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CHAPTER I

INTRODUCTION

§1, INTRODUCTION

In 1925 ISING [1] published an article on the calculation of the sum of
states or partition function for a one-dimensional system. This system
served as a model for a ferromagnetic needle. Its constituent elements
were thought of as equidistant elementary magnets that could be either
parallel or antiparallel. Any two parallel neighbouring elements of the
chain of magnets were supposed to have an interaction energy J; , whereas
for any two antiparallel neighbouring elements the interaction energy was
to be J2 with T, < J2, as the model was to be an idealizationofa ferromag-
netic system®*. To keep things simple it was further assumed that only
nearest neighbours were interacting. The problem of calculating the parti-
tion function for this model was posed to ISING by LENZ and is now known
as the ISING problem for the one-dimensional ISING model.

The formalism of statistical mechanics being developed, for the descrip-
tion of systems in equilibrium practically only one problem remains, i.e. the
calculation of the partition function, which is a mathematical problem.
Nowadays investigations in connection with the ISING problem are mainly
aiming at carrying the calculation of partition functions for generalized
models further. The accent lies on the quantitative aspects, rather than
on the qualitative behaviour of the models. It was ISING's aim, however,
to calculate the partition function of a nontrivial model, with special at-
tention to the question whether this model would give rise to a singularity
in the specific heat curve as is known for a ferromagnet. This curve, ap-
proximately with the shape of the Greek letter lambda, shows a singularity
at the CURIE temperature T, also known as CURIE point or A -point., At
this temperature the spontaneous magnetization disappears. This phenome -~
non is, of course, very strongly related to the singular behaviour of the
specific heat curve and it was in fact this phenomenonthathad ISING's main
interest.

ISING's approachwas essentially of a combinatorial nature and resultedin
not giving the spontaneous magnetization or the singularity in the specific

* In case J1 > J2 the model idealizes an antiferromagnetic system.




heat curve he was probably hoping for. He argumented that an extension of
the model to one in two or three dimensions would not cause any of these
phenomena either. Althoughhis argumentwas invalid, the study of generaliz-
ed ISING models did not seem very promising as HEISENBERG [2] de -
monstrated in 1928 that in ferromagnetic materials the interaction was to
be described by quantum mechanics. Even though the possibility of only two
interaction states is '"quantumlike' and atoms mainly interact with their
direct neighbours, ISING's model was a somewhat poor one. On the other
hand the alternative HEISENBERG model proved to be much more difficult
to handle.

Meanwhile the interest in ferromagnetismwas notwaning and a compara-
tively long period was marked by approximate methods for generalized
models. A first review on the subject was published by NIXand SHOCKLEY
[3] in 1938, dealing with important contributions like that of BRAGG and
WILLIAMS, BETHE, PEIERLS, etc. In 1941 threearticles were published,
by KRAMERS and WANNIER [4] , MONTROLL [5] and LASSETTRE and
HOWE [6] , all three introducing matrices in the formulation of the par-
tition function for ISING models. In the same year VAN DER WAERDEN
[7] published an article, in which he used an essentially combinatorial
approach to the calculation of the partition function for a two-dimensional
lattice, with the accent on the investigation of the convergence radius of a
series development for certain physical quantities. The direct impulse for
this revival of interest can be seen in the article of PEIERLS [8] in 1936,
showing the possibility of spontaneous magnetization for a two-dimensional
model*,

In ref. [4] an eventual transition point was locatedbyan investigation
of the matrices in this "matrix method'. This method gives a very elegant
solution for the original one-dimensional problem and on generalization
led to the solution of the ISING problem for a two-dimensional rectangular
lattice by ONSAGER [9] in 1944. An important modification ofhis approach
was given by KAUFMAN [10] in 1949. The matrix method seemed very
promising as the method produced a '"closed'' expression for the free energy
per element of the two-dimensional model, resulting in'a specific heat curve
of the A-type. At least qualitatively the ISING model gave interesting results.
Moreover YANG [:11:] was able to deduce a formula for the spontaneous
magnetization in 1952, giving rise to a magnetization curve in qualitative
accordance with experiment.

However, the year 1952 alsomarkeda decline inthe interestin the matrix
method. Firstly the method did not seem to allow a solution for the general -
ization to the three-dimensional problem or for the two -dimensional problem
with an external magnetic field present. Secondly KAC and WARD [12]
were able to devise a combinatorial method for the two-dimensional problem
by picking up the trend of thought of VAN DER WAERDEN's paper, although
this was done by inspection of the known ONSAGER -KAUFMAN solution. The
method appeared to be able to give the same results as the matrix method.
The time was there to write a second review on the subject, whichwas done
by NEWELL and MONTROLL [13} in 1953. The combinatorial method
had the great advantage that several terms could be obtained of series de-
velopments for relevant physical quantities like the free energy or the sus-
ceptibility for those models that evaded an approach by the matrix method.

* The interrelation between the disappearing of this magnetization and the A-point inferred the existence
of a convergence radius, i.e. a singularity. :
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From these series muchinformation canbe obtained on the critical behaviour
of e.g. the three-dimensional model. Numerous articles onseries develop-
ments have been published in the last decade. In addition to a third review
by DOMB [14] on cooperative phenomena in 1960, a review by FISHER
[15] in 1963 should be mentioned in this connection.

Another line of development in the combinatorial method has beenmore
stubbornly aiming at attaining exact sclutions. By this is meant the method
using Pfaffians which was recently developed. In this connection the reader
is referred to the monograph by GREEN and HURST [16] of 1964 on or-
der -disorder phenomena. As was the case with the method of KAC and
WARD, the essentially combinatorial problem is reduced to the calculation
of the determinant of a matrix. Although the ISING problem gained impor -
tance by this line of development because of its relationship to other com-
binatorial problems hardly any new results were achieved but for the deepened
insight in the nature of the problem. In 1964 the situationis such, thatthere
are two rather complicated but equally powerful methods that each failed
so far to solve e.g. the three-dimensional problem or the two -dimensional
problem with external magnetic field, the three-dimensional problem with
external magnetic field being rather utopical. In addition to this, problems
that generally include other than nearest neighbour interactions have not
yet been solved.

Now one thing that canbe done is refining the existing methods, ifnecessa-~
ry by introducing techniques developed in other fields. Here the articles
of SCHULTZ, MATTIS and LIEB [17] (1964), THOMPSON [18] (1965),
HURST [19j (1966) and GIBBERD and HURST [20] (1967) should be
mentioned specially. Another thing that can be done is to try and get abet-
ter insight in the links and correspondences between both the matrix- and
the combinatorial approach. This was done in 1965 and 1966 by HURST [21 ],
[22] . Here it may be said that it is the aim to find out what are the cor-
responding difficulties and what method should be looked upon as the most
promising assuming that after all a solution to open problems will appear
to be possible by applying a method directly connected with the familiar
methods.

The author's contribution to the theory can be seen as belonging to this
second trend of development. Notbecause two rather unwieldy mathematical
apparatuses are probed to fit but because, nextto an investigation oftheli-
mitations of the KAUFMAN method, it is tried to develop a method by
generalizing the matrix method for the one-dimensional problem in another
way than has been done up to now. This leadsa.o. toaninteresting relation-
ship between the two rather different approaches mentioned before. It is
hoped that eventually a method will be obtained being possible the method
meant by ONSAGER as he wrote: It seems rather likely that this
result (the expression for the free energy per element of the
two-dimensional model) could be derived from direct algebraic
and topological considerations without recourse to the opera-
tor method used im the present work. Sueh a development might
well amount to a great improvement of the theory.

§2. PHILOSOPHY OF THE INVESTIGATION

In comparison with the original method of ISING for the one -dimensional
problem, the matrix method solution for this problem is very elegant. The
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partition function is written as the spur ofa certain matrixoforder 2, which
can be calculated readily, being the sum of the eigenvalues of the matrix,
The two-dimensional problem leads in various ways to the calculation of the
spur of a matrix of order 2%, when the rectangular ISING lattice (the most
direct generalization of the linear lattice) contains £ latticepoints per row
in one of both directions. The eigenvalues are to be determined again. Be-
cause of the order of the matrix this is quite a problem, that can only be
solved quite accidentally, When an external magnetic field is present, the
problem is essentially the same, i.e. the calculation of the spur of a ma-
trix of order 27, but difficulties appear thatare seemingly unsurmountable.
The non-solved three-dimensional problem can also be formulated as the
calculation of the spur of a matrix. When the lattice, which is now cubic,
consists of rectangular layers of m rows of % latticepoints the order of the
matrix is 2™ for various ways of formulation.

We now start by making a trivial remark. For the solution of ISING
problems, using the matrix method, two things are necessary:

a) It must be possible to write the partition function as the spur of a matrix;
b) It must be possible to determine the spur or, equivalently, the eigen~

values of the matrix.

As the second point necessitates the first point, this remark is trivial in-
deed. In literature a) is dealt with in a few cases only* and in most cases
attention is paid to a) as well as to b), The operator methodused produces
the "transfer matrix' whose eigenvectors can be interpreted probabilistical -
ly and whose eigenvalues are to give the partition function. In several other
cases the attention is almost entirely centred on b) ** which is, of course,
the more interesting part of the whole problem.

The mathematical apparatus of ONSAGER and KAUFMAN to satisfyb) is
rather complex, When attempts were made to generalize the methodin order
to solve the three-dimensional problem or the two-dimensional problem
with external magnetic field, the reason for failure was looked for in the
structure of the mathematical apparatus. More in detail: the LIE algebras
that can be generated by the operators respectively matrices occurring in
the formulation for the various problems were investigated and the number
of structure constants turned out to be much larger for those problems that

could not be solved. We quote NEWELL and MONTROLL: Attempis <o
apply this procedure to the three-dimensional problem or even
the two-dimensional problem with a magnetic field are seriously
hindered at an early stage because the operators of interest
generate a mueh larger LIE algebra, so large in fact that it
would seem to be of little value. *¥* Now this could be the deeper
reason for failure but it is unsatisfactory that it was not indicated how far
one could come and what should be solved to come any further, as was
clearly indicated in the case of the Pfaffian method in ref, [16].

It has been remarked that the order of the matrices involvedinthe one-,
two- and three-dimensional problem was the same for various ways of for -
mulation, However, the structure of the matrices varies with the way the
lattices are built up, when using the operator method. We shall only dis-~
tinguish three ways of building up the lattice, whereas throughout this in-
vestigation we shall mainly consider three lattices i.e. the '"linear'', the
"quadratic' and the "cubic'' lattice.

See for example ref. [23]
++ See for example ref. [10] and ref. [18]

*#+x From the quotation it can be seen that the three-dimensional problem is considered to be more difficult
than the two-dimensional problem with field, We shall come back to this in chapter V.
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One can build up a lattice by adding to the units thatare presentalready:

1°) a single element

2°) a string of elements

30) a layer of elements
KRAMERS and WANNIER built up the quadratic £ x m-lattice by adding a
single element at the time. ONSAGER builds up the lattice by adding a
string of & elements at the time. Both ways of using the operator method
are leading to the calculation of the spur of a (transfer) matrix of order 2%.
The matrices involved are quite different. However, NEWELL [24] was
able to apply KAUFMAN's method to the problem in the formulation of
KRAMERS and WANNIER in 1950. The cubic & x m x p-lattice can be built
up by adding single lattice points, as was shown by DOMB [23] in 1949,
strings of e.g. & lattice points or layers of 2.m lattice points. We shall
revert to this in chapter IV. It should be remarked that the second possi-
bility has hardly drawn any attention up to now. This small gap in the the-
ory can be filled up easily by a formulation using a helix construction with
strings & la KRAMERS and WANNIER. The author supposes that, in spite
of NEWELL's success, possibly because of the failure to satisfy b) for the
third possibility the first two possibilities are consideredtobe deadtracks.

Summarizing we see that for the lattices indicated before:

i) To satisfy a), for application of the transfer matrix method, the lattice
can be considered to be built up with different units, leadmg to:

ii) Matrices whose order is 2 for the linear lattice, 2% for the quadratlc
and 2%m for the cubic lattice, irrespective of the way the lattice is
built up, but whose structure does depend on the way of building up the
lattice.

We now make a second remark, apparently hardly less trivial. For writing
the partition function as the spur of a matrix it is not necessary to have
recourse to the operator method and the associated building-up principle.
Indeed, the partition function for a system that can bein M states with cor-
responding BOLTZMANN factors f,,f,, ... ,fyy can always be written as
the spur of a diagonal matrix of order M, the numbering of the rows and
columns in correspondence with a numbering of the states, having the
BOLTZMANN factors f; (i =1, ..., M) as diagonal elements. However, the
crucial point is that the partition functions for the ISING models in ques-
tion can be written in a nontrivial way as the spur of a matrix, whose order
is not determined by the dimension of the lattice, as is the case when the
building -up principle is used.

We now drop the idea of building up the lattice but stress the factthat the
lattice can be thought of as being constituted by units of e.g. the three
types mentioned before, viz. element, string or layer. Corresponding to
the way we "'mentally dissect'' the lattice, the orders of the matrices in-
volved turn out to be different for the same lattice. These orders are:

2 for considering single lattice points as the constituents

2% for considering strings of ¢ lattice points as the constituents

2%™ for considering layers of &m lattice points as the constituents
We might add: 2N for considering the whole ISING lattice ofN elements as
the sole constituent of the lattice, which is the trivial possibility mentioned
before.

Now a clear statement canbe made what the phllOS ophy ofthe investigation
is: As the operator method for satisfying al) <s not necessary,
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and in consequence of which the order of the matrices involved
18 not necessarily determined by the dimension of the lattice,
the other ways to formulate the partition functions may now be
investigated. As we consider only three types of units for the lattices
there are three nontrivial ways left; to formulate the partition function of
the two-dimensional problem in terms of matrices of order 2 and to for-
mulate the partition function of the three-dimensional lattice in terms of
matrices of order 2 or 2%,

§3, CLASSIFICATION OF PROBLEMS

Thereisahost of ISING problems. Letus indicate what kind'of generaliza-
tions might be considered and what kind we shall consider actually, starting
from the original one-dimensional ISING model. Only nearest neighbours
were considered to interact with an interaction energy that could assume
only two values for any pair ofneighbours. We shall consider the generaliza-
tion by including interactions between next-nearestneighbours, butwe shall
maintain that there are only two values for the interaction energy for a pair
of elements of a certain type*. We might drop this latter restriction and
consider the case that there are more values possible for the interaction
energy of a pair of elements or admit the possibility that the value of the
interaction energy is different for various pairs of elements of the same
type. The regularity of crystals in nature justifies that we shall only con-
sider the case that the interaction energies of pairs of elementsofa certain
type is the same for every pair. More values for the interactionenergy, no
doubt a realistic generalization, couldbe consideredbutthis would influence
the order of the matrices leading too far away for the present.

In allthese cases we may speak of an ISING model. In two andthree dimen-
sions there is the extra possibility of varying the structure of the lattice.
It has already been said that we shall consider linear, quadratic and cubic
lattices only. The question arises how severe this restriction is. In the
two-dimensional case next to the quadratic lattice other lattices, like the
triangular lattice, the honeycomb lattice or the KAGOME lattice, have been
studied., ‘However, no essentially different features were found in these
cases, see e.g. ref. [14] . The quadratic lattice is therefore represen -
tative of the two-dimensional lattices and it seems quite possible that the
cubic lattice will be so of other three-dimensional lattices like the body-
centred cubic and the face-centred cubic lattices next to the simple cubic
lattice. Further there may be the presence of an external magnetic field
and we shall consider this as well as the possibility of impurities in the
lattice, i.e. the occurrence of elements that do not interact or interact
"improperly'" with other lattice points, As the values of the interaction
energies may still vary with the one, two or threedirections thatcanbedis-
tinguished in the lattice, or eventually may be partly or entirelyantiferro-
magnetic, we shall have to specify the interactions for every model.

If we call the original one-dimensional problem A, we mightindicate the
inclusion of a magnetic field by AM , theinclusion ofnext-nearestneighbour
interactions by , . A and the occurrence of impurities by ™A We shall
indicate the two-dimensional problem by B and the three-dimensional pro-

* The "type" ocould e.g. be determined in the one-~dimensional case by the distance between the elements,
measured in links of the chain.
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blem by C. Next to the nature of the problem there is the nature of the ap-
proach, as has been discussed in the former paragraph. We shall use the
indices 1, 2 and 3 to denote that the formulation is in terms of matrices of
order 2, 2% and 22™ respectively*. The variousways of using the building -
up principle will be indicated by numbers 1, 2 or 3 between parentheses,
depending on the unit, element, row or layer respectively, usedin the build-
ing -up procedure. This will be done in chapter IV only. Finally we shall
use the index ¢ in case a combinatorial approach is made. We cannow give
the following scheme:

Dimension of the lattices

1 2 3

Combinatorial approach Cc

Matrices of order 2

Matrices of order 2%

Matrices of order 2%m

The lines drawn indicate realized generalizations as far as the formulation
is concerned. The dotted lines indicate non-realized generalizations. The
circles indicate problems solved.

* See § 2 for the order of the matrices




CHAPTER 11

A NEW FORMULATION OF THE PROBLEM

FOR THE QUADRATIC LATTICE

§ 1, THE PROBLEM FOR THE LINEAR CHAIN

The starting point for the matrix method is problem A,. From here
we can generalize to problem B, or to problem B,. Only problem B, isa
new problem and the generalization A, » B, is what this chapter is about,
We shall give the solution for problem A, as an example.

The linear ISING lattice consists of, say, N elements, situated on a
line. Only nearest neighbours interact. In order tofacilitate the calculation
we let the first element interact with the last, so that essentially we con-
sider a simple closed chain, Two interacting elements will be said toform
a '"bond'", It is intuitively clear and can be proved rigorously that the in-
clusion of the extra bond has a vanishing influence on the significant quan-
tities to be calculated as N becomes infinite. However, we shall simply
consider also in future problems the ISING model to include this bond and
similar bonds. We shall now specify the interaction energy for a pair of
neighbouring elements, i.e. for any pailr, in accordance with the restric-
tions we have made. With each element i is connected a variable ;5 called
the "'spin'' variable, that can assume the values +1 and -1.

The interaction energy E(0; ,0,,, V¥ is defined as follows:

E(+1,+1) = E(-1,-1) = -J
E(+1,-1) = E(-1,+1) = +J (11, 1)
J > D>,<>A< ,

When k is the BOLTZMANN constant and T the absolute temperature, the
partition function Z is the sum of the "BOLTZMANN factors"exp [-E,/kT ],
where E | is the total interaction energy of the n-th of the 2N possible states.

*NeBo o = o, (1 = 1y 2y womy N

** The model is "ferromagnetic", as the spin variables tend to have the same values, i.e. the elements,
thought of as elementary magnets, tend to stand in line. Thus they try to constitute order, the basic
concept underlying ferromagnetism to the extent that the occurrence of spontaneous magnetization 1is
synonymous with the occurrence of (1ong range) order.
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oN
Thus Zy = ) exp [-E,/kT] (11, 2)

n=1

)5

N
or, as the total interaction energy is z E(oi' 20
ist !

N -
) exp|-]) E(o, 50, /KT (IL, 3)
On = 1

&1 i=

We now think of the lattice as dissected in lattice points and in all of
the 2N terms we consider the factor exp [ -E(o;,0;,,)/kT], stemming from
the interaction between the i-th and the i+l-th element, and perform the
following trick. We consider a 2x2-matrix V, the rows numbered by the
spin states +1 and -1 of the i-th element and the columns by the spin states
of the i+1-th element, i.e.

i1 [ /KT -J/KT

-J/XT _ J/kT |° (11, 4)
e e

and indicate the factor exp [ ~E(o;,0,, )/KT] as Vs
sible to write ' i %

. This makes it pos-

Zy =. e v v ‘o I, 3
N Z Zt, % 303 95303 VON—1 50N VGNSU1 - (13)

N
v v = (V2) .
i 2% 41 Oi_130 41

(11, 6)

2

Now z

and summation over all but the variable o, leads, as the spur is invariant
under similarity transformations, to

Zy = ™ =spvM =N+ N, (11, 7)

1~

£
Oy

where A, and X, are the eigenvalues of V. As these are 2 ch J'/kT and
2 sh J/KT we obtain
Zy = (2 ch 3/xTN + (2 sh g/xTV. (11, 8)

We have thus arrived at the solution in an extremely simple way. Note that

-9-




the numbering of the indices J;, that occur as the second index andthe first
index of two neighbouring matrices, was done by counting off the elements
of the lattice, thus acting as what we shall call a "counting chain'.

The connection with the thermodynamics of the system is established
via the free energy

Fy = -kT log Zy. (11, 9)
One is mainly interested in the quantity
f=1lim £, = lim TII log Zy» (11, 10)
N->00 N> 4

which is the free energy per element divided by -kT for an infinite lattice.
Introducing

H = J/kT , (11, 11)
we finally obtain for the problem A :

f = 1im :] log (2 chH)N {1 + ('thH)N}:

N->00 . N
= log 2 chH + lim §log |1 + (thH)| =
N->-co
= log 2 chH . (11, 12)

It is easy to see that the specific heat per element shows no singularity.

§2, CHOICE OF THE TWO DIMENSIONAL LATTICE, COUNTING CHAIN, -
A LEMMA

We now try to give a formulation of the problem B,. Thinking of the

lattice as dissected in single lattice points, in order to write the partition
function as the spur of a matrix, the factors in the terms of the partition
function are considered as being elements of square matrices of order 2,
as was done in problem A,. Again the spin variables o are to take care of
the numbering of rows and columns of these matrices. A lattice pointshall
be characterized by the pair of indices (i, j), indicatingthatitis the element
in the i-th row and the j-th column of the lattice.
The spin variable of the element (i, j) is written as ¢;;. The lattice consists
of N elements arranged in m strings (columns) of ¢ elements. The inter-
action betweenneighbouring elements in different strings will be characteriz-
ed, as in (II, 1), by J and for neighbouring elements on a string this willbe
done by J'. As in (I, 11) we introduce

H = J/kT and H' = J'/kT (I, 13)
planning a formulation in terms of the matrices

H -0 H' -H'
e e e e

vV, = ~H H and V, = _gt 0 (11, 14)
e e s

the analoga of the matrix V in (II, 4).
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Taking into account that only nearest neighbours interact, the factors
that appear in the terms of the partition function can be written as either

(V‘)GiJ;OiJ+1 or (V2)0h13°i+nl

When we want to do something similar towhat we have done in problem
A, the following is necessary. The indices o;; have to be second index and
first index of neighbouring matrices in order to carry out a summation as
in (II, 6). The sequence of the matrices is to be given by a counting chain of
elements, corresponding with a walk along the bonds in such a way that
every bond is passed once and ending at the same lattice point the walk
started from, in order to end the summing over indices withthe calculation
of a spur. We consider the model to include bonds between the firstandthe
last element of a string as well as bonds between corresponding elements
of the first and the last string. The lattice can then be considered as being
wrapped on a torus. There are 2N bonds between the N elements of the lat~
tice and every element has to act in the counting chain twice. It is readily
verified that, whatever the walk along the bonds, every element is to give
its name twice to a pair of indices that are second and first index of con-
secutive matrix elements. Thus every index o, occurs 4 times instead of
twice, as in problem A, b

The lattice is chosen as follows. Each of the m strings contains m-1
elements, i.e. we chose g = m-1. This restriction isirrelevantas we shall
finally be interested in a lattice that is infinite in both directions™. The

A 4.5)
.

figure 1

A counting chain of bonds respectively lattice points for m = 5, On passing the elements
(2,1), (3,1) and (4,1) for the first time the dotting of the bonds has been changed

* Other cholces are possible and will be discussed in chapter III. IT we want the model to exhibit a se-
cond order phase transition, allowing the lattice to become infinite in both directions is necessary.
See e.gs ref. [14], ps 170
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counting chain is indicated in fig. 1 (see page 11) for a lattice consisting of
5 strings of 4 elements. The counting chain starts and ends atelement (1, 1),
making consecutively 'length steps' and 'breadth steps'. Length step plus
breadth step form what is called an 'elementary counting pattern'.

The occurrence of twice a pair of indices o, makes it impossible to
sum over this index immediately. We need the foliowing lemma.,

Lemma I: If A, B, C and D are arbitrary matrices of order 2 and I is the

matrix (§ 9), then for arbitrary indices a, b, c and d

2

.21 AyBipCeDy = 2{(AB), (CD)y + (AIB),(CID)4}. (I, 15a)
1=

Proof:

(AB)y, = A;Byp + A By (CD), = C Dy * CuDy

(AIB),= A By - A.B, (CID)4= C,Dy - C,D,

and the proof follows simply from writing out the right hand side of (II, 15a).
We shall further need

Corollary I:

2
- 1
y AyB;C. = 2{(ABC), + (AIBIC)_}, (11, 15b)

j=t i

following also directly from the fact that B + IBI is diagonal, and

Corollary II:

) A B. = 3{Sp AB + Sp AIBI}. (11, 15¢)

§3, THE PARTITION FUNCTION FOR THE QUADRATIC LATTICE

The partition function Z, for the two-dimensional model that we have
specified is

) (1, 16)

i) iaj41 is] Ti4ts]

m
) (Ho o + H'o .o
j=1

where {0;,;} below the summation sign indicates that we have to sum over
all 2N combinations of the Tijs that can be +1 or -1. We have indicated how

the bonds are counted off and we can write
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Z, = ) W) (v,) v
N {o; 3 P05 270,239, O3,2392, 3
(v,) (v.) (vV.)
2 Om-1m>%1 m 170, m301 .1 270, 4 30,5
(v,) (V,) .
! Om-1,m>Im~1,1 2 Om-1.15% 1 (II, 17)

The choice of the element (1,1) as starting point (and ending point) is
of course irrelevant, as the lattice is translation invariant in both direc-
tions. We now sum over all indices g;; . except o,,, using the lemma (II, 15a)
or its corollary (II, 15b). Tosee clearly what happens letus start by summing
over an index g , At first sight two cases can be distinguished. In the
first case we reach the element for the first time along the counting chain,
on starting from element (1, 1), by a length step and application of the lem-
ma separates Zp into two partial sums:

o= (o)) 300 #kt} v, )01,1301,2 o (V’V2)Gk,|—1 3041,
. (Vzvi)ok_u,)ck,lﬂ (VZ)Om_y,q':OU +
+ 3 (o sh14ka (V')Ouéonz"' (v,1v2>chh4;dk+u...
IV o e (T o (11, 18a)

In the second case we reach the element by a breadth step. This leads to:

Ty = 3 ) v,) . (V,v.) .
N (o sisidkutl RRRELE 2 Okt 2%k,
e (V, V) . (V,) . +
b2 0 3% 2 Oy, 39,
+ 3 v,y . ee. (VIV,) . ..
- {0, 30 #k.0} 10 30,2 27 03T
Is}
11, 18b
(V,IV,) ado g ( :
ke 2 Tkt ot 2%

The summation over a second index splits each of the partial sums
again in two partial sums and an extra factor % appears in front of the
summation signs. After summing over all indices except ¢, the partition
function consists of 2N-! partial sums of the form :

2N ) (. (B), .. - (11, 19)
{o,,=%1} T135 91 MEEMK

Let us discuss the matrices A and B. It is clear that these matrices are

products of a number of matrices V, and V, that alternate, as they cor-

respond to altermating length steps and breadth steps of the counting chain
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casu quo bonds between neighbouring elements of different strings or of the
same string. Between these matrices V, and V, a certain number of ma-
trices I occur, in a certain way. Irrespective of the factors I ineverypar-
tial sum, there are m matrices V, and m-1 matrices V, in A and conse-
quently N-m matrices V, and N-m+1 matrices V, in B. This follows from
inspection of the counting chain. The distance between element (1, 1) oc-
curring for the first time and the same element occurring for the second
time in the counting chain is 2m-1 when measured in '"links' of the chain.
This is also the case for other elements when the distance is to be the
shortest distance along the closed counting chain. For this reason (II, 18a)
and (II, 18b) are essentially the same. In (II, 18a) the distance between the
two factors I is 2N-2m+l links, when following the counting chain, but
2m-1 links, as in (II, 18b) when the shortest™ distance is to be considered,
thus ''sandwiching' m factors V|, and m-1 factors V;.

