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ABSTRACT

We consider a queue fed by a mixture of light-tailed and heavy-tailed traffic. The two
traffic flows are served in accordance with the Generalized Processor Sharing (GPS) dis-
cipline. GPS-based scheduling algorithms, such as Weighted Fair Queueing (WFQ), have
emerged as an important mechanism for achieving service differentiation in integrated
networks.

We derive the asymptotic workload behavior of the light-tailed traffic flow under the
assumption that its GPS weight is larger than its traffic intensity. The GPS mecha-
nism ensures that the workload is bounded above by that in an isolated system with
the light-tailed flow served in isolation at a constant rate equal to its GPS weight. We
show that the workload distribution is in fact asymptotically equivalent to that in the
isolated system, multiplied with a certain pre-factor, which accounts for the interaction
with the heavy-tailed flow. Specifically, the pre-factor represents the probability that the
heavy-tailed flow is backlogged long enough for the light-tailed flow to reach overflow.
The results provide crucial qualitative insight in the typical overflow scenario.

2000 Mathematics Subject Classification: 60K25 (primary), 68M20, 90B18, 90B22 (sec-
ondary).

Keywords and Phrases: fluid queues, Generalised Processor Sharing (GPS), heavy-
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1 Introduction

Integrated networks have important advantages over dedicated networks. In the first place,
their return on investment is less sensitive to the popularity of the individual applications.
Moreover, new applications can be introduced rapidly in integrated networks. And also,
the heterogeneity of the individual traffic flows allows for a higher level of statistical
multiplexing, such that less capacity is needed to support all applications.

However, there are intrinsic difficulties in supporting heterogeneous applications on a single
network. An important complication is that different applications need different quality
of service (QoS), usually expressed in terms of performance metrics as (packet) delay and
loss. One could decide to not differentiate and treat all traffic flows in the same way, such
that all flows receive the QoS needed by the flows with the most stringent requirements. If
the peak rates of the individual flows are small compared to the link rate, then this could
still lead to a fairly high utilization. However, in the access network, where less flows are
multiplexed, this approach will inevitably lead to inefficient use of resources.

An obvious alternative is to pursue differentiation, by defining a number of QoS classes and
treating these classes differently. One of the instruments which can be used to accomplish
QoS differentiation is the scheduling mechanism. The simplest is strict priority, which has
the disadvantage that traffic of the QoS class with the lowest priority can be completely
overwhelmed by traffic of the other QoS classes. A popular alternative is Weighted Fair
Queueing (see [18], [19]), which is the packet-based version of a fluid mechanism called
Generalized Processor Sharing (GPS). With GPS, each class (or individual traffic flow) is
assigned a positive weight. Because traffic is served according to these weights, each class
is guaranteed a minimum service rate. In addition, the excess capacity is redistributed in
proportion to the weights, meaning that GPS is work-conserving.

Besides achieving service differentiation, scheduling mechanisms also play a potential role
in controlling the performance impact of bursty traffic. Extensive traffic measurements
have shown that burstiness may extend over a wide range of time scales (see [20], [22]).
This typically manifests itself in long-range dependence and self-similarity, which can be
modeled using fluid models with heavy-tailed arrival processes. Since long-range depen-
dence and self-similarity seem to be an intrinsic feature of certain types of traffic, the issue
is not so much trying to eliminate these phenomena, but rather to minimize the impact
on the performance of other traffic classes. The FIFO discipline clearly does not accom-
plish this goal, as smooth traffic would extremely suffer from bursty traffic. It is shown
in [15, 23] that if the input exclusively consists of heavy-tailed flows, then the queue dis-
tribution ‘inherits’ the heavy-tailed characteristics. For the situation of heavy-tailed input
mixed with light-tailed input, more detailed traffic characteristics determine whether the
queue will have a heavy tail or not [6, 8, 23]. In contrast to FIFO, GPS does seem to have
the capability to reduce the performance impact of heavy-tailed traffic.

Borst, Boxma and Jelenkovié [2, 3, 4] analyze GPS queues with heavy-tailed traffic flows.
They show a sharp dichotomy in qualitative behavior, depending on the traffic intensities
and the relative values of the weight parameters. For certain weight combinations, an
individual flow with heavy-tailed traffic characteristics is effectively served at a constant
rate, which is only influenced by the average rates of the other flows. In particular,
the flow is essentially immune from excessive activity of flows with ‘heavier’-tailed traffic
characteristics. For other weight combinations however, a flow may be strongly affected



by the activity of ‘heavier’-tailed flows, and may inherit their traffic characteristics. The
latter result also holds for light-tailed flows when their traffic intensity exceeds their GPS
weight. Unfortunately, the result does not indicate to what extent light-tailed flows are
affected by heavy-tailed flows in the more plausible situation when their GPS weight is
larger than their traffic intensity.

In the present paper we consider a GPS queue fed by a mixture of light-tailed and heavy-
tailed traffic. We derive the asymptotic workload behavior of the light-tailed flow under
the assumption that its GPS weight is larger than its traffic intensity. In the analysis, we
reduce the space of all possible sample paths to overflow to a single ‘most-likely’ path which
occurs with overwhelming probability, yielding valuable insight in the typical overflow
scenario. We examine how the performance experienced by the light-tailed flow is affected
by possibly badly behaving heavy-tailed input. In particular, we identify conditions under
which the performance of the light-tailed flow does not degrade under the influence of
heavy-tailed input.

In some ways, a two-queue system may provide a useful model for integrated-services
networks with two traffic classes, which deserves special attention for the following rea-
son. Because of scalability issues, it is practically infeasible to manipulate packets at the
granularity level of individual traffic flows in the backbone of any large-scale network.
To avoid these complexity problems, traffic flows may instead be aggregated into a small
number of classes with roughly similar features, with scheduling acting at the coarser level
of aggregate flows.

The remainder of the paper is organized as follows. In Section 2, we present a detailed
model description and state some important preliminary results. In Section 3, we provide
an overview of the main results of the paper, which characterize the exact asymptotic
behavior of the workload distribution of the light-tailed traffic flow.

The subsequent sections are devoted to the detailed proofs. We start in Section 4 with
deriving lower and upper bounds for the workload distribution of the light-tailed flow. In
Section 5, we proceed to prove some auxiliary results for the light-tailed flow in isolation.
Although the bounds seem quite crude by themselves, we show in Section 6 that they
asymptotically coincide, yielding the exact asymptotic behavior.

One of the asymptotic terms involves the probability that the heavy-tailed flow is back-
logged long enough for overflow to occur. In order to determine the distribution of the
backlog period, we first establish in Section 7 some preliminary results for the heavy-tailed
flow in isolation. We then compute the specific form of the distribution for various traffic
processes in Sections 8, 9 and 10.

2 Model description

We now present a detailed model description. We consider two traffic flows sharing a link
of unit rate. Traffic from the flows is served in accordance with the Generalized Processor
Sharing (GPS) discipline, which operates as follows. Flow i is assigned a weight ¢;, i = 1,2,
with ¢1 +¢2 = 1. As long as both flows are backlogged, flow i is served at rate ¢;, i = 1, 2.
If one of the flows is not backlogged, however, then the capacity is reallocated to the other
flow, which is then served at the full link rate (if backlogged). (It may occur that one of
the flows is not backlogged, while generating traffic at some rate r; < ¢;. In that case, only



the excess capacity, i.e., ¢; — 1y, is reallocated to the other flow.) Denote by A;(s,t) the
amount of traffic generated by flow ¢ during the time interval (s,¢]. We assume that the
process A;(s,t) is reversible and has stationary increments. Denote by V;(¢) the backlog
(workload) of flow i at time t. Let V; be a stochastic variable with as distribution the
limiting distribution of V;(¢) for t — oo (assuming it exists). Define B;(s,t) as the amount
of service received by flow ¢ during (s,t]. Then the following identity relation holds, for
all s <t,

Vi(t) = Vi(s) + Ai(s,t) — Bi(s, ). (1)

For any ¢ > 0, denote by V(t) := sup,<;{A4;(s,t) — c¢(t — s)} the workload at time ¢ in a
queue of capacity ¢ fed by flow i. Denote by p; the traffic intensity of flow i (as will be
defined in detail below). For ¢ > p;, let V¢ be a stochastic variable with as distribution
the limiting distribution of V¢(t) for ¢ — oco. Then a similar identity relation as above
holds, for all s <,

ViE(t) = ViE(s) + Ai(s, t) — Bi(s, 1) (2)

In the next two subsections we describe the traffic model that we consider. We first
introduce some additional notation. For any two real functions g(-) and h(-), we use
the notational convention g(z) ~ h(z) to denote lim, . g(z)/h(z) = 1, or equivalently,

g(z) = h(z)(140(1)) as z — co. We use f(z) ~ g(z) to denote limsup, . f(z)/g(z) <1
Also, f(x) ~ g(z) denotes liminf, .o f(z)/g(z) > 1. For any two stochastic variables X

and Y, we write X 2 Y to denote that they have the same distribution function. For any
stochastic variable X with distribution function F(-), E{X} < %, denote by F"(-) the
distribution function of the residual lifetime of X, i.e., F"(z) = {X} Jo (1= F(y))dy, and
by X" a stochastic variable with that distribution. The classes of long-tailed, subexponen-
tial, regularly varying, and intermediately reqularly varying distributions are denoted with
the symbols £, S, R, and ZR, respectively. The definitions of these classes can be found
in Appendix A.

2.1 Traffic model flow 1

We assume that flow 1 is light-tailed. Specifically, we make the assumption that the

input process Aj(s,t) is a Markov-modulated fluid. Such a process can be described as

follows. There is an irreducible Markov chain with a finite state space {1,2,...,d}. The

corresponding transition rate matrix is denoted by A := ()\Z-j)i,j:17...7d, where we follow the

convention that A\; := — > A;;. Since the Markov chain is irreducible, there is a unique
7

stationary distribution, vs}ykfich we denote by the vector m. When the source is in state 4,

traffic is generated (as fluid) at constant rate R; < co. Let R be the diagonal matrix with
d
the coefficients R; on the diagonal. Denote the mean rate by p; := Z m;R;. Denote the

peak rate by Rp := max R;. It is important to observe that the class of Markov fluid

i=1,...,
input is closed under superposition, i.e., the superposition of Markov fluid sources can
again be modeled as a Markov fluid source.

Results from Kosten [14], Kesidis et al. [13], and Elwalid & Mitra [10] yield the following

standard properties.



Property 2.1 Take p1 < ¢y < Rp. Then

e The moment generating function of traffic generated in an interval of length t is
given by, in matrix notation,

E{exp(sA1(0,t))} = mexp((A + sR)t)1,

with 1 the all one vector of dimension d.

o There exists a limiting moment generating function:
1
7 log E{exp(s(41(0,7) — e1t))} — Me, (s).

This function is continuous and differentiable. It also holds that there is a finite C
such that

E{exp(s(A1(0,t) — c1t))} < CeMa )t

o The large-buffer asymptotics of a queue with Markov fluid input are given by

1
liminf —log Pr{V{' > 2z} = —s"(¢1).

T—00 T
Here s*(c1) is the unique positive root of M., (s) = 0. Moreover, M, (s*(c1)) > 0.

