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ABSTRACT

Highly-aggregated traffic in communication networks is often modeled as fractional Brow-
nian motion (fBm). This is justified by the theoretical result that the sum of a large
number of on-off inputs, with either on-times or off-times having a heavy-tailed distri-
bution with infinite variance, converges to fBm, after rescaling time appropriately. For
performance analysis purposes, the key question is whether this convergence carries over
to the stationary buffer content process. In this paper it is shown that, in a heavy-traffic

queueing environment, this property indeed holds.
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1 Introduction

Recently the statistical modeling of broadband communication networks has become a
vivid area of research. Traditionally one assumed either the absence of any significant
correlation between consecutive packet arrivals (‘renewal input’, for instance a Poisson
processes), or just a mild form of dependence (for instance Markov modulated Poisson
processes). The discovery of significant correlations on a broad range of time-scales, as
exhibited in many measurement studies during the 1990s, however, led to the examination
of different classes of traffic models. Many models have been proposed for describing this
long-range dependence; we mention here (i) (the superposition of) on-off sources, with
heavy-tailed on- or off-times, (ii) the infinite-source Poisson model, often referred to as
the M/G /oo input model, in which heavy-tailed jobs arrive according to a Poisson process,
and transmit their job at a fixed rate, (iii) fractional Brownian motion (fBm).

A key result was derived by Taqqu, Willinger, and Sherman [14], who show that a su-
perposition of on-off sources, whose on- or off-periods have infinite variance, converges
in distribution to fBm. Essentially, in this convergence two limits are involved: first the
number of sources (say N) grows large, whereas the ‘outer limit’ corresponds to zooming
out the time axis (i.e., time is scaled by a factor T', meaning ¢t — tT', and then T' — c0). A
similar result holds if the job arrival rate in the infinite-source Poisson model grows large.
The analysis in [14] shows that these limit results should be treated with care: when
the limits are taken in reverse order, the traffic process converges to an a-stable Lévy
motion, rather than fBm. A recent article by Mikosch, Resnick, Rootzén, and Stegeman
[10] explores how these two limits relate; in fact it is proven that under slow growth
(connection rates are modest relative to the connection length distribution tails) the limit
is an a-stable Lévy motion, whereas under fast growth (the opposite situation) there is an
fBm limit.

The discovery of the phenomenon of long-range dependence in broadband network traffic
led to the analysis of queueing systems with input traffic models (i), (ii), and (iii). Par-
ticular attention was paid to the tail behavior of the stationary queue length distribution.
For instance for fBm input, characterized by Hurst parameter H, this decay is Weibullian
[11], i.e., the probability of exceeding buffer level B is roughly of the form exp(—B%~2H).
The results mentioned above suggest the following procedure for predicting the perfor-
mance experienced by a superposition of heavy-tailed on-off sources multiplexed at a
buffered resource. First it is noted that the aggregate input process weakly converges in
C([0,00)) to fBm (with a Hurst parameter that follows from the specific on- and off-time
distributions). Subsequently the formulae for queues with fBm input are used to evaluate
the queuing performance. However, this two stage procedure ignores one essential step:
does the workload distribution of a stationary queue with many heavy-tailed on-off inputs
converge to the stationary buffer content distribution of a queue with fBm input? It is this
relation that is established in the present paper.

It is emphasized that this question is not trivial, since the stationary workload has the

representation as a supremum of the input traffic. More precisely, the well-known Reich



formula states that the stationary workload of a queue with service rate c is distributed as
sup;~ o A(t)—ct, where A(t) denotes the amount of traffic accessing the system in [—t,0]. As
the supremum operator is not continuous in C([0, 00)), the continuous mapping theorem
cannot be applied, and hence it is not obvious that the convergence of the input process
carries over to the workload.

Whereas many papers deal with the convergence of arrival processes to some limit, consid-
erably less attention is paid to the relevant question if this convergence carries over to the
buffer content distribution. In this respect we mention the contribution by Kulkarni and
Rolski [8]: under a specific parameterization the queue fed by N exponential on-off sources
(the so-called Anick-Mitra-Sondhi model) converges to a queue with Gaussian input (with
an Ornstein-Uhlenbeck type variance structure), as N grows large. This result was gen-
eralized by Debicki and Palmowski [6] to general on-off sources. Another result along
the same lines is [5]: motivated by the weak convergence of the superposition of many
i.i.d. stationary point processes to a Poisson process, it is verified that this convergence
carries over to the workload process.

