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ABSTRACT

Phytoplankton use light for photosynthesis, and the light flux decreases with depth. As a
result of this simple light-dependence, reaction-advection-diffusion models describing the
dynamics of phytoplankton species contain an integral over depth. That is, models that
simulate phytoplankton dynamics in relation to mixing processes generally have the form of
an integro-partial differential equation (integro-PDE). Integro-PDEs are computationally
more demanding than standard PDEs. Here, we outline a reliable and efficient technique
for numerical simulation of integro-PDEs. The simulation technique is illustrated with
several examples on the population dynamics of sinking phytoplankton, a species group
that is most relevant in the context of the global carbon cycle. Our results confirm recent
findings that Sverdrup’s critical-depth theory breaks down if turbulent mixing is reduced
below a critical turbulence. We therefore conclude that models that do not carefully
consider the population dynamics of phytoplankton in relation to the turbulence structure
of the water column may easily lead to erroneous predictions.
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1 Introduction

By means of their photosynthetic carbon fixation, phytoplankton extract carbon from the
atmosphere, and part of this carbon ultimately sinks into the ocean interior. As a result,
primary production by marine phytoplankton plays an important role in the global car-
bon cycle [12, 1, 42]. The factors determining the production of marine phytoplankton are
gradually becoming better understood [27, 13, 25]. In some oceanographic regions, and
some seasons, phytoplankton growth is primarily limited by the availability of nutrients
like iron, nitrogen, and phosphorus [28, 31, 2, 4]. In other oceanographic regions, and
other seasons, light availability and light-nutrient interactions are major factors limiting
phytoplankton production [29, 34, 37, 23]. Light limitation is thought to be particularly
relevant in upwelling regions where nutrients are in ample supply, in turbid waters, and
also in nutrient-poor environments when during periods of turbulent weather phytoplank-
ton are exposed to the low light conditions encountered during deep mixing. In this
paper, we will discuss the dynamics of sinking phytoplankton species in such light-limited
environments.

Recent theory [22, 26, 20], experiments [32, 39, 40], and field observations [6, 3, 36, 24]
show that the turbulence structure of the water column can have a major impact on the
population dynamics of phytoplankton species in light-limited environments. In particular,
theory developed by Huisman et al. [20, 21, 18] and Ebert et al. [11] shows that the
dynamics and species composition of phytoplankton communities may change drastically
if the turbulent mixing rate is reduced below a critical threshold value. Models that lack
information on the turbulence structure of the water column might therefore seriously
misjudge opportunities for phytoplankton bloom development.

Mathematical tools are available to model phytoplankton dynamics in relation to tur-
bulent mixing and transport processes, borrowing techniques from computational fluid
dynamics [34, 35, 10, 26]. These models are often cast in terms of partial differential
equations (PDEs) of the reaction-advection-diffusion type. A common problem with nu-
merical simulation of PDEs is that their spatial and temporal discretization may lead to
numerical artifacts [16, 14]. For instance, a coarse discretization, or a discretization using
inadequate formulas for transport phenomena, may easily lead to wiggles in the spatial
domain that amplify in time to yield completely unrealistic solutions. These problems can
be diminished by increasing the spatial and temporal resolution, but this of course results
in very time-consuming simulations. This particularly applies to phytoplankton mod-
els, which contain a highly nonlinear reaction term representing light-dependent primary
production. The reaction term appears in the model as an integral over depth, because
primary production at a certain depth depends on the light intensity at that depth, which
in turn depends on light absorption by all phytoplankton cells above that depth. Owing
to this depth integral, the PDE model can be classified as an integro-PDE. Simulation of
integro-PDEs is computationally more demanding than simulation of standard PDEs, and
therefore requires an efficient numerical approach.

The aim of this paper is to outline an efficient numerical technique for simulation of
phytoplankton dynamics in light-limited environments. The approach is illustrated with
several examples.



2 The model

The mathematical structure of our model is based on Huisman et al. [20, 21, 18] and
Ebert et al. [11]. We consider a water column with a cross section of one unit area. Let
z denote the depth coordinate within the water column, where z runs from 0 at the top
to a maximum depth, z,,, at the bottom. Let I(z,t) denote the light intensity at depth
z and time ¢, and let w(z,t) denote the phytoplankton population density (cells per unit
volume) at depth z and time t.

