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Chapter 1

Introduction

This thesis studies, from a mathematical point of view, a number of transformations that map
functions f € L2(IR), i.e., square integrable functions on IR, to functions f € L2(JR?). In
particular we study transformations that are related to the Fourier transform in the following
sense.

The Fourier transform maps a function f to a function f . For a function of time (a signal),
f represents the intensity of the fluctuations (frequencies) in the signal f. Analysing a signal
in this way is called spectral analysis. Besides the representation in time f and the repre-
sentation in frequency f, there exists transformations f — f to represent a signal both in
time and in frequency. Some of these transformations are discussed extensively in this thesis,
namely the windowed Fourier transform, the Wigner distribution, the Rihaczek distribution,
the fractional Fourier transform and the wavelet transform. In this introduction we will briefly
introduce these transformations.

This introduction also considers applications of the wavelet transform in the field of signal
and image processing. We show, that the wavelet transform can be a very useful tool for

denoising algorithms, data compression techniques, and numerical analysis.

Finally, this introductory chapter summarizes the contents of this thesis.

1.1 Time-Frequency Methods

In 1822 Fourier published his famous work Theorie analytique de la Chaleur, see [31] for an
English translation. In this work he stated that a periodic function f could be expressed as
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Figure 1.1: Approximation of a discontinuous function by a Fourier series

the sum of trigonometric functions

f(z)=ao+ E (ax cos(kwoz) + by sin(kwoz)) , (1.1)
k=1

for some ao, ak,br € IR. Here wo = 27/T, with T the period of f. The series in (1.1)is
called the Fourier series of f. In the literature the Fourier series of f is mostly given by

f(z) =) cpetkoz, (12)
kez
Not only periodic functions can be expressed in terms of their Fourier series. Also compactly
supported functions can be written in this way. To do this, we extend such a function f to a
periodic function and compute its Fourier series. This Fourier series, regarded on the support
of f, is then said to be the Fourier series of f.

Fourier’s idea was that also a discontinuous function f could be expressed in this way, namely
as the sum of continuous function. Later, Dirichlet formulated necessary and sufficient con-
ditions such that (1.1) holds pointwise. In Figure 1.1, an example of a discontinuous function
and its Fourier series is depicted. As an example we have taken

[ -z, z€(0,2m),
f(l')_{20’ z =0,

and with f(z + 27) = f(z), forall z € IR. Its Fourier series is given by

f(z) =) sin(kz)/k.
k=1
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We observe, that the coefficients ax in (1.1) all vanish in this example, since f is an odd
function. A good approximation of f is already established by a partial sum

N
Sn =) _sin(kz)/k,

k=1

the partial sum Sg.

Analysing signals by means of Fourier series, called spectral analysis, is nowadays a standard
technique to obtain additional information of a signal. However, in our era, signals we want
to analyse are often not continuous in time. These discrete-time signals are mostly the result
of a sampling procedure built into the measurement equipment, that measures an incoming
physical signal. To deal with these signals, we can use the discrete Fourier transform (DFT)
instead of the Fourier series. The DFT is given by a discretisation (1.2). Particularly, if the |
signal has been measured during a finite time interval, the number of samples of such a signal |
is finite and its DFT simplifies to a polynomial on the unit circle.

with N > 0 relatively small. In fact, Figure 1.1 shows f and its approximation by means of

In this particular case, the DFT can be computed in a fast way by means of the butterfly al-
gorithm, see [19]. This algorithm arranges the Fourier coefficients in such a way, that they
can be computed recursively. The complexity of this algorithm is given by O(N log N ), with
N the number of samples in the signal. Computing the DFT in this manner is called the fast
Fourier transform (FFT). The existence of such a fast algorithm is an important reason why
Fourier analysis has become a standard tool in signal analysis.

For non-periodic functions the Fourier transform provides a tool for spectral analysis. This

transform is given by
1 .
- z)e * dx.
fro = '[ £(@)

The Fourier transform f of f can be considered intially for functions that belong to a class
of rapidly decreasing functions, called the Schwartz class S(IR), see [88, 89]. Each function
f € S(IR) can also be recovered from its Fourier transform f. This means that the Fourier
transform indeed offers an alternative way for representing a function f € S(IR). The Fourier
transform can be extended to functions in L* (IR), i.e., absolutely integrable functions on IR,
or functions in L2(JR). A unique reconstruction of the original function in L' (IR) or L*(IR)
from its Fourier transform is also possible.

After taking the Fourier transform of f, the value f (wo) represents the complex-valued am-
plitude by which a frequency wo appears in the signal f. However, we cannot read off from
f(wo) at which time intervals the frequency wo appears in f. So, f is not localized both in
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time and in frequency.