In the present work we primarily consider the situation in which both N and T go to
infinity, similarly to [14]. In addition to this we study the ‘short time-scale regime’ T' |
0, N — oo. It appears that in this case, although we have the convergence of arrival
processes, the convergence does not carry over to the buffer content process. The latter

result illustrates how delicate this type of convergence properties are.

This paper is organized as follows. In Section 2 the model and some preliminaries are
described. Section 8 contains the results on the large time-scale regime, whereas Section 4

covers the short time-scale. Proofs are provided in Section 5.

2 Model and preliminaries

I. TRAFFIC SOURCES. We consider N statistically identical, independent fluid sources.
The traffic rate of each source alternates between on and off; during the on-times traffic is
generated continuously at a (normalized) peak rate of 1. The activity periods constitute
an 1.i.d. sequence of random variables, each of them distributed as a random variable T,
with values in Ry . The silence periods are also an i.i.d. sequence, distributed as a random
variable Tog with values in R, . In addition, both sequences are mutually independent.
Let Ton and Tog have distribution functions Fi,,(-) and Feg(-), respectively, and comple-
mentary distribution functions F,,(-) and Fug(-). Assuming that pon := E(Tpn) < 00
and pog := E(T,g) < oo, we have that the mean input rate equals Ny, with p :=
ton/(Hon + Loff). In our analysis we impose the following two assumptions on the on-
and off-times.

Assumption 2.1 The complementary distribution functions are regularly varying, and



the on- and off-times have infinite variance, cf. [7], [10]:

1. Fou(z) = 27 Loy (), with ooy € (1,2);
2. Fog(z) = % Log (), with aog € (1,2);
3. Fon(x) = o(Fog(z)) as x — oo or Fog(x) = o(Fon(z)) as x — oo,

where Loy (+) and Log(+) are slowly varying at infinity.

Assumption 2.2 Additional regularity properties, cf. [6]: Fon(-) and Fog(-) are absolutely
continuous with densities fon(-) and fog(-), respectively, such that both lim,_,q+ fon(t) < 00
and lim;_,o+ for(t) < oco.

Let {&(t),t € R}, for i = 1,..., N, denote the traffic rate of the ith source, i.e., &(t) =1
(0) if source 7 is on (off) at time ¢. Let R(-) denotes the covariance function of a generic
source, i.e., R(s) := Cov (&1 (s +1t),£1(t)).

We write imy oo {YnN(t),t € T} =4 {Y(t),t € T} in order to denote that sequence of
stochastic processes {Yn(t),t € T'} weakly converges in C(T) to {Y(¢t),t € T} as N — oo.
Moreover, by limy_,o, YN =q Y, we mean that sequence of random variables Yy converges
in distribution to random variable Y as N — oo.

IT. FLUID QUEUE. We now introduce the fluid queue driven by a stationary ergodic process
{Z(t),t € R} as follows. Consider a stochastic process {X(t),t € R} whose dynamics can
be described by

ax) [ Z@t)—c¢  X(t)>0
dt (Z(t)—c)y X(@t)=0"

where ¢ > 0 is a constant. Then {X (¢) : ¢ € R} represents the buffer content process of a
fluid queue fed with the input rate Z(t) and drained with constant rate c.

Now introduce the aggregate traffic rate at time 1T's of the N multiplexed sources, and the
traffic generated in the interval [sT, ¢T], with s < ¢:

N t
ZT,N(S) = Z&(Ts), AT,N(S,t) ::/ ZT,N(u)du.

