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We present a first-principles derivation of the Markovian semi-group master equation without invoking the
rotating wave approximation (RWA). Instead we use a time coarse-graining approach which leaves us with a free
timescale parameter, which we can optimize. Comparing this approach to the standard RWA-based Markovian
master equation, we find that significantly better agreement is possible using the coarse-graining approach, for
a three-level model coupled to a bath of oscillators, whose exact dynamics we can solve for at zero temperature.
The model has the important feature that the RWA has a non-trivial effect on the dynamics of the populations.
We show that the two different master equations can exhibit strong qualitative differences for the population
of the energy eigenstates even for such a simple model. The RWA-based master equation misses an important
feature which the coarse-graining based scheme does not. By optimizing the coarse-graining timescale the latter
scheme can be made to approach the exact solution much more closely than the RWA-based master equation.

I. INTRODUCTION

The reduced dynamics of a quantum system coupled to another quantum system (the environment, or bath) can always be
described by a completely positive trace preserving (CPTP) map provided the initial state of the system and the bath is factorized
[L], or classically correlated [2, 13]. The map can always be formally written in the Kraus operator sum representation (OSR):

p(t) = Z Ai(t)p(0)Al(t) (1)

but calculating the Kraus operators A; explicitly is usually too difficult, making this form of the map unusable for most practical
purposes. It is often more convenient to work with a differential equation that describes the evolution. Many such “master
equations” have been derived, either from first principles or phenomenologically, and have been hugely successful in describing
a wide range of phenomena [1}/4H7]]. However, master equations in general do not necessarily generate CPTP dynamics, and can
even violate the positivity of the density matrix for certain initial states. Lindblad showed that a Markovian semi-group master
equation (SME) that is guaranteed to generate a CPTP map must be of the form:

5ot =~ [, p0)] + 5 Y s ([Las pOLE] + [Lap(t),2]) - @
af

where H is Hermitian and the coefficients 7,4 form a positive matrix. All first-principles derivations of the master equation that
attempt to end in this form require what is often called the “rotating wave approximation” (RWA), also referred to as the “secular
approximation”. This approximation requires dropping terms which occur on timescales of order 1/(w — w') < T, Where w
and w’ are system energy eigenstate differences and 7 ~ 1/g is the typical relaxation time in the interaction picture, where g
is the system-bath interaction strength. The RWA is notoriously hard to justify rigorously and is well known to sometimes give
wrong results, e.g., Refs. [8H12]. Nevertheless, it has been used extensively in the literature, and so it is tempting to formulate a
general alternative approach to the first principles derivation of Markovian master equation.

In Refs. [[13,114], a (phenomenological) method was proposed to derive a Markovian SME from any CP map without requiring
the RWA. The procedure involves averaging the dynamics over a coarse-graining timescale. Therefore, we can derive two
SMEs, one using the first-principles derivation with the RWA (which we refer to as the RWA-SME) and the second using the
phenomenological coarse-graining idea of Refs. [13|[14] (which we refer to as the CG-SME). In order to properly compare the
effect of the RWA, we require a model to which an exact solution can be found, and in which the RWA acts non-trivially. We
construct a three-level system coupled to an infinite harmonic oscillator bath, the dynamics of which we can solve exactly at zero
temperature. Using this model, we compare the results of the two SMEs to the exact solution. We find that even in this simple
example, the dynamics of the RWA-SME misses an important qualitative feature of the populations of the exact solution, which
the CG-SME does not. Moreover, no attempt has been made so far to optimize the coarse-graining timescale, and we show that



the CG-SME can be fine-tuned to better match the exact solution via such an optimization.

The structure of this paper is as follows. In Section [lIf we first review the coarse-graining approach of Refs. [13}[14], then
derive a coarse-grained SME from first principles starting from the cumulant expansion approach of Alicki [15]. In Section [l we
describe an exactly solvable 2-level model where the RWA-SME and CG-SME do not make substantially different predictions.
Motivated by this observation, we construct and solve a 3-level model in Section [[V] where the two master equations do make
substantially different predictions, and derive the parameters of the two master equations in the context of the model in Section[V}
We then compare the predictions to the exact solution in Section [VI, where we show that by optimizing the coarse-graining
timescale we can get better agreement with the exact solution by using the CG-SME. In Section we briefly discuss the
question of how to optimally choose the coarse-graining timescale in a more general setting, and conclude in Section
Various technical details are presented in the Appendix.

II. SEMIGROUP MASTER EQUATIONS VIA COARSE GRAINING
A. From CP maps to the SME

In this subsection we briefly review the derivation of the SME [13| [14], to motivate the idea of time coarse-graining. We
consider the dynamics of a system S coupled to a bath B, together forming a closed system. The closed system evolves unitarily
under the Hamiltonian

H=Hs+ Hp+ Hj, 3

where Hg is the system Hamiltonain, H g is the bath Hamiltonian, and H7 is the interaction Hamiltonian. Let us work in the
interaction picture (we will denote interaction picture operators with a tilde (“ ~ ), such that the total evolution operator is given
by:

oot
00 =Toexp |1 [ r(s)as) @
0
where 7. denotes the time-ordering operator. The system evolution is given by:

ps(t) = Te [T(1)ps(0) @ pu(0)T(1)] | 5)

where we have assumed that at time ¢ = 0 the closed system density matrix is factorized. By writing the spectral decomposition
in the basis {|u)} of the bath density matrix eigenstates,

0)=> Admul,  A>=0, Y N=1, 6)
p Iz
we can write the evolution equation in the operator-sum representation (OSR):
= > At)ps(0)AL(1) O
where the Kraus operators { A, } are given by
Ai() = VAU WD) , i= (). (8

The Kraus operators have the property:

ZATA > A @O ) (u] U ) Z)\ =1. 9)

v

It is useful to expand the Kraus operators in terms of a fixed (time independent) operator basis { K, }2L , with Ky = 1 and
Np the dimension of the bath Hilbert space, where M = N3 — 1, such that:

Ai(t) =) bia(t)Ka (10)



to give:

M
ps(t) = Y Xas()Eaps(0)K}, (11)
a,B=0

2
with xa5(t) = vajl bia(t)b;5(t). In particular, x%,(t) = Xap(t) and Xaa = Y, |bial®, s0 X is Hermitian with positive
diagonal elements. The property in Eq. (O) now gives