For localizing a signal simultaneously in time and frequency we can use transforms f — f
with f € L*(R) and f € L*(IR?), representing the signal both in time and in frequency.
However, although such a transform can improve localization compared to the Fourier trans-
form, we are not able to localize time and frequency arbitrarily well. The limitations on
simultaneous time-frequency analysis are given by the time-frequency equivalent of Heisen-
berg’s uncertainty relation

[\ e / I f @) dw > |IF14/4. (13)
R

R

Equality in (1.3) is established only for the constant multiples of f(z) = e~<*", forc > 0.
Originally Heisenberg presented relation (1.3) in quantum mechanics as a relation between
the standard deviation of position and the standard deviation of momentum. In his famous
paper [34], Gabor translated this relation in terms of time-frequency analysis.

A natural starting point for an overview of time-frequency transformations is the windowed
Fourier transform (WFT). The idea of the WFT is to multiply a signal f by a window function
h and then to take the Fourier transform of the product function. By translating such a well
localized window h along the signal, the WFT is able to analyse the frequency behavior of f
during the time interval for which A is localized. Translated into a representation formula the
WFT reads

Falfl(e,w) = \/% / F )y = 2)e="Y dy. (14)
R

Since F f can assume complex values, mostly the spectrogram of a signal is used to analyse
the signal’s behavior in time and frequency. The spectrogram of f is given by | Fj[f](z, w)|?.

It follows from (1.4), that h(z) should be more or less concentrated around z = 0. Further-
more, the behavior of F f in both time and frequency is strongly influenced by the window
function k. This suggests that we have to deal with the problem of finding a window function
h, that is both well localized and for which F f is a good reproduction of the time-frequency
behavior of f.

Since no information of a signal f is thrown away by representing it by means of the WFT,
J can also be reconstructed from Fy. We observe, that f(zo) contributes to F(z,w), for all
z € IR, for which

f(@o)h(zo — z) # 0.

Consequently, f is represented redundantly by F, which means that no unique reconstruc-
tion formula exists to recover f from its WFT, like we have for the Fourier transform.
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Figure 1.2: Time-frequency representations of a quadratic chirp: fig. a) the original signal,
fig. b, ¢, d) its time-frequency representation by means of the WFT, the Wigner distribution
and the Rihaczek distribution respectively.



6 Introduction

A window function, that is optimal in the sense, that it gives the best localization of the
WFT in time and frequency will strongly depend on the signal f. In 1946, Gabor suggested
in his paper [34] to use a window function, that is optimal in the sense that equality in the
Heisenberg relation is established. Such a window function is given by

ho(2) = (ro?)~H/4e== 12,

where ¢ > 0. The constant (m02)~1/4 is chosen such that [|h,|| = 1 for all ¢ > 0. The
WFT that corresponds to this choice for k is given by the Gabor transform

Golf)(z,w) = (2m)~¥45~1/2 / fly)eW==V/2" gmivw gy a.5)
R

In Figure 1.2.b, the spectrogram of the function sin(7z?) is depicted. In this picture, the dark
grey values indicated high amplitudes of the spectrogram at that particular time-frequency
point. The function itself is depicted in Figure 1.2.a. For the spectrogram a Gaussian func-
tion is used. Obviously, the spectrogram provides information about the signal’s behavior
both in time and localization. However, energy is spread instead of being perfectly localized.

Choosing an appropriate window is not the only difficulty we have to deal with, when we use
the WFT to analyse a signal. An other problem is to choose the ‘width’ of the window, i.e.,
its support for compactly supported windows or the parameter o for the Gaussian function
hs. If the signal f contains a frequency component with in a very small time interval, the
chosen window width can be too large to detect the localization of such a component with
high precision. On the other hand, if the window ‘width’ is chosen too small, the WFT will
not detect very low frequency components in f.

A time-frequency representation that only takes the behavior of the signal itself into account
is the Wigner distribution

WVf](e,w) = % / f@ +t/)F@ = De— dt. (1.6)
R

This representation was already introduced in 1932 by Wigner in his paper [104]. He pre-
sented this representation in the field of quantum mechanics. In 1948, Ville introduced the
representation in the fields of signal analysis in [99]. Therefore, this representation is also
known in the literature as the Wigner-Ville distribution. A comprehensive approach of the
Wigner distribution as a tool for time-frequency analysis is provided by a paper by Claasen
and Mecklenbriuker [15].

We observe, that the Wigner distribution is in fact the Fourier transform of the autocorrelation
function Ry, ., given by

Ryz(t) = f(z +1t/2) fz — t/2)/V2x.
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This means that the Fourier transform is taken of the product of a signal with a translated
version of itself. Consequently, the Wigner distribution is non-linear and it also represents a
signal redundantly in time and frequency. Therefore, a signal can be reconstructed from its
Wigner distribution, but this cannot be done in a unique way.

The quadratic character of the Wigner distribution is a problem when analysing a sum of sig-
nals. Then interference of the two signals appears in the time-frequency analysis. As a result
of this interference it can happen that WV(f](z,w) # 0, while f(z) = 0 fora fixedz € R.
This is the case if f(z) = 0 for z in a finite interval.

