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ABSTRACT
We study properties of generalized Pickands constants H,, that appear in the extreme
value theory of Gaussian processes and are defined via the limit

T
o = i 2

)

where #H,(T) = Eexp (maxte[O,T] (\/ﬁn(t) - Var(n(t)))) and n(t) is a centered Gaussian
process with stationary increments.

We give estimates of the rate of convergence of &’# to H, and prove that if 7,)(t)
weakly converges in C([0,00)) to n(t), then under some weak conditions lim,, ., H
Hy-

As an application we prove that Y(a) = Hp, , is continuous on (0,2], where B, /(%)
is a fractional Brownian motion with Hurst parameter «/2. It contradicts the conjecture
that Y («) is discontinuous at o = 1.

Ny —
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1 Introduction

Pickands constants #p_,, play an important role in the asymptotic of supremum of Gaus-
sian stochastic processes (see Pickands [5], Piterbarg [6]). Recall that Hp, , is defined by
the following limit

. Mp
Hbapp = JM0

(T), (1.1)

a/2

where

HBQ/Z(T) =IEexp (trerf(%}?(‘} \/§Ba/2(t) - Var(Ba/Q (t)))

and B, 5(t) is a fractional Brownian motion (FBM) with Hurst parameter /2, that is a
centered Gaussian process with stationary increments, continuous sample paths, B, /2(0) =
0 and variance function Var(B,s(t)) = t* (a € (0,2]).

It turns out that the notion of Hp_ , yields a natural extension (Degbicki [2]). Let n(t)
be a centered Gaussian process with stationary increments, a.s. continuous sample paths,
1(0) = 0 and such that the variance function Var(n(t)) = o7 (t) satisfies

C1 O'%(t) € C'([0,00)) is strictly increasing and there exists € > 0 such that

to2(t
lim sup # <€ (1.2)
t—00 Uﬂ(t)

C2 o%(t) is regularly varying at 0 with index ag € (0, 2] and a%(t) is regularly varying at
oo with index ay, € (0,2).

In the paper we use the notation ¢%(t) or 62(¢) for the derivatives of o(t). Moreover,
in order to short the notation, we will write that n(t) € C1-C2 provided that n(t) is
a centered Gaussian stochastic process with stationary increments and variance function
that satisfies C1-C2.

By the generalized Pickands constant H, we mean

H, = lim LZET), (1.3)

where

Hy(T) = Eexp (;:gf% V2n(t) — Var(??(ﬂ))

and 7(t) € C1-C2. In Debicki [2] it was proved that if n(t) € C1-C2, then #,, is well-
defined, finite and positive. Meanwhile it turned out that generalized Pickands constants
appear in the exact asymptotics of supremum of some classes of Gaussian processes (see
2),3)).

Both from the theoretical point of view and in spite of recent attempts to find numerical
approximations of H,, there is a great need of analyzing properties of H,. In the case of
classical Pickands constants the afford to compute Hp_ /, Was taken by many authors, but
only few fragmentary results were obtained. Namely the exact value of Hp, , is known
only if « = 1 and o = 2 (see for example Piterbarg [6] or Bréiker [1]). Recently Shao
[7] and Debicki, Michna & Rolski [3] obtained some bounds of Hp_ /»- Upper and lower
bounds for generalized Pickands constants were given in Debicki [2] and Debicki, Michna
& Rolski [3].



The difficulties in analyzing #,, are manifested in the number of (sometimes opposite)
conjectures that deal with properties of the function
T(CM) :HBQ/Q, o€ (0,2].
For example in Michna [4] it was formulated a conjecture (based on some numerical ap-
proximations):

Conjecture 1 Y(«) is discontinuous at o = 1.

Opposite, in some sense, conjecture is also known:

Conjecture 2 T(a) = ﬁ, where I'(*) is the Gamma function.

In this paper we focus on continuity and limit properties of H,,. After introducing basic

notation (Section 2), we give some estimates of the rate of convergence of &’P to H,, as
T — oo (Section 3). In particular, using Theorem 3.1, we prove that the asymptotic rate
of convergence is almost linear (Corollary 3.1).

Theorem 3.1 enables us to analyze some properties of a sequence of generalized Pickands
constants H, ., where n,)(t) € C1-C2 and weakly converges in C([0, 00)) to a Gaussian
process n(t) € C1-C2. Namely under some mild conditions on the variance functions of
N(n)(t) we prove that lim, o Hy,, = Hy (Theorem 4.1).