M
Z!x}[xi => XapE Ko =1 . (12)
7 o, 3=0

By multiplying this expression from the left and right by p(0)/2 and adding the two expressions, we get the following relation:

M M M
ps(0) = Xeo()ps(0) + 5 D xaol®) (e ps(O)} + 5 D2 x05() {05 0), KE b+ 5 37 xes®) { Kl ps(0)} - 13)
a=1 B=1 a,f=1

Taking the time derivative of Eq. (11)), we are able to write an evolution equation:

d i

Ss(t) = —1 [3(0),ps(0)] + 5 5 aalt) ([Kasps ]| + | Kaps(0). 5] ) . (14)
a,f=1

where we have used the time derivative of Eq. (I3) to replace terms with xqo(¢) and defined

ih &
S(t) = 5 Y (xao()Ka — Xoa(DKL) - (15)

a=1

Although this form of the evolution equation has a striking resemblance to the SME in Eq. (2), it determines pg(t) in terms
of ps(0), i.e. at a special time ¢ = 0 where the state is factorized into a product state. To write an evolution equation such
that the equation depends on pg(t), we must make some approximations. Let us define three different time scales: (i) a time
7. corresponding to the inverse of the high-frequency cut-off w,. in the bath spectral density, (ii) a system time scale 7g cor-
responding to the characteristic time for significant changes in the system density matrix in the interaction picture, (iii) and a
coarse-graining time scale At corresponding to the time-scale after which the bath has effectively “reset.” Let us assume the
following relationship holds:

T. XAt KL 79 . (16)

Let us define p,, = p(nAt), such that discretizing Eq. in terms of At gives:

M

PP — 2 [(8), 0] + 5 D (as) ([Kar o] + [Kapo K] ) a7
a,B=1
where
1 At
(X) = AL ; X(s)ds . (18)

In principle, Eq. cannot be used to determine the next discretization step relating p, in terms of p;. However, if we assume
that the bath resets in the time At such that the bath interacts with the system in exactly the same manner at each time step At,
then we can simply proceed with our discretization. This amounts to performing a Markovian approximation, and we are led to
the form of the SME:

M

Chs(t) =~ [(8), 0] + 5 D (s ([Karps S| + [Kaps(o), 5] ) (19)
a,f=1
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It was shown in Ref. [14] that the coefficients (x.s) form a positive matrix, which means that Eq. (I9) is in Lindblad form
and hence generates completely positive dynamics. At no point was the RWA made in this derivation.

‘Note further that the coarse-graining timescale At enters Eq. in a fundamental manner via the coarse-grained averages
(S) and (xqp). Clearly, Eq. (I6) leaves room for optimization of At, a point we shall return to in our discussion below.

B. From the cumulant expansion to the SME

We now present a semigroup master equation that can be derived from a first-principles theory, again without invoking the
RWA, using coarse-graining instead. The derivation is somewhat lengthy, so we present it in four parts. We follow Alicki’s work
[15] for the first two parts.

1. Cumulant expansion

We first review the cumulant expansion approach of Ref. [[15]]. Let us consider a Hamiltonian:
H=Hs+ Hp+ \H; (20)
with
H =A®B (21)

where A is a Hermitian system operator and B is a Hermitian bath operator. We have restricted ourself to a single term to
simplify the notation, but the more general case with multiple terms follows in an analogous fashion. Let us assume that:

(B)p=0, p(0)=ps(0)®ps, (22)
where
(X)p =Tr[ppX], (23)
and where pp is the Gibbs state for the bath:
o—BHp
PB = Z; (24)

with Zp = Tr[exp(—SHp)] the partition function. Define:

Hy(t)= Hs(t)® Ip+ Is ® Hp (252)
t

Uo(t,0) = T exp (z/ Ho(s)ds> , (25b)
0

p(t) = U (t,0)pU0(t,0) , (25¢)

where p(t) is the state in the Hy-interaction picture. In the interaction picture we have:

d _ _ - T\ £ -
() = —i [UJAHIUO,/)} =_i [AH,(t),p] : (26)
with:
Hi(t) = UL(t) AUs(t) @ UL () BUg(t) 27
where Ug(t) is the unitary generated by Hg. The formal solution is given by:
t N t N t s N -

)= 5(0) ~ 1 [ s [M(s).55)] = (0) = x [ as [ats).p0)] =32 [ s [ s [FaGs), [Fas. 5] 4.

0 0 0 0 28)



We are interested in the reduced density matrix:

ps(t) = Tep (3(t) = Wips(0) . (29)
The cumulant expansion is given by
- i 1 2
W; = exp (Z A K () (t)) =T+ MKW (1) + A2 <K<2> (0 +5 (K(l)(t)) ) + 0N, (30)
n=1

and we solve for & (™) by matching powers of A with Eq. . We get:

KW (4)55(0) = —z'/ot ds Try ([ﬁ}l)(s),ﬁ(o)}) ~0, 31)

where we have used (B) g = 0 (which can always be done by shifting the operator B without loss of generality), and have used
the shorthand:

A(t)=ULAUs, B(t)=ULBUg, HM(t)=At) @ B(t). (32)
The next order in A gives:
K@ () / ds / as' Tep ([ (), [A((). 50)]]) - (33)
(Note that our expression differs by a factor of 1/2 in the second term relative to Eq. (4.10) in Ref. [15].) We write:
Tep ([ (), [ A1), 50)] | ) = (A()A()55(0) = A(s)s(0)A(s)) Trp (B(s)B(s')ps) +he. ()

= (AT(s)A(s")ps(0) — A(s')ps(0)AT(s)) Trp (BT (s)B(s')pp) +h.c.  (34b)

A simple norm estimate shows that || K (|| = O[(gt)"], where g = || H||. Therefore the terms of third order and above can be
neglected provided Agt < 1. This amounts to making the Born approximation.