In Figure 1.2.c, the Wigner distribution of the function sin(wz?) is depicted. We observe,
that this function behaves linearly in the Wigner plane. Since we only computed the Wigner
distribution for a finite part of the signal, the edges of this time interval cause distortions, that
are visualized between the two lines.

In [17], Leon Cohen presented a general class of time-frequency transformations. A general
formula for the transformations in his class is given by

1
472

Flz,w) = / / / Flu+t/2) Fa— /2 (v, e~ E+ot-w) gy drdv.  (1.7)

RER

Starting from this representation formula, all known time-frequency distributions can be de-
rived by choosing an appropriate kernel function ¢. In his paper, Cohen also showed that
properties of the time-frequency representations are reflected by relatively simple constraints
on the kernel function ¢.

Relation (1.7) turns into the Wigner distribution for ¢ = 1 and it turns into the spectrogram
for

#(v,t) = / h(u + t/2) h(u — t/2)e~"* du.
R

In both cases, Fourier integrals have to be computed for obtaining the Wigner distribution
and the spectrogram from (1.7). A third time-frequency representation, that will be used in
the sequel of this thesis, is the Rihaczek distribution. This representation is given by

RUf)(z,w) = f(z) flw)e ™* V2. (1.8)

It can be obtained from (1.7) by taking ¢(v,t) = €*/2. For a comprehensive list of time-
frequency distributions and its corresponding kernel functions, we refer to [18]. In Fig-
ure 1.2.d, the Rihaczek distribution of the function sin(wz?) is depicted. We observe, that for
this particular signal the localization in the phase plane is poor.
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A representation of a signal in a domain other than the time or frequency domain is given by
the fractional Fourier transform (FRFT). This transform is given by

Ca /f(u) e ((u®+22)-(cot a)/2 — uz csc a) du, (1.9)
|
R

V2r|sina

for some parameter @ € IR and a constant Co. This transform was introduced by Namias in
1980. He defined this transform as a fractional power of the Fourier transform,

Fo = F°, (1.10)

Falfl(2) =

where F denotes the Fourier transform. Namias derived formula (1.9) starting from his defi-
nition (1.10) and using generating functions for Hermite functions, which are eigenfunctions
of the Fourier transform. In 1987 Kerr and McBride provided a rigorous mathematical frame-
work for the fractional Fourier transform on L?(RR), see [53, 61).

In 1992 the FRFT became interesting for signal analysis by a paper of Almeida [4]. He
showed, that taking the Wigner distribution of F, f corresponds to the Wigner distribution of
the function f followed by a rotation over an angle a in the Wigner plane, the time-frequency
plane that corresponds to the Wigner distribution. In Figure 1.3, this phenomenon is illus-
trated by taking the FRFT of the signal sin(rz?) for four different values of a and taking their
Wigner distributions. We observe, that Figure 1.3.b, c, d are rotated versions of Figure 1.3.a.

The rotation property of the FRFT inspired mathematicians in the past to study also other
transformations in the Wigner plane, that correspond to linear operators on L?(R). Already
before the introduction of the FRFT De Bruijn proposed in [9] a class of operators that are
related to linear operators in the Wigner plane. Also we study this problem in this thesis.

The last representation of a signal, that is briefly discussed in this introduction, is the wavelet
transform. This transform was introduced in 1984 by Morlet and co-workers, who wanted to
analyse geophysical signals with some kind of an adaptive WFT. However, in mathematical
circles this transform was not new. It was already know as Caldéron’s reproducing formula
[10].

The WFT analyses a signal by multiplying it with a sliding window function and then by
taking the Fourier transform of this product function. The wavelet transform makes use of
the same principle, however the Fourier transform is replaced by a dilation of the window
function in L2(JR). In this way the window function can be adapted in a better way to the
signal. This transform reads

Wy (f](a,b) = %/i(z)df ("%b) dz, (1.11)
R
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Figure 1.4: Four well-known wavelets: fig. a) the Haar wavelet, b) the Daubechies-4 wavelet,
c) the Meyer wavelet, d) the Mexican hat.
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Figure 1.5: The continuous wavelet transform of sin(7wz?).

for some 1) € L?(IR) and a € IR" and b € IR. The window function ¢ is called a wavelet if
it satisfies the additional condition

7 2
0<C’1/,:27T/Mda<oo7
R+

for almost all w € IR. This condition guarantees the existence of a unique reconstruction
formula.