Since the process {A1,1(0,t),t € R} has stationary increments, it follows that

o(t) = Var(ALl(o,t)):\/2 /0 /OSR(u)duds. (2.1)

We also define the fluid queue {X7 n(t),t € R} governed by

dXT,N(t) _ T(T, N)ZT’N(t) — C(T, N) XT,N(t) > 0; (2 2)
dt (r(T,N)Zyrn(t) —c(T,N))+ Xrn(t) =0,
with, for a given constant ¢ > 0,
T TV N
r(T,N) := c(T,N):=c+p VN (2.3)

o(T)VN’ o(T) "



ITI. STATIONARY WORKLOAD DISTRIBUTION. Notice that our parameterization (2.3) en-

forces stability of the queueing system:

(T, N) - EZpn (t) = u% < ¢(T,N).

Thus, following Theorem 13 in Borovkov [4], there exists the stationary solution X7 y(t)
of the workload (or: buffer content) process of the fluid queue (2.2), which obeys the

representation

{X}’N(t),t >0} =q {sup (r(T,N)Arn(s,t) —c(T,N)(t —s)),t > 0} ,

s<t

where P(X7 y (t) > ) = lims 00 P(X7,n (5) > ) for all £ > 0 and = > 0.

In the further analysis we will apply some known properties of {X%’ N(t),t > 0}, in the
regime N — oo. Define {Z*(t),t € R} as a stationary centered Gaussian process having the
same covariance structure as a single on-off source, i.e., Cov(Z*(s+t), Z*(t)) = R(s). Fur-
thermore, we denote by Z7.(s) a stationary centered Gaussian process such that {Z}.(s),s €
R} =4 {Z*(T's),s € R}. Observe that Ry(s) := Cov(Z}(s +t), Z5(t)) = R(T's). Again,
we can define the corresponding fluid queue through

dXT(t) _ TTZ;(t) —c XT(t) > 0;
dt (rrZ3(t) — ) Xp(t) =0,

where rp :=T/o(T).
Writing Ap(s,t) := fst Z%(u)du, we define the stationary buffer content process:

(2.4)

{XT7(t),t >0} =4 {sup (rpArp(s,t) —c(t—s)), t > 0} .

s<t

The next proposition follows directly from Theorem 3.1 and Corollary 3.1 in [6].

Proposition 2.1 If Assumption 2.2 is satisfied, then, for any T > 0,

{ ZT,N(;)N_ pN

(i) Jim {XF,y (), > 0} =q {X5(¢),t > 0}.

0l
(1) Ngnoo

,8 > 0} =4 {Z7(s),s > 0};

3 Large time-scale regime

Taqqu, Willinger, and Sherman [14] have shown convergence of the arrival process — in
a limiting regime that is made precise in Proposition 3.1 — to fBm. This section deals
with the convergence — in the same limiting regime, and parameterization (2.3) — of the
corresponding workload process to a queue fed by fBm (i.e., reflected fractional Brownian
motion).

Reflected fBm is defined as

Y35(0) 1= sup(Biy (s) + es) =a sup(B (s) — cs)



for some positive ¢ > 0. Here {Bp(t),t € R} is fBm with Hurst parameter H € (1/2,1],
or, more explicitly, a centered Gaussian process with stationary increments, continuous
sample paths a.s., By(0) = 0 and variance Var (By(t)) = |t|>!!. The stationary reflected
fBm process {Y}(t),t > 0}, is the process

{Y;(),t >0} = {sup (Bu(t) — Bu(s) —c(t —s)),t > 0} .

s<t

In the sequel we use the following identification:

H = (3 — min(aon, @of)) /2, (3.5)

Theorem 1 of Taqqu, Willinger & Sherman [14] (see also Theorem 7.2.5 of Whitt [15] for the
tightness arguments needed to prove weak convergence) implies the following proposition,
justifying the use of reflected fBm.

Proposition 3.1 If Assumptions 2.1 and 2.2 hold, then, under parameterization (2.3),
lim lim {r(T,N)Arn(0,t) —c(T,N)t,t > 0} =q {Bu(t) — ct,t > 0}.