2. The second order cumulant

We restrict ourselves to the case of time-independent Hg, which was also considered in Ref. [15]. Here we give a much more
detailed derivation. Let

At) = UT t)AUs(t) Ze Uev=ea)t|c V(g4 | Alep) (e 72/1 et (35)
such that
A(s') = ZAwe*i“’sl . Al = ZAL@MS, . (36)

This then gives the following map from time O to ¢:

K@ (t)ps(0)=— > (AI,/AwﬁS(O) —Awﬁs<0)AI,,)BW<t)+h.c. : (37)
where
Bow ( / ds/ ds'e" sV B(s, §') | (38a)

B(s,s) (B(s)B(s')) = B(s,s)*. (38b)



We show in Appendix [Alhow Eq. can be rewritten as

_ . _ _ 1 _
KO 07s(0) = ~115(0), 550+ 1 tor(t) | Aups0)4L, — 3 {4l 40,50} (9)
where
t t o
b () = / ds/ ds'e @ s B(s,s") = bF, (1) . (40)
0 0
The “Lamb shift” is
)= Suw (AL Ay, (41)
where
7; t s : ’ ’ . s
t) = —f/ ds/ ds’ (el(‘*’ smws)B (s, 8") — e WSS B! s)) ) 42)
2 Jo 0

Note that (Sww/)* = S, sothat ST = S, as required for the interpretation of S as a Hamiltonian.

3. Complete positivity

Clearly, the dissipative (second) term on the RHS of Eq. appears to be in Lindblad form, but we must still prove the
positivity of the matrix b(¢) (this was not done in Ref. [I5]]). To this end we again expand the bath density matrix in its
eigenbasis [Eq. ()], and use this to write the correlation function B(s, s') = (BT(s)B(s')) g explicitly. Let ¥ be some arbitrary
vector; then positivity amounts to showing that @b(¢)vT > 0 for all 7. Indeed:

7t =3 b v,—/ds/ 05’ S (e ) S (v Z)\ ) (u B ($)B(s)]  (43a)

ww’ w’

—Z% (ul FT(2) ZA ||F > (43b)

where F(t) = [} dsB(s) ¥ voe ™.
Note that we have arrived at Eq. (39) without making the Markov approximation. Therefore, our (truncated) non-Markovian
CP map is given by:

_ 2§ (2)
ps(t) = XK1 pg(0) (44)

The complete positivity of this expression follows from the Lindblad theorem, as K (?)(t) is in Lindblad form for all ¢ > 0.

4.  SME from the cumulant expansion and coarse-graining

Finally, we show how to obtain the SME from the results above (this was not done in Ref. [15] either). Consider the CP map
Eq. and write it in the form of an evolution equation. Expanding the exponential to second order in A and taking a time
derivative, we have:

@ ps(t) = [8,75(0)] + kaw%mﬁﬂvf%mﬁﬂ- @s)

Written in this form, the equation looks identical in form to Eq. (14), so we can make the identification:

S NS, Xap > Nbuw , Ko — Ay, K- Al (46)
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As discussed in section , the path to a SME is simply to take the time average of S and x over the coarse-graining time At.
In particular, we have:

. 2
2\(S) = A—S(At) = Hig, (47a)
2/ /\2
)\ <bw,w/> = At w w/(At) = Yow’ - (47b)

The generator has the free parameter At that has to be fixed by some means.

It is useful at this point to compare the SME derived above with that typically derived using the RWA in the time-independent
case. For the latter case, which we refer to as the “RWA-SME”, the SME takes the form [1]:

d . )

%Ps(t) = —i[Hys, ps(t)] + Z“Y < whs()AL — = {A Ay, ps(t )}) (43)
with
= / dse™*B(s,0), Hyg= Z S(w)Al A, , (49a)
S(w) = /oo dw'y (W' )P ! (49b)
oo w—w )’
In the former case, which we refer to as the “CG-SME”, the system operators A,, are the same

d -

P50 = i M O]+ 320 (80 ( A O4L S {Ab s s} (50)

but the rates -y keeps a dependence on two different eigenfrequencies w and w’:

)\2
’yww/(At) = Ktbww/(At) , HLS At E Sww’ At (5121)
L S P TS SIS NI S
Sww (AL) = AL ds/o ds (e B(s,s") —e B(s ,5)) . (51b)

We show in Appendix [B] that the RWA result is recovered by taking the At — oo limit of the above result. This is not
surprising, since the RWA (as it is performed in the standard first-principles derivation of the Lindblad SME) is equivalent to
averaging the time-dependent ME operator over several periods of the oscillating terms. In Ref. [14] it was argued via a spin-
boson example that ultimately the CG-SME generator should not depend on the averaging time At, and this is true if At is well
beyond the bath correlation time 75. This corresponds to the RWA limit as mentioned above (i.e., At — 00), at least for the
SME generator that results from the CP-map derived from the cumulant expansion. As we desire to derive a master equation
that accounts for dynamics slightly beyond the RWA regime, we do not take the RWA limit and keep the dependence on the
coarse-graining time scale.

Our main focus will be a comparison of the predictions of Eqs. (RWA-SME) and (50) (CG-SME), both to each other, and
to the exact solution of a model we describe next.

III. AN EXACTLY SOLVABLE MODEL WITH TRIVIAL ROTATING WAVE APPROXIMATION

Let us consider the problem of a single 2-level system coupled to a bath of harmonic oscillators:

W
Hs="Jo., Hp= %jwkbLbk . AHsp = A%jaz (bh+0r) . (52)

whose exact solution is known [1]]. We wish to compare the exact solution with the solution found using the RWA-SME and the
CG-SME. In all three cases, the diagonal elements of the density matrix are independent of time, and the off-diagonal component



takes the form:
plg(t) = 67iw0ter(t)p12(0) . (53)

For the three cases, the dephasing rate is given by:

Texact(t) = —4A2 / " dwJ (@) coth (i‘*’) (1_6028(“”) (54)

0 w
Teg(t, At) = —4)\2Ait /OOO dwJ(w) coth <ﬁ2w> <1_(XZUSQ(LUM> (55)
Thwa () = —4mX%¢ lim (&) (56)

where ['exact 18 the exact result, I'cg is the CG-SME result, and I'rwa is the RWA-SME result (details of the derivation are given
in Appendix [C)). Formally, I'cg (¢, t) = Texact(t). However, recall that At is supposed to be a fixed timescale, so setting At = ¢
isn’t in the spirit of the CG approximation. Both the CG- and RWA-SME yield a linear time-dependence for the dephasing,
which is to be expected because of the Markovian approximation. Furthermore, the CG-SME reduces to the RWA-SME in the
limit of At — oo (also shown in Appendix [C). Since the SMEs have the exact same behavior for the populations of the two
energy eigenstates as the exact solution, we refer to this as a trivial case of the RWA.