To give an impression, what kind of functions are wavelets, four-well known wavelets are de-
picted in Figure 1.4. The first wavelet we see (fig. a) is the Haar wavelet, which is probably
also the oldest known wavelet. In 1910 already Haar used this function for constructing an
orthonormal basis in L?(IR) by means of dilations and integer translations of a mother func-
tion. We shall recognize this idea later as the discrete wavelet transform. The second wavelet,
that is depicted (fig. b), is the Daubechies-4 wavelet. Generally, the Daubechies-N wavelet
belongs to a class of wavelets that posses some desirable properties for signal analysis. Also
these properties are discussed when we come to the discrete wavelet transform. The index
number NN denotes the order of regularity of the particular wavelet. We observe, that the Haar
wavelet is also a Daubechies wavelet, namely the Daubechies-1 wavelet.
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The wavelet in Figure 1.4.c is named after Meyer, who created this Meyer wavelet by starting
from some necessary condition on the Fourier transform of the wavelet, e.g. compact support
of the Fourier transform. The fourth wavelet (fig. d) is called the Mexican hat, since it looks
like a sombrero. In fact, the Mexican hat is the second derivative of the Gaussian function,
that is used for the Gabor transform. This wavelet is often used for applying the CWT in
physics. In choosing a wavelet for analysing a signal, we are led by the shape of the signal
and the aim of the analysis. Of course we want the wavelet to match with the signal, that
has to be analysed. However, if the aim of the analysis is to give a time-scale representation
with only a few wavelet coefficients Wy(a, b), then a compactly supported wavelet can be
appropriate.

The wavelet transform analyses a signal in time and scaling behavior, since it is based on a
scaled window function, instead of a frequency representation of the product of the signal
and the window function. Therefore, we say that the wavelet transform is a time-scale trans-
formation.

As an example, we analysed the behavior of the quadratic chirp f(z) = sin(7z?) in time and
scale. For this we computed the wavelet transform of this function using the Daubechies-4
wavelet. In Figure 1.5 we have depicted the scalogram |Wy[f](a,b)| for the time period
b € [0, 5] and the scales a € (0,128]. Asin Figure 1.2, the dark grey values indicated high
amplitudes of W[ f](a, b)| at that particular time-scale point. By comparing the plots of the
spectrogram and the Wigner distribution of this function in Figure 1.2 and the scalogram in
Figure 1.5 it is obvious, that scale and frequency are reciprocal concepts.

Formula (1.11) is mostly called the continuous wavelet transform (CWT), since there also
exists a discrete version of this transform. This discrete wavelet transform (DWT) can be
obtained by computing the CWT on a lattice

{@@™,n2™) | n,m € Z}.

Then the DWT of a function f is given by

f= Y X (Yma)bma (1.12)

m=-—00 n=—00

with Ym n(z) = ¥(2™z — n) and with (f,9m,») denoting the inner product in L2(R) of f
and %, n. The breakthrough of the (discrete) wavelet transformation was set by two impor-
tant contributions by Daubechies and Mallat.

In 1988 Daubechies introduced a method to construct wavelets 1 that are compactly sup-
ported and for which ¥, n, m,n € Z form an orthonormal basis in L2(IR). Since ¥ is
compactly supported, also ¥y, is compactly supported for all m,n € Z. Consequently, a
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compactly supported function f can be written as a finite sum of mutually orthonormal func-
tions with compact support. As we shall see, this property is of great importance if we want
to represent a signal or an image by a few coefficients.

An other important contribution for the DWT was given by Mallat in 1989. In his paper [60]
he related the DWT to a concept called multiresolution analysis (MRA). This MRA provides
an algorithm of complexity O(NV), with N proportional to the number of inner products
(fs%m,n) that are not zero. This algorithm, called the pyramid algorithm, relates the inner
products (f, ¥m,n) for different values of m and n to each other. In this way only a few inner
products have to be computed explicitly. The other ones follow from the computed inner
products by means of the algorithm. Computing the DWT in this way is mostly referred to as
the fast wavelet transform.

1.2 Applications of the Wavelet Transform

In the past decade the wavelet transform has become of great value not only for signal and im-
age analysis, but also for signal and image processing. Even outside these ficlds the wavelet
transform has shown to be a useful in mathematics, e.g. in the field of numerical analysis.
Here, we briefly discuss the advantages of using a wavelet transform for these applications.

1.2.1 Denoising

The idea behind denoising signals using a wavelet transform is as follows. Given a measured
signal f, that consists of a signal g and some undesired noise signal A, linearity of the wavelet
transform yields

Wy(fl(a,b) = Wy[gl(a,b) + Wy[hl(a, b).

Then, by choosing an appropriate orthogonal wavelet, we expect the wavelet coefficients
Wy(9](a, b) to be concentrated within a small set of time-scale points (a, b). Since the energy
of g is then spread over a small set in the time-scale plane, the wavelet coefficients will attain
relatively large values at these points. The wavelet coefficients of the noise, Wy [h](a, b), are
expected to be spread out over the whole time-scale plane, since in general we cannot indicate
dominating frequencies in a noise signal h. Consequently, the wavelet coefficients related to
the noise signal h will attain relatively small values at all points in the time-scale plane.

Following these considerations, a natural way to come to a wavelet based denoising algo-
rithm is given by thresholding the wavelet coefficients, i.e., |Wy[f](a, b)] is set to be zero, if
[Wy[fl(a,b)] < M, with M the chosen threshold value. After this thresholding procedure
the inverse wavelet transform reconstructs the signal g.



