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This Ph. D. thesis deals with numerical algorithms {or use in air quality models, par-
ticularly global models. Air quality models are used to enhance the understanding of
the chemical composition of the atmosphere, in particular with regard to the cause
and effect of air pollution. With global models research is carried out into global
environmental problems, such as the ozone hole at the South Pole and the anthro-
pogenically enhanced greenhouse effect resulting in global warming. The ozone hole
1s caused by emissions of chlorofluorocarbons (CEFC) resulting in a strong breakdown
in the Antarctic spring of ozone (O3), and the greenhouse effect by increasing concen-
trations of methane (CHy4) and carbon dioxide (CQO5) and possibly other trace gases,
including for example O3. A related field of research i1s smog prediction, a more local
phenomenon, where regional air quality models are used.

Examples of global air quality models are Moguntia {Zim87], IMAGES [MB95]
and TM3. TM3 1s currently under development in the Dutch Centre for Climate
Research (CKO), and is the successor of TM and TM2 [HK89]. Examples of regional
models are CWIROS [vL96] and LOTOS [BR97].

Alr quality models describe movement by wind (advection) of species, diffusion,
cumulus cloud convection, chemical reactions, emissions and depositions, see Fig-
ure 1.1. These models can be either on-line or off-line. In the on-line approach the
transported specles are treated as additional variables of a complete atmospheric cir-
culation model and parametrizations in the circulation model can now be affected
by the polluted species. In the off-line approach the transported species are treated
independently of any other model, and are advected by a wind field stored in a mete-
orological database. In this thesis we studied numerical algorithms in off-line models,
but these techniques can of course also be used in on-line models.

Advection is an important process in air quality models. For example, the CFC
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Figure 1.1: An example of a box-model: emission by cars, factories and airplanes
and, due to wind and diffusion, exchange of polluted species between neighboring
grid cells.

causing the ozone hole at the South Pole are emitted predominantly in the indus-
trialized Northern Hemisphere, and due to advection the CFC does reach the South
Pole. On the other hand, wind carries clean sea-air to land, reducing the pollution
over land areas.

In the vertical direction, transport is dominated by turbulent diffusion and cu-
mulus cloud convection. Advection is less important due to the low vertical wind
components. Without a good description of the vertical transport in the model, emit-
ted species stay at the ground level where they are emitted, and the ground level
concentrations will be too high. It also affects horizontal transport, because the hor-
izontal wind velocities are relatively low at ground level, and reach a maximum at
medium to high levels depending on meteorological conditions.

A well-known example of chemical reactions is the already mentioned degradation
of ozone by CFC at the South Pole. Another example is the formation of ozone, a
species which is not emitted itself. In urban regions ozone is formed by a reaction
involving nitrogen-oxides (NOx) and oxygen (O2). Nitrogen-oxides are emitted by
cars and factories, and oxygen is with a mixing ratio of about twenty percent one of
the main constituents of atmospheric air. A significant part of the chemical reactions
strongly depend on sunlight, causing large differences between day and night.
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am& truptmphw@f stratosphere exchange processes. The emphasis in this thesis 1s on
numerical and computational aspects of the modeling. In parallel with this research,
vertical transport and sub-grid scale processes are wwhwﬁ at IMAU. For the research
in this thesis the contact with researchers from IMAU, RIVM and KNMI has been
very helpful to focus the effort on problems that ar im in the present global models.

Modern air quality models are based on mass balances and are solved on an appro-
priate, Eulerian grid. Standard numerical techniques will not work due to the large
number of unknowns and the different time scales in the model. The number of un-
knowns is the product of the chemical species involved, with the total number of grid
points. Current models use approximately 10 to 100 chemical species. Horizontal res-
olutions vary between 10° x 10° and 0.5° x 0.5° resulting in respectively 36 x 18 = 648
and 720x 360 = 259200 horizontal grid points. For a good description in the vertical
direction 15 to 60 lavers are needed. Hence the number of unknowns approximately
varies between 10° and 10%. The time scale varies from less than a second for chem-
ical species involving radicals, to years. These wide ranging time scales lead to stiff
chemistry, requiring implicit solvers. It is clear that we need the fastest computers
available, such as vector computers, parallel computers or clusters of workstations,
combined with fast numerical techniques. To obtain high performance on a vector
computer, and good load balancing on parallel computers, it is desirable that a nu-
merical technique can be used with a large, fixed time step equally distributed over
the grid. In this application, a large time step means a time step of about twenty
minutes.