Knowing this, we may now apply (II, 15¢) to (II, 19} which leads to a
partition function consisting of 2" terms of the form

2N sp (v, v,... vV V), (11, 20)

where in every term the matrix product contains a combination of pairs of
factors I on a distance 2m-1. It is easily seen that the summation process
is such that every combination of the 2N combinations of pairs of factors I
occurs just once. Thus we have succeeded in reducing the calculationof Zy
to the calculation of spurs of matrices of order 2. However, the price for
getting an analogous situation to the one expressed in (II, 7) is that there
are now 2N spurs whose calculation might be difficult and that have to be
summed subsequently.

The calculation of the spurs turns out not to be the crucial point. We
start by considering some commutators and anticommutators. The matrices
V, and V2 commute, i.e.

(v,,v,] = v, v,- v,v, = 0. (11, 21)
This feature, due to the fact that the elements on the diagonal and on the
counter diagonal are equal, is not shared by the combinations V, and I or

V, and I. However, in these cases we consider the anticommutator
(v,1], =vI +1Iv = 2efI (11, 22)

with the consequence that

- He _ - 1 (11, 23
VI = I(2¢"E - V) = IV', »23)

where E is the unit matrix and

vt = . (II’ 24)
Similar results hold for V, and V,. After commutation with the matrix I
these matrices are 'infected', i.e. the elements on the counter diagonal

* There is, of course, the trivial restriction m » 5.
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get a minus sign. Also in V,' and V,', however, the elements are equal on
both diagonals and thus

[vosvi] o= v o= [y do= [vy,v ] = 0. (1,25)

Now consider a pair of matrices I. By commutation with the 2m-1
matrices that separate them they can be brought together and then "annihi-
late' each other as I? = E. The 2m-1 matrices V, and V, are infected.
Other matrices I simply commute with these particular matrices I. Carry-
ing out this annihilation process, in order to getrid of the matrices I, leaves
us with the calculation of spurs of commuting matrices V;, V,, Vy'and V,'.
Suppose in a special case the numbers ofthese matricesaren,, n,, n,', and
n,' respectively. We then have to calculate expressions of the form

_ n n n ny'
2 Nsp v v 2y oyr? o, (11, 26)
=N T2 2
The matrix V, has normed eigenvectors -t ( : ) and L ( _: ), that are
simultaneously eigenvectors of V,, V,'and V,'. a /2
A similarity transformation with
Y
S = — (11, 27)
S\t

leads to

-N -t M _np P ong _
27Vsp STV, Y, V' VT s =

n,' 1 Ny’
-N (ZEhH 0 )“‘(QChH' 0 )"2(2shH 0 )1(25hH 0 )2:

=2 Sp 2she’ ' 0 2shH! 0 2chH’ ' 0  2chH!
n4+n_+n '+n’
2 t 2 7t 2 ny n, ny ny' n ny g ny'
S v (chH) (chH')" (shH) (shH') +(shH) (shH')  (chH) (chH') =
2
N ny not N-ng N-ny’
= (2 chH chH') {(thH) (thH') "+(thH) (thH') ) (11, 28)
where use has been made of the fact that n,+n{ = n,+n, = N.
Introducing
w = thH and w'! = thH'" , (11, 29)
the partition function can be written as
i} . N_ * N_ T
Zy = (2 chH chH")N Z{wn'w'nz + W " w' nz}:
= (2 chH chHDY L (w,w'), (11, 30)
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where the summation is over all possible combinations of n,' and n,', that
are the numbers of infected matrices V, and V, respectively. The relevant
quantity f now is

f = log 2 chH chH' + lim & log L (w,w') , (11, 31)
N-oo
where of course N+« along with m-s», This formula should be compared with

(11, 12), that, when putting 1+wN= LN(W), can be written in the form

f = log 2 chH + lim { log Ly(w) . (11, 12)
N->co

After calculation of the spurs the crucial point appears to be the sum-
mation of these 2N spurs. Ly(w,w') is a polynomial in w and w'. The coef-
ficient of an expression like the one between the braces in (II, 30) is the
number of ways the combination of n,' infections of matrices V, and n,' in-
fections of matrices V, can be established by annihilation of pairs of
matrices I, Thus we have to solve the combinatorial problem of finding a
function Ly(w,w'), that is a generating function, for the combinations just
mentioned, in the sense of combinatorial analysis. ILet us consider the
combinatorial aspect in a little bit more detailed way. Essentially we have
the following situation. A closed chain consists of 2N alternating elements
a and b. The links between these elements can be infected and disinfected
in groups of 2m-1 links, that form parts of the chain in such a way that,
going around clockwise say (see fig. 2), the first element involved is an
element a and the last one an element b. Schematically the infection by one

group is indicated in figure 2.

figure 2

Infection of a group of 2m=1
links on a chain of 2N links

The infection of a second group may infect non-infected links or dis-
infect infected links, as the annihilation of a corresponding second pair of
matrices I may cause a second minus sign onthe counter diagonalincertain
matrices that were infected in the process of annihilation of the first pair
of matrices I. Each combination of groups will be said to give rise to an
"infection pattern'' on the counting chain. When all combinations of groups,
with the restriction mentioned, can occur we have to find out the number
Afn,',n,") of ways to obtain n,' infected links a-b and n,' infected links b,a
in order to obtain the series development

Ly(w,w') = ) Aln,',n," w2 e N w'N'n2.} . (IO, 32)
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At first sight this is rather disappointing. There is a much simpler way to
arrive at a formulation as a combinatorial problem also starting of course
from the expression (II, 16) but manipulating with it in another way. A few
things have been achieved, however. Firstly, we have arrived at a
combinatorial problem, in a quite natural way, starting from
the matrixz method for problem A;. Secondly, the combinatorial
problem is one on the counting chain, <i.e. on a linear arrange-
ment and, what i1s more important, the generating principle for
the formation of the infection patterns comes forward.

We want to remark the following. It is quite important for the sim-
plicity of our formulation to choose the counting chain in the way we have
done. Let us illustrate this. The elementary counting pattern consisted of
one of each of the occurring types of bonds, namely a length bond and a
breadth bond successively. For using on repetition this counting pattern,
the lattice had to be chosen in the special way indicated. As a result all
elements on the chain that correspond to it are on a distance of 2m-1 links
when the lattice is chosen as a mx(m-1) lattice. Suppose we havea mxn
lattice, then a rather regular counting chain is the following. We startwith
element (1, 1) and count off the bonds in the first row up tothe bond between
(I, m) and (1,1), then count the bond between (1,1) and (2, 1) and count off
the bonds of the second row up to the bond between (2, m) and (2,1), then
count the bond between (2, 1) and (3, 1), etc. After counting off all bonds in
the various rows we arrive at (n,1) and after counting the length bond be-
tween (n, 1) and (n, 2) we count off the bonds of the second column up to the
one between (1,2) and (n, 2), then count the bond between (n, 2) and (n, 3), etc.
After counting off all bonds in the various columns we arrive at (n,m) for
the second time and by counting off the bond between (n,m) and (n, 1) and
between (n, 1) and (1, 1) we close the counting chain. Now, with this counting
chain let us apply the lemma needed for the various summations and let us
see what kind of pairs of factors I occur on this counting chain of matrices
V; and V, that, by the way, do not alternate any more now. The elements
in the first column, except element (n,1), have a corresponding pair of
elements on a distance of m links. The elements of the n-th row, except
element (n-1), have corresponding elements on a distance of n links. Element
(1,2) e.g. has corresponding elements on adistance of m.n-m+2n-2 links,
element (2,2) has corresponding elements on a distance of m.n-2m+2n-4
links etc. A chaos of types of groups of infections comes outinstead of pre-
cisely one type of group in the case of the counting chainwe indicated. Thus,
in a way, the counting chain we have given is an optimal choice.

§4, THE CONNECTION WITH THE COMBINATORIAL METHOD

We shall now outline how the usual formulation as a combinatorial
problem can be set in correspondence with the combinatorial problem de-
rived in the former paragraph.

The usual way of arriving at a combinatorial problem is by writing
the partition function (II, 16) as

e H . ' =
y Xp [ ci’J_ ci’j“] exp {H oi‘j cm,j }

1 wem
1, eem

[N
pd
I
nn g

Nn.I.
{Oi,j} '
J
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= ) 1 (chHto, . Oi.j+1ShH)‘ (chH'+0; ; 0 shiH') =

.
(of 3 iz e i+l
i )
j=1,....m
= (ch# chEDY § 1 (1+0,; Oy thE) (140, 0y, thH")
{o; iz m-d
’ j:i,.‘.,m
= (chg e J (140, 0y W) (140, Ty w1
{Gij } St izt om -t
JEtem (11, 33)
The product s1gn T indicates that for everybond betweennearestneigh-

bours a factor is present. Writing out the product produces 22N terms that
contain certain numbers of factors o,

When a spin variable occurs 0, 2 or 4 times the summation over this
variable glves a factor 2. When it occurs 1 or 3 times the result is 0™
Thus summing over all variables ¢;; either gives a factor 2N orafactor 0
Only those terms survive that conta1n variables that occur an even number
of times., Thus we are again able to write

Zy = (2 chH chH') LyGu,w'). (11, 30)

The polynomial Ly(w,w') is of course the same as in (II, 32), which
brings clearly out the feature that only 2N*'terms survive after summation
in (II,33). In order to see in what way it is the generating function of a
combinatorial problem we write the polynomial as

Ly(w,w') = | B(n!,n}) w™w'™ . (11, 34)

As every element (i, j) takes part in the formation of 0, 2 or 4 bonds, de-
pending on the number of times the corresponding variable o¢,; occurs in a
spemflc term of the partition function, with every term a closed '‘polygon"’
that is not necessarily simply-connected corresponds on the lattice. The
coefficients B(n,,n,) give the numbers of closed polygons, consisting of
n,' bonds in one direction and n,' bonds in the other, that can be formed on
the lattice., The combinatorial problem is one of counting closed polygons
instead of counting infection patterns. A comparison of (II, 32) and (II, 34)
shows that A(n,’,n,') and B(n,',n,') do not have entirely the same function.
A(n,',n,") plays the role of B(n,',n,') as well as of B(N-n,',N-n,'). Here we
should note that this approach is more general with respect to the fact that
it is not necessary to choose the lattice in a special way.

It is rather instructive to see how the combination of groups of infect-
ed links on the counting chain corresponds to the building up of closed poly-
gons on the lattice. To an infected link we set in correspondence a bond of
a graph. We shall consider some simple graphs. The first term in (II, 32)
we consider: is the one corresponding to the case thatthere are noinfections

* If g denotes the other factors in a term:

g o go, .=0 and ygo, .= 8o .= ygo, .= 20.
+1 1 =

o, .=%




on the counting chain. This occurs only once corresponding to the one pos-
sibility that there is mo graph. Thus A(0,0) = B(0,0) = B(N,N) = 1. Note
that there are two graphs corresponding to a certain infection pattern asin
(11, 32) terms are occurring in pairs. These are the graphcorresponding to
the infected links and the 'complementary' graph consisting of bonds that
correspond to non-infected links. We shall restrict ourselves now to the
graphs corresponding to the infected links.

Let one group of infections be present. The situation shown in figure
3 is possible, where with a and b those elements are indicated where a
length or a breadth step on the lattice begins in the corresponding lattice
point. Numbers are inserted to facilitate comparison.

|7 AR

a b a a b a

figure 3

2m~1 infections

On the lattice this corresponds to the graph indicated in figure 4, i.e. to a
graph 'looping'' the torus.

O O O O

figure &

Not possible is the situation shown in figure 5.

figure 5

2m=1 infections
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Combination of two groups of infections causes at least 4 infections as is
shown in figure 6.

figure 6

2m=3 disinfections

The corresponding graph on the lattice is indicated in figure 7.

A
ooooc;->—<‘>

A
o ><5 )
@] i)—:»1 O O @]
>0 0o 0o o o

A

figure 7

In figure 7 the thick-drawn bonds correspond to infected links and the dotted
bonds to disinfected links (respectively matrices). This graphdoes notloop
the torus but inclusion, in any way, of a third group of infections causes a
graph that does. It is of course possible that with two groups of infections
no disinfections occur and the corresponding graph then consists of two
loops of the type of figure 4. Non-looping graphs with a small number of
bonds can be obtained in correspondence with the combination of two groups
of infections e. g. in the way shown in figure 8.

VA j////

a a b a b awbd

1 2 3 1 2 3

B S
Tigure 8

2m=5 disinfections

The corresponding graph is indicated in figure 9 on page 21. Infigure 6 the
infections can be considered to form a barbell. In figure 8 thereis abarbell
too, but with 4 infections at each end. Now in the spur that corresponds to
this particular configuration we can insert the matrix E in the form I in
the places in the counting chain of matrices that correspond to the element

~-20~




i

figure 9

indicated by 2 in the figures 8 and 9. Doing this means imposing two groups
on the chain both spanning the links between the elements indicated by 2.
Thus the barbell in figure 8 can be seen as consisting of two barbells of the
type of figure 6. Infections may also correspond to a graph consisting of
say 2 squares that have a side in common that is disinfected, thus giving
rise to a graph consisting of 6 bonds. This can be done by considering 4

groups of infections forming two barbells of the type of figure 6 in the way
shown in figure 10.

a b a b aba b a b

1 1 2 2

________ e e —— —
figure 10

The corresponding graph is indicated in figure 11.
O O O (?—;—-
A
° e
A
>3 > -
A
><>—>
p O
A
=5 o o o

figure 11

The bond corresponding to the disinfected link belonging
to both barbells is indicated by two arrow points
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are counted off m breadth bonds and m +1 depth bonds. Thus we may choose
p = m+1, but do not come back to the element in the first layer we started
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Another way is shown in figure 12,

[Z/] ]//{_72 //

(/* a ba abakb bab
] 2.1 2

from because we counted off m breadth bonds whereas the breadth is only
m -1 elements. More precisely: when o, 8§ and y are the indices of the lat-
tice point {0, 8, v), indicatingthe location of the element (1€ a€m, 18 ¢m-1,
1 £ y¢m+l), and (a, 8 1) is the starting point in the first layer of our
counting procedure, then the next element in the first layer that will be
counted off is element (o, B+ 1,1). After passing element (a+ 1, B+ 1,1)
and (@ +1, B+ 2,1) the counting chain goes tothe second layer and from the
m +1-th layer arrives in the first layer at element (a + 1, B+ 3,1) etc.
In the first layer the following pattern appears (similar patterns appear in
the other layers).

o] O (o) O—’-—é o o] o

(a+2,B8+4,1)
o o o) 0 o) o) o)
e} 0 o) ‘o) o) 0
(a+1,8+2,1)
o o) 0 0 o) o) o)
o) o) o) ‘o) o]
(a,B,1)
o) o) o] o) o) o)

o o) o o ? o] o o

1<a<8 1 §=8:;7
figure 14

The counting pattern is not identical with the one in problem B, butthe
question is whether with this counting off of bonds inthe first (and any other)
layer we can pass all bonds just once and finally come back to element
(@, 8 1) by counting off the bond between (o, g -1,1) and (o, g, 1).

We notice that the counting chain goes to the nextlayer at elements with
second index B, B+ 2, B+ 4,etc. Thus when Bmax =m-=-1 is even, only
breadth bonds will be counted having as "'second' element an element with
an even number as second index. In this way not all bonds can be counted
off (only half of them). However, when Bmax = M - 1is odd, fore.g. even
B for the starting point (a, 8, 1) (see figure 14)the element where the count-
ing chain leaves the first layer after using the boundary conditions in the
breadth has an odd second index, which becomes even again after repeated
use of the (breadth) boundary condition etc. It is readily verified that in
this way all bonds in the firstlayer are counted off just once and automatical -
ly this is the case with all other bonds as eachelement of the firstlayer acts
once as a starting point for a tour into the depth™.

* As there are mn(m-1) elements in the first layer and on every tour 3m+1 bonds are passed, next to the
en(m-1) bonds in the first layer, the total number of bonds counted is 2m(m-1)+m(m=1)(3me1)=3m(n~1)(ns1)
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Thus we have found a closed counting chain of bonds respectively
elements, that is completely analogous to the counting chain for the problem
B,, by imposing on the lattice the restrictions that it consists of m x (m-1)
x (m+1) elements with m even. These restrictions are irrelevant when we
are interested in infinite systems i.e. let m-cw.

Our next problem is to cope with the summations over indices thatwill
appear in the formulation of the partition function in a way analogous to the
way they appeared in problem B;. There the problem was that a certain
index appeared twice as second and first index of subsequent matrices of
order 2. Here an index will appear three times in such a way and we shall

need the following lemma.

Lemma II: Let A, B, C, D, E and F be arbitrary matrices of order 2 and

let I be the matrix (} _9), thenfor arbitraryindicesa, b, ... , {
2
- 1
.21 AajBichjDidEeijf T4 {(AB )abk( cD )cd(EF)ef t
i

(AIB)ab (CID )cd (EF )ef + (AIB )ab(CD)cd(EIP)ef+ (AB)ab (CID)cd (EIF)ef } (111, 1)

Proof: By writing out, analogous to the proof of the corresponding lemma
in paper I.

_.1 (AatBab + Aaszb)(cchtd + CczDzd) (EeIFﬂ + Ee2F2f) +

(A,Byp - ApByp) (CyDyy = CeoDad) (EeFyt + EoBp +

+

(Aa1B1b - Aa2B2b)(CcID1d CC2D2d)(Ee1F1f - Ee2E‘;.f) +

4

(A B AaBap) (CyDig = CoDad) (EgiEy - Ee2fz|f)}:

al " 1b

= Aa1B1ch1 DidEe1Flf + AaszchzDsze2F2f :

The following corollaries come into play as well:

Corollary I
2

121 A, (BC); DyEGFy = H(ABCD)ad(EF)eﬁ

+ (ATBCID), (EF) + (AIBCD),(ETE), + (ABCID) (EIF)y (-,

2
Corollary II : An analogous expression for z Aaijbccr (DE )” F“.
j=1 i

Corollary III :
2
121 A, (BCY;; (DEY; Fjy = %{(ABCDEF)a, +

+ (AIBCIDEF), + (AIBCDEIF)af + (ABCIDEIF)af} > (III, 2b)
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which can also be verified by noting that (BC + IBCI) as wellas (DE + IDEI)
are diagonal and that the right hand side reads

A.(BC + IBCI).(DE + IDEI).F}a

52. THE PARTITION FUNCTION FOR THE SIMPLE CUBIC LATTICE

We now start the calculation of the partition function, along the same
lines as in problem B,, for the lattice discussed in the former paragraph.

Each element (i, j, k) possesses a spinvariable o, thatagaincanas-
sume the values 41 and -1. The interaction energy E(O|]k =qur) * is
defined as follows. Analogous to (II, 1) we have

E(+1,+1) = E(-1,-1) = resp. —J,-J',-J"
E(+1,-1) = E(-1,+1) = resp. +J,+J' ,+J"
J,J'" and J" >0

where J, J' and J'" stand for the values of the interaction energiesy ofnearest
neighbours in the three dlrectlons, length, breadth and depth in this order.
When now

(111, 3)

H=J/kT , H' = J'/kT , H" = J"/kT , (111, 4)
the partition function can be written as

Z m m-1 m+i 1

={0i.i,k} eXPZ Z Z(H o .+t Ho o + H'c o . )[(II,5)

Zh
=1 =1 k=t Lk, Ci*lLik, ik, vk, bjsk, ik

Where {o,; k} below the summation sign indicates that we have to sumover
all 2N coribinations of the Ok We define

H -1 H' -H“\ g _HY
e [ e e e e
T _ 111, 6
1\ m H/ »V2T -H! H'/ Ve A _-m" H" (L. 6)
e e e e (S e

similar to the matrices introduced in chapter II. The spin variables act as
the indices of these matrices. Using the counting chain we have indicated,
starting with a length bond from element (1,1, 1), we can write

In= ) (V) (Vy) (V3) e (V)
{c 1} o 50 o 30 o 50 g 50
.k L,L1° 21,1 2,510 22,1 22,1 2272 mLl 1,11
(Vy) e (V) (V3)
ag o 50 c 50
© 111 0 L2l Lmll 0 L1 Lyl 112
-(V3)

o} 50
1,1 m+l 1L,1,1

* Note the cyclic boundary conditions, thus o etc.

a,b,m+2 = %a,b, 1
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We remark that the choice of element (1,1, 1) as the starting point is again
irrelevant, as the lattice is translation invariant in all three directions.

We now make use of the lemma and its corollaries and sum over the
values of the spin variables which is the same as a summation over matrix
indices. These indices occur 6 times because eachelementtakes partinthe
formations of 6 bonds and with each bond corresponds one of the factors

v Vy)
( 1) . :( 2 . 9(\]3) ) (III,8)
Oijok 2 Ti#tjk Oijk 305jak Tijk 2 Tijket

Moreover a certain index o,;k occurs 3 times as second index and first
index of consecutive matrices, that stand in line according to the sequence
of the bonds they correspond with on the counting chain. Thus the lemma and
its corollaries can be applied and, analogous to the partition function of
problem By, Zy splits into 4N terms of the form

WNOSD ViVaVaV a. VoV, W Vg - (111, 9)

Between the matrices Vy;, V,; and V3 all kinds of combinations of pairs of
factors I occur.

For each elementthree types of pairs of factors Ioccur, corresponding
with the three types of pairs that occur in the expression on the right hand
side of lemma II. The location of these pairs of factors I on the counting
chain, seen as consisting of matrices instead of links, will be discussedin
paragraph 6. The important fact is that the matrices I again occur in pairs.
We note that V,,V, and V3 are commuting matrices. Aswas shown in chapter II,

ViI = Vi'T (i = 1,2,3), (111, 10)

where Vi' is equal to Vi but for two minus signs on the counterdiagonal.
These matrices V;' were said to be infected. After annihilation of the pairs
of matricesI ineachtermthere willbe a certain number of infected matrices,
say n;' matrices V', ny;'matrices V2'andns'matrices V3 '. These matrices
commute with each other and with the non-infected matrices, When ny, n;
and n; are the numbers of these non-infected matrices respectively, for
whichny +n;' = ny, +n,' =n, +ny' =N, a term of the partition function is of
the form

T I (A A T A A (1, 11)

The calculation of this spuris as simple as the calculation of the correspond-
ing spurs in (II, 26).Using the same similarity transformation and with

w = thH, w' = thH', w" = thH", (111, 12)
we obtain in a strictly analogous way terms of the form

‘2N (chH)N (chH! )N(ChH")N W"I‘ w!"2' w"na' + wN'"i' WIN'"Z'WHN‘"S'} . (I]:L 13)
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Thus the partition function can be written as

Zy= (2 chH chH' chH" ™ ) Gl gt NN NNy

= (2 chH chH' chH™N L (w, w', w"), (I, 14)

Ln(w, w',w'") is a sum of pairs of terms over all 4N possible combina-
tions of n,',n,;' and njy' for the number of infected matrices Vy, V, and V3
respectively. The relevant quantity f is

- . !
£f = 1lim N g Zy = log 2 chH chH' chH" +
N > o
+ lim L log L (w,w',w"). (111, 15)
N > o N N

This expression should be compared with the formulae (II, 12) and (II, 31) for
the problems A, and B; derived in chapter II,

The combinations of infections that can occur are determined by the
combinations of pairs of matrices I, that on annihilation create groups of
infections in the array of matrix factors or, equivalently, create groups of
"infected' links on the counting chain. We shallconsider these groups more
detailed in paragraph 5.

Starting from aformulation analogous tothe matrixmethod formulation
for problem A; we have thus arrived at the problem to determine

n n,’ ny N-n; N-n, N-ng’
LN(w,w',w")ZZ A(n,',nz,',na'){w‘ W2 Wt 4 oy Tyt 2y e (IO, 16)

as the generating function for a combinatorial problem,again on a one-dimen-
sional arrangement, namely the counting chain.

§3. THE CONNECTION WITH THE COMBINATORIAL METHOD

In the former paragraph some effort has been made to formulate the
calculation of the partition functionas a combinatorial problem, the problem
we denoted as C; in the scheme of paragraph 3inchapterI. This combinato-
rial problem is different from the usual combinatorial problem C. as this
is a combinatorial problem onathree-dimensional arrangement, that can be
arrived atinamuchsimpler way. Completely analogous to the waythe formu-
lation of problem B, was derived in chapter II the partition function for the
same lattice can be written as

Zy= (2 chH chH' chH™" J B(n!,nf,nd,) w'w"2uw" , (111 17)

where B(n',n,',n3') is the number of closed polygons onthe lattice consist-
ing ofny', ny and ng' bonds inthe three directions. Evidently againA(ny',ny,ny)
plays the same role as B(n), nj, nj) and as B(N-ny', N-n,, N-nj).

In chapter II it was shown how the two problems By and Be canbe setin
correspondence whenletting an infected link correspond to abond of a polygon
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on the lattice once and letting a non-infected link correspond to a bond a
second time as the terms occur in pairs inthe formulation B,. Itis interest-
ing to see how combinations of groups of infections correspond to closed
polygons in the case of the three-dimensional lattice. We shall consider
some of the simplest polygons. The one-one correspondence of infection
patterns with closed polygons is again clear from the fact that both expressions
(111, 16) and (III,17) are exact.