Although we restrict ourselves to Markov fluid input, we believe that our results are valid
for a more general class of light-tailed input. We will comment on this issue in Remark 5.1.

2.2 Traffic model flow 2

We assume that flow 2 is heavy-tailed. We make the assumption that the input process
Ay(s,t) is either instantaneous or On-Off, with heavy-tailed burst sizes or On-periods,
respectively.

Instantaneous input

Here, flow 2 generates instantaneous traffic bursts according to a renewal process. The
interarrival times between bursts have distribution function Us(-) with mean 1/A3. The
burst sizes By have distribution function Ba(-) with mean [ < oco. Thus, the traffic
intensity is py := Agf2. We assume that Bs(-) is regularly varying of index —us, i.e.,
Bs(-) € R_,, for some vy > 1. The next result which is due to Pakes [17] then yields the
tail behavior of the workload distribution of flow 2 in isolation.

Theorem 2.1 If B5(:) € S, and ps < ¢, then

Pr{V§ >z} ~ g f2p2 Pr{Bj > z}.



Fluid input

Here, flow 2 generates traffic according to an On-Off process, alternating between On- and
Off-periods. The Off-periods Uy have distribution function Us(-) with mean 1/A2. The
On-periods As have distribution function As(-) with mean as < co. While On, flow 4
produces traffic at constant rate ro, so the mean burst size is asre. The fraction of time
that flow 2 is Off is

R
p2 = 1//\2+a2 N 1+/\2042'

The traffic intensity is

A20272

p2 ( pQ)TQ 1 + AQQQ

We assume that As(-) is regularly varying of index —u», i.e., Ao(:) € R_,, for some vy > 1.
The next result which is due to Jelenkovi¢ & Lazar [12] then yields the tail behavior of
the workload distribution of flow 2 in isolation.

Theorem 2.2 If A5(-) € S, and p2 < c < rg, then

}.

P2
Pr{Vj5 ~ Pr{Al
r{Vs >z} ch—pg r{ 2>r2—c

3 Overview of the results

In this section we provide an overview of the main results of the paper which characterize
the exact asymptotic behavior of Pr{V; > z} as x — co. At the end of this section, we
present an example. Throughout, we assume p; < ¢;, ¢ = 1,2, which ensures stability of
both flows. In addition, we make the assumption that ro > ¢2 in case of fluid input of
flow 2. Otherwise, the workload of flow 2 would be zero, so the workload of flow 1 would
be equal to the total workload V. The tail distribution of the latter quantity has been
obtained in [6].

To put things in perspective, we first briefly review the case that p; > ¢, while p;+p2 < 1.
If either (i) B5(-) € IR (instantaneous input of flow 2), or (ii) A5(:) € IR, 12 > ¢o (fluid
input), then from [2],

P2 — P2 P2 r x

Pr{Vi>a} 2 1—p1— P2PI{P2 g p1— @1
with Py a random variable with as distribution the busy-period distribution in a queue of
constant capacity ¢o fed by flow 2.
The above result suggests that the most likely way for flow 1 to build a large queue is that
flow 2 generates a large burst, or experiences a long On-period, while flow 1 itself shows
roughly average behavior. Note that when flow 2 produces a large amount of traffic, so
it becomes backlogged for a long period of time, it receives service at rate ¢s. Thus it
will experience a busy period as if it were served at constant rate ¢o. During that period,
flow 1 receives service at rate ¢, while it generates traffic roughly at rate p1, so its queue

2



will grow approximately at rate p; — ¢1. When flow 2 is not backlogged, its queue will
drain approximately at rate 1 — p;.

Thus, the backlog of flow 2 behaves as that in a queue of constant capacity 1 — p; fed by
an On-Off source with as On- and Off-periods the busy and idle periods of flow 2 when
served at constant rate ¢o, respectively. That is reflected in the above result if we use
Theorem 2.2 to interpret the right-hand side.

We now focus on the case p; < ¢1. Before presenting the main result, we first provide a
heuristic derivation of the asymptotic behavior of Pr{V; > x} based on large-deviations
arguments, see for instance Anantharam [1]. The overflow scenario described above for the
case p1 > ¢1 cannot occur, and now flow 1 too must deviate from its ‘normal’ behavior in
order for the queue to grow. Specifically, large-deviations results suggest that flow 1 must
behave as if its traffic intensity is temporarily increased from p; to some larger value p;
(as will be specified below). During that time period, flow 2 is continuously backlogged,
consuming capacity ¢9, thus leaving capacity ¢, for flow 1. (Notice that if flow 2 were not
permanently backlogged, then flow 1 would have to show even greater anomalous activity
in order for a given backlog level to occur.)
To summarize, the intuitive argument is as follows: a large backlog of level z of flow 1
occurs as a consequence of two rare events: (i). Flow 1 shows similar ‘abnormal’ behavior
as is the typical cause of overflow when served in isolation, thus behaving as if its traffic
intensity is increased from p; to p; for a period of time z/(p; — ¢1). (ii). During that
time period, flow 2 is constantly backlogged, demanding capacity ¢o, with capacity ¢
remaining for flow 1.
These considerations lead to the following characterization of the asymptotic behavior of
PI‘{Vl > x}:

x
p1—

Pr{V} >z} ~ Pr{V?" > 2}Pr{T} " > 1. (3)
The second term represents the probability that flow 2 is continuously backlogged during
a period of time z/(p; — ¢1). Here T;p ' is a stochastic variable with as distribution the
limiting distribution of T, *(t) for ¢ — oo, with

T5(t) :=inf{u > 0: V5’ (t) + Aa(t,t + u) — pou = 0}

representing the drain time in a queue of capacity ¢o fed by flow 2 with initial workload
Vi (t).

Thus, the workload distribution is asymptotically equivalent to that in an isolated system,
multiplied with a certain pre-factor. The isolated system consists of flow 1 served in
isolation at constant rate ¢;. The pre-factor represents the probability that flow 2 is
backlogged long enough for flow 1 to reach oveflow. The combination of light-tailed and
heavy-tailed large deviations is similar to that in the ‘reduced-peak equivalence’ result
derived in Borst & Zwart [6] as well as that for an M/G/2 queue with heterogeneous
servers studied in Boxma et al. [7].

Note that the general decompositional form of (3) holds irrespective of the detailed traffic
characteristics of the two flows. However, the specific form of the two individual terms
in (3) does depend on the detailed properties of the traffic processes. In particular, we
need to distinguish whether flow 2 generates instantaneous or fluid input. In the latter



case, it also depends on whether the peak rate ro exceeds 1 — p; or not.

We now state the main theorem of the paper.

Theorem 3.1 Suppose that the input process A1(s,t) satisfies Property 2.1 and that the
input process As(s,t) is either instantaneous or On-Off, with regularly varying burst sizes
or On-periods, respectively. Assume that p; < ¢;, i = 1,2, and r9 > ¢o in case of fluid
input of flow 2. Then

Pr{Vy >z} ~ Pr{Vfl > }Pr{T) " >

ﬁ1—¢1}7

where py == M (s*(¢1)) + ¢1.
Case I: If B5(-) € IR (instantaneous input), then

Pr{Ty " > a} ~ — 2 —Pr{B} > 2(é — po)}. (4)

—pP1— P2
Case II-A: If A5(-) € TR with ro < 1 — py (fluid input), then

Pr{TL " > 2} ~ (1 - po)Pr{A} > 1227 P2)y (5)
T2 — P2
Case II-B: If A5(-) € IR with rg > 1 — p1 (fluid input), then
Pr{TI " > o} ~py— P2 Pr{Ag > J02772)y 6
(T > 0~ pap 2 pr{ag > T2 =02 ©)

Noting that paps = (1—p2)(r2 — p2), we can observe that in the limiting regime ro — 1—p;
cases II-A and II-B coincide. Also, case I can be seen as the limiting case of II-B if we use
roAg = By and let 7o — oo so that py | 1. In [5] a qualitatively similar result as in case I
is derived for a system with two coupled queues, one having heavy-tailed input, the other
one exhibiting light-tailed properties.

Before proceeding to the formal proof of Theorem 3.1, we first give an example. Assume
flow 1 to behave according to an On-Off process with exponentially distributed On- and
Off-periods with means 1/pu; and 1/u9, respectively. When the flow is in the On-state,
it generates traffic at rate R;. We assume flow 2 to generate instantaneous input with
regularly varying burst sizes of index —u», i.e.,

PI'{BQ > x} ~ CQ.QZiVQlQ(JZ),

with l3(+) some slowly varying function.
First we determine the deviant traffic intensity p; using [16],

Ri1¢3
~ _ K2
pL= ‘ﬁ + (Ri—¢1)2"
P2 p1

Using [9], we obtain for flow 1,

R
Pr{V® >z} ~ — F2

1 1+ 2

_(Rl - ¢ +E

8



For flow 2, from (4),

. C
Pr{T, " > g} ~ — 12 2

1—p1—p2fa(ra—1) (@2 = p2))' " la(w(2 = p2)).

Now we have all the ingredients for Pr{V; > z}.

The next sections are devoted to the formal proof of Theorem 3.1. We start in Section 4
by deriving lower and upper bounds for the workload distribution of flow 1. We then
proceed in Section 5 to prove some auxiliary results for flow 1 in isolation. Although the
bounds derived in Section 4 seem quite crude by themselves, we show in Section 6 that
they asymptotically coincide, yielding the exact asymptotic behavior of Pr{V; > z}.

In order to determine the drain time distribution of flow 2 as specified in Theorem 3.1,
we first establish in Section 7 some preliminary results for flow 2 in isolation. Note that
the specific form of the drain time distribution depends on whether flow 2 generates
instantaneous or fluid input. In the latter case, we also need to distinguish whether the
peak rate o exceeds 1 — p; or not. We calculate the drain time distribution for the various
cases in Sections 8, 9 and 10.

4 Bounds

In this section we derive lower and upper bounds for the workload distribution of flow 1.
The bounds will be instrumental in obtaining the asymptotic behavior of Pr{V; > z} as
given in Theorem 3.1.

4.1 Lower bound

We start with a lower bound for the workload distribution of flow 1.
Lemma 4.1 Suppose there exist r* < s* <t and y such that
Ai(s™,t) — it — s7) >z,
Ay(r,s%) = (pr —€)(s" —r7) = —y,

G0 {42070 = (L= pr+ (5" —17) = da(u—s7)} 2 .

Then Vi(t) > x.

Proof
From (1), for all s <t,

‘/1(15) = Vl(s) + Al(sat) - Bl(sat)'
By definition,

Bi(s,t) + Ba(s,t) <t —s.



Because of the GPS discipline,
Bs(s,t) > min{ga(t — s), Va(s) + Sir&it{Ag(s, u) + Pa(t —u)}t}.

Substituting,
Vi(t)

Y

Au(s,t) — (¢ — 5) + min{da(t — ), Vi(s) + Vals) + inf {Az(s,u) + ot —u)}}

= Ai(s,t) — P1(t — s) + min{0, Vi (s) + Va(s) + S%I;fgt{Ag(s, u) — ¢a(u — s)}}.

