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ABSTRACT
Pickands constants play an important role in the exact asymptotic of extreme values for
Gaussian stochastic processes. By the generalized Pickands constant H, we mean the limit

where H,(T') = Eexp (maxte[O,T] (\/ﬁn(t) - 072] (t))) and 7(t) is a centered Gaussian pro-
cess with stationary increments and variance function a%(t).

Under some mild conditions on 0727 (t) we prove that H,, is well defined and we give a
comparison criterion for the generalized Pickands constants. Moreover we prove a theorem
result of Pickands for certain stationary Gaussian processes.

As an application we obtain the exact asymptotic behavior of ¥ (u) = IP(sup;sq ((t) —
ct > u) as u — oo, where ((z) = [ Z(s)ds and Z(s) is a stationary centered Gaussian

process with covariance function R(t) fulfilling some integrability conditions.

2000 Mathematics Subject Classification: 60G15 (primary), 60G70, 68M20 (secondary).
Keywords and Phrases: exact asymptotics, extremes, fractional Brownian motion, Gaus-
sian process, logarithmic asymptotics, Pickands constants.
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1 Introduction

J. Pickands IIT [11], [12] found an elegant way of computing the exact asymptotics of the
probability P(maxc(o ) X (t) > u) for a centered stationary Gaussian process X (t) with
covariance function R(t) = 1—|t|* 4+ o(|t|*) as t — 0, o € (0,2] and R(t) < 1 for all £ > 0.
For such a process he proved

IP( max X(t) > u) = Hp, ,, Tu?/*V(u)(1+ o(1)) as u— oo, (1.1)
te|0,

where Hp, , is the Pickands constant and U(u) is the tail distribution of standard normal
law. Recall that Hp, , is defined by the following limit

_ Bexp (maxior) V2Baja(t) — Var(Baja(t)))
7'[3(1/2 = Thm

1.2
—00 T ’ ( )

where B, 5(t) is a fractional Brownian motion (FBM) with Hurst parameter /2, that
is a centered Gaussian process with stationary increments, continuous sample paths and
variance function Var(B,/(t)) = t*. Pickands proved (1.1) using the double sum method,
that is by breaking the interval [0,7] into several subintervals on which the following
asymptotics may be applied: for each T > 0

P( sup  X(t) >u) =Hp,,(T)¥(u)(1 +o(1)) (1.3)
te[0,Tu—2/%]

as u — 00, where

Mg, ,,(T) = Eexp (ﬁ&% (V2Baalt) — Var(B, /Q(t)))> . (1.4)

Asymptotics (1.3) is a useful tool for computing the exact asymptotics in extreme value
theory for a wide class of Gaussian processes (see Piterbarg [13]). Unfortunately it does
not cover all the cases interesting in applications (see for example the class of Gaussian
integrated processes considered in Debicki [2]). In particular the stationarity assumption
seem to be too strong. We present an extension of (1.3) in Section 2 (Theorem 2.1).

It turns out that the asymptotics obtained in Theorem 2.1 yields a natural extension of
Pickands constants. Namely instead of FBM B, 5(t) in (1.2) there appear more general
centered Gaussian processes 7(t) with stationary increments.

Throughout this article 7(t) is a centered Gaussian process with stationary incre-

ments, a.s. continuous sample paths, 1n(0) = 0 and such that the variance function
Var(n(t)) = o7(t) satisfies

C1 o;(t) € C*([0,00)) is strictly increasing and there exists e > 0 such that

Q-

2
n(t

(t
C2 072] (t) is regularly varying at 0 with index o € (0, 2] and O'%(t) is regularly varying at
oo with index as € (0,2).

~—

< - as t— o0 (1.5)

€
t

~—

Q

2
n

In the paper we use the notation ¢2(t) or 52(t) for the derivatives of o2 (¢).



Note that C1 is strongly related to C2. In fact if O'%(t) satisfies C1 in such a way

-2
that lim; o O'%(t) = oo and lim; tgg((f)) = ¢, then 0727

oo = € (see [1], p 59). Conversely if 0’727(15) is regularly varying at oo with as, = € and
O"% (t) is ultimately monotone, then (1.5) holds.
For n(t) that satisfies C1-C2 define

(t) is regularly varying at oo and

H,(T) = Eexp (trer[l(%)T(] (\/§n(t) - 02(15))) . (1.6)

More generally for independent centered Gaussian processes with stationary increments
i (t),....,nn(t) that satisfy C1-C2, where the indices of regularity of variance functions
may differ for each process, we define

[27 & 1 X,
Ho,..nn(T) = Eexp ((tl,...,tmN?é{[o,T]N ( N ;nz(tz) N ;(TTH (tz)>> . (1.7)

Note that in a special case, when n(t) = B,/s(t) and N = 1, we obtain the constants
Hp, ,(T) defined in (1.4). We analyze properties of H,, .5 (T) in Section 3.
By the generalized Pickands constant H, we understand
(1)
e

provided that the limit exists. In Section 3 (see Theorem 3.1) we prove that under condi-
tions C1-C2 this limit exists, is positive and finite. Moreover in Theorem 3.2 we give a
comparison criterion for generalized Pickands constants.

With 7(t) we associate a family {X,.,(t),u > 0} (indexed by u > 0) of centered
Gaussian processes, where the relation between 7(t) and X, () is given by assumption
DO presented in Section 2. By the attached bar we always mean the standardized process,
that is X (t) = X (t)/ox(t).

In Section 2 (Theorem 2.1) we extend asymptotics (1.3) to a standardized family of
Gaussian fields {X,.,(¢),u > 0} that satisfy condition DO.

