) — Xp1 ().
Lemma 8.2 For any 64,...,0,,
e . 0;
Xalt) > WE(H) - S UL ()
7=1

with e := minm:1,...,n{0m - Z;‘nzl 9]'}-

Proof. Using the fact that 327, 0;(t —s;) =

2= 07 (sj+1—sj) and 67 := Ef;n:l O, we write

n

n
X, (t) = 0§51§.S}l§[;n+1 , i(s1,t z:: —07)(sj41 — 5) ]z::I (AS sj,t) —0;(t — 3]))}
Because of (10) this is lower bounded by
n
OSSIS_S_};PSRH _HMist EZ: —07)(sj41 — 85)} — ]Zloilsl,gt{e j(t—s5) — As; (s5,8) }-
Using (8) and (61) for the first supremum, the proof is completed. O

Lemma 8.3 For any &1, ...,&,,
n

Xo(t) < W) + 3 W (1)
j=1

with d == ming—1 . a{cm — Y701 &}

Proof. The proof is similar to that of the lower bound. First adding 37, §;(t — s5) =
i1 € (sj41 — s;) with & == 37 | &, to X, (t), then subtracting it again and using (61)

yields

Xn(t) < sup {Ai(s,1) — (cx —€")(t —9) }+Z sup {As;(s5,1) = &t = s5)},

0<s<t

j= 1 0<s;<¢
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and the proof is completed. O

Lemma 9.1 For 2 <n <p,

Vi (t) = X0(t) — X7, (B).

Proof. First we prove, using induction on r, that for each r € {0,...,n — 1},
Vrg(t) = sup {Ai,n_T(Sn—Ta ) + An r—1,n— r(sn rat)
0<8p—r<..<8p41=t
n n—1
+ Z Ska cﬁ(ska 3k+1 - Z Vkp(t) (63)
k=n—r k=n—r

For r =0, (63) reduces to
VE(t) = sup {Ain(sn,t) + A (sn,t) = ch(t = sn) },
0<sn <t
which is true by virtue of Lemma 3.1.
Assume (63) to hold for r — 1. Substituting (6) for A; p—ri1(Sn—r+1,t) + Ag_r,n_r+1(8n_r+1, t)
yields,

Vrf(t) = sup {Ai,nfr(5n7r+17 t) + Agfr,nfr(3n7r+la t) + Vyffr(snfr+1)
0<sp_ry1<...<sSpy1=t

n—1 n—r N
+ Z Ap (Skyt) — Sk, Ska1)]} — Z VE(t) = Vin( Z Vs]m,n r
k=n—r+1 k=n—r+1 j=1m=p
Using Lemma, 3.1 to substitute for V' (s,_,11), i.e., VP (sp_ry1) =
sup {An rn— r(sn rySn—rt1) + Ai,nfr(snfra Sp-r41) — Cﬁ_,«(snfn Sn—r+1)}s

0<sp—r<Sp—r+1

and rewriting the supremum, we obtain (63).
Taking r = n — 1 in (63) yields Y} V¥(¢) = X2(t) for all n < p, and thus we obtain the
desired result. O

Lemma 9.2 Forn <p and y, < éq,
n k p-1
en
X5 (t) = W; Z Z Usm = > > {Ug () + W (1)},
k=1m=p k=1j=1m=k qS™
with (e£)* := ming—y__,{el}.

Proof. Using the lower bound for By (s, sk+1) as given in Lemma 7.1 and using (48) and
(49),

n N
Xp() > sup {Ai(sl,t) + D 1D Asm(sket) — cr(spr1 — sk)

OSSIS'-'SSR+1:t

k=1 Lm=p
k p—1 k
D IDIETUCTEENEDY Z Yo sup {yg(sm — sk) — Ag(skysm)}
j=lm=k j=1m=k geST Sk SSm S5kt
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Observe that

n

(s (t — sk) Z Csm (8541 — 85),

which means that
n N n n N
DY Comlt—sk) =D D> Comlsjp — s5)-
k=1m=p k=1 j=km=p

First changing the order of summation and then interchanging the indices j and k, the latter
term can be written as

n j N n k N
DD lsplsjrr—s) =2 > Com (Sk+1 — Sk)- (64)

j=1k=1m=p k=1j=1m=p

Hence, adding and subtracting Y}, Z%:p (s (t — si) yields,

n k p—1 k N
X5(t) > sup {A (s1, ) =Y (k=2 Vs — >N Com)(sk41 — sk) +
k=1

0<s1<..<spy1=t =1 m=k i=1m=p
n N n k p—1
DY (Asm(spt) =Com(t—s1) =D D> > sup  {yg(sm —s) — Ag(sk,5m)}
k=1m=p k=1j=1m=k qeST Sk S5mSSk+1