From (1), for all r <'s,
Vi(s) + Va(s) = Vi(r) + Va(r) + Ai(r, s) + Aa(r,s) — Bi(r,s) — Ba(r, s).
By definition,
Bi(r,s) + Ba(r,s) < s —r.
Thus,
Vi(s) + Va(s) > Ai(r,s) + Aa(r,s) — (s — 1).
Substituting,

Vi(t) > Ai(s,t) — ¢1(t — s) + min{0, Ay (r, s) + A2(r,s) — (s — 1) +
nggt{AQ(& u) = ¢a(u — s)}}
Aq(s,t) — ¢p1(t — s) + min{0, A1 (r,s) — (p1 —€)(s —7) +
inf {Aa(r,u) —(L—p1+e)(s—71)— pa(u—s)}}

s<u<t

for all r < s <t.

We now translate the above sample-path result into a probabilistic lower bound.
We first introduce some additional notation. For any ¢ and w > 0, define

Vi(w) := sup {4;(—s,0) —cs}.

0<s<w

Note that, for ¢ > p;, V§(o0) L V¢ as defined earlier.
For any ¢, v > 0, and y, define

TS(v,y) :==inf{u > 0: sup {Aaz(—r,0) —cr} + A2(0,u) — pou < y}.
0<r<wv

Thus, T$(v,y) represents the drain time in a queue of capacity ¢2 fed by flow 2 with initial

workload sup {Aa(—7r,0) —cr} —y.
0<r<wv
Note that, for ¢ > po,

T5(y) == T5(c0,y) = inf{u > 0: V5(0) + A2(0,u) — ¢ou < y},

10



and that T§(0) 4 T$ as defined earlier.
Also, define

(note that the latter quantity does not depend on the value of ¢), and denote Ty := T(0).
Denote

PPr(s" v, 2, y) :=Pr{ sup {(p1 —€)(s* —7) = A1(r,s")} <y | Ai(s5,0) + ¢15" > x}

s*—v<r<s*

Corollary 4.1 For any v > 0 and vy,

(1+a)x

Pr{V, >z} > Pr{V% (~ P (1 d+aj
1= 1

) > x}Pr{T;pﬁe(v,y) > — ¢
1

——— PP (5T, v, L y).

Proof
Using Lemma 4.1, the independence of A;(s,t) and Ax(s,t), and the fact that A;(s,?) and
As(s,t) have stationary increments, for all v > 0, w > 0, and y,

Pr{Vi(t) > =}

> Pr{3s" €[t —w,t],r" €[s" —v,s%]: Ai(s",t) — p1(t — s¥) > x,
Ar(r",s") = (o1 — ) (s" =17) = =y,
L LA u) — (1 pr (5" 1)~ dafu )} 2 9)
= Pr{3s" € [-w,0],7" € [s* —v,s"] : A1(s",0) + ¢15" > z,
Ar(r",s") = (p1 =€) (s" =17) = =y,
L (Al ) — (1= p1 (5" 1) — ol — 1) 2 )
> Pr{3s* € [-w,0],r" € [s" —v,s"]: A1(s%,0) + ¢158* >z,
b {Au(ns") — (- (s 1)} = -,
i (A0 )~ (L pr (s~ ) — - %) 2 )
> Pr{3s" € [~w,0] : A;1(s",0) + ¢15* > x,s*_qi}r<1£<s {Ai(r,s") —(p1 —€)(s" — 1)} > —y,
37 els — s _inf | {As(u) = (1= 1+ (" = 1) — balu— 5)} 2 9}
> Pr{3s* € [-w,0] : A1(s*,0) + ¢15* > z}
Pr{_ il Av(rs") = (1 — 5" =) =y | Ax(s".0) + 615" > )
Pr{3r €[ —u,s'] il {As(r,u) = (L= pi+ 95" = 1") = dalu—5)} = v}
> Pr{ds e [0,w]: Ai(—s,0) — ¢15 > x}
Pr{ sup_ {(p1=)(s" =r) = A sT)} <y | Ai(s7,0) + dus™ >z}
Pr(3r € [0,0]  inf {Ao(=r,u) — (1= pr +€)r — dou} > y}
> Pr{ sup {Al(—s,O)_—_gzﬁlS} >z} PP (s v, x,y)

Pr{ sup inf {Aa(—r,u) — (1 — p1 + €)r — pou} > y}
0<r<v 0<u<sw
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> Plr{V(lz)l (w) >z} PP (s™, v, x,y)
Pr{ inf { sup {A2(—7,0) — (1 — p1 +€)r} + A2(0,u) — pou} > y}
0Susw g<r<o

= Pr{V{*(w) > 2}Pr{Ty " *(v,y) > w}P"~(s",v,2,y).

Taking w = % completes the proof.
]

4.2 Upper bound
We proceed to derive an upper bound for the workload distribution of flow 1.
Lemma 4.2 Suppose Vy(t) > x.
Then for all y there exist v* < s* <t such that

Ai(s"1) = ¢u(t — 57) > w, (7)
and at least one of the three following events occurs

Ar(r®, ") = (o1 + e)(s" = 17) >y, (8)
or

VIO () > @+, (9)
or

inf{As(ru) — (1= p1 — (s — 1) — balu— 57)} > ~2y. (10)
Proof

First we show that (7) is implied by Vj(t) > x. Because of the GPS discipline,

Vi(t) S ViPH(t) = SgI;{Al(&t) — 1t —s)}

Hence, there exists an s < ¢ such that A;(s,t) — ¢1(t — s) > x. Define
s*i=1inf{s: A (u,t) — p1(t —u) < xVu> s} =sup{s: Ai(s,t) — $1(t — s) > x}.

We now show that Vj(t) > x implies that at least one of the events (8), (9) or (10) must
occur. We distinguish between the following two cases.

i. Flow 1 is continuously backlogged during the interval [s*,t].

We first show that (a) Vi(t) > = implies that either (9) holds or

Vu € [s%,t] : Ba(s™,u) — ¢o(u— s*) > —y.

Next we show that (b) the latter event implies that either (8) or (10) holds.
(a) We prove that the events

Ju* € [s*,t] : Ba(s™,u*) — po(u* — s*) < —y (11)

12



and
Vg <s" <t:Ai(gt) —di(t—q) <z 4y (12)

imply Vi(t) < z.
Since flow 1 is continuously backlogged during [s*,¢],

Vi(t) = Vi(s™) + A1(s*,t) — (t — s¥) + Ba(s*,u*) + Ba(u*,t)
and

Bay(u™,t) < ¢o(t — u™).
Because of the GPS discipline,

Vi(s™) < sup{Ai(r,s") — d1(s™ —r)}.

r<s*
Hence, using (12),
Vi) < sup{Ai(rs’) — d1(s” = 1)) + A E) (£ = 5) 4 alt — 57—y
= sup{di(nt) =t —r}—y<aet+y-—y=us,
which is in contradiction with V;(¢) > x. Since (12) is the complement of (9), it remains
to be shown that (11) implies (8) or (10).
(b) By definition,

By(s*,u) < Va(s™) + Aa(s™,u) < V(s*) + Aa(s™, u)
= sup{Ai(r,s") + Aa(r,s*) — (s — 1)} + A2(s™,u).

rs*

Hence,

inf_{By(s",u) — ¢a(u — )}

s*<u<

inf {sup{Ai(r,s*) 4+ Aa(r,s*) — (s* —r)} + As(s*,u) — ¢o(u — s¥)}

s*<u<t p<g*

= sup inf {Ai(r,s%) + Aa(r,u) — (8" —71) — dp2(u — )}

r<s* s*<u<t
< sup inf {Aa(r,u) — (1 —p1 —€)(s* —r) — pa(u — s¥)}

r<g* 8*<u<t

+ sup{Ai(r,s") = (pr +€)(s" —7)}-

rs*

IN

ii. Flow 1 is not continuously backlogged during the interval [s*,¢].
Thus, there exists a u € [s*,t] such that Vi (u) = 0. Define u* := sup{u € [s*,t] : Vi(u) =

0}.
Then,

‘/1(15) = Al(U*a t) - Bl(U*v t)a
combined with

Bi(u",t) = ¢t —u”)
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yields
Vi(t) < Ay(u”,t) — g1t — u®).

In view of Vi(t) > x, we have A;(u*,t) — ¢1(t — u*) > x, which contradicts the definition
of s*.
O

We now use the above sample-path relation to obtain a probabilistic upper bound.
Denote

QP TE(s*, x,y) == Pr{sup{Ai(r,s*) — (p1 +€)(s* — 1)} >y | A1(s,0) + ¢15* > x}.

rs*

Corollary 4.2 For any vy,

Pr{Vi>a) < Pr{V® > a)Pr{Ti < (—2y) > L7,
o1 — ¢1
(1—-a)x

+ Pr{V? >4y} +Pr{VP( > ) >z} +Pr{V{ > z}Q" (5", z,y).
1

— ¢

Proof

Using Lemma 4.2, the independence of A;(s,t) and As(s,t), and the fact that A;(s,¢) and
Ay(s,t) have stationary increments, for all w > 0 and y (the numbers indicate the events
in the corresponding equations in Lemma 4.2),

Pr{Vi(t) >a} < Pr{(7) A {(8) v (9) v (10)}}
Pr{(7), (8)} + Pr{(7), (9)} + Pr{(7), (10)}
Pr{(7), (9)} + Pr{(9)} + Pe{(7), (10)}
Pr{3r* <s* <t:Ai(s",t) —d1(t —s) > a, A1 (r*,s") — (p1 + €)(s" —17) >y}
PV (1) > 2+ y)
Pr{ar* <s* <t:Ai(s",t) — ¢1(t — s*) > =,
it {Ag(r" ) = (1= 1 — (" — 1) = dalu — 57} > ~2}
= Pr{3r" <s" <0:A:(s",0)+ ¢15" >z, A1 (r",s") — (p1 + €)(s" —r") >y}
PE{VI(0) > + y}
Pr{3r* <s* <0: A;(s*,0) + ¢18* > x,
inl{Ao(r*, ) = (1= py = (" = 1) =l — 5°)} > —2y}

Pr{3s* <0: Ai(s*,0) + ¢15" > x, sup{A1(r,s*) — (p1 + €)(s* — 1)} >y}

rs*

IN

+ + + o+

IN

_l’_

Pr{V;"(0) >z +y}
+ Pr{3s* <0:Ai(s%,0)+ ¢15" >z,

sup. ik {(Ax(ru) = (1= py = (s" =) = dalu = 5")} > ~20)

Pr{3s* <0: Ai(s*,0) + ¢15" > x}

IN
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Pr{sup{A;(r,s") — (p1 + €)(s" =)} >y | Ai(s%,0) + ¢15" > x}

rs*

+ Pr{V"'(0) > 2+ y} + Pr{3s* € [-w,0] : A1(s",0) + ¢15" > =}

+ Pr{3s* < —w: A1(s",0) + ¢15* >z,
Sup el {da(ru) = (1= pr—)(s” — 1) — dalu — 57)} > 2y}
< Pr{3s>0:A4:(—5,0) — ¢15 > 2}Q" (5%, 1, y)
+ Pr{V""(0) >z +y} +Pr{3s € [0,w] : A1(—s,0) — P15 > z}
+ Pr{3s* < —w:A(s",0) + ¢15* >z}
Pr{sup _inf | {As(ru) = (1= p1 = (5" 1) = dalu— ")} > ~2)
< Pr{sgg{Al(—s, 0) — ¢15} > 2}QP (5% 2, 7)

+ Pr{V"(0) >z +y} + Pr{ sup {A4i(—s,0) — ¢15} >z}

0<s<w
+ Pr{3s>0:A1(—s,0) — ¢15 >z}

Pr{sup inf {As(—r,u)— (1 —p1 —e€)r — pou} > —2y}
r>0 0<usw

< Pr{V? > 2}Q"*(s*, x,y) + Pr{V(0) > z + y} + Pr{V? (w) > z}
+ Pr{sup{Ai1(—s,0) — ¢15} > =}
s>0

Pr{oéﬂiw{iilg{A?("’"’ 0) = (L —p1 —e)r} + A2(0,u) — pou} > -2y}

IN

Plr{V(lzjl > 2}Pr{Ty " (=2y) > w}
+ Pr{V(0) > 2+ y} + Pr{V{' (w) > 2} + Pr{V{ > 2}Q" (5", z, ).