14 Introduction

The problem of this method is how to find an appropriate threshold value M. In a series
of papers Donoho and co-workers have dealt with this wavelet denoising method if A is a
white noise signal, see e.g. [24]. For white noise signals they derived an expression for the
threshold value M as a function of the standard deviation o of the noise. In Chapter 7 we use
the same technique for denoising seismic signals. For this application the threshold value is
determined by computing the wavelet coefficients of noisy reference signal.

1.2.2 Compression

Using the wavelet transform for analysing signals, we are able to represent fluctuations in a
signal with wavelet coefficients at a low scale. If a signal does not fluctuate during a time
interval, we can represent the signal on this time interval by a small number coefficients at
larger scales. Combining these observations yields that a signal can be represented in a sparse
way. This is done by throwing away the wavelet coefficients at high scales if fluctuations in
a signal can be observed in the corresponding time interval. Furthermore, the wavelet coef-
ficients at low scales can be put to zero, if the signal only contains low frequencies in the
corresponding time interval. This compression procedure is mostly applied to the DWT. We
observe, that this compression technique is based on the adaptive character of the wavelet
transform, that the WFT does not posses.

For images the same procedure can be applied. The wavelet transform is then replaced by a
two-dimensional wavelet transform. For this transform the wavelet is replaced by a wavelet
¥ € L2(IR?), the scaling parameter a is replaced by a matrix A € IR?*2 and the translation
over b is changed into translation over a two-dimensional lattice. Finally, fluctuations in a
signal are translated into edges in an image.

Data compression is an important issue for multimedia applications, where one wants to store
a huge set of images in a database or wants to send images to a receiver by the internet in
a fast way. In the field of image compression, the JPEG standard does not use the wavelet
transform yet, however the new JPEG-2000 standard will be fitted with a wavelet compression
technique for data compression.

1.2.3 Wavelet-Galerkin methods

We consider a boundary value problem
(Lf)(z) =g(x), z € [z1,7a],

with f(z1) =0, f(z2) =0, f € C*(IR), g € C(IR) and £ a second order linear differential
operator with continuous coefficients. The differential equation can also be given in a weak
formulation, i.c.,

(Lf,¢) = (9.9),
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with f(z1) = f(z2) = 0, for all ¢ € C([zo, Z1]), that satisfy ¢(zo) = 0, ¢(z1) = 0 and ¢’
piecewise continuous and bounded on [zo, Z1]. The space of such functions ¢ is denoted by
V.

Galerkin’s method consists of approximating f and ¢ by functions in a finite dimensional
subspace Vg of V, see e.g. [49]. By choosing a set of basis functions ¢x, k = 1, ..., dim(Vp),
the weak formulation can then be written as a linear system of equations

A =b,

with
A(5,5) = (63, Lo5), b(i) =(9,¢:), 4,5 =1,...,dim(Vp).
Let fo denote the approximation of f in Vp, then £ is related to fp by

dim{Vo)

fo= Z £(i)gi-

Now, assume that L = — di:g, then

The wavelet-Galerkin method uses a wavelet bases for Vp. If such a wavelet bases is com-
pactly supported, then the stiffness matrix A becomes a sparse matrix. We observe, that if ¢
is a wavelet, then ¢’ is also a wavelet. Mostly, semi-orthogonal wavelet bases with compact
support are used to create a sparse stiffness matrix. We observe, that solving the linear system
of equations can be established in a fast numerical way if A is sparse. Another way of looking
at the wavelet-Galerkin method is to consider the wavelet approach as a pre-conditioning of
the matrix A.

A comprehensive view of wavelet based methods in scientific computing is given by a series
of papers by Beylkin et al., see e.g. [8].

1.3 Some Main Results

The following chapters can be divided into three parts, with each part consisting of two chap-
ters. The first part consists of two chapters that introduce the Fourier transform, the win-
dowed Fourier transform, the Wigner distribution and the wavelet transform in a rigorous
mathematical way. Properties of these transformations and their mutual relations are exten-
sively discussed. Furthermore, we study the relation of the introduced transformation to Lie
groups. It is well known, that the wavelet transform is a unitary representation of the linear
affine group, see e.g. [55, 62], and that the introduced time-frequency transformations are all
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related to a unitary representation of the Heisenberg group, see e.g. [29].

In Chapters 4 and 5 we study two theoretical topics in the fields of the wavelet transform and
the Wigner distribution respectively. In relation to the discrete wavelet transform we study
the concept of an multiresolution analysis for arbitrary separable Hilbert spaces. By doing
this we obtain a functional analytical framework in which the concept of an MRA can be
studied. This framework relates the problem of finding wavelet bases in L2(JR) to the prob-
lem of finding semi-orthogonal bases in I2(Z). By means of a discrete Fourier transform
the latter problem is translated into the problem of finding invertible matrix functions on the
n-fold unit circle. This theoretical approach of the concept of an MRA is illustrated by the
example of constructing a spline wavelets, that generate a semi-orthogonal basis in L2(IR).
This topic can be found in Chapter 4 and is mainly based on

{75] PJ. Oonincx and S.J.L. Van Eijndhoven, “Frames, Riesz systems and MRA in
Hilbert spaces™, Indag. Math., 10 (3), 369-382, 1999.