We have seen that there are three types of pairs of matrices I. Each
type sandwiches a number of matrices V, V, and V;. We shall see in paragraph
5 that, when we speak of a l-step, b-step and d-step on the counting chain
when the link corresponds to Vi, V2 and Vi respectively, each groupof in-
fections, that remain after annihilation of the pair of matrices Iin question,
begins and ends with the same type of step. Let the number ofinfectionsbe
N,, N, and N3 for the groups that start and end with a 1-step, b-step and
d-step respectively. These numbers indicate the smaller of the two numbers
of infections that can be caused, When the matrices Iare annihilated by com-
mutation '"the other way around'' the complementary part of the links on the
counting chainis infected in number N,¢ =3N-Nj, N,¢ =3N-N;and N3¢ = 3N - Nj.
Schematically the situation can be indicatedby drawing the counting chainas
a circle. The three places corresponding to the occurrence of a certain
element (i,j,k)along thechain are indicated and divide the chaininto the three
groups of links that can be infected inthe process ofannihilation of the matri-

ces I that come in on summing over Tk

( N1
d
N3 '
b
5 N2
figure 15

The direction of the counting off of
links is indicated by the arrow

Note that the numbers of infections are independent of the choice of the
element in question. .

In problem B; infection patterns correspondingto simple figures could
be made by combination of two groups of infections, only one type of pairs
of matrices I occurring in the formulation. We now try to combine two groups
of the same type, say two groups of N; (i=1, 2, 3) infections. One readily sees
that 6 is the minimum number of infections, N;-3 links being disinfected.
Again we indicate the elements where a l-step, b-step or d-step begins by
respectively the letters a, b and ¢. The pattern
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Ny

N1 7
V. /] VY /A
a b c a a b ¢ ab
1 2 13
— —— e — — — e o oo e i e s e e
figure 16

corresponds on the lattice to the polygon

figure 17
The pattern
N2
N2 V

./ s
b c ab b ca b ¢
12 13
______ e € — — e e

figure 18
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corresponds to

figure 19

The pattern

N3

'/,

N3

./ /

a b c

figure 20

corresponds to

figure 21
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The figures 16, 18and 20 should be comparedwith figure 6 in chapter II. There
4 infections formed a barbell of 2 times 2 infections. Here 6 infections form
a barbell of 2 times 3 infections. Now it is known from formulation C¢ that
patterns with 4 infections occur and one readily sees that this cannotbe ef -
fected by combination of barbells of the type of figure 16, 18 or 20. Whereas
in problem By the smaller numbers of infections can all be formed by
combination of barbells that are formed by two groups of infections, in
problem C; the combination of different types of groups is to be made in
order to generate a pattern corresponding toe.g. a simple square of4bonds
on the lattice.

In formula (III, 16) one sees that the way of annihilating pairs of matrices
Iis irrelevant as the terms occur in pairs. Thus we mlght as Well consider
combinations of groups of infections ofnumber N1 , NS, and N3 with groups
of number N, , N, and Nz, noting that N,° = =N, + N3, NS =N, + N, and
N = Ny + Ny . Actually the pattern

Ny / N3 4
v /] v

a b c b ¢ a b

1 2 1 3 3 2

_______ __4_————_._———_
figure 22

corresponds on the lattice to

A
g - P — = = 71—->
-7 pral
3 Prid | . pred :
v g 2 i
1 i
i i
| I
| |
! |
A | A |
| |
| |
| |
1 1
A + ——-—
- -
// //
- -
—>3 2
figure 23

Dotted bonds with arrow points indicate disinfected bonds
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The pattern

Ng
N2 / N
V7] V] v
b ¢ a c a b ¢
1 2 13 3 2
e e i i e e o
figure 2k
corresponds on the lattice to
A
2 -7
_____ >~ ___——/*
/ -
P !
___________ < ‘
ng {
! I
! i
\ ! A
| |
| |
A | "
t ]
3 ' '
—————— > ~f——-——-—-/4
e
1 - d
A
figure 25
The pattern
N7
N3 ? Ng /
"/// /{ Vi
c ab a b c a
1 2 1 3 3 2
— e s e e e e o e
figure 26
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corresponds on the lattice to

________ 7
T ek e
pa | - l
e I 24 :
7
e i T [
i 1 1
o o
: ! ! A
| | : |
| | |
[ [ 0 |
| : ] ‘
I i P | 21
| T
P e
] 1
1 3

P4

figure 27

So far our discussion of the correspondence of the problems C,; and Cec.

§4, THE QUADRATIC LATTICEWITHNEXT NEAREST NEIGHBOUR INTERACTIONS

Next to problem C, interesting non-solved ISING problemsarea. o. BM
and ,nB. We shall discuss the latter problem as it follows quite naturally
on the problems considered so far. The formulation B, can be derived
along the same lines as the problem B, and Cy;. As the technique is now
known we shall give the main steps.

a) The lattice is of the form

NN

/N /TN

flgure 28

with cyclic boundary conditions.

b) We choose the lattice to consist of m x (bm+2) elements with m odd., A
counting chain can then be indicated using on repetition the following
elementary counting pattern.
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o o
o e}
o) o

figure 29

The numbers indicate the various types of bonds

We shall discuss this choice further on.

c) As each element takes part in the forming of 8 bonds the coordination
number q is 8 for this problem, whereas q = 4 for problem B and g = 6
for problem C. This means that each element is passed 4 times alongthe
counting chain. Thus a certain index 0;; is occuring 4 times as second
and first index of consecutive matrices V; ,V, ,V, and V, thus necessitat-
ing the following lemma.

Lemma III: When A, B, C, D, E, F, G and H are arbitrary matrices of
order 2 and I = (§ _9),then for arbitrary indices a, b, ..., h

2
j; A, B 4C. DEeF 1o fhin :Js_{ (AB),, (CD)g(EF ) (GH)gp +
+ (AIB)p(CID)g(EF g (GH)gn + (AIB), (CD)ey (EIF )y (GH)y, +
+ (ATB)p(CD)ed (EF)gs (GIH)gn+ (AB) (CID)g(EIF)y (GH)gn +

+ (AB),, (CID)g(EF)y (GIH)gnt (ABlp (CD)ed (EIF )y (GIH)Dgn +

+ (AIB)ab(CID)cd(EIF)ef(GIH)gh}
(111, 18)

with corollaries analogous to those in the case of the corresponding lemma
for the problems B, and C;.

d) Summing over the indices splits the partition function into 8N terms of
the form

8N Sp Vi V,VaVyVye.. V,V V,V37, (111, 19)

where between the matrices Vi (i = 1,2,3,4) matrices I occur in 6 types
of pairs that, on annihilation, cause infections of the matrices Vi corres-
ponding to infection patterns on the counting chain that can be afflicted

-35_




by 6 types.of groups of differentnumbers. Again a combinatorial problem
on a one-dimensional arrangement is arrived at,

e) Calculation of the spurs leads to the partition function

111, 20
ZN: (2 chH chH' chH" chH™ )N LN(W,W' LWL w) ( )

where

L [ " "t - '
N(ws W'y, W, w't) —Z A(n, ,nz',na',n4').
. n n.* ne g N-n,' Nen," N=-n,' N-ny
{wi w2 s ynrd o w w! 2 g GW"' 4 . (HI,ZI)

with obvious meaning of the symbols involved. The relevant quantity is

f = log 2 chH chH' chH" chH" + lim & log Ly(w,w',w",w"),(III,22)
g N g LN

N->oo

to be compared with formulae (II, 12), (II,31) and (IIL,15).

§5. COMPARISON OF THE COUNTING CHAINS FOR THE VARIOUS PROBLEMS

We shall now investigate somewhat more detailed the various counting
chains that we used. For a two-dimensional lattice of mx(m-1) elements,
starting from an arbitrary element (i, j) with a length step, 2m-1bondsare
counted off before one reaches element (i, j) for the second time. The pair
of matrices I that can occur because of summation over 0;,; thus causes,on
annihilation, a groupof 2m-1 infections of the matrices V; and V; involved or,
equivalently, ofthe links onthe counting chain. These links belongalternately
to two different types. The complementary part of the chain consists of
2m(m-1) - 2m-1) = 2m? - 4m + 1 links.

For problem C,; we have seen that there are three types of pairs of

matrices I due to the summation over the spin variable of an arbitrary
element that is passed twice when starting the counting procedure in the
element in question. For the three -dimensionallattice consisting of mx (m-1)
x(m+1) elements with m even letus startatelement (a, 8, 1) with a depth step.
We reach (o, 8, 1) again for the first time after 3(m-2)m(3m+3)+3m+] steps
via a depth step from (a, 8, m+1).
EXPLICATION: To get back in the o-th row of the first layer one needs m
length steps and thus 2m = 2(m-1)+2 breadth steps in the pattern of the
first layer, thus arriving at (a, 842, 1), This proces is repeated and we
arrive at (o, g+4, 1). Each time m(3mt+3) steps are made. Doing this
3(m-2) times we arrive at (o, 8-1,1) and after 3m+1 steps we finally arrive
at (a,8,1) via (a,8,m+1).

We arrive at (a, B, 1) the second time after (m-1)(3m+3)+1 steps
making a length step from (a-1, 8, 1).

EXPLICATION: To arrive at the {o-1)-th row m-1l length steps and thus
2(m-1) breadth steps have to be made in the pattern of the first layer and
a length step from (a-1, B, 1)bringsusbackto (g, g, 1)for the secondtime.
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To getbackto our starting point (¢,8 , 1) via a breadth step from(a,g-1,1)
thereby closing the counting chain, +(m-2)m(3m+3)+] steps are neces-
sary.

EXPLICATION: 1 step is necessary to arrive at (o, 8+1, 1) and then
F(m-2m)m(3m+3) to arrive at {0, 8, 1) (see the first explication).

The latter result could have been obtained by subtracting the firsttwo
numbers of steps from the total number of bonds. However, now we easily
check that %(m—Z)m(m+l)+3m+l+3(m—1)(m+1)+1+%(m—2)m(m+1)+1 =3m(m-1),
(ntl). We have thus shown, as was anticipated in paragraph 3, that each
group of infections starts and ends with the same type of step and wehave
determined the numbers of infections in the three different groups.

Finding the dimensions of the lattice and investigating the counting chain
for problem C; was rather solving a puzzle than applyinga general method.
This is also the case with the lattice and the counting chain for problem
B . For the moment, however, this is enough. The main aim of this chapter
is to show that the formulation of problem Byis notrestricted to thatproblem
and as a matter of fact is quite basic. The choice made for the elementary
counting pattern shown in figure 29 is quite arbitrary. Now suppose that
with this choice, for a lattice consisting of m x (bm+2)elements withm odd,
one starts at element (1,1) with a step of type 3, then (1,1) is reached for
the first time after 8m+2 steps. Then one continues with a step of type 1 and
arrives at (1,1) after 12m?+8m+1 steps, goes on with a step of type 2 and
comes back at (1,1) after 12m2-16m-6 steps. Finally, starting with a step
of type 4, one ends the walkalong the bonds after 8m+3 steps. Indeed (8m+2)
+(12m?+8m+1)+(12m?2-16m-6)+(8m+3)=24m2+8m=4m(6bm+2). The number of
links in each of the 4 parts the counting chain is divided into by the 4-fold
occurrence of an element along the chain in their dependence on m can be
established by inspection as was done for problem C;. One can easily verify
the result e.g. for the three lattices 3x20, 5x32 and 7x44.

The information about the distinct form ofthe lattice and the bonds that
come into play has transformed into information about the numbers of links
that are contained in the parts the counting chain is divided into by the ele-
ments of the chain corresponding to a certain element of the lattice and into
information about the types of links that occur., Denoting the numbers of
links by Ny, N,, etc. we may now summarize:

Ny = 2m - 1 Total number of links
B;: 2m x (m - 1) (2 types of links)

N, = 2m? - um + 1

2 = " (111, 23a)
- 3.3 3.2

N} = 2m° - 3m? + 1

Cy: Ny = 3m2 - 2 3m - 1) xm x (m+ 1)
m even (3 types of links)
N3 = 3m3 - 3m2 - 3m + 1

(111, 23b)
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8m + 2

=
i

12m? + 8m + 1

=2
N
1

4m x (bm + 2.)

Ny, = 12m2 - 16m - 6 m odd (4 types of links)

(111, 23c)
8m + 3

Ny

§6, A GENERALIZED LEMMA, A HIERARCHY OF PROBLEMS

The two important features of the formulation of the problems thatwe
have considered are the counting chain and the summation lemma. The
natural question to be asked at this moment is whether the procedure canbe
generalized. The really difficult point is the counting chain. We have found
ad hoc solutions for two important outstanding problems. It is an interest~
ing mathematical problem on its own to see to what extent the idea of count-
ing chain, consisting of successive elementary counting patterns, can be
generalized. The following canbe saidinthis connection. The counting chains
that we considered are special cases of '"Eulerian circuits', a concept in
graph theory stemming from the famous Kénigsberger bridge problem. From
the theorem that proves the impossibility to solve this particular problem,
see ref, |25, it canbe seenthatlattices like the triangularlattice, the body-
centred cubic lattice and the face-centred cubic lattice permit a Eulerian
circuit as long as toroidal boundary conditions are assumed. However, the
question is whether these lattices canbe chosenin sucha way that this circuit
consists of successive elementary counting patterns that contain each type
of bond exactlyonce®*.So we are looking for very special Eulerian circuits.
Only these give rise to a formulation where exactly one, two, three, etc.
types of groups of infections occur inthe formulation. A generalized lemma,
however, cah be given easily. The lemmas I, II and III are special cases
n=2, 3,and 4 of the following lemma.

Lemma IV: Are Ay, A,, ... Ay, arbitrary 2 x 2 matrices andis I = (§ 9)
then for arbitrary indices aj, @z, coe; 25n

2
E A R AZ AS . A4. . ‘A2n—1 Azn
= pa a_j ia

4 a4t o (111, 24)

= Z-HE'(A1’A2)
%

(ApA)  wen(By LA ,
a

a ,Q
S 37 % 2n-1"2n

* During the preparation of this thesis GOUBEL deduced neocessary and sufficient conditions for the

dimensions of a lattice in order to permit a counting chain consisting of consecutive elementary count~
ing patterns of a certain type. The group of lattices y,n,B first found by the author is rather awkward.
The lattices m x (3m + 1) with m natural for example do just as well.
When all honds between N elements come into play and § = 2n + 1 is odd there exists such a circuit in-
volving n types of bonds in the elementary counting pattern. This was proved by JETTEN and the author.
It is an important result for our story because now ISING models that include all possible bonds might
be considered along the lines developed in this thesis-
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where Z' indicates the sum of 2" terms consisting of factors
that are matrix elements of A; A, or of A; T A;,, with i odd.
There are n factors. All combinations of matrices Iare present
with the restriction thatin eachtermthe total number of matrices
Iis even.

Proof: The partitions of the factors I over the n available places are glven

by the terms with an even number of factors Lin (E+I)(E+I)... (E+I)«(E+IJ,
where E is e.g. the unit matrix. Each factor can or cannot give a factor I
for the corresponding place in the array of places where a matrix I can
occur. We shall speak of the "even" part of (E+I)" and denote the other part
as the '"odd" part. When n = 2 we have for the odd part

i

%{(AJ A (AAD +(AA) (AT A }

iy f ,
a1 2 aa a4 a, 02 ua,u4
(111, 25)
= Ay Ay Ay A, A A, Ay A,
c:1 1 1 a, 03 1 1,u4 01,2 2 a, q,,2 2,a

For the even part we know that the plus sign occurs on the right hand side
of (111, 25). In view of these two results we shall use induction.

The even part of (E+I)""', with a factor 27™2 in front of the summa-
tion sign, will by hypothesis give A+B for n-1 pairs of indices where A de-
notes the term on the left hand side with j = 1 wherever joccursasanindex
and B the term with j = 2 everywhere. The odd part of (E+D"' will by
hypothesis give A-B. Now consider the even part of (E+I)" and separate the
terms on the right hand side of (III, 24) into two groups. The first group has
no matrix Iin the n-th place and the matrices Iare then partitioned over then-1
, other places according to the even part of (E+I)™!, The second group has a
matrix [ in the n-th place and the other matricesIare partitionedaccording
to the odd part of (E+I)™!, Now

- p._d.
(A, A = (AZn_‘) a,) + (A2n—1) (A2n ) = xty
“2n-1"%n “net’! 1% @an-12 29,
and
(A, AL ] = (A, ) (A,) - (Azn_‘ ) A, ) = X-y .
“an-1"%2n 02n-1'1 1"12n c‘2n—1'2 2%,

The right hand side of (IlI, 24) is now, by virtue ofthe inductionhypotheses,
equal to

[(A+B) (x+y) + (A-B)(x-y)] = A x + By = P+Q ,

P is a term with j =1 everywhere and Q a term with j =2 everywhere.
Q.E.D.
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If we have a counting chain for a certain problem with coordination
number q = 2n, each elementis passedntimesleadingtoan=~foldoccurrence
of the corresponding spin variable as second and first index of consecutive
matrices. The summation over the spin variables can then be carried out
using this lemma and its obvious corollaries. After summation the partition
function of the problem in question will consistof (2"')N spurs, whereN is
the total number of elements. In each spur all possible combinations out of
(3) types of pairs of matrices I will occur between the matrices that occur
analogously to the matrices V; encountered so far.

Some simplification can be made due to the fact that it is irrelevant
for the calculation of a certain spur in what way the pairs of matrices Iare
annihilated, as has already been discussed in chapter IL. Let us consider
for instance the counting chain for problem C; (figure 15). One ofthethree
groups of infections gives the same result as the combined infections ofthe
two other groups as Ny,¢ =N, + N; etc. Thus it suffices to consider only the
infections that can be caused by all combinations of two groups of infections
that we now allow to be placed against each other on the counting chain, *
Likewise in problem , B, a reduction to three types of groups ofinfections
is possible and it is easily seen, e.g. from figure 30, that for the general
case with coordination number 2n, n-1 groups need to be taken into considera-
tion only.

figure 30

Problem A, with an obvious counting chain and 0 groups of infections
and the problems By (1 group), C; (2 groups), ,,B; (3 groups)are problems
on the first four levels of a hierarchy of problems.

* This was not possible before as a matrix I can only participate in the infection of one group. Actually
the situation described corresponds to the interjection of the unit matrix in the form I2 on the third
place of the three places on the counting chain that correspond to a cerfain element of the lattice, two
of these places being occupied by matrices I.
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§7.DISCUSSION OF OTHER LATTICES. THE PROBLEM FOR THE LINEAR CHAIN
WITH NEXT NEAREST NEIGHBOUR INTERACTIONS

Up to now we have only considered special forms of the quadratic and
the cubic lattice that we considered as being representative for other two-
and three-dimensional lattices. Although we do not want to study other lat-
tices some remarks must be made here.

As for the finite lattices of different size the following should be re-
marked. Different ratios of the numbers of elements in the various direc-
tions can be established while maintaining the counting chain, consisting of
successive elementary counting patterns, for the lattices thatwehave con-~
sidered. In problem B, for example the length of the lattice maybe chosen
to be 2Zm-1, when measured in elements, instead of m. However, we are
mainly interested in infinite lattices and therefore the specific shape ofthe
finite lattice we start with is irrelevant as far as those alternatives are
concerned.

Now consider lattices that differ in structure from the quadratic or
the cubic lattice. From the example of the honeycomblattice itis clear that
a counting chain as in problem B cannot always be found. In this case the
coordination number g = 3 and a condition necessary for finding a counting
chain that counts each bond once, isthat ¢ is even. Itis sufficient, however,
to have a counting chain for the quadratic lattice.The quadratic UTIYAMA
lattice gives the solution for the triangular and the honeycomb lattice on
variation of the values of the interaction energies. A transformation ofthe
latter lattice can be applied to obtain the properties of still another two-
dimensional lattice, the KAGOME lattice. The reader is referred to DOMB's
review [14] for more details in this connection.

The main point we want to discuss is the following. Other two-dimen -
sional lattices have turned out to give essentially the same results as the
quadratic lattice that is therefore representative of two-dimensional lat-
tices. Now when it would be possible to obtain an appropriate counting chain
for the triangular lattice with q = 6 thiswouldleadtoaproblem onthe same
level (third level) as problem C, inthe hierarchythatwe have outlined. Thus
this problem would be a problem on another level than the problem B, that
is known to give similar results. Now either problem C; would give results
of the same nature as problem B; too or the level is not significant. The
latter appears to be the case. The solution for the problem C; and the
solution for the problem for the triangular lattice may therefore have a
completely different nature.

Likewise other three-dimensional lattices that are often considered,
like the body~centred lattice with q=8 or the face-centred cubic lattice with
g=12, would lead to problems on the fourth level and the sixth level and might
yet essentially give the same results as problem C,;. We did not indicate how
for these lattices the counting chain and the lattice are to be chosen. This
is a flaw in our reasoning as we compare the well-formulated problem C;
with hypothetical formulations of the other problems. Nevertheless, with
this restriction, our points are made once we can give an example of pro-
blems on the same level with solutions of a different nature.

Such problems are the problems B; and ,,A.* We shall consider
the formulation of the latter problem that is also of some interest ofits own.

* In problem 5 A there is no singularity for the specific heat. We shall revert to this problem in
chapter IV. °
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The significant features are:

i ) the coordination number, that is 4 as each element has two nearest
neighbours and two next-nearest neighbours

ii ) the counting chain that will consist alternately of bonds between nearest
neighbours and between next-nearest neighbours

iii) the number N of elements that is chosen to be N = 3m + 2 (m natural).

It is clear from i) that lemma (III, 24) is to be usedwithna = 2, whichmeans

that we have a problem on the same level as problem By, In ii) the choice

of counting off alternately bonds of the two types is in accordance with that

for the other problems. The important feature is iii) that can be seentobe

correct in the following way. Let us make a distinction between short steps

and long steps for bonds between nearest neighbours and next-nearest

neighbours respectively.

Consider N elements that are places as corners ofa (regular)N-sided
polygon. Starting from element 1 with a short step we reach element 2,
making a long step we reach element 4, then 5, 7, 8, 10, 11 etc. are passed
reaching element N by a short step after 2m+1 steps. Passing element 1 on
reaching element 2 by a long step, we reach element 1 by a shortstepafter
'"going around'' once more which takes another 2m+1 steps. As Nis athree-
fold plus 2 it is clear that we need only one tour around to come back to
element 1, again starting and ending with a long step. See figure 31 for an
example.

figure 31

This counting chain consists of 2N links and the groups of infections
that can be afflicted on the counting chain consist of Zm+1 links on a total
of 6m+4 links, This should be compared with problem B; where there are
groups of 2m-1 links on a total of Zm{m-1) links. In problem ondy, the
counting chain is divided into two parts that in number of links are both of
the same order of magnitude, as m becomes large, as the total number of
links. In problem B; only one part is of the same order as the total number
of links., As, next to the specification of the type of the links onthe counting
chain, the information about the original constellation of the latticeis con-
tained in the numbers of links in these parts the difference just mentioned
must be responsible for the different nature of the results for these two
problems on the same (second) level of the hierarchy.
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CHAPTER IV

ON THE MATRIX METHOD

§ 1. MATRIX FORMULATIONS BY MEANS OF THE BUILDING-UP PRINCIPLE

The original considerations in deducing the matrix formulations of the
various problems are most clearly demonstrated by the method of KRAMERS
and WANNIER. The main steps are the following.

i ) A connection is laid between the probabilities for the constellations of
the lattice before and after the adding of a new unit that, as said, can
be a single element, a row of elements or a layer of elements.

ii) A summation over the spin variables ofnon-relevantelements simpli-
fies this connection to a system of equations that can be read as a
matrix eigenvalue problem when the states before and after the adding
of the new unit can be considered to be identical on physical grounds.

iii) The partition function is expressed in the eigenvalues of the matrixin
question.

The matrix operates on the probabilities of elements or groups of ele-
ments of the lattice before the adding of the new unit that are transformed
in probabilities for that new unit. Therefore one can speak of a 'transfer!
matrix. We shall now shortly discuss the derivation of the formulations
for the problems A, B and C.

A The linear lattice with a single element as unit in the building-up pro-
cedure. When n-1 elements are present the proba.blllty P(o,, eses0,_ ) for
a certain constellation of the spin variables 6, is proportional to

exp [H(oy0, + 0y + ou. + Un-zc’n-1>]: (v, 1)

where H = J/kT. An analogous expression is valid for P(g,5...0,) after
adding the n-th element. Summation over the variables o, up too,_, gives

that the probability P(g,_,) is proportional to

W~

Z e z exp [H(01 g, t ...t cn_zon_1)], (IV,Z)

Io3 1 gy R On- 2:"'1
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Doing the same with P(g,5...,0,) leads to P(op,0n) i. e. the probability for
the four combinations of g,y and o,. With a proportionality factor we can
write

exp[HOn_,O,,] P(o,_y) = AP(g,_,,0, ) (1v, 3)
and after summation over o, we read

OZ exp[Ho, ,0,] Plo,_) = AP(a,). (v, 4)

B

The assumption that for long chains both P's describe the same situation
and that thus P(op.t) is the same function of g4y as P(%) of on, makes that
(IV,9) can be read as an eigenvalue problem for the matrix

.Von—1 ;Un: eXP[ch-ion] . (IV’ 5)

For a lattice consisting of £ elements with cyclic boundary conditions one
finds that

ZQ, = Sp \% = )\maxs (IV,6)

where Apex is the largest eigenvalue of V. See e.g. ref. [4] and [5]. This
of course is the same result as in our treatment of problem A, given in
chapter II. The matrix V is of order 2 and has only positive elements.

B [2] The quadratic lattice consisting of 2 rows of m elements with a row
as unit for the building-up procedure. With ¢;; insteadof o; andwith v; for
the constellation of the i-th row (2™ possibilities) we obtain with cyclic
boundary conditions analogously

exP‘:H(On—I,IGnJ t 042 G toeee F on—i,mon,m) + H (On-l,1 Un—1,2+
(IV,7)
* 0412 %13 T %tim on_m)} Plv,_) = eP(y,5v),

where H' = J'/kT, to be compared with formula (IV,3). After summation
over the variables of the (n-1)~th row this leads to

1 '
7 exp[H(Opq 10,1 * =v+ ¥ Onim Opm?) t H'Cop_q 1 0py0 F
v

n-1 (Iv, 8)
+ Opoy O )] Py, ) = eP (v, ).

tm n-1,1

We assume that this equation canbe readas an eigenvalue problem, from
now on this will not be mentioned specially, for the matrix
= eXP[H(On-I.I O Foeer F G(mOam) t H'(On-l,lon-!& toe
(1v,9)

Vn-15Vn

el ¥ 0n--1,mcn-l,1):[ *
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The partition function is expressed in this matrix and its eigenvalues ac-
cording to

Z =Sp V. = P max * (IV,lO)

Lxm

See e.g. ref. [4]. The matrix V is of the order 2™ and has only positive
elements.