The inner supremum is upper bounded by

sup {Cq(t - Sk) - Aq(skat)} + sup {Aq(smat) - 'Yq(t - Sm)} + ('Yq - Cq)(t - Sk)- (65)
SE<Sm<Sk41 SE<Sm<Sk41
Because

(’YS]T" - Csjm)(t— SE) = 2(75;" — CS;")(SfH —s7),
f=k

we can follow the derivation of (64) to obtain

n k p-1 k f p-1
Y3 (ysm — Csm) (t — sk) Z >33 (v Vs = Com ) (Sk41 — Sk)- (66)
k=1j=1m=k k=1 f=1j=1m=f

Using (65) and (66), we obtain for the lower bound,

n

sup i(s1,t Z k(Sk+1— sk)} — Z Z sup {Csp(t — sk) — Agm (g, 1)}

0<s1<..<spy1= t _ k=1m= p0<sk t

SyS s <<Sup {Go(t = sk) = Aglsi, )} + sup {Aq(sm,t)—vqu—sm)}).

k=1j=1m=k g€S" 0< s, <t

Finally using (8) and (61) for the first supremum the proof is completed. 0
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Lemma 9.3 Forn <p and vy, < qzq,

p—1

n N n k
XO<WE DY LWk O+ Y S W) + U o),
k

k=1m=p =1j=1m=k q€S"

with (db)* := ming—y,__,{d}}.

Proof. Using the upper bound for By j(sk, Sg+1) as given in Lemma 7.4 and using (48) and
(49) yields,

n
Xh(t) < sup { (s1,t) + > Z Agm(sk,t) — cr(Sk+1 — sgp)+
0<s1<..<sp41=t k=1 Lm=p
k p—1 k p—1
Z Z s (Skt+1— Sk) + Z Z Z sup  {Ag(smsSk41) — Vg(Sk+1 — Sm)}
j=lm=k j=1m=k ge8 0<5mSsi41

Analogously to the proof of Lemma 9.2, we obtain
n N n k N
D> wspt—sk) = D sy (skr1 — )
k=1m=p k=1j=1m=p
Hence, adding and subtracting Y p_; Z%:p Vs (t — si) yields,

n k p-1
Xh(t) < sup { (s1,t Z (Ck =D > vsr - Z > Wsm) Skt1 — 8k)+

0§81§...§8n+1:t

j=1lm=k j=1m=p
n N
YD (Asp(sp,t) —ysm(t — si)) +ZZ Z Yo sup {Ag(smysk41) — Ye(Skr1 — sm)}
k=1 m=p k=1j=1m= kqesm0<sm<sk+l

The inner supremum is upper bounded by
sup_{Ag(sm:t) =%t —sm)b+ sup _{g(t = sk41) = Aglses1, )} + (Y = o) (t = Sk0)-
0<sm < 0<sp4+1<t

Because
n

(vsp = Psp)(t = sp1) = D (Osp —hsp)(sp11 — s7),

f=k+1
and following the reasoning in the proof of Lemma 9.2, it is easily seen that

n k—1
Z Z Z (ysm — tpsm)(t — sk+41) => > Z Z (ysm —psm)(sk+1 — sk)-
k=1j=1m=k k=1 f=1j=1m=f
Using this in the upper bound yields,
n
sup i(s1,t k(Skt1 — Sk)} -+ sup {Agp (s, t) — sy (t — sg)
0<81< . <Spp1= t 2:: * )} kz:lmz:p 0<s5< { (5%, ) k }
n k p-1
+ Z Z Z Z ( sup {A (Smat) - 'Yq(t — Sm)}+ sup {d)q(t — Sp41) — Aq(5k+1at)}> .
k=1j=1m=k geSm \0Ssm<t 0<sk 1<t
Then using (8) and (61) for the first supremum the proof is completed. O
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