Combination of Theorem 2.1 with the double sum method yields new exact asymptotics
in extreme value theory. In particular in Section 4 we present Theorem 4.1 which extends
results of Piterbarg [13] and enables us to obtain exact asymptotics for some families of
Gaussian processes {X,.,(t),u > 0}, where for sufficiently large v the variance function
ag(mu (t) attains maximum at a unique point .

Recently the asymptotics of

Y(u) = P(sup((t) —ct > u)
>0

for a centered Gaussian process ((t) with stationary increments and ¢ > 0 was studied
in many papers; see e.g. [10, 3, 4, 7]. The problem of analyzing ¢(u) stemmed from the
theory of Gaussian fluid models, where the following cases are of special interest:

o ((z) = [§ Z(s)ds, where Z(s) is a stationary centered Gaussian process with covariance
function R(t) = IEZ(0)Z(t) fulfilling some integrability conditions; we call such the case
integrated Gaussian (I1G),

e ((z) = B,/2(t) being a fractional Brownian motion with Hurst parameter §, where
a€(0,2).



The last model was recently studied by Hiisler and Piterbarg [6] who obtained exact
asymptotic of 1(u) for {(x) being a fractional Brownian motion; see also Narayan [9].
Theorem 4.1, presented in Section 4, enables us to obtain the exact asymptotics of ¥ (u)
for a class of IG processes that play an important role in the fluid model theory and
is not covered by the results of Hiisler and Piterbarg [6]. Namely we focus on the case
where ((z) = [ Z(s)ds possesses the short range dependence (SRD) property, that is
the covariance function R(t) of Z(t) fulfills

SRD.1 R() € C([0,00)), limy_o tR(t) = 0;
SRD.2 [} R(s)ds > 0 for each t > 0 and t = o0;
SRD.3 [ s?|R(s)|ds < o0.

We exclude from the following considerations the degenerated case R(0) = 0. We comment
the validity of the SRD assumption in Remark 5.1 and give the exact asymptotic of 1(u)
for ¢(t) € SRD in Theorem 5.1.

2 Extension of Pickands theorem

We write {X,.,(t),u > 0} for the family of centered Gaussian processes {X,.,(t) : ¢ > 0}
(u > 0) and assume that for each v > 0 the Gaussian process X,.,(t) has continuous
trajectories. The family {X,.,(t),u > 0} is related to a Gaussian process 7(t) with sta-
tionary increments and variance function 072] (t) that satisfies C1-C2 in such a way that
the following assumption holds

DO There exist functions A(u) and f(u) such that

1-— COV(Yn;u(t% XTFU (8))

sup o2 (le=s) —1 =0
s,teJ(u) J]W
as u — oo, where J(u) = [-A(u),A(u)] and n(t) is a centered Gaussian process with

stationary increments and variance function a?](t) that satisfies C1-C2.

Remark 2.1 The assumption that 0727 (t) is strictly increasing ensures that asymptotically

(for large u) Cov (X ,.u(t), Xp:u(s)) is a decreasing function of |t — s| for s,t € J(u). It
plays a crucial role in the technique of the proof of Theorems 3.1, 4.1 (Lemmas 6.1, 6.2).

In the sequel we present families of Gaussian processes that satisfy DO.

Example 2.1 Let X(t) be a stationary centered Gaussian process with covariance function
R(t) = exp(—|t|*) (o € (0,2]). Straightforward calculation shows that X (t) satisfies DO
with 1(t) = By /2(t) (and thus 072](75) = [t|*), A(u) such that lim, oo A(u) =0 and f(u) =
1. This immediately implies that, for a given function h(u) > 0, the family {X,.(t) =

X (ﬁ) ,u} satisfies DO with n(t) = By a(t), A(u) such that lim, .o A(u)/h(u) =0 and

Flu) = b2 ().



Example 2.2 Consider a centered Gaussian process ((t) with stationary increments and
the variance function O'C( ) that satisfies C1-C2. Define Xy, (t) = ((h(u) + t)where h(u)

is such that limy, .o h(u) = co. In the following lemma we show that X ., (t) appropriately
satisfies DO.

Lemma 2.1 If ((t) is a centered Gaussian process with stationary increments that satis-
fies C1-C2, then for h(u) such that lim, . h(u) = oo, the process Xy, (t) = ((h(u) +1t)

satisfies DO with f(u) = v20¢(h(u)), n(t) = ((t) and A(u) such that lim, .o %((u)) =0.

Proof. From the definition of X, (t)

(o¢(h(u) +t) — oc(h(u) + 5))?
20¢(h(u) + s)oc(h(u) +t)
ot (|t - s|)
20¢(h(u) + s)o¢(h(u) +t)

COV(YH;U(W Y77;u (s)) —1

— W =W (21)

Since o¢(t) is regularly varying at co with index a, € (0, 2) it suffices to show that % — 0
uniformly for s,t € [—A(u), A(u)] as u — oco. This follows from the following chain of
algebraic manipulations:

Wi (oc(h(w) + 1) —oc(h(u) +5))* _ (02(h(u) +1) — oZ(h(u) + 5))*
W g ([t — s) o2 ([t — s[)(o¢(h(u) + 1) + oc(h(u) + 5))?
(0 (h(u) +1) - (()+8))2:1< |t = s|(6Z(h(u) + p)
4\ o¢(

102t — s)oZih(u) — A()
- <a<<h<u>+p> t—sf )
= )+ ) ol =)

where (2.2) follows from the mean value theorem and (2.3) is a consequence of the fact

2
that by C1 there exists € > 0 such that é'g(h( u) +p) < % Moreover

(2.3)

o¢(1)o¢(z) > Cov(¢(1),¢(x)) = (0Z(1) + of(2) — oZ(|1 — ) /2.