(1-a)

Taking w = 5= ¢1x completes the proof.

5 Preliminary results for the light-tailed flow

In this section we prove some auxiliary results for flow 1 in isolation. The results will be
crucial in obtaining the asymptotic behavior of Pr{V; > z} in the GPS model as given in
Theorem 3.1.

The following result is proven in [6] (for a more general class of input processes than just
Markov fluid sources).

Proposition 5.1 If Property 2.1 holds with ¢1 = ¢1, then, for any a > 0,

¢1/ (1+a)z
lim inf Pr{Vll(W) il =
Ve s )

where p1 1= My, (s*(¢1)) + 1.

L, (13)

15



Lemma 5.1 For any~y >0, e>0, t* <0,
hm Pr{sup{(m —e)(t*—7r) = A1(r,t")} <z | A1(t7,0) + p1t" >z} = 1.

r<t*

Proof

Recall that flow 1 is a Markov fluid source. We condition on the state of the underlying
Markov chain at time t*. Let E}(t*) be the event that the state at time t*is j, j =1,...,d,
and 7;(t*) := Pr{E;(t") | A1(t*,0) + ¢1t* > x}. Then,

Pr{sulz{(pl —e)(t" —r)— A1(r,t")} < qx | A1(t%,0) + p1t" > v}

- ZPr{sup{ pr =t —1) = (1, #)} S92 | A(E,0) + at” > o, Byt by ()

r<t*

= ZPF{SHP{ pr—e)(t" =) = A (r 7)) <y | Ej(8) ym; (7).

r<t*

The statement of the lemma then follows by observing that
lim Pr{sup{(p1 —€)(t* —r) — Ai(r,t")} <~z | E;(t*)} =1
Tr—00 ,,,.St*

for all j =1,...,d, since E{A;(—t,0)} = pit.

Lemma 5.2 For anyv>0,€e>0, u>0,t" <0,

hm x“Pr{sup{Al(r t*)— (p1 +€)(t* —r)} >z | Ai(t%,0) + ¢1t" >z} = 0.
r<t*
Proof
As in the proof of Lemma 5.1, let E;(t*) be the event that the state at time t* is j,
j=1,...,d, and 7;(t*) := Pr{E;(t*) | A1(t*,0) + ¢1t* > x}. Then,
Pr{sup{As(r, ") — (o1 + )(t* — 1)} > vz | Ai(E,0) + ut” > 2

r<t*

= ZPr{sup{Al(’r t*) —(pr+e)(t" —1r)} >z | A(t",0) + it™ > x, Ej(t7) b (tF)

r<t*

= ZPr{sgp{Aw £ = (o O =)} > e | Ey(E))m(r).
r<t*
The statement of the lemma then follows by observing that there exist constants C', s**
(independent of j) such that
Pr{sup{A; (r,t*) — (p1 +)(t* — 1)} > vz | E;(t")} < Ce™*%,

r<t*
where s™* > 0 is the solution of M, t.(s) = 0. In [16, Section 4] it is shown that C
can be expressed in terms of the dominant eigenvalue of the matrix A + s**R and the

corresponding (component-wise positive) eigenvalue.
O
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Lemma 5.3 For any v >0, u >0,

PPR{V > (1
o ZPHVE > Qb))
T—00 Pr{\/—l1 > x}

Proof
The proof follows immediately from the fact that Plr{V(lz)1 > x} decays exponentially at
rate s*, where s* > 0 is the solution of My, (s) = 0 [14].

O

Lemma 5.4 For any o >0, u >0,

PV (SR > )
lim sup 3 =0
T—00 Pr{\/l1 > x}

Proof

The proof consists of three steps. First we give a sufficient condition for the lemma to hold,
explicitly using the fact that the Markov fluid source has a bounded peak rate Rp. Then
we estimate the decay rate of the event that a queue of capacity ¢ fed by a Markov fluid
source reaches overflow at time ¢t. Finally we identify the most likely epoch of overflow,
and show that this implies the required property.

e Obviously,

Pr{Vfl(%) >z} < Pr{3t < Tu(a): A1(0,8) — dit >z}
1 — @1
Te(a)
< ) Pr{Ay(0,t) — 1t >z — (Rp — ¢1)},
t=0
with
la- oz)x-‘
Tele) = { pr—o1 |
From
max Pr{A;(0,t) — ¢1t >z — (Rp — ¢1)}
Tr()
< ) Pr{A1(0,t) — g1t >z — (Rp — ¢1)}
t=0
< (To(a) +1)  max @ Pr{A;(0,t) — ¢1t >z — (Rp — ¢1)}
and

1
lim —log(7T,(a) +1) =0,

T—00 I
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we find that

Tr ()
1
lim sup - log Z Pr{A;(0,t) —¢1t >x — (Rp — ¢1)}

1
= limsup—log max Pr{A;(0,t) — ¢t >z — (Rp—¢1)}

z—o0 T t=0,....Tz(a

1
< limsup—log sup Pr{A4;(0,t) —¢it >x— (Rp—¢1)}
z—oo T te[0,Tx(a)]

1
< limsup—log sup Pr{A4;(0,t) — ¢1t >z — (Rp — ¢1)}. (14)
z—oo T te[Sz, T ()]

with Sy := (x—Rp)/(Rp— ¢1). Notice that we can indeed exclude all ¢ smaller than
S, from the optimization, because in that range no overflow is possible. Clearly, we
have proven the stated if we show that the latter decay rate is strictly smaller than s*
for all a > 0.

For x large enough, and all ¢ between S, and T, («), due to Chebychev’s inequality,
and Property 2.1,

] E{es(Al(O,t)—¢1t)} ' eM¢1 (s)t
Pr{A1(0,) = ¢1t >z — (rp — ¢1)} < inf P ey RO o vy

Now replace t in (14) by

_ (=P
tCE(/B) - ﬁl _¢1 ’

then the supremum is over 8 € [a,1]. The infimum over s > 0 is calculated by
differentiation. We get the first-order condition

, z—(Rp—¢1))(p1 — ¢1
M¢>1(3):( ( P(l _¢ﬂ)));p ¢)

It is easily verified that the right-hand side of the previous display equals (p; —
#1)(1 4 ) for = large and @ small. Call the solution s*(f3).

Now recall that s* solves My, (s) = 0, and that M (s*) = p1 — ¢1 > 0, see Prop-
erty 2.1. Using

M, (s) = My, (s*) + My (s*)(s — %) + O((s — s¥)?) =
~ * * *\ 2
pr— 1+ Mg, (s")(s — ") + O((s — 5)7),

it is elementary to show that

s*(B)=s"+008+ 0(52), where § := %;
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the convexity of My, (-) implies that J is positive. We also get that

My, (5*(8)) = My, (s*) + M, (s")38 + O(6%) = M, (s7)66 + O(5%)

and
. 1 . etx(ﬁ)qu (s) N N
Jim =~ log inf oy = i 2 (ta(8) Mo, (57(5) — 57 (B)z) =
1— ﬁ / * > * Mél (8*) 2 * 2 *
Ly 1) 6B — st = =5 | = L) B2 = 62 —
<P1—¢1 & (s") f=s (P1—¢1 pr=s pr-s

e Recall that we have to perform the optimization over 3 € [a,1]. The supremum
over 3 is clearly attained at 0 = a > 0. Now the stated follows from the fact that
Pr{V‘f1 > x} decays at rate s*, as explained in the first step of the proof.

d

Remark 5.1 The results of Glynn & Whitt [11] suggest that the derived properties hold
for a more general class of arrival processes than just Markov fluid. Upon inspection of the
proofs in the present section, we see that two properties were explicitly exploited. In the
first place it was repeatedly used that the source has a bounded peak rate. Secondly, it is
required that the dependence between A;(r,t*) and A;(¢*,0) is rather mild. This leads us
to believe that the lemmas still hold if the exponential sojourn times of the Markov fluid
source are replaced by other light-tailed random variables.

6 Asymptotic analysis

We now use the results from the previous section to show that the lower and upper bounds
for Pr{V1 > x} of Section 4 asymptotically coincide, resulting in the decompositional form
of (3). For the proof, we need to make certain assumptions on the behavior of the drain
time distribution Pr{Té_p > pp— }. In later sections, we will determine the specific form
of the drain time distribution, and find that flow 2 indeed satisfies these assumptions. For
notational convenience, we frequently switch to a variable Z, which should be thought of

3 x
as playing the role of e

Lemma 6.1 Suppose that the input process Ay(s,t) satisfies Property 2.1 with ¢; = ¢1
and that flow 2 satisfies Assumptions 6.1-6.3 listed below with ¢ = 1 — p1. Assume that
pi < ¢i, 1 =1,2, and ro > ¢o in case of fluid input of flow 2. Then

1.

Pr{Vy >z} ~ Pr{V(lz)1 > z}Pr{Ty " > - p
P1— 91

Assumption 6.1 For any o >0, v > 0, € > 0, either (a)

CH€( 5 -
liminf Pr{T5(v&) > (} + )z}

= (o, 7€),
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with lim F°(a,vy,€e) =1, or (b)
,7,€10

i inf Pr{Ty > (1 —l—Aa)x}

= F(a),
with lim F(a) =
al0

Assumption 6.2 For any a >0, v >0, € >0,

Pr{TS ¢(—~i 1—a)z
lim sup Ty ((y) > A( a)2}
T—o00 PI‘{T% > QT}

= G, 7€),

with lim G°(«,7,€) = 1.
a,7,€10

Assumption 6.3 For some p > 0,

lim inf 2#Pr{T§ > &} > 1.
Tr—00
Proof of Lemma 6.1
The proof consists of a lower bound and an upper bound which asymptotically coincide.
We start with the lower bound. We distinguish between two cases: Assumption 6.1 (a);
Assumption 6.1 (b).
(a) Using Corollary 4.1 with v = o0, y =

I ¢ PI"{Vl > l‘}
imin o1 o o @y =
Pr{Vi" > 2}Pr{T, " > -2}

Pr Vd)1 Qtojzy o pPr{T. /e az_y 5 Uto)
lim inf Vi Gmor p(; o) J lim inf {T> 1Ep1_¢1) b}
e Pr{V{" >z} e Pr{T, " > ﬁlf(ﬁl}

hmlnf Pr{sup{(p1 —€)(s* —r) — A1(r,s")} < =
r<s* P1 —

|A1(s 0) +¢1s* >z} =

F17P (a7, €).