Light gradient: Photons are absorbed by water, clay particles, phytoplankton species,
and many other light-absorbing substances. We assume that the light gradient follows
Lambert-Beer’s law, which states that light absorption at depth z is proportional to the
concentration of light absorbers at this depth:

ol

a(zat) = _(kw(zat) +Kbg) I(Z,t), (1)
where k is the specific light attenuation coefficient of the phytoplankton, and Kpg is the
background turbidity owing to light absorption by all non-phytoplankton components in
the water column. Integrating this equation over depth gives the following light intensity
at depth z and time t:

I(Z,t) =1, ebegz efk I w(a,t)da’ (2)

where I;;, is the incident light intensity, and ¢ is an integration variable. We note that this
formulation includes light absorption by phytoplankton. Thus, the light gradient changes
with a change in the phytoplankton population density distribution.

Population dynamics: The changes in the phytoplankton population density distribu-
tion can be described by the partial differential equation

8_”(z,t) = g(I(z, 1)) w(z,t) — a—J(z,t). 3)

ot 0z
Here g(I(z,t)) is the specific growth rate of phytoplankton as a function of the light
intensity I(z,t), and J(z,t) is the vertical flux of phytoplankton at depth z and time ¢.
The minus sign indicates that an increase of the flux with depth has a negative effect on
the local population density.
The specific growth rate in (3) depends on the balance between production and losses:

g(I) = p(I) — ¢, (4)

where p(I) is the specific production rate as a function of light intensity, and £ is the
specific loss rate. We used a simple rational function for p(I) (cf. [30, 19]):

pmaacI
I) =

where pp,q. i the maximal specific production rate and H is a half-saturation constant.



The vertical flux of phytoplankton in (3) depends on the sinking rate of phytoplankton
and on transport of phytoplankton by turbulent diffusion:

Te1) = vo(z 1) — D(2) ooz, ©
where v is the vertical velocity of the phytoplankton, and D(z) is the turbulent diffusion
coefficient at depth z. The positive sign of the first term on the right-hand side of (6)
implies that v > 0 for sinking phytoplankton. The minus sign in the second term on
the right-hand side indicates that turbulent diffusion is in the direction opposite to the
concentration gradient.

We assume that the boundaries of the system are closed:

J(0,t) = vw(0,t) — D(0) g—‘:(O,t) =0, (7a)
and
ow
J(zm,t) = vw(zm,t) — D(zm) a(zm,t) = 0. (7b)

Thus, phytoplankton cannot leave the water column, neither at the top nor at the bottom.
Substituting (2), (4) and (6) into (3) yields our key equation for the population dy-
namics:
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Formally, this is an integro-partial differential equation. The integral within the first term

on the right-hand side of the equation is a non-local term, which indicates that the light
intensity at a certain depth z depends on all population densities above depth z.

3 Simulation technique

To obtain a fully discrete solution in space and time we will follow the so-called Method
of Lines (MOL) approach. That is, first the spatial differential operators as well as the
integral term will be replaced by discrete approximations and subsequently the resulting
system of ordinary differential equations (ODEs), which is still continuous in time, will be
integrated numerically.

3.1 Spatial discretization

First, we define a spatial grid on the interval 0 < z < z,. In case a priori knowledge
about the solution is available, the grid can be chosen with relatively many points in
regions where a high spatial activity is expected. In fact, the software that we developed
indeed offers this facility. However, to avoid unnecessary complications in the description,
the numerical procedure will here be explained on the basis of an equidistant grid and
with a uniform turbulent diffusion coefficient.



Hence, let us define our spatial grid by:

s$0=0, si=(—1Az i=1,...,N, Syi1=2Zm, (9)
Az Az Az Az Az Az
T | ool | o
S0 S1 52 S3 SN-2 SN—-1 SN SN+1
where Az := z,,/N. Furthermore, by w;(¢), i = 1,..., N, we denote an approximation

to w(s;,t). To discretize the derivative of the flux (i.e., the term 9J(z,t)/0z in (3)) in
the point s;, we will use a finite volume approach. That is, we assume an imaginary box
around the point s;, at the boundaries of which we approximate the fluxes, using the
numerical values w; at the grid points.