Thus

O'g(l) — O'g(l —x) < 20¢(1)o¢(x) (2.4)

for sufficiently small z > 0. From the mean value theorem 02(1) - ag( l—z) = xdg( 1—pz),

which combined with C1 and (2.4) implies % < 402 ((1))
=l

limsup,_,q o (@) <00 Combining it with the fact that

index %= 1<Owe0btam%—>0as |t —s| — 0.

for sufficiently small = > 0. Hence

()

is regularly varying at co with
O

Remark 2.2 Families of Gaussian processes considered in Example 2.2 appeared in the
analysis of some Gaussian fluid models (Massoulie & Simonian [8]). Logarithmic asymp-
totics of supremum of such families of Gaussian processes was obtained by Debicki [2].



We need the following notation. Let X, (t), X0 (t),-.., Xpyy;u(t) be independent families
of centered Gaussian processes that satisfy DO with common A(u) = T > 0 and f(u).
Define

N
Xm,...,nN;u(tlu---ytN) = Ym;u(ti)-

=1

=il

~
=

(u

Theorem 2.1 Let n(u) be such that lim, oo n(u) = oo and limy, .« = 1. Then

=
S

P ( sup Xoomnsu(t1y s tv) > n(u)) =Hp . on(T)¥(n(u))(1 +0(1)) as u— 00(2.5)
(t1,....tn)€[0, TN

Proof. We present the proof of Theorem 2.1 in Section 6.1.

3 Generalized Pickands constants

In this section we define and study properties of generalized Pickands constants. We begin
with a subadditivity property of H,, . (7).

Lemma 3.1 If ni(t),....,nn(t) are independent centered Gaussian processes with station-
ary increments that satisfy C1-C2, then for all T € N

Hm,---ﬂ?N(T) S TNHm,nJ?N(l)' (3'1)

Proof. The complete proof is presented in Section 6.
O

In the rest of this section we concentrate on the one-dimensional case of H,,(T"). Note
that the same argument as in the proof of Lemma 3.1 yields H,(z + y) < Hy(x) + Hy,(y)
for all z,y > 0.

The main result of this section is given in the following theorem.

Theorem 3.1 If the variance function O'%(t) of a centered Gaussian process n(t) with
stationary increments satisfies C1-C2, then

lim =1 = H,), (3.2)

where Hy, > 0 and is finite.

Proof. The proof of Theorem 3.1 is given in Section 6.2.
O

If n(t) = Bg/a(t) is a fractional Brownian motion with Hurst parameter a/2 (o €
(0,2)), then it is known that Theorem 3.1 holds (see Piterbarg [13], page 16, Theorem
D.2). Hp, /» are known in the literature as the Pickands constants.

By the generalized Pickands constants we mean the constants H,, introduced in Theo-
rem 3.1.

In the following theorem we give a criterion that enables us to compare the generalized
Pickands constants H,,.



Theorem 3.2 Let n1(t),n2(t) be centered Gaussian processes with stationary increments
that satisfy C1-C2. If for allt >0

02, (1) < o2, (t), (3.3)
then
Hm < an' (3'4)

Proof. The complete proof is presented in Section 6.3.

Remark 3.1 Observe that the conclusion of Theorem 3.2 holds also for o = B1(t) (that
is for 0727 (t) = t?). The proof of this fact is analogous to the proof of Theorem 3.2 with the

exception that instead of Y;izu(t) we take X ((1+ 6)t/(v/2u)), where X (t) is a stationary
Gaussian process with covariance function R(t) = exp(—[t|?).

Corollary 3.1 If the variance function o ( of n(t) fo s)ds satisfies C1-C2, where
Z(s) is a stationary centered Gaussian process with covariance function R(t), then

&)

™

H, <
Proof. Note that
t gt
:/ / Cov(Z(v), Z(w))dvdw < R(0)t* = R(O)U?Bl (t).
0 Jo

Thus from Theorem 3.2 and Remark 3.1 H,, <H RO By Since H\/WBl (T) =Hp,(vVR(0)T),
then H\/WB1 = R(0)Hp,. Hence

HT] < H\/WBI :\/R(O)Hgl

_ RO
= pt (3.5)
where (3.5) follows from the fact that Hp, = 1/4/7. This completes the proof.
]

In the following corollary we find an upper bound for H,, in the case of n(t) with
covariance function a%(t) fulfilling some integrability conditions.

Corollary 3.2 Ifn(t) = [¢ Z(s)ds satisfies SRD.1, SRD.3 and R(t) > 0 for eacht > 0,

where Z(t) is a centered stationary Gaussian process with covariance function R(t), then

HUSQ/ R(s)ds
0



Proof. Let T =2 [;° R(v) dv. From SRD.1,SRD.3 and the fact that R(t) > 0 for each
t > 0 we infer that

o2(t) = 2 /O t /O " R(v) dv ds (3.6)
— T 2/00011R(U) dv +2/too(v — )R(v) dv
< YTt= af/TBm (t) (3.7)

and 7(t) satisfies C1-C2 with ap = 2 and ay = 1.
Analogous considerations as in the proof of Corollary 3.1 yield

Hxp,,(T) = Hp, ), (YT). (3.8)

Since Hp,,, = 1, then combining (3.8) with (3.7) and Theorem 3.2 we complete the
proof.
O

4 Double sum method

Theorem 2.1 enables us to obtain exact asymptotics for some families of Gaussian processes
with variance function that attains its maximum at a unique point.

For the introduced in Section 2 family {X,.,(t); u > 0} of centered Gaussian processes
we additionally assume that for sufficiently large v > 0 the function ox, ,(f) attains
its maximum at a unique point t, with 0 < t, < oo. Without loss of generality we
assume ag(mu (tu) = 1. Furthermore we claim that {X,.,(t);u > 0} satisfies the following
conditions.