Letting a, v, € | 0 completes the proof.

(b) Using Corollary 4.1 with v = 0, y = 0, and Proposition 5.1, noting that P?*~¢(s*,0,z,0) =

L,

P
lim inf - 1V >1xp}1 - >
=00 Pr{V{" > z}Pr{T, r(bl}

pr{v{(Utalzy o 4 Pr{T, > 4ol
lim inf Vi (p(gl—% ) > o} lim inf { — d;l I = F(a).
LT—00 PI'{Vl >.’L’} LT—00 PI'{T m}

Then let o | 0.
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We now turn to the upper bound. Using Corollary 4.2 with v = oo, y = ﬁ, Lem-
mas 5.2-5.4, and Assumptions 6.2, 6.3, for some p > 0,
. Pl"{Vl > QT}
lim sup 3 -
z—oo Pr{V{' > z}Pr{Ty " > el
Pr{Ty (522 ) > o) D Pr{V{ > (1 + g1}
< limsup {T 1EZI¢1) — p1—¢1 } + lim sup 1 — 2(p1—¢1)
z—00 Pr{Ty " > 2} T—00 Pr{V{" > z}
wPr{V{ (U=22) > 7}
+ limsup ¢p1 !
T—00 Pr{V{' >z}
+ limsup zMPr{sup{A1(r,s*) — (p1 +€)(s* —r)} > T | A1(s™,0) + 15" > x}
T—00 r<s* 2(p1 - ¢1)
= G P (a,n,e).

Letting a, v, € | 0 completes the proof.

In order to complete the proof of Theorem 3.1, it remains to be shown that flow 2 satisfies
Assumptions 6.1-6.3 above, with P]r{T;p1 > ﬁ} as in (4)-(6). This is done in the
next four sections.

7 Preliminary results for the heavy-tailed flow

To determine the behavior of Pr{T;*p1 > ﬁlfdn} as x — 0o, we will reduce the space of
all relevant sample paths to a single most-likely scenario, which occurs with overwhelming
probability. In this section, we establish some preliminary results which we will use to
neglect the contribution of all non-dominant scenarios.

Large-deviations arguments for heavy-tailed distributions suggest that a persistent backlog
as associated with the event T%_p > e TR for large x, is most likely due to just a single
large burst or long On-period. To formalize this idea, we first introduce some additional
notation. A burst is called large if the size exceeds k&, with k > 0 some small constant,
independent of . Also, an On-period is called long if the length exceeds xkZ. In case of
instantaneous input, we denote by Nyz[l, 7] the number of large bursts of flow 2 arriving
in the time interval [[,7]. In case of an On-Off process, we define Nyz[l, 7] as the number
of long On-periods overlapping with the time interval [[, 7], including the On-period which
may be in progress at time .

Depending on the traffic scenario, we denote by N(t) either the number of bursts or the
number of On-periods of flow 2 in the time interval [0,¢]. An upper bound for this process
is given by

N(t) < NU(t) = {n : iU% < t} +1,
=1

with Uy; i.i.d. random variables representing either interarrival times or Off-periods of
flow 2, depending on the traffic scenario.
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We now state a crucial lemma which will allow us to limit the attention to large bursts
and long On-periods, and replace all remaining traffic activity by its average rate. The
lemma is a minor modification of Lemma 3 in Resnick & Samorodnitsky [21].

Lemma 7.1 Let S, = X1 + ...+ X,, be a random walk with i.i.d. step sizes such that
E{X;} <0 and E{X} < 0o for some p > 1. Then, for any p < oo, there exists a k* > 0
and a function ¢(-) € R—,, such that for all k € (0, k"],

Pr{S, > |X; < kZ,i=1,...,n} < ¢()
for alln and .

Note that if X; can be represented as the difference of two non-negative independent
random variables X! and X?, then the lemma remains valid if the X;’s are replaced by
the le’s.

We now use the above lemma to show that the workload of flow 2 cannot significantly
deviate from the normal drift over intervals of the order & when there are no large bursts.

Lemma 7.2 If By(-) € R_,,, then for any n > 0, § > 0, there exists a k* > 0 such that
for all k € (0, K],

Pr{T2((0 — (¢2 — p2)n)2) > 02, N3 [0, n2] = 0} = o(Pr{Bj > (2 — p2)})

Proof
The event Ta((0 — (¢p2 — p2)n)&) > n& means that

Ogiggfnj{Ag(O, u) — ou} > (0 — (¢2 — p2)n)7,

which in particular implies that

A2(0,nZ) — gand > (6 — (P2 — p2)n)Z,
or equivalently,

A2(0,n2) — (p2 +0/2n)nt > 02/2,
so that also

sup {A2(0,u) — (p2 + 6/2n)u} > 01/2.
0<u<nt
Now let S,, := X; +...+X,, be a random walk with step sizes X; := Bo; — (p2 +0/21n)Uy;,
with Ug; and Bo; i.i.d. random variables representing the interarrival times and burst sizes
of flow 2, respectively. Note that X; represents the net increase in the workload in a queue
of capacity ps + 6/2n between two consecutive bursts, and that E{X;} < 0.
Because of the saw-tooth nature of the process {A2(0,u) — (p2 + 0/2n)u}, we have

sup {A2(0,u) — (p2 +60/2n)u} < Bgy+ sup S,.
0<u<t 1<n<N(t)
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Thus,

Pr{Ts((0 — (¢2 — p2)n)Z) > n&, N[0, 03] = 0}
S

< Pr{By+ sup n > 01/2,N,:10,n%] = 0}
1<n<N(nz)
< PI‘{BQ() + sup S, > 0z/2 ’ Nz [07 77]?] = O}
1<n<N(n2)
< Pr{Byp+ sup S, >60%/2|By < ki,i >0}
1<n<N(nd)
< Pr{ sup S,>(0/2—k)i|By <ki,i>1}
1<n<N(nd)
< Pr{ sup Sn > (0/2 — k)i | By < kZ,i > 1} + Pr{N(nz) > (A2 + €)ni}
1<n< (Aate)ni
(Aote)nz
< ) Pr{Sy>(0/2— k)i | By < kd,i=1,...,n} + Pr{N(ni) > (A + e)ni}.
i=1

The second term decays exponentially fast as £ — oco. According to Lemma 7.1, there
exists a k* > 0 and a function ¢(-) € R_,, ot > v, such that for all k € (0,x*], each of
the probabilities in the first term is upper bounded by ¢(z). The statement then follows.

O

We now formulate the counterpart of the above lemma for On-Off processes, meaning that
the workload of flow 2 closely follows the drift over intervals of the order & when there are
no long On-periods.

Lemma 7.3 If Ay(-) € R_,,, then for any n > 0, 0 > 0, there exists a k* > 0 such that
for all k € (0, k"],

Pr{Ta((0 — (62 — p2)0)2) > 1, Nis[0, 7] = 0} = o(Pr{A} > %}ff)})
as T — 00.
Proof

Let S,, := Xy +...+X,, be arandom walk with step sizes X; := (ro—p2—0/2n)Ag; — (p2 +
0/2n)Uy;, with Ay; and Uy, i.i.d. random variables representing the On-periods and Off-
periods of flow 2, respectively. Note that X; represents the net increase in the workload in
a queue of capacity pa + 0/2n during an Off-period and consecutive On-period, and that
E{XZ} < 0.

Because of the saw-tooth nature of the process {A2(0,u) — (p2 + 0/2n)u}, we have

sup {A2(0,u) — (p2 +60/2n)u} < (ro — p2)Agp + sup S, <
0<u<t 1<n<N(t)

(ro — p2)Ago+ sup S,
1<n<Ny (t)

The remainder of the proof is similar to that of Lemma 7.2.
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We now prove that it is relatively unlikely for flow 2 to generate two large bursts in an
interval of order z.

Lemma 7.4 If Bo(-) € R_,,, then for any a < 1, K > 0,
Pr{N[0, (1 — a)i] > 2} = o(Pr{B} > &(é2 — p2)})
as T — 0.

Proof
By definition,

Pr{N.:[0,(1 — a)&] > 2} =Pr{#{j € {1,...,N((1 — o))} : By; > i} > 2}
<Pr{#{j e {1,...,Ny((1 — @)2)} : Byj > s} > 2}.

Now condition on Ny ((1 — a)&). This yields the following upper bound
E{Ny((1 — a)#)?}Pr{By > si}>.

Finally, observe that E{Ny((1 — a)%)?} is quadratic in & for & — oo.

We now state the counterpart of the above lemma for On-Off processes, meaning that the
probability that flow 2 experiences two long On-periods during an interval of order & is
negligibly small.

Lemma 7.5 If As(-) € R_,,, then for any a < 1, k > 0,

Pr{N[0, (1 — )] > 2} = o(Pr{A} > 2027 P2y
T2 — P2

A~

as r — OQ0.

Proof
This lemma is a variant of Proposition 6.3 of [23]. Note that

Pr{N.[0,(1 — a)z] > 2} <
(1= p2)Pr{A5 > r2}Pr{#{j € {1,... ,Nu((1 — 0)2)} : Ag; > ¥} > 1}+
Pr{N.z[0, (1 — )] > 2,flow 2 is Off at time 0}.

By conditioning upon Ny ((1 — «)), one can bound the second probability in the first
term by E{Ny((1—«)z)}Pr{As > kZ}. The first factor is linear in & for  — oo, whereas
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the second is in R_,,. Hence, the first term is in Ry(1_,,). To bound the second term,
condition (again) on Ny ((1 — «)z). This yields

Pr{N,;[0, (1 — a)z] > 2,flow 2 is Off at time 0} < E{NY((1 — a)2)?}Pr{A, > ri}>.

Finally, note that, as in Lemma 7.4, E{Ny ((1 — a)#)?} is quadratic in & for & — oo.
]

We now prove that the amount of traffic generated by flow 2 after turning Off is not below
average by any significant margin.

Lemma 7.6 Suppose that flow 2 turns Off at time v. Then for any 6 > 0, 0 > 0,

lim Pr{sup{(p2 —0)(u —v) — Az(v,u)} <6z} = 1.

£—00 u>v
Proof
Let S,, := X;+...+X,, be arandom walk with step sizes X; := (pa—9d—7r2)Ag;+(p2—0)Us;,
with Ag; and Uy; i.i.d. random variables representing the On-periods and Off-periods of
flow 2, respectively. Note that X; represents the net decrease in the workload in a queue
of capacity ps — ¢ fed by flow 2 during an On-period and consecutive Off-period, and that
E{X;} <0.
Now observe that

sup{(p2 — 0)(u — v) — Aa(v,u)} < (p2 — 6)Ugp + sup Sy,

u>v n>1
so that
Pr{sup{(p2 — 6)(u — ) ~ Ax(v. )} < 03}
= 1- Pr{sg;g{(pg —0)(u—v)— Az(v,u)} > 0z}

> 1—Pr{(p2 —90)Uyy +supS,, > 0i}.
n>1

The probability in the last term goes to 0 as £ — oo for any 6 > 0, since the maximum of
a random walk with negative drift is finite with probability 1.
O

Lemma 7.7 If Bo(-) € R_,,, then for any 0 <{<1—a, (>0, k>0,
Pr{N.:[¢2, (1 — )] > 1,V5(0) > (i} = o(Pr{B} > Z(¢2 — p2)})
as T — oo.