Chapter 5 concerns affine transformations in the n-dimensional Wigner plane. This topic was
inspired by the study of the fractional Fourier transform. This transformation was recently
introduced for analysing signals in the Wigner plane, since it acts like a rotation in this plane.
We show with relatively elementary results from Lie group theory, that the fractional Fourier
transform on L2(JR™) can be embedded in a group of unitary operators. Each element in
this group corresponds to a symplectic transformation in the Wigner plane. Moreover, linear
transformations in the Wigner plane that are related to unitary transformations on LZ(R™)
can only be symplectic.

We show that the FRFT is a special element of this group, since it is the only transformation
that corresponds to an orthogonal symplectic transformation in the one-dimensional case. For
the multi-dimensional case we also present other transformations that correspond to orthog-
onal symplectic transformations. Finally, a representation formula is given for all unitary
transformations that correspond to symplectic transformations in the Wigner plane. This
topic is mainly based on

[63] H.G. ter Morsche and P.J. Oonincx, “The fractional Fourier transform and the
integral representations of affine transformations in phase space”, to appear.

The last two chapters of this thesis deal with applications of the studied transformations. The
first application deals with energy localization problems and is based on a generalization of
the FRFT. Two well-known problems are discussed rigorously, namely maximalization of
the energy of time-limited signal within a compact frequency interval and maximalization of
a signal’s energy within a disc in the Wigner plane. Both problems are already extensively
studied in the literature, see [57, 80, 92] and [20, 28, 29, 46]. In this chapter, we give a rigor-
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ous proof of Slepian’s conjecture, that shows how the eigenvalues of an energy localization
operator behave asymptotically. Furthermore, an alternative proof is given for showing that
Hermite functions are optimally localized on a disc in the Wigner plane. This proof is based
on an argument, that uses the rotation property of the FRFT.

In the second part of Chapter 6 we show how the generalized FRFT can be used to solve a
class of localization problems in the phase plane, if the solution of one problem in such a class
is known. This procedure is illustrated by using it for the classical localization problems, that
we discussed in the first part of this chapter. These problems and their solutions can be found
in Chapter 6. This chapter is mainly based on

[73] PJ. Oonincx, “On time-frequency analysis and time-limitedness”,
CWI-Report PNA-R9720, 1997.

P.J. Oonincx and H.G. ter Morsche, “The fractional Fourier transform and its
application to energy localisation problems”, fo appear.

Chapter 7 is devoted to an application of the discrete wavelet transform in the field of seismol-
ogy. Seismic data that are measured when an earthquake has taken place consist of several
waves. These waves travel at different velocities from the epicenter of the earthquake to-
wards the earth’s surface, where they are measured. Consequently, they do not appear at the
same time in a seismogram. Moreover, the several waves are overlapping and are also em-
bedded in different kinds of noise. By detecting the arrival time of the so-called S-waves in
a seismogram and relating this arrival time to the first time sample that the earthquake was
recognized, an estimate of the distance towards the epicenter can be given. This is done by
relating the difference in time between the two measured time samples to the difference in
velocity between the S-wave and the P-wave, the first wave to arrive.

We developed an algorithm to detect automatically S-wave arrival times in seismograms. This
algorithm is based both on physical properties of the waves and on separation of the waves
by means of the discrete wavelet transform. Moreover, the DWT is used to reduce the noise
in the waves. By doing this, a better estimate of the S-wave arrival time is established. This
research has been done in strong collaboration with the Royal Dutch Meteorological Institute
(KNMI). At KNMI the algorithm has been tested for a large set of seismic events. The results
of this test are also included in Chapter 7. The mathematical concept of the algorithm has
been published in

[70] P.J. Oonincx, “A Wavelet Method for Detecting S-Waves in Seismic Data”,
Compuatational Geosciences, 3, 111-134,1999.
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Chapter 2
Time-Frequency Analysis

In this chapter we study the Fourier transform for functions in L! and L?. Using this trans-
form on a signal one obtains information about its frequency behaviour. To obtain informa-
tion about a signal’s behaviour in both time and frequency we consider the windowed Fourier
transform. This transform computes the Fourier transform of a signal within a sliding win-
dow. The last transform we discuss in this chapter is the Wigner distribution of a signal. This
is a non-linear transform that also gives information about a signal’s behaviour in both the
time and frequency domain.

In the last section of this chapter we relate the discussed time-frequency representations to
the Heisenberg group. Therefore an introduction in Lie group theory is presented. The group
theoretical approach will play an important role in Chapter 5.

The contents of this chapter are based on existing literature on Fourier transforms [11, 35, 93,
108], on time-frequency transforms [18, 44] and Lie group theory [97, 101].