D1 Condition DO is fulfilled for (¢,s) := (¢t + ty, s + ty).
D2 There exist 5 > 0 and a function g(u) such that

1-— UXn;u(t =+ tu)
[t[®
9% (u)

sup -1 —0 asu — oo.

s,teJ(u)

D3 % — 0 as u — oo.
2
Theorem 4.1 If the family {X,.,(t)} satisfies D1-D3 with A(u) = (M) /ﬁ,

n(u)
where n(u) is such that lim, .o n(u) = oo and lim, o % =1, then

P (tg};(p)xmu(t Ft) > n<u>> - %W(Aw))-lwn(u))a Fol)  (4)

as u — oo and A(u) = (%)z/ﬂ.

Proof. The proof is given in Section 6.4.



n(u)

2
Remark 4.1 Note that, under conditions of Theorem 4.1, if J(u) = [0, (M) /q )

then T (supye sy Xou(t + t) > () ) = 2508 (A(w) 710 (n(w)(1 4 o(1)) as u — oo.

In the rest of this section we discuss the special case of Theorem 4.1, where we assume
that in condition D1 we have 1(t) = B, () for a € (0, 2]. The property of multiplicativity
of the variance function U%Q/Q (t) =t of fractional Brownian motion B, /,(t) enables us

to relax the assumption that f(u) in D1 is of the same order as n(u).
Theorem 4.2 If the family X,.,(t) satisfies D1-D2 with n(t) = Bgs(t) for a € (0,2]

2
and A(u) = (W) /ﬂ, where n(u) s such that lim, ., n(u) = oo, then

~ 2MB,,,L(/B) [ g(u)\*P [ n(u)\
P(sup Xyt + ) > ) = =502 (500) 0 (B00) W)t +o(1)

as u — OQ.

Proof. The proof is presented in Section 6.5.

5 Exact asymptotics of IP(sup,>q Jj Z(s) ds — ct > u)

In this section we find the exact asymptotics of ¥(u) = P(sup;>((t) — ¢t > u) for the

SRD model. Let G = m and B = [(°tR(t)dt.
0

Theorem 5.1 If ((t) possesses the SRD property, then

H

Yw) = e “F B0 4 o(1) (5.1)

Proof. The proof of Theorem 5.1 is presented in Section 6.6.

Remark 5.1 Since ('fg(t) = 2 [ R(s)ds, then SRD.2 is equvalent to the fact that O'g(t)
is strictly increasing. It ensures that H.c ¢ exists (Theorem 3.1) and assumption D1 of
2

Theorem 4.1 is satisfied. In the language of the spectral density function fr(¢) of the
covariance function R(t) we have

/OtR(S)dS = 2/0t/000 cos(xs) fr(z)dxds =

_ /0 °° 5"”;"”) Fr(@)de (5.2)
- 2/000 SmT(y)fR (%) dy. (5.3)

Hence if 0 < fr(0) < oo and fRT(I) is nonincreasing for x > 0, then from (5.2) we have
3 R(s)ds > 0 for each t > 0. Moreover from (5.3) we have [3° R(s)ds = limy_oo [3 R(s)ds =

7 fr(0). In this case G = 7rfn+(0)'



Remark 5.2 Using Corollary 3.1 we are able to give an asymptotical upper bound:
P(su t)—t>u
limn sup (sups>o (1) ) <1

u—00 /RO) ,_G2B,—Gu o
o e e

This result is consistent with the asymptotical upper bound obtained by Debicki & Rolski

3].

(5.4)

6 Proofs

In this section we prove theorems presented in Sections 2-5.

6.1 Proof of Theorem 2.1

The idea of the proof is analogous to the proof of Pickands lemma presented in Piterbarg
[13] (Lemma D.1) and is based on the fact that

P ( sup 77,1 ,,,,, (s tN) > n(u)) =
(tl,...,tN)E[O,T]N

1 —
= ﬁ/Rexp(—UQQ)IP (( sup Xt tv) > n(w)| X, o0, ..., 0) = v) dv

t1,..,tN)E[0,T]V

= U(n(u))(l+ 0(1))/Rexp (w - 2;;(“)) X

2 _
xIP ( sup Eultiy .oy tn) > W’7m ,,,,, nviu(05..,0) = M) dw,
(t1 0t )E[OTIN n(u
and
2
. w
ulggo Rexp(w - m)x
— w
xIP( sup Eultl, oo tN) > w| Xy gniw(0,..,0) =n(u) — —) dw =
(t1,...,tN)E[0, TN n(u)
HTH ----- nN (T)v (6.2)

where (6.1) is a consequence of changing of variables v = n(u) — 7ty and the notation

Eultr, ., tn) = n(uw) (X, onu(tis o tn) — n(u)) + w. Equality (6.2) is a consequence of
the fact that the family of processes

_ w
ults o tx) = Eultrs st ‘ (Xm ,,,,, a0, s 0) = () — —>  0<t,tn<T

converges weakly in C[0,T]" to the Gaussian process

[ 1 Y
t1,..,tN) =1/ = i(t;) — — 2 t;).
X( 1, 7N) N;Tl( ) N;Um( )

The proof of the weak convergence is analogous to the relevant part of the proof of Lemma
D.1 in [13] and is based on the suspection of the convergence of finite dimensional distri-
butions of the appropriate processes and tightness of family x,(t1,...,tx). In the sequel
we argue that xy(t1,...,tx) is tight.

