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INTRODUCTION
This thesis consists of five articles:

[A] Growth properties of Paley-Wiener functions on ¢

Nederl. Akad. Wetensch. Proc. A87 , pp. 95-112 (1984).

[B] Paley-Wiener functions with prescribed indicator.

UvA Dept. of Math. Report 84-07.

[c] (with J. Korevaar) A representation of mixed derivatives
with an application to the edge-of-the-wedge theorem.

Nederl. Akad. Wetensch. Proc. A88 ........ (1985).

[D] A support theorem for Radon transforms on r".

Nederl. Akad. Wetensch. Proc. A88 ........ (1985).

[E] (with J. Korevaar) A lemma on mixed derivatives and a
theorem on holomorphic extension. UvA Dept. of Math.

Report 85-01.

Three of these papers have been published in the Proceedings of the

Koninklijke Nederlandse Akademie van Wetenschappen. The latter are re-
produced here with permission of the Akademie. The purpose of this in-
troduction is to give a description of the results in these papers, to
show how they are interrelated and to give some general background in-

formation as well as related results.

PALEY-WIENER FUNCTIONS

Growth properties of Paley-Wiener functions of several complex
variables are the subject of papers [A]l and [B]. What are Paley-Wiener
functions and why would one study their growth? Paley-Wiener functions
are entire functions of exponential type on c? (i.e. functions f(z)

whose absolute value is bounded by A exp B || z|| ) with the property



that on the real subspace R™  their absolute value is bounded by a
polynomial. They owe their name to the Paley-Wiener and Paley-Wiener-—
Schwartz theorem, cf. [PaW 34, Sc 52]. These theorems state that the
entire functions of exponential type on t® which are in L2 on R"
(or bounded by a polynomial, respectively) are precisely the Fourier-
Laplace transforms of compactly supported LZ-functions (or distribu-—
tions, respectively).

The motivation for studying growth properties is that growth of
holomorphic functions is closely related to their zero distribution.
For holomorphic functions of one variable the simplest illustration
is that for polynomials, the degree equals the number of zeros. More
general relations of this kind appear through Jensen's formula and
Hadamard's product theorem [Lv 80]. Precise information on the zero
distribution of Fourier or Fourier-Laplace transforms is of particular
interest because such knowledge can often be translated into spanning
properties of subsets of function spaces, cf. the work of Beurling-
Malliavin, Carleman, Korevaar, Ronkin, Zeinstra [BM 67, Ca 22, Ko 82,

Ro 78, Ze 85].

INDICATORS

In the following we restrict ourselves to functions of exponential
type, although similar notions and results are known for functions of
arbitrary order. The maximal directional growth of a function of ex-
ponential type is measured by the indicator function

() h(z) = h(z) = Tim _log|f(rz)|

r

T->co
In the one-variable case h(z) 1is a 1-homogeneous continuous
subharmonic function, related to the classical Phragmén-Lindelsf indi-
cator T(8) = h(eie). For a Paley-Wiener function £ of one variable
hf is simply the supporting function of the support of the distribu-
tion F—1f. In other words: h(z) = max {ay, by} where [a,b] is the

. . ~1 .
shortest interval that contains supp F f. Moreover, these functionms



have "regular growth" in the sense of Pfluger [Pf 38] and Levin
[Lv 80} and also in the sense of Ahlfors-Heins [AH 49]. Both notions
roughly mean that the lim in (*) is almost a limit, i.e. there is a

set A of (r,z), which is small in an appropriate sense and such

that
log|f(xz) |
1im ——
T
hamacdd
(r,z)¢A

exists. In close interdependence, very much is known about the distri-—
bution of the zeros of Paley-Wiener functions of one variable. Almost
all zeros lie close to the real axis and they are very regularly dis-
tributed, cf. the standard example sincz, and see [BM 67].

Now we turn to several variables. The indicator (*) is not
sufficiently well behaved, in particular it is not a plurisubharmonic

function. Therefore Lelong has introduced the regularization

h'(z) = Tim h(w).
Wz

This is a 1-homogeneous plurisubharmonic function [Le 66], but it need
not be continuous [Le 68]. It is bounded by C||Imz|| for Paley-
Wiener functions. Various types of regular growth have been defined;
they imply regular distribution of the zero set, cf. [Gr 76, AR 81,
GrL 85].

Paper A.

The main result of [A] is the following: A Paley-Wiener func-
tion £ has regular growth if the convex hull of the support of F—1f
is a polyhedron. This observation is of interest in view of Vauthier's
example of a Paley-Wiener function of irregular growth [Va 73]. The
condition on the convex hull of the support is always fulfilled for
Paley-Wiener functions of one variable. Similar results were also. ob-
tained by Gruman [Gr 83] and Sigurdsson [Si 84].

Ingredients of our proof are a seemingly weaker, but ultimately



equivalent definition of regular growth, some results which Gruman
announced in [Gr 76] and that are proved in [A], see also [GrL 851,
and furthermore a slight refinement of the Plancherel-PSlya theorem
* [PLP 37]. The latter theorem states that the indicator £ 1is smaller
than or equal to the supporting function of the convex hull of
supp F_1f, with equality on $ Igl, the set of "semi-reals". The present
method of proof makes it possible to obtain a bound for the size of
the set where h(z) and h*(z) fail to be equal. It also implies
regular growth on $ R". Finally, it is used in [D] in connection

with Radon transforms.

Paper B.

Another problem related to growth properties of entire functions
was solved by Kiselman and Martineau. They proved that any I1-homogeneous
plurisubharmonic function u 1is the indicator function of some entire
function of exponential type, cf. [Ki 66] and [Ma 67].

Martineau even obtained the analogous result for functions of arbitrary
order. For functions of one variable this goes back to G. Pélya [Pé 29]
and V. Bernstein [Be 36].

What is the situation in the case of Paley-Wiener functioms? It
is clear from their representation as a Fourier-Laplace transform that
an extra condition of the form |u(z)| < C|| Im z|| must be imposed on u.
Under this condition and assuming that u. is HSlder continuous on the
unit sphere, the existence of a Paley-Wiener function with indicator u
could indeed be proved in [B1. Recently Sigurdsson (in his Lund thesis
[Si 84]) obtained the same conclusion under different assumptions. He
does not assume HOlder continuity. On the other hand he supposes that
his candidate indicator function u is related to the supporting func-—
tion of a convex set as in the statement of the Plancherel-Pélya theo-
rem above. Both Sigurdsson and the author have used methods close to
those of Martineau. As an application it is shown in [B] that Vauthier's

example of irregular growth follows relatively easily from the present



existence theorem. Martineau, Vauthier, Sigurdsson and the author all
make essential use of HSrmander's L2-theory with weights for the 3 -

problem, cf. [HS 73].

HOLOMORPHIC EXTENSIONS

The core of the remaining papers [C,D,E] is a method to prove
holomorphy or holomorphic extendability of certain functions. The central
idea is that knowledge of the size of ‘directional derivatives of a func-
tion is translated into estimates of its mixed derivatives ("Main Lemma"
in [C]). These estimates then lead to converging Taylor series and thus
to holomorphy properties. To put our results in perspective, let us re-
call two criteria for holomorphy and some theorems on holomorphic exten-
sion.

A well-known theorem of Hartogs [Ha 06] says that a function
defined on an open set in " is holomorphic if (and only if) all the
functions of one variable obtained by fixing (n—1)-coordinates, are
holomorphic. To appreciate this result, keep in mind that a similar
statement for real-analytic functions is false.

Recently Forelli [Fo 77] proved that a function defined on the
unit ball, which is c”® at the origin and which has the property that
all its slices through the origin are holomorphic as functions of omne
variable, is in fact holomorphic on the unit ball. The ¢” condition
cannot be disposed of, see [Ru 80].

Now as to holomorphic extendability, the first result in this
direction was due to Hartogs, who shocked the mathematical world with
the following result: A holomorphic function defined on a neighborhood
of the boundary of a bounded domain in Ez (or €, n 2 2) extends
holomorphically to the whole domain [Ha 06a]. Another classical result
says that holomorphic functions, defined on a connected Reinhardt domain
which contains the origin, extend to the logarithmically convex hull of
that domain, e.g. [Ha 06]. In particular, Hartogs showed that a holo-

morphic function defined on a neighborhood of the set




{z : ]zj| = A, rj, A€ [0, 1)} extends holomorphically to the whole
polydisc defined by {z : |zj| < rj}.

Of a somewhat different kind is the edge-of-the-wedge theorem,
due to Bogoliubov [BoS 59]. The various proofs include those by
F.E. Browder [Br 63], Epstein [Ep 601 and recently Bedford [Bd 74];
ef. [Ru 71]. The theorem is concerned with holomorphic functions
which are defined on a multidimensional wedge, and which have appropri-
ate boundary values when the edge of the wedge is approached. Such
functions extend holomorphically not oﬁly to the reflected wedge, but
also to a full neighborhood of the edge. In the one-dimensional case
this is just Schwarz's reflection principle. The more surprising part

of the theorem appears only in the higher dimensional case.

Paper C.

In [C] we present a straightforward proof of the edge—of-the-
wedge theorem. It resembles the one by Browder. However, we employ our
"Main Lemma", whereas Browder uses his more involved Hartogs-type

theorem for real-analytic functions, developed in [Br 61].

Paper E.

The terminology in Forelli's article [Fo 77] strongly suggests
the following question: Suppose that a function is defined on a subset
of the ball consisting of some family of complex lines through the
origin and that it satisfies a certain smoothness condition at the
origin. If its restriction to any such complex line is a holomorphic
function (of one variable), then what are the properties of this func-
tion, as far as n—dimensional holomorphy is concerned?

In [E] we treat two special cases. In the first case, where
f 1is defined on the family consisting of those complex lines that meet
fhe unit sphere in R c mn, our result is that £ is the restriction

of a holomorphic function defined on a fairly large domain. In the



second case f is defined on the family of all complex lines that
meet the distinguished boundary of the unit polydisc. Here the conclu-
sion is that f extends to the whole polydisc. The latter result re-—
fines the above mentioned theorem of Hartogs in which it was assumed
that £ is defined and holomorphic on a certain subdomain of the
polydisc. Apart from the use of the Main Lemma, the proofs are in the

spirit of Hartogs.

Paper D.

In [D] we obtain refinements of the support theorem for the
Radon transformation on R" . The Radon transform E of a "reasonable"
function f on R" is defined on the set of hyperplanes in R®  and
associates to a hyperplane H the integral E(H) of f over H .
Radon transformation plays an important role in applications, cf.

[He 80]. Tt is used to reduce partial differential equations to ordinary
ones. Of truly practical importance is its relation to ROntgen Tomography.
Here one considers the X-ray transform which is analogously defined,

but uses lines instead of hyperplanes, and the main problem is its in-—
version. Integration of the X-ray transform yields the Radon transform
and thus several theorems carry over from Radon- to X-ray transform, in-
cluding the following support theorem:

If f is a rapidly decreasing continuous function, such that E(H) =0
for all hyperplanes H that do not meet a given bounded convex set K,
then f = 0 outside K.

This theorem was first proved by Helgason [He 65]. Other proofs
were given by Ludwig [Lw 66] and B. Weiss [We 67]. Still another
proof is contained in- [D]. The refinements of this theorem are two-
fold: First the condition "E(H) = 0 for all hyperplanes that do not
meet a bounded convex set' is replaced by a milder one: E(H) decreases
exponentially with the distance from H to the origin and equals zero
on a relatively small set of hyperplanes. Secondly it is shown that

certain holes in the support of f (which is contained in K) can be

1




detected via E : If f has compact support and E(H) = 0 on some
open set of hyperplanes H then £ =0 on UHEH H.

In the proofs we employ the Main Lemma from [C] to ascertain
that the Fourier transform of f 1is the restriction of a Paley-
Wiener function, i.e. f has compact support. Next our method for
proving the Plancherel-PSlya theorem from [A] 1is applied once more
to obtain the precise description of the support of £. Thus we see two
seemingly unrelated subjects merge in a theorem belonging to a third

subject.
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Growth properties of Paley-Wiener functions on C”

by J.J.0.0. Wiegerinck*

Math. Institute, Univ. of Amsterdam, Roetersstraat 15, Amsterdam, the Netherlands

Communicated by Prof. J. Korevaar at the meeting of September 26, 1983

ABSTRACT

In this paper we study growth properties of entire functions of exponential type on C". We
prove that a complex Fourier transform f of an L2 function g with compact support in R” has
regular growth if the convex hull of the support of g is a polyhedron. The proof involves an analysis
of the indicator function of f, a useful alternative description of regular growth and a lower-bounds
theorem for several variables that is obtained with the aid of potential theory.

INTRODUCTION

Let f be an entire function on C, n(r) the number of zeros of fin B(0, r), the
ball with centre 0 and radius r, and m(r) the average of log | f] over the circum-
ference C(0, r). Jensen’s formula reveals the close relation between the rate of
growth of m(r) and the speed with which n(r) increases. A much more refined
analysis yields that the existence of an angular density of the zeros of f is
roughly equivalent to what is called regular growth of f, cf. Levin [7].

In several variables the concept of regular growth exists also and there are
similar relations between regular growth of an entire function and the distri-
bution of its zero set. Therefore one may ask for criteria for regular growth.
In one variable a typical result is the following: entire functions of exponential
type which are in L? or bounded on the real axis are of regular growth.
~ In this paper we will study growth properties of entire functions of expo-
nential type on C" that are in L? on the real subspace R”C C”. Examples on C?

* Work supported by the Netherlands’ research organization Z,.W.O.
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are

sin z sin w sin?(z2 + w?)?
. and 5
z 0w 22+w

By an n-dimensional form of the Paley-Wiener theorem, such functions are
Fourier transforms of L? functions with compact support. We will call these
functions Paley-Wiener functions.

Our main result is the following:

Let g e LXR™) have compact support KCR". Suppose that the convex hull
of K is a polyhedron. Then

f@)=Fe@)= | e “>g(s)ds
-

is an entire function of regular growth on C".

Note that some restriction on f is necessary: an example of Vauthier [11]
shows that there exist Paley-Wiener functions of irregular growth.

In section 1 we review a recent definition of regular growth and a corre-
sponding result on growth and zero distribution. Section 2 is devoted to an
analysis of the indicator function of a Paley-Wiener function. Theorem 2 is a
slight refinement of the Plancherel-Polya theorem and theorem 3 provides a
precise description of the indicator function for the case where the convex hull
of the support of g is polyhedral. Section 3 contains the principal results of the
paper. Using potential theoretic methods we first prove a multi-dimensional
“‘lower-bounds theorem’’ which may also be of independent interest. We next
introduce a convenient alternate definition of regular growth which looks much
weaker than the standard definition but ultimately turns out to be equivalent.
The main step is in part A of theorem 5; part B of that theorem leads rather
directly to the principal result, theorem 6. As an application we describe in
section 4 the zero distribution of Paley-Wiener functions on C2 that satisfy our
conditions.