In [PBC*95] it is pointed out that the success of the next generation of air quality
models, in terms of both its scientific and societal impacts, is dependent on how well
new computing platforms and methodologies are exploited by the atmospheric science
community. A thorough review on the numerical aspects of air quality models can be
found in [Wil92, MGS82].

We have to balance discretization errors (in time and space) with errors originating
from model errors, such as large uncertainties in, e.g., the chemical rate constants,
and the emissions. Another source of model errors is the limited number of chemical
species and reactions. Therefore 1% error in the numerics is good enough. However,
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budget studies and long term calculations require exact mass conservation.

Most air quality models solve their systems of equations by subdividing the prob-
lem in a small number of subprocesses, which now can be solved with different numer-
ical techniques and different time steps. This happens for example with the known
operator splitting technique. The model is usually subdivided in three parts, firstly
advection, secondly chemistry including emissions and depositions and finally diffusion
and sub-grid scale parametrizations such as cumulus cloud convection. We focused
on numerical schemes for advection and chemistry, and developed alternatives for
operator splitting.

1.2.1 Advection schemes

In the development of advection solvers we focused on mass conservative schemes,
which do not generate undershoot or overshoot. Avoiding undershoot is very im-
portant, because undershoot may lead to unphysical, negative concentrations, which
can give an instability in the chemistry step. Mass conservation is accomplished by
formulating advection in terms of in- and outgoing fluxes. The most simple scheme
of this type is the so-called Donor Cell scheme, where advection terms are discretized
with first-order upwind differences. Unfortunately, this approach leads to a significant
amount of numerical (artificial) diffusion, especially on coarse grids. In order to avoid
excessive numerical diffusion we use higher order schemes, together with flux-limiting
to minimize undershoot and overshoot.

With the used coordinate system we have a singularity at both poles on a sphere.
To overcome this difficulty, we focused on two options: a so called 2D spherical reduced
grid where less cells are used near the poles, and a scheme which is unconditionally
stable in the longitudinal direction.

Alternative advection schemes are sub-grid schemes and semi-Lagrangian schemes.
Sub-grid schemes, such as Slopes [RL81] and Second Moment [Pra86], are too expen-
sive 1n terms of memory. Moreover, using the sub-grid information in the chemistry
calculation would lead to a large increase in cpu time, see Chapter 6. Semi-Lagrangian
schemes can use very large time steps, but such schemes are not mass conservative.
Moreover, in actual models, the other subroutines (chemistry, vertical transport) and
their combination via time splitting will prohibit very large time steps anyhow.

1.2.2 Chemistry solvers

Since chemistry often consumes the largest part of the cpu time, ethiciency in terms
of cpu time is the most important property for chemistry solvers. This can be ac-
complished by using large time steps, but this in only possible if the method used
has good stability properties. Many existing models use dedicated explicit solvers.

such as QSSA [HHI78] and EBI [HBCH93]. Black-box stiff ODE solvers are consid-
ered too costly. We developed dedicated linearly implicit solvers of Rosenbrock type.
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These solvers exploit sparsity in the Jacobian matrix. The newly developed chem-
istry solvers only need as input the chemical equations with their rate constants, so
a change in the chemical system is very quickly processed in the model.

The model equation is usually solved with operator splitting. When using operator
splitting, different numerical techniques with different, local, time steps can be used
for different parts of the model. Furthermore, the building of the computer code ot
the model is modular and memory efhicient.

A disadvantage is the creation of a splitting error. Therefore we developed some
alternatives for the commonly used operator splitting. In Chapter 4 we extended
Strang splitting [Str68] with the integration of the chemistry along characteristics.
This approach is effective only if the reaction constants are updated in each chem-
istry time step, because the space dependency originates from the reaction constants,
which are usually fixed for fairly long times. In Chapter 5 we used Twostep as time
integrator for a complete chemistry-diffusion step. In Chapter 7 we give results for
some experiments with ROS2 applied with approximate factorization as time integra-
tor for a complete chemistry-diffusion-advection step. The results in both chapters
show that diffusion can be coupled with chemistry in an efficient manner. On the
other hand, our experiences also indicate that in global models the splitting error
is acceptable. More research is needed to come to more definite conclusions on the
splitting error.

1.3 Outline of this
The remainder of this Ph. D. thesis consists of a brief model description and five
articles. The articles are self-contained.