Ji—1 Ji
w;—2 Wi—1 ! Wy I Wi+1 Wi+2
| |
| | | | | | |
| | | | | | |
Si—2 Si—1 ! Si ! Sit1 Si+2
| |
| AZ > |

In this way we obtain conservation of the quantity J since the numerical approximation
that we use for a particular flux J; = J(s;+ %Az, t) serves as outflow for one particular box
and at the same time as inflow for the adjacent box. Now, dJ(z,t)/0z in the point z = s;
is approximated by (J; — J;—1)/Az. Next, we need an approximation for .J;. Here we use
the approach that is nowadays standard in the field of Computational Fluid Dynamics
for the numerical solution of advection-diffusion equations. That is, the diffusion term is
discretized symmetrically, whereas for the advection term a third-order, so-called upwind
discretization is used (see e.g., [16]). To be more precise, in case of sinking, where the flow
is from left to right in the above figure, we use (cf. (6))

Ow
Ji = vw(s; + 1Azt) —Dg

IS ) % [—wi_l + Sw; + 2wz~_|_1] - D M (10)
Az
This expression explains the term ‘upwind’: we see that more information from the left
(i.e., the upstream region in case of sinking) has been used. Analogously, in case of buoyant
phytoplankton, we might again use a third-order upwind discretization, now using more
information from the right, resulting in the approximation

(Si + %Aza t)

Wi41 — Wy
Ji ~ U % [2’!1)1‘ + 5w1‘+1 — ’U)H_g] —D HTZZ (11)

We remark that a symmetric discretization of the advection term easily leads to ‘wiggles’
in the numerical solution. By this we mean that, in the neighborhood of a drastic change



in the solution, undershoot and overshoot values will develop. Especially in case of un-
dershoot (i.e., too low values) this may lead to negative solution components. A negative
population density is of course not realistic. The use of upwind techniques drastically
reduces this unwanted property.
The fluxes Jy and Jy vanish according to the boundary conditions, and for J; we use
a symmetric formula since we lack sufficient upstream information (in case of sinking).
Summarizing, for sinking phytoplankton, we arrive at the following set of ODEs:

dw;(t Ji—Jic1 .
dzt( ) :gzwz_szZla i=1,..,N, (12)
where
Jo = 0,
wo + w1 wo — Wy
= - D
S v 2 Az
Ji = v l[—wi 1+ 5w; + 2wiy] —D“’i%;wi, i=2.,N—1, (13)
Jyn = 0.

The term g; in (12) is defined as g; := p(I;) — £, where I; denotes the light intensity at
z = s;. Replacing the integral term by the repeated trapezoidal rule, the light intensity is
approximated by

IZ _ Ii ebegsi efk[%wo+%w1+w2+...+wi,1+%wi]Az’ (14)

with the solution at the surface, wy, extrapolated from inside: wy = (3wi — w2)/2.

3.2 Time integration
After spatial discretization we arrive at a large system of ODEs, written in the form

) _ pwi), t>0, (15)
dt

where the vector w(t) € IRY contains the components w;(t). Our first observation is
that this system is a stiff ODE. This means that the Jacobian matrix OF/0w has widely
spread eigenvalues (for a discussion on stiffness we refer to [15]). To handle the stiffness
of the ODE system, we selected an implicit integration method, which has, in general,
adequate stability properties to treat the stiff system. As a consequence, however, we are
now faced with the task to solve, in each time step, a system of implicit relations to obtain
the solution at the next point in time. For the family of implicit methods that we have
used, this results in solving the equation

m
R(Wpy1) =Wy —bg At F(Wyy1) = > bWy =0. (16)
=1



Here, W,,;1 is an approximation to w(t) at t = t,41 := (n + 1)At, At being the time
step, and the coeflicients b; are defined by the method in use. W, W,_1,.... Wpi1_m
are approximate solutions at previous points in time and serve to give the method the
required accuracy.

As usual, (16) is iteratively solved by means of Newton’s process. That is, a series of
linear systems of the form

[T — by At OF [ow] [Wi,, — With| = —R(WISY), j=0,1,.., (17)

J

have to be solved, where I denoted the identity matrix. The iterates Wy,

converge to the solution W, .

