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ABSTRACT

Let B be a fractional Brownian motion with Hurst index H > 1/2. Denote by z1 < x> < --- the positive,
real zeros of the Bessel function J_pg of the first kind of order —H, and by y1 < y2 < --- the positive zeros
of Ji_ . We prove the series representation

> sin Tnt 21— cOS Ynt
Bi=> Xn+ Y — Y,

n=1 Zn n=1 Yn
where Xi,Xs,... and Y7,Y>,... are independent, Gaussian random variables with mean zero and
VarX, = QC%CL'EQHJI_EH(CL'n), VarY, = QC%y,IQHJ:IQJ(yn), where the constant c2 is defined by

¢4, = n~12HT'(2H)sinwH. With probability 1, the random series converges absolutely and uniformly in
t € [0,1]. To keep the exposition transparant, we deliberately exclude the case H < 1/2. The expansion is
still valid in this case, but the proof requires additional technicalities.
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1 Introduction

Let B = (By);>0 be a standard fractional Brownian motion (fBm) with Hurst index H € (0,1).
This means that B is a centered Gaussian process with continuous sample paths and covariance
function

EB,B;, = & (" + s°7 — |s — t|*") . (1.1)
The fBm with Hurst index H is a process with stationary increments and self-similarity index H,
meaning that (Bg)i>0 4 (aHBt)tZU for every a > 0. When the Hurst index equals 1/2, the fBm



is simply the ordinary standard Brownian motion. The study of fBm goes back to Kolmogorov
(1940), who showed in particular that the expression on the right-hand side of (1.1) defines a
covariance function. Mandelbrot and Van Ness (1968) gave the fBm its present name.

The increments of fBm are negatively correlated for H < 1/2, and positively for H > 1/2.
The fBm with Hurst index H > 1/2 is often used to incorporate long-range dependence in
stochastic models. One area where fBm has been widely used in recent years is telecommu-
nications (see e.g. Leland et al. (1994), Norros (1995)). Another example is continuous-time
mathematical finance, where the fBm is sometimes considered as an alternative for ordinary
Brownian motion (see e.g. Cutland et al. (1995), Salopek (1998), Sottinen (2001)). This ap-
proach is however subject to some controversy, since the fBm introduces arbitrage opportunities
into the models (cf. Rogers (1997), Sottinen and Valkeila (2001)). Motivated by these appli-
cations, considerable progress has recently been achieved in the theoretical study of fractional
Brownian motion. Let us mention in particular the development of stochastic integration with
respect to fBm (see for instance Decreusefond and Ustiinel (1999), Alds et al. (2000), Pipiras
and Taqqu (2000), Coutin et al. (2001), Pipiras and Tagqu (2001)) and the rediscovery of cer-
tain relations between fBm and continuous, Gaussian martingales (see e.g. Norros et al. (1999),
Nuzman and Poor (2000)).

For standard Brownian motion (the case H = 1/2), there exist various explicit, almost sure
series expansions. These represent the Brownian motion W as a sum of the type ), (t) Xy,
where X, X, ... are i.i.d., standard Gaussian random variables and 1,1, ... are certain func-
tions. A well-known example is the Karhunen-Loéve expansion

Tt

W, = WZ%XM telo,1] (1.2)

(cf. e.g. Yaglom (1987), p. 451). To the best of our knowledge, explicit series representations of
this type have never been obtained up to now for fBm with Hurst index H # 1/2. To obtain
expansions for the case H = 1/2, simply note that if we restrict the time parameter to the interval
[0, 1], the covariance EW;W,; = s At is the inner product in L?[0,1] of the indicator functions
L(o,s) and 1(gy). If we expand these indicators with respect to an arbitrary orthonormal system
of functions in L2[0, 1], we obtain a series expansion for the Brownian motion. For example, the
orthonormal system /2 sinnrz yields the expansion

[oe]
1 — cosnmt
Wi=V2y ———Y, te,1, (1.3)

where Y7,Ys, ..., are i.i.d., standard Gaussian random variables. We can of course also combine
expansions (1.2) and (1.3). This yields the representation

sin(n 7rt ad t
W, = Z (n=2)mt Z —OTy o te o, 1], (1.4)
n=1 (’I’L 2
where X, Xo,... and Y7,Y5,..., are two independent sequences of i.i.d., standard Gaussian

random variables.