10

(6.1)



In order to prove the tightness of xy(t1,...,tx) it suffices to show that the sequence
of centered processes Xgo)(tl,...,tN) = Xu(ti,..,tn) — Exy(t1,....,tn) is tight. Since
XQ(LO) (0,...,0) = 0 for all w > 0, then a straightforward consequence of Straf’s criterion
for tightness of Gaussian fields [16] implies that it suffices to show that for any u, o > 0

there exists § € (0,1) and ugp > 0 such that

P ( sup |X1(LO)(81,...,SN) — Xgo)(tl,...,tNﬂ > ,u) < o6 (6.3)
{(31,...,SN):H(81,...781\7)7(1‘/1,...,tN)”S(S}
for each (t1,...,tx) € [0, T and u > ug, where ||(t1,....tn)|| = max;e(y,.. N} [til-
Note that for sufficiently large u

N N
E0 (1, oo tn) = X (51,000 88))2 < D02 ([t — sil) < 2D [ty — s/
i=1 =1

for all (t1,...,tN), (s1,..., sn) € [0, 7]V, some constant C > 0 and «; ¢ being the indices of
regularity at 0 of JTQH (t) respectively. Thus

N
a Var(x' 9 (s1, .., sn) = XD (¢, .. tn)) < C2S " [5|%0.
(et T =ty V0 (100 88) =X ) S 7210

which combined with Borell’s theorem gives (6.3).

6.2 Proof of Theorem 3.1

Before the proof of Theorem 3.1 we need some technical lemmas that are also of indepen-
dent interest. We begin with the proof of Lemma 3.1.

Proof of Lemma 3.1. Tt suffices to note that under notation of Theorem 2.1, for sufficiently
large wu,

P ( sup 77717,,,777N;u(t1, cytN) > n(u)) <
(tl ..... tN)E[O,T}N

T T
< Z P ( sup X oomwu(t1y s tv) > n(u)) .
=1

ki=1 ky (t17~~~7tN)€HZ]-V:1[ki*1,ki}

Now applying Theorem 2.1 to both sides of the above inequality we complete the proof.
O

The following lemmas play a crucial role in sequel.

Lemma 6.1 If the variance function O'%(t) of a centered Gaussian process n(t) with sta-

tionary increments satisfies C1-C2, then for each C' > 1 there exists € > 0 such that

2(Ct
inf 0775 ) >1+e.
>0 o2(t)

Moreover for each € € (0,1) there exists C > 1 such that

o, (t)
sup —4— <1—e.
=0 02(Ct) ~

11



Proof. The proof of Lemma 6.1 follows from assumption C2 that O'%(t) is regularly varying
at 0 and at oo and the fact that a%(t) is strictly increasing.
O

Lemma 6.2 If family {Yn;u(t);u > 0} of centered Gaussian processes with continuous
sample paths satisfies DO with A(u) such that limy, .o A(u) = 0o and

o (A(u))
lim —Fo——
u=oo  f2(u)
then for each T >0, 6 > 0 and n(u) such that lim,_,~ f(u)/n(u) =

<1/2, (6.4)

P ( sup Xpu(s) >n(uw);  sup  Xp(t) > n(u)) < CyT? exp(—Clafi(é))\P(n(u))(l +o0(1))
s€[0,T7] te[6+T,6+2T)

(6.5)
as u — 00. Inequality (6.5) holds uniformly with respect to u for § < A(u) — 2T

Proof. The idea of the proof is analogous to the proof of Lemma 6.3 in [13] and thus we
present only the main steps of the argumentation.

Consider the Gaussian field Y, (s,t) = X, (s) + X0 (t) and let Ag = [0,T], Asir =
[0 +T,0+2T] for 0 <6 < A(u) — 2T. We have

P ( sup Xpo(t) >n(u);  sup  Xpu(t) > n(u)) <P ( sup Y .(s,t) > 2n(u)> (6.6)
t€[0,T] te[6+T,642T] (s,t)€AgxAsyr

Note that for each s € Ag, t € A5 and sufficiently large u

o (lt — s))

Var(Y >4 — 4777 >2 6.7
(Yu(s.1) 2 (6.7
and
an(lt — s)) a3(9)
Var(Y (s, t)) <4 — L — - <4 L~ 6.8
Yl 0) () 72(u) (0
where (6.7) follows from (6.4). Let Y ,(s,t) = % and observe that
- 2n(u)
P sup Yu(s,t) >2n(u) | <P sup Yu(s,t) > ———— (6.9)
(s,t)GAo ><A5+T (s,t)eAOXA(;JrT 4 — U;(((S))
!

Moreover for each s,s1 € Ag and t,t; € Asir

4
< Var(You(5,0) E(Yu(s,t) = Yy(s1,t1))?
) —

< A(E(X pu(s) — yn;U(sl)) + B(X 0t (tl))Q)
(E(yn;u(COS) - yrz;u(COSl)) + ]E(Y u(Cot) — n;U(Cotl))Q)a (6.10)

E(Y.(s,t) — Yu(s1,t1))?

12



where the existence of constant Cj in (6.10) follows from Lemma 6.1. Hence for X,(II% (1), X},%Z (t)
being independent copies of the process Yn;u(t) the covariance function of the process

%(Xf,lg(Cos) + Xf,?g(Cot)) is dominated by the covariance function of Y,(s,t). Thus

)

from Slepian’s inequality (see [13], Theorem C.1)

— 2
P sup Y. (s, t) > )
(S,t)eAOXA(;JrT 4 — U%(é)
F2 ()
1 2n(u)
<P | sup —=(XY(Cys)+ X2 (Cot)) > (6.11)
seaz V2 (Cos) 7 (Cot) )
J2 ()
2n(u)
4=
< CoT? exp(—Clag(é))\P(n(u))(l +0(1)), (6.13)

where (6.11) holds uniformly with respect to u for 6 < A(u) — 2T and (6.12) follows from
the combination of Theorem 2.1 and Lemma 3.1. Thus the assertion of Lemma 6.2 follows
by combining (6.6), (6.9) and (6.13).

O

Proof of Theorem 3.1: Since H,(T') is subadditive, it suffices to prove that

liTm inf Ha(T)

> 0.