B [1] The quadratic lattice consisting of £ rows of m elements witha single
element as unit in the building-up procedure. The lattice is built up as a
helix so the boundary conditions are somewhat different from thosein B[2].
The helix is closed. Now a connection is laid between the probabilities for
m subsequent elements of the helix and for these elements plus the added
unit. This leads to

exp[Hopo, + H'opquy] Plogs -vn y0,_ ) = Aoy, «.. 50,0 (IV,11)

> m- 1.

to be compared with the formulae (IV,3) and (IV,7). From (IV, 11) follows

00 Zt? eXP[HGmOO + H'Om O'm--1] P(Uo

2 Gm—l

) = AP(o, 5 +.. 0, IV, 12)

5 e e »

So the formulation is in terms of the matrix

v oo = exp[Ho, o, + H'o,0,_,] (Iv, 13)

o

where now v, indicates the 2™ possibilities for o, up to om and v, the 2™
possibilities for g, up to oy,_; . The partition function is now

L.m L.m
Zﬁlxm =Sp v = Amax . (IV’ 14)
See e.g. ref. [4]. The order of the matrix V is 2™, just as in B[2], but
only two positive elements appear in each row and each column. The other
elements are 0.

By a handy numbering of the states v, and v, using the binary code the
matrix can be writtenina '"duodiagonal' form. Using a symmetryargument,
see §3, the problem can be reduced to an eigenvalue problem for a matrix
of the order 2™ that has a beautiful '"V-form'". With

@ = exp[ H + H'], a'= exp[-H + H'],

™
1t

exp[-H -~ H'], B'= exp[ H - H'],

this matrix reads (m=4)
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a a' O 0 0 0 0 0
0 0 o o' 0O 0 O©0 O
6 0 0 0 a a' 0 0
0 0 0 0 0 0 o af
MOHH') = 0o 0o O 0 0 0 g B (v, 15)
0 0 o0 0 B B' 0 0
0 0 B8 B' O 0 0
B B' 0 0 0 0 0 0

The form for higher values of m is obvious.

C [3] The simple cubic lattice consisting of & layers of mxp elements with
a layer as unitinthe building-up procedure, With o;;, for the spinvariables
and T; for the constellation of the i-th layer (2™P possibilities) we obtain
with cyclic boundary conditions (hypertorus)

p
A\ 1t
2 kzl (ch—-hj,k Un,j,k + i On.j.kcn,;ﬂ.k + H 0n,j,kgn.j,km ):] P(Tn~1)

(IV,16)

= wP (1, »7),

to be compared with (IV,3), (IV,7)and (IV,11). Of course H" = J""/kT, After
summation over the spin variables of the {(n=1)-th layer this leads to

e ]

' + H P(r )=
§ (HOH—1.j.kOn.j.k+ H Omj.k On.j+1,k H 0n.j.kon,j,kﬂ)} ( n-1
Th-1 B

k=1

(v, 17)
= wP (1, ).
We obtain an eigenvalue problem for the matrix
m P
- 1 1

VTn—] bt eXP{ j; k; CHony, e Ongoet H 0000 O e B G Un.i.kﬂ)](lv: 18)

The partition function becomes

L 2

= 5P V' = Waat (v, 19)

Lxmxp

See e.g. ref. [5]. The matrix is of the order 2™ and has positive ele-
ments only.
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C [2] The same lattice as in C[3] but now with a row of m elements as a
unit that is added in the same way as the unit in B[1] along a "helix' of
rows. The p-th row of a layer is now interacting with the first row of the
next layer. The helix is closed again. Whenv; indicates the constellation
in a row (2™ possibilities) we find in a way analogous to the treatment of
B[1] for p subsequent rows of the helix

exp[H [+ H' [ +H' [ ] PGosnesvpd= o Plug,en.,v,),(1V,20)

to be compared with (IV,3), (IV,7), (IV,11) and (IV,16). 1, 1, and
p=1.p indicate summations over m o -variables namely

m
. 0. i
and 121 ip-1%.p respectively.

m m

;21 %0 jZ, % .p%j+1p
Note that oj,p indicates the spin variable of the j-th element of the p~th row
in the array of rows along the helix. From (IV,20) follows

%eXp[H Lo ¥ H' It B L TP (vgsreasVpi)=p Py ,..s,vp).(IV,21)
o

p-1.,P

Thus the formulation is in terms of the matrix

VT1 r” exp[H Zo,p + H! zp + o zp-1,pl (Iv, 22)

where T, indicates the 2™P possibilities for the combinations of v, up to vy
and 7, indicates the 2™P possibilities for the combinations of v,up tov

p-i®
The partition function becomes

Lp L.p
Zoumsp = SP VT = ond (Iv,23)
See the next paragraph. The matrix is of the order 2™P, just as in CL31],
but now in each row and each column only 2™ elements appear. The other
elements are 0.

C [1] A third possibility for the lattice considered in C[3] and C[2] is a
building -up procedure with a single element as a unit. The elements of a
row are added subsequently letting the m-th element of a row interact with
the first element of the next row. The rows are ordered as in C[2], The
m-th element of the p-th row in the n-th layer is now interacting with and
followed by the first element of the first row in the (n+l)-th layer. So the
boundary conditions are again a little different fromthosein C[3JandC[2].
The helix of the complete lattice is again closed and for a '"pitch' of mxp
elements we find

eXP[HUm.p o + H Omp Omp-1 ¥ anm-P Um-(P-i)} Plog,... 39m pt)
(Iv,24)
= A2 Plogy... ,cm.p),

to be compared with the formulae (IV,3), {(IV,7), (IV,11), (IV,16)and (IV, 20).
From (IV,24) follows
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] exp[Hompos * H'OmpOmpoy ¥ H'Omp Omp-n] P(Gosesvs0mpoy) =

o (1v,25)
= )\P(O",.--,Om.p)-

The formulation is in terms of the matrix

V,2
v 5T = eXP[HGmp % + H! Om.p Om.p-1 + HHG"LP Om.(p-1) ]’ (I 6)
12> % :

where T, and T, indicate the 2™P possibilities for the constellation of the
spin variables 0, up to oy, and g, up to Omp-1 respectively. The partition
function becomes

- Lmp Amp
ZSZ,xmxp = 3Sp V * Amax * (Iv,27)

See e.g. the article written by OGUCHI [28] in 1950 for a detailed treat-
ment. Also DOMB's article [14] of 1949 is mentioned in this connection.
The matrix is again of the order 2™P but contains, as in BL11, only two
positive elements in each row and each column. All other elements are 0,

Again the problem can be reduced to an eigenvalue problem for a matrix
with a "V-form' of the order 2™P"! as has already been remarked by
KRAMERS and WANNIER. Mpox in A, BL1] and C[1] can be considered as
the partition function per element, p . in BL2]and C[2] as the partition
function per row of m elements and w4 in C (31 as the partition function
per layer of mxp elements.

§2 . A TREATMENT OF THE ONE-DIMENSIONAL MODEL WITHNEXT-NEAREST
NEIGHBOUR INTERACTIONS BY THE METHOD OF KRAMERS AND WANNIER

In the former paragraph no referencewas given for the formulation GL[21],
NEWELL and MONTROLL leave the formulations C[il, i=1,2,3, to the
reader as an exercise in their review article of 1953. Another exercise is
the treatment of problem ., A, probably solved by many. The author's
solution is given here as an illustration of the deduction and treatment of
the formulations in the former paragraph.

As a unit we choose a single element,as was done in A, B[1]and C[1].
Leet the interaction energy between nearest neighbours be J and between
next-nearest neighbours be j for equal values of the spin variables then,
with H = J/kT and h = j/kT,we have for the constellation of the spin variables
o, up to o, that

P(o, 5urns0, ) = explHo 0y + oov + 0,0, )+ (1v,28)

n-1

+ h(o,0, + 0,0, + .., + on_acn_1)].
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Summation over n-3 spin variables leads to

T 1 Plo, 5euusy0

oF +1 Op-g= 1

Yy = P(On-—z’cn-1 ). (IV,29)

n-t
For a chain of n elements we find analogously

s P(o, .00, ) = PC
Ogit Cn_ggﬂ re > Oh-2500-1 59, ). (IV’ 30)

From (IV,28), (IV,29) and (IV, 30) follows with a proportionally factor X that
H + -
exp| . 9, hon_zon] P(q,_,50, ) = & Plo, ,50,_, 50, ). (IV,31)
After summation over o,., we obtain

] exp[Hayo + hop_20, ]P0y 530, y) = A P(oy 150, ). (Iv,32a)
Opop =21

Assuming that the lattice is so long that P(o,_,,0,_,) andP (0,4, 0,) are the
same functions of their arguments, i.e. that the state of the last two ele-
ments in the chain of elements is independent of the length of that chain,
which seems reasonable for long chains, (IV,32a) can be read asan eigen~
value problem for the matrix

= + . Iv,33
V(Gn ’Un-i) 3 (o 1 9°n-2) €xp [H0n~10n hCIn-20r| ] ( )

The matrix is of the order 4 and has two positive elements on eachrowand
each column. The other elements are zero thus the explicit form is

(Tn15Tpo2)
(+,+) +,-) (-,%) (-,-)
(0q 501
(+,+) St 0 eHh 0 (Iv, 34)
(+,-) e~H-R 0 o H*h 0
(=) 0 e—H+h 0 e—H—h
(-5=) 0 S 0 P

The most important problem is now to express the partition function in terms
of this matrix or in terms of its eigenvalues.

We let the matrix operator in (IV,32a) operate on P{o,_p, On1) another
time to find
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z exp[ H(On-1 Op * On One )+

(IV,35a)
+ h(0"-20n + On-1 Onyy ):l P(Un-z’cn_1) = >‘ZZP(Gn ’Gnﬂ)'

The vectors P are right eigenvectors of V. As V is not symmetrical we
also consider the left eigenvectors Q of V, for which

. Z Q(0py 50, ) expl[Hop 40, + hog 90, ] = A QCou_y,04_¢) (IV,32b)
s

+9

and
Q(Gn 90n+1) eXP[H(cn-icn + o, O'n+1) +

(Iv,35b)
+ h(Un—zcn + Un-IOMI)] = >‘2Q(0n—2;0n—1) .

The further treatment is based on two facts®, Firstly right and left eigen-
vectors can be normed according to

) . -
Oy = *1 0,,21-1 Qi (Oney 50 ) Py(0nq50,) = ik s (1v,36)

where §;, is the KRONECKER delta symbol. Secondly we can write V as
the dyadic product of right and left eigenvectors. Thus for V?with eigen-
values )\iz we have

EXP[H(Un—icn + O'n(-7n-|-1) + h(On-ZGn + On-10n+1):l =
3 5 (v, 37)
i 521 2P (00 500,00Q, (Gy_p50,_ )
Analogously we have

eXP[H(0n+1Gn+2 + °n+2°n+3) + h(o, Onez T Opuy O'm-a).\] =

v, 38)
1i2P; (Ony20003) Qi (Tn 5Tnat) -

I
I o~1p

i=1

Multiplying left-hand sides and right-hand sides of the equations (IV, 37) and
(IV,38) with each other leads after summation over o, and o,,, and making
use of (IV,36) to

Y exp[H(o, 0y *++.+0n,20ma) * h(0 20, + oo t0ny Onea)] =
net = (1v,39)

_.21 xi4Pi(cn+2,cn+3) Q, (On2,04-4)
1=

* See e.g. refe [29] p. 155 and p. 183.
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The right-hand side of (IV,39) is again a dyadic product. Theleft-handside
begins to show some resemblance to the partition function.

Repeated application of this procedure leads when choosing n=3 for a
lattice of N elements (N even) to

1. ] exp [H(o,0, + ... + oyoqon) * h(gqo; + OgegOND] =
=y Opy 2= £1

(IV, 40)

4
= Z )\1;1—2Pi (onoyson)Q i (o 202)

With the usual cyclic boundary conditions the bonds between the elements N
and 1 and between 1 and 2 can be added, as well as those between N-1 and
1 andbetween Nand 2. Therefore we multiply (IV,40) another time with (IV,37)
for n=1 (n-1 = N,n-2 = N-1) and a summation over oy_; and oy gives on the
left-hand side the partition function but for a summation over 0, and d,, where-
as the right-hand side becomes

4
I ANBloy,0,)0Q; (04,05)
i=1

Thus after summation over ¢, and 0; we finally obtain

4
IV, 41)
ZN = ‘21 AN (
i=

The characteristic-equation for V is

H+h h, 2H - - - -
s+ 222N 2H_ Hth  2h_-2hy ( 2h _-2h.2

Yo =
(Iv, 42)

At - 2a%e A2 ( 2H) + 2)e

= [x2-eh<eH+e"H)x+2 sh2h ].[Az—eh(eH—e—H)A—Q sh2h ] = 0.

Thus

>
"

1,2 eh {chH t Ysh?H + e_uh]

(1V, 43)

>
il

3.4 el [ shH * Ych?H - e | h}

For the relevant quantity f:%:_'L)g.} N~ log Zy we find the logarithm of the
largest eigenvalue. Thus

f = h + log [ChH + Ysh?Hg + e"‘—#}‘i‘ . (IV,4:4)

For h=0 we rederive the solution for problem A

f = log 2 chH . (11, 12)
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This problem has already been solvedas far backas 1942 by MONTROLL
[26], who builds up the lattice by adding two elements as a unit and finds
the partition function as the spur of the N/2-th power of a matrix with a
largest eigenvalue that is the square of ours. So far our discussion of
KRAMERS and WANNIER's original way to formulate the problems. One
remark should be made yet. Usually in matrix formulations symmetric
matrices are considered to ensurediagonalization and to facilitate some
calculations. However, this isnotnecessaryorneeded in our considerations
and we have taken the opportunity to present the problems insuchaway that
the building-up principle comes forward most clearly.

§ 3. ON THE TRANSITION POINT

The most spectacular resultinthe article of KRAMERS and WANNIER was
the conjecture about the transition point while assuming that such a point
would turn out to be present for the quadratic lattice. Their methodis based
on certain transformation properties of the "V-matrix' indicatedin §1inthe
treatment of the formulation BL1J. As alsoin the formulation CL1]a reduction
of the problem to study of a "V-matrix'" is possible the question can be posed
why a similar conjecture cannot be made for the simple cubic lattice. To
answer this question let us reproduce the argument of KRAMERS and
WANNIER and try to apply it in the formulation C[1].

The matrix M given in the formula (IV, 13)is ofthe order 2™, The number -
ing of the rows and columns is done by the numbers obtained when writing azero
for a plus one value and a one for a minus one value in the ordered constel -
lation of the spin variables op upto o; andreadingthe resultingarray of zeros
and ones in the binary code. In this way a so-called duo-diagonal matrix
comes out of that for m=3 has the following form

o o' 0 0 0 0 0 0

0 0 o a' 0 0 0 0

0 0 0 0 8" 8 0 O

0 0 6 o 0 0 B' B (Iv, 45)
v o= B 8' 0 0 0 0 0 O

0 0 B 8' 0O 0 0 O

00 0 0 o o 0 O

0 0 6 0 0 0 o o ;

where
@« = exp [H + H'], a's exp [-H +H'],

8 = exp [-H - H'], g'= exp [H - H'].
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Following the treatment of OGUCHI, we read the last 4(=2" ') rows and
columns in reverse order to find the form

o a' O 0 0 0 0 0
0 0 o a' O 0 0 0\
0 0 0 0 0 0 8 B! \
‘f (Iv,46)

V = I
i
.
0 0 0 0 0 o o.
0 0 B8 g' O 0 0 0
B8 g' © 0 0 0 0 0 .

A similarity transformation by means of the unitary matrix

1 Y 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
5 0 0 0 1 0 0 0 1 (IV,47)
1 0 0 0 -1 0 0 0
0 1 0 0 0 -1 0 0
0 0 1 0 0 0 -1 0
0 0 0 1 0 0 0 -1

transforms V into '{\\)7=SV S of the form

a a' D 0 ] 0 0 0
0 0 a a' O 0 0 0
0 0 B g' O 0 0 0
{\/3 - - g' O 0 0 0 0 0 (Iv,48)
0 0 0 0 o a' O 0
0 0 0 0 0 0 o a'
0 0 0 0 0 0 -g -8
0 0 0 0 -8 -8' O o/ .
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The investigation is now reduced to the eigenvalue problem for two matrices
of the order 4( 2m-1}, that both have the "V-form".

Suppose V in (IV,47) is considered a transformation with respect to the
basisvectors

+ o+ + + - - - -

where i=1,..., 8(2m ) and we have used the combinations of plus - and minus -
signs as indices of comparents of the vectors, then V denotes the same
transformation with respect to the basisvectors

+ - + -  + /'_ + -
TV A (T F A [ AL P A - A AL A -] AL
\ - - + + - - +
+ - + - + - + -
s AT A |-y Ayt — Al Ay -] — A, A=+ oA+

+
1

i
+
+

- - +

Thus the "V-matrix! in the upper left part of %’ is working in the subspace
of vectors that are symmetrlc ("even') with respect to 'inversion of all
spins!'', the "Va-matrix" in the lower right part of § is working in the sub-
space of vectors that are antisymmetric ("odd") with respect to that opera-
tion. Now the eigenvector corresponding to the largest eigenvalue of V has
only non-negative components as V has solely non-negative elements*. The
corresponding eigenvector of V has positive components in the space ofthe
"even'!' vectors., Thus for finding the largesteigenvalue of V we canrestrict
ourselves to the first "V-matrix'. This brings us to the matrix M already
mentioned in § 1.
Now consider the unitary matrix

1 1 1 1

1 1 -1 -1
(Iv,49)

* See e.8. ref. [30] chapter XIII.
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This matrix is of the order 4, corresponding with m=3,. The similar matrix
D' of the order 8 is obtained by writing each row of D twice and supplement-
ing by the same row one time and the same row multiplied by -1 the other
time and this alternately. An extra factor 37 2 is involved to maintain uni-
tarity. For m=4 we thus find

11 1 1 111 ?\\
1 \

D' = & /2 f (Iv,50)

1 -1 1 =1 1 -1 1 -

Matrices for higher values of m are constructed in the same way,
The important feature now is that
% AL AL
D M(H,H')D = (sh2H sh2H')Z MT(H¥,H¥') | (1v,51)

where M' is the transposed matrix of M and
G2HT 2H¥!

= cothH' and e = cothH (IVv,52a)
or
sh2H sh2H™ = 1 and sh2H' sh2H* = 1 (IV, 52b)
or
sh2H _ sh2H™' and sh2H' _ sh2H*
ch?2H  ch22H™ ch22H'  ch22u* (Iv,52c)
By the substitution
1
B(H,H') = (ch2H ch2H')"2 M(H,H') . (Iv,53)

the matrix relation (IV,51) is changed into
D B(H,H')D = BT(H™,H™) . (IV,54)

Because of D = DT and D? = E, where E is the unit matrix, this relation is
reversible. As transformation with D and transposition do not change the
eigenvalues A of M we obtain
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)\(H,H') X )\(H*,H*') . )
x(H,H') = T = —— = x(H",H*') , (IV,55)
(ch2H ch2H')? (ch2H™ ch2H™1)?2

the analogon of formula (30) in ref. [4].

The importance of this formula is the fact that any singularity for the
values (H,H') has a counterpart in the values (H*, H¥'), Multiplication of the
formulae (IV,52) leads to

sh2H sh2H' sh2H™ sh2H™ = 1 . (Iv,56)

The significance of the formulae (IV,52) is that twice two temperatures are
coupled. As one of them rises from 0 to~ the other drops from « to 0. This
because H = J/kT. A small T gives a large H, a coth H = 1 and thus a H%!
= 0 or a large value of T%', in H*' = J'/kT*', Likewise a low temperature
T'in H' and 2 high temperature T#* in H* = J/kT* are coupled. Note that
there is a cross coupling, H with H*' and H' with H*. The exceptional case
is that in which H and H' determine H*' and H¥* in suchawaythatH = H¥and
H' = H*! in which case it follows from (IV,56) that

sh2H sh2H' = 1 . (xv,57)
This formula determines a transition point if such a point exists. Along this
way KRAMERS and WANNIER conjectured the CURIE temperature for H=H',
Their conjecture was confirmed three years later by ONSAGER .

The matrix that corresponds to the matrix M in the case of the simple
cubic lattice can be deduced from the formula (IV, 26) and reads for m=2, p=2

a a' O 0 0 0 0 0
0 0 a a' O 0 0 0

0 0 0 0 B B' © 0

M(H,H' HY) = (1v, 58)

where

o = exp [+H+H'+H"],o¢'=exp [-H+ " + H"]
8 =exp [+ H+ H - H"], 8" = exp [- H + H' - H"]
vy =exp [-H-H + H'], y' = exp [+ H - H' + H"]
§ = exp [-H-H - H"'], §' = exp [+ H - H' - H"]
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For H = H' = H" this matrix is

L N T T
o o e FeHE o g g g
o o o 0o eT &H g g
o o o o o o eH H (v, 59)
MO = o o o 0o o o0 e H
o o o o T e® g g
0 o  ePEH g 9 0 0
eBHeH g 0 0 0 0 o0

An attempt to make a conjecture about a transition point inan analogous way
now fails because the matrix D' M(H) D', with the matrix D' in formula
{IV,50), has no "V-form'". Attempts to findanalternative of D' for this matrix
M(H) have failed. . .

So we see that it has been an ad hoc find for the quadratic lattice to laya
connection between the partition function, represented by the eigenvalues of
M, for some value ofthe temperature and the partition function for a comple -
mertary value of the temperature by means ofthe matrices D. The gituation
for the combinatorial method is rather analogous.

We introduce the so-called dual lattice consisting of elements one in each
elementary rectangle of the quadratic lattice. In the case of the triangular
lattice the dual lattice is the honeycomb lattice and vice versa. As the dual
lattice of the quadratic lattice is again quadratic this lattice is called self-
dual. Now suppose the totally ordered state is the state with the value +1
for all spin variables. If N elements are contained in the lattice with this
state the BOLTZMANN factor exp [N(I—HH')] corresponds., For a certain
distribution of elements with the value -1 for the spin variables lettherebe
ny'tn,' connections between elements of opposite values of the spin variables,
ni' of one type and n,' of the other type, then for this state the corresponding
BOLTZMANN factor is exp [ (N-2n,"YH+(N-2n,")H']. Connecting the elements
of the dual lattice on both sides of sucha connection for every distribution of
elements with value -1 for the spin variable on the lattice a patternis made
on the dual lattice. With the exception of patterns as e.g. a single "loop'ton
the torus that cannotactas aboundarybetween elements with differentvalues
for the spin variables, exactly those patterns occur that by means of their
number determine the coefficients in the series development of the partition
function in terms of hyperbolic tangents of H and H',

As the numbers of bonds n;' andn,' of a pattern on the duallattice is equal
to the number of connections, resp. n,' and n,', between elements with op=-
posite values for the spin variables we have for the partition function

1
eN(H+H ) 7 B(n,',n,"Yexp[-2n,/'H -2n,'H'] -

IV, 60)

7 (H,H') =

eN(H+H') ' N
) (2 chH chH*fo(2 chH™ chH*)" | B(n,',n,') (thH*)"2 (thyg* ),
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where the formulae (IV,52) again give the various relations between the
variables. The summation on the right-hand side is practically over all closed
polygons on the dual lattice and with this restriction we write

N(HAET) N in
Z\(H,H' ) = 2 (H*,H*)=(sh2H sh2H')? 2 (H*,H).(IV,61)
(2 chH* chE*")N

Again we have found a relation between the partition function, nowin its
integral form, for some value of the temperature and the same expression
for a corresponding other temperature with the same formulae to describe
this correspondence as in the method of KRAMERS and WANNIER and there -
fore with the same result. We see that for H* = H' and H*' = Hno discontinuity
occurs in Zy because of formula (IV,57). The above argument can be found
in the article of NEWELL and MONTROLL. The reason that this way does
not lead to a conjecture for the transition point of a simple cubic lattice is
situated in the fact that although this lattice is selfdual there is no natural
one-one correspondence between connections inthe duallattice, the elements
are now each in an elementary cube of the lattice, and connections between
elements with opposite values for the spin variables on the lattice. To sucha
connection on the lattice we can setin correspondence a rectangle of the dual
lattice and vice versa, but this does not lead to a result like (IV, 61).

In the chapters IIand IIlan alternative formulation of both classical formu-
lations was given and one may ask whether it is possible to say something
about the CURIE temperature from this formulation. Let us recall that
both for the problem B and the problem C a so-called (closed) counting
chain was indicated, consisting on repetition of elementary counting pat-
terns that consisted of a length bond and a breadth bond in the first case
and of a length bond, a breadth bond and a depth bond in the second case.

Firstly the '"topological" argument of NEWELL and MONTROLL can be
translated into the language of the infection-disinfection problem B; by letting
correspond each '"first" element of a, say, West-East bond of the counting
chain to the element of the dual lattice on the North side and eachfirstele-
ment of a South-North bond to the element of the dual lattice on the East
side. In this way there is again a correspondence between bonds on the
lattice and bonds on the dual lattice, as before, and the counting chain re-
produces itself on the dual lattice. When an element (-1) is different from
the others (+1) four bonds of the counting chain are involved. To these four
bonds, that form a barbell of 2x2 bonds, correspond four bonds of the dual
lattice that form a barbell of 2x2 bonds on the counting chain ofthe duallat-
tice of the type that could be used, as can be seen in chapter II, to generate
the graphs that do not loop the torus. Now it is exactly the graphs thatloop
the torus that have as a subset the graphs that were omitted in the argument
of NEWELL and MONTROLL. Omitting all graphs thatloopthe torus we can
reproduce their argument in view of the one -one correspondence of barbells.

An attempt to generalize this argument first asks for a one -one correspon -
dence between bonds of the lattice with bonds of the dual lattice for the pro-

blem C,. This is possible by letting, for any pair of consecutive bonds of the
counting chain of the lattice, correspond the bond of the dual lattice between
the elements on both sides of the plane that pair of bonds lies in with e. g.
the "first" bond of that pair. Again the counting chain is reproduced on the
dual lattice. Now when one element (-1) is different from the others (+1)
this involves six bonds and with these no closed pattern corresponds onthe
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dual lattice. Still this is not so bad because these non-closed patterns res-~
pectively the corresponding infection patterns on the counting chain of the
dual lattice nicely follow up the infection-disinfection game played by the
groups of six bonds occurring when one element (-1) differs from the others
{+1). So the patterns of connections between elements with opposite values
for the spin variables have their counter parts inpatterns generatedbyele-~
mentary patterns of six bonds on the counting chain of the dual lattice via
the infection-disinfection principle.