Theorem 4.1 opens a way to the analysis of properties of T(a). In particular in
Corollary 4.1 we contradict Conjecture 1, proving that Y («) is continuous as the function
of @ € (0,2]. Moreover, in Corollary 4.2, we obtain some limit properties of #, for
n(t) = fot Z(s)ds, where Z(s) is a centered stationary Gaussian process with continuous
covariance function R(t) and 7(t) € C1-C2.

2 Notation and preliminary results

We write {n,(t),u > 0} for the family of centered Gaussian processes {n,(t) : t > 0}
(u > 0), where n,(t) = n(u + t) and n(t) € C1-C2. This family will play the central role
in the technique of proofs presented in this article.
By the attached bar we always denote the standardized process, that is7j(t) = n(t) /oy, (t).
Before we state the main results, we need to point out some properties of family

{ﬂu(t), u > 0}'

Proposition 2.1 If n(t) € C1-C2, then
(4)

1 — Cov (7, (1), 7,(s))
op(|t—s))
207 (u)

-1 =0

sup
s,teJ(u)

as u — 0o, where J(u) = [—A(u), A(u)] and A(u) is such that lim, # =0;
(%) there exists A > 1 such that

2
7 (t) < 1.
-2

sup

P 52 (A0) (21)



Proof. (i) is a special case of Lemma 2.1 in Debicki [2]. (i7) is a consequence of the
assumption that 0,27(25) is regularly varying at 0 and at oo and the fact that 0,27(25) is strictly
increasing.

O

The following constants will play an important role in further analysis. Let

_ 1 2 2
Hop(T) = Eexp ( om0 eyt = 5 (o (0 + o, (m)))) L (22)

where 7(1)(t), 1(2)(t) are independent copies of a centered Gaussian stochastic process
n(t) such that n(t) € C1-C2. Analogously we introduce 71y, (t), 7(2);.(t) as independent
copies of ny(t).

Proposition 2.2 Let n(u) be such that lim,_, fin(”’@ =1. Then

(u)

1
P ((tht;@%ﬂ? 75 (Twu(t) +7ieya(t2)) > n(u>) = Hy(T)T(n(w))(1 +0(1)) as u— oo.

Following the same argumentation as presented in the proof of Corollary D.1 in [6]
(see also [2]) we recall some basic properties of 7, (-) and Hy,(-).

Proposition 2.3 If n(t) € C1-C2, then
(i))H,(T) < THy(1) for T € N;

(i1) Hyn(T) < T*H, (1) for T € N;
(iii) Hy(-) is subadditive.

3 Estimates of rate of convergence to #,

In this section we find some estimates of the rate of convergence of H"T(T) to H, as T' — oo.
The main theorem of this section is the following upper bound.

Theorem 3.1 Let n(t) € C1-C2 and f : Rt — R" be such that f(z) < z for each

2
x> 1. If A > 0 is such that sup, U%W(E\t_z) < %, then for each T € IN

- 20| < ST | HaalT) (_a%(f(T>)>+

T T 8
H(NT) & oy (iT)
2l - -1 : 1
+ T ;exp 5 (3.1)
Proof. The complete proof of Theorem 3.1 is presented in Section 5.
O
As a consequence of Theorem 3.1 we obtain the following corollary.
Corollary 3.1 If n(t) € C1-C2 and a < 1, then
lim ‘L(T)—’H T =0 (3.2)
T—00 T K ' '




Proof. Since n(t) € C1-C2, then there exists A > 0 such that (2.1) is satisfied. Let
a < 1. We take € > 0 such that a + € < 1 and f(z) = z'~* €. Moreover let Tj be such
that min(AST, f(T)) > 1 for T > T,. From Proposition 2.3 we have

Hyn(N°T) < Hyp(1)(AT + 1)?
Hy(f(T)) < Hp(D)(F(T)+1)
for T' > Ty. Thus, using Theorem 3.1, for T' > Ty
T Tl—a—e 1 A5T 1 2 2 Tlfafe
‘Hn _ Hy( )‘ < 27{"(1)7—’_ + Z’Hnn(l)gexp <_M> +
T T ’ 8
(AT +1)* & op(iT)
+2’Hn,n(l)# izzlexp — "8 .
Since

5 2 o2 (T1—a—¢ 5 o2(i
(A TT+ 1) exp (_ U(TS )) (A T + ]- Zexp ( ( T)) — O(Tfafe)

as T — oo, then
Hy(T)

‘Hn— T ‘T“—>0

as T — oo. This completes the proof.