Proof
Because of independence, the probability equals

Pr{N [, (1 - a)i] > 1}Pr{Vs(0) > (i},
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By conditioning upon Ny ((1 — a — £)), we have
Pr{N.:[€2,(1 — @)z] > 1} < E{Ny((1 — a — £)2)}Pr{Bs > ki}.

As before the first term is linear in Z for & — oo. The statement then follows from the
fact that Ba(-) € R_,, in combination with Theorem 2.1.
O

Lemma 7.8 If A5(-) € R_,,, then for any c € (p2,712), 0<(<1—a, (>0, k>0,

PrNLL0, (1 — a)i] = LN [0,62] = 0, VF(0) > () = o(Pr{A} > W”—‘j”})
o — P2

as r — 0.

Proof

The event N,;[0,£Z] = 0 in conjunction with N,z[0, (1 — a)Z] = 1 implies that flow 2 has
switched On at some time ¢ in the interval [£Z, (1 — «)z]. Therefore, an upper bound is
given by

Pr{N,:|Z, (1 — @)z] = 1,long On-period started after time &%, Vs (0) > (2} =
Pr{zt{j e {1,...,.Nu((1 —a = §)2)} : Ag; > wi} = 1}Pr{V5(0) = (2}

By conditioning upon Ny ((1 — a — £)z), the first term can be bounded by
E{Ny((1 —a—¢&)z)}Pr{Ay > ki}.

Combining the fact that As(-) € R_,, with Theorem 2.2 then completes the proof.

8 Case I: instantaneous input

In this section we consider the case where flow 2 generates instantaneous traffic bursts of
regularly varying size. The next theorem shows that flow 2 then satisfies Assumptions 6.1-
6.3 and that (4) holds.

Theorem 8.1 If By(-) € R_,,, then for any ¢ > pa, a >0, v > 0,

Pr{T§(13) > (1+ )i} 2 ~F2-Pr{B} > (62 = p2)(1 +0) +7)i}, (15)
PH{TS(—72) > (1—a)i} & —2—Pr{B} > (63— p2)(1—a)—y 22225 (16)
CcC— p2 ¢2 P2
and
Pr{T5 > &} ~ —22 Pr{B} > &(do — p2)}- (17)

C—p2
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Before giving the formal proof of the above theorem, we first provide an intuitive argument.
Consider a queue of capacity ¢» fed by the arrival process of flow 2. In order for the event
TS > & to occur, the workload must remain positive throughout the interval [0, Z], given
that the initial workload is Vi(0). Note that the normal drift in the workload is pa —¢2 < 0.
Thus, there is a ‘deficit’ (¢2 — p2)&, which must be compensated for by the initial workload
V5 (0) plus possibly flow 2 showing above-average activity during the interval [0, Z].

We claim that the most likely way for the gap to be filled is by a large initial workload
only, i.e., V5(0) > (¢2 — p2)&. This in turn is most probably due to an extremely large
burst of flow 2 somewhere before time 0, which is consistent with the usual situation for
heavy-tailed distributions that a large deviation is caused by just a single exceptional
event. Using Theorem 2.1, we see that the probability of this event is indeed exactly the
right-hand side of (17).

Note that it is unlikely for the gap to be filled by flow 2 producing extra traffic during
the interval [0, 2], because this would require a large burst arriving almost immediately
after time 0. The probability of this event is negligibly small compared to that of Vi(0) >
(¢p2 — p2)&. A combination of both is even less likely, since this would amount to two rare
events occurring simultaneously.

The above arguments will be formalized in the proof below. We first prove that the
event Vi(0) > (¢2 — p2)& indeed implies that T§ > & for large Z, thus obtaining a lower
bound for the probability of the latter event. Next we show that for large & the event
V5 (0) > (¢p2 — p2)2 is also necessary for T§ > & to occur, by proving that the probability
of all other possible scenarios is negligibly small.

Proof of Theorem 8.1
We start with the proof of (15). We first prove that for any o > 0, v >0, § > 0, 6 > 0,
the event

TS(v2) > (1 + a)z (18)
is implied by the events

V5(0) > (92 = p2 +6)(1 + ) +v +0)2,
and

sup  {(p2 — d)u — Az(0,u)} < 6z.
0<u<(1+a)i

The second event means that for all u € [0, (1 + a)Z],
A2(0,u) > (p2 — 6)u — 0z.
Thus, for all u € [0, (1 + a)Z],

V5(0) + A2(0,u) — gou > ((¢2 —p2+6)(1 +a) +7+0)Z+ (p2 — d)u — 62 — dou
= (p2—p2+0)((1+a)t —u)+72
> 7z,

so that
inf{u > 0: V5(0) + A2(0,u) — pou < vz} > (1 + o)z,
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which gives (18).
Hence, using independence of Vi (0) and A2(0, u),

Pr{T5(v2) > (1 + a)i} >

Pr{V3(0) > ((¢2 —p2 + 6)(1 + ) + v+ 9)§7}Pr{0< il(lﬂ )A{(ﬂ2 — 0)u — A(0,u)} < 62}

Using Theorem 2.1,
Pr{Vz(0) > ((¢2 — p2 + 0)(1 + ) + v + 0)2} ~

Pr{Bj > ((¢p2 —p2 +6)(1 + ) + v+ 0)@)}.

C—p2
Also, for all @« >0, >0, 8 > 0,

Pr{ sup {(p2—0)u— A2(0,u)} <6z} > Pr{sup{(p2 —0)u — A2(0,u)} <6z} — 1,
0<u<L(1+a)z u>0

as & — o0, since E{A2(0,u)} = pou.
Thus, for all « > 0,v>0,d >0 0
P2

Pr{T$(y#) > (1 + )&} < —Pr{B} > (62— p2 +0)(1+0) +7+0)i}.

C —

Letting 6 | 0, 6 | 0, using the fact that Bj(-) € IR, (15) follows.
We now turn to the proof of (16).
By partitioning, we obtain for any o >0,y >0, >0,0>0, x >0, w > 0,

Pr{T5(—i) > (1 - )i}

— Pr{TS(—72) > (1 - )i, VE(w) > (62 — po)(1 — ) — 7 — 0) — cw}
+ Pr{T5(—%) > (1 - )2, V5 (w) < ((¢2 — p2)(1 —a) =y = 0)Z — cuw,
Nni[&w] < 17Nn§:[w7 (1 - O‘)j] 0}

+ Pe{TE(—8) > (1 - o), VE(w) <
Niz]0,w] = 0, Nz |w, (1 — )z

£ PH{TY(2) > (1 - )2, Vi(w) < (62— p2)(1 — @) — — 0)3 — cu,
Niz[0,w] = 0, Nz |w, (1 — )z

b PHTY(—2) > (1 - )2, VE(w) <
Nz [0, (1 — a)2] > 2},

—~
—~
©-
[\
|
)
M
~
—~
[a—
|
Q
~
|
-2
|
s
~—
8
|
Q
£

which is obviously upper bounded by

Pr{Vs(w) > ((¢2 — po)(1 — @) — 7 — )& — cw}
£ Pr{T5(—2) > (1 - )i, Vi(w) < (2 — p2)(1 — @) =y — 0)i — cw,
Nialw, (1 = a)i] = 0}
Pr{T5(—7) > (1 — ), N[0, w] = 0, VE(0) < Ca}
Pr{Nz[w, (1 — a)z] < 1,V5(0) > (x}
Pr{Nu[0, (1 - a)i] > 2}
(A) + (B) + (C) + (D) + (B),

+ o+ 4
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Take w = &x, with
7yt C+0
P2 — p2
Now consider term (A). Using Theorem 2.1,
(4) = Pr{V5>((¢2—p2)(1 =) =7 =0 = (c— p2)§)2}
~ L2 PrBS > (92— p2)(1— @) =y — 0~ (c— p2)€)2}

C—p2
= 2 puBL > (- pa)(1—a) — g — g — LI CEO
C— p2 ¢2 P2

Next, consider term (B). The event T§(—vz) > (1 — a)& means that

Ogugu?lffo[);g{v2 (0) + A2(0,u) — pau} > —v2.

& <l-oa.

Now observe that

it {VE(0) + As(0.u) — dou)

0<u<(l—a)z
< i@+ _ inf  {4:(0,u) = gou}
< VEO+ _ if | {4:(0,w) = gow+ Ar(w,u) = go(u —w)}
< VB0 + 40w) = gpwt  inf o {A>(w,u) = go(u —w)}
< V5(w) + (¢ — go)w + . inf )j{AQ(w, u) — ¢o(u —w)}.

<u<(l—-«
Thus, the event TS(—vZ) > (1 — )& implies
inf )A{AQ(O,U) — pou} > —Vy(w) — (¢ — p2)w — i,

w<u<(l—a)2
so that
(B) < Pr{ inf )A{Ag(w,u) — Pa(u—w)} > =Vi(w) — (¢ — p2)w — &,

w<u<(l—a)z
Vi (w) < ((¢2 = p2)(1 — @) =y = 0)& — (¢ = p2)w, Nz [w, (1 — a)2] = 0}
< Pr{ inf )A{Ag(w,u) —d2(u—w)} > 0% — (P2 — p2)((1 — @) — w),

w<u<(l—a)z
Niz|w, (1 — a)z] = 0}

= Pr{ogug(ilrifa)ifw{AQ(O’ u) — pau} > 0% — (P2 — p2)((1 — @) — w),

Niz[0, (1 — @) — w] = 0}

= Pr(_ il {Aa(0u) — G} > (6 (62— p2)(1 -0~ )

Niz[0, (1 = a = §)2] = 0}
= Pr{T2(0 — (b2 — p2)(1 —a = £))2) > (1 — @ = §)#, Nz [0, (1 — o = §) 2] = 0}
Finally, consider term (C). The event T$(—v&) > (1 — a)% means that

nf . A - .
OSUSH(ll—a);%{V? (0) + A2(0,u) — gou} > —vi
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Now observe that

it {VE(0) + Aa(0.) = Gaup < VE(0) + inf {(4s(0.0) ~ G}

0<u<(l—a)&
Thus, the event T§(—vz) > (1 — )2 implies

inf {A2(0,u) — dau} > =V5(0) — i,

0<u<
so that
(©) < Pr{ inf {As(0,u) - dou} > ~V5(0) = i Na[0,w] = 0, V5(0) < ¢}
< Pr{ inf {As(0,u) = dou} > —( + )i, Nisl0, u] = 0}

Pr{ inf {A2(0,u) = 2u} > —(0 + (¢2 — p2)0), Nal0, £2] = 0}
= Pr{T2((0 — (¢2 — p2)€)2) > &, Nyi2[0,£2] = 0}.
Thus, taking n =€ and n =1 — o — £ in Lemma 7.2, and using Lemma 7.4, we obtain
PHTS(—2) > (1 — )i} £ L2 Pr(By > (62— pa)(1 — ) — 7 — 0 — CPIOTCH D5
P2 G2 — p2

Letting ¢ | 0, 6 | 0, using the fact that Bj(-) € ZR, (16) follows.
Finally, note that (17) follows from (15) and (16) by letting o | 0, v | 0, and using the
fact that Bj(-) € TR.