2.1 The Fourier Transform

To obtain information on the frequency behaviour of a function we can consider its Fourier
transform. This transform computes the frequency spectrum of a given function. However,
the Fourier transform neglects information about the function itself. We discuss the Fourier
transform first for functions in L!(JR) and next for functions in L?(R).
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2.1.1 The Fourier Transform on L!

In dealing with a function f € L!(IR™), one can consider the spectrum f of f given by its
Fourier transform

f(w) = (2m)~""? / f(@)e 5@ dz, @.1)
R»

with (-, -) the inner product in R™.

In this section, we present some useful properties of the Fourier transform on L! (IR), which
can all be generalized straightforwardly to properties for functions in L! (JR™). A fundamen-
tal property of Fourier transforms on L* (R) is given by the Riemann-Lebesgue theorem, see

e.g. [11]).

Theorem 2.1.1 (Riemann-Lebesgue) Let f € L'(IR) and f be its Fourier transform. Then
lf@)l = 0 (lw| = o).

Also the following fundamental result on f can be proved for f € L1(R).

Lemma 2.1.2 Let f € L'(R), then f € C(IR) and || f||oo < ||f]I1/V2r.

Proof
Let f € L'(JR). Then

flon) - flenl = —= L[ fla)(e™® — o) do
_1_ 1 = etwr—w2)z
m}[li(z)l 1-e |dz

\/g / |£(z)| - | sin((wr — w2)z/2)| dz.
R

Applying the dominated convergence theorem on the latter result yields
|fw) - flws)l =0 (w1 > ws),

which shows that f is continuous. Furthermore, we have

£ 1 —iwz _ i — -
F) < 7= Z [f(ae el ds = '[ |F(@)dz = I/ V.

Taking the supremum over w establishes the proof.

Combining Theorem 2.1.1 and Lemma 2.1.2, we arrive at the following corollary.
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Corollary 2.1.3 Let f € L*(R), then f € Co(IR), the supremum-normed Banach space of
all complex continuous functions on IR that vanish at infinity. Furthermore,

I flleo < ll£ll/V2r.

A useful property of the Fourier transform is its action on the convolution product f * g of
two function f and g in L' (IR), given by

(f+9)(z) = / f(z — w)g(u) du. @2)
R

By Young’s inequality [108], we have || f * gll1 < ||fll1 - ||gll1. Since f g € L' (IR), we can
compute its Fourier transform

(frow) = \,iﬁ / f f(z - u)g(w) due~= dz
R R

# / /f(:c — u)e“wEY) g(y)e~ W du dr
RR

1 —iwez —iwu
\/—E;Zf(z)e dz h/g(u)e du
= Var f(w)§(w), @3)

using Fubini’s theorem. We observe that the iterated integral in the second last line is abso-
lutely convergent, which justifies the change of integration.

At the end of this subsection we study the inverse Fourier transform on L!(IR). Formally, an
inverse Fourier transform exists and is given by

1 H iZw
fla) = 7= '[ flw)e™ du, (2.4)

The following example shows that £ is not necessarily in L' (RR) if f € L} (IR).
Example 2.1.4 Let f € L'(IR) be given by
flz) = { V2rne %, >0,

0, z<0.

Then its Fourier transform is given by

which is not in L (JR). Note that f € Co(IR), cf. Corollary 2.1.3.
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Following [11, 35], we present additional conditions on f and £, that are necessary for a
well-defined inversion formula.

Theorem 2.1.5 Let f € L'(R) and f € L'(IR). Then

flz) = ‘/Lz_“/f(w)e"“(bu ae. € R.
R
Moreover, the latter results holds for everyz € R if also f € C(IR).

2.1.2 The Fourier Transform on L2

For f € L?(IR) we want to define its Fourier transform also by (2.1). However, this can
only be done if f € L*(IR) N L2(IR), since the Fourier transform of f € L2(IR) may not
be defined everywhere. To come to a definition of the Fourier transform on L2(IR) we will
define the Fourier transform first on a dense subspace of both L!(IR) and L2(IR) and then
extend it uniquely to L2(IR).

A dense subspace of both L'(IR) and L%(IR) is given by the Schwartz class S(IR), see
89, 90].

Definition 2.1.6 The Schwartz class S(IR") is the space of rapidly decreasing C™ -functions
on R", i.e., for eachk,l € IN

sup |25 - - 28921 -+ 827 f(z)| < 00 Vses(mr)-
lal<k,|BI<tzER"

It can be shown that the Fourier transform F, given by F[f] = f for f € S(IR), is a bounded
linear mapping on S(IR) as a subspace of L2(IR). Moreover, F is an isometry on S(IR),
with respect to the inner product in L2(IR), see [35, 94]. So, we have Parseval’s formula

(f,9) = (Ff,F9g),

with (-, -)2 the inner product in L2(IR).

Since S(IR) is dense in L2(IR), F can be uniquely extended to a Hilbert space isometry of
L2(IR), which yields the definition of the Fourier transform on L%(IR).