The above follows from the same argumentation, as in the proof of the existence of classical
Pickands constants presented in [13] (the proof of Theorem D.2 in [13]), applied to the
family X,,.,,(t) = n(u +1t).

O
6.3 Proof of Theorem 3.2
Let 0 > 0 be given. Define
—1
— +(1+0)t
X6 (= M0 + 0+
’ o (o (w) + (1+0)t)
—1
— +(1+6)t
Xf{i’.u(t) _ 772(07731(”) (1+)t)
’ Tpa (0 () + (1 +0)1)
and observe that from C1-C2 the inverse functions o; ' (u), 0;.! (u) are well defined.
From Lemma 6.1 there exists € > 0 such that
on, (L +0)t) > (1 +€)?or,(t) (6.14)

for each t > 0.

13



Let T' > 0 be given. From Lemma 2.1 processes X X (t), X X (t) satisfy DO with

miu n2;u
f(u) = V2u, A(u) = T and n = n; or = 1 respectively. Thus for s,¢ € [0,7] and
sufficiently large u

1 o2, ((1+8)]t—s|)
(8)> - 1+e€ 2u?
ap, (|t — )

2u?
o2 (|t — s|)

2u? ’
> 1-Cov(XY, (1), XY (s)), (6.16)

n;u n2;u

1—COV<X() (1), X

n2;u n2;u

(1+e¢) (6.15)

Y]

(1+e€)

where (6.15) follows from (6.14) and (6.16) follows from the fact that o7 (t) < o7, ().
Hence for each § > 0, t > 0 and sufficiently large u we can apply Slepian’s inequality

P(  sup 7nu()>\/_u) = IP( sup Xmu()>\/_u)
te[0,(140)T te[0,7

> IP( sup th (t) > V2u). (6.17)
t€[0,T]

To complete the proof it is enough to note that from Theorem 2.1

P( sup X0 >V2u) = Hy((1+0)T)T(V2u)(1+ o(1))

tefo,(+e)r)

and

P(sup X00,(0) > V2u) = Hy, (T)W(V2u)(1 +o(1))

t€[0,T]

as u — oo. Combining this with (6.17) we obtain that H,,((1 + 6)T) > H,, (T') for each

0 > 0. Having in mind that H,, = lim7_. H“T(T) and H,, = lim7_. H"Q( )

completed.

the proof is

O

6.4 Proof of Theorem 4.1

The idea of the proof is analogous to the proof of Theorem D.3 [13] and thus we present
only the main steps of the argumentation.

In the proof we denote for short 6(u) = IP(supyc ju) Xnu(t +tu) > n(u)). From D2 for
each € € (0, 1) there exists ugy such that for u > uy and ¢t € J(u)

— 1
O(u) < P | sup Xpu(t+ty) TE > n(u) | = 01(u)
teJ (u) 1+ (1—¢) o)
and
— 1
‘9(“) > IP | sup Xn;u(t + tu) IE > n(u) = Qg(u)
teJuy 1+ (1+6) g2—(u)

The rest of the proof consists of two parts, where an upper and lower bound for 6(u) is

14



derived.

1°. (Upper bound.) Our goal is to prove that

<1. (6.18)

lim sup bw)
me M(A(u))*l‘l’(n(u))

Since O(u) < 01(u), we focus on the asymptotics of 01(u). Let T" > 0 be given and let

2/p
Au) = (M) / . Note that A(u) — oo as u — oo. We consider a skeleton

Jr = [kT, (k +1)T] of R and define events

maxses, { X W) > n(u |(k+1 -1 _
Ck(u)_{ A K b+ ta) > n(u)(1+ (1 - >g By k=-1,-2,. 6,19

| maies, X gt + ta) > n(u)(1+ (1 — ) BT )} k=0,1,...

Now using the Bonferroni’s inequality and Theorem 2.1 we get

01(u) < > P(Cr(u))

—Al) gl
- Y e <n<u><1+<l—e>’<’”gﬂ>> (1+o0(1))
2 _1<k<0 g*(u)
+ Y HW(T)W<n(u)(1+(1—e)“§f’i)>(1+o(1)).
0<k< B g
< H"(ifzg(“)) S TAw)exp (—(1—e) (TAW)|(k+1))7) (1+0(1))
—20 _1<k<0
. H0¥(nt) > TAwexp (—(1 - (TAwE)”) (1+0(1)) (6.20)
TA(u O<k<A) ’ .

as u — 0o, where A(u) = (%)Q/ﬂ Since lim, .o A(u) = 0 (see D3 and assumption that

limy, 00 % = 1), then letting u — oo and T" — oo in such a way that TA(u) — 0, we

obtain 0
lim sup (1)

<1
u—00 2’]—{7]1(4— fO e—(1=)zf .

Using that 3 [5° e dx = I'(1/3) and letting € — 0 we obtain (6.18).
2°. (Lower bound) To get

lim inf Iw)
umoo el /D) (A () =10 (n(u))

>1 (6.21)

we have to adapt the preceding proof as follows.
Define events

(6.22)

) maxye g (Xt +tu) > n(w)(1+ 1+ 500} k=-1,-2,...
u) = _
g maxye g { Xyt + tu) > n(u)(1 + (1 + &) By — 01,



Using Bonferroni’s inequality

Oa(u) > > P(C,(u)) — 2 > P(Cy,(u) N Cy(w).
R S e !
Thus it suffices to prove that
. 2_aw ey P(C(u) N Cy(u)
u=00 (A(u)) =1 (n(u))

=0,

which, using Lemma 6.2, follows by the same argumentation as the estimation of the
double sum in the proof of Theorem D.1 in [13]. This completes the proof.