The Jacobian matrix 0F /0w is composed of a 4-diagonal band (originating from the
discretization of the advection-diffusion terms) plus a lower triangular part (due to the
integral term). This makes the solution of the linear systems in (17) in the Newton process
very time-consuming. To improve the numerical efficiency, we neglected the lower triangu-
lar part in the Jacobian matrix. This still yields the required convergence, but results in a
larger number of iterations. In fact, the total number of Newton iterations (summed over
all steps) increased by 30-50%, but this is amply compensated by the strongly reduced
costs to solve the linear systems (which now have a simple band structure).

Brown et al. [5] implemented the above numerical time integration technique in their
code VODE, which we have used to produce the results described in the present paper.
This code belongs to the family of most widely used stiff ODE solvers and is freely avail-
able from http://www.netlib.org/ode/ (both in Fortran and C). VODE is very robust in
the sense that it includes all kind of strategies, necessary for automatic integration and
incorporates experience of many users over a long period.

hopefully

4 Applications

4.1 Unstratified waters

Model structure: In the spirit of Ockham’s razor (‘Essentia non sunt multiplicanda’),
we first consider one of the simplest scenarios. We assume that the water column is
unstratified, with a uniform turbulent diffusion coefficient D(z) = D (see Fig.1A). The
depth of the water column is 100 m, divided in an equidistant grid of 1000 cells.

Results: Figure 2 illustrates the time course of the population density distribution of
a sinking species in such an unstratified water column. The parameter values used in
this simulation are specified in Table 1. The simulation starts with a uniform population
density distribution (Fig.2A). Part of the population sinks to the bottom and vanishes
in the dark (Fig.2B,C). Ample light conditions in the upper part of the water column,
however, allow the growth rate to overcome both the sinking and mixing rates. As a result,
a phytoplankton bloom develops in the upper 30 meters of the water column (Fig. 2D-F).

The simulations were repeated for a wide variety of different water-column depths and
turbulent diffusion coefficients. For each simulation we monitored whether the sinking
species was capable to sustain a population or whether the population as a whole vanished



Table 1: Variables and parameter values used in the simulations.

Symbol Meaning Value Units

Variables

I light intensity pmol photons -m 2 - 57!

w population density cells -m =3

Parameters

D turbulent diffusion 5 em? - s71

H half-saturation constant of 30 pmol photons -m =2 . 571
light-limited growth

Lin incident light intensity 350 pmol photons -m =2 - 57!

Ky, background turbidity 0.2 m1

k specific light attenuation 15-10712 m?2. cell™!
of phytoplankton

/ specific loss rate 0.01 h~1

Pmaz maximal specific production rate 0.04 Bt

v vertical velocity 0.04 m-h7!

Zm, water column depth 100 m

27 thermocline depth*) 20 m

*) Note: only in stratified waters.

in the dark. Following Huisman et al. [20], we say that there is ‘bloom development’
whenever a population can be sustained. The results of this exercise are shown in Fig. 3.
This reveals that the conditions for bloom development of sinking phytoplankton species
in unstratified waters can be summarized as follows [11, 18]:

o If turbulence is high, the phytoplankton population is uniformly mixed. In this case,
if the water column depth exceeds a critical depth (sensu Sverdrup [38]), depth-
averaged light conditions experienced by the phytoplankton become too low to allow
net phytoplankton growth.

133 |22
i

Figure 1: Model structure. (A) Unstratified water column. (B) Stratified water column.
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Figure 2: Time course of phytoplankton bloom development in an unstratified water column.
Parameter values: see Table 1.

e If turbulent diffusion remains between a maximal turbulence and a minimal tur-
bulence, the phytoplankton population can outgrow both mixing rates and sinking
rates, and hence the population can be sustained even in deep waters. We note
that the maximal turbulence is conceptually equivalent to the critical turbulence
described by Huisman et al. [20] and that the minimal turbulence can be traced
back to Riley et al. [33, p.90].

e If turbulence is low, then there is no force that prevents sinking of the entire phyto-
plankton population to the bottom of the water column. In this case, if the depth of
the water column exceeds the compensation depth, the population vanishes in the
dark.