T—o00 N—oo

Remark 3.1 Proposition 3.1 and the stationarity of the increments of Ap n(0,t) implies
directly that, for any S > 0,

lim lim {r(T,N)ArnN(t,S)—c(T,N)(S —t),t < S}

T—o00 N—oo

=4 {Bu(S) — Bu(t) — c(S —t),t < S}. (36)

Proposition 3.1 implies that several functionals of A7 n(-) may be approximated by the
appropriate functionals of By (-). In particular, assuming that X7 x(0) = 0, the transient
buffer content X7 n(t) at time ¢ satisfies

lim lim X7 n(t) =q sup (Bu(s) —cs). (3.7)
T—o00 N—o0 s€[0,4]

The limit (3.7) does not imply directly the convergence of the stationary buffer content
process {X} N(t),t > 0} to reflected fBm, since the sup functional is not continuous in

C([0,00)). This weak convergence, however, is valid, and is the main result of this section:
Theorem 3.2 If Assumptions 2.1 and 2.2 hold, then, under parameterization (2.3),

lim lim (X5, (8). > 0} =g {Yii(£),¢ > 0},

T—o00 N—o0 ’
Proof. The detailed proof is given in Section 5.2. a

An important quantity in performance evaluation of fluid models is the steady state buffer
content. Let X7 r(0) be the steady state buffer content for the {Xr n(t),t > 0} fluid
model. The following corollary gives the theoretical justification of approximating the
stationary buffer workload X7 1 (0) by reflected fBm, as heuristically proposed in [11].

Corollary 3.3 If Assumptions 2.1 and 2.2 hold, then, under parameterization (2.3),
lim lim X7 y(0) =4 sup(Bu(s) —cs) =: Y;(0).
s>0

T—o00 N—o0

Proof. The proof immediately follows from Theorem 3.2, applying that {Bg(t),t € R} is

time-reversible. O



4 Small time-scale regime

In Section 3 we analyzed the asymptotics of {X},N(t), t > 0} in the large time-scale regime,
i.e., T'— oo. In this section we focus on the opposite scenario, that is, T' | 0. The main
point of this section is that the convergence of the input process does not carry over to the

buffer content process. We begin by stating the weak convergence of the input process.

Theorem 4.1 If Assumptions 2.1 and 2.2 hold, then, under parameterization (2.3),

lim lim {r(T,N)Ar n(0,t) —c(T,N)t,t > 0} =q {Bi(t) — ct,t > 0}.
T10 N—oo

Proof. A complete proof is presented in Section 5.3. a

Despite the convergence result given in Theorem 4.1, it appears that the stationary work-
load process {X} N(t),t > 0} does not converge to the appropriate reflected fBm. More-
over, we do not even have 1-dimensional convergence, as stated in the following theorem.

Theorem 4.2 If Assumptions 2.1 and 2.2 hold, then, under parameterization (2.3),

lim lim X% (0 Y (0).
%%Ngnw T,N()?éd 17(0)

Proof. A complete proof is presented in Section 5.3. a

Remark 4.1 From the proof of Theorem 4.2 it follows that

/ t Z*(s)ds — ¢ R(O)t> :

lim lim X7 n(0) =4 sup (
0

T]0 N—oo t>0

where {Z*(t),t > 0} is a stationary centered Gaussian process with the same covariance

function R(t) as the covariance function of the generic on-off process {£(t),t > 0}.

5 Proofs

This section presents the proofs of the results of the previous sections. Before doing so,
we first establish some lemmas that are also of independent interest.

5.1 Preliminary lemmas

Lemma 5.1 If Assumptions 2.1 and 2.2 hold, then

(ii) o%(t) is ultimately convez;

(iii) o?(t) is reqularly varying at oo with index 2H.



Proof. Note that, due to Assumption 2.2, the on-off processes {¢;(t),t > 0} are stochasti-
cally continuous, see, e.g., Theorem 2 in Szczotka [13]. This implies that R(-) is continuous
at 0. Result (i) is now a consequence of representation (2.1).

In order to prove (ii) it suffices to combine (02)"(t) = 2R(t) with

R(t) ~ L(t)t*7 72 as t — oo, (5.8)
where L(t) > 0 is a slowly varying function at co. The latter statement is due to Assump-

tion 2.1, see e.g. [7].
The proof of (iii) follows from (2.1) and Karamata’s theorem applied twice to (5.8). O

Lemma 5.2 Let {X(t),t € [x,00)} be a centered Gaussian process with stationary incre-
ments and a convex variance function Var X (t). Then, for each u > 0,

t>x t>r 2

P <sup X(t) —ct > u> <P (sup By (Var (X(¢))) — ct > u> .