O

9 Case II-A: fluid heavy-tailed input with r, <1 — p;

We now consider the case where flow 2 generates traffic according to an On-Off process
with peak rate ro < 1— p1. The next theorem shows that flow 2 satisfies Assumptions 6.1-
6.3 and that (5) holds.

Theorem 9.1 If Ay(-) € R_,,, then for any o > 0, v > 0,

$2 — p2

Pr{T; > (1 + )i} < (1 — po)Pr{A} > p— (1+a)z}, (19)
Pr{Ty(—) > (1-a)i} S (1-po)Pr{A] > (222000 =7 7 )44 o)
T — P2 P2 — p2
and
Pr{Ty > &} ~ (1 — po)Pr{A] > 22251, (21)

T2 — p2
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Before giving the formal proof of the above theorem, we first provide an intuitive argument.
Consider a queue of capactity ¢2 fed by the arrival process of flow 2. In order for the event
TS > & to occur, the workload must remain positive throughout the interval [0, Z], given
that the initial workload is 0. Note that the normal drift in the workload is p2 — ¢2 < 0.
Thus, there is a ‘deficit’ (¢2 — p2)&, which must be made up for by flow 2 showing above-
average activity during the interval [0, Z].

We claim that the most likely way for the gap to be filled is by a single long On-period of
flow 2 covering the entire interval [0, v], with v := %. (When On, flow 2 generates
above-average traffic at rate ro — pa > 0, so this event (call it E(&)) makes up for the entire
deficit.) This is consistent with the usual situation for heavy-tailed distributions that a
large deviation is caused by just a single exceptional event. Observe that the probability
of this event is indeed exactly the right-hand side of (21). Note that it is unlikely for the
gap to be filled by several long On-periods, since the probability of this happening is an
order of magnitude smaller.

The above arguments will be formalized in the proof below. We first prove that the event
E(z) indeed implies that TS > & for large &, thus obtaining a lower bound for the proba-
bility of the latter event. Next we show that for large  the event E(Z) is also necessary
for T§ > % to occur, by proving that the probability of all other possible scenarios is
negligibly small.

Proof
We first prove that for any @ > 0, § > 0, 6 > 0, the event

Ty > (14 ) (22)

is implied by the event E(z) that flow 2 is On at time 0 and turns Off again at time
v > T&, with

(2 —p2+6)(1+a)+0
Ty —p2+9

bl

combined with

sup  {(p2 —9)(u —v) — As(v,u)} < 0%.

v<u<(1+a)d
The second event means that for all u € [v, (1 + )z,
As(v,u) > (p2 — 0)(u —v) — 0.

We distinguish between two cases.
. 0<u<w.
Then

A2(0,u) — pou = rou — gou > 0.

i.v<u< (14 a)i.
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Then

As(0,u) — dou A2(0,v) + Az(v,u) — ¢ou
rov + (p2 — 0)(u — v) — 0% — Pou
(ro — p2 +6)v — (2 — p2 + O)u — 0%
(P2 —p2+0)(1 + ) +0)& — (2 — p2 + 0)u — 02
(P2 —p2+06)(L+ )t — (p2 — p2 + )1 + )2
0.

Y

vV Vv

So,
inf{u > 0: A2(0,u) — pou <0} > (1 + )7,

which gives (22).
Hence, because of independence, using Lemma 7.6, for any o > 0, § > 0, 8 > 0,

Pr{Ty > (1+a)i >0} > Pr{E(%)}Pr{ < il(lﬂ )A{(pQ —§)(u—v) — Ay (v,u)} < 02}

vV

Pr{E(%)}
(P2 — p2 +0)(1 + ) +9§3}
rog —p2+0 '

= (1—po)Pr{A} >

Letting 6 | 0, 6 | 0, using the fact that A5(-) € IR, (19) follows.
We now turn to the proof of (20).
By partitioning, we obtain for any a >0, v > 0,0 >0, k>0, v > w > 0,

Pr{Ta(—vi) > (1 - a)i}
= Pr{Tao(—Z) > (1 — )2, Nxz[0, (1 — a)Z] < 1, Nyz[0,w] > 1,
Nizv, (1 — a)z] > 1}
) > (1 — )2, Nez[0, (1 — a)z] <1,Nez[0,w] > 1,

>
A

#(0, (1 - a)f] < 17Nni[07w] = O}

+ Pr{Te(—z) > (1 -«
« A7N5£[07 (1 - Oz)g}] > 2},

4 Pr{Ts(—a) > (1

Pr{N,;[0, (1 — a)2] <1, N3 [0,w] > 1, Nz [v, (1 — )2] > 1}
+ Pr{Ty(—z) > (1 — )&, Neslv, (1 — @)2] = 0}
+ Pr{Tao(—~z) > (1 — )z, N:z[0,w] = 0}
+ Pr{N.[0,(1 — a)z] > 2}

= (A)+(B)+(C)+ (D).
Take v = 72 and w = £, with

S (¢2—P2)(1—04)—’Y—9<1_a’
T2 — P2
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and
v+ 0
=
P2 — p2
Now consider term (A). For the relevant events to occur, flow 2 must be On during the
entire interval [w,v], so that
(A) < (1—po)Pr{A} >v—w}
(P2 —p2)l—a)—y—0 ~y+6
= (1—py)Pr{A} > - z}.
(1= pa)pr(ag > (=P 10
Next, consider term (B). The event To(—7z) > (1 — a)& means that

inf A B o
OSUSH(ll—a)j:{ Q(O’u) ¢2u} > =T

<T.

Now observe that

inf )A{AQ (07 u) - ¢2u}

0<u<(1—a)z
S gi?ffa);z{AQ(o’u) — pou}
< _Inf {40(0.0) = Gau -+ Aafv,u) — dafu —v)}
= A(0,v) — dav + vgugir(llffa)i“{fb (v,u) — ¢g2(u —v)}
< Gz—dout b {Aa(v) = dalu— o))

v<u<(1—a)d

Thus, the event To(—vZ) > (1 — )& implies
inf )A{A2(Uau) — ¢a(u— )} > —(r2 — d2)v — 12,

v<u<(1—a)d
so that
(B) < Pr{y<u<il(11f—a)§;{A2(U’ u) — po(u—v)} > —(ro — ¢o)v — v, Nz v, (1 — a)z] = 0}

= Pr{ogug(ifl—fa)i_v{AQ 0,u) — pou} > —(ra — p2)v — v&, Nyz[0, (1 — @) — v] = 0}

(
= Pr_ inf {As(0u) — Gyu > (0~ (62— pa)(1 - o= 7))
)
)

Nezl0,(1—a—17
= Pr{T2((0 — (¢2 — p2
Finally, consider term (C).
(C) < Pr{Tao(—&) > w,N,z[0,w] =0}
= Pr{T2((0 + (¢2 — p2)§)2) > {2, N2 [0,£2] = 0}
Thus, taking n =€ and n =1 — o — 7 in Lemma 7.3, and using Lemma 7.5, we obtain
(p2—p2)l—a)—y—0 ~+6
T2 — P2 b2 — p2

] =0}
l—a-71))2)>(1-a—7),N:[0,(1 —a—71)z] =0}

(

Pr{Ts(—#) > (1 — a)&} ~ (1 — pa)Pr{A} > (

)2}

Letting 6 | 0, using the fact that A5(-) € ZR, (20) follows.
O
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10 Case II-B: fluid heavy-tailed input with r, > 1 — p;

We now consider the case where flow 2 generates traffic according to an On-Off process
with peak rate ro > 1 — p1. The next theorem shows that flow 2 satisfies Assumptions 6.1-

6.3 and that (6) holds.

Theorem 10.1 If As(-) € R_,,, then for any c € (p2,72), o >0, 7 > 0,

Pr{T5(—72) > (1 - a)i} < py

P2 Pr{A§>((¢2_p2)(1+a)+ v )£}7 (23)

C—p2 T2 — P2 rpg—c¢
_ 1
PH{TS (<) > (1 — a)i} © pp—2pr{Ay > L2 =P =)y (24)
c— p3 T2 — p2
and
. P2 P2 — p2 .
Pr{TS > 2} ~ Pr{AL > Tt 25
(15> )~ LPr{a > 2225 (29

Before giving the formal proof of the above theorem, we first provide an intuitive argument.
Consider a queue of capactity ¢o fed by the arrival process of flow 2. In order for the event
TS > & to occur, the workload must remain positive throughout the interval [0, Z], given
that the initial workload is Vi’(0). Note that the normal drift in the workload is pa —¢2 < 0.
Thus, there is a ‘deficit’ (¢2 — p2)&, which must be compensated for by the initial workload
V5 (0) plus possibly flow 2 showing above-average activity during the interval [0, Z].

As before, we claim that the most likely way for the gap to be filled is by an extremely long
On-period of flow 2 which started somewhere before time 0. Unfortunately, it is harder to
pin down exactly how long that On-period must last, since it depends on when it started.
No matter when the On-period started however, it turns out that we must always have
V§(v) > (re — ¢)v, with v := %. Using Theorem 2.2, we see that the probability of
this event is indeed exactly the right-hand side of (25).

The above arguments will be formalized in the proof below. We first prove that the
event Vi (v) > (r2 — c¢)v indeed implies that T§ > & for large &, thus obtaining a lower
bound for the probability of the latter event. Next we show that for large & the event
Vi (v) > (rg — c)v is also necessary for T§ > Z to occur, by proving that the probability
of all other possible scenarios is negligibly small.

Proof of Theorem 10.1
We start with the proof of (23). For compactness, denote v = 72, with

(p2—p2+0)(1+a)+0
Ty — p2+0 ’

We first prove that for any o > 0, v > 0, § > 0, 6 > 0, the event
T5(vz) > (1 + o)z (26)
is implied by the events

Vi(v) > (r2 = cJv + &,
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and

sup  {(p2 —9)(u —v) — As(v,u)} < 0%.
v<u<(1+a)@

The first event implies that there is an —r < v such that
Ag(—r,v) —c(r+v) > (re — c)v + v,

SO
Asg(—r,v) > cr + rov + .

Because Ay(—r,v) < ro(r + v), we then find cr < ror, which gives r > 0 since ¢ < 3.
Thus, V§(0) > Ay(—r,0) — cr.
As As(u,v) < ro(v — u) for all u € [0,v], we have
V5 (0) + A2(0,u) > Ay(—r,0) —cr + Az(0,u)
= As(—r,u) —cr
= Ay(—rv) — Az(u,v) —cr
> cr+rov+yT —ra(v—u)—cr
= rou+zZ.
The second event means that for all u € [v, (1 + )z,

Asx(v,u) > (p2 — 0)(u —v) — 6z.

We distinguish between two cases.