IV. EXACTLY SOLVABLE MODEL WITH NONTRIVIAL ROTATING WAVE APPROXIMATION

We have so far presented a derivation of a SME without the RWA. In order to investigate the effect of taking/not-taking the
RWA, we require an exactly solvable model that has more than one bath-induced transition. To this end, we consider a three
level system (with energy eigenstates denoted by |0), |1), and |2), and with energies 0, w; and wo respectively)

Hs = wr[1) (1 +wa[2) (25 - (57)

This system is also refered to as V-type three level system. This system is coupled to a bath of non-interacting harmonic
oscillators at zero temperature:

HB = Zwkbzbk . (58)
k

We choose the system-bath interaction such that transitions between the second and the third level are forbidden:
H; =[1)(0|B1 4 12)(0| B2 + h.c. , (59a)
Bi = gixb - (59b)
k

This is a generalization of the one-excitation example in Ref. [[1][p.461]. The “number operator”
N = [1){1]+[2)(2[ + Y blby, (60)
k

commutes with the closed system Hamiltonian H = Hg + Hp + Hj and therefore is a conserved quantity. Let us define
Hy = Hg + Hp and transform to the interaction picture:

Hi(t) =e'Hot j e tHot (61a)
= 1){0]By (1) + ¢ [2){0] B () + he. (61b)
where
Bi(t) = Zgikbke_iwkt . (62)
k

As there are no excitations in the bath at zero temperature, we can restrict ourselves to the subspace with eigenvalues N = 0, 1,
which is spanned by [0)sg = |0) ® |0)5, [1)sp = |1) ® |0)5, [2)s = |2) ® |0)5 and |k)sp = |0) ® |k)p. Note that |k) 5



corresponds to having a single excitation of the k-th oscillator. Therefore, we can write the wavefunction at time ¢ as

[ (1)) = col0) + er(8)]1) +c2(D)]2) + D ew(D)k) . (63)
k
where ¢y is time independent since Hy(¢)|0) = 0, V¢. For later comparison with the master equation results we need the reduced
density matrix
1 —|e1]? = |ea® coc coch
ps = trp([¥)(¥]) = a1 e ercs | (64)

cea cicy |eal?

where we omitted the time arguments for notational simplicity. The interaction picture Schrédinger equation

d -
= 0(0) = Hi®)ly(1)) (65)
yields a set of coupled differential equations for the coefficients (time arguments omitted):
b=—i Y g, =12, (662)
k
by = — i (gige ey + gheie i) (66b)

We can integrate Eq. (66b) and plug it into Eq. (66a) which yields for ¢;

t t

& = _Z |91k|2/dTei(Wl_Wk)(t_T)ﬁ(T) +glkggkei(wl_wz)t/dTei(wz_Wk)(t_T)@(T) : (67)

Lets assume for simplicity that g1 = gor, = gx. Note that if w; = wo, the state |—) = % (|11) —|2)) is a dark state, i.e. it is
decoupled from the bath, as both transitions 0 — 1 and 0 — 2 are coupled to the same bath operator B now, and the model
reduces to the two level model from [1]].

For the bath of harmonic oscillators, we will assume a continuum limit with spectral function J(w) and a coupling constant g:

> lgrl* =g / dw(w), (68)
k —00
such that we can replace the sum over bath oscillators by an integral over the spectral function
b= —frre — @1l o uey (69a)
by = —fareo— e @2 OIf ey (69b)
where * denotes the convolution
t
(F+9)0) = [ arfe = riglr). (70
0
and
o0
fi(t) = et / dwJ(w)e ™ = et f(t), (71)

is the frequency shifted Fourier transform of the bath spectral function. Egs. and can be solved numerically to give
the exact solution for the time evolution of the system density matrix. We use a fixed step size fourth order Runge-Kutta method
and calculate the convolution integral using the Riemann sum approximation with the stepsize of the Runge-Kutta method as
interval width.
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FIG. 1: Exact dynamics of the populations and coherences for g = 0.001w, and pg(0) = |1)(1]. In (a) and (c) we chose
w1 = 0.095w, and wy = 0.105w,, in (b) and (d) w; = 0.09975w, and wo = 0.10025w,. In (a) and (b) black and dotted is pgo,
blue and solid is p;; and red and dashed is ps2. In (c) and (d) we display the coherence between levels 1 and 2, i.e. pj2.

V.  PARAMETERS OF THE MASTER EQUATIONS
A. RWA-SME

We now wish to derive the SME parameters associated with the model described in section First, we note that the interac-
tion Hamiltonian in Eq. (394) is of the form:

H =A®B+ AT ®@ BT, (72)
where

A=[1)(0[+[2)(0], B=_ grbs - (73)
k

In the derivation of our SMEs it was assumed that A and B were Hermitian, but here they clearly are not. This does not change
the overall form of Egs. #8) and (30), but we must be careful how we define the bath correlation function. Since we assume
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FIG. 2: Dynamics of the populations p;; calculated with the different approximate equations compared to the exact dynamics at
g = 0.001w,, wy = 0.095w,, wa = 0.105w,. The dashed red line is p22(t), solid blue line is p11(t) and the black dotted line is
poo(t). The optimal parameter for the averaged evolution generator is w.At = 63.7 for this set of system parameters, in
agreement with Eq. (T6). As initial condition we set pg(0) = |1)(1].