In this paper, we extend the expansion (1.4) to the fractional Brownian motion with Hurst
index H > 1/2. It turns out that for general H, the numbers (n — 1/2)7 and n7 appearing in
(1.4) have to be replaced by the zeros of certain Bessel functions. Recall that for v # —1,—2,. ..
the Bessel function .J, of the first kind of order v is defined on the region {z € C: |arg z| < 7}
as the absolutely convergent sum

R e
Tu(2) = nz% Tn+ DI(v+n+1)

It is well-known that for v > —1, the function J, has a countable number of real, positive,
simple zeros (see e.g. Watson (1944), Chapter 15). These zeros can be arranged in ascending
order of magnitude and they become arbitrarily large. Now let the Hurst index H € (1/2,1) be
fixed, let 1 < z9 < --- be the positive zeros of J_p and let y; < ys < --- be the positive zeros
of Ji_p. Then the general expansion reads

2\ sinzpt 1 —cosynt
B =Y T x, + Y Py teo ), (1.5)
— In — Yn
n=1 n=1
where X1, Xo,... and Y7,Ys,..., are two independent sequences of i.i.d., standard Gaus-

sian random variables with mean zero and variance VarX, = 2c4z; 2" J 2, (z,), Vary, =
2¢2y 2" J 7% (yn), where the constant c¢% is defined by ¢4 = 7~ '2HT'(2H) sinwH. To see that
(1.5) indeed extends the expansion (1.4) of standard Brownian motion, note that for H = 1/2

2 2
J%(z) =4/ Esinz, J,%(z) = \/Ecosz,

so that z, = (n — 1/2)7, y, = nm, VarX,, = 1 and VarY, = 1.
The proofs in our paper are quite short, but they rely heavily on special function theory. We

we have c%/Q =1/m and

use properties of the zeros of Bessel functions, Hankel transforms and Fourier-Bessel expansions.
For background information on these topics we refer the reader to the classical treatise of Watson
(1944). A more concise treatment can be found for instance in Erdélyi et al. (1953) or Hochstadt
(1971).

We can show that the expansion (1.5) is also valid if the fBm has Hurst index H < 1/2.
In that case however, the proof brings about some additional technicalities. We will provide a
detailed proof for the case H < 1/2 in a forthcoming paper.

2 Spectral representation of the covariance
In this section, it is useful to consider a two-sided fBm. So we assume that B = (By)icr and

EB,B, = & (|t|*" + |s]*" — |s — ¢|*")



for all s,t € R. It is well-known that the covariance function of fBm is harmonizable. Up to a

|'=2H with respect to

constant that depends on H, the spectral measure p of fBm has density |A
Lebesgue measure. The covariance EB; By can be written as the inner product in L?(u) of the
Fourier transforms (expiAs—1)/iA and (exp iAt—1)/iX of the indicator functions 1o 4y and 1g ).
The precise statement is as follows (see for instance Yaglom (1987), p. 407 or Samorodnitsky

and Taqqu (1994), p. 328).

Theorem 2.1. For all H € (0,1) and s,t € R

2 AL 1 —iAs __ 1
EB, B, = C_H/ (e )(j ) A2 (2.1)
2 Ju )y
where 2HT(2H) sin w H
2, = 2HL W) ey (2.2)

The left-hand side of (2.1) is obviously real-valued. Taking the real part of both sides of
(2.1) and using the symmetry arround 0, we obtain the following ‘real-valued version’ of Theorem
2.1, see Samorodnitsky and Taqqu (1994), p. 329.

Corollary 2.2. For all H € (0,1) and s,t € R we have

% sin Assin At 4 (1 — cos As)(1 — cos At)
EB; B, = c%,/o NEST dX, (2.3)

where c? is given by (2.2).

Let us note that the two terms on the right-hand side of (2.3) correspond to the ‘odd’ and
‘even’ parts of the fBm. Indeed, let the odd and even parts be defined by By = %(Bt —B_4) and
Bf = 1(B, + B_;). Clearly, the sample paths of B® (resp. B®) are odd (resp. even) functions
and B = B° 4+ B®. Moreover, since EB_, B, = EB, B_; for all s,t € R, the processes B° and B®
are independent. In particular, we have

EB;B; = EB? B} + EB: B; . (2.4)
It is easily verified that the odd part has covariance function
EBBY = & (js + 1P — |s — o?").