All patterns that thus arise on the dual lattice have numbers that are in
accordance with that for the patterns of connections between elements with
opposite values for the spin variables onthe lattice. Now when these patterns
would be practically the same in number as the patterns that occur in the
full partition function, the argument could be generalized. However, it is
easy to indicate a pattern on the dual lattice that cannot correspond to a
certain pattern of connections between elements with opposite values for the
spin variables on the lattice. This pattern is representative ofalarge group
of patterns and is the simple square that, as was also discussed in chapter
III, plays quite another role in problem C,; than in problem B;. There isno
possibility to have a distribution of elements with '"wrong' sign onthe lattice
such that the corresponding pattern on the dual lattice is a square. Soa low
temperature development cannot be translated into a high temperature de-
velopment for the dual lattice which makes us fail in spite of the fact that
in this case a bond-bond correspondence has been established.

A second way could be a pure algebraic transformation of the partition
function into an expression in which, as in (IV, 61), the partition function
occurs as function of another variable. Sucha transformation, without taking
into account the way in which the patterns are generated, does not seem
possible.

§4. ON THE PROBLEM FOR THE QUADRATIC LATTICE

In the former paragraph an important result of KRAMERS and WANNIER
was discussed together with the analoga in other formulations. These authors
as well as MONTROLL brought forward the idea towrite the partition function
as the spur of some power of amatrixandthe conjectureaboutthe transition
point was an extra in comparison with MONTROLL's article. Although the
building -up principle, as we have seen in §1, has the great advantage that
various formulations can be deduced and is of great use for getting some
insight into the structure of the matrices concerned, there is the following
objection. In point ii) of §1 it is assumed that we have to deal with very
long chains (large lattices) to be able to read the formulae (IV,4), (IV,8)
etc. as eigenvalue problems. However, in the deduction of the formulae
(Iv,6), (IV,10) etc. the above assumption is also made for small chains, as
can be seen in § 2 in the treatment of problem ,,A,. Where KRAMERS and
WANNIER use closed chains, i.e. always assume cyclic boundary conditions,
it comes down to the fact that we can use their argumentwhen we admit that
we have always considered the lattice in its integral form, that is as being
large, and that we have onlyused the building -up principle for the advantages
named above.
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In the treatment of MONTROLL, that does not consider cyclic boundary
conditions, the dissection into units and the ordering of these units is only
considered to have insight into the structure of the matrices and to be able
to interpret the summation over spin variables as the summation involved
in matrix multiplication. This is also the approach that ONSAGER and
KAUFMAN have followed, be it that the treatment of ONSAGER still leans
a little on the building-up principle. By standing extremely on the side of
MONTROLL it became possible for the author to find the alternative formu-
lations By, C;, etc. The assumption of cyclic boundary conditions appeared
to be a condition sine qua non.

The now following survey of some points in the treatment of the problem
B, with KAUFMAN's method is mainly given to backup of the considerations
given in the next paragraphs.

a, We consider the formula

(1v,9)

= exp [H(on g +... +g¢ g ) + H'(o o +

Y -t,1 n, n=1,m “n,m n-1,1 n-14,2

n=-1>"n

0n—‘!,m On-h‘l ):l °

It is recognized that this expression corresponds with the interactions in the
(n-1)-th row and the interactions between the (n-1)-th and n-th row for a
certain constellation of those rows. Vy .,y can be considered as the pro-
duct of two factors that are matrix elements, viz.

1

vy )vn_,;vn_1 exp [H'(On—1,1 Opetyy T oo Onym Onog ] @V, 62)

and

(V,) exp [H (0,4 10y, +oeee * OpqmOpmlls (1v, 63)

Va.13Vn

where the 2" values of the indices v take care of the numbering of rows and
columns.

As a summation over the valueso,, up to o, , corresponds witha sum-
mation over the 2™ values of v, the partition function can be written as

Z o= 3y W) (V,) (V) ..V (V,) - (IV, 64)
£xm {\)i} VY V5 Yy Vo3V \)2;\)& V,Q,;\)l

As V, is a diagonal matrix the summation over the values v, canbe carried
out because of

r Wy (Vy) (Vy) = (V,V,V5)

Vi Viet 3 Vi Vi s Vi Vi 5 Vie Vie1 5 Vi

(1v, 65)

This formula should be compared with formula (II, 6) in chapter II. Carry-
ing out all summations we obtain

, IV, 66)
yA = SP(V1 VZ) .

£xm
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For coming to this formulation we have mentally dissected the lattice into
rows of m elements.

b. One can look at the matrices in two ways. The first way is practically
that of ONSAGER. We consider the matrices as representations of operators
V, and V, that work on a set of orthonormal basisvectors ¢{g,,...,0, ) with
2™ components, where ls j s 2™ and the spin variables are related to the
elements of a row. Introducing the operators |i a.ndCi defined by

L wi(c1,...,ai,...,am) =0 Y (0) seeiy O 50eesTy)
IV, 67
CiVi(oy5eees0; 500050m) = Dj (04 54445=0i 300¢s0m) ( )
we have
V,= exp [H' _21 I lm] (Iv, 68)
i=
and

m

ol

Vv, = 'r"=11 (el + e'Hci) = (2sh2HY exp [H ii Ca} » IV, 69)

i =1

. . -2H
where again thH* = e .

ONSAGER saw a component of ¥; as a general term of the partition function
(ref. [9], page 121). The variables o; are related to the elements of the
last row, the summation over the variables of the foregoing rows has already
been carried out. So the operators describe the effect of the adding ofanew
unit (row). This view is the same as that of SCHULTZ, MATTIS and LIEB
[17] in their alternative derivation, by means of the concept of reduced den-
sity operator, of the transfer matrix.

The operators |, up to I, andC; uptoCp canbe consideredas generators
of a group, that forms a complete basis for the algebra of linear operators
working in the space of the functions $;(¢,,...,9m ). The algebras based on
the subgroups, that have a simple structure, are quaternionalgebras. Now
the point that we are interested in is the fact that ONSAGER showed that the
only irreducible representation of the algebra has the form of a
KRONECKER product ofirreducible representations of the named quaternion
algebras, which are two by two matrices. From this KAUFMAN leant the

special form of the matrix representation of the operators |; and C;, as
I, ExEx ... x ExITxE=x ... xE
(Iv,70)
CGGz=EXEXx ... x ExCxEx ... xE ,

where I and C stand on the i-th place of the m places and

) L)
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0 -i
Adding Y = g 0) withY =Ex... xY¥Yx... x E werecognize the PAULI

matrices. A <l)ng this way we reach the starting point of KAUFMAN viz.

- _ Im
In 7 Zpm = (28h2H)27Sp(V v, 1)t (Iv,72)
with
m
V,' = exp [H' iz1 IiIiﬂ] (IV,73)
and
' B3 T C
Yo = exp {H L ‘} ’ (Iv,74)

Once we know or expect that the matrices can be written in the form of
KRONECKER products, a second way of looking at the matrices is the
following, Just as in problem A, the matrix

H -H
e e

VvV = (II, 4)

-H H
e e

correctly represented the factor contribution to aterm ofthe partition func-
tion of a certain bond between element jand element j+1 when 0;and 0, num-~
ber the rows and the columns respectively, here the matrix

V, = VxVx ... xV (m factors) (IV,75)
correctly represents the factor contribution of the combined effect of the
bonds between the pairs of elements (j,n) and (j+1,n), where 1 € n s m, of
neighbouring rows. Now the spin variables ofthei-thpair o;; and o}, num-
ber the rows respectively columns of the matrix V on the i-th place of the
KRONECKER product. Due to the fact that

v = g + e_HC = eH(E + e_2HC) = eH(E + thH®C) =
; (Iv,76)
= (2sh2H)? exp [H*C]
where use has been made of the fact that C* = E, we find again that
Imm ste im w O
V, = (2sh2H)* I exp [H*C;] = (25h2H)®" exp {H 1 C ] . (@IV,77)
= i=1

That the interactions in a row are correctly represented by the matrix

V, = exp [H'

LT Im] (1v,73)
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can be verified by inspection. This method canbe found in the book 0o HUANG
[31]. In this presentation no reference is made to the building-up principle,
as was indirectly the case in KAUFMAN's presentation. We now come to
the quintessence of KAUFMAN's method.

c. We introduce the 2m matrices

Iy = I P =Y,

I, = C,IL, I, = C, Y,

T's = CiCI4 Iy = C,C,Y,

. ] (1v,78)
1"2m.<| = C1 s Cm-—tIm rzm = C‘ PP Cm—lYm

matrix representations of quantities wherefore, with E' as the 2" dimensional
unit matrix, )

- - t
[Fa’Fs] = T Tgt Tylg = 2B 845 - (Iv,79)
+

In terms of these matrices we can deduce by the aid of the well-known pro-~
perties of the PAULI matrices

C2 = Y2 = 1?2 = E?

fey], =[v,1], = [1,c], = 0 (1v, 80)
¢y = iI, YI = ic, IC = iy ,
that with 1 s a s m
F2a+rrza - lIaIaﬂ ) I‘za Toa-y © lca
. 1v, 81
T Ty = -1I,Ia(Cq...Cp) = -iI, I, U , ( )
which contains a definition of U. Using (IV,81) we have
' m=1
= = iH!' - iH!
W= V,V, exp [1H U I“1I’2m} exp [ iH 021 1“20”11“2(1]
- m
- SXP [— i a; P ool 200 ] ’ (Iv,82)
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We see that the matrix W is written as the product of matrices of ap-
proximately the same form. Only the first factor contains the matrix Unext
to a product of two T's in the exponent. Because of

exp[iH'U Ty Tom }= 1z(E'+U)expl:iH‘ T1I‘2m:\+%(E'—U) exp[.iﬂ'r1 1“2"] (1v, 83)
we obtain

W= FEWDW ¢+ JE - (Iv,84)
where now in W' and W™ all factors are of the same type namely explcon-
stant. '), ru-nl Thus in the exponents only forms occur that are quadraticin
the I'-matrices, that have consecutive indices.

Now the method is based on the fact thas, as we shall see in a moment,
the matrices W and W~ are (spinor)-representations of rotations in the
2m-dimensional space of the I' -matrices. Because the relation between the
eigenvalues of the rotations (2m-dimensional matrices), thatare composi-
tions of m commuting rotations in two-dimensional planes, and the eigen-
values of the representations (2™ -dimensional matrices) is known, the pro-
blem is reduced to determining the eigenvalues of the matrices ofthe order
2m that effectuate the transformation in the space ofthe I'-matrices. These
matrices have a simple cyclic structure and this makes it possible to find
the eigenvalues quite easily. After finding out which eigenvalues of W and
W~ are relevant (both give 2™ eigenvalues) one can write down the relevant
quantity f in the famous. integral form of ONSAGER.

The most important feature for our further considerations is the character
of the exponent in the factors of Wt and W~, We therefore discuss this ina
somewhat more detailed way. Letw be a2m-dimensional matrixthateffec-

tuates a linear orthogonal transformation in the space of the I'-matrices,
viz.

- 2m
'™ =

vé, “uv Ty 0 (1v,85)
with

2
z v TP 6\)>\' (1IV, 86)

Consider in particular the rotation

Y=, (A # uy X £ V)

r'* = r cosy - I'_ siny (n # v) (Iv,87)
u U v

r* = r giny + T_ cosy (v # V)

v u v

S(w) = exp[¥ Ty I'y]is a (spinor)-representation of this transformation, for
we have from series development that
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S{w) = E' cosiy + L siny (Iv,88)

and therefore

S(w) I S'(w) = (E' cosiy + I' T_ siniy):
u wowv

. . . (IV,89)
. T E' coszy - T T sinz = T cosy - I' siny = ¥
y ( 2Y v Ty z2Y) y Y N Y )
respectively
_] ol W
S(w) r, S " (w) = I‘u siny + I, cosy = r (1V, 90)

Now as soon as inan anlogous formulation of some problemthere appears

a factor like explconstant.TyT ,y...T, ,,], thus factors with exponents that
are no longer quadratic in the I~matrices, our analysis fails because such
factors are no longer representations of transformations that are rotations
in the space of the I's, as is easily verified*. This meansthatwe havehere
a criterium (a necessary condition) for the solvability of a problem along the
KAUFMAN method.

For completeness let us note here the alternative for problem B, treated
by NEWELL [24] in 1950, starting from the formulae (IV, 13) and (IV, 14).
The matrix

v = '
vy 3V exp [Hcm G *+ H'o, gm_J (1v, 13)
again can be seen as a representation of an operator V working on vectors

Vil o+ 50 ) in which the spin variables are now referring to msuccesive
elements of the helix. Defining the operator R by

R¥; (0 505 5eues0n450m) = V(0,505 500050050) » (IV,91)
R could be called a shifting operator, we have, see ref. [ 24],
-H
V= exp [H lm_1lm} (e + eTMe IR =

(Iv, 92)

m

= (2sh2H) exp [H'I

N=

] exp [H'C,IR,

m_1|m

a form already indicated by ONSAGER.

This operator has the same structure as \'A Vz, but for R, and ananalo-
gous treatment is possible. A splitting up of V appears necessary analogous
to that of W in formula (IV, 84), again by means of the operator, case quo
matrix, U=GC;.C,y. .... Cn. This operator U inverts all spin variablesin
the functions 1‘)(01, ....0, ) and as C has the eigenvalues +1 and -1, U has

* Write down the analoga of the formulae (IV,88) and (IV,89).Such a factor does represent a transformation
but this is a.o0. one (no rotation) in the (l'u,I‘u.HI‘u_'_2 ...I‘]J _‘_n)-plane in a space of I''s and products

of T's.
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2™ eigenvalues +1 and 2™ eigenvalues -1 inthe space of ''even''and of "odd"
functions respectively. The splitting up of V is completely analogous to the
reduction of the same matrix given in §3.

We finally remark that it is hard to find a formulation like this one with-
out use of the building-up principle.

§5. ON THE PROBLEMS FOR THE SIMPLE CUBIC LATTICE AND THE QUADRATIC
LATTICE WITH NEXT-NEAREST NEIGHBOUR INTERACTIONS

This chapter has the character of a survey on the matric method. Inthe
former paragraphs mostly well-known facts were compilated. Only a few
items cannot be found in literature. However, the author is not.aware ofan
account of most of the following material.

We first intend to give a formulation of the problems Cjand ,pB, in
terms of KRONECKER products, either by inspection or byusing operators,
strictly analogous to the formulations B,[2] and B,[1] of the former para-
graph. We start with formula (IV, 18) for formulation C,[3] viz.

m p
v _T:exp[ y ZI(Hon_H'ko o+ H'g . + "

g .
Tn-1 > Tn j=t k= nj.k njk mjetk

)] (1v,18)

On.jok Onjo ke

The interaction between the (n-1)-th and n-th layers is represented by

m p
ex Ho, . .C ]
p[i; kZ:1 A=tjokm,j k

and these factors can be seen as matrix elements of the matrix V, that isa
KRONECKER product of m. p matrices V, specified in formula (II, 4), and
whose rows and columns are numbered by the 2™Pcombinations of the values
of the spin variables inthe (n-1)-thandthe n-thlayer respectively. The main
difficulty is to find the analogon of the matrix V, that represents the inter-
actions in a layer. We have to prescribe an ordering of the elements inthe
layer and this can be done quite arbitrarily as the form of the matrix V, is
independent of this ordering. We therefore have anyhow

Lm.p

2 - ., m.p
V,=(2sh2H) exp[ﬁ* .210.,] (Iv,93)

analogous to formula (IV,77).
Now for bringing the diagonal matrix

m
vy P [ ) E (H'0n,j, et ac * H"""vivk""-i'kﬂ)j’ (Iv,94)
}

Tn n i=1 k=1

in a form analogous to formula (IV,73) we are tempted to choose p = m+l
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and an ordering of the elements like in problem B,. As inthe matrix V, of pro-
blem B, the matrix I;I,,, corresponded to the form o¢g,, inthe exponent of the
factor representing the contribution of the bond between the i-th and the
(i+1)-th element in a row, now matrices like I;I,,, will correspond to forms
0,0,y but with a numbering of the elements along the counting chain. The first
2m+1 bonds in our specific counting-off procedure thus give risetosimilar
forms inthe exponents as inthe matrix V| of problem B,. However, the second
time we pass the starting point (or any point), we cannot letthis element take
care of the numbering of a matrix factor of the KRONECKER product as this
would make the order of the matrices 22™Mm+) instead of Zf“(m*‘) as must be be-
cause of the number of states in which the layer can be™. Thus the bond be-
tween the elements (1,m+1)and (1,1) gives rise toamatrixI,I, of the structure

IXEX ... xExIxEx ...x%xE

with matrices I on the first and on the 2m-th places of the m(m+1) places.
The bond between the element (1,1) and the 'mew' element (2, 1) along the
counting chain will give rise to a matrix I,I,, ,,of the structure

I xEx ... xEXIXEZxX ...xE

with matrices I on the first and on the 2m+1-th place . The bond between
(2,1) and (2,2) gives I)I,,,, etc. The products of matrices I, that come out
are not as regular as one would want. This is a fortiori the case when we
do not choose p = m+1%¥%,

We therefore maintain the choice p = m+l but let the place of a factorin
the KRONECKER product be determined alternately by an element along the
counting chain. Thus the array of elements is chosentobe (1,1), (2,2),(3,3),
.oy {L,m+1), (2,1), (3,2), etc., when starting from (1,1), or any other
point as the resulting formulation will be the same. In this way the form
Tij Onish will give rise to a product of two matrices I; that is of the form

ExJ.0 XE xI xE x... x ExIxXxEX ... xE,

where the factors I are "separated' by m factors E as caneasily be verified
by sketching this "counting along the diagonals''ina lattice of say 4x5 points.
With this ordering ofthe elements one finds, with the convention In(mnsi = I;»
that

m{ma+1) m(m+1)

- "
V, = exp [Hv 021 I, I, tH d§1 quwm] (IV,95)

Other orderings give a less regular expression for V,. No ordering will
give only forms where the indices of the two matrices I in a product are
consecutive.

When we try to make an analysis like the one in problem B, we notice that

I1I S S R S I |

I
o0 oa+m o ot ot atm—1 Id+m—1 atm ? (IV’ 96)

* See further chapter IV, §6 in this connection.
** See chapter II, §3 in this connection.
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as I a4+ = E'c A product Lylg, is transformed into -i T sfaq s @8 is knownfrom
(Iv,81), and thus using (IV,79) we have

m
= 1 T T T eos T r
Lolot+m (1) 20 20+1 gg+2 2a+t2m -1 20+2m (1v, 97)

and the KAUFMAN analysis fails in view of the discussion in the former
paragraph.

Starting from the formulation C[3] of 51 we have thus formulated the
problem Cgj in terms of matrices thatwere giveninthe form of KRONECKER
products. We have based ourselves on the secondway of deducing the formu-
lation B, in the former paragraph namely that by inspection. For the two
alternative formulations, starting from the formulations C[2Jand CL[1ldirect
inspection is not so simple. Just as in the formulation given by NEWELL
for the two-dimensional problem starting from formulation B[1], it is
simpler to write the matrices in terms of KRONECKER products along the
operator formalism. Let us begin with the somewhat simpler case starting
from the formulation C[1].

We consider the matrix given in formula (IV,26) for a lattice consisting
of £ layers of mxp elements ‘

VT P [Hom.poo + H"’m.p"mp—!+ H"C’m.pom.(p—H] s (v, 26)
1%

where T, and 1o indicate the 2™P possible constellations of the spin variables
Om.p Up to o, and o, p-t UP to 0 respectively. We may also consider the ma-
trix

v _, = ex Ho! o, + H'o! o +
Onp ,...,o;;cm.p,...,o‘, p [ mp 1 mp “mp

m.p- 1 (1V, 98)

8

F HU4! I
H 0m.p Gm.(p-1)+1-] *og=E U;,G

i+ ?

where 8 , gis again the KRONECKER delta symbol. In terms of this matrix
we have

- 2""]_|I-P v - Sp Vgl.m.p' (IV, 99)

Ompai 229441 30mpaicg 2+ 0304

Lxmxp \ m.p4i i

i

Following NEWELL we shall show that this matrix can be seen as arepre-
sentation of the operator V that, as can be guessed from (IV, 92), has the
form

yoexp a1 et + eTe, ) R.(1v, 100)

- t
V= exp (H'I m.p V. (p-1)

mp m.p- 1
This operator works in the space of orthonormal basis vector functions

Yoy, ... Om.p ). The operators Ii » Cjand R have beenspecifiedinthe former
paragraph.
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We see that

Vy(o,,0,,...,0 ) = exp (Hllm-plm~P—1) .

mAip-1)st 90 2 ¢ ,Gm_p

H
. exp(H" Im_plm'(p_“) . {e V(0943055000 3000,04) +
Iv,101
. ( )

t e ‘P(O‘z,osanonscm.ps_c1) } = exp (H'G1 Om_p)eXP(H"04O'm‘(p_1)+1) R

H -H
- e Yloy,een,toy)+exp(-H'o,0m,) exp (-H"o, Gm-(p—t)-n)e LICPERRE =04

For the matrix element Vc' 504 therefore find

1.
mp peees0q 30mpsees

H
exp (H'o1om.p) exp (H“omm.(p_ﬂn)e S50 ,0 + }
m.p 271 o (IV,102)
1 - ° N 8 H
+ exp (~H'0,0p,) exp (-H"0,0qp-0+1 )€ Sor g 710,00,

which is the right-hand side of {(IV,98). The relevance of the form (IV, 100)
for the operator V isnow again clear in the factor exp[H"Im‘pIm_(p_” 1. Because
of this factor there occurs in the matrix representation an exponent of the
form I, oIy (p-y) 2nd thus again an expression that is non-quadratic inthe
I'-matrices, as could be expected.

It is only for completeness that we now consider the formulation start-
ing from C[2]. It is clear that such an analysis will be analogous to thatof
the formulation B[l], with rows of m elements instead of single elements.

Firstly there will now occur a shifting operator R'thatworks on functions
of the form W¥j(v;,...,vp) with 1€ j<2mP , where each v indicates the 2™
possibilities for the constellations in a row. Per definition we have

RVOV Va5 esvp) = Pj(u, v 500y VpsVy ) o (IV, 103)

Ordering the m spin variables indicated by a single v; we see that
R'v; =R™; (IV, 104)
with the operator R defined in (IV, 91). Secondly there will occur the operator

m H -H
i21 (e + e Cj.P)

with Cjp as the operator that inverts the j-th of the spinvariables indicated
by the variable on v the p-th place. Thirdly there will occur the operator

m
"
551 exp(H |j'p|j+,_ p)s
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where l;,p is an operator that works like the | operators before in relation
to the j-th of the spin variables indicated by the variable v onthe p-thplace.
An extra factor that occurs in comparison with the problem B in the analo-
gous treatment is the one that represents the interactions in a row namely
the operator

m
L exp(H' el p) .

We now have to deal with the matrix from (IV, 22) in the form

m m
y v = ex [H G , o' + H' § o! o! +
\)L,...,\), 3Vp 3tttV p jZ\ IER I I = bR jatp
(IV, 105)
in
p-1
+ " z o, _g! ] TR
I >
=1 izt Vi Vi
m
where 5\);,\)“1 stands for iI=I‘ St o . Interms of this matrix the partition
function reads ITTARS RS
%.p
Z = IV . - %.p IV, 106
Lxmxp i=1 \)p+i""’\)1+i ’\)p+i IR AT Sp V . ( )

The matrix in (IV,105) is a representation of the operator

y 1o+ e7He, . R, (1Y, 107)

ji=1

j.p-i+t.p

m m
V= exp(H".Z1hJﬁﬁq).exp (H‘jZL !
=

for we have

m m
V¢i(“1 seensV) = exp (HY iz‘li.p”vp—l ) exp (H' iZ1|i.P|j+x.P)
(1v, 108)
m -
. I (eH t e HCj_p) T I TR
=t
When now the operator
m
1 H -H

j=1 (e + e Cip

comes into action 2™ terms appear corresponding to the being or notbeing
inverted of the m variables ¢ indicated by the symbol v,. An operator
exp(H'ljplj p-y) gives exp(-H'o,, o;,p) Tespectively exp(+H'o;  0j,p)
depending on whether the operator Civf’ has worked on ¥ or not. A similar
thing is the case with the operator
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m
exp(H" | | bp-i)
=1
So for the matrix elements of the representing matrix we find expressions
of the form

IR=E]

m
exp (= H'o;, 0;,p): T exp (& H'o.'
(1v, 109)
m p-1 m
T exp (s H)- I8, D

=1 j=1 P27 4 i

where the sign * indicates a certain combination of minus signs distributed
over the m places of the m variables ¢; . The factors 3 toi,,nowmake
that this matrix can be written as in formula (IV,105).

In (IV,107) we see that again the structure of the layers manifests itself
in pairs of operators | whose indices cannot always be consecutive for some
ordering of the elements, with the known consequences when one tries to
apply the KAUFMAN analysis.

A\l
T jsp o

In chapter III we consideredthe formulation of problem B, thatappeared
to be more complicated, on a higher level ofthe hierarchydiscussed there,
than that of problem C,. In the formulations that we consider now the situa-
tion is somewhat different. It will come out that the two problems cannotbe
solved by KAUFMAN's method for the same reason, be it that withproblem
n.nBo products of only 4 T-matrices occur instead ofproducts of I-matrices
where the number of factors is of the same order of magnitude as the number
of elements in one of the three directions ofthe lattice, whichnumber there-
fore grows with the dimensions of the lattice. We start from the treatment
of the triangular lattice given by HOUTAPPEL [32] in 1950. We do this be-
cause firstly this is an apt point to start from and secondly because here we
have again a treatmentwhere the form of the matrices is found by inspection.

Consider a lattice, with toroidal boundary conditions, consisting of Zmxp
elements that form p rows of 2m elements that we draw in a special way,
viz. as zig-zag lines (drawn lines in figure 32).

figure 32

The interaction energies are defined as follows

* HUANG and HOUTAPPEL are the only authors I know who , from the way they present the problems; also seem
to have abandoned the building-up principle completely.
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Jy for pairs oy; and 0;;,, with j oddand for pairs i and o4, ,; Withj even
J, for pairs o¢;; and g,y with j evenandfor pairs Oiq,j and O'i-iﬂ with j odd
Jy for pairs oy and oy, ; with j arbitrary

J, for pairs i and Gije2 with j arbitrary,

With H,,H,,H; and Hy for J,/kT, J,/kT, J,/kt and J,/kT the partition func-
tion now reads

p m
v/ = 7 [ m
px2m i H1 Z O 5: 0., + H
{o; .} = i< ih2j-1 Oi,2j 2 ’Z‘ %i2j izjer t
m
m
+ H Oi niy O, 1. + v
8 ‘..Z_, b2i-1 Oz OH L o Gzjart Hy L Oipggi opy +
= j=t j=t '
. K m 2m
3 121 %i.2j Tiat,2jm T Hy Z °i+1,i°i+1,i+2J . (Iv,110)
= i=
Thus
Z,, =7 1
px2m ™ = Sp Vp,(IV,].ll)

01,5 Yi=t %1 99,2 50 e v 595,2m 5 Tiarg Oisr2 20 ¢ ¢ 2Tiet.2m

where V is a matrix of the order 2°™.