1. SOME FACTS CONCERNING GROWTH

In this section we recall definitions and simple facts of regular growth and
indicator functions for entire functions of exponential type.

We call a holomorphic function f on C” of exponential type if there exist
constants B, C such that

|A2)| <BeCN, zecC™.
For z#0 the radial indicator of f is defined by:

hy(z): =Tim b—gkﬁ’z—)'.

r—o

- For n=1 this function is continuous and related to 7;, the classical Phragmén-

Lindelof indicator function: rf(0)=hf(ei"). For n=2 we introduce the so-



called (regularized) indicator:
hf(@)=Hm he(w),
w—z

cf. Lelong [5]. It is convenient to define 2/(0)=hf(0)=0.
When no confusion is possible, we simply write # and A#*. The indicator #*
is plurisubharmonic and positively homogeneous, i.e.

h*(rz)=rh*(z), r>0.

It need not be continuous, cf. Lelong [6]. Furthermore, except possibly for z
in a very thin set, namely a set of J-capacity 0, A*(z) =h(z), cf. Ronkin [10].
In particular, one has Z*(iy) = h(iy) for almost all unit vectors ye R".

For one variable, regular growth can be defined as follows, cf. Pfluger [8],
'Levin [7]: For ECR.,, we say that £ has zero relative measure if

. my(EN(0,r))

lim —————~= =9,

v r
Here m;, is the Lebesgue measure on R. By definition, f has regular growth in
the direction 6 € [0,27) if

. i
Wy lim» e e |J;(re )

r—co

= h(e”) =1,(0).

Here and in the sequel lim* means that the limit exists for values of r outside
a suitable set of zero relative measure.

For several variables, the older definitions of regular growth were based on
(1.1), cf. Gruman [1]. The following definition has the advantage of the
absence of exceptional sets. Let B(z, r) denote the open ball with radius r and
centre z in C" and V(r) its volume. The Lebesgue measure on C” is denoted by
m. Put

1 log |fiz")|
V(5l’ ) B(rz,ér)

IKz,0) = dm(z).

DEFINITION (Gruman [2]). A function f of exponential type is said to have
regular growth in the direction ze C"\ {0} if for every g d,>0 there exist &
with 0<Jd<d, and R>0 depending on ¢ and ¢ such that for r>R:

Iz, 6) — h*(z)| <e.

It is said to have regular growth on a set D if it has regular growth in all
directions ze D (z+0).

This definition leads to properties for regular growth similar to the one

variable case. In particular one has, cf. [2],

PROPERTY 1. Suppose h* is pluriharmonic in a domain D. If f has regular
growth in one direction zy€ D, then f has regular growth on D.

PROPERTY 2. If f grows regularly on D\ F, where D is open and F has
measure zero, then f grows regularly on D.

15
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REMARK. - We will indicate proofs of these properties in section 3.

As in the one-variable case, regular growth is equivalent to regular zero
distribution. This is illustrated by a version of a particular result of Gruman,
cf. [2], which can be applied in our situation. We introduce some notations. Let
S=0B(0,1). For we S put

T, (@)= {z: angle between the radii through z and w is smaller than ¢}.
This is a cone around w. Further we set:
o,,(¢)=volume of the zero set of fin T, (¢p)NB(O,r)
1

27 TABO.H

A log |fldm.
The last integral makes sense because log | f| is subharmonic, cf. section 3.1.

THEOREM 1. Let f be an entire function of exponential type and regular
growth with indicator h*. Then the zero set of f satisfies the relation:

ou@) 1 1 '
lim ———=— lim A4 lo dm
o P12 oo pan-l Tw((p)AB(O,r) g L/l
P 1 1 «
=— lim a1 5 Ah*dm=— S Ah*dm.
27 roow I T ANBO," 27 T e)0BEO, D

REMARK. The main point here is the equality Z. The last equality in the

theorem is an immediate consequence of the homogeneity of A*.
As a corollary one obtains: if A* is pluriharmonic on T',(¢,), then for ¢ <¢q

O.r
lim —2":1(?1) =90,

r-o

cf. Gruman [1, 2].

2. INDICATORS OF FOURIER TRANSFORMS

We denote the support function of the convex hull of a compact set KCR”
by Hy, that is:

Hy(x)=max {x,t), xeR",
teK
where, now and in the sequel, for z, w in R" or C":
{z,w)= Y Z;W;.
i=1

Note that the support function is often defined for unit vectors x only.
We define SR”, the set of semi-reals in C" by '

SR": ={zeC":H e C and £ R"C C" such that z=41-¢}.



Now let ge L%(R") have compact support K,. We introduce
f@): = Fa)= | e *“Vg(s)ds,
2

the Fourier transform of g. The well-known Paley-Wiener theorem [10] says:

fis an entire function of exponential type and

S|rn is in L?

S

there exists a g€ L2(R") with compact support such that f= %z.

Because of this theorem we will call these functions Paley-Wiener functions.
The following theorem, due essentially to Plancherel and Pdlya [9], relates
 hull K, to hf*.

THEOREM 2. Let f= %g be a Paley-Wiener function, with radial indicator h
and regularized indicator h*. Then

2.1 h*(z)sHKg(y) where y=Im z,
with equality on SR”". For z=iy one has more precisely:

(2.2)  h*(iy)=Hg, (»)=lim h(y),

yoy

where the 1im is taken over values $ € R" only.

PROOF. Since h*(0)=H, Kg(O) =0 we may assume z#0. The inequality (2.1) is
obvious. In the rest of the proof we shall restrict ourselves to the case n=2 in
order to give a more transparent exposition of the ideas.

Let us first prove (2.2). We set

h(iy) =Tim h(if)
J=y

so that in view of the homogeneity h(iy) < h(iy) < h*(iy).

ASSERTION. For all yeR?, y#0, m,n k=0,1,2,... and ¢>0 we have:

§ Sf"sg(y,s)kg(sl,sz)dsldsz=0.

vy =h(iy)+e

Assuming for the moment that the assertion has been proved already, we will
show how to derive (2.2) and (2.1). Since {s}"s}} is a spanning set for L? on
any ‘bounded domain, and since g has compact support, it follows from the
assertion with k=0 that

&(51,5,)=0 a.e. on {(s1,5,): ¥, s) > h(iy)}.
In other words
Hy () <h(iy).
Using inequality (2.1) with z=iy, relation (2.2) will follow.

17
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Next we prove that for ze SR” one has equality in (2.1). We write z=w¢,

weC, £eR” and consider

fm=fwd).
This is a function of exponential type on C which is bounded on the real axis.
For such functions, the Phragmén-Lindel6f theorem shows that A.(u+iv)=
= hg(iv), where h; is the indicator of f;. Hence

h(z) = hey(W) = h(iv) = h(iy), v=Im w.
We conclude that

h*(z)=Tim A(%)=Tim hg(w)=Tim h(iv) =Tim A(i)) =HKg(y) = h*(z).

7=z &-¢ E-¢ -y

This proves equality in (2.1) for z=wé.

PROOF OF THE ASSERTION. The proof is by induction on m and »n. For every
y€R?, y#0 there exists 6>0 such that for |y—v| <d and all r>r, depending
on v '
|firiv)| =| | e"*g(s)ds,ds,| =
I-RZ

Hg, (v) »
=| | efdty | g()I)dty| = et ey < gl er,

-0

Here

1
VIS1 038 =1;, —US1+018=10 and J() =33
1103

is the corresponding Jacobian.
Let do denote arc length on the lines {v,s) =p and set:
Po=hiiy)+e.
The one-dimensional Paley-Wiener theorem now yields that

§  g(s)do=0, for almost all p=p,, |v—y|<d.

(,8)=p

Hence also, for k=1,2,...

I (usY*e(s)do=0 for almost all p=p,, |v—y|<4.

{(v,5)=p

In particular we find:

2.3) | <v5*e(s)dsds,=0, |v—y] <4,
(v, $)=p,y
which proves the assertion in case m=n=0 (take v=y).
Now assume that the assertion is true for (my, ny) and all k. We will prove
it for (my+ 1,ny) and all k; then by symmetry it will also hold for (g, ny+ 1)
and all £.



Fix y=,»,)eR? y#0. Let = (P1,y2) with |7—y|<d. Introduce the
compacta: ’

G =K,N{5:¢3,5>=po} \{s:{F,5)>po},
Gy =K, N {s:(F,5> Zpo} \{s:(2,5) >po},

see figure.

<§,s> =p,

< > = ~

=

73]
—

o
—

S

2
We observe that G; and G, depend on #,. In fact,

2.49) vol G;=0() if 7,—y, (i=1,2)
and on G; we find
2.5) (FHs>=py+ 00 —7) if §1—x0

We can now make the induction step by formally differentiating with respect
to y;. For y; #§; we write the induction hypothesis with £+ 1 instead of k:

-
0=”*‘1“:[ § sy, sY t g(s)ds ds,—  § STy B, 8) 1 g(s)ds, ds,)
1—=V1 »ozp (Fs)=py
@6 { =— § sy, sy = ( 7,5) % T g(s)ds, ds,

Y1=J1odzm

+ ! — [ § 57055 7,5kt g(s)dsydsy — | sT0s3¢ 5, 5) % 1g(s)ds, ds,).
. N~ G . G,
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We also need this formula with exponent 0 instead of £+ 1:

§ s7esite(o)ds dsy= [ sT"s3e(0)dsidss, 17-31 <0,

In the expression SG.—IGZ in (2.6) we may therefore replace (7, s)**! by
(F,sykT1—pk+1  After this step we let 7 tend to y. Then by Lebesgue’s
dominated convergence theorem and the order estimates (2.4) and (2.5), the
new integrals over G; and G, will tend to zero. We thus conclude from (2.6):

k+1) | Tty sy e(s)ds ds,=0. O

<nsdzpy

REMARK 1. J. Korevaar suggested this proof which gives some information
about the size of the sets

{yeR": |yl =1, h(y)<h(iy)—e}.

In fact for n=2 it gives that these sets are finite. We note that theorem 2 as
stated can also be obtained by using the classical Plancherel-Pélya theorem and
the fact that iR” has positive I-capacity in C”, cf. [10].

REMARK 2. Outside SR”, there is in general no equality in (2.1). For
example, take

cos (Z+ )t
-3

A=

2+ -1in
This is a Paley-Wiener function with indicator
hf@)=hy(z)=|Im (2} +23)!].

On SR?, h; coincides with (¥?+y3)}, the support function of the unit disc.
However, off SR? there is strict inequality as a small computation shows.
When we put suitable restrictions on K, the situation is totally different.

THEOREM 3. Suppose geL*(R™) has compact support K with polyhedral
convex hull. Then hf*(z)=HK(y) where f=%g. In particular hf* is pluri-
harmonic outside a finite number of hyperplanes.

NOTE. In case n=1 the condition is trivially satisfied.
Theorem 3 is an immediate consequence of the following

PROPOSITION 1. Let {Ay}c_, .. , be finitely many distinct homogeneous
linear forms on R” and set

uy(z) = kl\/}ax A0, z=x+iyeC".
= ’4

.....

Let u be plurisubharmonic on C” and such that

(A) u(@)=<uy(z), zeC",



(B) u(z) = uy(z), ze SR".
Then u(z) = uy(2).

PROOF. Let
E={z=x+iyeC":j, k(j#k) such that 4;(y)=A,(»)}.

Observe that E is a finite union of (2n-—1)-dimensional hyperplanes in
C"=R?", Also, E meets iR" in a union of (n—1)-dimensional hyperplanes,
and every component of C"\ E meets /R"\ E in an open subset of i[R".

We see that u,, as a sup of finitely many pluriharmonic functions, is pluri-
subharmonic; also u; is pluriharmonic outside E. Now put

5(2) = u(z) — uyp(2).

It follows from the preceding observations that s is plurisubharmonic on
C"\ E. From (A) we infer

s<0
and (B) implies:
s=0 on SR”, in particular on iR".

We conclude that s=0 on every component of C"\E by the maximum
principle for plurisubharmonic functions. Thus u=u, off E. Since E has 2n-
dimensional measure zero, u=u, on C”". (W

In the next section we will use theorem 3 to prove regular growth for this kind
of Paley-Wiener functions.

3. FOURIER TRANSFORMS WHICH HAVE REGULAR GROWTH

The main object in this section is to prove that Paley-Wiener functions of a
certain kind have regular growth. A “lower-bounds theorem’’, which is of
independent interest, is used to proceed from existence of a lim* to regular
growth. We will also supply proofs of properties 1 and 2 of section 1.

3.1. A lower-bounds theorem

In this subsection we will need some potential theory. Qur general reference
is Hayman and Kennedy [3]. To avoid confusion about normalizations we start
with a description of our main tools.

Relative to the ball B(0,r) in R”, n=3, we consider Green’s function

) - 1 n—2
gr(x,lf)—“x_ "2 ("5“ ||x—€r2/||él|2||> '

We set o equal to the Lebesgue measure on dB(0,r) CR" and a,=c(3B(0, 1)).
Then the harmonic measure of ECaB(0, r) relative to xe B(0,r) is equal to
1 g (x; &)

O )= e Lo

dao.
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For a subharmonic function # on_a neighbourhood of B(0,r) we define the
Riesz mass as

=- 1 Au
(n-2)o,

My

Recall that for subharmonic functions u, Au is a positive distribution that can
be viewed as a positive measure.

We will also need the following Cartan type lemma, c¢f. Hayman and
Kennedy [3], p. 131.

LEMMA 1. Suppose u is a positive measure on R” with u(R") =u,< o and let
0<p<g<oo. Then for every m>0

§ lx=¢&l~Pdu@)<m,

"

outside a finite or countable union of balls B(ay, r;) with
a/p
Y ri< C<@> .
& m
Here C is a constant depending on p and g only. d

Now we come to a useful multidimensional version of a classical ‘‘lower-
bounds theorem’’, cf. Levin [7], p. 21. The following result represents joint
work with R. Zeinstra.