By formula 2.6 (3) on p. 78 of Erdélyi et al. (1954a), it holds that

EB° B — (1 +2H)sinTtH sin As sin \t I\
T 0 PNEDY]
00 . (2.5)
o sin As sin At QA
AL N TET
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By relations (2.3) and (2.4), it follows that

(1 — 1—
IEB?Bf:c%{/ (1 — cos As)(1 — cos At) D (2.6)
0

\1+2H

3 Integral representations

In this section, the fBm B is one-sided again. Relations (2.3), (2.5) and (2.6) represent the

covariance functions of the fBm and its odd and even parts as inner products in the frequency

domain. In the present section we write the covariances as inner products in the time domain.
We begin with the odd part of the fBm. For ¢ > 0 we define the kernel k7 by

VT ) wrH (2 — UQ)H_%l(O,t) (). (3.1)

H = S
2

Theorem 3.1. For all H € (0,1) and s,t > 0 we have
SAL
EB?B} = c¢% / k2 (u)k? (u) du, (3.2)
0

where c? is defined by (2.2) and k¢ by (3.1).

Proof. We use the fact that for every ¢ > 0 the function k{ is the Hankel transform of order
—H of the function A — (sin A\t)/A#+1/2 and vice versa. Indeed, by formulas 8.7 (4) on p. 32
and 8.5 (33) on p. 26 of Erdélyi et al. (1954b), we have

KO (u) = /0 TS Ow)VaudA (3.3)

AT+s

and

sin At .,
NGRS = /0 kY (u)J— g (Au)V Au du. (3.4)
Both functions are easily seen to belong to L?[0,00), so by Parseval’s relation for Hankel trans-
forms (see Macaulay-Owen (1939)), we have

>, o *sinAtsinAs  _
/0 2 (u) k2 (u) du:/o TAI 2H g (3.5)

If we multiply this by c% and use relation (2.5), we obtain (3.2).

We note that usually, the Parseval relation is only proved for Hankel transforms of order
v > —1/2, which corresponds in our case to H < 1/2. It is well-known however that for
—1 < v < —1/2, the L?-theory of Hankel transforms still goes through in great generality (see
e.g. Titchmarsh (1937), Theorem 129, p. 221). In our particular case, it is quite easy to give a



direct proof of relation (3.5) for H > 1/2. First we use (3.3) to write the left-hand side of (3.5)

<, °° sin At
/0 k2 (u) (/0 )\H—+%J_H(Au)v)\ud)\> du.

Since the function z — J_ g (x)+/z is bounded, k? is integrable and A ~— 1/A7+1/2 is integrable
for H > 1/2, we are allowed to interchange the order of integration. Hence, the integral is equal

[T ([T ke an

1
Mtz \ o

to

In view of (3.4), the inner integral now equals (sins)/A7+'/2 and we arrive at the desired
relation (3.5). O

For the even part of the fBm, we need a more complicated kernel function. For ¢ > 0, we
define L .
PARRVL s
L () = 3/2—H (/ 2 _ ,2\H-3/2 4 > 1 . 3.6
0= g @ty ) 10, () (36)

Observe that this function is only well-defined for H > 1/2. As a result, the following integral
representation of the covariance function of the odd part of the fBm is only valid for H > 1/2.

Theorem 3.2. For all H € (1/2,1) and s,t > 0 we have
SAL
BB = & / K (w) € () du, (3.7)
0

where c? is defined by (2.2) and k{ by (3.6).

Proof. We will show that for every H > 1/2 and ¢ > 0, the function &f is the Hankel transform
of order 1 — H of the function A — (1 — cos At)/A\+1/2 and vice versa. The rest of the proof is

exactly the same as the proof of Theorem 3.1.
By formula 8.5 (33) on p. 26 of Erdélyi et al. (1954b) we have (for H > 1/2)

sin As
—
M3

- /Ooo ks (u)J1— g (Au)Vu du, (3.8)

where

AN I SN
u) = u2” (87 —wu”)" 21 u).
s( ) F(H— %) ( ) (0,5)( )
Now integrate relation (3.8) with respect to s over the interval [0, ¢]. We obtain

| —cosht [
Locosht / R () i 1t (M) VNt d (3.9)
A+3 0
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Thus, the function A — (1 — cos At)/A#+1/2 is indeed the Hankel transform of order 1 — H of
the kernel kf. By the inversion theorem for Hankel transforms, the converse relation is also
true. O

If we combine Theorems 3.1 and 3.2 and use relation (2.4), we obtain the following repre-
sentation of the covariance function of the fBm.