4 A convergence theorem

In this section we present theorem that enables us to analyze properties of a sequence of
generalized Pickands constants for weakly converging Gaussian processes.

Let ¢(t) € C1-C2 and {((,(t)};2; be a sequence of a centered Gaussian processes
with stationary increments such that ((,)(t) € C1-C2 for each n € IN and

W1 The sequence {{(,)(t)};Z; weakly converges in C([0,00)) to ((t);

of (1)
W2 There exists A > 0 such that sup,. U;(”)(At) < 1 for each n € N.
S(n)
In order to short the notation, if ((t) and {((,)(t)};2; satisfy W1-W2, then we will
write ({((n)},() € W1-W2.
Let

¢cr(z) = Eexp (m sup (V2((t) — a%(t)))

te[0,T]

be the moment generating function of random variable SUPte[o,T}(\/EC (t) — ag(t)). Note
that H¢(T) = ¢er(1).

Theorem 4.1 If ({{()},¢) € W1-W2, then

lim HC(n) = Hc.

n—oo



Proof. Since the functional sup,c[g 77 g(#) is continuous in uniform metric, then from W1

lim ¢, (1) = ¢¢r(1)

n—o0
for each T' > 0 and hence
nll)r{.lo HC(n) (T) = He (T) (4.1)
. . HC(n) (1)
for each T' > 0. Thus in order to complete the proof it suffices to show that —7=—

HC(n)v as T' — oo, uniformly with respect to n.
Due to W2 there exists an universal constant A > 1 such that (2.1) is satisfied for
C(n)(t), n > 1. Hence takeing f(x) = /= in Theorem 3.1 we have

He,, (T) Heo (VT) M gy (AT ot (VT)
S e
e o (APT) & o¢. (iT)
9 (n)s6(n) (n) 4.9
+ T ZZ;exp g (4.2)
for T'e IN. From Proposition 2.3 we get
M, (VT) (VT + 1)Hc,, (1)

<
<

’Hc(n),c(n) (A5T) (A5T + I)ZHC(n) L(n) (1)

Combining it with the fact that limy oo He, (1) = H¢(1) and limpoo He ¢, (1) =
H¢ (1) we obtain

He,,(VT) < 2(VT + 1)Hc(1) (4.3)
Heon o (AT < 2(AT +1)°He (1) (4.4)

for sufficiently large n. Moreover, following W2, we have
1 _loga(2)
2 2eAd - o
o, (VT) > ST of, (1)
and

of,,,(iT) > (iT)lo8s(2) ot (1).

1
2
Now, using that lim,, ag(n) (1) = O'g(l), we obtain that

logp (2)

O'g(n)(ﬁ) >T 2 O'g(l)

and
ol (iT) > (iT)" 82 o3 (1)

for sufficiently large n, which implies that

o? logy(2) O
exp (—M) < exp (—T% %) (4.5)
00 02 7 00 o
> exp (—#) < Y ew (—(z’T)lOgA@) %) (4.6
i=1 i=1



for sufficiently large n.
Combining (4.2) with (4.3),(4.4),(4.5) and (4.6) we obtain

2
. HC(T)(T)‘ o LWT +;)H<(1) LT+ 17127{(,4(1) x> <_TM U<é1)> .

5 2
+4(A T+1 HCC E exp ( («T) log, (2) —Uc(l)>
8

. He oy (T)
for T € IN and suffciently large n. Hence we proved that C(”T)

uniformly with respect to n. Thus

— HC(n)v as T — oo,

nhoe e T o Nertee T
H T
= lim lim L()
T—00 N—00
T
— jim D ):’HC.
T—o0

This completes the proof.
O

Theorem 4.1 enables us to obtain the following result, which contradicts Conjecture 1.
Corollary 4.1 Function Y(«) =Hp, , is continuous on (0,2].