In Chapter 2 we give a mathematical description of the model and some tech-

nical problems arising from coordinate transformation. We finish this chapter with
experiences with a state of-the-art chemical kinetics preprocessor.

In Chapter 3 [HS95] a new technique for solving the 2D advection equation on
a sphere is described. We combined unconditional stability with mass conservation.
Note that we show in Section 6.7 how to use the new scheme in a realistic 3D setting.

In Chapter 4 [Spe95, HS96] a 2D global model including advection and chemistry is
developed, and serves as a benchmark for numerical solvers. Chemistry is integrated
along characteristics to obtain a highly accurate reference solution for our rather
complicated model problem. This approach is also used in Chapter 5. Strang splitting
on a reduced grid gives good results.

In Chapter 5 [SVdZ197a] we present a benchmark problem including horizon-
tal advection, vertical diffusion and chemistry. With this benchmark we compared
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two different numerical techniques, with respect to accuracy and performance on a

Cray C90.
In Chapter 6 [SPvDH97] we tested several 3D advection schemes. Firstly, we

extended the scheme from Chapter 3 to 3D on a reduced grid and named the scheme
Split-rg. Other schemes in this comparison are the newly developed Mol-rg, a 3D
Method of Lines (MOL) scheme on a reduced grid and the existing schemes Slopes,
Second Moment and Donor Cell. We measured accuracy versus efficiency in terms
of cpu time using the well-known solid-body rotation on a sphere. Furthermore, the
newly developed schemes together with Slopes were implemented in TM2. Using wind
fields from a meteorological model we compared radon concentrations from the model
with measurements.

In Chapter 7 [VSBH97] we studied ROS2, a second-order Rosenbrock method for
solving the chemical rate equations. ROS2 integrates box-models with a fixed time
step up to twenty minutes, even in a 3D model with Strang splitting where each
advection step introduces artificial transients.

ary

In this Ph. D. thesis we present new numerical methods for global air quality models.
The performance of these techniques is extensively illustrated through numerical ex-
periments. The experiments where chemistry and advection or diffusion are involved,
are newly developed. These new benchmarks are based on commonly used chemical
box-models and the solid-body rotation on a sphere. With these experiments we are
able to measure both accuracy and efficiency in terms of cpu time for the complete
chemistry-advection-diffusion solver.

Existing models use operator splitting for time stepping. Although we observed a
small splitting error in Chapter 4, 5 and 7, the second-order Strang splitting seems
as the best approach yet in air quality models. Compared to alternatives, its main
advantage lies in its flexibility in coding and general applicability.

Accurate results at low computational costs on high performance computers are
obtained using a spherical reduced grid for spatial discretization. On this grid, accu-
rate results are obtained with the advection solver Split-rg from Chapter 6. Split-rg
1s formulated in terms of in- and outgoing fluxes, and therefore mass conservative.
Split-rg uses flux-limiting to minimize over- and undershoot.

To obtain high performance in the chemistry part of the model, it is necessary
to use a time step which is constant over a large part of the computational domain.
This can be accomplished by using clustering as is done in Chapter 5 using Twostep,
but it is easier to have the same time step for the whole computational domain, as
1s done in Chapter 7 using ROS2, a second-order Rosenbrock scheme. The results in
Chapter 7 show that ROS2 is able to integrate complex chemical systems with a fixed

time step up to twenty minutes, a very good result for a solver which does not use
any ad-hoc rule.



This chapter gives a basic mathematical description of currently used global transport-
chemistry models, such as TM3. These global models use certain simplhfications
with respect to orography for example, and these simplifications are motivated in
this chapter. We start in Section 2.2 with the transport-chemistry equation. In
Section 2.3 we give a short introduction to pressure based hybrid n-coordinates, and
discuss the transformation of the model @quanun in this system. Section 2.4 gives
some information on the preprocessor KPP used in the chemistry part of our air

quality test models.

The mathematical formulation of air quality models leads to the transport-chemistry
equation, which describes advection by wind of chemical species, the effects of (tur-
bulent) diffusion, (sub-grid scale) parametrizations, chemical reactions, sources and
sinks,

‘I d}t#q’NCn

The concentration ¢ [particles m™3] is a vector with dimension N, {untdmmg r all chem-

ical species, ¥ is the given wind field [m s™'|, p is the density [kg m*], D is a tensor

describing diffusion [m* s™!], P and F [s™!] describe respectively parametrizations
such as cumulus cloud convection, and the chemical reactions, sources and sinks.