4.2 Stratified waters

Model structure: Suppose that the water column is stratified into two layers, separated
by a thermocline (Fig.1B). The depth 2y indicates the position of the thermocline. We
here assume that only the upper mixed layer is subject to turbulent mixing, whereas
vertical turbulence is negligible in the deeper water. Accordingly, we set D(z) = D above
the thermocline and we set D(z) = 0 below the thermocline. Assuming continuity of the
flux, the flux of phytoplankton at the thermocline equals

J(zr,t) = vw(zr,t). (18)
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Figure 3: Combinations of water-column depth, z,,, and turbulent diffusion coefficient, D, that
allow bloom development of sinking phytoplankton species in unstratified waters. The graph is
based on a grid of 41 x 61 = 2,501 simulations. Parameter values: see Table 1.

This boundary condition replaces the boundary condition in (7b). We note that a bound-
ary condition at the bottom of the water column (i.e., at z = z,,) is no longer necessary,
since the assumption D(z) = 0 below the thermocline simplifies (8) to a first-order PDE
with respect to z in the deep water layer.

Numerical simulation: This stratified model structure has several implications for the
spatial discretization. We model the fluxes above the thermocline as defined in (13), with
the exception that Jy = 0 is replaced by Jy = v [3wy — wny—1]/2. Hence, the solution at
the thermocline is extrapolated from above. In this way the flux through the thermocline
is only influenced by the solution above this point, which is of course realistic in case of
sinking phytoplankton.

The N cells in the upper water layer are supplemented by a grid of M cells in the deep
water layer. The grid in the deep water layer is essentially similar to the grid described in
(9), but now sy4; = 27 + (i — 3)Az, where i = 1,..., M and Az = (2, — 2zr)/M. For the
influx at the thermocline, we use the ‘extrapolated’ expression Jy given above to assure
continuity of the flux. All fluxes below the thermocline are simulated by

JN—H' = UV WN+i, 1= 1, ...,M. (19)

Notice that this is again an upwind approximation. The difference with the expression in
(10), apart from zero diffusion, is that here the advection term is only first-order accu-
rate, whereas (10) is based on a third-order approximation. The reason for changing to
first-order is that the first-order discretization has better properties to keep the solution
positive. Since the solution is usually close to zero in the deeper part of the water column,
this feature is considered of more importance than the drop in order of accuracy. The
reaction term g; is treated similarly as in the case of unstratified waters.

Results: The time course of the population density distribution in a stratified water

10



Population density (103 cells/ml)

Depth (m)

A. 0 days B. 1 day C. 5 days

Depth (m)

D. 10 days E. 20 days F. 50 days

100

Figure 4: Time course of phytoplankton bloom development in a stratified water column. The
horizontal dashed line indicates the depth of the thermocline. Parameter values: see Table 1.

column is shown in Fig.4, using the same species as in Fig.2. Again, the simulation
starts with a uniform population density distribution (Fig.4A). Owing to sinking and
mortality, population densities in the lower water layer decrease in time (Fig.4B-D). In
contrast, the ample light conditions in the upper mixed layer sustain a phytoplankton
population. In this particular example, the upper mixed layer is not sufficiently turbulent
to homogenize the population density distribution throughout the upper mixed layer, and
hence a conspicuous depth profile develops (Fig. 4B-D). Part of the population in the upper
mixed layer sinks over the thermocline. As a result, the population density distribution
below the thermocline decays nearly exponentially with depth (Fig. 4D-F).

Again the simulations were repeated for a wide variety of different thermocline depths
and turbulent diffusion coefficients. This yields Fig.5. Accordingly, the conditions for
bloom development of sinking phytoplankton species in stratified waters can be summa-
rized as follows:

e If the thermocline is too shallow, the flux of sinking phytoplankton over the ther-
mocline exceeds the depth-integrated growth rate in the upper mixed layer. Hence,
below a minimal thermocline depth, the phytoplankton population cannot be sus-
tained.

e If turbulent mixing is intense and the thermocline exceeds a maximal depth, depth-
averaged light conditions in the upper mixed layer become too low to allow net
phytoplankton growth. We note that the maximal depth in Fig. 5 is slightly shallower
than the critical depth (sensu Sverdrup [38]) in Fig. 3.