Proof. 1t suffices to prove that if a;,, — «, then

lim Hp_

n— 00 n/2

=Hp

a/2?

where oy, @ € (0, 2]
Since for sufficiently large n we have ({B,, 2}, Baj2) € W1-W2 with A = 25, then
applying Theorem 4.1 we obtain the thesis.
O

Corollary 4.2 If n(t) = fg Z(s)ds, where Z(s) is a stationary centered Gaussian process
with a continuous covariance function Cov(Z(s +t),Z(s)) = R(t) and n(t) € C1-C2,
then

lim en — [BO)

c—00 e

Proof.  Let n(t) = Iz (2) ds and note that for each ¢ > 0 we have cn(t) = n(ct).
Thus

.1 2
Hey = TIEI;O ?]Eexp (tgf(?j% \/5077(75) - Ucn(t)> =

.1
= TI;H;O ?]E exp <max} \/ﬁn(c)(ct) Tie )(ct)>

te[0, T

T—o0 C t€[0,cT

= ¢ lim %]Eexp( max \/_77 y (1) — n()(t)>

1
= ¢ lim fIEexp (max \/_77 ) (1) — 77()( )) = cHy,-

T—00

7



On the other hand, using that o2 (t) = c?02(%), we have

N(c) n
2
T (8) _ coi(m) _ o(3)
(A Poi(T) a(%)

Thus, if A > 0 is such that (2.1) is satisfied for n(¢), then (2.1) is satisfied with the same
A also for each 7. (t).

Since 7. (t) weakly converges in C([0,00)) to the process \/R(0)B;(t) = \/R(0)N't as
¢ — 0o, where N has the standard normal law, then from Theorem 4.1 we conclude that

. ch .
dm = = i o =M mwym,

R(0)

which combined with the fact that VEOB =V r completes the proof.

5 Proof of Theorem 3.1

Before presenting the proof of Theorem 3.1, we need the following lemma, which slightly
extends Lemma D.1 from Piterbarg [6], giving the exact form of the constants before the
exponent.

Lemma 5.1 If n(t) € C1-C2 and A > 0 is such that sup;.q Ui;’(%)) < %, then for A(u)

such that and lim,_, ASL“) =0 and for each T >0, 6 >0

]p( sup_7,(s) > V2o (u);  sup 7, (t) > ﬁan(u)) <
s€[0,T] te[6+T,0+2T)

2(§
< ’Hn,n(AE’T) exp (— 0"8( )

) U (V20 (u)) (1 + o(1))
(5.1)
as u — 0o. Inequality (5.1) holds uniformly with respect to u for 6 < A(u) — 2T.

Proof. Since the idea of the proof is analogous to the proof of Lemma 6.3 in [6] then we
present only the main steps of the argumentation. Consider the Gaussian field Y, (s,t) =
M.(s) +7,(t) and let Ag =1[0,T], Assr = [0 +T,0 + 2T for 0 < § < A(u) — 2T. We have

P ( sup 7,(0) > Vioy(w);  sup 7,0 > ﬂanm) <

te[0,T] te[0+T,0+2T)

<P (( ) sup Y .(s,t) > 2\/§an(u)> . (5.2)
s,t

€AoXAsqT
Note that for each s € Ay, t € As17 and sufficiently large u

(It —sl)

Var(Y o (s,)) > 4 — 2072702(u) > (5.3)
n



and

o2(|t—s o2(8
Var(Y,(s,t)) <4 — % <4- 20’7%((3). (5.4)
Let Yy (s,t) = % and observe that
v 2\/_‘777( )
P ((s,t)ESAl;EA5+T Y. (s,t) > \/Ean(u)> <P (s7t)63101];X>A5+T Y.(s,t) > ,74 - 20%2((5)) (5.5)
Moreover for each s,s; € Ag and ¢,t; € Asir
E(Ya(s,1) — Yuls1,41))® < mm(yu(s,n —Yu(s1,1))2
< HE(T, (5) = Tu(51))? + E@, (1) — 7,(01))%)
=8((1 = Cov(7y(s),Mu(s51))) + (1 = Cov(7, (1), 7y(t1))))
(s —s1]) | op(jt —t1])
< 16 ( ”20%(u) + n2a};(u) > (5.6)
1 [02(Agls —s o2(Aplt —t
<(1- Cov(ﬁu(AUS)vﬁu(Aosl))) (1 — Cov(n,(Aot), 7y (Aot1))))
= £ (B, (Ros) ~ T, (Ros1))? + BT, (Aot) — 7, (Aor2))?),

where (5.6) follows from Proposition 2.1 and in (5.7) Ag = A5 and follows from (2.1).
Hence for 7(1,,(¢), (2, (t) being independent copies of the process 7, (t), the covariance
function of the process %(ﬁ(l);u(Ags) + M(2);u(t)(Aot)) is dominated by the covariance
function of Y (s,t). Thus from Slepian inequality (see [6], Theorem C.1)