In a numerical model, it 1s important to treat tracer transport in a similar way
as the background density, see [Wil92]. Tracer transport should therefore not be
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considered independently from the continuity equation for the atmosphere, which
reads

Op -
il a : O. 2.1)
5, + V- (ip) (

Here it 1s assumed that the source and sink terms cancel out in the contribution to
the total density. For example, the emission of NOx is compensated by a decrement

ot Nz and 02.

Using the relation ¢ = p X with X the mixing ratio [particles / kg air|, we rewrite
the transport-chemistry equation into

In Section 6.7 it is shown that this formulation with mixing ratios gives better results
in terms of mass conservation and monotony than the formulation with concentrations
when using dimension splitting in flux form in the advection part of the model.

2.3

Hybrid n-coordinates

Most recent atmospheric and meteorological calculations are performed with terrain-
following coordinates in the vertical direction, and longitude-latitude coordinates (A,
¢) on the sphere. The first terrain-following coordinates are o-coordinates introduced
in [Phi57]. A disadvantage of the o-coordinates is the fact that the effects of the
orography exists in all vertical layers up to the highest one. In a general circulation
model it is more efficient to have layers above some level with no effect on the orog-
raphy, because the mathematical description then simplifies in a part of the model.
T'herefore the European Centre for Medium Range Weather Forecasts at Reading, UK
(ECMWEF) developed a hybrid coordinate system Lou86|, which is terrain-following
at the surface of the earth, and has pressure levels at the top of the model. This

pressure based coordinate system is defined (strictly speaking: a continuous analogue
of the discrete definitions is given) by the relation

p(’\a qb: 17, t) — A(T]) + B(W) psff:(/\: @, t)) (23)

where 7 is the vertical coordinate, p is the pressure (Pa), psfe is the pressure at

ground level, ¢ is time. The functions A(n) and B(7) are given. There are two special

cases. It A = 0 we have pure o-coordinates. With B = 0 we have pure pressure
levels. See Table 2.1 for the discrete 15 and 31 layer models.
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pressure levels
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L

Pz | Argr Bepy 0
0 30.94 0 0 0 382]
20 26.46 1000 0 10 31.2
40 21.99 3000 0 30 24.1
60 19.41 5000 0 50  20.9
80 17.59 7000 0 70 18.7
100 16.17 | 10000 0 100 16.5
121  14.96 | 15000 0 150 13.9
144 13.88 | 20000 0 200 12.1
168 12.89 | 25000 0 250 10.6
194 11.96 | 30000 0 300 94
223 11.09 | 40000 0 400 74
254 10.25 | 50000 0 500 5.7
287  9.46 | 70000 0 700 3.0
321 869 | 85000 0 850 1.3
358 7.95 | 92500 0 925 0.7
397  7.23 | 100000 0 1000 0.0
437  6.55 |
478  5.89 |
521  5.26 |
565  4.65
610 4.07 |
656  3.51
703 2.98 l
749  2.47
7995 2.00 |
840  1.55 |
883  1.15 I
922  0.78 |
957  0.48 |
986  0.23 |
1005  0.07
1013 0.00 I

Table 2.1: Constants A and B defining the hybrid coordinates for two different grids:
a 15 and a 31 layer model. The values of p and z are for a standard atmosphere.
The altitude z is equal to r — r4¢,.
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p + dp -

Figure 2.1: Pressure increases by the weight of gas

2.3.1 Coordinate transformation

The coordinate transformation from Cartesian coordinates to hybrid coordinates is
given by
r = R(\, ¢,n,t) cosd cos A
y = R(A, ¢,m,t) cosd sin A (2.4)
z = R(\ ¢,n,t) sin ¢

where A € [0,27), ¢ € [—7/2,+7/2] are the longitude and latitude coordinates and
R(A, ¢,7m,t) is a function with boundary conditions R(\, ¢,0,t) = Ttop, the top of the
model, and R(A, ¢,1,t) = rgs.(A, @), ground level for all A\, ¢ and ¢t. We observe that

R depends through the pressure p on A, ¢, and ¢,

R(A ¢,1m,t) = r(p(X, 0,1, 1)), (2.5)

where p is given by Equation (2.3). The dependence of the radial distance r on p
tfollows from the hydrostatic approximation. As shown in Figure 2.1, the pressure

increases with the weight of the gas F, in the cube with an infinitesimal volume dV .
divided by the area A of the cube,