11
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Figure 5: Combinations of thermocline depth, zr, and turbulent diffusion coefficient, D, that
allow bloom development of sinking phytoplankton species in stratified waters. The graph is based
on a grid of 41 x 61 = 2,501 simulations. Parameter values: see Table 1.

e If turbulent diffusion remains between a maximal turbulence (cf. Huisman et al.
[20]) and a minimal turbulence (cf. Riley et al. [33]), then the phytoplankton
population can outgrow both mixing rates and sinking rates. The maximal and
minimal turbulence in Fig.5 have the same values as in Fig. 3.

e If turbulence is too low, the phytoplankton population is lost from the upper mixed
layer and vanishes into the dark.

4.3 Competition

Model structure: Most waters are inhabited by a multitude of phytoplankton species.
Therefore, this section considers competition between a number of n species. The different
species are indicated by subscripts such as ¢ and 5. We assume that there is no direct
interference between the species. The species interact only indirectly, through shading.
Hence, our multispecies version of the model is a straightforward extension of the single-
species model:

aw,-
ot

ow; 0 ow; .
:pZ(I(z’t))wZ_ezwz_vza—;+& (D(Z) 8ZZ> , 1=1,..,n, (20)

where the vertical light gradient is given by
I(z,t) = Iy, e Kos% e Jo (i kjws (o) do, (21)

Numerical simulation: Here, the spatial discretization is similar as in the single-species
case. However, since the dimension of the system of ODEs in (15) is now 7 times as large,
the true Jacobian matrix in the Newton process (including the lower triangular parts due
to the discretized integral term) has a huge number of entries. Hence, especially in this
situation, it is recommendable to use a simplified Jacobian matrix that neglects the lower

12
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Figure 6: Time course of competition for light between a sinking phytoplankton species

(species 1), a neutrally buoyant phytoplankton species (species 2), and a buoyant phytoplank-
ton species (species 3) in an unstratified water column. In the end, the sinking species wins.
Environmental parameters as in Table 1, except D = 10 cm?-s~! Species parameters: see Table 2.

triangular parts originating from the integral term and consists only of the four diagonals.
In this way, a dramatic reduction in the computational costs for solving the linear systems
in (17) can be obtained without sacrificing the rate of convergence of the Newton process
too drastically.

Results: As an illustration, we consider three phytoplankton species: a sinking species,
a neutrally buoyant species, and a buoyant species. All three species have rather simi-
lar growth characteristics, except that the sinking species has a higher maximal specific
production rate than the neutral species, which in turn has a higher maximal specific
production rate than the buoyant species (see Table 2). Our simulation experiment con-
siders a relatively turbulent, unstratified water column with a depth of 100 m. All three
species are uniformly distributed over depth at the onset of the simulation experiment.
The neutral species and buoyant species are both given an initial advantage; at the onset
of the experiment they are 100 times more abundant than the sinking species (Fig.6A).
During the first few days, both the buoyant and neutral species increase in the upper part
of the water column, and decrease in the deeper parts (Fig. 6B). Because turbulent mixing
is quite intense, however, the buoyant species remains vertically dispersed over the upper
50 meters, and is therefore unable to form a surface bloom. Owing to the increased popu-
lation densities in the upper part of the water column, the light gradient becomes steeper.
As a result, the buoyant species starts to decline and the neutral species gains dominance

13



Table 2: Species parameters used in Fig. 6.

Parameter Sinking species Neutral species Buoyant species Units

(species 1) (species 2) (species 3)
v; +4.2 0 —-8.3 em - bt
Praz,i 0.04 0.03 0.02 h1
H; 10 10 20 pmol photons -m =2 - 571
¢; 0.01 0.01 0.01 h~t
ki 0.30 0.15 0.15 em?. (million cells) !
wi(z,0) 50 5000 5000 cells -cm ™3

Note: Parameter values were all chosen within the typical range measured for freshwater
phytoplankton species from the culture collection of the Laboratory of Aquatic Microbi-
ology, University of Amsterdam, The Netherlands (e.g. [40, 41, 8, 17, 19]).