THEOREM 4 (lower-bounds theorem). Let n=3. There exists a constant C>0
only depending on n, such that for any subharmonic function u=<0 defined on
a neighbourhood of B(0,3R)CR" and for any M=2" the following estimate
holds:

0= u(x) = Mu(0)
Sor all xe B(0, R) outside a union of balls B(a,,p,) with
T ol<CR"M~ "=,

PROOF. We may assume — oo <u(0)<O0 (or there is nothing to prove) and
R =1. The Poisson-Jensen-Green formula gives for x e B(0, 2)

GB.)  u@=- | &xHdu, )+ | us)dw,(xs).
B(0,2) 3B(0,2)

Let u* be the harmonic function defined by the last integral in (3.1). The
inequality g(x,&) =< |x—&|>~" gives

(B2 u@=- | |x—&P &)+ u*).
B(0,2)

Since u*(x) <0 on B(0, 2), we can apply Harnack’s inequality ([3], p. 35) to u*.



Hence for xe B(0,1)

Q+1)2m2
Q-1n"!

Because u(0)<u*(0), (3.2) and (3.3) imply
U@z~ § o= &2 dp, (9 + 32" 2u(0).
B(0,2)

3.3) -—urs= (—u*©0)) = —3-2""2u*(0).

To estimate the integral on the right hand side, we apply lemma 1 with
m= —Mu(0)>0, M>0, g=n and p=n-2. We then obtain

G.49)  u()=M+3-2""Hu(0)
for all xe B(0, 1) outside | J, B(a,,0,) with

Uy (B(O, 2)) > n/(n-2)

E QCSCO< —MH(O)

v

It only remains to estimate u,(B(0,2)) in terms of u(0). Observe that
25(0,8)=|&|>""—32"". We use a representation involving B(0,3) and set
c=(22""-32"""! We thus find

wO=— | (EP"=3>"du O+ § ws)dws(0,s)
B(0,3) 9B(0,3)

=- B«{Z) (&P "~32"")du, (&)= — ¢, (B0, 2)).
Hence

#u(B(0,2)) = — cu(0).
We infer that (3.4) holds outside balls B(a,,0,) with

Z ch Cocn/(n—Z)M—n/(n—Z).
v

We may finally choose
M=M-3-2""221M>0
and

C= Cocn/(n - 2)4n/(n -2)

to complete the proof. O

3.2. P-regular growth
For our purpose the integral type definition of regular growth (section 1) is
less convenient than a definition involving sequences of points.

DEFINITION. Let f be an entire function of exponential type on C”. We say
that f has P-regular growth in the direction z,#0 if there exists a sequence
Zx—oo in C” in the direction zg, that is

. Z 2
Izl > e, lim ==,
e |2 2ol
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with the property that
log | Azy)]

=1, h;(z‘)):,l(i.{g Tl Izol-

i [0l
ke |z

NOTE. The relation

1
lim* og |j;(rz0)| :h;(zo)

r—roo

would imply that f has P-regular growth in the direction z,.
We will show that P-regular growth is equivalent to regular growth as defined
in section 1. For this we need a consequence of Hartogs’ lemma.

LEMMA 2. Let 2* be the indicator of an entire function f of exponential type
on C” and suppose that for z in some compact set K (which may be just a
point)

h*(2)=0.

Then for every €>0 there exist a neighbourhood 2 of K and r,>0 such that
for r>ry : '

log lArd)l _, Leo.
r

PROOF. By the upper semi-continuity of A*, we can choose compacta K, and
K, with K,DKIDK;DK?DK such that

h*(z)<e/2 on K.
On K, we consider the family of subharmonic functions

u(2) =__log ]{(rz) l, r>1.

There exists a constant M such that u,(z) <M for r>1. Also

lim u,(z)<e/2.
Hartogs’ lemma (H6rmander [4], th. 1.6.13, p. 21) now implies that there exists
ry>0 such that for r>ry

E’E..L[M:ur(z)<a/2+8/2 on Kj. =

THEOREM 5. Let f be an entire function of exponential type on C" (n=2),
regularized indicator h*, that has P-regular growth in the direction zy+0.
Then the following assertions are true:

A: f has regular growth in the direction z;.

B: if in addition h* is pluriharmonic on a connected neighbourhood D-of zg,
then f has P-regular growth, and consequently regular growth on D.



PROOF. Without loss of generality, suppose that |zy| =1, A*(zy)=0 and D is
convex. Thus, if A*is pluriharmonic on D, we may assume A*=0 on D, because
h*=Re g for some holomorphic function g on D, and we can consider fe ¢
instead of f.

It follows from lemma 2 that for every £ >0 there are >0, r3>0 such that

3.5) i(%zlua, r>ry, 2' € B(rzy, 40r).

In case #*=0 on D there exists >0 depending on D and z;, but not on &,
such that for every £>0 there exists 7,>0 for which (3.5) holds.

In connection with the P-regular growth, we consider sequences z,— o in
C". We will write |z;] = :r¢. By the hypothesis there exists a sequence {z;}
with

i 108 @Ol _
im —————=

k— o 'y

0
such that for every large enough r we can find a k>0 with

Lk
— =2}l <%0.

Tk
Feo1<r<ry, —<1+4+1%96, p
k

Te—1t

Hence
B(rzy, +6r) C B(zy, Ory)-

We infer from the lower-bounds theorem for C" = R?" applied to B(z, 3ry)
and (3.5) that for each j=2n

56 llog |/2)] —eri| <2/ [log | f(zi)] — eri
' for z€ B(z;, ory) outside a set S; of measure < C(dry)>"2~/"~ D,

Completion of the proof for case A. We introduce a disjoint splitting of
B(rzy, $0r) C B(zy, ory):

EJ~=(SJ-_1\Sj)ﬂB(rz0,%5r), J>2n,
E2n :B(rZO9 '%6’-)\‘5271:
E,= [ 8;NB(rzg, 1r).

j=2n
Thus E_, has measure zero and

B(rzp, 4on= U E;, disjoint.
j=2n,...,00

Observe also that as a consequence of (3.6) we have on E;(j=2n)

3.7 |log 1/@)] —erkl _<_2j|log | Azl —srk|,

(3.8)  m(E;})=<C(dry)*2 im0,

25
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Using the above splitting, (3.7) and (3.8) we can estimate:

‘ V(;sr) o log |:‘(z')l i)
s@ Bz, 467) w dm(z’) +¢ fr’—‘

) V(%l&) j=tn Ej‘ w dm(z’) + &(1 +46)

<Taag 5, COom2 D o8 GOl =2H | o1+ 49)

<C

l —
og |f(ik)| O] | o1 4 15).

k

Here C is a constant and V(r) =m(B(0,r)) is as in section 1.
Since we can take & arbitrary small and

i 108 @I _
im ————=

k—oo Ty

0,
we have proved that f has regular growth in the direction z,.

Completion of the proof for case B. Since k* is pluriharmonic on the cone
generated by D, we may as well assume that D is a cone. Now J need only
satisfy the condition B(z,,40) € D.

It is enough to prove P-regular growth for points z3 in 8B(0, 1) N B(zy, 6),
since we can next repeat the argument with z; replaced by any other point in
dB(0, 1)N B(zg, +3). We set

) fk =r kZ(I).

Then
Zi € B(ryz0, $0r) C B(zy, $01)

and
B(Zk, '5‘5?'/() C B(Zk, 5rk).

On B(z, dr) we have (3.6). We take j>2n so large that S; does not occupy the

whole ball B(Z, $9r;). Then there will be a point z; € B(Zy, $9r,) \ S; satisfying
Ik~ 2 = cor2 /@2

and
log | Azl
Tk

log | /i)l
lzil

=<2/ + 3e.

We finally choose j=j,— o so that

log | Azy)]
Tk

lim 27

k=

=0.




Then the sequence {z;} will satisfy

.z . %k
leil oo, tim el i FE gy
ko (2] ke 2k
and
— llo 7L
Hm 208 Azl [{( ol <3e.
koo ||Zk||

Since & is arbitrary small, we obtain P-regular growth using a diagonal
process. : O

PROPOSITION 2. Let f be an entire function of exponential type with indicator
“h*. If fhas regular growth in a certain direction, it has P-regular growth in that
direction.

PROOF. Suppose we have regular growth in the direction zy with |zo] =1. We
may assume h*(zy)=0. Then for every &, d,>0 there exists a number J,
0<d<dy such that

3.9 Ilim dm(z")| <e.

log | fz")|
roo V(ér ) B(rzy, 0r) r

From lemma 2 we infer that there exists a number d, for which

(3.10) BHm  sup MQ&

ro  2'€B(rzg, dyr) r

It follows from (3.9) and (3.10) that

log [Aiz")]
r

3.11) Lim  inf

r—o  z'€B(rzy,6r)

<E&.

Let r; be a large enough positive number. Define a sequence r,—> oo by

1+0
"k+1=<1—_5>rk, k=1.

Then the balls B(ryz, dr,) are disjoint. Because of (3.11) we can find
2y € B(ryzg, 0ry) satisfying '
log lf(zk)|

<2
|zl

and by the definition of r,

FARE __"Zk+l"<<—”‘5>2 e _
*Tad \1-6/) " |Tad

When we let ¢ and J, tend to zero, we can readily construct a sequence {7}
that establishes P-regular growth. O
We have found that regular growth and P-regular growth of entire functions

2o <.
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of exponential type are equivalent: We have also obtained a proof of property
1 (section 1) for regular growth.

We next indicate a proof of property 2 (section 1). If fhas P-regular growth
in the directions g, where

(3.12) z,—zy and A*(z,) > h*(z),

then f has P-regular growth also in the direction z,, as is seen by use of a
diagonal process. Suppose now that f has indicator 2* on D and that f grows
regularly on D\ F, where F has measure zero. Since 4#* is subharmonic, #*(z)
is equal to the limit of the mean values of #* over spheres shrinking to z (use
the mean-value inequality and the upper semi-continuity). Again using the
upper semi-continuity of A*, one concludes that for every z,€ F there is a
sequence {z,} CD\F satisfying (3.12). Consequently f has P-regular growth
on D.

Our main result is now an easy consequence of what we have done so far.

THEOREM 6. Let ge L¥(R") have compact support KCR”". Suppose that the
convex hull of K is a polyhedron. Then f= %g is an entire function of regular
growth on C". :

PROOF. The restriction of f to any complex line in SR” is a Paley-Wiener
function of one variable. Thus, by a theorem of Cartwright, cf. Levin [7],
p. 243,

lim*

r—o

log |/r2)| lz‘(rz)l =hy(z), z€SR",

where A,(z) is the radial indicator. It now follows from theorem 2, more
specifically from (2.2) that f has P-regular growth in each direction iy €iR”
(cf. the proof of property 2 above). By theorem 3, /4 is pluriharmonic outside
a set of measure zero in C” and every component of the set where h}" is pluri-
harmonic has interior points belonging to /[R”. Hence it follows from the
properties 1 and 2 that f has regular growth on C”".

4. APPLICATIONS AND FURTHER REMARKS
Let g e L*(IR?) have compact support K C R? such that the convex hull of K
is polygonal. As an application of our results we can determine the zero distri-
bution of f= g quite explicitly. We will keep the notations of section 1.
Let the vertices of the convex hull of K be a;=(a},¢})eR?, j=1,...,m. By
theorem 2

h}(z) = Hg(y) =Max (a;,y), z=x+iyeC
J

Since f grows regularly (theorem 6) it follows from theorem 1 that

,
lim L= [ Ahfdm>0,

oo 7 270 BO, 1)

where ¢ is the volume of the zero set of fin B(0,r).



On the other hand A/ is pluriharmonic outside the set
E={z=x+iyeC*:Hj k(j#k) such that (a;,y) ={a;y)}.

Thus if we(C*\E)NS and if ¢>0 is chosen small enough, then we find on
the cone T,,(p)

. a, ()
1m 3 =

r—o r

0.

CONCLUSION. The zero set of fis ‘‘concentrated’’ around E.
If w=u+ive ENS then there are two possibilities which, upon appropriate
’ adjustment of indices, may be described by
4.1)  La,v)=La,vy>La;,v), j=3,...,m
and
4.2)  (a,v)=Lav)=<{a;3v),

respectively. _
First we examine case (4.1). We take ¢ so small that

h}(@)=Max ({ay, »), (a2 ¥)) on T,(9).
One may compute

.
1 —
4.3) lim Gw(3¢)___ i Ahf*dm=lal—3—aiu (1 —cos @).

row T 2T T0OBO,1)

Next we consider case (4.2). Relation (4.2) implies v=0, that is we RZCC2.
For such w one obtains
o, (p) 1—cosp =

4.9 11_}12 3 p _jn Mj;ix {a} cos 6+a7 sin 6}d6.

The computations leading to (4.3) and (4.4) involve a careful application of
Green’s 2nd identity, which becomes possible after introducing the definition
of Ahf as a distribution, and the use of polar coordinates. We leave the details
to the reader.

Note that (4.3) tells us that in contrast to the one-variable case, the zero set
of a Paley-Wiener function of several variables can have a positive density in
cones around non-real directions.

REMARKS. In general, that is without restrictions on K,, the indicator h}"
need not be pluriharmonic anywhere, and then by theorem 1 of section 1 the
zero set of f has a positive density in every cone, supposing of course that f
grows regularly.

Our results can be extended to entire functions of exponential type that
satisfy other boundedness conditions on R”, for example, functions bounded

29
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by a polynomial on R”. (One may represent such functions as Fourier
transforms of compactly supported distributions).
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PALEY-WIENER FUNCTIONS WITH PRESCRIBED INDICATOR

by

J.J.0.0. Wiegerinck¥*

Introduction
Let f be an entire function of exponential type on ¢®. The (re-
gularized) indicator function of £ is defined by

= h-mr el 1

hf(z) = 1im 1im _Eglééfﬂll . f#0.

O#w>z T
The indicator gives information about the growth of f. It is a plu-
risubharmonic function and positively 1-homogeneous, that is it satis-
fies hf(rz) = rhf(z), r> 0, cf. [8] also for generalizations to

functions of arbitrary finite order.

A theorem of Martineau and Kiselman [7,5] states a kind of converse:
For every plurisubharmonic positively 1-homogeneous function u on
¢"  there exists an entire function of exponential type £ such that

hf = u,

In fact, Martineau proves the theorem for indicators related to func-

tions of arbitrary order.

We will consider entire functions of exponential type which are poly-
nomially bounded on the real subspace. We will call these functiomns
Paley-Wiener functions. The Paley-Wiener functions occur naturally,
because by the Paley-Wiener theorem [9] they are exactly the complex
Fourier transforms of distributions on R" with compact support.
Consequently the indicator h of such a function satisfies an extra

condition:

Q) 1n(z)| < CliImzll .