Theorem 3.3. For all H € (1/2,1) and s,t > 0 we have
SAt
BB, By =i [ (k) + Kk (0) du, (3.10)
0

where c% is defined by (2.2) and k¢ and kf by (3.1) and (3.6).

Note that Theorem 3.3 can be rephrased as a (finite past) moving average-type result. It
states that for H € (1/2,1)

t t
B <ecy / kO (u) AW? + cpr / k¢ (u) AW,
0 0

where W and W€ are two independent, standard Brownian motions. Compare this for instance
with Theorem 5.2 of Norros et al. (1999), which gives a moving average representation of the
fBm in terms of a single standard Brownian motion.

4 Series expansions

Assume that H € (1/2,1). Then for every ¢t € [0, 1], the functions kf and kf defined by (3.1)

and (3.6) belong to L2[0,1]. So if o1, s,... is a complete, orthonormal system of functions in
L?[0,1], we have k2(u) = Yo% a(t)pn(u) and kf(u) = Yoo, a8 (t)pn(u) in L2[0, 1], where

1 1
G%(t)Z/O ki (v)en (v) dv, ai(t)Z/O kt (v)pn (v) do. (4.1)

Theorem 3.3 then implies that EBs By = ¢4 Yo% | (a%(s)a? (t) +a& (s)al (t)). To obtain an explicit
series representation of the covariance function of fBm we are now going to choose a complete,
orthonormal system of functions ¢,, for which we can calculate the coefficients in (4.1) explicitly.
The so-called Fourier-Bessel functions constitute such a system. The corresponding coefficients
can be expressed in terms of the Hankel transforms of the kernels kf and kf for which, as we
saw in the proofs of Theorems 3.1 and 3.2, we have an explicit expression.

To prove that the expansions that we obtain in this section are uniform in the time param-
eter, we need the following lemma.



Lemma 4.1. Let v > —1 be arbitrary and let zy < zo < --- be the positive zeros of J,. Then
for allp > 0

9 1
§ : +2
n=1 Zg J12+1/(Zn)

Proof. For the Bessel function J,,, we have the asymptotic relation

T2(2) + T2 (2) ~ % (4.2)

for large |z| (cf. Watson (1944), p. 200). Since the zeros z, of J, tend to infinity, we have
JE,,(zn) ~ 2/mzy, for n — co. Hence, it suffices to show the convergence

The proof is completed by evoking the last formula on p. 506 of Watson (1944), according to
which the n-th positive zero z, of J, is asymptotically of order nm. O

For the covariance function of the odd part of the fBm we obtain the following series
expansion.

Theorem 4.2. Let H € (0,1) be arbitrary. Let z1 < zo < --- be the positive, real zeros of

J_y. For n € N, define

2¢2

2 q
, 4.3
n x% J12—H(xn) (43)

where c? is given by (2.2). Then for all s,t € [0, 1] we have

sinx,s sinxpt o
e

oo
EB{Bf =)

2
xr
n=1 n

where the series converges absolutely and uniformly in (s,t) € [0,1] x [0, 1].

Proof. First we apply Lemma 4.1 with v = —H and p = 2H to see that the series converges
absolutely and uniformly on the unit square to some limit. Hence, it remains to prove the
expansion for fixed s,t € [0,1]. For n € N, let ¢,, be the n-th Fourier-Bessel function of order

—H,ie.
V2
| J1- 11 ()|

where z; < z9 < --- are the positive zeros of J_p. Recall that the functions ¢, form a

‘pn(z) JfH(xnz)\/Ea

complete, orthonormal system in L2[0,1] (see e.g. Hochstadt (1971), p. 264). Hence, arguing



as in the beginning of this section, we find that EB? By = ¢ >°°° | a?%(s)a?(t), with a?(t) as in
(4.1). Since ¢, is now the n-th Fourier-Bessel function of order —H, the coefficient af(t) is the
Hankel integral that we already encountered in the proof of Theorem 3.1. By formula (3.4) we

have
(1) V2 sinz,t
a = .
" | J1—m(zn)| @i
This completes the proof of the theorem. O

Similarly, we get the following result for the even part of the fBm.