(Fig. 6C). At the same time, however, the sinking species increases (Fig. 6D), because the
high turbulent mixing rate prevents its sedimentation and because its high specific growth
rate allows proliferation under rather low light conditions. The sinking species eventually
displaces the neutral species (Fig. 6E), and becomes dominant (Fig. 6F).

5 Discussion

This discussion will focus on the numerical technique and on the biological interpretation
of our findings.

Numerical simulation of PDEs generally consists of two steps: spatial discretization of
the PDE and subsequent time integration of the resulting ODE system. The simplest spa-
tial discretization of a PDE would be based on symmetrical discretization of the advection
and diffusion terms. In preliminary simulations (not shown) we observed, however, that a
completely symmetrical discretization of plankton PDEs easily leads to numerical artifacts
in the form of expanding spatial oscillations (‘wiggles’). The results presented here show
that such spatial instabilities are effectively removed by introducing upwind methods for
spatial discretization of the advection terms.

The simplest time integration of the resulting ODE system would be based on an
explicit time integration method. However, explicit time integration failed owing to the
stiffness of our ODE problem. That is, an explicit method, which is simple and computa-
tionally cheap per time step, would be forced by the stiff system to take very small time
steps in order to avoid numerical instabilities. This time step restriction is so severe in
our application that it is unfeasible to use an explicit integration method. Therefore, we
selected an implicit method. However, owing to the depth integral in our phytoplankton
model, the implicit method is computationally very demanding because the Jacobian ma-
trix in the iterative scheme has a non-zero lower triangular part. This problem was tackled
by simply neglecting the lower triangular part of the Jacobian matrix. We mention that
the depth integral is of course taken into account in the model itself (in the g; term); it
is neglected only in the Jacobian matrix of the iterative scheme used to solve the implicit
relation. This simplification still yields the required convergence, though after a larger
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number of iterations. The increased number of iterations is clearly offset by a much faster
handling of the simplified Jacobian matrix. A simplified Jacobian matrix is particularly
useful in the context of competition between species, since the size of the Jacobian matrix
grows quadratically with the number of species in the model. We conclude that the simu-
lation scheme presented in this paper provides a reliable and efficient tool for simulation of
the population dynamics of sinking phytoplankton species in light-limited environments.

From a biological perspective, our results support the earlier finding that Sverdrup’s
critical-depth theory [38] does not hold if the turbulent mixing rate is reduced below a
critical threshold level (see also [20, 21, 11]). Instead, there exists a ‘turbulence window’
for the persistence of sinking phytoplankton species in unstratified waters [18]. If tur-
bulent diffusion is high, Sverdrup’s theory applies and, accordingly, in deep waters the
depth-averaged light conditions experienced by the phytoplankton may become too low to
allow net phytoplankton growth. Conversely, if turbulent diffusion is low, sinking phyto-
plankton species may tumble downwards and are lost in the dark. At intermediate levels
of turbulence, however, phytoplankton growth rates in the euphotic zone may exceed both
mixing rates and sinking rates. As a result, at intermediate turbulence levels, populations
of sinking phytoplankton can be sustained even if all individuals within the population
have a tendency to sink.

The turbulence window for stratified waters is similar to the turbulence window in
unstratified waters (compare Fig. 3 and Fig.5). Additionally, the growth of sinking phyto-
plankton in stratified waters is restricted by a minimal thermocline depth. That is, if the
thermocline in a stratified water column shallows, then export of sinking phytoplankton
over the thermocline may become too high, and the phytoplankton population cannot
be prevented from sinking downwards. Experiments and field observations confirm the
existence of such a minimal thermocline depth for sinking phytoplankton [32, 40, 7, 9].

Summarizing, our results show that the population dynamics of sinking phytoplankton
species depend crucially on the balance between growth rates, turbulent mixing rates, and
sinking rates. In some waters there will be strong selection against sinking phytoplankton
species, whereas in other waters sinking species may even dominate over buoyant and neu-
trally buoyant phytoplankton species (Fig.6). A proper understanding of the abundance
and distribution of sinking phytoplankton species clearly requires a careful consideration
of the interplay between plankton dynamics and fluid dynamics.
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