® : .
Work supported by the Netherlands' research organization Z.W.O.
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In this report we demonstrate that the methods of Martineau lead to
the following theorem which is proved in section 1. We say that a
function £ is HSlder continuous (with exponent n) on E < r"

if there exist n, B> 0 such that
£(x) - £() | < Bllx-ylI", x,y € E.

Main result:

If u ts a continuous positively homogeneous plurisubharmonic func—
tion on Q" that is HSlder continuous on the unit sphere in ¢
and satisfies (1), then there exist an entire Function of exponen—

tial type £ and a polynomial P such that by =u and

hf(Z)
[£(z)i < P(lizl}) « e

In general hf need not be continuous as was shown by Lelong [6].

As an application of this theorem we simplify the proof of the fol-

lowing result of Vauthier [10]:

There exist entire functions of exponential type on GZ which are

bounded on R’ but which are not of regular growth.

This is done in section 2.
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1. A KISELMAN-MARTINEAU TYPE THEOREM.

Let M(n) be the class of plurisubharmonic functions ¢ on ¢

that are Hélder continuous on the unit sphere and satisfy

>

v(rz) = ry(z), r >0,
(1.1

l(z)| < CliImzll for some C.

We remark that indicators of Paley-Wiener functions satisfy (1.1).
Next we give some examples.

a) M(1) consists of functions of the form

¥(z) = Max{aImz, bImz}, a, b€ R;

this function is the indicator of e—iaz + e_ibz.

b) Example a) generalizes immediately to higher dimensions. Let
K= R" be compact. The following type of function is con-
tained in M(n):

n
P(z) = Max z a,Imz..
ack  j=1 J
Thié,is the so-called support function of the convex hull
of K; it is known to be Lipschitz continuous on compacta.

¢) However, M(n) consists of more than support functions alone

if n > 2: the function

2 2
|Im Vé1 + z2

is in M(2). It is the indicator of cos z? + z;. It is

not a support function.
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We start with two lemmas. They can be found in [8]. For the
convenience of the reader and because the continuity of the
functions in M(n) allows us to simplify things somewhat, we
will include the proofs.

. . . n
For a continuous function u on a compact set K in R we

define

T(u) = {v: v 1is upper semi-continuous on K,

v<u, v#u}

Lemma 1. Let u be a continuous function on a compact subset
K of R%. There exists a sequence of continuous functions
u € T(u) with the property that for every v € T(u) there
exist ko and 6§ >0 with
U x) » v, x €K
o
and
U (x) # u(x) implies u (x) > v(x) + 6.
o o

The last inequality holds on the closure of {x Puy (x) # u(x)}.
o

Proof: We choose positive numbers €n decreasing to 0. For
every m there exists a finite cover of K consisting of balls
k . k .
B(xm) with centre Xm € K and radius € We can and do con-

. . k .
struct continuous functions v, on K that satisfy

uk =u on K\~B(xk),
m m
uk > u-€ ,

m m

uk(xk) = u(xk)-s .
m m m m
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The desired sequence is formed by {uﬁ} taking first the func-

. k
tions u

1 etc. Indeed, let v € T(u). First sup-

next u,,
pose that v is continuous. Then there exist X €K, g,

§ > 0 with
vix) < u(x) - ¢ for Hx-—on < 8.

Choose m so large that em4< Min{46, }e}. Next we can find k

such that X € B(xi). It follows that

B(xk) c{x: llx-x Il <§&}.
m o

Hence ui >v+ie on B(xz) and we are done.

Next if v 1is upper semi-continuous, we can find continuous

functions vj such that
(1.2) vj ¥ v.

Since u 1is continuous and u > v, we may replace vj by
Min{u, vj} in (1.2). If jO is large enough, Min{u, v, } # u;
to finish the proof we apply the preceding argument to °

v = Min{u, v.} . ]

[}

Let S denote the unit sphere in c".

Lemma 2. Let h be the indicator of an entire function of ex~
ponential type £ and let v be a positively t1-homogeneous,

continuous function on Gn. If h(z) <v(z) on a compact sub~-
set K of S, then for every € > 0 there exists a constant

C such that
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loglf(rz)| < C+v(xz) + er, for r>0 and 2z € K.

Proof: Recall Hartogs' lemma : Let {ur}, r >0, be a fam—

ily of subharmonic functions on a domain Q< R"  and let K
be a compact subset of Q. If
a) {ur} is bounded from above on &,
b) there is a constant A such that
Tim ur(z) <A on Q,
>

then for every e > 0 we can find r, such that for r > r,

ur(z) <A+e on K,

cf. [4] theorem 1.6.13.

This theorem remains true if we replace the constant A by a
continucus function (one uses the compactness of K). The lemma
is an easy consequence of this extended Hartogs' lemma . We
let Q be a small neighbourhood of K (so that h(z) < v(z)

on £) and

u(@:lﬂf_(_rﬂ, > 1.
r T

Since f 1is of exponential type the family ur(z) is uniformly
bounded from above. Also

lim‘ur(z) (= h(z)) <v(z) on Q.

T

Hence, given € > 0 we can find r, such that for r > r
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loglf(rz)| _ u (z) <v(z) +¢ on K.
T T
This implies the lemma. ]

We will now formulate a special case of a very important theorem
of L. Hormander ([4] theorem 4.4.2.) on the solution of the
5—equation with L? estimates on pseudoconvex domains. For a

(p,9) form

g= ) v g szIdEJ,
IT{=p IJl=q

where I' means summation over strictly increasing multi~indices

and the are measurable functions, put

81,3

I 2

g2 = § g
13 1,J

Theorem (HSrmander). Let ¢ be a plurisubharmonic function

on ¢n. For every (p,q+1) form g with

f lglze_¢ dr < e
°

and 3g = 0 (as adistribution!) thereis a solution u of the

equation du = g such that

[ ul2e™ s 12012 Car < [ 1gl2e %an.
" ' a”

This theorem is crucial for our main result as well as for the
results in part 2. We continue with an application to exten-

sions of an analytic function defined on a complex linear sub~
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space under certain growth conditions. It is a slight refine-

ment of an application given by HOrmander, cf. [4] theorem 4.4.3.

Theorem 1. Let p be a plurisubharmonic function on ¢ such

that for some constants a, B, A, B >0
(1.3 1oz oG 1 < AUz I+ IwID Iz =wll® + B.

Then there exists a constant G such that the following is true:
If f is an analytic function on a complex linear subspace - I

of @° of codimension K such that
(1.6)  f 1£1%2ePdo < =,
%

where do denotes Lebesgue measure on I, then there exists

an analytic function g on ¢" such that g=f on I and

(1.5) {1gl2(1+ z?) %™ ar < ¢ [ 1£1%2e Pdo < =,

mn X

where ¢q = (2-*%)K.

Proof. The theorem is easily obtained by finitely many itera-
tions of the special case which we will treat here, namely, the
case where I 1s the hyperplane z, = 0. Then f is an analy-

tic function of Zys eees 2 and we regard f as an analytic

n-1

. n . P
function on € which is independent of z_ -

For any smooth function ¢ on ¢" that satisfies $=1 ona
neighbourhood of z = 0 and for any smooth function v on c”

the function

(1.6 g(z) = ¢(2)£(z) - ZHV(Z)
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is a smooth extension of f. We want g to be holomorphic,

i.e. Sg = 0. This leads to the following 3 problem for wv:

£(z) 3.

V4
n

(1.7) v =

We will choose ¢ such that (1.7) has a solutions v that
makes g an analytic extension of f which satisfies (1.5).
Note that the right-hand side of (1.7) is a smooth 1-form be-
cause §¢ = 0 on a neighbourhood of z = 0.

We define ¢ as follows. We will write 2z = (z',zn). Let
y(w) be a smooth function on €, O <y < 1, such that ¢

has support in B(0,1) and ¢ =1 on B(0,i). We put

p(z',2) = wllz" 1P 2 ) for Nzl > 1

and we extend ¢ smoothly to ﬁn such that ¢ = 1 in a neigh-

bourhood of z = 0, 0<¢=<1 and ¢ =0 for Iznl > 2,

Note that
(1.8) 1381 = oCllz" 1By, Hz'll > =
Let z = (Z',Zn) € supp 93¢ , Izl > 1. Then

/8

Wiz 117 E < a1 < il , hence

8

o(z',2 ) = p(z",0) < allizll + 2" ID%1z_I”+B < 3% +3,

flz'll > 1.

It is clear that ID(Z',zn)—-p(z',O)l is bounded on the inter-

section of Ilz'll < 1 and the support of 5¢, hence

(1.9) |p(z',zn)-p(z',0)| is bounded on the support of 36,
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We obtain from (1.8) and (1.9):

_ 12 - -
§E2 5| ez ™8 PP e
¢” ? support 08¢
2 1
<o J ER2 Gz P E g,
support5¢
- ' dx dy
=p 18D 1? " —

z Iz 7P <z | < ey ™E R

L}

D2rlog2 [ 1£(z")I? P yq,
z

We now apply H6rmander's theorem to obtain a solution v of

(1.7) that satisfies:

- o
[ 1) (e 2028 gy
Gn

. 1
<Dp2nlog2 [ 18z 1% P gq.
5

Combining this with (1.4), (1.6) and the fact that
Ip(z',zn)-p(z',O)l is bounded on the support of ¢, (1.5) fol-
lows.

Note that the iteration is possible because p(z) + clog (1+ l[z[{?)
is plurisubharmonic and satisfies (1.3) (perhaps with different

constants A and B). i

Lemma 3. If ¢ € M(n) is Hblder continuous with expoment n on
the unit sphere, then ¢ satisfies (1.3). One can take o = 1-n,

B =n.

£

Proof: Immediate.
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For any positive continuous function ¢ on ¢" we introduce
the space
E = {f:f is entire in €" and sugl{lf(z)l¢(z)—1}-<w}.
¢ zeC

For f € E, we put

¢

1

e, = sup {1£(2)1¢(2) '},

¢ z€CQ
This turns E, into a Banach space. It is clear that for ¢ < ¢

¢

the identity operator

To,o P8y 7 By

is bounded.

Next we come to the proof of the main result as stated in the
introduction. We may assume n > 1 in view of example a) at
the beginning of this section. Let u € M(n) have Holder ex-
ponent 1. We consider uJS, the restriction to the unit sphere.
We associate to uls a sequence of continuous function u with
the properties of lemma 1. The functions u are extended to

¢ positively 1-homogeneously:
u (rz) := ru (z), r>0, Hzll = 1.
m m
We set
(1.10) p = +0/ ) ELw 1+ (/-0
. P 1-n/ 73 n A
and put

H(z) 1= (14 [z112)P &2



42

and

u (2)
v (z) = (1+ Nzh2)P e ™

Assertion. The operator IV a is not surjective for any m.
assertlon s not

m

.. . . n
Proof: Fixing m, there is a point z, cae¢, z, # 0, such

that u(zo) > um(zo). We will show the existence of a function

g €E

with regularized indicator h_ such that h (z ) = u(z )
H g g o o

and hg < u, This function g is clearly not in E (look at

m
the points rzo).

Let 7t(w) be the restriction of u to the complex line
= {wz :1w€C}.
o

Then T 1is a positively 1-homogeneous subharmonic function of
one variable., Consequently 1 is the support function for a

compact convex set D in €, in fact we have

D= N A{w:Rer.w=<t(N)},
IAf=1
1(z) = MaxRez.w,
weD
cf. [8]. Let A €D be such that t(1) = ReA. Then f(w) = eAW
satisfies
1£w) | < eT(W) and hf(1) = t(1) = u(zo).

We put

p(z) = 2(u(z) +log(1 + llz]1?)).
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The function p has Holder exponent n on the unit sphere
and (by lemma 3) satisfies (1.3) with a =1-n, B =n.
We observe that
[1£12 e <=,
z
Now we can apply theorem 1 and obtain an analytic function g
with
=f
gl

and

aan f a2 @ 1) ™ < o,
o
where q = (2~+liﬂ)(n-1)-
Let <, denote the volume of the unit ball in €. Using the

mean value property and the Schwarz inequality we infer from (1.11):

lg(2) | < !
c r B(z,r)lgldx
n
(112 <= M PP aann Y2y 1 11O qaionn
cr LEB(z,T) B(z,r)
1
) _ _ 3
< Max {e*"@)(1+||;u2)q”}(jlglze"(‘?)(un;uz) qu)
Vcnr' r€B(z,1) o
Finally we choose t = Hz||1_1/n. Then the Max in (1.12) can be

estimated in terms of the value in z:

Max
t€B(z, Hzll

-1 e%Q(C)(1+ ”2;”2)(1/2 < M. eu(Z)(1+ “2”2)‘1/2"‘1’
- /n)
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by use of lemma 3.

Combining this with (1.12), (1.11) and (1.10) we obtain that

o

g € E, and the proof is complete. G

B

Proof of the main result. We identify Ev with its image un-
. m
der I . Because E does not equal E_, it is of the
vm,H vm H

first cafegory in EH' This is the open mapping theorem as

stated in [9] and follows from the proof of the usual open map-

ping theorem. We infer that

EH\IlIJlEv # 9.
m

The functions in EH ~ % Ev have regularized indicator u.
Indeed, if f € EH has indicator ¢ <u, ¢ # u, then there
exists by lemma 1 a continuous function w and a positive num-

ber & such that

$(2) <u_(2) < u(z)
and

$(z) < um(z) - &

on the closure K of {z€8 : um(z)<u(z)} in S. For z with

u (z) = u(z), one has
m
£ 1v_(7" < £l

On the other hand, for =z with um(z) < u(z), note that

z =rw, w€ K. Then lemma 2 applied with v(z) = um(z)-EHzlh



K, %e, gives

um(z)—%ellz”
1£(z)] < Ce , z=r1w, wE&EEK.

We conclude that f € EV .
m

Now take f € EH ~ ILI,'l EV . This £ has indicator u
m

1£2) | < EN(1+ zll2P e,

This proves the main result. B

and

45
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2. AN APPLICATION: PALEY-WIENER FUNCTIONS CAN HAVE IRREGULAR
GROWTH.

In this section we will show how our main result leads rather

quickly to Vauthier's theorem mentioned in the introduction.

First we explain the notion regular growth. Let f be an en-
. . . n . e e
tire function of exponential type on €  with indicator h.

For =z € mn, r, ¢ >0 we introduce

1 loglf(z")l

r
I.(z,8) = ———rrvx
f Vol B(0,8r) B(rz,6r) r

dr(z") .

Definition. A function f of exponential type on ¢ is said
to have regular growth in the "direction" zce" ~ {0} if for
every e, 60 > 0 there exists § with 0<§ < 60 and R>0

such that for r >R
|1§(z,a) -h(z)| <e.