Indicating the rows by (g ;... .05, ) and the columns by (g ,...,04, ) the
general element of V is
m
Y ex . :
OyserssOpm30lsuae,0b P [ ) (Hy 03501 0y; + Hy 00,0,

j=1

2m
+ H,o,. ,0f + 1 ' '
392j-19 2j-1 chzj_102j * Hi0y05, * Hyop00,,) + H, Zg;g}w .
j=1
(1V, 112)

The last factor
2m
T 1
e,XP (H4 i; o ; g i+2)
is extra in comparison withthe corresponding expressionin HOUTAPPEL's

analysis. One can verify that the right-hand side of (IV.112) can be written
as

m m
) eXP[V(H Ogi_ 0'+H02~0-,)].H6 (s) 1
{0(2356(3)30(4)’0(5)} jé] 1921 92j 292j T2j+ 2 Sy 50
[? H (s (4)} T s (s) (&) 11
. Coiy Oonil .
(Iv, 113) eXp A 2j-1 =1 T, 90,
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. exp [z (Hzoz(jizgz(j“)-l- H‘o(.4)0(4) ]..H s

2j+1 4 3
= 2j i+ j=1 Oi( ),Oj( ) juns
m
(3) m} m
H.o, 0, L8 (3 (2)
. €Xp [iz‘ 3 9y 2j A 20,1 Iv
T
exp (2) (2) 2m )
[ j=1 Ha%p "9 Iy ' M
j=1 o ’Oj

!

We should of course note cyclic boundary conditions.

In this rather artificial way, by introducing the auxiliary o variables, we
see that V can be considered to be a product of 5 matrices, corresponding
to the factors (I) up to (V) in (IV, 113). We are mainly interested inthe fifth
matrix. We shall not repeat HOUTAPPEL's further analysis. The firstand
the third matrix are diagonal and representations of operators thatarepro -
ducts of operators of the type exp [const. Ijle ] The second and the fourth
matrix are representations of operators that represent row-row inter-
actions and that are, one guesses rightly, products of operators of the type

exp [:const . Cj], The fifth matrix finally is diagonal and a representation
ot the operator

2m 2m
vv = exp [Hq ‘] Ij+2} = eXp [H4 E I, Ij+]|j+1|j+2 ] 9 (IV’ 114)
j=t j=1

where use has been made of the fact that I%H is the unit operator. Using the
form of the representations of the operators| , as given in (IV, 70),We ob-
tain

2m 2m
v, = 1 exp [H4IjIj+2] = 1 exp[H4IIIMIMIM—J.(IV,M?))
1= =t

This form one could of course also have had by inspection of the factor (V)

in formula (IV,113)*, Transition to I'-matrices as in the former paragraph
leads to

2m-2
V.= -
v if1 eXp[ HaTyiTaj1 Topu Tz;*zJ-eXP [+H4U (Tam-2Tamg T 1+ Ta T T2 T3 ) ] >
(1v,116)
where now U = C,. C,..... Cym - Thisisthe result mentioned before. Thus

the KAUFMAN analysis fails in the case of problem

nnD, as well as inthe
various formulations of problem Cj. o

* Note that we are now dealing with KRONECKER products of 2m matrices of the order 2.
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§6. THE CONNECTION WITH QUANTUM - FIELD THEORETIC FORMULATIONS,
AN ATTEMPT TO "LINEARIZE"

Recent developments tend in the direction of a translation of the problems
into field-theoretic problems. The general idea can be said to be that one
may hope to apply the various techniques developed in that field, if onlyto
find sharply approximating solutions. In this connections we refer tothear-
ticles written by HURST in 1966 and by GIBBERD and HURST in 1967. In
the first named article it is shown what difficulties arise when going over
to a Fermion problem from a formulation in terms of Pfaffians. More
specifically it is shown that for the problem , ,B expressions occur that
are of the fourth order in the Fermion creation and annihilation operators
introduced and it is said that for problem C muchmore complicated expres -
sions in these operators might occur. In the article of SCHULTZ, MATTIS
and LIEB it is stated that when between other elements than nearest neigh-
bours occur expressions of higher order than the second in terms of the
Fermion operators introduced will turn up. Let us try to discover similar
difficulties now that we have various matrix formulations at hand.

In the former paragraphs it has been shown that we cansee the matrices
in question as representations ofoperators. Analogously to the way THOMP -
SON introduces Fermion creationandannihilation operators, we define these
operators ag and a, in terms of their representations accordingly to

a + af = T
o o 20
(IV, 117)
a - af =1
a o 2001

The TI's are of course the same as in (IV,78). One easily verifies by means
of (IV,79) that the quantities introduced indeed satisfy the anticommutation
rules

1- - 14
[au,a8]+ = E GaB . (v, 118)
Now because of

_ _o.t +

Pzar 20+ (aot'H aa+l ) (au * arx)
(Iv, 119)

ir T = 2a a+ - E!
20-1 2a o o ’

we see that forms that are quadratic in the T'-matrices are also quadratic
in the Fermion operators.

We now directly verify from the results in the former paragraph that for
problem . B, expressions occur that are of the fourthorder inthe Fermion
operators and that indeed for all three formulations of the problem C; ex-
pressions occur that are of a much higher order in these operators. It is
now easy to translate the various formulations into the language of these
operators, if one wants to enter field theory. We shall not do this as the
most relevant result from our point of view has been obtained. It has been
shown what difficulties in these modern formulations correspond to the
difficulties in the more ''classical" formulations, discussed inthis chapter.
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So far the ONSAGER method has not been considered at all. Wehaveal-
ready quoted in chapter I the remark of NEWELL and MONTROLL about the
failure of that method in the unsolved cases. Now when for these problems
we generate a LIE algebra with the matrices respectively operators inques -
tion, it is now clear that these will have a more complicated structure than
in the case of problem B,. We could of course startan investigation ofthese
algebras, but in view of the factthatthe KAUFMAN method and the ONSAGER
method are strongly related we may better try to solve the corresponding
difficulties in the more transparant formulations that we have given here.

Formulations in which the TI'-matrices, or the Fermion operators, occur
in quadratic forms only, but for some specialfactor like the matrix U in the
formulation of problem B,, are often called 'linear'" or 'non-essentially
non-linear'. In the case of the problem C; and ,,B, we have to deal then
with "essentially non-linear" problems. The natural question to asknow is
"Can we linearize?! Usually one doesnot report on failing attempts. The
reason to break with this (understandable but bad) habit lies in the factthat
linearization in such an obvious thing to try and in the fact that the set-up
of this chapter isto have a survey of the impossibilities of the matrixmethod.
The now following attempt to linearize is made along the lines ofthe KAUF -
MAN analysis using some concepts developed in chapter II. On onehandwe
mean abandoning the building-up principle in change for '"'seeing'' a formu-
lation and on the other hand we mean the concept of a counting chain.

Let the lattice consist of £ layers of m x{m-1) elements, in each of
which the counting chain for problem B; can be indicated. In the former
paragraph we met the difficulty in the formulation of problem C, that the
second time anelementwasmet along the counting chain it could not take
care of the numbering of some factor in the KRONECKER products occurring
in the matrices V, that represent the interactions in some layer. This would
lead to matrices of the order 22mim=~1) as each element is mettwice,where-
as there are only 2™™ " states possible for a layer. However, when we
simply consider the matrix

v = 1 mim-1) N m{m~-1)
R [ Z Toamitoa® B A

a=1 a=1
where the matrices Igare now KRONECKER products of 2Zm(m-1) matrices
of the order 2 of the same type as the matrices I,definedin formula (IV, 70),
we do have a matrix that would permit a KAUFMAN analysis. The price we
have to pay for this "linearization' is the following.

An element occurs twice in the counting chain and therefore twice takes
care of the numbering of the rows and columns of a factor in the KRONECKER
product Iy The concept that is introduced is that of '"non-physical’ states.
It is possible that an element of the counting chain determined a value +1
for the spin variable of the element it corresponds with whereas the other
corresponding element determines a value -1 for that same element.
In problem B,[2] we had to deal with a matrix V for which the counting chain
was that for a linear lattice in which element occurs only once with the
consequence that each state of a row is a ''physical' state. Now for each
physical state, in which each pair of elements on the counting chain deter-
mines the same value for the spin variable of the corresponding element,
there are 2M™ 1.1 non-physical states. This is seen by letting one of both
elements be characteristic for the ''real" value for the spin variable. The
‘other element can then be "right! or ''wrong'' and this is the case for all

IMIM_H:l »  (IV,120)
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m. (m-1) pairs of elements on the counting chain. The states that take care
of the numbering of the rows and columns of the matrix V, in {IV, 120) admit
a division in 2M(™-¥ classes each containing 2™" " states viz. 1 physical
and 2™™-0 3 non-physical states. L.et alternately in the counting chain an
element determine the value of the spinvariable of the corresponding element
of the lattice, then m. (m-1) characterizing elements have been defined, the
elements that took care of the numbering of the states in the formulation
G331 in the former paragraph.

Now consider a gertain physical state of a layer. This state will contri-
bute a factor Az B, where F, .1 and F; , are factor contributions
of the bonds of thé i-th group of two bonds between successive characteriz-
ing elements. Thus F;, can be et and F,, can be e*H"., With the special
choice of the characteristic elements that we have made one can show that
the states of thg class to which that physlca.l state belongs give the factor
contribution (F|  Fio +F7 Fily )%, Wenow cuta long story short. It has
not been p0351b1e 'to change the constants H' and H'! in such a way that the
states of a class all give the same, right, factor contribution nor to throw
the ballast of the inverse powers of Fj; and F; , overboard in another way.

There remains the possibility to let the contributions ofthe non-physical
states compensate each other by making a handy choice ofthe matrixV, that
has to represent the interaction between the layers. This matrix willalso
have to be of a certain structure viz. it has to be a KRONECKER product of
matrices of the type (% )or e.g. alternately of two different matrices of
that type if one wants to apply the KAUFMAN analysis. One can come quite
far by choosing e.g. the matrices

;
e 2H j-3H 2H
and € -ie”

1 1
- -zH zH . -1H
le e / -ie 2 e

NI—‘

H
H

Pl

However, there still is no complete compensation of unwanted terms. The
situation is rather analogous to that with the Pfaffian method. One cancome
to an answer but this answer takes into account various contributions to the
partition function that should not be there.

§7. YET ANOTHER MATRIX FORMULATION OF THE PROBLEM FOR THE SIMPLE
CUBIC LATTICE

The only formulation of the scheme given in the introduction thathasnot
yet been discussed is that of problem C,. We now consider a lattice consist-
ing of rows of n elements and assume a counting off of these rows as for the
single elements in problem B,. Thus the lattice is chosen as a block with
dimensions mx{m-1l)xn. We arrive at the same formulation whether we

* A sideway remark in this connection is the following. The sum of states (physical and non-physical) of a
single 1layer is (% chHt chH™N & (4 shye shH“)N because it 1is oconsidered as a linear chain of 2N
independent elements. We can consider problem B as the problem to calculate

nlm=1) m(m=1)

F. knowing what {zm(m—1)z

. F, RS -
=1 i1 142 states} i=1

F. . F. o Simili
( 1,1F1,2 *Fin 1 2) is, Similar

z
{2m(m-1) states}

formulations can be given for the problems C,n n B etc.
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generalize from problem B, or from problem B,. The difficulty that arises
is again to carry out the summation over the indices, thatagainoccur twice
in the array of matrix elements, in the proper way when considering a
summation over the spin variables as a summation over the indices of matrix
elements. For this we need a lemmma analogous to the one given in chapter II
for the deduction of problem By. As a result of the application of this lemma
the partition function will turn out to be a sum of spurs of matrices of the
order 2". Even if these spurs could be calculated e.g. by means of the
KAUFMAN analysis there still remains the summation ofthese spurs. This
rather unpleasant prospect can only be partly compensated by the hope that
in the resulting series the main terms might be indicated and consequently
an approximate solution.

In conformity with the goal and the character of this chapter we shall
still give at least the results of our analysis. Moreover one of the results
will be needed in the next chapter.

Lemma V: When A, B, C and D are matrices of the order 4 and E is the
unit matrix ({ 9) and Iis the matrix (| 9), then for arbitrary
indices 1i,k,land m
4
ij Ay B Gy D

(2)

e (2)
=37 (A Bk (CI, /D)y (IV,121)

jm ~
where I(g) is one ofthe four matrices ExE,ExI, I x EandlIx I,

The proof follows by writing out, analogously to the proofs of the correspond-
ing lemma given in the chapters II and III. Lemma V is needed in the next
chapter. The following lemma can be proved by induction from this lemma
or from lemma I.

Lemma VI: When A, B, C and D are matrices of the order 2“, E is theunit
matrix ({ ¢) and I the matrix ( 9).then for arbitraryindices

i,k,land m
2" 2"
_ ooh (n)
.21 Aii Bk Cij Djm = 2 P; (AL, "B)yy (CIp(n)D)'m:(IV’ 122)
. ji= =
where I(p") is one of the 2" possible KRONECKER products that
can be formed by n factors chosen from E and I.

We omit the proof although it is not entirely trivial.

When Vi is the matrix that represents the interactions in a row and V,
and V3 are matrices that represent the interactions between rows inthe two
directions, whose structure is the same as that of V; and V, in problem B,
the partition function becomes

) (V,) (vy) W) o 1y, 123)
Vi ! Vi 3V Vi,13V2 Vi,25V2,2 Va,23V2,2

Z

nxmx{m-1)

with the same ordering for the indices v;; as in problem B, for theindices
o, - v indicates the state of the row (i,5) and 1 = Vijs 2. An extrafacet
in comparison with the problem B, is the occurrence of the diagonal matrix
V,. Due to the fact that V, is diagonal we may apply lemma VI (IV, 122)and

can carry out the summation over the spin variables which comes down to
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a summation over the indices v;; . Each summation splits the partition
function into 2" terms and a factor 27" appears in front of each term. The
summation over all variables finally leads to 2 Un terms of the form

-m(m-1}n

2 Sp(V1V2V3V1V2V3V1... ), (1V, 124)

where between the matrix factors occur pairs of matrices I(m, just as in
problem By pairs of factors E or I occurred. These factors I occurin the
array of matrix factors on exactly the same places as the pairs I(L’ in pro-
blem B,.

The matrices "between' a pair of matrices 1“8.’ are KRONECKER products

and either diagomal (V,) or consist of factors

1 Tt 1" ~E"
eH eH eH eH
or
1 g A .
-H! H o H eH

Annihilation of two factors I§ again causes infections of the matrices in
between. In problem B, there were two possibilities: infection or not, here
there are 2" possibilities to infect the matrices. There is one possibility
that no infections occur namely when I(;) =E x E x...x E, the 2"-dimensional
unit matrix. We see what happens when the various groups ofinfections are
combined. Only when two groups of the same type are combined is there total
disinfection of the matrices that belong to both groups. So we obtain much
more complicated infection-disinfection patterns than in problem B,. More -
over it is not clear whether after treating this combinatorial aspect the
calculation of the spurs can be carried out as ''easily' as in problem B, as
the various matrices do not commute any more. An attack on problem C
along this road is therefore not very hopeful.
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CHAPTER V

OTHER ISING PROBLEMS

§1. THE ONE-DIMENSIONAL PROBLEM IN THE PRESENCE OF AN EXTERNAT
MAGNETIC FIELD

We consider the problem AM . Letthe interaction of an elementi(l < i ¢ N)
with an external magnetic field M give a contribution -¢; ¥ M to the energy,
where the magnitude of the magnetic moment of the element is 1 and ¢; is
the spin variable of the element i. A factor contribution to a term of the
partition function will then be either exp [y M/kT] or exp[ -u M/kT]*. Putting

M

= B, v, 1
T (V. 1)
these factors can be seen as the diagonal elements Mg ., of the matrix
it
e]3 0
e (v,2)
0 e B ,

where the spin variable o; takes care of the numbering of rows and columns.
The further specification of the problem is as in chapter II, 8l and the partition
function for this model becomes

z, ) =} v oM vV ...V M= Sp(VN.(V,3)
{o;} Oy 30, 0, 30, 0,50, On 39y 9,30
As now
H+B —H—B\
e e

VM = / (V,4)

-H+B H-B

e /

is a matrix with eigenvalues

* Note that the choice of the sign that 1is 1linked to the direction of the field is arbitrary
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>\“2 = eHchB + eH /sh2B + e—’-t-H (v, 5)

and the spur is invariant under similarity transformations we find

N N
(M) = A, o+ A, (v, 6)

The quantity thatwe are mainly interestedinis the free energyper element,
from which all thermodynamical information can be obtained. Leavingouta
factor -kT this is the quantity

- 1
fN =N log ZN (V,7)

or, more relevantly, in the thermodynamic limit

f=1lim £y = 1log Aye = lOg [eHchB + e /sn2p + e_MH} , (v,8)

N->co

where Amax is the larger of A, and X,

This constitutes the solution to our problem. Toinvestigate whether there
is a spontaneous magnetization m(0), so typical for the systems for which
ISING developed his model, we consider

m(0) = 1lim m(M) = 1im kT % = 1lim —u shB =0 (V 9)
M0 M~+0 M>0 Vsh2B+e ’

as B + 0 with M~ 0, So there is no spontaneous magnetization for a one-
dimensional ISING model. Of course for large fields practically all ele-
ments must be directed along the field. Indeed we then do have m(M) & u.

§2. FORMULATIONS OF THE PROBLEMS FOR OTHER MODELS

We consider the quadratic ISING lattice and want to incorporate an ex-
ternal magnetic field ina formulation that is analogous to that of the problems
By, Cyand B, etc, Problem BM is inthisrespectrepresentative of other
problems like C,\M, ,.BM, etc, and we shall consider this problem in some
detail. In chapter II we have seen how to come tothe formulation of problem
B,. Again we want to let the various factor contributions to a term of the
partition function be given by a matrix element and to be able to consider
the summation over the values of the spin variables as a summation over
the matrix indices. This can be done by ordering these elements along with
the bonds they correspond with on the counting chain., The difficulty thatwe
meet is the fact that a certain spin variable g;; is encountered twice as
second and first index of consecutive matrices, between which diagonal
matrices may occur that have to take care of the interaction of the elements
with the external magnetic field. This can be solvedby the following lemma.
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Lemma VII: When A, B, C and D are arbitrary matrices oforder 2 where-
as P and Q are diagonal matrices of thatorderand I = ((‘J 2
then for all combinations of indices i, k, 1 and m we have

] AP, B, C,Q;Djn = #[ (APB);, (CQD)y + (APIB)ik (CQID)im] .

=t (v, 10)

The proof follows from writing out the right-hand side of (V, 10), just asin
the case of the corresponding lemma I for the problem B,, given in chapter
II. In that case P and Q do not occur.

The matrices P and Q will have torepresentthe interaction of an element
with the external magnetic field by means of their elements. On the two places
on the counting chain that correspond to an element of the lattice we canlet
the matrix element both times give a factor exp[B /2] or a factor exp[-B/2]
depending on the value of the spin variable. This means that P and Q are
both chosen as

1 eB/2 0
ME - (V,11)
0 e—B/2 ‘
The partition function now is
1 1
Z (M) = 7§ (v,)) (M) (v.,) (M)
N . L] . 3 .
log 10,139, 91,23% 2 270, 530, O2,23%2
; (V,12)
ce. (M2 >
G, 150 4

1.1

when the element (1,1) is chosen as the starting point for the counting off
procedure of the m. (m-1) bonds. Another possibility is to take the unit
matrix one time and the matrix M the other time. Analternative is therefore

ACOREED N A (v,) ) Q)

(o} O4,43%,2 Oy,23%.2 Cp,23% 2 g

22530,3 ¢
(V,13)

e (M)

. .
O1,1591

Application of lemma VII (V,10) leads to a splitting up of the partition
function into 2N terms of the form

(V,14)

N

-N

1 1 1
277 8p(v, M® Vv, M® vV, M* ... V, M*)

respectively

2™ Sp(v VM V, UM L.V M ),

(v, 15)
where in the array of matrix factors all kinds of combinations of matrices
I occur. These matrices commute withthe matrices M"20r M. The matrices
I occur in pairs that by means of commutation can be brought together and
then annihilate each other as I2 = E, the unitmatrix. The resulting infection
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patterns are the same as those in the case of problem B;. Our pfoblem is
now to calculate and sum the various terms like (V, 14) or (V,15).
A more general formulation can be given where terms like

2N spey, M VMY M Y, L. VM) (V,16)

occur. Here the number s can be chosen quite arbitrarily. The choice s = %
leads to the most "regular' formulation. An obvious thing to try is tomake
use of this arbitrariness of s. However, no special choice of s has led to
any useful result in connectlon W1th further calculations.

The problems C1 and p,n. B1 can be formulated in an analogous way by
using the concepts developed for the problems C; and | B,. Inthe firstcase
terms have to be summed that are e.g. of the type

1 1 1 1
~N 3 %) k) q
B spv, MV VM VML ) (v,17)

In the second case we encounter terms like

1 1 1 1 1
N PR S S
87" spv mtv MMyt et (v, 18)

We see that also in formulations like ours an external magnetic field can
be incorporated quite naturally. We shall now investigate in which way the
mfectlon disinfection problem is changed due to the extra matrices MV2
M3 M etc. We only consider the problem B, Mas this problem is re-
presentatlve of the other problems.

§3. CORRELATION FUNCTIONS. DEVELOPMENT OF THE PARTITION FUNCTION
IN TERMS OF MULTIPLE CORRELATIONS

For simplicity we assume that the interactions for both directions inthe
quadraticlattice are the same, i.e. Hy =H, = H and V‘ =V, = V. We consider
a term like that given by (V,14). The matrlces M2 that stand between the
matrices V and the infected matrices V' donot commute with these matrices.
Therefore the spur cannot be calculated in the easy way it canbe calculated
in case the matrices M “are lacking. This is an essential dlfference with
problem B as can be verlfled by assummg that it is allowedto let M"?com-
mute with V and V' or V M'"?with V' MY2 In both cases one arrives at ir-
relevant answers for quantities like the magnetization per element m(0) or
the susceptibility X =M™ m(M). We omit the tedious and unimportant cal-
culations. 12

Thus we are forced to calculate with the matrices M'"?in the right way.
We remark that

p.d-
M - chlB E + shiB I = ch}B (E + thiB I) = chiB (E+py D .(V,19)
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Writing ’che factors M/ in this way and writing out the multiplication will
lead to 2%V terms, partial spurs, of the type

2N
(ch%B) P:\é_k Sp (V.V. .. ) . (V’ZO)

Between the matrices V and V', k factors I occur in one of the (sz) possible
combinations for the partition of these factors over the 2N places.

Partial spurs with an odd number of factors I are zero. To see this we
note that Vand V'are of the form (§ b) asareall products of these matrices.
The factors I can be grouped in pairs but for one matrix. Annihilation of
these pairs changes the infection pattern andnexttothe matrix Ionly factors
V and V' occur. As the spur is invariant under cyclic change of the matrix
factors such a term vanishes due to

o} )1 )l D e
y X 0 1 y -X

The matrices I that are due to the application of the summation lemma
cause ''groups'' of infections that effect 2m-1 consecutive matrices. Com-
bination of two such groups may cause extra infections or disinfections when
a second minus sign appears on the counter diagonal. In problem B, the
various infection patterns are generated by all possible combinations of
such groups of infections. In problem BM we now see that upon each in-
fection pattern groups of infections are superposed that are due to the ma-
trices I that occur in the matrices M'. Apart fromthe factor (ch$B )2N each
of the 22 remalnlng partlal spurs into which one original spur is splitted
possesses a weight factor p, Xwhen in that partial spur k extra factorsToc-
cur. This leads qulte naturally to a development in powers of p, by taking
together from all 2N original spurs the partial spurs with the same weight
factor.

To be able to discuss these partial spurs we now introduce the concept
of correlation function or simply correlation. The correlation <0;;0, ,;>be-
tween two spin variables ¢;; and O is defined as the statistical mean of
i,j* Ok, Viz.

oN
ng exp[-E, /kT] (Oi,j <O, (V,22)
<00 s
Zn

where Zyis the partition function, here for problem B,, and (o Oy Jyde-
notes the value of the product ¢ i Okl in the n-th state, When We want to
introduce the factor ¢;; in our formulation in terms of matrices of the or-
der 2 this can be done by identifying 0;; with the matrixelement (Do, , i o
and interjecting this matrix element in each term of the partition functioh
for the problem By on one of the two places where the element (i, 3) occurs
on the counting chain. The same thing can be done for the factor ki« Asl
is diagonal the summation can be carried out in view of lemmaVIIandwe
obtain the terms of the partition function for problem B; but for two extra
factors I in each spur on certain places. Denoting the resulting sum by
ZN(c 0y,) We may write

i
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Zy (o .
< 0 ..0 >=l._i£_l"__)__ (v,23)
k. 7 ’
N

Inananalogous way we candefine multiple correlations like <g, i Tk Omn %o, ks

etc. i

Annihilation of the extra pair offactors Ileads toinfection or disinfection
of a number of matrices V and V' or, we may say, of links of the counting
chain. An infection means an extra factor w=thH, a disinfection means a
factor 1 instead of an originally present factor w in the contribution of a
certain spur to the partition function of problem B,. We recall that when n
is the number of infections in a pattern and A(n) is the number of patterns
with n infections the partition function for problem By could be written as

Zy = (2chZEN § A(n)(w" + wiN-ny, (11, 30)

where the summation is over all 2V patterns. Thus the exponents of w are
influenced.

Suppose the two factors I are on a ''distance' of ¢ links of the counting
chain and that ¢, of these links do not belong to the infection pattern where -
as ¢, do.* Then c; extra infections will appear whereas c;links respectively
matrices V' will be disinfected. For a certain infection pattern w® changes
into wn+¢1-¢ and w2NMinto w2N-n-¢;+¢3 We recall that the second term corres-
ponds to the '"complementary' part of the counting chain. Extracting a fac-
tor w1*“2=w® we obtain

-2 A
wE (2ch?E) T A (w2 4w = wC (2en2E)M

n-c c 2N-n-c € (V’ 24)
) A(n)[w 2(w™h2 + y tw ™h ] s

which is w© times the partition function for the problem B, where now thec
links in question contribute a factor w~!instead of a factor w. This fact
plays an important role in the article written by MONTROLL, POTTS and
WARD [33]in 1963 in which they show how these correlations can be cal-
culated by the construction of Pfaffians and the calculation of the resulting
TOEPLITZ determinants.