O
6.5 Proof of Theorem 4.2
The proof follows from the straightforward application of Theorem 4.1 to the family
f )\
Yt + tu) = Xy <<W t+ty |-
O

6.6 Proof of Theorem 5.1

We give the proof of Theorem 5.1 after a sequence of lemmas.
The idea of the proof of Theorem 5.1 is based on an appropriate application of Theorem
4.1. Namely since

t
Y(u) = IP(sup((t) —ct > u) =P (sup& —t> E)
t>0 t>0 C &
it suffices to give the proof for ¢ = 1. Thus without loss of generality we assume that
c=1.

We rewrite
P(sup(¢(t) = t) > u) = P(sup Xcu(t) > m(u)),
>0 >0

where X¢,,(t) = ff—ﬁm(u) and m(u) = mins>g (ng%t))
Remark 6.1 Condition SRD yields

t rs 2

o2(t) = 2/ / R(v)dods = —t = 2B + r(t), (6.23)
0 Jo

where

r(t) = 2/:0(5 — DR(s)ds = o(t™")

(see Debicki and Rolski [3] or Debicki [2]). This shows for example that ag, o¢c € C%. From
the above we immediately conclude

oe(t) = % +r1(t), (6.24)
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with 71(¢t) = o(1). Note also that from SRD.2 dg (t) =2 [ R(s)ds > 0 for each t > 0 and
hence O'g (t) is strictly increasing.

Lemma 6.3 If the variance function O'g(t) of the process ((t) satisfies C1-C2, then for

¢(h(u) +1)

el =y + 0

where h(u) is such that lim, o h(u) = oo, there exists constant C' > 0 such that for each
Is7 =1[0,0 + T C [-h(u)/2, h(u)] and sufficiently large u

P( sup X¢.o(t) > w) <P(sup X¢o(Ct) > w) (6.25)
telsr tely,T

for all w > 0.

Proof. The idea of the proof is based on Slepian’s inequality (see Piterbarg [13], Theorem
C.1). Let s,t € Iy 7. Hence for sufficiently large u we have

s+0,t+0 € Isp C[—h(u)/2, h(u)]. (6.26)
From the definition of X ¢.,(t), for sufficiently large u we have
E(X¢u(t+0) — Xeu(s +6))? =
= 2(1 - COV(yg;u(t + 5)77(;11(3 +4))) =
od(lt - s))
oc(h(u) + s+ 6)oc(h(u) +t +9)
(¢ (h(u) 4+t 4 8) — a¢(h(u) + 5+ 5))?

— . 6.27
oc(h(u) + s+ 6)oc(h(u) +t +9) (6:27)
From (6.26) it follows that h(u) + s+ d,h(u) +t+ 6 > @ and since o¢(t) is increasing,
a2 (Jt=sl)
¢

the expression in (6.27) is less or equal than o h (@) 2o h(@)/2) - Now by Remark 6.1 and
Lemma 6.1, there exist constants C7,Cy > 0 such that

ad(|t —sl) of(|t —sl) o2 (Calt — s))
oc(h(w)/2)oc(h(w)/2) = " oc(hu))o(h(u) = o¢(h(u))oc(h(w)

Furthermore, by Lemma 6.1 and Lemma 2.1, there exists constant C' > 0 such that the
above is less or equal to

2(1 — Cov(X(.u(C), Xeau(C3))) = B(X ¢ (CF) — Xau(C5))2

Now it is enough to use Slepian’s inequality to complete the proof.

Lemma 6.4 Let ((t) possesses SRD property.
(a) For sufficiently large u, there exists a unique t = t,, such that t, — 0o as u — oo and

d of(t)

dt (u+ )2
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Furthermore

Gelta)(u -+ t) = oc(ta). (6.29)

and
62 (tu) (u + ty) = 20 (tu). (6.29)

(b)
tu =u(l+0(1)) as u— oo. (6.30)

Proof. (a) Differentiating and equating to zero we obtain

02
%(u i(tt))z =0 iff  (6Z()(u+1t) =20¢(t). (6.31)
Hence , Q(t)
_ 29¢
u+t= dg(t) . (6.32)
20’2(1‘,)

It suffices to show that the function ¢(t) =

20 — t is ultimately strictly monotone and
¢
converging to oo. The first derivative of ¢(t) is
(62(1))? — o2 (t)5¢ ()
(62(t))?

The above is strictly positive if and only if

2 —1.

G2 (t)  262(t)
¢ ¢
o2t~ A0

However, since ((t) possesses SRD property, using (6.23) and that dg(t) is converging
to a constant, and in view of SRD.1, the inequality holds for ¢ sufficiently big. We now
prove that ¢(t) tends to co. By (6.23) and (6.24), ¢(t) is ultimately bounded below by a
linear functions with a positive slope.
(b) Equality (6.30) is a consequence of applying (6.23) and (6.24) to (6.29).

O

In the sequel, t,, will denote the point at which o¢(t,)/(u + t,) attains its maximum.

Proposition 6.1 If ((t) possesses SRD property, then

U u2
m2(u):( ;_t)

= 2Gu + 2G*B +o(1) as u — oo. (6.33)
o (tu)

Proof. By Lemma 6.4 (b) we can choose ug > 0 such that for u > ug

(u+t)?* (u+1)?

2 .
m(u) =mn-———"———=m ———————,
(u) = 1 2t —2B+r(t) t=to Zt—2B+7(t)

where t( is such that r(t) > —2¢ for e > 0 and ¢t > ty3. Hence

t 2
2 < i O
t>tg ét — 2(B + 6)
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Differentiating and equating to zero we obtain that the minimum of the r.h.s is achieved
at t = u+2(B + €)G and equals to 2Gu + 2(B + €)G>.
On the other hand, for e > 0, we can choose ¢y such that r(t) < 2e for ¢ > ty. Thus

m?(u) > min (u+1)°

no—————=2G 2(B — €)G?
>t 2t —2(B —¢) ut 2B -,

and hence (6.33) follows.