It is said to have regular growth on a set D if it has regular

growth in all directions z € D (z #0).

Regular growth of a function is related to regularity of the
distribution of its zero set, cf. [1,3]. It is a well-known

fact [2] that Paley-Wiener functions of one variable have regular
growth. This can be generalized as follows.

Recall that Paley-Wiener functions are complex Fourier trans-—
forms of compactly supported distributions on R". If the con-
vex hull of the support of this distribution is a polyhedron,
then the Fourier transform has regular growth, cf. [11]. This

is true, basically because in this case the indicator is almost
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everywhere pluriharmonic.

To obtain a Paley-Wiener function of irregular growth Vauthier
shows the following. An entire function of exponential type can
be perturbed a little, resulting in a function with the same in-
dicator but without regular growth, if the indicator is strict-—

ly plurisubharmonic on a domain in c”.

Next he spends a lot of effort to obtain a Paley-Wiener function
with an appropriate indicator. The latter part is simplified

in the sequel. For convenience, we will work in @2,

Lemma 4. Let f and g be nonnegative subharmonic functions

on a domain Q< @€ and let p > 1. Then the function

h(z) = (£(z)® + g(z2)®) /P

"is subharmonic on .

Proof: Apply Jensen's inequality with the convex function

GE 4Dy /P

1 to verify the mean value inequality for h. G

Remark. In a point z where £, g and h are ¢? one can

calculate Ah explicitly. We need this only for p = 2:

b _ fAf+ghg
(£2+g?)

Ah = A(£2+g2)
(2.1)
_ 2 _ 2
(fxg gxf) + (fyg gyf)

* (f2+g2)3/2 :

This shows that h tends to be "much more" subharmonic than £

or g, which is exploited in the following
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Proposition 1. The function

3.2

h(z,,2) = ((In(zo+2) D + (mz ) + (Inz,) '}

2)
is in M(2). It is strictly plurisubharmonic on the open set

2= 0~ ((z,52,) ¢ 2,5,=2,%,} Ul(z,2,) zz+z§ - op.

1 1

Proof: For a point 2z € €¢2 1let I be any complex line through

w, z,¥A,w) : w€C}, [ :A]€]P1(¢).

L= {(z+ 2™y 132

1

The function £(z) = |In1Vz$+z§ | and the comvex function

g(z) = lImzll are in M(2), hence le and g[Z are subhar-
monic. It thus follows from lemma 4 that h[Z is subharmonic,

also h is HOlder continuous on the unit sphere so we infer

[

that h € M(2). If z€Q, h is C at z and it can be
shown that Ah|Z is positive at the point w = 0 for every

choice of [A :Az] € P1(¢). Indeed, for a line I with

1

[A1 :Az] # [Imz

positive Laplacian at w = 0. In the remaining direction the

. Inxzz] it follows from (2.1) that glz has
result follows also from (2.1) by an explicit calculation which

we omit here. 8

The main result furnishes a Paley-Wiener function f whose in-
dicator equals the function h of proposition 1. A perturba-
tion of £ will give a function of irregular growth. For com-
pleteness we shall give a short sketch, following Vauthier [10]

part C.
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. 2 . . .
Theorem 2 (Vauthier). On @ there exist entire functions
of exponential type, which are in L2 on the real subspace,

but which are not of regular growth.

Proof: Let z, be a point in

___2 . 5 = 5 | . 2=
Q=0 ~({z 2%, 2221} U {z Pzl tz) oh.

Let B%, B1 and B2 be balls with centre z and radius ir,

r and 2r vrespectively, where <t 1is chosen such that BZCZC Q.

Choose numbers tn such that

t, b t >0, tB

0 0 n t B, = §.

2 +1°2

Later on the choice of z, and tn will be made more precise.

We can find a C  function ¢ with the following properties:

0<¢<1, ¢=1 on UtB,

the support of ¢ is contained in U t B
n n 2

and for small & > 0 the function (1-8¢)h is

plurisubharmonic.

The construction of ¢ goes as follows. We may assume that

t, = 1. Start with a C  function ¢o with support in B

and with ¢0

2

t on B Define ¢ by

1

¢(2)
¢(z)

¢0(Z/tn) for z € t B,

0 elsewhere.

As a consequence of the chain rule and the homogeneity of h
we obtain that for an arbitrary second order derivative DiDj

and for any 6 > O
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DiDj[(1—6¢)h](Z) 2

1
E;[DiDj(1—6¢)h](z/tn) for z € tnB

and 0 elsewhere.

Strict plurisubharmonicity of h on B2 completes the argument.
o
By a similar construction there also exists a C  function

having the properties

0<y=<1, loyll <1, ¢ =1 outside tzsz and for

p > P> ¥ =0 on t2pBT’

one uses that the first order derivatives of y are O0(1/Hzll)

for llzll » .

We now set up a Jd-problem:

(2.2)  Bu = opf,

where £ 1is a Paley-Wiener function with indicator h satis-
fying the inequality

1£(z) | < (1+ 12112)P B2

whose existence follows from the main result.

We take as weight function
p = 2(1-6¢)h + (p+3)log(1 + lizI12).
Since ¢ = 0 on the support of §¢, we have the estimate

S Nspelize™Par < f _ 1£12ePan
¢ supp Y

- 2
< [ 1£1% (2h + (p+3)log(1 + llzll )dk <
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Thus, by the cited theorem of Hdrmander (th] theorem 4.4.2)

we can find a solution u of (2.2) that satisfies

(2.3) [ lul2 e ® "2 1og0l Hz®)4 <o.
mZ

We put
g = Pf - u.

As in the proof of the main result we obtain from the 1?2 esti-
mate which we have for g that g 1is a Paley-Wiener function.
Because u 1s holomorphic outside the support of §w we simi-

larly obtain from (2.3)

22, (1-8)h(2)

fu(z) | < c(1+ Nzl on tPB£’ P>p,-

We may assume that z, and the sequence tn were chosen such

that

loglf(t 2z
gl£t2) |

13
im T
n>x n

> h(z ) (1-48).
Then it is readily seen that

h (z ) > h(z ) (1-48).

g o o

On the other hand z € thBé implies

le(z) | = luz) ] < c(1+ lz]12)%e{1780(2)

We conclude that g has no regular growth.

Although the function g might not be in L? on the real sub-

space, g multiplied with a suitable power of
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sine z sinez
: 1 2
. zZ
21 2

will be. This has no consequences for the irregular growth, but

the indicator changes somewhat. 19
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ABSTRACT

The authors prove a lemma which expresses the mixed derivatives of a function in R” in terms
of its directional derivatives of the same order in an angle. The lemma is used to derive an edge-of-
the-wedge theorem for C” with an explicit domain of analytic continuation. Other applications will
be given in subsequent papers.

1. INTRODUCTION

In this paper we present a convenient condition for real-analyticity of
continuous functions in R” (section 4). The result is used to prove a form of
the edge-of-the-wedge theorem which includes a description of a minimal
domain of analytic continuation (section 5). Our method of proof is related to
that of F.E. Browder [3], but somewhat simpler. In a subsequent article {9] one
of us will prove a refinement of Helgason’s support theorem for Radon
transforms on R” [5]. A later paper [10] will explore the relation between
1-dimensional analyticity of a function in C” on a family of complex lines
through the origin and n-dimensional holomorphy of the function on a neigh-
borhood of the origin, cf. Forelli’s paper [4].

Although the above results may seem unrelated, our proofs are all based on
the following lemma, by which mixed derivatives can be estimated in terms of
directional derivatives in an angle.

* Second author supported by the Netherlands’ research organization ZWO.



MAIN LEMMA. For every open subset Q of the unit sphere S"~' in R”, there
exist a constant B=Bq and a family of integrable functions {g,} with the
following properties:

!
(1'1) j (wlDl +...+ wnD”)lalga(a))da'= lz—l{- l)‘x
2 .

for all n-tuples a=(w,, ...,,) of non-negative integers;

(1.2) | |g,(@)|do=(B+e)
Q
for every €>0 and all a of sufficiently large height |a|.

Here we have used the standard notations
- a_ na a,
Dj——b/bxj, D _Dl ‘..‘D,, N
al=a;!...a,!, la|=a;+...+ @,
while do denotes the area-element of S$”~!.

The main lemma will be derived from the following special case for n=2:

LEMMA 1. For every subinterval (0, ) of (0,2n) there exist a constant B=B,
and a family of integrable functions {gpq} with the following properties:

2 d . d Pt+q p+q> bp"“q
1.1’ 2 2 = 2
(1.1 % {(cos 0) bx1+(sm 0) bxz} 2pq(0)d0 < p ) 5o

for all non-negative integers p, q;
i
(1.29) | 12og(D|dO<(B+¢&)P*7
0
for every £>0 and all p, q with sufficiently large sum p+q. ’

It is easy to see that the constants B must be =1, cf. (2.1) below. The minimal
constants B, will form a decreasing function of A. We prove lemma 1 with

(1.3) B,= 3;:? for 0<A=7/4, B, =B, for A>n/4.

Under translation of the interval (0,1), the constant B is at most doubled
(lemma 2). Our constants B are not best possible; it would be of interest for
the applications to have minimal values. We do have a sharp resuit for the case
where 2 is the whole sphere (or a hemisphere): in that case B can be taken equal
to 1 if we suppress the factor |a|!/a! on the right-hand side of (1.1), see [10].

2. PROOF OF LEMMA 1
By the binomial theorem, equation (1.1°) is equivalent to the set of conditions

A
@.n g (cos 8)P* 7 *(sin 0)¥g,,(6)d0=0yy, k=0,...,p+q.
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Taking g,,(6) =0 for §> /4 if necessary, we may assume that A <n/4 so that
T=tan A<l.
We now substitute 8 =arctan zs. Then (2.1) takes the form

! g,.(arctan ts)
‘L"H'l S Sk Pq

ot e ds =g k=0, ba

Since the right-hand side is zero for k#gq, we may replace t%*! by 9+!,
Setting

17+ !g,,(arctan 1s)

(2.2) (s Ut

our system of equations reduces to
i

(2.3) | s*h,(5)ds=6;,, k=0,...,p+q.
1]

It is convenient to introduce the linear span S, of the powers
s0 ..., 577 s 5P in L0, 1).

Equation (2.3) requires that A4,, L S, and furthermore that §8 s%h,,=1. We
take for h,, the unique element of L*0, 1) that satisfies these conditions and
has minimal L? norm. Then h,, must be a constant ¢ times the difference
between s7 and its orthogonal projection Q on S, (hence 4, is a pelynomial of
degree <p+q). The condition

1=

Oy —

Sy = | 69 Q)7 Q)

gives the value of ¢ and hence

(24)  Ihyglz= {distance (%5} "

The above distance may be estimated rather accurately with the aid of
functional analysis and Laplace integrals. However, this L2 distance has been
computed exactly by Miintz [6] and Szdsz [8]. Their formula gives

distance (5% S,)=Cg+ 1)t T k-4
i k=0,kzq K+qg+1

q!plq!
+2g+ 1Y
2

For fixed p + g =m the reciprocal |4,,|, of the distance is maximal if 2q%=m?,
so that by a short calculation

(2.5)  |hygly=<C™ for any C>3+2V2,

=Qq+1)!

provided m=p+q>my.
Defining g, according to (2.2), we will have (2.1) and hence (1.1’). Finally,



Schwarz’s inequality gives

.

A ! ds
g |gpg(®)|db= (j) |gpq(arctan s)| 112

P 1
2.6) <Ayl (5’ (1 + t25%)P s}t

< | Apgla(1+ 1/7) 0+ D <(C/sin 4)P*9,
-

provided p + q is sufficiently large, cf. (2.5). Formula (2.6) completes the proof
of lemma 1. It gives (1.2") with B= B, as in (1.3); in the case A>nr/4 we may
of course take B; =B, 4.

3. DERIVATION OF THE MAIN LEMMA
We first investigate what happens in lemma 1 under rotation.

LEMMA 2. For every interval (a,a+ \) there exist a constant B=B,, and a
Sfamily of integrable functions {g,,} with the following properties:

s i p+ag P+a\prpa
G T {(cos D+ (sin 6D} g, @)= (P ¥ )DpDg

for all non-negative integers p, q;

a+l -
(3.2) [ 18,40|do<(B+e)"+1

a

Sor every >0 and all p, q with sufficiently large sum p+q.
In fact, we may take B=2B where B is as in lemma 1.

PROOF. Substituting
D,=D, cos a—D, sin a, D,=D, sin a+ D, cos a
and setting 8 —a=¢, equation (3.1) becomes

i K
§ (D cos t+ D, sin )P*9g, (a+dt=

3.3 ' ‘ .
ptq P4 Jra-ke __ 1yP-(si p-itkp3j+kp+a—ji-k
( » ) 055,, <1>( k)(cos a) (- 1)?™/(sin a) D{**Dj .

=1

O0sk=gq

Now, using functions g as in lemma 1,

- —~ . A o~ —~
(f :z>D{+"D§+q-J-k= [ (D1 cos 1+ D, sin 09 prq-js(O)dl.

57



58

It follows that we may satisfy (3.1) by defining

Epalat+t)=

¢, & L)

P <p+q>
itk

With this choice of &, the inequalities (1.2’) give

(cos @)/ * ™ (= 1) /(sin a)* 7/ **g; 4y g k(D)

U+K)! (p+g-j—-k)!
Jk! (p=-DUg-k) "gf'+k.p+q—j—k||1

=) 2j+k2P+tl-j—k(B+8)p+qscp+q
ik

18pali= X
ik

for any constant c> 2(B+¢) and all large p+gq. Od

PROOF OF THE MAIN LEMMA. The proof is by induction with respect to the
dimension. For n=2 the result follows from lemma 2, because £ must then
contain an interval (a,@+4) and we can take g,=g,, on that interval and
8,=0 outside. We thus take n=3 and indicate the step frgm n—1 to n.
Accordingly, let © be an open set in $”~!. We represent the points w of $"~!
as follows:

wy=cos 8, (wy,...,w,)=(tin Hw’
where 0<60<n and w’e S"2. The area clement of $"~! then becomes

(3.4) do=df (sin )" dg’,

where do’ is the area element on S" 2.