T = 0, the bath state is pp = |0)(0] and therefore we have the correlation functions (dropping the B subscript for simplicity):

(B'(t)B(0)) = (B (t)B'(0)) = (B(t)B(0)) = (B'(0)B(t)) = (BT(0)B'()) = (B(0)B(t)) = 0, (74a)

(B)BI(0) = gkgk,tr{bkbk,|0> 0|} it Z|gk\ it / dwJ(w)e™ ™t = B(t,0), (74b)
k' )

(BO)B(0) = > gegiote b [0) (0]} ! =Dl e — [dosw)e = B0y (740)
kK 4

where we assumed the spectrum of the bath to be lower bounded by 0. The one-sided Fourier transform of one of the nonzero
correlation function is:

Iy (w)= /dtB (t,0)e™" /dw’J(w’)/dte_”(“/ w) /dw’J (wé(w —w) +iP <w1w’)> (75a)
0 0 0 0
—1J()O(w) +i/dwfj(w')73 (w_lw/> , (75b)
0
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FIG. 3: Trace-norm distance of the different approximate solutions to the exact solution, for the same paramters as in Fig.
The dashed red graph corresponds to the RWA-SME solution and the solid blue one to the CG-SME solution.

where we used the fact that

/ dte™' = w§(w) +iP () ) (76)
w
0
‘P denotes the Cauchy principal value and and © denotes the Heaviside step function. Similarly,

P (w) = / deB(E, 0)" ! = 7.7 (—w)O(—w) + i / do J(u )P (w L w/) S (—w)* a7
0 0
We assume our bath is characterized by an ohmic spectral density
T (W) = e = (78)

where 7 has the dimension of time squared. We can calculate the integral in Eq. to give:

T o 1 . T 1
n/dw'w'e*TC’P (ww’) = — nwee we / due™ (1—1— wi’P (u)) ) (79a)
C
0 o

wWe

= — 1w, + nwe” = Ei (w) , (79b)

We
where we have used the exponential integral function:

oo

Ei(z) = —/d{e*CP <2_> . (80)

—Zz
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The function has branch points at z = 0 and z = oo and the branch cut is defined to go from z = —oco to z = 0 . Hence we get
for the one-sided Fourier transform of the bath correlation function
1 L w
I'y(w) = 57(w) +iS(w) =, (W) +1i [nwc + Jo, (w)Ei (w)} . (81)
c
Similarly,
1 ,
I (—w) = iy(w) —iS(w) . (82)

This allows us to write the generator from Eq. (@8) as:

Lps(t) = —i[Hus, ps()] + Y v(w;) (%‘ﬁs(t)a} - % {@%ﬁs(@}) ; (83)
j=1,2

where

Hig = Z S(wj)a;r-aj , (84)

7j=1,2

is the Lamb shift Hamiltonian and a; = |0)(i|. Transforming back to the Schrodinger picture just adds the system Hamiltonian
to the unitary part.
B. CG-SME

Here we construct the parameters of the CG-SME, Eq. (50). For the zero temperature case with the correlation function (74b)),
Eq. {@0) simplifies to (for detailed calculations see Appendix D)

_ r J(V) i(w —w)t _ i(w =)t —i(w—v)t
buw (t) = /du—(w TP (e e e + 1) . (85)
0
For w # W’ this yields
1 i(w’ / iw’ (0, 1 * —iw /
buwr (1) = ——— [ (1+ @ 70) (L) = BW)) + € (B ) — @) + e (BW) ~ L)] ,  (86)

where for the ohmic spectral density in Eq. (78):

I (w) = —gw, + gwe ™ “<Ei (5) (87a)

L 1
Lw) = — 22 4 guwe(a:-)E; (w ( - zt)) . (87b)

1 —iw.t We

For w = w’, Eq. (83) reduces to
o
b (t) = 2 / duw(l — cos(vt)) . (88)
14

—w
For the ohmic spectral density this yields
b (t) = ne” = Kl Y iwt) Ei (w +iwt> + (1 el —H’wt) Ei (“ - iwt) +2 (w - 1) Ei (“)}
We We We We We We
+2n(1 — cos(wt)). (89)

Knowing the form of b we can now compute the rates v in Eq. (31a).
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FIG. 4: Integrated trace-norm distance of the solution of the CG-SME and the exact dynamics (green) for different averaging
times At compared to the RWA-SME (black, dashed). The integration intervals are chosen according to the relaxation times
that result from the different system parameters.

The Lamb shift term for the zero temperature bath correlation function in Eq. (74b) is

o) t
. is(w' —w) _ sis(w' —v) is(w' —w) _ sis(v—w)
S (1) = — / dvJ(v) / ds le c 4 & ¢ ] . (90)
0 0

(v —w) i(v—uw)

N =

For w # w' we get

i

St = 50—

[(1= ") (@) + HW)) + €7 (L) = bW) + e (@) = Bw)] . O

where we have again used the integrals defined in Eq. (87). For w = w’, Eq. reads
Sww (t) =—th (w) + I3 (w) s 92)
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FIG. 5: Trace-norm distance of the different approximate solutions to the exact solution, for the same paramters as in Fig.
The dotted red graph corresponds to the RWA-SME solution, the solid blue one to the optimal Atqy CG-SME solution, and the
dashed green and dashed-dotted black line are for At = Aty /2 and At = 2Aty, respectively.

where I is defined in Eq. and I is

Lyw) = no" {<1 - 2% + 2m> Ei <:j + m) - <1 —2 2m> Ei <“ - iwtﬂ +osin(wt) . (93)

21 c c We We

We now have everything we need to construct the CG-SME, Eq. (50).

VI. COMPARISON BETWEEN THE MASTER EQUATIONS AND THE EXACT DYNAMICS

We first discuss the exact dynamics of the model presented in section For the calculations we set 7 = w; 2. Fig.|l|shows
two examples of the dynamics for different system parameters. Since [Hg, H] # 0 for |w; — wa| # OE the dynamics are
dissipative, so the system will eventually relax into the T' = 0 Gibbs state pgipbs = |0)(0]. For |w; —ws| > g, the system relaxes
into the T' = 0 Gibbs state very rapidly [see Fig. a)]. For |w; —ws| < g, two timescales can be observed: the initial population
of |[+) = % (|1} + |2)) decays rapidly, after that a strong oscillatory (with slow decay) behavior is observed in the |1) and |2)
populations [see Fig.[T[b)].

We are interested in the regime where the RWA is no longer valid. Recall that the RWA is argued to hold when the time
scale associated with |w; — wo| ™! is much less than the relaxation time scale 7 ~ 1/g. Therefore, the RWA should start to
break down when |w; — we| 2 ¢g. We investigate the behavior of our two SMEs in this regime. We choose the coarse-graining
time scale At such that it minimizes the integrated trace-norm distance between the CG-SME density matrix pcg and the exact
dynamics pexact:

tmax

1
/ dtllpca(t) — posaa(®)1 + (94)
0

2tmax

D[07tmax] (pCGv pexact) =

where || - || is the Schatten 1-norm (]| A||; := Trv At A). In Fig.|2, we show an example of the dynamics of the different master

! Recall that as already pointed out in Section for w1 = wa we have a dark state that is decoupled from the bath.