A point that asks for our attention in the comparison of the formulation
in that article and ours is the factor w¢ Thenumber c depends onthe choice
that was made for the places of the matrices I that couldbe placedon either
of the two places of the elements (i,j) respectively (k,1) on the counting
chain. So in first instance there are four possible values for c (two are the
same) in our formulation. For the correlation in question, however, all
four are equivalent. It is irrelevant whether the matrix I is placed on one
place or the other because the spurs in which the group of infections cor-
responding to an element does occur with a factor I on one place give the
same contributions as the spurs in which that group does not occur with a
factor I in the other place. We can thus change the distance of both factors
I by 2m-1 links. For the same reason can be left out of consideration any
part of the ¢ consecutive links that forms a group ofinfections correspond-
ing to a pair of elements (a,b) when the element (0,p) does not occur on the

* Meant are the links along which the matrices I are brought together by commutation.
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2m-2 places in between. The ''road' that connects e.g. the elements (1,1)
and (o, p) on the lattice and corresponds with the clinks in question, or what
is left of them, isnot disrupted by this procedure. The only thing that changes
in this reduction procedure is the number c of bonds that give w™'instead of
w. We may now for example choose c by posing the criterium thatthenum-
ber of links left respectively bonds on the lattice that connect the elements
(1,1) and (o,p) should be minimal. As an example let 2(2m-1)<c<3(2m-1),
then two equivalent roads are drawn in figure 33.

4
{o,p) {o,p}
(31 (31)
(21)1 (22
(1) / (1.1)
(a) A {b)

figure 33
The stair-like counting chain on the lattice is drawn as a straight line

The "loops' on (1,1) and (2,1) are left out in (b). Element (o0, p) is reached
by a breadth step from (o-1,p). We see that o+p-2 bonds connect the element
(1,1) and (o,p) in (b). This number does not change when other loops of
2m-1 links are left out, giving rise to other roads from (1,1)to (o,p). This
equivalence of roads is also remarked in ref. [33] and used there to obtain
a simplest calculation of <9;,.9,, >, However, also other (longer) roads
are equivalent with that consisting of o+p-2 bonds. In formula (15) of ref,
[33]it can also be seen easily that the road from (1,1) to (o,p) can be
freely chosen. So far the connection with literature. We may also prescribe
the place of the extra factors I as the 'first" of the two places where they
can be interjected in the array of matrix factors. The other, empty, place
is then 2m-1 links further on the counting chain. The roadinfigure 33(a)
corresponds to a placing of the two factors I in such a way.

The correlation is now determined by the number c; oflinks between the
extra factors I. Let us denote it by Cy(c;). The four, six, etc. factors Iin
the multiple correlations form disjoint intervals on the counting chain of
¢» Cp, Cgz, etc. links and therefore these correlations can be indicated by
Cy(cys cq)s Calcyscyscy) ete. The place of these intervals on the counting chain
relative to each other has not yet been specified. We return to the terms of
the partition function that are partial spurs as given in (V,20). It is now
clear that all partial spurs corresponding to one combination of k extra
factors I can be taken together to give
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152N &
(chzB) Pz Z,(0) Cy (e ,0, ,...,c%), (V,25)
2
leading to

Z (M)

2N
= (chiB) {1 tpp? 1 Cile) + pyt ]

C,(c c )+-”}(V:26)
{e} Z {cpen} 23y s 2

7y (0)

The symbols {c,} and {¢;,c,} under the summation signs indicate that the
summation is over all possible combinations of intervals of length cy,c;,c4, etc.

In the formulation that we have chosen, starting from (V,12)and (V,14),
all combinations of factors I occur. Thus also the combinations in which
two factors I occur on the two places corresponding to one element of the
lattice. It can be said that then c=2m-1l and can be reduced to zero by the
reduction procedure mentioned before. It comes down to a calculation of
Zy(0) but now with a factor p 2for the two factors I and a factor (V) for the
number of combinations of these factors. The combinations of four factors
I contain analogously (}). P, times the partition function Z (0) etc. Extractin
all_these_terms and summing leads to a first term (ch3B)2MN(1+th23B)N=
(chZ%B+sh2%B)N=(chB)N. What is left consists of ""real' correlations. This
phenomenon does not occur when we start from (V,13) and (V,15). With
p=thB we are led in an analogous way to

7 (M)

7, (0)

= (chB)" {1 +p2 ] C.ley) +p* ] Culcy,ey) +-~'}-(V:27)
{ci} {erep}

In this form Z (M) can be found a.o. in ref. [16] p. 303. Uptonow these
formulations have only been of formal value. It is evident that also for the
problems CMand n'n.BM similar series developments can be given.

We want to point out here a possibility to find anapproximate solution to
the problem B{M. Starting from (V, 14) in which each matrix M"%s written
as M" M"we can e.g. infect or disinfect each matrix V; or V, resp. V;'or
V,' separately, whichinvolves each time a factor (thiB)? as M"tchiB(E+thiBI).
As a correction on the first approximation {chB)N.Z(0) we then obtain an
expression consisting of contributions from those correlations thatare built
up so to say from correlations of nearest neighbours. One can sum this
selection of terms to give expressions like that in which the solution for
problem B can be given [34].

§4. SOME OTHER FORMULATIONS OF THE PROBLEM FOR THE QUADRATIC
LATTICE

We have seen that also problems like BM and CM etc. can be formulated
as infection-disinfection problems and what extra combinatorial problem
is superposed on the basic problem. Nextto the one, two, three, etc. groups
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of infections of a very specific number of links now all kinds of groups come
into play as well, each of which brings along a certain factor depending on
the formulation that one choses. The generation ofinfection patterns is much
more complicated than e.g. in the case of problem C;. Nevertheless, the
kind of problem is quite analogous, althoughnotentirely part of the hierarchy
outlined in chapter III, due to the factors like (thB)?, etc. Thatour formu-
lation is quite in between the matrix formulation and the combinatorial for -
mulation of e.g. problem BM becomes clear from the other ways in which
this problem can be formulated.

Firstly there is the formulation B,M. In chapter IV the partition function
for problem B was given as

Z2,,(0) = Sp(V,.v)" (IV, 66)

for a lattice of N={xm elements. The matrices V; and V, are of the order
2™ and could be written in terms of KRONECKER products of m matrices
of the order 2, which were the well-known PAULImatrices. The interaction
of the m elements in a row withthe external magnetic field M is incorporated
in a matrix V3 such that

2
Zy(M) = Sp(V,.V,.V)"

(v,28)
where
m
V, = exp [B.ZiIi} (V,29)
=
and
Li=EXExX ... x EXIXEX ... xE . (Iv,70)

The matrix I is the i-th factor in this KRONECKER product.

The matrices V; and V;,; can be formulated in terms of Zm ordered
matrices T with the result that essentially only expressions occur that
are quadratic in terms of these matrices in the form T T . . The factthat
this is not the case for the problems Cj;and ,,B, prevented theapplication
of the KAUFMAN analysis there. Here the matrix V; even more strongly sets
the KAUFMAN analysis out of action as

Iy ,I, = +1 I TyT3,I3= - T, T T5,I4 = -1 T (..,. T, etc. (V,30)

For a derivation the reader is referred to chapter IV, §4. Thus not only
expressions occur that are not quadratic in the T-matrices, but there is
also a great variety of such expressions. This is in correspondence with
the many types of groups of infections occurring in the formulation BM. On
translation into a quantum-field theoretic problem, in the way discussedin
chapter IV, 86, there occur, of course, corresponding expressions in the
Fermion operators involved.

Secondly there is the formulation BM. Without a magnetic field we have
to find the generating function for the number B{n,',n,') ofall closed figures
on the lattice with n,' resp. ny' sides in both directions. When there are N
elements we have to calculate, as was shown in chapter II, the function
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Ly(w,w') = § B(n,',n," dw ' w2, (11, 34)

where w=thH and w'=thH'. The complication that occurs on incorporating
the magnetic field is the same. for this development in hyperbolical tangents,
often called high-temperature expansion, as that considered in the former
paragraph and leads to a series in p=thB. A similar formulation can be
given for problem CcM.

On the other hand it is possible to give a development in which the pro-
blem is reduced to the determination of the number of ways the elementary
rectangles of the lattice can be painted with two different colours such that
the number of bonds in both directions that separate the colours is prescribed
as well as the total number of rectangles (total surface if one likes)ofeach
colour. This is an extra facet that corresponds to the welght factors oc-
curring in the formulation B,M. Such a development is one in terms of a
variable exp [- 2H] and is, therefore, a "low-temperature expansion'
analogous to the one given in chapter IV, §3, inthe discussion ofthe transition
point. For a detailed discussion we refer to ref.[16], whereitis said that
for the cubic lattice a similar approach is possible that, however, is more
complicated. So far no progress has been made along this line whereas the
other combinatorial approach does not admit application of the Pfaffian
method as was also shown in ref. [16].

Next to the formulations BoM and B.M we pay some attention to the for-
mulation given by SUZUKI [35] in 1965 which is interesting in connection
with the formulations given in chapters II and III. SUZUKI showed that the
calculation of the partition function for problem BMis equivalent tothe cal-
culation of the partition function for a system consisting oftwo layers in the
limit of infinitely strong interaction in one of both layers. It is obvious that
we choose the substitute lattice as one with dimensions mx{(m-1)x2 and con-
sider a counting off of pairs of elements (one in each layer) as was done
for elements in problem B,. We now incorporate the interaction energies
in elements of matrices of the order 4.

In chapter I, §3, we have said that no more than two values for the in-
teraction energy of two elements would be consideredas this would influence
the order of the matrices. We considered "spin-3" systems. For ""spin-1"
systems there are three values for the spin variables leading to a formulation
in terms of matrices of the order 3. For such systems formulations ana-
logous to that of the problems B,, C,, etc. can be given, because for the
matrices in question summation lemmas, similar to the ones provedin
chapters II and IIl, can be given easily. Here the higher order is a conse-
quence of the fact that we mentally dissect the lattlce in strings of two
elements. We can now give a formulation for problem BM analogous to that
of problem C,.

Let Hp character1ze the interactions in one layer (A) and Hy the inter-
actions in the other layer (B), whereas Hpgcharacterizes the 1nteract10n
between both layers. The states g,(A,B) of a A-B pair are (+,+), (+.-),
(-,+) and (- -) where i indicates the place on the counting chain of a par-
tlcula‘r pair that, of course, appears twice. Let these states number the
rows and the colummns of the matrix Vy that represents the interaction be-
tween consecutive pairs on the counting chain., This matrix has the form
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Gt (A,B)
5 (A,3) (o8) () (eh) (eo)
(+,+) e a g o Hy Ty e—HA+HB e_HA ~Hg
o, )Gi (A.B) 30,,AB " (+,-) e "M e Hy *Hg e-HA g e_HA+HB
.+ JTatHs Sty Bty H, -H,
=) e—HA~HB e—HA+HB . H, -Hy . H, +Hy
{(v,31)

The interaction between both elements of a pair can be represented by a
diagonal matrix V, of the form

H

e "8 0 0

-H

v,) = 0 e M0 0
0;(AB); g (AB) -H (V, 32)

0 0 e " g

H
0 0 0 e A®

Again we order the factors of a term of the partition function that are
considered as matrix elements Vi or V, as prescribedby the counting chain.
Just as with the matrix M in the formulation BM f?r this substitute system
the elements of the matrix V, can be placed as V, on both places of a pair
on the counting chain or on one place in its integral form whereas on the
other place no matrix element is present that refers to the interaction be-
tween the elements of a pair. Anyhow, the problem is to carry outthe sum-
mation over the states respectively over the matrix indices correctly. We
can use the lemma V of chapter IV, 7. When the matrices I (p=1,2,3,4)are

17000 10 1 00
I:O’IDD I_O—‘l 0-1 00
* T2 00-10)° 3 100 0 0-1 0

0 0 0-1 00 0 01

for arbitrary matrices A,B,C and D and indices i,k,1 and m we have

4 4
] AyBuCyDm = & ) (AT,B), (CI, D), . (v, 121)
iz Pt
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This result makes it possible to carry out the summation over the indices
and we obtain 4Nterms of the type

1 1
N SpV, VL, BV, VLY, L ), (v,33)
where in the same way as was the case withthe matrices I=(} -9 in problem
B, now all combinations of pairs of matrices Ip occur. Annihilation ofthese
matrlces again gives infections, now of three different types and therefore
much more complicated.

The important point is that here too the resulting spurs cannot be cal-
culated in a simple way because the matrices do not commute. This is the
same reason why we had to make a halt in the formulation of problem BM.
It is hardly useful to give more details concerning the various ways of in-
fecting V;. Let s only remark that a similar formulation can be given for
the problems CMand BMbecause (IV,121) canbe generalized.For problem cM
we then consider two 1dent1ca1 three -dimensional lattices ina four - dimen-
sional space where A-B pairs can be defined by corresponding places in the
counting chains of both lattices.

We conclude that this reduction to a substitute system does not result
into an essentially simpler problem as far as the formulations as infection-

disinfection problems are concerned. So far our discussion of alternative
formulations.

§5, ON "DECORATED" LATTICES

In this paragraph we shall consider from the new point of view some
problems that have been solved even in the presence of an external mag-
netic field. These problems are of some variety but we shall consider only
two examples as an illustration of the general principle. We reconsider
problem B for which a solution is known. In the formulation B, the partition
function is a sum of 2 terms of the type

-N

NN AT PATRRRIDF

(11, 20)
Each matrix corresponds to a bond ofthe lattice. The system canbe changed
causing changes in the contribution of an original bond and thus changes in
the matrices V; and V,. When we see to it that the matrices are changed
into matrices V,* and V,* that are again of the form

( Bo Qi
9, B
for all bonds of the two types, then the problem will remain solvable.

Indeed, we have
/P2 /Y2 + +
H 1,2 -H 1,2
qt 2 1 2 e e

& p12q12
1,2 P1.2 q1.2 1.2 -H H

— — 1,2

e e
P2 9,2




(Sl

N
and the partition function of the new system is (P,4,P,4,) times the partition
function for problem B in terms of the variables H,* and H," instead of H
and H'.
Before giving an application we remark that we have evenmore possibi-
lities. With the toroidal boundary conditions that we have assumed we may
write

m
1_2_1 K, (o5 = oyjer ) = O foralli,

m-1 (v,35)
z K,Copy - Oiet,j ) = 0 for all j,

izt

Adding the left-hand sides of these equations to the exponent of a term of
the partition function means that e.g. for the matrix corresponding to the
bond between the elements (i,j) and (i, j+1) we may also write

\Y = (V’36)

where K, can still be chosen arbitrarily. A similar thing is valid for the
matrix V, and the parameter K,. This gives us the possibility to ""correct
the elements on the counter diagonal.

We now consider the following problem that was treated in ref. [16].
The lattice is '""decorated" by adding an element to each bond that has a
ferromagnetic interaction with one of the two elements that form the bond
and an antiferromagnetic interaction with the other element. Moreover
these extra elements can interact with the magnetic field, whereas the
original elements cannot. Summation over the values of the spinvariables
of the added elements shows us that the factor contribution to a term ofthe
partition function due to an original bond is now given by an element of

H, e"Huz eBuz 0 e‘an e Hy, chB, , ch(B12+2H

ch(B,,-2H,,) chB,,
(V. 37)

H., characterize the interactions for bonds in both directions and B,, the
interactions of the extra elements with the magnetic field. The terms on
the counter diagonal are not yet equalandthis canbe correctedbythe factors
exp[2K; ,] and exp[ -2K, ,]. Omitting the indices 1,2 for the two directions
we have to calculate spurs of products of matrices of the type

chB eZKch(B+2H)
2 ~2K (V,38)
e ch(B-2H) c¢hB
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The choice

LK ch(B-2H)

e = (v,39)
ch(B+2H)

leads to-a problem that is solvable according to what has been said before.
Note that we have written B, ,. The decorating elements need not interact
in the same way with the external field. The decorations of length bonds
may also differ fromthose of breadth bonds. Nobody asks forthe relevance
of this model anyhow. One thing and another can, of course, immediately
be carried out for an exact or approximate solution of e.g. problem C too.

There are no doubt other systems where one can come to an exact solution
along this road. Letting out of consideration the solvability rather general
transformations of problems for decorated lattices to problems for equivalent
non-decorated lattices are possible as was shown by FISHER [36] in 1959.
FISHER [37] also gave the following example of a solvable problem.

The decorating element has a ferromagnetic interaction withthe elements
of the bonds it decorates when this is e.g. a length bond and an antiferro-
magnetic interaction when this is a breadth bond. Again only the addedele-
ments interact with the magnetic field. These situations are represented
per original bond respectively by the matrix

e 1 e Ttyfe™t 0 e 1 e ch(B;+ 2H,) chB,
A e o B/ \o eBi\e i o i " chB, ch(B-2H,)
(V. 40)
and the matrix
eHy o Mo\ [eBa g VemHa o H ch(B,- 2H,) chB,
5 e B2 o7Ha/\g e”Bz) e B2 o~Hy "l chB, ch(B,+2H,)/.

(V,41)

We see that A and B do not have the wanted structure. However, in this
case we have

ch(B,+2H,)ch(B,-2H,) + chB,chB, chB,ch(B,+2H,) + chB,ch(B;+2H,)

-
chB,ch(B,-2H,) + chB,ch(B,-2H,) ch(B,-2H, )ch(B,+2H,) + chB,chB,
In case that B,=B,=B and H;=H,=H we read (v, 42)
ch(B+2H) ch(B-2H) + ch?B 2 chB ch(B+2H)
AB = 4
2 chB ch(B-2H) ch(B+2H)ch(B-2H)+ ch?B)/ .
(V,43)

The elements on the diagonal are equal. The elements on the counter
diagonal can be ''corrected" by remarking that analogous to the formula
(V,35) we have
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2N
Z K(o, - o

izt

i+1) = O’

(V,44)

where i counts off the elements of the counting chain. After correction of
A and B the element of AB in the first row and the second column is multi-
plied by exp[ZK and that in the second row and the first column is multi-
plied by exp [- K] Fitting K, which canalsobe done by (V, 39), makes AB
go over into a matrix of the form

a b 2a/b 2
= ib (V,45)
b a 2 2a/b

Apart from the factor 3b this matrix can be considered as
2 ch26 2 / e 8 e 8

2 2 ch?2@G \e“G e 8 8 e G

Identifying a/b with ch 2G shows that this problem might be equivalent
to the problem B with equal interactions in both directions characterized
by G. To establish the equivalence we have only to remark the following.
We have assumed that two matrices were concerned between which in the
array of matrices after the summation over the spin variables none of the
matrices 1 occurred. If this is the case then we have to do with the matrix

(V,46)

ch(B+2H) ch(B-2H) - ch?B 0
AIB=t (V,47)

0 —ch(B+2H) ch(B-2H) + ch?B/.

For the equivalence mentioned above we must have consistency in that this
matrix is equal to

/ e © e;G\ 1 0 e © e_G 25h26G 0
bK = 3b (V,48)
e € e G/ 0 -1 e e G 0 -2sh2G

This is easily verified.

Thus this problem too is solvable and other problems can probably be
treated in the same way. Although it is important that the basic problems
are representative for a large group of problems, the foregoing has amajor
drawback. It is carefully avoided to let the original elements of the lattice
interact with the external magnetic field. Possibilities for this more in-
teresting problem are discussed in the following paragraph.

(S
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§6. ON A RESULT OF YANG AND LEE

It sometimes happens that a result is given without a proof. These
results are even more challenging than conjectures. A famous example is
FERMAT's theorem. In the theory of the ISING problem an example is the
formula for the magnetization of a two-dimensional ISING lattice announced
by ONSAGER in 1948. His formula was confirmed in 1952 by YANGwho, in
the same year, in an article on phase transitions together with LEE [38]
announced a result for which only as late as 1965 a derivation was givenby
BAXTER [39]. The problem in question is the following.

The problem BM is considered with an external magnetic field suchthat

B = Znmi . (V, 49)

BAXTER solved this problem, justas YANG and LEE said they did, by a
method related to the combinatorial approach of KAC and WARD. We shall
consider this problem in terms of the new formulation.

We start from the formulation (V,15). For B=nithe matrices M read

wi

e 0
M = = -E. (v,50)

~ri
\ 0 e

So for this value of B (mod.ni) the partition function is exactly the same as
for B=0. For B:—é-ni, however, we find

(v,51)

Thus each spur contains a factor exp[%l\hri] and extra factors I. These extra
factors can be annihilated in pairs, each of which sandwiches two factorsV
that become infected or disinfected. The relevant quantity is

£ =3qi+ ]r:xim 4 log Z,'(0) , (V,52)

where the accent in Zy*'(0) indicates the fact that the matrices in the array

of matrix factors were infected in groups of two before the usual infections

are imposed in groups of 2m-1 consecutive links respectively matrices. We

simply have the problem B, butwith altered contributions fromhalf the bonds.
We now remark that

1s _ 1.2 T

H e—H L. fe (H+z7mi) - (Htzw1) .. H . H

V.ot - -3l P:-d~e-zvr1 _ _
! - e—(H+1§ﬂi) e (H+3ni) -H H

|
s
jus)

and analogously
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(V,54)
e e

1 .
where H=H+Z M and H'=sH'+2 7. The factor (e 2" = (~i)M =+1 according to
whethér iN is even or odd and has to be retained in order to secure the
positivity of the spurs. However, we may assume that 3N is even to avoid
difficulties. Thus we have the problem B, for a substitute system in which
on the counting chain, apart from the factors I, the matrices are orderedas

VIVZVIV2V1 V2V1 V2VIV2V| ‘a0 . (V’SS)

The matrices V, and V, are equal to V; and V, but for the fact that the
variables H and H' have been changed into H and H'.

We have no method to solve the problem B, yet. However, let us indicate
the bonds corresponding to the matrices V; and V, by drawn lines andthose
corresponding to the matrices V; and Vo by dotted lines. Thenthe following
picture appears for a lattice with m odd, e.g. m=7,

__<:>____6|)__ t ]

]
figure 3%

The picture is that of alternating drawn and dotted "combs'. Now the crux
is that this "comb'' -problem is solvable e.g. by the KAUFMAN method. We
mentally dissect the lattice in figure 34 into horizontal strings consisting
of m elements. The interactions in the first string can be represented by
a matrix V; that is diagonal and of the order 2™. The interaction between
the first and the second string can be represented by a matrix V,. The in-
teractions in the second string by a diagonal matrix V; and the interaction
between the second and the third string by a matrix sz,etc. The partition
function then becomes™

3 (m-1)

(V, 56)

B

, ) - - _
2y'C0) = Sp (VW Vi W, VoV, Vavy .ot ) = Sp (Y, ¥,7,7,)

where for simplicity's sake ¥(m-1) has been taken even. The matrices are
strictly analogous to those in the formulation B,. It is a matter oftechnique
to determine the eigenvalues of the matrix

Vo= VLT, T,, (V,57)

* See chapter IV for an account on the derivation of a Tormulation like this.
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that has a strong resemblance to the corresponding matrix in HOUT-
APPEL's treatment of the triangular lattice.

Carrying out the KAUFMAN analysis with some minor alterations one
finds after lengthy calculations the following results [34] The relevant

quantity f becomes ;

f=3witlog 2% 2] f log[sh22H sh22H'+sh22Hsin2a+sh22H 'sin?2 8]

This should be compared with ONSAGER's solution for problem B ofthe form

mm
f=log 2+§1“—2 | [ log [ch2H ch2H'-sh2Hcosa-sh2H'cosg]dadB (V,59)
00

The result given by YANG and LEE is based on an interaction energy
that is -2J for neighbouring elements with equal values for the spin variables
and that is 0 for such that have opposite values for the spinvariables. This
comes down to an extraction of a factor exp[N(H+H') from the partition
function, When x—exp[ 2H]and y=expl-2H'] oneobtains instead of (V,58)

=pitdn? f lOg[H—XZ)ZU ~y2)2+4x2(1-y2)2gin2 u+4y2(1~x2)2s1n26—]
a0 dadg , (V,60)

the result given by BAXTER but for the constant, that is not given in his
paper. Putting x=y one obtains the result of YANG and LEE but for the

constant, that is slightly erroneous intheir paper. Inthe same normalization
(V.59) reads

T 1
£23n2 [ [ log[(1+x2) (1+y?)-2y(1-x?)cosa-2x(1-y?)cosg]duds (v, 61)

00
The result (V,58) can of course also be obtained by the Pfaffian method
and that method is probably most apt for calculating the magnetization, as
the root of the long-range correlation of two spin variables, along the way
indicated e.g. in ref. [33]. For B=0 YANG found for TsT,

-+

1
2 4
m(0) = |—FEZ . (1-6x2+x™) (V,62)
(1-x2)2 .
This in the case that H=H'. The same analysis was carried out for HfH'by
CHANG [40:', who found

@ |

2

m{(0) :[1—
1-x%2

1

2 278 _ -

(_Zx;) } = [1—Sh 298 sh 22}1'} . (V,63)
T-y

For B=17iand H=H' YANG and LEE give

1
- 2 3

m(‘nlkT) - [('sz) (1+6x2+x“)—%J 8 (V,64)
2u (1-%2)

* See chapter IV formulae (IV,113).
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and for H#H' the result is probably

1

1

2 2778 _ 8

—~2-‘1-) J = [1- ch™?2H ch_22H':I (v, 65)
1+y? ’

2%

1+x2

The reason that it is rather useless to carry out the very tedious cal-
culation necessary for the derivation of (V,65) lies a.o. in the following
remarks that should be made in connection with these problems. We con-
sidered a mx(m-1) lattice that has an even number of elements. Lattices
with an odd number of elements that permit a counting chain of the same
type are e.g. {2m-1)x(2m+1) lattices with m natural. Forthese lattices one
immediately sees from (V,50) that for B=71i(mod 271) one obtains minus the
partition function for zero magnitude field, whereas for B=27i(mod ri) an
odd number of factors I occur with the result that, according to(V,21), the
partition function is zero, as has already been remarked by SHERMAN.,
These results can be shown to hold for the CM problem, the BM problem,
etc. as well.

This is indeed a remarkable behaviour of the partition functions in
question, Strictly speaking there is no limit for fy as N+« alongthe natural
numbers and the result (V,58) as well as, for similar reasons, the results
(V,64) and (V,65) are invalidated to that extent. Nevertheless (V, 65) should
be taken seriously. For H+0and H*0this expression diverges. This is in
accordance with the magnetization of a system of independent elements, for
which f=log 2ch B and m{M)=u thB so that m(M) diverges for B+ini.

§7. IMPERFECT LATTICES

Up to now we have considered the complications that occur when an ex-
ternal magnetic field is incorporated in our problems. This resulted in a
change of the way the infection patterns are generated. The last type of
problem we want to discuss is that for so-called imperfect lattices. Here
we shall see that not the generating principle but the contributions ofthe
various bonds are influenced. Thus heretoothe principle remains the same.
We distinguish between two kinds of problems for imperfect lattices (a) the
"bond" problem, (b) the "site'' problem.