~ Next choose open subsets 2, and 2’ of (0, ) and S” ~2 such that the points
w corresponding to 2, X 2’ form an open subset 2, of 2. The constants and
functions which the main lemma (for dimensions =<n— 1) associates with Q,
and ' will be denoted by B, § and B*, g*, respectively. In order to establish
(1.1), we will use functions g,(w) that are equal to zero outside £,. Repre-
senting the vector D=(D, ..., D,) as (D;, D’), the inner product w - D becomes

w-D=(cos 8)D,+(sin O)w’-D".
The desired formula (1.1) may thus be written in the equivalent form

§ {(cos @)D, +(sin Pw’- D’} 4+ 1¥lg, (w)(sin 6)"*dbdo’
axa b
(3.5)

lo! e @]t e
Tay!a)! by o'l DI



Now by the result for n=2, cf. lemma 2,

def

Hw) = ;{(cos 6)D, + (sin O)w’-D’ yatlalg . (6)do
(3.6)

1 ’
=—=— D{(w'"- D).
|

Multiplying (3.6) by g¥(w’) and integrating over Q’, we obtain

3.7 [ Kw"glw"da'= H!, D& | (@'- D) ¥gt(w")do.
@ o laf! @

Thus by the main lemma for dimension n—1 and our choice of functions g*,

the right-hand side of (3.7) is precisely equal to the right-hand side of (3.5).
The conclusion is that we may satisfy (3.5) or (1.1) by defining

(3.8)  gu(w)sin §)""2=F, 1 (B)gs(w’) for w e Q.
For the norm of g, (w) we then obtain, cf. (3.4),
§ |ga(@)lda= | = | |&q a1(6)d8 | lga(w")|da".
Q 2 @ @

By the induction hypothesis, the right-hand side is bounded by
(B+e)lel(B*+g)lol

provided |e’| is large. Since B*=1, the weaker inequality
lgol < {(B+e)B*+e)}

will hold for all & of large height, even when |a’} is small. Suitably adjusting
g, it follows that we have (1.2) with B=B,=BB*.

4. A SUFFICIENT CONDITION FOR REAL-ANALYTICITY OF CONTINUOUS FUNC-
TIONS

We start with a result for C* functions.

PROPOSITION 1. Let f be a C® function on a domain D in R" such that, for
the fixed angle spanned by a given open subset Q of S"~' and at each point of
D, all directional derivatives of order k are bounded by C*k! for all large k.
Then f is real-analytic on D and f has a holomorphic extension to the neigh-
borhood

4.1 U=D+A4(0,1/BC)={zeC", z=a+b, aeD, |b|<1/BC}

of D in C", with B=Bg as in the main lemma.

PROOF. We estimate the mixed derivatives of f at a € D with the aid of the
main lemma:

a
|||

4.2) Df@)=1{ (o D)"f(a)g,(w)do]| < CI*(B+3)|a!
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for every 6>0 and all & of large height. It follows that the Taylor series
3 I L DYar-a
az=0 O

for f(x) around the point @ converges throughout the open set (I(a) given by
|x;—a;]<1/BC, j=1,...,n. The series will converge to f on Cl(@)N D, because
the difference between f(x) and the partial sums of the series will tend to zero
there. Thus f is real-analytic on D, .

The complexified series (4.3), obtained by replacing x with z, will converge
throughout the polydisc A(a, 1/BC), hence f has a holomorphic extension to the
set U of (4.1).

Now we are ready for

' THEOREM 1. Let f be a continuous function on a domain D in R" such that,

Sfor the fixed angle spanned by a given open subset @ of S"~V and at each point
of D, all directional derivatives of order k exist and, for large k, are bounded
by C*k\. Then f is real-analytic on D and f has a holomorphic extension to the
neighborhood U of D in C" described in (4.1).

PROOF. Let {@.} be a C* approximate identity relative to convolution on R”
such that the support of ¢,=0 belongs to the ball |x|<¢ and fp,=1. It is
enough to prove the desired result for every relatively compact subdomain D’
of D, because the union of the corresponding neighborhoods

U'=D'+4(0,1/BC)

will be U.
For given D’ we take ¢ less than the distance between D’ and the boundary
of D and we form the convolutions

fe =f *Ps

on D’. Observe that f,—f on D’ as ¢—0. The functions f, will satisfy the
conditions of proposition 1 for D’. Indeed, they are of class C* and for large
k, the directional derivatives Df, Je in the given angle will satisfy the inequality

|DE £,(a)| = |(DL f xp.)@)| = C*k! fp, = C¥k!

at each point ae D’.

It thus follows from proposition 1 that the functions f, have a holomorphic
extension to U’. Moreover, by (4.2) applied to f;, the extended functions f;,
form a bounded family on every relatively compact subdomain of U’. In other
words, they form a normal family on U’. Any limit function of this family will
be equal to f on D’ and holomorphic on U’. We conclude that fis real-analytic
on D’ and has a holomorphic extension to U’.



REMARK 1. Observe that in theorem 1, it would be enough to require that f
be a distribution on D for which the distributional directional derivatives satisfy
the given conditions. On the other hand, one needs more than just real-
analyticity of f on every line, cf. the example x,x,/(x} + x3) for R2.

REMARK 2. There are related results on the real-analyticity of separately
analytic functions, cf. F.E. Browder [2}, Bochnak and Siciak [1]. Their work
shows that the conditions for real-analyticity in theorem ! are much more
stringent than necessary. However, the point is that theorem 1 is easy to prove
and just right for certain applications, among them the one below.

5. THE EDGE-OF-THE-WEDGE THEOREM

In this section we obtain a form of the edge-of-the-wedge theorem, in which
we explicitly indicate a minimal set of analytic continuation. Our proof of the
theorem is related to one by Browder, cf. [3]. The main difference with
Browder’s proof is that he made use of his theorem on real-analyticity of
functions that are separately analytic, cf. [2], whereas we use the simpler
theorem 1. For general information on the edge-of-the-wedge theorem one may
consult Rudin [7].

In the following D is an arbitrary domain in R”, where we identify R” with
R"+i0 in C". We let V denote a truncated open cone in (another) R":

(5.1) V={1Q,QcS5" ' open, 0<t<R}.
With D and ¥V we associate the following two open sets in C":
(5.2) Wt=D+iV, W =D-iV.

Although it is not necessary, it will be assumed that Q is connected, so that
W* and W~ are domains in C". The sets W* and W~ need not intersect; they
are ‘“‘wedges’’, with common ‘‘edge’’ D. We finally introduce the basic set

(5.3) W=WwW*UDUW"™.

Fig. 1.
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It is not easy to draw a picture even for n=2, but a little reflection will show
that with V as in fig. 1, the set W does not contain a C" neighborhood of any
point @ € D. Indeed, the points @+ iy with y#0 not in V or —V are outside W.
On the other hand, W does contain the intersection of a C” neighborhood of
a with the family of complex lines {z=a+sw, seC} where w runs over Q.

THEOREM 2. Let D, V, W*, W~ and W be as above. Then there exists an
open neighborhood X of W in C" such that every continuous function f on W
which is holomorphic on W* and on W~ has a holomorphic extension to X.
A minimal domain of analytic continuation is given by the union of W and the

- polydiscs A(a,r,), where a runs over D and

r,= % min{dist(a, 0D), R},
with B=Bg as in the main lemma.

PROOF. Let D, be an arbitrary relatively compact subdomain of D. We
choose

0 < g <min{dist(Dy, 0D), R}
and define
Vo={t2,0<t<p}.

It will be sufficient to prove that every function f as in the theorem has an
analytic continuation to the open set

Uy=Dy+4(0, 0/B).

Indeed, the union of these sets is a neighborhood of D in C" which contains
the polydiscs A(aq, r,) (take small neighborhoods D, of @ in R” and take o close
to its upper bound).

With D, and £ we associate the family of discs

4.0 ={zeC":z2=a+sw, seC, |s|<o}

where a runs over D, and w over 2, while o remains fixed. All these discs
belong to the compact subset of W given by

(5.4 D,xiV,,

where D, stands for the o-neighborhood of D; in R”.
Now let f be as in the theorem. We consider its restrictions to the discs
A,4,(0), writing :

fa(®) =fla+sw), |s|<o.

These functions will be continuous for |s|<g and analytic off the real axis.
Hence by application of Morera’s theorem, they are analytic for |s| <o. Since
fis continuous on the compact set (5.4), | f] is bounded by a constant M there.



Thus by the Cauchy-inequalities for the derivatives of f,, at the point s=0,

k
DEf(a)| = l a%;f,,w(m <k!M/o¥

for all ae Dy and all we Q.

It now follows from theorem 1 that the restriction of f to D, has a holo-
morphic extension f; to the open set Uy=Dy+ 4(0,0/B) in C". However, does
this extension coincide with f on UyNW? The answer is affirmative for
UyNW™* because f, coincides with f on the discs 4,,(0/B) (at the centers, the
derivatives are the same), and the union of these discs contains an open subset
of W*. Similarly fy=f on Uy;NW~; by continuity, f,=f also on U,ND.

We conclude that all functions fin the theorem can be extended analytically
to an open set X in C" which contains the union of W and the polydiscs
Ala,r,).

REMARK 3. A sharp estimate for the constant 8, in the main lemma would
give information about the size of the common domain of analytic continuation
X. The precise shape of X is unknown.

REMARK 4. From theorem 2 one usually derives various other forms of the
edge-of-the-wedge theorem. In one strong version, the boundary values on the
edge are only assumed to exist in distribution sense. Another version is a
theorem on analytic continuation by reflection: Every holomorphic function f
on W* whose imaginary part tends to zero as y=Im z—0 in V has a holo-
morphic extension to X; on W™, the extension is given by the complex
conjugate of f(2). Cf. [7].
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ABSTRACT

Let f be a rapidly decreasing continuous function on R” and let f be its Radon transform. If f
decreases fast enough and vanishes on a fairly large set, then it is proved that f has compact
support. We also investigate the relation between the supports of f and f under these conditions.
The results contain the well-known support theorem for Radon transforms on R” as a special case.

1. INTRODUCTION AND RESULTS

Let f be a function on R” which is integrable over every hyperplane. The
Radon transform of f is the function f defined on the set of hyperplanes by
S(H) =1y f. It is convenient to parametrize the set of hyperplanes by their
double cover $"!xR:

(@,)~H={seR":s-w=t}, (w,N)eS" ' xR,

where 87! denotes the unit sphere in R? and s-w=s5,w;+... +5,w,. We
think of the Radon transform as defined on "~ ! xR by

(1) Fty= | fls)dm(s), (w,0)eS" 'xR.
Sw=t
In the present paper we investigate the relation between the support of fand
that of £. It is obvious that if f has its support in the closed ball B(0, R), the
support of f is contained in $"~!X[—R,R}. The converse is not true in

* Author supported by the Netherlands’ organization for the advancement of pure research.



general, e.g. set R?=C and take f()=2"7 for |zj=1, and extend f smoothly
to R?, see [3], p. 18. In fact Zalcman recently gave an example of an entire
function f= 0 with the property that | f] is integrable over every straight line L,
while §; fdm(s)=0, see [10].

However, if fis rapidly decreasing, i.e. for every k=0

f)=0(x|~%) for |x|= o,

the situation is better. We will prove the following theorems:

THEOREM 1. Let f be a rapidly decreasing continuous function on R" whose
Radon transform f satisfies the growth condition

#)) | Flw, D<= Ce %, £,>0, (w,heS" ' xR
Suppose that for some open set QCS"~! and some R>0
flw,H)=0, we, |t|>R.

Then f has compact support.

THEOREM 2. Let f be a compactly supported continuous function on R" and
[ its Radon transform. Then f=0 on the set

{seR":s-w=t, (w,t)&supp f}.

We will also give an example showing that a growth condition like (2) cannot
be disposed of completely. Finally, observe that taking £2=S5""! one obtains
an important special case:

SUPPORT THEOREM OF HELGASON [1, 2]. If fis a rapidly decreasing continuous
function on R” and supp fCS"~!x[— R, R], then supp fC B(0,R).

In the proof of theorem 1 we use the lemma on mixed derivatives from
Korevaar-Wiegerinck [4] to show that the Fourier transform of f extends to an
entire function of exponential type. Then the proof is completed with the
aid of the Paley-Wiener theorem. Theorem 2 is based on a proof of the
Plancherel-Polya theorem in [8].

The proof of theorem 1 looks quite natural; nevertheless, the known proofs
of the support theorem (Helgason [2], Ludwig [5], B. Weiss [7]) are all
different.

For more information about the Radon transform and its applications we
refer to Helgason’s book [3].

1 would like to thank Dr T. Koornwinder who introduced me to Radon
transforms and made useful comments on an earlier draft of this paper.

2. DERIVATION OF THEOREM 1

An important tool in the proof of theorem 1 is the lemma on mixed deriva-
tives from Korevaar-Wiegerinck [4]. It is recalled here:
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MAIN LEMMA. For every open subset Q of the unit sphere S"~! in R", there
exist a constant B=Bg, and a family of integrable functions {g,} with the
Sfollowing properties:

|o!

39 § (w1 Dy + ... + w,D,)g,(w)da = = D~
fe] .

for all n-tuples a=(a,, ..., ,) of non-negative integers;

G | lewldo=(B+e)
Q
for every >0 and all a of sufficiently large height |a|.

Here we have used the standard notations

D;=0/dx;, D*=DP...Dg",
al=a!...a,), |a|=a;+... +a,,
while do denotes the area-element of §"~1,
Next we give the

PROOF OF THEOREM 1. Since fis continuous and rapidly decreasing, we have
in particular | f(x)|<C(1 +|x|)~" and we conclude that f is in L2 and that | f|
is bounded by a constant M. Thus the Fourier transform Zfis also in L? and
using again that f is rapidly decreasing we find that #f is in C*.

Let @ be in S$"~!. The values of the Fourier transform .f on the line
{Aw:1eR} through w can be expressed very simply in terms of the Radon
transform:

@  (INGw)= | e Msds= | fw,De"Mat.
rRH -

The last equality follows from Fubini’s theorem and the definition of the
Radon transform (1).

By (2) the right-hand side of (4) represents (the restriction to the real line of)
a holomorphic function of one variable on a neighborhood of the real axis in
the complex line {{w:{=A +iue C}. For w € 2 this function will be entire and
of exponential type <R, because then the interval of integration reduces to
[— R, R]. For these values of w we estimate the directional derivatives of Z#f at
the origin: . : '

I Ff(Aw)
YL P

) f Flo, (= it)kdt} <2MR*+!,
~R

We next consider the Taylor series for Zf around the origin,

(6) Ff(xX)~ L cox%



We estimate the coefficients with the aid of (5) and the main lemma:

|ar|!

[ellcq| = ol D“(ff)(O)} =| g)(wan + .o+ 0, D) FF)0)g (w)do]

<2MR* (B4 g)lol if |a] is large,

<AEl with E=R(B+¢) for all a.