P sup Y., (s,t) > V20, (u)

A)EAX A / a2(d)
(s )E oXAsyT 4 — 20—1%(’“)

<

V20, (u)
<P sStuePA2 7( (1);u(Ao8) + 1(2);u (Aot)) > ﬁﬁ% (5.8)
= Hp o (APT)T ‘fa”(z(é) (1+ (1)) (5.9)
4- 202(11,)
0.2
= Hp,(AST)exp (- "é )> (V20 (u))(1 + o(1)) (5.10)

where (5.8) holds uniformly with respect to u for 6 < A(u) — 27T and (5.9) follows from
Proposition 2.2. Thus the assertion of Lemma 5.1 follows by combining (5.2) and (5.5)
with (5.10).

O



Proof of Theorem 8.1 The idea of the proof is based on the comparison of upper and
lower bound of P (SUPte[o,a,,(u)] 7, (t) > \/ﬁan(u)).

Let T,S be given. We introduce A; = [iS, (1 + 1)S], B; = [iT, (i + 1)T] and let
N = [U”T(u)], 1(LT) = [”"T(u)] — 1. Note that from Bonferroni inequality and Proposition
2.2

NS
P ( sup 7, () > \/Ean(u)> < Z P (sup 7, (t) > \/ﬁan(u)>
te[()?o-”’](u)} i=0 teA;

= N, (S)T(V20,(u)) (1 + o(1))
as 4 — 00. Thus for each S > 0
_ P (Supte[o,o—,,(u)] 7. () > ﬁUn(U)) H,(S)
lim sup < .
U—00 an(u)\Il(\/ian(u)) S

On the other hand, again using Bonferroni inequality, we have for each T' > 1

P( sup m(t)wio—n(u))
tel

0,00 (w)]

(5.11)

N
> Z P (sup 7, (t) > \/ﬁon(u)>

i=0 teB

2 3 P(supm<t>>ﬁo—n()supnu(>>ﬁon<u>> (5.12)

teB; sEB
0<i<j<N{D : J

We split the sum in line (5.12) on the following sub-sums

2 > P (Supﬁu(t) > V20, (u); sup 77, (s) > ﬂffn(ﬂ)) =

0§i<j§N,(LT) teB; SEB;
= 2 Z P (Sup () > V20, (u); sup 7, (s) > \/ian(u)> (5.13)
i+1=j teB; s€B;
+2 Z P (sup 7, (t) > V20, (u); sup 7, (s) > \/Ean(u)> . (b.14)
oo (T) teB; SEBj
1<j—1<Ny

Note that for the sum in line (5.14), using Lemma 5.1

2 Z P (sup 7, (t) > V20, (u); sup 7, (s) > \/Ean(u)> <

1<j—i<N(T) teB; SEBj

kT
< 2N Hy Z exp ( il )> T(V20,(w))(1 + o(1)) (5.15)
as u — 0o. Moreover for f: RT — IRJr such that f(zr) < z for each z > 1

P (sup T (t) > V20, (u); sup 7,(s) > \/ﬁan(u)> <

teB; SEB;+1

< 1P<supm<t>>ﬁon<u>; sup ms)wion(u))

teB; s—f(T)EBiy1

+P ( ~_sup Tu(t) > \/Ean(u)> .
[(i+1)

T,(i+1)T+f(T)]

10



Thus for the sum in line (5.13) we have

23 P (sup T(t) > V20, (w); sup 7, (s) > ﬁan(m) <

teB sEB;

i+1=j5
< AN, (AT) exp (—@) W (V3o () (1 + o(1)
PN, (1)) B (V2o () (1 + o(1). (5.16)

Combining (5.15) with (5.16) we obtain for 7' > 1
P (Supte[o,o—,,(u)] 7. () > \/ia,,(u))

lim inf >
oo oy (u) (V20 (u))
L HlT) M (AT (_ 0?;(1;(T))> M)

(5.17)

Hence, using sub-additivity of #,(-), comparing (5.17) with (5.11) and taking S — oo
we have that for each 7" > 1

T nT(T> (T >eXp< 7y (T>>>_2Hn(z;(T)>_
27{7,,,7 (A°T) i:o: ( 2(:T)>. (5.18)

Moreover, due to the fact that #,(-) is subadditive, we have H”T(T) — H, > 0, which
combined with (5.18) completes the proof.
O
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