Proof. For any convex f(-), it holds that both (assume without loss of generality s < ¢/2)
f(t—s)+ f(0) > 2f(s) and f(s) + f(t) > 2f(¢t — s). If in addition f(0) = 0, this yields
f(t) = f(s) > f(t — s). Hence

|Var X (s) — Var X (t)| > Var X (|s — t|)

for each s,t. This implies

Cov(X(s), X (1)) = VarX(s)—kVarX;t)—VarX(|s—t|) (5.9)

Var X (s) + Var X (¢t) — |Var X (s) — Var X (¢)|
2
= min{Var X (s), Var X (¢)}

= Cov (B, (Var X(s)), By (Var X(t)),

where (5.9) follows from the stationarity of the increments of {X(¢),t € R}. Hence, in
order to complete the proof, it is enough to apply Slepian’s inequality — see e.g. Theorem
C.1in [12]. O

Lemma 5.3 For each x > 0 there exists a Ty such that for each T > Ty it holds that
r2Var Ar(0,s) is convex for s € [z, 00).

Proof. The proof follows immediately from part (ii) of Lemma 5.1, in conjunction with the
fact that rZVar A7(0,s) = o*(Ts)/a*(T). O

5.2 Proof of the large time-scale results

The proof of the main result of Section 3 is given in three steps: convergence of the
stationary buffer content, convergence in finite-dimensional distributions, and the weak

convergence result.



STEP 1: CONVERGENCE OF STATIONARY BUFFER CONTENT. Since X7 n(t) is stationary,
then it is enough to show that

lim lim X7 5 (0) =q Y7(0).

T—o00 N—o0 ’

Proposition 2.1, part (ii), states that for each T' > 0, imy_00 X7, 5(0) =4 X7(0) and
hence it is left to prove that

lim X7(0) =q Y7(0). (5.10)
T—o0

Note that, due to the reversibility of Gaussian processes, (5.10) is equivalent to
lim P (sup rpAr(0,s) —cs > u) =P <sup Bp(s) —cs > u> (5.11)
T—o0 s>0 >0

for each uw € R. Since the functional sup is continuous in the space C([0, S]) for finite
S, Proposition 3.1, combined with the continuous mapping theorem, implies that for any
ueR, Se(0,00)

lim P| sup rrA7(0,s) —cs>u| =P sup Bu(s)—es>u|.
T—o0 s€[0,S] s€[0,5]
Hence, a sufficient condition for (5.10) is that, for any u € R,
P <sup rpAr(0,s) — cs > u) —0, as S —
s>8

uniformly in T. According to Lemma 5.3, for T sufficiently large, Var (rpAr(0,s)) is
convex for s € [S,00); S > 0. Consequently, from Lemma 5.2 we infer that, for u € R,

P <sup rrAr(0,s) —cs > u) <P (supB

b DB, (Var (rrAr(0,s))) —cs > u) .
s> s>

But, recalling that Var (rpA7(0,s)) = 02(Ts)/o*(T),

P <§,1>11; B, (r&Var (A7(0,5))) — cs > u> =P (i"i‘s’ B%(0'2(TS) /o?(T)) — cs > u)

2\—1(4g2(T
=P sup B;(s)—c(a) (s0( ))>u
o2(Ts) 2 T
s>702(T)
(o)~ H(s0*(T))
=P sup Bi(s)—c > u
N e PR ()
o2(T)

Now, due to (iii) of Lemma 5.1, and Potter’s theorem (see e.g. Theorem 1.5.6 in [3], or
Proposition 2 in the Appendix of [10]), for sufficiently large S and T

Uz(TS) L om
> - —€
o¥(T) — 25

I’

where € < 2H. Analogously, due to Potter’s theorem, for sufficiently large T and s,

(0*) " (sa*(T)) > 181/(2H)—n
(0?)~H(o*(T)) ~ 2 ’




where k < 1/(2H) — 1/2. Hence we have uniformly in 7"

2)—1(s52(T
P sup B;(s)—c(ag_l(sz( ) >u | <P sup B;(S)—Esl/(2H)_“>u ‘
4> 02T5) 2 (62)~Ho?(T)) s>152H < 2 2
o4(T)

The right hand side of the previous display vanishes for any u € R as S — oo, cf. the law
of the iterated logarithm for Brownian motion; since 1/(2H) — x > 1/2. This completes
the proof of the convergence of 1-dimensional distributions.