We infer that the Taylor series in (6) defines an entire function F of exponential
type on C™*:

1, 5 2! El2D™ Elzh*

lal! a |a|! a1! ’ a,!

|F@)| =] L c,z%=< ¥ AE™
(7) a l a

=A exp {EX|zj}.

The function F will be equal to .#f on R". Indeed, we saw that the restriction
of Zf to a real line through the origin is analytic and on such a line, #f and
F will have the same Taylor series at the origin, cf. (6). Hence by the uniqueness
theorem for analytic functions, #f and F are equal on every real line.

The conclusion is that F is an entire function of exponential type on C”
which is in L2 on R". By the Paley-Wiener theorem or its precise form the
Plancherel-Pélya theorem, cf. [6] p. 171, the inverse Fourier transform of
F= 7f, which equals f, has compact support.

REMARK 1. It is possible to derive Helgason’s support theorem in the same
manner. Indeed, for 2=S5"""! the main lemma is true with B=1, provided that
we add a factor |a|!/a! in (3”), cf. [4]; a proof will appear in [9]. Using this
fact we now obtain the end result of (7) with E=R(l +¢&). By symmetry this
result remains true if F(z) is replaced by F(T%), where T is a rotation of §"~!,
Thus we obtain

® |F(z)| = A7 exp {R(1 +&)X|(T2)}l}.
From (8) one readily derives that the special indicator function

def ze—

hg(A;x) = lim % log |F(x + ird)|
of Fis bounded by R|A| for every x and 4 in R". The latter function is equal

to the support function of the closed ball B(0,R) and the Plancherel-Pélya
theorem now shows that supp fC B(0, R), cf. [6], p. 171.

3. PROOF OF THEOREM 2

Let (wq, £p) ¢ supp f and let 5, be a point of R” such that so- wp=t,. We will
show that f=0 on a neighborhood of s,. Since supp £ is closed by definition,
we can find a neighborhood T of #; in R and a neighborhood U of wj in
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R” (1) such that
§ f(s)dm(s)=0 for xe U, teT.

xX.5=1
From this we infer that for every non-negative integer k&

)] | (9 (s)ds=0, xeU.
teT

The crux of the proof is to derive from (9) that

10) j s%(x-5)*f(s)ds =0, xe U
teT

for all multi-indices « and all &.
The proof of (10) is by induction on . First we introduce some notation, Let
B, be a ball which contains s, and supp f, and define

H,=ByN{seR" such that x-se T}, xe U.
Thus H, is a neighborhood of s, when x=cw,. Finally set

Gy,=H\H, x,yeU.

Observe now that by the boundedness of By,
1 volume G,,=o(l) if y—x,
while on G,, and G,

(12) y-s=x-s+0(y—x|) if y—-x.

To make the induction step, we take y=x+he;, where ¢; is the J™ unit
vector and 4 is sufficiently small, and write down the difference quotient of (10)
with k replaced by £+ 1:

_
0=—-1{ [ $70-9* (s~ | e ]

a3 4y = Ig“{(y S = (- 9)4 1} f(s)ds

1
h
+ L ek ir@ds— § L s%p-st* f(s)s,
6. h G, h

~

We also need this formula with exponent 0 instead of K+ 1:

j s%f(s)ds = § s%f(s)ds.

In the expression IG —SG in (13) we may therefore replace (y-5)**! by
-5t = (x-5)k* 1. After this step we let A tend to 0. Then by the continuity
of f and the order estimates (11) and (12) the new integrals over G,, and G,,



will tend to zero. We thus conclude from (13)

(k+1) 15 5;8%(x-8)f(s)ds =0,

which completes the induction proof of (10).
We finally take k=0 in (10), then observing that f is orthogonal to all
polynomials, we conclude that f=0 on H,.

REMARK 2. This proof is an adaptation of the one in [8], p. 100. The idea
goes back to J. Korevaar. For a related result, involving integrals over spheres
being zero, see [3], p. 16. )

4. AN EXAMPLE
- One might conjecture that theorem | remains valid if the growth condition
(2) is dropped. We will now give an example to show that this is false.

Let k(1) be a smooth, even, function #0 on R whose support is contained
in [—4, —1]U[34, 1]. Define

14  g)= | ke™da.
We note that the function g is even and in the Schwartz class A(R), i.e. g and
all its derivatives are rapidly decreasing. Also g is real-analytic-because it is the
restriction to R of an entire function of exponential type.

Let A(w) be a smooth even function #0 on $7~! such that #=0 on some
open set 2CS"~!. We put

(15) Fw, t) = h(w)g(t).

ASSERTION. There exists a function f in the Schwartz class #(R") such that
FlanH)=Flw, 1), (w,£)eS" ' xR.

Assuming this assertion for a moment, we have obtained a rapidly decreasing
function f whose Radon transform f satisfies the conditions of theorem 1 except
for the growth condition (2). However, fcannot have compact support, because
otherwise F and hence the real-analytic function g would have compact support,
which is impossible. 4

The assertion is a consequence of the so-called ‘‘Schwartz theorem for the
Radon transform”’, cf. [3], p. 6, but we will give a direct proof. In view of
relation (4), the desired function f should be given implicitly by the formula

(FN)hw)= ? flw,ne~Hdr= ? F(w, e~ *dt
(16a) e -
=h(w) | g(t)e”*dt=2nh(w)k(A),
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by inversion of (14). Relation (16a) also makes sense for negative values of 4,
because 7 and k are even. In other words, we should have '

(16  (FN0) =7 22k (Iﬁ) k(7).

Observe that fis a smooth function on R” with compact support (it is smooth
because k=0 in a neighborhood of the origin). We now define

f=7F

so that fis in the class #and f= #f. By l:dimensional Fourier inversion of (4),
using (16), it follows that

Fl=Cm™" | fhwetdi=hw) | k(A)edi=Fw,1).
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A LEMMA ON MIXED DERIVATIVES AND A THEOREM

ON HOLOMORPHIC EXTENSION

by

*
J. Wiegerinck and J. Korevaar

1. INTRODUCTION

In the present paper we are concerned with refinements of the
holomorphy part of the following theorem of Forelli, cf. [1]:

Let f be a function defined on the unit ball B in ¢ such

that the restriction of f to any complex line through O 1is holo-

morphic (or harmonic), while for every k there is a neighbourhood

Uy of O on which f is of class Ck. Then f is holomorphic on

B (or pluriharmonic, respectively).

There is a similar result for all "balanced domains", cf. Rudin [4].
We will assume f defined and holomorphic only on the segments

Izl < 1 of those complek lines through O that meet the real unit

sphere Sn_1. Nevertheless we will prove that f extends to a ho-

lomorphic function on a fairly large Gn-neighbourhood of those seg-

ments (theorem 1).

%
First author supported by the Netherlands' research organization

ZWO.
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In the two-dimensional case theorem 1 has a nice form. Let A
denote a polydisc about O in Gz and T its distinguished bound-
ary. If f 1is a function defined and holomorphic on the parts in-
side A of those complex lines through O which meet T and if
f satisfies a smoothness condition at the origin, then £ extends
to a holomorphic function on A (theorem 2). If we assume analytic-—
ity at the origin, a similar result is true in the higher dimensional
case (theorem 3).

An important element in the proof of theorem 1 is the following

MAIN LEMMA (case of a hemisphere). For the upper half 52—1 Tw Z0

of the unit sphere in R"  and all n-tuples o = (a1,...,an) of

non-negative integers there exist integrable functions ha with the

following properties:

(1.1 { (w-D)Itha(w)do =%,

n-1
S+

(1.2) f Ih (w)ldo < (|a,+1)é(nf1).

n-1
5,

Observe that the right-hand side of (1.2) is bounded by (1+¢) ®!
for all o of sufficiently large height |al.

Here and in the sequel we use the standard notations

D, =8/0%x., D*=D,' ...D ", wD=wD +...+00D,
j j n

=0, +...+0 ol =a,!...0 !
lal 1 n’ 1 n ’

. n-
while do denotes the area element on S .
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In [3] we derived a corresponding main lemma for arbitrary open
subsets U of Sn_1 and with an additional factor |al!/a! on the
right—-hand side of (1.1). The norms of the corresponding functions
gu(m) were bounded by (B+s)la[ for some (not optimally determined)

t = .
constant B BU
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2. PROOF OF THE MAIN LEMMA

Just as in [3] we will proceed by induction relative to dimen-

sion, starting with the case n = 2,

LEMMA 1. For every interval I of length 7 and every p 2 0,

q 2 0 there is an integrable function hpq on I with the follow-

ing properties:

ptq
9 . 9 \p+q 9
(2.1) f{(cose)—+(91n6)—~}. h_ (8)de = ,
I 0% 9%, Pq axbaxd
1772
i
(2.2) [ In_ (8)1de < (p+g+1)*.
i pd

Proof. Instead of 3/3x1 and a/axz we may write x1 and xz.

Substituting X, = rcos P, %, = r sin ¢, we may then put (2.1) in

the equivalent form

(2.3) [ {cos (¢—6)}P+thq(9)d9 = cospcb sinqq).
I

We express {cos (¢—e)}P+q as a trigonometric polynomial in ¢ - 8:
{cos ($-8) }P+q - Z'P-q{ei(¢-9) _e-i(¢‘e) }P"’q

(2.4)

- 7P qu (p+q> oL(p¥q-2m) (4-0)

m=0 \ T

The right-hand side of (2.3) is equal to a similar trigonometric

polynomial in ¢:
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—p— \ ilp~23 -
cosp¢ sinq¢ = 9 P79, z (—1)k(1?)<2> el(p 2j +q-2k)¢
0<i<p !
(2.5) 0<ksq
- o7Pd Piq a oL(pra-2m)¢
=0 p+q—-2m ’
where
L)
p+q-2m = j+E=m ACY AV
so that
2.6 | (< 3 [P (q) = coeff. of t" in (1+t)P(1+e)¢
R i (0P
- (p*a)
\m)/

Observe now that the functions

el(P+q—2m) ® . m€Z

form an orthogonal basis of L2(I). Thus any L2 solution of (2.3)

has the form

' Y i(p+q-2m)6
2.79 hpq(e) Y b e ,

mEZ p+q-2m

where by (2.4) and (2.5)

= 9P 4

2.7 TrZ_P_q(p+q m= 0,1, ..., ptq.

m ) p+q—2m ap+q—2m’

The other coefficients b\) need not satisfy any condition beyond
the convergence of X Ib\)lz. For the solution hpq of minimal L2
norm the other coefficients b\) are to be taken equal to zero.

Since by (2.6)
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Ibp+q_2ml <1/m, m=0,1,...,p+q,

. - 2 . ex . s
the solution hpq of minimal L= norm satisfies the inequality

2 2 p3d 2
< . = .
(2.8) [ hpqll1 < hpqll m “mzo by rquom! * T S Pratt .
2 . _ -
(Note that also | hpq" , > 1 since Ibp+ql = lap+q| =1.)

Proof of the main lemma. We use induction as in [3], sectiomn 3.

The upper hemisphere 52_1 Tuy 2 0 of the unit sphere in r" may

be parametrized by the equations

w, = cos 9 w, = sin 6, cos

1 1° 2 1 2° Tt
mn__1 = 51n61 ... 81N en_zcos ¢,
wn=sine1...sinen_2 sin ¢, O<6J.<1T, 0< ¢ <.

For the induction step we write this as

n-2

w, = cos 8, w2=(sin6)w', 0<08<m, w'€S+

1

Representing the vector D = (D "Dn) as (D1,D'), the inner

12

product we*D -becomes

w*D = (cos S)D1 + (sin8)w'+D’'.

! and Sn-'2 are related by

. n-
Since the area elements on §

do = (sin )™ 2 dagdo’,

the desired formula (1.1) may be written in the equivalent form
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o, + la’l
(2.9) _o {(cos @)D, + (sin®)w'*D"} .
[o,nlisf 2 L
o

1

- 1
“h L (w(sin8)* ?deds' =D, 'Y .
C!»1,U¢

By the result for n =2 (lemma 1 with I = [0, w]) ,

T 0L1+I0L'l
(2.10) f {(cos G)D1 + (sin 8)w'+D'}

h o, ,.(8)de
0 o latl

o
1 ]
= D1 (wl.Dv)la l’
while by the case n-1 of the main lemma (induction hypothesis!),
1 1
2.11) S @l [ whast = on®.
n-2

S
+

Combining (2.10) and (2.11), we see that we may satisfy (2.9) or
(1.1) by defining

h_(w) (sin )72 = ha1 IOLI N

We also obtain (1.2) from the induction hypothesis:

[nll, = [ Ih (w)ldo = J __Ih ,(8)lth ,(u")]dedo’
LS [0, nlxs"~? ayla’l o
o+

< Ggrlatt+ i+ PO < (o D g
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3. SOME RESULTS ON SEQUENCES OF POLYNOMIALS

The following two results concerning the growth of sequences

of polynomials will be used in the proof of theorem 1.

LEMMA 2. Let {Pk(x)} be a sequence of polynomials on R™ such that

for every x € Sn~1:

1/k

lim lPk(x)l < 1.

koo

. n- .
Then there exist an open set U < § f and a positive constant . C

such that for every k

sup IPk(x)I < Ck.

x€U
Proof. Let

1/k
¢(x) = sup IPk(X)l /
kEN
and define
n-1 . .
v, = {x€8 : ¢(x) €jl, j € N.

J

Since Pk is continuous, Vj is the intersection of closed sets,
{IPkISij}, hence Vj is a closed subset of Sn_1.'

Because the function ¢(x) remains finite, we have

vy, = g1,
3

Invoking Baire's theorem, we conclude that some set Vm contains

an open set U. For x € U we thus have
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k
|Pk(x)| €m. n

In the following, let A be the unit polydisc in ¢” and let

T ‘denote its distinguished boundary:

A= : <1 T={z: [z.|l=1} .
{z |ZJ|. } s { i b

PROPOSITION 1. Let {Pk(z)} be a sequence of polynomials on ¢ with

degree P, < Ck, such that

k

1im sup |P (z)|1/k <A

koo Z€T 5

while for every z € T

T IPk(z)l1/k < 1.

k>0

Then

lim sup |P (z)|1/k < 1.

ko zET k

Proof. We introduce the positive plurisubharmonic functions

U () = (e ()1 ""

on A. The functions Uk(z) are uniformly bounded on T, hence
on A. For z = (r1el¢1,...,rnei¢n) we have

n 1-r% : .
(3.1 Uk(z) <1 [ n ] Uk(ele1,...,e19n)'

e T oj

2
1 1-2r, (8.-¢.)+r"
Jcos s ¢J i

+d6, ...de
n




80

This follows by repeated application of the one-dimensional

Poisson formula.