(2) The '""bond" problem

So far we have assumed that the interaction strengths ofthe bonds in one
of the various directions that can be distinguished in the lattices are the
same. Forthe quadratic lattice,to which we shall restrict our considerations,
all length bonds are characterized by a variable H and all breadth bonds by
a variable H'. The bond problem is arrived at when a certain fraction of
the bonds is characterized by another value of these variables. In the
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simplest case we can take H=H'=0 for such bonds. More generally these
bonds are characterizedby H and H'. Inthis casethese bonds canbe stronger
as well as weaker than the others.

The partition function that one would like to consider is one that includes
not only a summation over all 2N combinations of the N spin variables, but
also over all (2,;“) partitions of the b influencedbonds overthe 2N places. One
of the few articleg qn this kind of problem is that written by ELCOCK [41]
in 1957 in which H=H'=0 is taken for the influenced bonds andno summation
over the partitions is considered. The fraction g= 2N-b/2N  of "active"
bonds is the probability that a bond is active. The formulation B_ in which

- N ‘ '
Zy = (2 chH chH')" ] B(n,',n,") w 'w'?

is changed‘ into mPB_

Zy(@) = 2YCchH chH)™ T B(n,',n," ) (qw)  (qu') . (V.66)

An analogous formulation "™P-B, can, of course, be given immediately. As
the essential problem, the calculatwn of the generating function Ly (w,w')
is known with this formulation the solution is in principle given as well.
The relevant quantity f becomes

f = log 2 + g log chH chH' + 1lim Jr\T log L,(qw,qw') . (v,67)
N--co

We have to do with a simple change of variables. In this ELCOCK ap-
proximation® each bond is weighed with a factor qw respectively qw' instead
of a factor w respectlvely w'. When H and H' are not zero a more general
problem is that in which each bond is weighed with a factor qw+(1 q)w res -
pectively qw'H{1-q)W' , where W=th N and %'=th ' For w=w'=0 we have the
former problem, whereas for w=w and W'=w' we returntothe original''pure'
problem B. It is clear that this problemis approximately solvedin principle
too. However, this is only of academic interest as recently LUSHNIKOV
[42] announced a rigorous treatment of the problem in whichthe summation
over the partitions has been taken into account as well. This analysis can
probably also be generalized to the problem in which H and H'are not zero.

That problem is one for a model that is more realistic than the model
considered by ELCOCK and LUSHNIKOV. In the last few years salts have
been considered that are very well described by ISING models. It seems
indeed possible when not to neutralize bonds completely then at least to
weaken respectively to strengthen bonds. Cs, Co Cl,ananti-ferromagnetic
salt with a fraction of fluor or bromine atoms instead of chloric atoms,
might be a physical realization of a model as was considered above *¥,

(b) The "site" problem
More relevant than the bond problem is the problem in which a certain

number of elements are inactive or active inanother way. Then eachelement
effects a number of bonds that is e.g. four for the quadratic lattice. The

* FELCOCK'S treatment is not rigorous, as he claims,
*#* MIEDEMA. Private communication,
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resulting problem is called the site problem. It differs essentially fromthe
bond problem in that the influenced bonds are not entirely random but are
coupled. The problem is completely open as far as exact results are con-
cerned. However, approximate treatments, by means of series develop-
ments, give some information about relevant properties like the critical
concentration of active elements at whichthe transitiontemperature becomes
zero and the interesting transition phenomena disappear. Inthis connection
we should mention the article written by MORGAN and RUSHBROOKE [43]
in 1959%.

The bond problem was considered mainly to show that the formulation
as an infection-disinfection problem remained essentially the same. Only
the bond strengths were influenced. The same is the case here and we may
close the discussion of this problem, that is only given for completeness,
after having remarked the following.

Again we have to sum over all partitions as well as over all possible
combinations of the spin variables. For really inactive elements, say b in
number, there are now, for each partition, only 2N"P of such combinations
instead of 2N. However, there is no objection to a summation over some
auxiliary spin variables for these elements as well. This only mounts upto
a factor 2P for the partition function. Apart from this factor the partition
function is the same as that for the problem B in which certain bonds are
characterized by the value zero of the variables H and H'.

* The other elements are taken as completely inactive.
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DISCUSSION AND OUTLOOK

We have come to the end of the first parts of our investigations that form
the contents of this thesis. Let us again draw the scheme given in §3 of
chapter I. It now looks like this,

Dimensions of the lattices

1 2
Combinaterial approach

3

0

Matrices of order 2 @ B1 )

Matrices of order 2% @ C2
Lom

Matrices of order 2 C3

The sign II indicates the correspondence between the problems B, and
B, respectively the problems C, and C. that was treated in the chapters II
and III. The ways that lead to C., C, and C,, as far as the formulation of
these problems is concerned, are not blocked, but the methods developed
for the problems B, and B, do not apply. The reasons for this are all in
some way modifications of the basic fact that the structure of the C-lattice
(and of the ,,B-lattice) is essentially different from that of the B-lattice.
In its clearest form we can see this from the reason why the Pfaffian
method does not apply. The B-lattice is planar whereas the C-lattice and
the ,,B-lattice are not.

Let us now consider the only road that is left in our scheme viz. A +B~
Ci > puBy etc. The ordering of the problems is according to the hierarchy
outlined in chapter III. All of them are combinatorial problems on a one-
dimensional aggregate. However, this is not the important point. Not only
does a generating principle come forward, but the differences in structure
of the lattices come forward in the number of groups of infections and in
their sizes in comparison with the total length of the counting chain. Both
the problems B; and ,, A, are representative of the problems onthe second
level of the hierarchy, where only one type of group is involved. A method
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specific for these two problems will have to incorporate the difference, in
size of the groups, automatically*, 6 This is the reason why we may have
some hope that such a method will also apply to e.g. the problem C where
two groups are involved that have different sizes in comparison with the
total lenth of the counting-chain.

It may turn out that the fact that now two types of groups instead of one
type of group occur plays the same role as e.g. the non-planarity of the
cubic lattice in the case of the Pfaffian method. All in all optimists will
find it important to try and find a specific solution to infection~disinfection
problems.

However, there are some other problems that are interesting too and
that are directly related to the main theme andthe results of this thesis.The
most interesting amongst them are given here. .

1) Both the matrix formulations and the combinatorial formulations have
been translated into field-theoretic problems in the last few years. Due to
the Fermion character of the links of the counting chain, that canbe infected
or not, a transformation of the new formulations into suchproblems is pro-
bably possible. How is this transformation effectuated?

2) Much work has been done on series developments by simply counting
closed polygons on lattices. Now that a generating principle for the cor-
responding infection patterns is known the bookkeeping might be simpler.
Can one obtain in an easy way more terms of the various series by counting
infection patterns ?

3) It was pointed out in §4 of chapter IV that the matrices in the case ofthe
problems C, and B, were representations of other transformations than
rotations in the space of the so-called T-matrices for which a result of
BRAUER and WEYL is known in connection with the eigenvalues of both
representation and rotation. The transformations concernedwereina space
of T's and certain products of I''s and were no rotations. Canfor the trans-
formations that are involved a background be created similar to that for
the rotations that turn up in problem B, ?

* In this respect these formulations compare favorably with the low-temperature developments where
also structure differences manifest themselves but where one cannot generalize to more complex lattices
in a natural way and where no generating principle comes forward.
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SUMMARY

This thesis is a contribution to the theory of ISING problems. In the
first instance it concerns the investigation and the extension of a part of
the old theory (Chapters I and IV). The results lead in the second instance
to building -up a new theory (Chapters II, III and V).

In CHAPTER Iwe give a concise review of the development of the theory
of ISING problems in §1, followed by an exposition of the philosophy of this
investigation in §2. The central point is the remark that itisnot necessary
for the derivation of formulations of ISING problems in terms of matrices
to make use of a so-called building-up principle, as is mostly the case in
literature. The formulations can also be found by inspection. This facthas
already been recognized by other authors, as can be seen from some pre-
sentations of derivations of the usual matrix formulations. However, it
also gives rise to the possibility to derive formulations in terms of matrices
whose order is different from that in the usual formulations. This forms
the starting-point of the second part of our investigation. In order to have
a good survey of the various problems and formulations a classification is
given in §3. Throughout the investigation our attention is mainly directed
towards the linear chain, the quadratic lattice and the simple cubic lattice.

In CHAPTER Ila treatmentis givenin §1 of the problem for the one -dimen-
sional lattice. This as an example for the treatment of the quadratic lattice
given in the following paragraphs. The formulation is in terms ofmatrices
of the order 2. For such a formulation the concept of counting chain is
introduced in §2. This necessitates the incorporation of cyclic boundary
conditions in the models and a special choice of the lattices concerned. A
useful lemma concerning matrix multiplication is also proved and is called
summation lemma. In §3 the partition function for the quadratic lattice is
now written as a sum of spurs of matrices of the order 2 by using the
counting chain and the summation lemma. These spurs are calculated and
it appears that the problem has been transformed into the problem of find-
ing a generating function of a certain form for the number of "infection pat~
terns' on the counting chain. This problemis called aninfection-disinfection
problem. The relevance of the choice of the counting chain is discussed
briefly. The formulation thus found is set in correspondence with theusual
combinatorial formulation of VAN DER WAERDEN in §4.

In CHAPTER III the procedure developed in chapter Ilis generalized. In
§1 a choice is made for the simple cubic lattice in order to indicate a
counting chain for this lattice. A summation lemma, analogous to that in
chapter II, is also given. In §2 the partition function is reduced to a sum
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of spurs, which again leads to an infection-disinfection problem. Then the
correspondence with the usual combinatorial formulation is discussed in
§3. In §4 we give the main points of a derivation of an analogous formulation
of the problem for the lattice "with next-nearest neighbour interactions'.
The counting chains for the various lattices are investigated and compared
in §5. In 56 a general summation lemma is proved anditis pointed out that one
can recognize a hierarchy in the resulting infection-disinfection problems.
This hierarchy is investigated more closelyin §7 along with the restrictions
that we have posed ourselves by the choice of the lattices. En passant the
derivation is given of the formulation of the problem for the one -dimensional
lattice with next-nearest neighbour interactions.

In the two foregoing chapters we investigated the possibilities for
generalizing the matrix formulation for the one-dimensional problem in
another way than has been done up to now. The resulting combinatorial
problems differ from the usual combinatorial problems in thata generating
principle clearly comes forward. Moreover, it comes forward in which
way the various problems differ with respect to the generation of the so-
called infection patterns that are concerned here. These differences are
directly related to the differences in structure of the various lattices.

In CHAPTER IV a review is given of the other matrix formulations to
which the formulation for the one-dimensional lattice can be generalized
and the solvability of the resulting problems is investigated. Stress has
been laid on the spinor-analytic method of KAUFMAN., In §l a review is
given of the various formulations that can be derived by the method of
KRAMERS and WANNIER, using the building -up principle. As anillustration
of the derivations a complete treatment of the problem for the one-dimen-
sional lattice with next-nearest neighbour interactions is given in §2. As
next to the matrix formulations and the combinatorial formulations a third
kind of formulation is now known, in §3 the various possibilities to make a
conjecture about the transition temperature are investigated. In §4 the es-
sential points of the KAUFMAN method for the treatment of the problem
for the quadratic lattice are brought forward and an alternative treatment
is shortly discussed. Three alternative matrix formulations for the simple
cubic lattice and the formulation of the quadratic lattice with next-nearest
neighbour interactions are derived in §5, which furnishes at the same time
the reason for the failure of the KAUFMAN method for these problems. In
§6 the possibility to transformthe derived matrix formulations into problems
for many-Fermion systems is briefly discussed. As a result there is a.o.
a confirmation of whatwas found by HURST along the combinatorial approach.
It concerns the form of the expressions in the Fermion creation and an-
nihilation operators that occur when along that way the problem is trans-
lated into a field-theoretic problem. In this paragraph also a possibility to
obtain an answer for the problem for the three-dimensionallattice is point-
ed out. However, this answer takes into account some wrong contributions
to the partition function as well. Finally in § 7 for reasons of completeness
a formulation of the problem for the simple cubic lattice is discussed, that
also is different from the usual matrix formulations. The partition function
is written as the sum of spurs of matrices of the same order as those in
case of the problem for the quadratic lattice. This road too must be con-
sidered as being dead. For the derivationtwo summationlemmas are given.
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In CHAPTER V the new formulations are generalized further to include
also other ISING problems like those in which an external magnetic fieldis
present. In §1 the one-dimensional model including an external magnetic
field is treated. In 82 it is discussed in what way a magnetic field can be
incorporated in the formulations of the various models. The expansion of
the partition function in terms of multiple correlations is then discussedin
§3 from the point of view of these formulations. It is also indicated how an
approximate solution of the problem for the quadratic lattice can be found.
Some alternative formulations for this problem are investigated in §4. In
85 problems for so-called decoratedlattices are dealt with. Transformations
of certain partition functions into such for which it is known that a solution
can be found are considered. The same idea is worked out in §6 for the
quadratic lattice with certain imaginary values of the magnetic field. Amongst
these is a problem for which a result of YANG and LEE is known andthatis
shown to be solvable e.g. by the KAUFMAN method. In §7 a short discus-
sion is given of the problems for imperfect lattices, another class of ISING
problems that can also be formulated as infection-disinfection problems.
In a discussion, finally, an outlook is given on further development of the
theory,
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SAMENVATTING

Dit proefschrift is een bijdrage tot de theorie van ISING-problemen. Het
betreft in eerste instantie het onderzoek en de uitbouw van een gedeelte van
de oude theorie (Hoofdstukken I en IV). De resultaten hiervan leiden in
tweede instantie tot de opbouw van een nieuwe theorie (Hoofdstukken II, III
en V).

In HOOFDSTUK I wordt, na een beknopt historisch overzicht van de ont-
wikkeling van de theorie in §1, in §2 de filosofie van dit onderzoek uiteen-
gezet. De kern van het betoog is, dat het voor de formulering van ISING-
problemen in termen van matrices niet noodzakelijkis vanhetz.g. opbouw-
principe gebruik te maken, zoals dat in de literatuur in dit verband meestal
het geval is. De formulering kan ook door inspectie gevondenworden. Deze
mogelijkheid is reeds door andere schrijvers onderkend, zoals blijkt uit
sommige presentaties van de afleiding van de gebruikelijke matrixformule -
ringen. Het geeft echter ook de mogelijkheid formuleringen af te leiden in
termen van matrices, waarvan de orde een andere is dan die in de gebrui-
kelijke formuleringen. Dit vormt het uitgangspunt van het tweede deelvan
ons onderzoek. Voor een goed overzicht wordt in §3 een classificatie ge-
geven van de verschillende problemen en formuleringen. In het gehele on-
derzoek wordt de aandacht vrijwel uitsluitend gericht op de lineaire keten,
het kwadratisch rooster en het eenvoudige kubische rooster.

In HOOFDSTUK II wordt in §1 een behandeling gegeven vanhet probleem
voor het een-dimensionale rooster. Deze dient als voorbeeld voor de in de
verdere paragrafen gegeven behandeling van het kwadratische rooster. De
formulering is in termen van matrices van de orde 2. Voor een dergelijke
formulering wordt in §2 het begrip aftelketen ingevoerd. Dit noopt tot het
incorporeren van cyclische randcondities in de modellen entoteen speciale
keuze van de roosters in kwestie. Tevens wordt een nuttig lemma bewezen
betreffende matrixvermenigvuldiging. Dit wordt sommatielemma genoemd.
In §3 wordt nu de toestandssom voor het kwadratische rooster met behulp
van de aftelketen en het sommatielemma geschreven alseen som van sporen
van matrices, die producten zijn van matrices van de orde 2. Deze sporen
worden berekend en het blijkt dat het probleem is getransformeerd in het
probleem een genererende functie van een bepaalde vorm te vinden voor het
aantal "infectiepatronen' op de aftelketen, Dit probleem wordteen infectie~
disinfectieprobleem genoemd. De relevantie van de keuze van de aftelketen
wordt kort besproken. De gevonden formulering wordt in §4 in correspon-
dentie gebracht met de gebruikelijke combinatorische formulering van VAN
DER WAERDEN.
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In HOOFDSTUK III wordt de in hoofdstuk II ontwikkelde procedure ge-
generaliseerd. In 81 wordt voor de afmetingen van het eenvoudige kubische
rooster een keuze gemaakt teneinde voor dit rooster een aftelketen te kun-
nen aangeven. Tevens wordt een sommatielemma gegeven, dathetanalogon
is van het lemma in hoofdstuk II. In § 2 wordt de toestandssom herleid tot
een som van sporen, hetgeenweer leidt tot een infectie ~desinfectieprobleem.
Daarop wordt in §3 de correspondentie met de gebruikelijke combinatorische
formulering besproken. In §4 worden de voornaamste punten gegeven van
de afleiding van een analoge formulering van hetprobleem voor het kwadra-
tische rooster '"met overnaaste buren wisselwerkingen'. De aftelketens
voor de verschillende roosters worden onderzocht en vergeleken in §5. In
§6 wordt een algemeen sommatielemma bewezen en wordt erop gewezen,
dat er een hierarchie te onderkennenisin de infectie-desinfectieproblemen.
Deze hierarchie wordt nader onderzocht in §7. Tevens wordt hierbij kort
ingegaan op de beperkingen, die wij ons hebben opgelegd bij de keuze van
de roosters. En passant wordt de formulering van het probleem voor het
een-dimensionale rooster met overnaaste buren wisselwerkingen afgeleid.

In de twee voorgaande hoofdstukken zijn de mogelijkheden onderzocht
om de matrixformulering voor het een-dimensionale probleem op eenandere
wijze te generaliseren dan tot dusver gebruikelijk was. De resulterende
combinatorische problemen onderscheiden zich van de gebruikelijke com-
binatorische problemen daarin, dat een genererend principe duidelijk naar
voren komt. Bovendien komt in de afgeleide formuleringen naar voren op
welke wijze de diverse problemen verschillen met betrekking tot de gene-
ratie van de zogenaamde infectiepatronen waarom het hier gaat. Deze ver-
schillen zijn direct gelieerd aan de structuurverschillen van de diverse
roosters.

In HOOFDSTUK IV wordt een overzicht gegeven van de andere matrixfor -
muleringen waartoe de formulering van het een-dimensionale rooster ge-
generaliseerd kan worden en wordt de oplosbaarheid onderzocht van dere-
sulterende problemen. Hierbij is het accent gelegd op de spinor ~analytische
methode van KAUFMAN. In §1 wordt een overzicht gegeven van de diverse
formuleringen, die af te leiden zijn met de methode van KRAMERS en
WANNIER onder gebruikmaking van het opbouwprincipe. Ter illustratie van
de afleidingen wordt in §2 het probleem voor het een-dimensionale rooster
met overnaaste buren wisselwerkingen volledig behandeld. Waar nu naast
de matrixformuleringen en de combinatorische formuleringen een derde
soort formulering bekend is, worden in §3 de verschillende mogelijkheden
onderzocht om een vermoeden uit te spreken betreffende de ligging van het
overgangspunt. In §4 worden de essentiele puntenuit de KAUFMAN-methode
voor de behandeling van het probleem voor het kwadratische rooster naar
voren gehaald en wordt zeer kort ingegaan op een alternatieve behandeling.
Drie alternatieve matrixformuleringen voor het eenvoudige kubische rooster
en de formulering voor het kwadratische rooster met overnaaste buren
wisselwerkingen worden in §5 afgeleid, waarmee tevens wordt getoond
waarom de KAUFMAN-analyse mislukt voor deze problemen, In § 6 wordt
kort ingegaan op de mogelijkheid om de afgeleide matrixformuleringen te
transformeren in problemen voor Fermionen-systemen. Hierbij worden
o.a. de resultaten van HURST bevestigd, die metbetrekking tot de combina -
torische formuleringen tot een uitspraak komt over de vorm van de uitdruk-
kingen in de Fermion scheppings- en vernietigingsoperatoren in kwestie,
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indien langs deze weg het ISING-probleem vertaald wordt in een velden-
theoretisch probleem. Tevens wordt in deze paragraaf gewezen op de mo-
gelijkheid om tot een antwoord te komen voor het drie-dimensionale pro-
bleem. Dit antwoord verrekent echter ook enige onjuiste bijdragen tot de
toestandssom. In §7 tenslotte wordt voor de volledigheid een formulering
van het probleem voor het eenvoudige kubische rooster besproken, die
eveneens afwijkt van de gebruikelijke matrixformuleringen. De toestandssom
wordt hierbij geschreven als som van sporen van matrices van dezelfde
orde als die voor het probleem voor het kwadratische rooster. Ook deze
weg moet als een doodlopende weg beschouwd worden. Voor de afleiding
worden twee sommatielemmas gegeven.

In HOOFDSTUK V worden de nieuwe formuleringen verder gegenerali-
seerd zodat ook andere ISING-problemen, zoals die waarin eenuitwendig
magnetisch veld aanwezig is, inbegrepen zijn. In §1 wordt het een-dimen-
sionale model bij aanwezigheid van een uitwendig magnetisch veld behan-
deld. In §2 wordt besproken op welke wijze een uitwendig magnetisch veld
in de formuleringen voor de diverse modellen geincorporeerd kan worden.
Daarop wordt in §3 vanuit deze formuleringen de ontwikkeling van de toe-
standssom naar meervoudige correlaties besproken. Tevens wordt kort
aangeduid langs welke weg een benaderende oplossing van het probleem
voor het kwadratische rooster gevonden kan worden. Enige alternatieve
formuleringen voor dit probleem worden in §4 onderzocht. In §5 komen
problemen voor zogenaamde gedecoreerde roosters aan de orde. Het be-
treft hier een transformatie van bepaalde toestandssommen in zulke waar -
voor bekend is, dat een oplossing gevonden kan worden. Dit zelfde idee
wordt in §6 uitgewerkt voor hetkwadratische rooster bijbepaalde imaginaire
waarden van het magneetveld. Een van deze problemen is eenprobleem
waarvoor een resultaat van YANG en LEE bekend is en waarvan de oplos -
baarheid met bijvoorbeeld de methode van KAUFMAN aangetoond wordt.
In §7 wordt kort ingegaan op problemen voor imperfecte roosters, een an-
dere klasse van ISING-problemen, die eveneens als infectie-desinfectie-
problemen te formuleren zijn. In een discussie wordt tenslotte eenuitzicht
gegeven op verdere ontwikkeling van de theorie.
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STELLINGEN

I
De aanname van PARMAKIAN, dat de expansie van luchtin een windketel
gekarakteriseerd kan worden door een Poisson-constante 1, 2 is zelfs niet
bij benadering juist.
J. PARMAKIAN, Waterhammer Analysis (1963).
C. HOEDE , De warmteoverdracht in een windketel, Math. Centrum, ToN.26 (1962).

I
Voor de warmte, opgenomen respectievelijk afgestaan in een halve periode
door een homogene metalen bol bij een sinusoidaal wisselende temperatuur
aan het oppervlak, is een exact resultaat af te leiden.

Co. HOEDE > Warmbeopname door een homogene metalen bol bij wisselende temperatuur, Math. Centrum,
TeNo 31 €1963),

111
Voor de hoeveelheid materie, die middels diffusie door eenvlak dubbel-
gelaagd medium per oppervlakte-eenheid in een bepaalde tijd wordt opge-
nomen kan een nuttige benaderingsformule worden gegeven.

C. HOEDE ~ , Diffusion in layered media, Math. Centrum, ToN. 37 (1964).

v
Voor de absorptie van materiaal middels diffusie door bolvormige par-
tikels, die zich bevinden in een oplossing van dat materiaal van een eindig
volume kan, bij voortdurende homogene verdeling in de oplossing, voor de
totale hoeveelheid geabsorbeerd materiaal een goede benadering worden
afgeleid.
Co. HOEDE ,» On the absorption by homogeneous spherical particles, Math. Centrum, T.N. 38 (1964).

v

Voor de diffusie van materiaal met concentratie C(x,t) in combinatie
met langzame absorptie door het medium waarin het diffusieproces plaats-
vindt, aanleiding gevend tot een concentratie Cabs(x’ t), is

abs

3C (x,t)
—= - a[ KC(x,t) - C_, (%, t)]



een consistente aanname voor de beschrijving.
Naast de plaats - en tijd-variabelen x en t komen hierin voor de evenwichts-~
constante K voor het absorptieproces en een evenredigheidsconstante a.

E.K. DUURSMA Theoretical, experimental and field studies concerning molecular diffusion of radioiso-
and C. HOEDE, ‘topes in sediments and suspended solid particles of the sea, Neth. Journ. of Sea Res. 3
423 (1967).

VI
Ten onrechte beweert HURST, dat de oplosbaarheid van een Ising model
door de Pfaffianenmethode ook de oplosbaarheid via de methode vanOnsager
inhoudt.
CoA. HURST , New approach to-the Ising problem. Journ. Math. Phys. 7, 305 (1966).

VII
Tegen de behandeling door ELCOCK van het zogenaamde '"bond problem"
voor een imperfect rooster, zijn bezwaren van verschillende aard aan te
voeren. Bovendien zijn op eenvoudige wijze verbeteringen aan te brengen.

E.¥. ELCOCK , The cooperative behaviour of a two-dimensional defect lattice, Proc. Cambridge Phil. Soc.
53, 863 (1957).

VIII
De bindingen tussen 2m+l elementen zijn in m typen in te delen. Het
is mogelijk om voor deze bindingen een Euler-circuit aan te geven, datbe-
staat uit herhaalde aftellingen van m bindingen, waarin elk type binding
precies eenmaal voorkomt en wel steeds op dezelfde plaats in de volgorde
van de aftelling.

IX
Er zijn redenen aan te voeren waarom een studie van zogenaamde delta-
functie benaderende rijen van belang zou kunnen zijn voor de opbouw van
een niet-lineaire distributietheorie.

X
Bij het gymnasiale onderwijs zijn de waarderingen voor de wiskunde en
de andere natuurwetenschappelijke vakken niet met elkaar in evenwicht.

XI
De in de baccalaureaatsnota van de TH Twente gegeven beschrijving van
de studie voor baccalaureus technische wetenschappen biedtte weinig waar-
borg voor het academisch karakter van deze studie,
Nota over het baccalaureaat technische wetenschappen van de Technische Hogeschool Twente. Drienerlo 1967.

XI1
Tegen het "rapport Van Os'' zijn zowel wat betreft de inhoud als de vorm
fundamentele bezwaren aan te voeren,

"Structuur van het wetenschappelijk corps". Publicatie nr. 9 van de Academische Raad (juni 1968).



ERRATA

The text contains some printing errors, partly due tothe way of reproduction. Some
non-trivial errors are the following:

page 27 - formula (III, 11) read: 4NSp V" V2yR v M v,y
page 48 - 2" line after formula (Iv,27) read: DOMB's article [23]
page 62 - 15 line read: Y, =Ex... xY¥x... xE
page 77 - 4th line from below read: lsw;; s 2",
X vy 1 0
page 83 - formula (V, 21) read: Sp etc.
y X 0 -1
page 96 - formula (V, 60) read: 3mi +4—:r2— . integral

- formula (V, 61) read: —-2-372- . integral