STEP 2: CONVERGENCE OF FINITE-DIMENSIONAL DISTRIBUTIONS. The argumentation
of this step is analogous to Step 1. First note that for any ti,...,%, > 0, uy,...,u, € R,
n €N, and z1 < t1,...,z, < t, it holds that

( (tl > Uy, .. XT tn) > Un) =

= P|suprrAr(t,t1) —c(t1 —t) > u1,...,sup reAgr(t, tn) — c(tn — t) > un>
<ty t<tn

)
< ]P’(sup rpAr(t,t;) — (t-—t)>ui,i:1,...,n>+

tE Ty z]

n
+ P (sup rrAr(t,t;) — c(ti — t) > uz>
i—1 t<z;

= IP’( sup rTAT(t,ti)—c(ti—t)>ui,i:1,...,n>

te[xi,t,-]

n
—i—ZP( sup rpAr(0,t) —ct > ul) .
i—1 t>t;—x;

Now the same procedure can be followed as in Step 1.

STEP 3: TIGHTNESS. Due to Theorem 8.3 in Billingsley [2] and Lindvall [9], to show
tightness of {X7.(t),t > 0}, it suffices to check that

(i) for each n, there exists an a such that P(]X}.(0)| > a) <n for all T > 1;

(ii) for each e,n > 0, there exists § € (0,1) and Tp such that

IP’( sup | X7(s) — X7(t)| > 5) <né (5.12)
t<s<t+d
forall T > Ty and t > 0.

Notice that (i) immediately follows from the convergence limy_ o X7.(0) =q Y}(0), see
Step 1. We therefore concentrate on (ii). We first observe that the stationarity of
{X7%(t),t > 0} implies that

X7(s) = X7(t) =a X7(s — t) — X7(0);

hence it suffices to prove (5.12) for ¢ = 0. Defining

¢
Zr(u) :==rrZi(u) —e, and Wp(s,t) := / Zp(uw)du,

10



with straightforward arguments we derive

sup |X7(s) — X7:(0)] = sup sup Wr(v,s) — sup Wr(v,0)

s€[0,4] s€[0,8] |ve(—o0,s] vE€(—00,0]
— sup | swp Wr(n,s)— sup Wr(v,s)+ Wr(0,5)
s€[0,0] |vE(—o0,s] vE(—00,0]
< sup |max sup Wr(v,s), sup Wr(v,s) p — sup Wr(v,s)
s€[0,0] v€(—o00,0] vE(0,s] vE(—00,0]
+ sup [Wr(0,s)]
s€[0,6]
= sup |max< 0, sup Wr(v,s) — sup Wr(v,0)—Wr(0,s)
s€[0,0] vE(0,s] v€(—00,0]
+ sup [Wr(0,s)]
s€[0,6]
< sup | sup Wr(v,s) —Wr(0,s)|+ sup |[Wr(0,s)] (5.13)
s€[0,8] |ve(0,s] s€[0,6]
= sup |— sup Wr(v,s)|+ sup |Wr(0,s)|. (5.14)
s€[0,4] v€E(0,s] s€[0,4]

where (5.13) is a consequence of the fact that both

s s 0
sup / ZT(u)du—/ Zr(u)du  and sup / Zr(u)du,
vE(0,s] Jv 0 v€(—00,0] Jv

are non negative a.s. Expression (5.14) is now majorized by

v S S
sup sup / Zp(u)du| + sup / Zr(u)du| =2 sup / Zp(u)du|. (5.15)
s€[0,6] ve(0,s] 1/ 0 s€[0,0] 1/0 s€[0,6] 1J0
The upper bound (5.15) implies that
S
Pl sup |X7(s) —X7(0)]>e | <P| sup / (reZy(u) —c)du| > €/2 ).
0<s<6 s€[0,6] 1/0
From Proposition 3.1 we infer that
S
lim P | sup / (reZp(u) —c)du| >¢e/2 | =P sup |Bu(s)—cs| >¢/2
T—oo  \ sef0,8] 1/0 s€[0,0]
and hence it suffices to prove that
limé~ - P sup |Bp(s)—cs| >¢/2| =0, (5.16)
610 s€[0,4]

but this statement immediately follows from

]P( sup |Bp(s) —cs| > 6/2) < 2JP’< sup Bp(s) >¢e/2— 05>

s€[0,0] s€[0,0]
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= 21[’( sup Bp(s) > 6/271;“5) (5.17)
s€[0,1] 4

e (5/257;“5) (1+0(1)) (5.18)