(3.1), we infer that for =z € A

(3.2) Tﬁuk(z) < 1.

koo

Next we invoke Hartogs' lemma, cf. [2], p.21 to prove the uniformi-

ty of (3.2) on compacta in A.

It follows that for every e > 0 and 0 <r < 1

such that for k > ko

Uk(rz) < 1+¢ for z € A,

hence

B, (r2)] < (1+6)¥  for z € B.

Now let dk < ck denote the degree of Pk' Introduce for

the polynomial of one variable:

Q(\) = Pk(Azr), A E ¢,

Then Q()) - has degree < d

d
By the maximum principle applied to Q(A)/X k on the complement of

the unit disc, we infer that for any =z € A

ip (21 = |5

d
i (1/r) B < (1) (/o ok
(1/x)

Since € >0 and r < 1 are arbitrary, we conclude that

Tim sup IPk(z)l”k < 1.
koo zEA

" and Q(A) < (1+s)k for |Al =

Applying Fatou's lemma for bounded functions to

z €A

1.

for k > k..

0

there exists k

0
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4, HOLOMORPHIC EXTENDABILITY OF FUNCTIONS WITH RESTRICTED SETS OF

HOLOMORPHIC SLICES.
We introduce

SR” := {z€e” : 3€s” 'cRY, w€GQ such that z = wil,

the set of semi-reals in G". We also give the following

Definition. Let H be a real linear subspace of ¢" = R?n and

let f be a complex function, whose domain of definition contains
an H-neighbourhood of 0. The function f is said to be of class
c“{0} relative to H if for every k there is an H-neighbourhood
U, of O on which f is of class Ck.

k

We now come to the main results.

THEOREM 1. Let the function f be defined on B ASR™ and let @

be the union of the domain

D ={z€¢ :leil<1}

and the images of D wunder the rotations which leave R < ¢”  in-

variant. Suppose that the restriction of f to every complex line
1

through the origin and a point of s e RY is holomorphic,

while f is in Cm{O} relative to R". Then f extends holomor-

phically to Q.

. . s n
Proof. By assumption we can expand the restriction of f to R

in a Taylor series around O:

(4.1) £(x) ~ ) caxu.
o
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The purpose of the proof is to show that the series in (4.1) actual-
1y represents a holomorphic function which equals f on BN SR".

For w € Sn_1 the slice function

£ (w) def £ (ww)
w
is holomorphic on the unit disec |[w| < 1. The power series of fw

has the form
f (w) = Xb (w)Wk
w k ’
where
(4.2) bk(w) = Z cawu.
For the coefficients bk(w) we have

Ik < 1 for every w € Sn_1.

4.3 1= lbk(w)l1

ko

We may now apply lemma 2 and obtain an open set U c Sn_1 and a

congtant C > 0 such that for every k

k

sup Ib. (x)I € C™.

x€U k

Next we apply the main lemma for arbitrary open subsets of Sn_1,

cf. the introduction and [3]. We infer that for certain constants

A and B and for all multi-indices a

lal

o 20y | = |Uf'ToT‘n—(w-D> g (Wdol =

le |
o
(4.4)

lal

i}

| I{bldl(w)ga(w)dol < A(BC)
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The estimate (4.4) shows that the complexification of the
Taylor series in (4.1) represents a holomorphic function g in a
neighbourhood of the origin. The slices fw and g, are equal for
every w € Sn_1, because they are both analytic and have the same
Taylor coefficients at the origin, Hence g represents a holomor-
phic extension of f to a full neighbourhood of the origin.

Using a more precise estimate for the coefficients c,» we
will next show that g extends to the domain D. Observe that by

(4.2) and (4.4) for fixed n and all w € 8% )

(4.5) Ib ()] < (“*‘;") max le | < as'E,
lal=k

We would like to apply proposition 1 to the polynomials bk. To
that end we define via recursion a rational map @n that sends

Tn, the distinguished boundary of the polydisc surjectively to the

n-dimensional sphere

2 2
. (z27+1  2°-1\
22 > T T )

and
2 2
z1+1 z, 1

, 20
(Dn. (21,..-,Zn) }‘—“> (——2—2—1-, TZIQn_1(ZZ,...,Zn)/.

. . . +
Via @n we can assoclate to a polynomial P of degree £ on E811

thg polynomial
(4.6) - Qz) = (z1...zn)£ P(2_(2)).

The polynomial Q has degree <€ 2&n and it has the property that
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for z €T,
lQ(z)1 = Ipe_(2)1.

We let ak(z) denote the polynomials in R associated
to the polynomials bk via (4.6). Since ak(z) has degree

€ 2(n-1)k and since by (4.5) and (4.3)

k

sup Iak(z)l = sup Ib (w)l < AB'",
n-1 n-1 k
z€T wES
lim Iak(z)I“k = lim Ibk(m)|1/k <1 for w=29 (2), z € Tn_1,
k> koo n

proposition 1 applies to ak(z). The conclusion is

1im sup lbk(w)l”k = lim sup 1Iak(z)|1/k <1,

koo wESE koo Z€TH

in other words, for every ¢ > 0 there exists a constant A' such

that for all %k and all o € Sn—1

b, (1 < AT (1+e)",

We next use the special version of the main lemma (section 2) and

obtain similarly to (4.4):

1

This inequality will show that the complexified series (4.1) con-
verges to a holomorphic function throughout D, thus extending g
and f to D. Indeed, it suffices to show that the series (4.1)

converges pointwise which goes as follows: For z € D choose
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n
e > 0 such that (1+e)2 . Z Izjl < 1. Then
1

. 1 a a
Pze 2 1<ar JAel g P 1T el <
Lo
\ 2k ¢ k! &1 o
SR DI CES R N N BN E B
k lal=k =~

. n
Ay e Tz, D <
k T

Finally, to conclude the proof, we observe that the composition of
. . n- . . . s

f with any rotation that leaves S ! c r” invariant satisfies

the same hypotheses as f and thus extends to D. Equivalently,

f extends to any domain obtained by applying such a rotation to D,

hence f extends to Q. /]

In the two-dimensional case we can give a better description

of the domain Q. Observe that
3B I']SIR2 =: {(eld) cos 8, el¢ sin8)}

is topologically a two—dimensional torus; thus it looks like the
distinguished boundary of a polydisc and in fact it is. This leads

to the following form of theorem 1.

THEOREM 2. Let A be the unit polydisc in Gz with distinguished

boundary T. ©Let the function f be defined on A N X, where X

is the union of those complex lines through the origin that meet T.

Suppose that the restriction of £ to any such complex line is ho-

lomorphic and that f is in C {0} relative to the real linear

subspace
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V := {(z,z) : z€Q}.

Then f extends to a holomorphic function on A.

Proof. Let F denote the one to ome linear transformation

(z,w) b= (z+iw, z-iw)

which maps B ﬁS]R2 onto A NX, 3B ﬂS]R2 onto T and ]R2 onto

'H

F(rei¢ cos 9, rei¢ sin8) = (rei(¢+e), rei(¢_e)).

Hence g = foF satisfies the conditions of theorem 1 and thus ex-

tends holomorphically to the neighbourhood Q of B N SBRZ given

by theorem 1. It follows that f =_g°F_1 extends holomorphically

to F(Q).

To conclude the proof we compute

FQ) = {(z,) : F (z,w) €0}

{(z,w) : 30 with |(z+w)cos 6 -i(z-w)sin 8| + |(z-w)cos & - i(z-w)sin 0| <2}

{(z,w) : 3¢ with [|z|+|wlei¢[ + [Izl—lwlei¢[ < 2} = A.

One would expect that there is a higher-dimensional analog of

theorem 2. However, for n 2 3 there is no real linear subspace

available that can play the role of V. We circumvent this difficul-

ty by imposing an analyticity condition at the origin.. Instead of

the main lemma we now need the identity

(4.7)

lalt
o!

% = 20 [ (D)% 0 ... a6,
T ! n
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i0, 10,
where T =1(8) = (e heess® ).

THEOREM 3. Let A be the unit polydisc in ¢ with distinguished

boundary T. Let the function f be defined on (ANX) U U, where

U 1is a neighbourhood of the origin and X is the union of those

complex lines through the origin that meet T. Suppose that f is

holomorphic on U and that the restriction of f to any complex

line meeting T is holomorphic (as a. function of one variable).

Then £ extends to a holomorphic function on A.

The proof uses proposition 1 as well as (4.7) and is similar to

that of theorem 1.

Remarks.
1. The holomorphic version of Forelli's theorem for the ball is a
consequence of theorem 1. Indeed, the union of all complex rotations

of the domain A 1is precisely the unit ball.

2. The hypothesis that f is of class C {0} cannot be disposed

of as the example in Rudin [4], p.63, shows.

3. Theorem 1 is optimal for the two-dimensional case, in the sense
that there @ 1is the largest possible domain with the property that
every function which satisfies the conditions of theorem 1 extends

holomorphically to © (Q is the biholomorphic image of a polydisc).

4. Theorems 2 and 3 are apparently related to the well-known theorem
of Hartogs which says that any holomorphic function on a connected
Reinhardt domain R containing the origin extends to a holomorphic

function on the logarithmically convex hull of R, cf. [2], p.36.
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SAMENVATTING

Dit proefschrift bestaat uit vijf artikelen. In de eerste twee
wordt het groeigedrag bestudeerd van Paley-Wiener functies, dat zijn
gehele functies van het exponenti&le type in meer veranderlijken, die
niet meer dan polynomiale groei hebben op R c”.

Het is bekend dat Paley-Wiener functies geen ''regelmatige groei"
behoeven te hebben. Een deelklasse waarvoor de groei wel regelmatig is,
wordt gekarakteriseerd. Vervolgens wordt een existentiestelling voor
Paley-Wiener functies met voorgeschreven indicator bewezen onder een
milde gladheidsvoorwaarde op de indicator. Als toepassing van deze ex—
istentiestelling wordt een niet regelmatig groeiende Paley-Wiener func-
tie geconstrueerd.

De overige drie artikelen draaien om een methode voor het bewijzen
van holomorfie of holomorfe voortzetbaarheid van zekere functies. Deze
methode berust op representatie en schattingen van gemengde afgeleiden
in termen van richtingsafgeleiden.

Met behulp van deze methode wordt F.E. Browders bewijs van de
"kant van de wigﬁ stelling vereenvoudigd. Een andere toepassing is een
verfijning van Forelli's stelling over holomorfie van functies waarvan
de beperking tot complexe lijnen door de oorsprong holomorf is. Ten-
slotte wordt een nieuw bewijs van Helgason's dragerstelling voor de
Radon-transformatie gegeven. Bovendien wordt deze stelling enigszins

verscherpt. Hierbij spelen ook methoden uit het eerste deel een rol.






STELLINGEN

bij het proefschrift

Entine functions of Paley-Wiener type in ¢", Radon transfonms
and problems o4 holomorphic extension

varn

Johannes J.0.0. Wiegerinck

Laat f een snel dalende continue functie op R” zijn, zodanig

dat de Radon~-getransformeerde f voldoet aan

~ -g t
[fw,0)|sce e >0, () €s Ty r.

Veronderstel dat voor § < Sn_1 en R >0
f(w,t) =0, w€Q It[ > R.

Voor de conclusie dat £ compacte drager heeft is dan voldoende
dat Q positieve projectieve capaciteit heeft. De conditie op
2 kan nog verder verzwakt worden.

Vgl. dit proefschrift, p. 65 en J. Siciak~ Extremal pluri-
subharmonic functions and capacities in ¢". Sophia Kokyuroku in

Math. 14, Sophia University, Tokyo,1982.

Laat fa(z) de gehele functie zijn, geassocieerd aan de logis-—
tische afbeelding z b az(1-z), dat wil zeggen fa(z) voldoet

aan de functionaal-vergelijking
faz) = af(z)(1-£f(2)), met £(0) = 0, £7(0) = 1.

De functie fa’ 2 < a < 3, 1is het eerste "natuurlijke" voorbeeld
van een gehele functie die geen regelmatige groei heeft.
Vgl. H.A. Lauwerier - Entire functions for the logistic

map I, II, MC/CWI report TW 228/82, AM-R 8404.



Laat vy een Jordan boog zijn, dy een complexe Borelmaat op Y.

De Laplace-getfansformeerde

£(z) = j'ezg du(g)
Y

behoeft niet regelmatig-te groeien.
Vgl. J. Clunie, W.K. Hayman - Symposium on complex analysis,
Canterbury, 1973, problem 7.16, p. 175. London Math. Soc. lect.

note ser. 12, Cambridge University press, Cambridge,1974.

Voor elk natuurlijk getal' k bestaan er gebieden Qk in EZ

zodanig, dat de ruimte van kwadratisch integreerbare, holomorfe

functies op Qk precies k—dimensionaal is.

Veronderstel dat 9, Q'€ ¢" gebieden met C2 rand zijn,
@ pseudoconvex en Q' strikt pseudoconvex. Laat
o0 >q biholomorf zijn. Dan is @ voortzetbaar tot een
continue afbeelding g : Q- 5', die (uniform) HBlder-continu
is met betrekking tot iedere expoment %-g, € > 0.

Vgl. K. Diederich, I. Lieb - Konvexitdt in der komplexen

Analysis. Birkh#user, Basel, 1981, p. 40, theorem 4.1.

Als f  Dbegrensd en uniform continu is op R, dan bestaat er
een rij Paley-Wiener functies g, ©P € z4, dat
sup |£(x) - gn(X)|->0 als n > .,
<X < ©
Deze stelling behoort met convolutie en Fourier—transformatie
bewezen te worden.
Vgl. A.F. Timan - Theory of approximation of functions of a

real variable. (transl.) Pergamon Press, Oxford etc., 1963.



Voor z # £ in EZ geldt

E1 7%

ot omr L ¢ 4
[~z T o o0E,  [(g,-s,E) -z

De bewering van Krantz dat het linkerlid niet holomorf is voor
|z| groot is onjuist. Zijn conclusie dat de Bochner—Martinelli
formule het S—probleem voor compact gedragen 1-vormen niet op-
lost is daarom niet gerechtvaardigd. Bovendien is zijn conclusie
onjuist.

S.G. Krantz - Function theory of several complex

variables, Wiley, New York, 1982, pp. 22, 23.

Wetenschappelijk onderzoekers behoren één en slechts één keer
per jaar verslag uit te brengen over voortgang en prognoses van

hun werk.

Ydsads = 0.
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