Theorem 4.3. Assume that H € (1/2,1). Let y1 < ya < --- be the positive, real zeros of Jy_p.

For n € N, define
2
R — (4.4)
Ya'' I 1 (yn)

where c% is given by (2.2). Then for all s,t € [0,1] we have

EBC B = f: (1 —cos yns)§1 — oS Ynt) Tz’
n=1 Yn

where the series converges absolutely and uniformly in (s,t) € [0,1] x [0, 1].

Proof. The uniform and absolute convergence follows from Lemma 4.1 again, but now applied
with v = 1 — H and p = 2H. The remainder of the proof is also analogous to the proof of
Theorem 4.2. Simply expand the kernel kf with respect to the Fourier-Bessel functions of order
1— H and use relation (3.9). Finally, use the fact that J2 . (y,) = J? ;(yn) (see the first display
on p. 480 of Watson (1944)). O

In view of relation (2.4), a combination of Theorems 4.2 and 4.3 yields the following series
expansion for the covariance function of the fBm itself.

Theorem 4.4. Assume that H € (1/2,1). Let z; < x5 < --- be the positive, real zeros of J_p
and let y; <y < --- be the positive, real zeros of J;_p. For n € N, define 02 and 772 by (4.3)
and (4.4). Then for all s,t € [0,1] we have

2. sinz,s sinz,t >\ (1 — cosyps)(1 — cos ypt)
EB,By =Y — "0+ = T,
n=1 Tin n=1 Yn

where both series converge absolutely and uniformly in (s,t) € [0,1] x [0, 1].



Theorem 4.4 implies that we have a series expansion of the fBm in mean square sense.
Using Lemma 4.1 again, this can easily be strengthened to an almost sure series expansion.

Theorem 4.5. Fix H € (1/2,1), let ¢% be given by (2.2), let z1 < x5 < --- be the positive,
real zeros of the Bessel function J_p and let y; < ys < --- be the positive, real zeros of Ji_p.
For n € N, define 02 by (4.3) and 72 by (4.4). Let X, Xs,... and Y7,Ys,... be independent
sequences of independent centered Gaussian random variables on a common probability space,
with Var X,, = 02 and VarY,, = 72. Then the random process B = (Bt)tefo,1) given by

Bt Z sin In X Z — COS yn n

n=1

is well-defined and with probability 1, both series converge absolutely and uniformly int € [0, 1].
The process B is a fBm with Hurst index H.

Proof. Theorem 4.4 already shows that we have equality in mean square sense, so it remains
to show that with probability 1, both series converge absolutely and uniformly. The limit B is
then automatically continuous. First consider the partial sums

N sinx,t
SV=> "X,

x
n=1 n

We want to show that with probability 1, the processes SV = (5] )te 0,1] form a Cauchy sequence
in the space C[0, 1] of continuous functions on the interval [0, 1], endowed with the supremum
metric. For N < M we have

Xl
sup ‘StM—SiV‘S Z =
te[oﬂl] n=N-+1 In

Hence, it suffices to show that with probability 1, the random series ) |X,,|/z, converges to a
finite limit. By Kolmogorov’s three-series theorem, a sufficient condition for this convergence is
that > 02/22 < oo. This is precisely the content of Lemma 4.1, with v = —H and p = 2H.
The absolute and uniform convergence of the second series can be shown in exactly the same
manner. U

5 Concluding remark

As was already observed, the assertion of Theorem 3.2 (and hence also its consequence, Theorem
4.5) holds true only for H > 1/2, since the kernel (3.6) makes no sense if H < 1/2. However,

10



partial integration shows that for H > 1/2, this kernel can be given the form

e Tus™H _ _1 b _1
kf(u) = ?}/_NT—%%) <t Y2 —u?) > —|—/u 72 (2% —u?)! 2dx> Lo, (u)- (5.1)

In this form the kernel is well-defined for all H € (0, 1). This opens the possibility to reformulate
Theorem 3.2 for all H € (0,1), with k¢ defined by (5.1) instead of (3.6), and to make an effort
to extend our results by showing that also for H < 1/2, the kernel kf defined by (5.1) is the
Hankel transform of order 1 — H of the function A — (1 — cos At) /A7 +1/2 and vice versa. This
task does not seem straightforward however, and will be carried out in a forthcoming paper.
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