= o(9)

as 0 | 0, where ¥(-) denotes the tail distribution of a standard normal random variable.

Here (5.17) follows from the self-similarity of By (t). Equation (5.18) is a consequence
of the fact that lim; oo P(supejo 1) Bu(s) > x)/¥(z) = 1, see Theorem 1 of Berman [1].
This completes the proof. O

5.3 Proof of the small time-scale results
This section contains the proofs of Theorems 4.1 and 4.2.

Proof of Thm. 4.1. Proposition 2.1, part (i), takes care of the limit N — oco. Using the
results in Lindvall [9], it suffices to show that

lqi{%{rTAT(O,t) —ct,t €[0,S8]} =q {Bi(t) — ct,t € [0,5]} (5.19)

for each S > 0. The proof consists of two steps: convergence of finite-dimensional distri-

butions and tightness.

STEP 1: CONVERGENCE OF FINITE-DIMENSIONAL DISTRIBUTIONS. Recall that, for each
T > 0, Ar(0,t) is a Gaussian process with stationary increments. Hence the variance
function Var (A7(0,t)) completely describes the covariance function of A7(0,t), and conse-
quently also the finite-dimensional distributions. Thus, in order to complete this step of the
proof, it suffices to prove the pointwise convergence of Var (rpAr(0,t)) to Var By (t) = t2
asT | 0.

Let t > 0 be given. Recall that Var (rrAr(0,t)) = 0?(tT)/o*(T). Now invoke part (i) of
Lemma 5.1. We thus obtain the following limit

lim Var (rrA7(0,t)) = ¢2.
Hion Var (rrAr(0,1))
This completes the proof of the convergence of finite-dimensional distributions.

STEP 2: TIGHTNESS. Let S > 0 be given. Due to Theorem 12.3 in [2] and the fact that

Ar(0,t) has stationary increments, it suffices to prove that
Var (rpAp(0,t)) < K - t2

for a constant K, sufficiently small 7> 0 and all ¢ € [0, S].
Using (i) of Lemma 5.1 we infer that there exists a Ty > 0 such that for each v € (0, STp]

o?(v) > ZR(0)v2.

2
Moreover, o%(v) < R(0)v? for each v > 0. Hence
2(tT) _ R(0)£*T?
AT ROPT

Var (’I'TAT(O, t)) ==
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for each T'< T and t € [0, S]. This completes the proof. O

Proof of Thm. 4.2. Due to Proposition 2.1 limy_,c X7, 5 (0) =a X7(0) for each T" > 0.
We analyze X7.(0) as T' | 0. Straightforward manipulations yield

P(X7(0) >u) = P (sup rT Zr(s)ds —ct > u)

>0

=P (sup Z*(sT —ct> u)
>0 o

= P(sup Z*(s ds—ct>u)
>0 0

= P(sup Z*(s ds——t>u>
>0 o

= P(sup/o Z*(s)ds — #t > J(T)u)

>0

for each u > 0. Invoking part (i) of Lemma 5.1, this immediately implies Remark 4.1:

lim PG 0) > u) = P (Sup /0 Z*(s)ds — oy /R(0)t > 0) .

t>0

But

P <Sup /0 " 24 (s)ds — e/ R(O)t > 0) - P (Sup / {(2(5) — ey/R(0))ds > 0)

>0 t>0 J0
> P(Z*(0) > cy/R(0)) = PN > c)

= P (igg By (t) —ct > u> = P(Y{*(0) > u)

for each u > 0, since Bj(t) =q tN, where N denotes a standard normal random variable.

This completes the proof. O
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