_dFy,  gpdV B
=L ST T 9edr = T T

with Rgos = 8.3143 J mol™! K~!, the molar gas constant, ¢ = 9.81 m s~2, the
acceleration of gravity, My, = 2.897 x 1072 kg mol™?, the average molecular welght

of air (War88] and v = Ryes/(9 Mair) = 2.9256 x 102 km K~! for dry air. For a
constant temperature I' we have a closed form for the relation between r and p,

P T
r(p) = Tefe + / —d® = rg¢. + vT In (psfc) . (2.6)
Psfc
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Differentiation of Equations (2.3) and (2.6) leads to an expression for the scale factor
in the vertical direction h,,

OR | | OR Op T (8A(77) 83(77))
hy = || = |5 5| = 77— + Psfe )‘: Ql)at * 2.7
If we have pure pressure levels and A(n) = 7, this leads to
T
hy = v—. (2.8)
p

2.3.2 Continuity equation in hybrid n-coordinates

If R does not depend on )\ and ¢, which means that the earth is a perfect sphere, p,¢.
and T do not depend on A and ¢, the continuity equation for the atmosphere (2.1)
and model equation (2.2) transforms in hybrid n-coordinates into respectively,

8p 1 [O(up)  O(v cosdp) 1 d(wr?p) _
5t | 1 cosd [ o v e TR e 2:9)
and
9(pX) | 1 [8(upX) , O(vcosgpX)] 1 8(wripX)
ot r COS @ O\ olo, | h,r? on (2.10)
_ 1 0 (pdyOX _ |
= ( s 67;) + P(pX) + F(pX).

Horizontal diffusion is neglected here and d,, is the vertical diffusion coeflicient. The
velocity components in the )\, ¢ and n direction are respectively u, v and w, and
h, = |0R/0On| is the scale factor from the coordinate transformation. Some existing
models neglect the variation in » and therefore they replace the radial distance r with
the (constant) radius of the earth a = 6378 km. Then both factors r? cancel in the
part of Equations (2.9) and (2.10) describing vertical advection.

However, the earth is not a perfect sphere because there are mountains. This
complicates the coordinate transformation, because the hybrid coordinate system is
a nonorthogonal coordinate system, see Figure 2.2. The complete, general transtor-
mation is given in [BR97], where the authors show that the contravariant velocity
component should be used. Equation (2.10) can still be used in global models, be-
cause even on a relatively fine grid (1° x 1°) the error due to the simplified coordinate
transformation is small compared to other model errors. For regional models using
much finer grids this is no longer true.

2.3.3 Mass Huxes

In the finite volume approach, Equation (2.10) is interpreted in terms of in- and out-
going fluxes. Existing models such as TM3, multiply p with the volume V to obtain
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Figure 2.2: Orthogonal velocity components in the n-coordinate system are not
orthogonal in the physical domain.

particles per grid cell in Equation (2.10) and air mass m per grid cell kg|] in Equa-
tion (2.9). The velocities u, v and w are multiplied with density times area of the
cell interface to obtain mass fluxes . This approach has at least two advantages.
Firstly, the calculation of h, can be performed during the preprocessing of the mete-
orological input, and secondly, the mass flux is well defined, even in a nonorthogonal
coordinate system. The mass flux of a cell interface is the total amount of air in
kg| that flows through that particular cell interface in 1 second. Observe that the
discretized advection part of Equation (2.10) can be written as a rate of change in
mass due to inflow and outflow of (clean) air m with tracers. Diffusion and sub-grid
scale parametrizations (described in Section 6.2.2), lead to fluxes f describing vertical

transport by means of sub-grid scale vertical transport processes, corresponding to P
in Equation (2.10). This leads to an ODE for all grid cells in terms of m = p V.

d
My k=7 - F + F — F
dt z’j,k Ai“%’j k Ai'l'l 7.k ¢i’13“']2h=k ¢i:j+%1k (2-11)
+j:"7i..a 0 R
d X F
“&?mz,:},k ijj’k,l % A"""""%':-.'1':.]" Xz—_% 75k, o fAi-}-%,j,k X’L—}—%‘,J,k,l
X, . — .
+ fqbi:]“%:k Z’J“%’k’l Fqb'l:,j-{-%,k XZ:J %1‘51[
-l_ fni,j,kw% X'z'i .1k""""'%'3l o fni’j,k_'_% X?.,j,k"l—%',l (2'12)