16

Bow's Suw:
3 -
20 _ _<
.\—\‘ R
1E B
o5 7 o
/'/ .\.“ ,
02 LA
01l
weAt : :
1 10 100 1000
(b) w = 0.4we, dw = 0.01w,
1 T =
- N
05+ a \
/ \
'/' \
0.2/ LA
1y
R R
o i
‘ R N At
w
1 10 100 1000 ¢

(¢) w = 0.2w¢, dw = 0.02w,

FIG. 6: The rate functions of the CG-SME. The dotted red line is by, .,,, the solid blue line b,,,,,, , the dashed-dotted red line is
Swyw, and the dashed blue line corresponds to Sy, ., . The horizontal lines are the asymptotic value of the rate functions, i.e.,
the value they converge to for high w.At. The vertical lines are at w.At,y. Note the qualitatively similar location of the
weAtgp values relative to the features of the rate functions. This may be a clue for future studies in terms of independent
determination of Atypy.

equations compared to the exact dynamics. In this example, we consider an initial state given by pg(0) = |1)(1|. The RWA-
SME [Eq. #8)] shows no population in the state |2) since the Lindblad operators only allow for transitions between |1) — |0)
and |2) — |0). This is in stark contrast to the CG-SME [Eq. (50)] which properly shows the oscillatory population in the state
|2). We can compare the results quantitatively by computing the trace distances to the exact result, shown in Fig. [3| The two
SMEs show similar qualitative time behavior in the trace distance, but the CG-SME outperforms the RWA-SME. We calculate
the optimal At for the three level system for different sets of parameters (shown in Table [I):

VII. HOW CAN WE FIND A GOOD At FOR REAL PROBLEMS?

If we want to make the CG-SME useful more generally, we need to find a way of determining At¢ without comparing it to an
exactly calculated result. We calculate the integrated trace-norm distance of the solutions of the CG-SME and the exact solution
for suboptimal values adjacent to the optimum, shown in Fig.

The numerical result suggests that for this particular three-state model, the optimal averaging time At strongly depends on the
timescale w ™! of the transitions driven by the bath, and does not depend strongly on the other parameters g and dw. The latter
are the ones that determine the validity of the RWA. On the other hand we can see, that if the RWA fails, i.e. if the RWA-SME
solution has significant trace-norm distance from the exact solution, there is a wide range of values for the averaging time where
the CG-SME does not yield optimum results but still outperforms the RWA-SME. This fact is further clarified in Fig. 5] where
using half the optimal value as well as its double still outperform the RWA-SME on average.

It is instructive to look at the rates of the CG-SME for different A¢ (Fig. [6). The optimal value of At is located at a
similar point on (the similar looking) graphs, independent of the parameters of the model. This fact might make an analytical
determination of the optimal averaging time possible, but we leave the investigation of such a possibility to future research.
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TABLE I: Optimal At for different parameters.

== wé::& i—f 1= 2 | g/ we || weAtopt
0.05 0.01 0.001| 124
0.1 0.01 0.001 63
0.1 0.01 0.002 61
0.1 0.01 0.003 59
0.15 0.01 0.001 39
0.2 0.02 0.002 28
0.3 0.03 0.003 18
0.4 0.04 0.004 13
0.4 0.01 0.001 13

VIII. CONCLUSIONS

First-principles derivations of quantum Markovian master equations have so far relied on the rotating wave approximation.
Here we have shown how the RWA can be avoided in a first-principle derivation, and replaced by a coarse-graining procedure.
The coarse graining timescale is a free, phenomenological parameter which is a priori bounded between the bath correlation
time (inverse of the high-frequency cut-off in the bath spectral density) and the characteristic timescale for significant changes
in the system density matrix in the interaction picture, and can be optimized. To test the new, coarse-graining based SME, we
applied it to a simple three-state model coupled to an infinite harmonic oscillator bath, whose exact dynamics we can solve for.
Comparing, we found that the standard RWA-SME misses important qualitative features of the solution, while the CG-SME
captures these features relatively well. By optimizing the coarse-graining timescale we achieved significantly better agreement
with the exact solution by using the CG-SME rather than the RWA-SME. To perform the optimization we required the exact
solution; however, we showed that there is a substantial range of the coarse-graining timescale parameter that still allows the
CG-SME to outperform the RWA-SME. Future work should address how to extract reasonable and advantageous estimates of
the coarse-graining timescale without relying on exact solutions.
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Appendix A: From Eq. to Eq. (39)

The unequal upper integration limits in Eq. (38a) are inconvenient. To remove them we note the following relations for the
integral, where for notational simplicity we suppress the ¢-dependence for now:

Bow = /ds/ ds'e" s~ B(s, §') [/ ds/ ds—/ds/ ds] el@s s B(s, 8 (Ala)
= [/ ds/ ds’ —/ ds'/ ds} ei(”/s_“sl)B(s, s, (A1b)
/ ds/ ds'e’ @ 5= )B(s, §) / ds/ ds'e’ @' =wIB(s s) |, (Alc)

- bww’ - (Bw’w)* ) (Ald)
where b, [Eq. (#0)] has the desired equal upper integration limits. It follows immediately that

(wa’)* =borw — Bw’w . (A2)
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and from Eq. we also directly get

1 1 *
B = ibww, + 5 (wa/ - (Bw/w) ) . (A3)

Therefore, Eq. yields terms such as:

3 [Aw AL B + A pAl, (BW)*} = [AwﬁAL by + Ao AT b, — (AwﬁAL, (Buro)® + Au ;;ALBUJ,M)} ,

w,w’ w,w’

(Ada)
= [AwﬁAL,bW + Ay AT by, — (Aw/ PAL (B )* + AwﬁAL/Bw/H ,
/ (Adb)

where in the second term on the RHS we have switched w <+ w’. Furthermore, this second term is now exactly in the form of
the original term, so we have the result:

3 {AwﬁAL/BW/ + A Al (BW)*] _ % 3 [AwﬁAL,bW + Aw,ﬁAwa,w] =3 AupAlbs . (A9)
For the rem:i,:ing terms, we write: N -
3y [AL,AwﬁBW + AL Ay (wa,)*} - % 3 [AL,Awﬁbw + ﬁALAw,bw,w}
+ % Z [AL/Awﬁ (Buw — (Burw)™) + pAL A (Burew — (wa’)*>:| (A62)
= % Z (B + Buswr — (Burs)) [AL/AW[) + ﬁAL,Aw} . (A6b)

Putting all this together we can now go from Eq. (37) to Eq. (39).