Lemma 6.5 If ((t) possesses SRD property, then ((t) satisfies C1-C2 with aso = 1 and
oy — 2.

Proof. The proof follows in a straightforward way by using SRD and Remark 6.1.

Lemma 6.6 If ((t) possesses SRD property, then the family X¢.,(t) (T ) fulfills

= (u
conditions D1- D2 with 3 = 2, g(u) = V2(u+t,), f(u) = Goc(ty), ((t) = %(( ) and
Ju) = [—A(u), Au)], (6.34)

where A(u) = (M

)2/[3.

Proof. Note that X¢.,(t + t,) = % and %uu) — 0. Thus, by suspection, D1 is

satisfied for f(u) = Go¢(t,) and ((t) = \/—C( ). Moreover

oc(t +ty)
t+1t,) = _
O—XC;u( + U) m(u)u + t + tu
Hence
I u,t) = ox.,(t+t,)—1=

120 (ty + 0) (u A+ ty)
= 7 oc(ty)(u+t,+1t) (6.35)

where (6.35) follows from the expansion of o¢(t +t,) into a Taylor series with respect to
t where 6 € [—~A(u), A(u)]. Since o¢(t) € C? (see Remark 6.1) and
5¢(x)

B 16w
oc(x) = 200(x) 4 ag(x) ’

then dividing (6.35) by t? we obtain

du,t) G2 (tu + 0) (u+ tu)

2 doc(ty + 0)oc(ty)(u+ty +t)
1 (62(tu +0))*(u+ty)
80 (tu + 0)oc(tu) (u + ty +1)
= 51— 55
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Now from Remark 6.1 we immediately get that Sa/(v/2(u+t,)) — 1 as u — oo, uniformly
with respect t,0 € [-A(u), A(u)]. Moreover uniformly for 6§ € [—A(u), A(u)]

Sy 26%(tu+0)ol(ty +0)
Sa oc(tu+0)(62(tu +0))?
26¢ (ty + 0)ag (tu + 0)

_ e 0 (6.36)

as u — 00, where (6.36) is a consequence of SRD. This completes the proof.

Lemma 6.7 If ((t) possesses SRD property, then for J(u) defined by (6.54)

P ( sup Xe(t) > m(u)) =P ( sup X¢u(t+ty) > m(u)) (1+o(u)) (6.37)
te[0,00) teJ(u)

as u — 00.
Proof. To prove (6.37) it is sufficient to show that
P ( sup Xew(t+ty) > m(u)) = o(¥(m(u))) (6.38)
tE[—tw,00)\J(u)
as u — 0o. Let A(u) and J(u) be the same as defined in Lemma 6.6. We have

P ( sup Xea(t +tu) > m(u)) < P ( sup  Xeo(t+tu) > m(u))
tE[—tu,00)\J (1) tE[—tur—tu /2]

+ P ( sup Xew(t +ty) > m(u))
tE€[—tu/2,— A (u)]U[A (u) ]

+ P ( sup  Xeo(t +ty) > m(u)) .
tE[tw,00)

Let ox,,(A) = maxyc[_¢, co)\J(u) TXc,, (t + tu). Note that from Lemma 6.4 and Lemma
6.6 for sufficiently large u

A)<1- <
X (A) 2(u+t,)? T q ngg# ’

From Lemma 6.3 there exists C' > 0 such that for sufficiently large u and [i,i + 1] C
{[—tu/2,—A(u)] U [A(u),t,]} we have

IN

a 2
P ( sup Xew(t +ty) >mu)(1 + w>
tefi,i+1] 2 (u

<P ( sup X ¢ (Ct+ty) > m(u)(1+ bg%ﬂ) )
te[0,1] m?(u)
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Hence

P ( sup XC;u(t + tu) > m(u)) <
te[—tu/2,—A(u)]U[A(u),tu]

= Z P ( Sup Xt +tu) > m(u) (1 + logl%))

Aw)-1<i<tur  \EH—H] m2(u

2
+ Z P ( sup Yg;u(t +tu) > m(u) ( log 2’?(?))))
Au)—1<i<t,+1 te[iyi+1] m2(u
< tulP ( sup X ¢, (Ct + 1) > m(u) ( bg@ﬂ))
t€[0,1] m (u)
og?(m(u

- fComt (m(“) (1 ! %)) (1+0(1)) = o(¥(m(w).  (6.39)

The proof of

P ( sup  Xeo(t +tu) > m(u)) + P ( sup  Xeo(t +tu) > m(u)) =

te[—tu,—tu/2) tE[tw,00)
= o(¥(m(u)) (6.40)

follows in a straightforward way from Borell’s inequality (see Piterbarg [13], Theorem D.1)
and the fact that

sup J?Qu (t +ty) <1— Constg,
te[—tu,—twu/2]U[ty,00) '

where Consty > 0 is a constant. Thus (6.39) combined with (6.40) completes the proof.
O

Proof of Theorem 5.1. From Lemma 6.7 we have

]P(sup({(t) —t) > u) = ]P(sungu( ) > m(u))

t>0 t>0

= P( sup Xeu(t) > m(w))(1+o(1)).
teJ(u)

Thus
) —1) >u) =

J(1/2) m(u)
P (ﬂ(u +ty

— VH g BB )1 + o) (6.42)
Hgg

(“f e~ Be=Gu(1 4 o(1)),

where (6.41) and (6.42) follow from Lemma 6.6 and Theorem 4.2 and the fact that I'(1/2) =
/7. This completes the proof.

IP(sup(¢
t>0

(t
2Hg

%

~2/8
)) U (m(u))(1 + o(1)) (6.41)
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