N
+ Zn:—-"l mi,j,nxi,j,n,l (fﬁ,j,k“%“,n T fz,_y,k-l—-%-,n)
+ Fi (pijk Xigk1 ... N.)-

T'he air mass fluxes [kg s~!] through cell interfaces are Fx, Fp and F,; N, is the
number of vertical layers and m; ; ; is the air mass in a grid point and X; ; x; is the
mixing ratio of species ! in grid point (7, j. k). In Equation (2.12) both the ratio tracer

mass divided by air mass and tracer concentration divided by the density of air can
be used.
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In Chapter 6, where we use realistic meteorological data, we solve Equation (2.12).

In the remaining chapters we solve EKquation (2.10).

An ampmmm dm*eﬁupmem with Whpwﬁ m the ahmma&m part of the model 1s KPP
a chemical Kinetics PreProcessor [DIS95]. This program reads an input file with
reactions MM gener MM C and Fmrtran ?? {Ud@ fm the function F(c), the Jacobian

( } GF )/'Oc: the LU dﬂ "‘:wnfzpmwmn of the Jm obian, HW batkauhf@ LUJ = E;,

in ﬂgum 2,3., )
in production and Emm m-wnm (a# = P ( ") — L({} u}ﬁ wanms both sparse matrix
code and full matrix code. Only the sparse LU decomposition is coded using indirect
addressing. The sparsity routines have turned out to be very efficient in reducing the
numerical linear algebra overhead [SPCD96].

The current version of KPP generates code for a box-model only. For a 3D
vou have to add grid indices by hand, which takes hand-work. Also the implemen-

tation of Mm Ga’s.a*wmsmdm iteration used in Twostep [Ver94, VS595] takes hand-work,

model,

;H owever, a mg mi vantage of using KPP is that it 1s very easy to study several
chemistry models. While developing numerical solvers 1t 1s important to measure
stability and accuracy versus cpu time on a large set of different chemistry models,
otherwise vou might end up with a numerical solver which works very well on a
particular chemistry used while developing your solver, but which might fail on a new
chemistry model.
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' chemistry | LU indirect LU direct
| model LU total | LU total

' RIVM 20 126
CBM-IV | 56 292
WET | 120 729

Table 2.2: cpu times on a workstation [s] for LU decomposition and total cpu time
for three chemistry models. Left with indirect addressing and right with direct ad-

dressing.

100 726

We benchmarked our solvers on state of the art chemistry models, such as EMEP
1Sim93|, CBM-IV [GWKDR&9] and WET [Mat95]|, and on models which are derived

from these.

2.4.1 LU decomposition in KPP

Recently, we found out how to write a subroutine which generates a new subroutine
that also codes the sparse LU decomposition using direct addressing, similar as the
routine for the backsolve. This leads to a better performance on both workstations
and vector processors. To avoid any confusion, we state that the timings presented
in this thesis and in e.g. [SVB197| are obtained with the sparse LU decomposition
using indirect addressing.

To see the impact of this improvement, we repeated the boxmodel tests of Chap-
ter 7. Lo get statistical significant differences in cpu time, we extended the test from
14 days to 140 days. In Table 2.2 cpu times are given for three chemistry models,
integrated with ROS2 using a fixed time step of 10 minutes.

We observe that the LU decomposition consumes roughly 17% of the total cpu
time, and the LU decomposition with direct addressing is 17-50% faster than indirect
addressing, depending on the chemistry used.



Abstract

In this chapter we consider a dimensional-splitting scheme for horizontal advection
on a sphere with a uniform longitude-latitude grid. The 1D subprocesses that arise
within the splitting are solved with an explicit finite-volume type scheme, which is
made unconditionally stable by allowing the stencil to vary with the Courant num-
bers. The scheme is made positive by flux-limiting. For the inaccuracies at the poles
some special measures are discussed. Numerical tests show that the scheme 1s almost
shape preserving and conservative, and it gives accurate results at low computational
Ccosts.

Note: This chapter has been published in Monthly Weather Rewview, 123, 1995,
pages 3554 - 3564.

3.1

Global atmospheric transport models are becoming increasingly important for the
analysis and description of the distribution of trace gases and particles. Climate
change is closely related to the global tropospheric distribution of trace constituents.
These originate mostly from regional or local sources mainly concentrated over land,
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and, consequently, in the Northern Hemisphere. Once released, a complicated atmo-
spheric process, involving transport, chemistry and depositions, takes place, which,
in view of the atmospheric lifetime of many species and typical horizontal transport
velocities, involves the entire global troposphere.