Appendix B: Relation between the Coarse-Grained Master Equation and the Standard Lindblad Equation

In order to study the relationship between the CG-SME and the RWA-SME, we begin with the dissipative coefficients of the
CP map:

t t

bow () = /ds/ds’ei(“,‘s_‘“s/)lg(s,s’). (B1)

0 0
We switch to new variables u = s — s’ and v = s + s’ using the homogeneity of the bath correlation function:

2t—v

/dve = /due =5 “B (u,0) + /dve = / duei%ﬁ“B(u,O). (B2)

We replace v by 2¢ — v in the latter integral:

b (t) = /dve == /due e “B(u,0) /dve iw;;w“/duel tMI“B(u,O) (B3)

(B4)
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For w = w’ this expression reads

t v

buw(t) = /dv/duei“’“B(u, 0), (BS)
0 —v
and partial integration yields
t t
buw (t) = — /dvv (e"B(v,0) + e “"B(—v,0)) —|—t/duei““B(u,0) (B6a)
0 —t
t
_ _ ﬂ WU
=t du (1 Qt) v B(u,0) . (B6b)

t

For our SME, we are interested in b,/ (At)/At. Setting At — oo, the part proportional to 3% B(u, 0) is negligible, and we
recover the RWA result of Eq. (@9):

. 1 r wu —
A1151Lnoo Ebww(At) = / due*B(u,0) = y(w) . (B7)

For w # w’ we also perform a partial integration, but this time the boundary terms vanish:

i“/;“’t p r , ,
Do (t) = *fﬂﬁ /dv sin ((‘”2“)(@ - t)> {ei”z“ B(,0) + ¢ <5 ”B(fv,O)} . (BS)

Changing from v to —v in the second term we get

t

iy ;o _
b (t) = — 26/7 [/dv sin (M(v - t)) e ’B(v,0)
0

(W = w)

0
+/dv sin ((w;w)(_v - t)) eiWZW/”B(v, O)] (B9a)

/

’ t
jU =Wy ! _ ) o, . 4 -,
:% /dv [Sin (w . wt) (ewv + e u) n sgn.(v) cos (w . wt) (ewu _eiw v):| B(v,0) (B9b)
w — W q

where we used the angle sum identity for the sine in the last equality. If we again look at the term by, (At)/At and take the
limit of At — oo, we get

’

/

buw (AL _ AL T '~ / - 1
A&iinoo % = A?Lnoo m [sm (ujzwAt) (v(w) +v(w')) + 2 cos (w 5 wAt) (S(w) — S(w ))} . (B10)

where we have used that for I'(w) = [ dse™*B(s,0), we have v(w) = I'(w) 4+ I'(w)* and 2iS(w) = T'(w) — I'(w)*. Since
nothing cancels with the overall At~!, we find that the w # w’ term vanishes, which is what we would expect for the RWA
result. A similar calculations could be done for the Lamb shift term (@2). Therefore, the RWA results can be understood as the
At — oo limit of the coarse-graining parameter.
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Appendix C: Calculation for the Two Level Example

We consider the model in section Let us denote the eigenvalues of Hg by e+ = Fwp/2 and their respective eigenvectors
by:

‘€+> - (170)T ) |‘€*> - (07 1)T ’ (Cl)

and 7 denotes the transpose. Note that the Lindblad operators in both the CG-SME and RWA-SME are given by:

Ay = lex)erlonle_) (e = 0 ()
Ao = lexMesloaler)er] +le—Yeloule_) (e = o (©3)
Ay = le=)(e—loslesMes| = 0 (C4)

so in this two state model, only the w = 0 term contributes to the sums over w. This in turn gives that Hy,g o 1 such that
[Hvs, ps(t)] = 0. In order to solve the SMEzs, it is convenient to vectorize the master equation. Let us define:

Pil
p=vec(p) = ’ (C5)
Pi2

where vec(p) corresponds to stacking the columns of p (in some basis). We now use the identity [[16]:
vec (ABC) = (CT ® A) vec (B) (Co6)

where (A, B, C) are arbitrary matrices, such that we can write both SME as

d 1 T . .
vec (dtps) =7 (AS ® Ag — 5 (]lT ® A(T)Ao + (A(T)Ao) ® ]1)) ps = Lps(t) (CT

where it is to be understood that v = g for the CG-SME and v = yrwa for the RWA-SME. These are defined as:

VoG = é /OAlt ds /OS ds' (B(s,s) + B(s',8)) ,  Yrwa = /Z dsB(s,0) (C8)
The solution written in terms of the superoperator £ is simply
s (t) = exp(L2)7s (0) (C9)
Using that Ay = o, £ reduces to :
L=7(0.00,—1®1) (C10)
Conveniently, £ is diagonal with entries (0, —27y, —2, 0), so we can immediately write:

1

_ exp(—27t)
exp(L) = exp(—271) (C11)
1

Therefore, we find as a final result that:

I
ps(t) = ( exp(—27t) a1 (0) p22(0) > o
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Moving to the Schrodinger picture, the result is adjusted to

_ p11(0) exp(—2vt — iwot)p12(0)
ps(t) = ( exp(—27t + iwopt) P21 (0) P22(0) ) ' (C13)

Finally, for the infinite harmonic oscillator bath to bath operator B = A Y, (b;, + bL), we can explicitly calculate the form of the
~’s by using the result for the two point correlation:

(B(s)B(s")) = (B(s — s')B(0)) = \? /000 dwil (_](ew_)ﬁw (eii“’(sfsl) + 6@(575’)75“;) (C14)

This then gives:

) o) 2 (WAL
oG =202 / J(w) coth (ﬁw> (1—008@1“)) 2 / J(w) coth (Bw> Atsine® (57)  cisa)

w s

Yrwa =272 lim (‘](“)> (C15b)
w=0 \ 1 — e—Bw

When ~cg is written in the form of the second equality, it becomes clear that taking the At — oo limit corresponds to the RWA
result since we can use the identity:

lim A V2 ) s (C16)
™

and ycg becomes Yrwa .