. 0<u<w.
Then
Vs (0) + A2(0,u) — gou > rou+ v — ¢ou
= (ro—¢2)u+92
> .
. v<u< (14 a)z).
Then
V3 (0) + A2(0,u) — ou = V5 (0) + A2(0,v) + A2(v,u) — dou
> rov+ &+ (p2 — ) (u —v) — 0T — Pau
= (ro—p2+06)v—_(d2—p2+ou+(y—0)z
= ((p2=p2+06)1+0a)+0)z—(p2—p2+0)u+(y—0)z
> (g2 —p2+0)(1+ )t — (p2 — p2 +0)(1 + ) + 2
= ~z.
So,

inf{u > 0:V5(0) + A2(0,u) — pou} > (1 + o)z,

which gives (26).
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Hence, because of independence, using Lemma, 7.6, for any o >0, v >0, 6 >0, 8 > 0,

Pr{T5(v2) > (1+ )2} > Pr{Vy(v) = (ra — c)v + &}

Pe{ sup  {(ps— 8)(u—v) — As(v,u)} < 03}
v<u<(1+a)Z

Vv

Pr{Vy(v) = (r2 — cJv + 2}
= Pr{V$§>((ro — o)t +7)&}

Pr{Al i

c—p r{A} > (T+T2_C)x}

P{A ((¢2_p2+6)(1+a)+0+ Y
c— p2 ro — p2+0 rog—c
Letting 6 | 0, 6 | 0, using the fact that A5(-) € IR, (24) follows.

We now turn to the proof of (24).

By partitioning, we obtain for all « >0, v > 0,0 >0, k >0, v > w > 0,

~ P2

= P2

Pr{TS(—1d) > (1 )i}
= Pr{T5(—z) > (1 — @), Nxz[0, (1 — a)Z] < 1, V5 (v) > (rg — ¢)(v — w)}
+ Pr{T§(—2) > (1 — @)%, N,z[0, (1 — a)2] < 1,

+ Pr{T5(—2) > (1 — @)%, Nz[0, (1 — )]
V3 () < (r2 = ¢)(v — w), Nig[v, (
+ Pr{T5(—2) > (1 — )%, Nz[0, (1 — )]

[

— —
| |
L2 =28
I\/&I/\&I/\I/\
Il
(an)
—

Il
—_
—

)
)
)
V3 (v) < (r2 = )(v = w), Nia[v, (
)
(
)

\)
H',—/

Now consider the third term. Suppose that N,z[0,w] > 1, i.e., there is a long On-period
in the interval [0,w]. Since Nyz[v, (1 — a)z] = 1, N[0, (1 — a)2] < 1, this long On-
period must then last till at least time v. However, this contradicts the fact that Vi(v) <
(rg —c)(v —w).

Hence, the third term may be rewritten as

) > (1 — )2, Nuz[0, (1 —)z] <1,

Vi(v) < (r2 — o)(v — w), Nz[v, (1 — a)2] =1}

) > (1 - O‘)x Nmr[ (1 - Oa)i‘] =1,

(rg — ¢)(v — w), Nez[v, (1 — @)2] = 1, Nyz[0,w] =0}

) > (1 - O‘)x Nmr[ 7(1 - Oa)i‘] =1,

(ro — ) (v — w), Nz [v, (1 — @)z] = 1, Nz [0,w] = 0,V5(0) < (i}

) > (1 —a)d, N[0, (1 — a)2] =1,

(ro — ) (v — w), Nyz[v, (1 — @)z] = 1, Nz [0,w] = 0, V5 (0) > (i}

Vy(v) <
+ Pr{T5(—z
Vy(v) <

We thus arrive at the upper bound, for all { > 0,

Pr{T5(—vz) > (1 — )z}
< Pr{V5(v) > (rz — o)(v —w)}
+ Pr{T3(—2) > (1 - a)z, V5(v) < (r2 — ¢)(v — w), Nz [v, (1 — 2)2] = 0}
+ Pr{T5(—z) > (1 — )%, Nxz[0,w] = 0, V5 (0) < (7}
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Pr{Nni[Ov (1 - O‘)i] = 1,./\/‘553[0,10] =0, ‘/QC(O) > C:%}
Pr{Nnaﬁ“[Ov (1 - Oé).’fj] > 2}
(A4) + (B) + (C) + (D) + (E).

m+ +

Take v = 72 and w = £, with

(p2—p2)(1—a) y+0 (r2 — $2)¢

T = + + <1-aq,
To — P2 ¢2 —p2 (P2 — p2)(r2 — p2)
and
0
&= 7’Y+C+ <T
$2 — p2

Now consider term (A). Using Theorem 2.2,

(A) = Pr{V§> (r2—¢)(1 - &)1}
~ 2 Pr{A] > (r - ©)i}
C—p2
(2 — p2)(1 — ) — Cj}'

= ngPr{Ag >
C—p2 T2 — P2

Next, consider term (B). The event T$(—vZ) > (1 — a)Z means that

Ogugl?lffa)j{VQ (0) + A2(0,u) — pau} > —v2.

Now observe that

inf )A{Vf(o) + A2(0,u) — gou}

0<u<(l—a)d
< L {VEQ) + As(0,u) — o)
S it {4300.0) = g0t Ax(v,u) = Gau— )}
= A0) ~ bt inf  {Ax(v,u) — dafu— )}
= A00) —cotle—dut il {Ax(vu) = da(u =)}
< VE@) F (=t il {Aa(v,0) = dalu—0))

Thus, the event To(—vZ) > (1 — )& implies

inf | {As(0,u) — 6a(u )} > ~VE() — (e~ da)v — 18,

v<u<(1—a)d

so that
(B) < Pr{vgugi?f,a)@{AQ(”’ u) = da(u—v)} > =Vy(v) — (¢ = d2)v — i,
Vi () < (r2 = ¢)(v — w),Nuz[v, (1 — a)2] = 0}
< Pr{ inf {Az(v,u) —d2(u—v)} > —(ro —c)(v —w) — (c — Pp2)v — V2,

v<u<(l—a)d

Nizlv, (1 — a)z] = 0}
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= Pr{ inf A{Ag(v,u) — Pa(u—v)} > —(rg — P2)v + (rg — c)w — 77,

v<u<(l—a)
Nezlv, (1 = @)i] = 0}

= Pr{0§u<(1{1fa)i {A2(0,u) — pou} > —(rg — ¢2)v — v, Nyz[0, (1 — )T — v] = 0}

= Pr{0<u<(11nfa I I{AQ(O,U) — ¢2u} > (0 — (¢2 — pg)(l e e T))i‘,
Ni2[0, (1 = a —7)2] = 0}
= Pr{T5((0 — (¢2 = p2)(1 —a = 7))2) > (1 — a = 7)2, Nz [0, (1 — o — 7)] = O}.
Finally, consider term (C). The event T§(—v2) > (1 — o) means that

0<u<11?1f " I{VQ (0) + A2(0,u) — gou}t > —72.

Now observe that

Oﬁuﬁlr(llffoz)i{v2 (0) + A2(0,u) — gau} < V5'(0) + Oélgéw{AQ(Ov u) — gau}.

Thus, the event To(—vZ) > (1 — )& implies
inf {A2(0,u) — pou} > V5 (0) — 2,
0<u<w
so that

(©)

IN

Pr{ inf {A2(0,w) = dzu} > ~V5(0) = 1, Vi (0) < G, Noal0, ] = 0}
Pr{ inf {A2(0,u) = ¢2u} > —(7+ ()2, Nz[0, w] = 0}

Pr{_ inf_{A2(0,u) = Gau} > (0 = (6 — p2) )2, Nosl0. €3] = 0}

= Pr{T2((0 — (¢2 — p2)§)&) > {2, N,:2[0,£2] = O}

Thus, taking n =& and n =1 — o — 7 in Lemma 7.3, and using Lemma 7.5, we obtain

IN

PI‘{AT (¢2_p2)(1_a) _Ci‘}

T2 — P2

Letting ¢ | 0, using the fact that AL(-) € IR, (24) follows.

Pr{T5(—2) > (1 - )i} ~ P27

11 Conclusion

We analyzed a GPS queue with two flows, one having light-tailed characteristics, the
other one exhibiting heavy-tailed properties. We showed that the workload distribution
of the light-tailed flow is asymptotically equivalent to that when served in isolation at
its minimum guaranteed rate, multiplied with a certain pre-factor. The pre-factor may
be interpreted as the probability that the heavy-tailed flow is backlogged long enough for
the light-tailed flow to reach overflow. We did not consider the case where the traffic
intensity of the heavy-tailed flow exceeds its minimum guaranteed rate. In this case, the
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pre-factor — representing again the probability that the heavy-tailed flow is continuously
backlogged during the period to overflow of the light-tailed flow — is likely to be some
constant. Determining the exact value of the constant seems however a rather challenging
task.

In the present paper we have focused on a scenario with two flows. Observe however
that the light-tailed flow may be thought of as an aggregate flow, given that the class of
Markov-modulated fluid input is closed under superposition of independent processes. In
case of instantaneous input, the heavy-tailed flow too may actually represent an aggregate
flow, since the superposition of independent Poisson streams with regularly varying bursts
produces again a Poisson stream with regularly varying bursts. Unfortunately, the class of
On-Off sources is clearly not closed under superposition. In fact, the superposition exhibits
a fundamentally more complex structure than a single On-Off-source, which drastically
complicates the analysis of the queueing behavior, see [23].

Despite the above and earlier observations, it would still be interesting to extend the
analysis to general scenarios with several light-tailed flows, let’s say N1 > 1, and Ny > 1
heavy-tailed flows.

In case N1 =1, Ny > 1, we expect that the workload distribution of the light-tailed flow
is equivalent to that when served in isolation at its minimum guaranteed rate, multiplied
with a certain pre-factor, exactly as before. In this case however, the pre-factor represents
the probability that each of the heavy-tailed flows is constantly backlogged during the
period to overflow of the light-tailed flow. Calculating this probability seems a demanding
task, since the most likely scenario cannot be easily pinned down due to the complicated
interaction of the heavy-tailed flows prior to the overflow period.

In case N1 > 1, Ny = 1, we conjecture that the workload distribution of the light-tailed
flows is equivalent to that in an isolated GPS queue consisting of the light-tailed flows
only, multiplied again with a pre-factor. The pre-factor reflects the probability that the
heavy-tailed flow is constantly backlogged during the time to overflow of the light-tailed
flows. Unfortunately however, there are only logarithmic asymptotics known for a GPS
queue with several light-tailed flows.

Not surprisingly, the two above-described complicating circumstances conspire in scenarios
with N7 > 1, Ny > 1.
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A Definitions
Definition A.1 A distribution function F(-) on [0,00) is called long-tailed (F(-) € L) if

L 1—F(z—y) _
xlggo 1—717(95’) =1, forallreal y.

Definition A.2 A distribution function F'(-) on [0, 00) is called subezponential (F'(-) € S)
if
1— FQ*
lim (z)

- ) _9
T—00 I—F(x) ’

where F2*(-) is the 2-fold convolution of F(-) with itself, i.e., F?*(z) = [} F(z —y)F(dy).

A useful subclass of S is the class R of regularly-varying distributions (which contains the
Pareto distribution):

Definition A.3 A distribution function F'(-) on [0, 00) is called regularly varying of index
—v (F(-) e R_)) if

Fay—1-9 5

IV’ jtil

where [ : Ry — R is a slowly-varying function, i.e., lim, o l(nz)/l(z) =1, n > 1.

Examples of subexponential distributions which do not belong to R include the Weibull,
lognormal, and Benktander distributions. A technical extension of R is the class ZRV of
intermediately reqularly-varying distributions:
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Definition A.4 A distribution function F(-) on [0,00) is called intermediately regularly
varying (F(-) € IRV) if

1-F
lim lim sup (nz)

VLA
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