Current modeling of global tracer transport can be done on-line and off-line. In
the latter case the tracer is advected by a wind field which originates from a circu-
lation or weather forecast model, such as the European Centre for Medium Range
Weather Forecasts (ECMWEF') model. Examples of these models are the GISS model
JPWMS87], from which the TM2 model [HK89] was derived, and the Moguntia model
[Zim87]. More recently, on-line modeling is developing where the tracer advection
equation 1s part of a complete atmospheric circulation model (e.g., [FRSW92]). This
has the obvious advantage that a consistent set of equations is used with the possibil-
1ty of interaction between the tracer and the (thermo)dynamics. In both approaches
the horizontal advection is an important issue.

For the numerical solution of horizontal advection in Cartesian coordinates nu-
merous schemes exist (see, e.g., [Roo87, VK93]). The application to global advec-
tion offers some additional problems that are associated with the spherical geometry.
These aspects in particular will be emphasized here.

The mathematical equation describing the horizontal advection on a sphere for a
concentration, or vector of concentrations, c¢(t, A, ¢) is given by

dc 1 (6(11,6) a(cos(cé)vc)) _0 (3.1)

5t " acos(d) \ Ox T a¢

where A € (0,27) and ¢ € [—7/2,7/2] are the longitude and latitude coordinates, a is
the radius of the sphere, and u,v the given wind velocities (m s~1) in the longitudinal
and latitudinal direction, respectively. The advection equation (3.1) becomes singular
at the poles ¢ = & 7 /2, due to the underlying mapping of the sphere on the A, ¢-plane.
This may cause inaccuracies in numerical schemes as well as stability problems. A
thorough review with many references can be found in [Wil92].

In the numerical transport of trace species it is important to avoid undershoot,
since this can result in unrealistic negative concentrations. If the species is chemi-
cally active this may lead to fatal numerical problems in the treatment of chemical
reactions. Overshoot can also be undesirable. For example, in the case of transport
of water vapour it will lead to unwanted condensation and cloud formation.

In this paper we consider an advection scheme based on dimensional splitting.
The underlying grid is assumed to be a uniform longitude-latitude grid, which gives
a very simple data structure. The 1D subprocesses that arise within the splitting
are solved with an explicit third-order finite-volume type scheme, used in [HT94] for
planar advection. Positivity is obtained by flux-limiting. The resulting scheme is
not completely monotone; overshoot and undershoot (against a positive background

concentration) is still possible, but numerical tests show that the magnitude of these
over- and undershoots are small.
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The scheme is made unconditionally stable by allowing the stencil (numerical

domain of dependence) to vary with the local Courant number. In this way, small
time steps near the poles can be avoided.

However, due to the large Courant numbers that will arise, accuracy near the
poles remains a problem with this approach. To suppress these inaccuracies we shall
propose two modifications, namely mixing inside polar caps and deformation correc-
tions (where the scheme is corrected such that background concentrations are not de-
formed). With both modifications the results are satisfactory. The resulting schemes
have good shape preserving properties, maintain positivity, and appear to be very
efficient in terms of computational costs versus accuracy. Comparisons will be made
with the semi-Lagrangian methods of Smolarkiewicz and Rasch [SR91] for a solid
body rotation test on the sphere.

In Section 3.2 some results of Hundsdorfer and Trompert [HT94]| concerning advec-
tion on a plane are reviewed and the extension to unconditional stability is discussed.

Section 3.3 contains the tests for advection on the sphere, with modifications at the
poles and numerical comparisons.

3.2 advection

3.2.1 Unconditional stability for 1D advection
For the 1D advection equation

¢t + (uc)y = 0, (3.2)

with subscripts f,x denoting partial derivatives, we consider numerical schemes in
conservation form

=+ (Fry — Ffy ) (3.3)
Here ¢ approximates the a.verage value of ¢(t,z) over the cell Q; = (z,;_1,x;. 2) at

time t,, = nAt,and F" ., give the inflow and outflow at the cell bouncfarles The

1— 5 z+l
grid will be assumed to be equ1d18tant, with cell centers z; = 1Az, but generalizations
to arbitrary grids are easily obtained. In the following the superscripts n are omitted.