Appendix D: Calculations for the Three Level Example for the Averaged Evolution Generator

Here we provide the detailed derivations of the expressions for the averaged evolution generator of the three level model in
section[[V] Let us calculate Eq. for the zero temperature case with the correlation function Eq. (74b):

¢ ¢ 7
e (%) :/ ds/ ds'ei(‘*"sf“’sl)/dyefi”(sfsl)(](l/)
0 0
0

t t
:/dVJ(Z/)/ dseis(w/_u)/ s o5 (1)
0 0

0
— i ‘](V) i(w' —v)t —i(w—r)t
= [y () -1)
0
T J(v oot o .
_ /dl/ (w - V)((ojl - V) (ez(w —w)t ez(w —v)t efz(wfu)t + 1) ) (D1)

For the second equality sign we used the fact that the Fourier transform of the spectral function converges absolutely for a well
behaved bath:

oo

/du ‘e_i”(s_s/)J(u)‘ = /du |J(v)| < oo (D2)
0

0

Let us look at the case w # w’. With the help of

1 1 1 1
(W—V)(w/—V):w’—W<w—v_w’—z/>’ (D3)
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we can split up the integral:

1 ® i(w' —w)t i(w' —w)t i(w' —v)t i(w' —v)t —i(w—v)t —i(w—v)t 1 1
buw (t) = /duJ(y) < - _C + 2 i + 2 + -
w —w w—v w —v w—v w —v w—v w —v w—v Ww-v
0
1 i(w —w iw’ * * —iw
= [(1+ eI (Bw) - B + e (I3 - ) + e (W) - D)
(D4)
where we have defined the integrals
T I T Jw)et
= [a?? . he = [alP ®3)
0 0
For the ohmic spectral density (78) the integrals I; and I are analytically solvable:
00 v o (v +w) _vtw
ve we v+w)e e w w
LH(w) = n/du = -7 / dy———— = —nw, + nwe” «cEi (> ,
w—v v We
0 —w
(D6)
x _”(u%c_it) x —(V—Q—w)(wic—it)
IQ(W):n/dyyei:_n/dy(V‘FW)@
w—v v
0 —w
c —w( L —it) 1 .
= —L + nwe w(Z; —it)Ej (w ( — zt)) , (D7)
1 —tw.t We

where we substituted v by v + w in both calculations and used the definition (80). For the case w = w’ we get from (83)), again
substituting v by v 4+ w

b (1) = 2/dz/(w<]£l/3)2(1 — cos((w — )t)) = 2 / dVWu — cos(vt)) . (D8)
0 —w
For the ohmic spectral function this yields
[ v twe S
buw(t) = 21 / dl/L;C(l — cos(vt))
v
= pe= {Ei (w +iwt) +Ei (” iwt) — %Ei (“)] + 2nwe ™ Ex /due (1 —cos(vt)) . (DY)
We We We 1%
Partial integration simplifies the last integral to
/dl/elc (1 —cos(vt)) = /duewpﬂ tsin(vt) — i(1 —cos(vt)) | + e (1 — cos(wt))
V2 B v We w
—Ww —w

1 1/1 1/1 &
=B L) o (—4it) B (2 tiwt) — = [ — =it )Bi [ —iwt ) + S (1 - cos(wt)),  (DI10)
We We 2 We We 2 We We w

so that we can write altogether

Do (1) = 1™ % {(1 _Y iwt) Ei (“’ +iwt> + (1 -2 Jriwt) Ei (“’ - iwt) +2 (“’ - 1) Ei (“’ﬂ
We We We We We We

+2n(1 — cos(wt)) . (D11)

Let us now calculate the Lamb shift term for the zero temperature bath correlation function Eq. (74b). Similar to the case of



23
b’ We get
ds/ds/ (ei(w/s—ws')e—il/(s—s/) _ e—i(ws—w's/)e—iu(s'—s))

ds eis(w'—l/) /dsleis/(l/—w) _eis(l/—w) /ds/eis/(w/—l/)

g

Joon ], 0
/
/

= % /oodz/J( ) [ ds -eisw-u) ei:((:_j)w_) L isww) ezz—_;—) 1]
s L
g Jon ful e e
4 L
Now we have to distinguish the two cases, w = w’ and w # w’. For w # w’ we get
S (0 =~ /oo ) [(5 (w><)_ a° <(w> <U;l)_w1'> ’ <w(w><) —t <(w><) - i’)] |
o Jaa S ]

With the help of (D3) and (D3) this formula simplifies to

S (t) = ———" )[(1—eit(W’—w>) (L(w) + L) + e~ (I(w') — L(w)) + €< (I (w) — L) . (D14)

2w — '

For the case w = w’ Eq. (90) reads

_ ze(w v) _ pis(v—w)
:—f/duJ /ds[ +1‘e }
i(v—w)
. 2% e7,(1/ w)t _ e*i(ufw)t
- a
/ v [m—u) L
0

_ 7duJ(u) { - ‘Qﬂ

v—w (v —w)
0
= —th(w) + Is(w), (D15)
where I is defined in (D3)) and I3 is defined as

(\}

T sin((v — w)t)
= | dvJ(v)—————5—. D16
[ avaw =T D16)
For the Ohmic spectral density this yields
v —w)t w . t
= n/duueWJc sin(v —w)t) _ =ne e /du(u—l—w)e we sin(ut)
(v —w)? u?
—w

<.

0
n [ 5 —|—zwt> Ei (:}u —iwt)) —|—we_:cf4(w)1 , (D17)
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where we defined

- "
I = [aut =50 (D18)
u
Partial integration yields
T oeTwe (wi sin(ut) + tcos(ut)) 2 sinlwt
hw) = - [t GO
u w
Foed e () rert (C )] ez s
= —/du - = +
2u w
1 1 “r sin(wt
:<t+‘ )Ei(w—iwt>+<t—, >Ei<w+iwt)+esm(w). (D19)
W We iwe We w

Using this result, we get the final result for /3:

w

Iy(w) = n°—t Kl ¥ 2iwt> Ei (“’ + iwt) - (1 S 2iwt> Ei (“ - mﬂ +ysin(wt) . (D20)
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