For the computation of the fluxes F; i1 we shall allow the stencil to vary with
the Courant number. In this way it is easy to achieve unconditional stability while
maintaining explicitness of the scheme. For example, the first-order upwind, donor

cell scheme, is given by

roL = I/i+%—ci? U,i_;f_.%. 2 On (34)
T3 V4 1Cit1,  Uipl < 0,
with v; 1 = Uit | At/Az the local Courant number at the cell boundary z;, 1. In

this form the scheme is stable under the CFL restriction max; v; 1 < 1. The stability
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. A

restriction is avoided by taking

2 Di_;_%c'i--k + (cimk-i—l + o ci)a ui+% 2 0’ (35)
i+§ —Dip1Cipkg1 — (Cip1 oo+ Citk)s Uiyt <0,
where
k:ki+% — LV£+%__| and 17,5_'__;_ ﬁl/ﬂ_% “k,;_}_%-: (3'6)

and |v| denotes the largest integer < v. Inserting this into (3.3), we see that for
constant v the same formula as for Courant numbers < 1 is applied, together with
a shift over k grid points. Therefore, the scheme will be unconditionally stable (for
constant v). This is as with semi-Lagrangian methods, but due to the conservation
form of the scheme we maintain the mass-conservation property. We note that a
scheme similar to (3.5) was introduced by LeVeque [L.eV82| for nonlinear conservation
laws; a somewhat related technique can be found in [Bre84].

Instead of first-order upwind we shall use an upwind-biased scheme that is third-

order accurate for constant velocities. Let
do(v) = s(2—v)(1—v), di(v)=g (1-v7%). (3.7)

If’u,,;_l_; ?___ O we set
2

2
: (3.8)
+ d; (VH;) (Cimk — Cz‘—-—l--—k)) + > o«
[—1— k-1
whereas for u, +1 < 0,
F-z—,t--;— — "‘f’ﬂ—% (Ci+k+1 + do (f’i+-12-) (Citk — Citk+1)
itk (3.9)
+ (VH.;...) (Citk+1 — Ci+k+2)) — E Cly
[=21-41

with k£ =k, 1 and 7, 1 given by (3.6). |

It  1s constant and the Courant number is bounded by 1 the scheme reduces to
the third-order scheme which uses a four-point upwind biased stencil. It was shown
by Strang [Str62] that schemes of this optimal-order type are stable up to Courant
number equal to 1. Unconditional stability, for constant u, of the above formula
tollows again by observing that we apply in fact the same formula as for Courant
number less than or equal to 1, only on a shifted stencil.

To achieve positivity we will use a Sweby-type flux limiter (See [Swe84, Zal87,

LeV92, Kor93|). Detailed motivation for the particular limiter used here can be
found in [HT94]. The limiter is based on the ratios

C; — C;—
f; = ———1 (3.10)
Ci+1 — C4
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and the limiter function is

Y(v,0) = max (O, min (1, do(v) + di(v)0, Lo VQ)) . (3.11)

U

In actual computations a small number, for example, 10719, is added to the denom-

inators of ¢ and (1 — v)/v to avoid division by zero. The limited scheme reads as
follows: if u; 1 > O then Fiy 1 1s computed from

1

Fi—}-% p— 17z-+_%_ (Ci...._k -l'-’l,b (17,,;_*_%_,9,:_;3) (C?;+1....,.k — Ci—-—k)) -+ Z Ci, (3.12)
=2~ k-1

with k£ = k£+-§- and v;, 1 as before, and if u;p 1 <0 we use

1

i+ k
- . 1
L= —Vig1 (Ci+k+1 + (VH-%, ) (Citk — Cz‘+k+1)) — Z Cl. (3-13)

[—141

Note that with (v, 08) = do(v) +d; (v)8 the original, unlimited scheme would have
been reobtained.

The above formulas depend, through v, 1, ON the velocity u, L. From a physical
interpretation of the flux form (3.3), in terms of inflow and outflow for the cells, it
follows that u; 1 should be taken as ($i+% — i’:i+%) /At, where Z;, 1 is the departure
point at time ¢, of the characteristic z'(¢) = u(t,z(t)) that passes through T;y1 at

time t,4+1 (see [HT94], for instance). Therefore, if we take simply Uipl = U (3314-%-):

the order will only be 1 for non-constant velocities. In this paper we will apply the
second-order formula

Ujpl = (u — %Atumu) (%‘-y%-) .. (3.14)

The derivatives u, appearing here are computed by second-order difference quotients.
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