Definition 2.1.7 Let f € L2(IR). Then its Fourier transform f=Ffis given by

N
Flfl(w) = LimNooo \/%/,f(a:)e_"“’z dz, (2.5)
“N

where Li.m. stands for limit in L* mean.
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Remark, that this definition coincides with (2.1) if f € L!(JR) N L?(IR). Also we observe
that by this definition F f is a function, defined almost everywhere on JR and belonging to
L2(IR). Moreover, with this construction Parseval’s formula can be extended to L% (IR)

/ f(2)g(z) dz = / fw)3(w) dw, (2.6)
R R

for all f,g € L?(IR). As a result we also have Plancherel’s formula

/ f@)P dz = / F@)P do, @7
R R

for all f € L2(IR). The two equal sides of (2.7) give the energy of f € L2(IR).

Property (2.3) on convolution products of functions in L* can also be proved for f € L?(RR)
and g € L*(RR). Since ||f * gll2 < l|fll2]lgll1 by Young’s inequality we can follow (2.3).
This yields straightforwardly

(f * g (w) = V21 f(w) §(w) ae. Yscram) Yoer (R)-
A similar result on convolution products in the Fourier domain can be derived by taking
9(z) = h(z)e**
in (2.6), with h € L2(IR). This yields

VErFf - HE) / f(@)h(z)e ¥ de = / f(z)e@) dz
R R

- / F(@)5(@) dw
R
1 . .
= — [ fw) (ﬁ h(z)e—'<€-~)=dx) dw
A o]
- / F@)h(e - w)dw = (f + R)(@). 2.8)
R

We summarize these results in the following lemma.

Lemma 2.1.8 Convolution products and the Fourier transform are related by

1 (f *g)w) = V21 f() - §(w), for f € L*(R)UL*(R) and g € L'(R),
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2. V2r (f - g (W) = (f * (W), for f, g9 € L*(R).

Since f € L%(R) for f € R, we can derive an inversion formula using the same construction
as for (2.5), i.e.,

N
f(z) = Lim.NSoo \/%_4 f(w)ei’w dw. (2.9)

A subspace of L2(IR), which is of special interest in signal analysis is Lﬁomp(R), ie., the
space of all functions in L?(IR) with compact support. Related to this space we can define
two types of signals.

Definition 2.1.9 A signal f € L*(RR) is called time-limited if f € L2, (IR).
Iffe Lgomp(R), then f is called band-limited.
Another special class of functions in L2(R) is the class of functions of exponential type.

Definition 2.1.10 A function f € L2(IR) is called of exponential type if it extends to a holo-
morphic function on C and if there are two positive constants C and §Q such that

1f(2)| < Cem2l | vz e €.

Functions of exponential type can be related to band-limited functions by means of the fol-
lowing lemma.

Lemma 2.1.11 If f € L2(IR) is band-limited, then f is of exponential type.

Proof
Assume f(w) = 0 for |w] > £, with 2 > 0. Then

Q
f(z) = \7127 ] F(w)e = dw,
0

initially defined for ¢ € IR, remains well-defined for z € €, and yields a holomorphic
function f on €. Furthermore, we derive

|7 (2)] w)e * dul

telm zl

Q
AT
)

Q
eSlimz| ” ) l _ Q"f”g Q|Im z|
e '[lf(w)]zdw _/n'dw_\/—T—e , ¥ze C.O

w)el |dw <

1 i -
I-E_é £
\/%_/: 1A
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Lemma 2.1.11 can be extended to the Paley-Wiener theorem, a well-known result in Fourier
theory; for a proof, see [107].

Theorem 2.1.12 (Paley-Wiener) If f € L2(IR) is holomorphic and of exponential type,
then f is band-limited. Conversely, if f is band-limited, then f is holomorphic and of expo-
nential type.

Since a holomorphic function f € L2(IR), vanishing at a certain interval, has to be identically
zero, the Paley-Wiener theorem immediately yields

Corollary 2.1.13 If f € L2(IR) is both time-limited and band-limited, then f = 0.

The previous corollary states that there does not exist a non-trivial band-limited signal f,
whose energy is contained within a finite interval in the frequency domain, say [-2,9]. In
Section 6.1 we will deal with this phenomenon. There, we will consider the problem of max-
imizing the energy of a band-limited signal within a finite interval [—(, ©] in the frequency
domain.

It is clear, that, when using the Fourier transform to analyse a signal, we hide all information
of the signal’s behaviour in the time domain. In order to obtain information about a signal
simultaneously in the frequency domain and the time domain, we may replace the Fourier
transform by one of the integral transforms that we discuss in the following sections.

2.2 The Windowed Fourier Transform

A strategy to obtain information about the frequency contents of a signal f € L%(RR) locally
in time is to first multiply f with a window function » € L?(IR) and then take its Fourier
transform, i.e.,

Fulfl(z,w) = V% / F )R = eV dy. (2.10)
R

This formula is called the windowed Fourier transform (WFT) or also sometimes in literature
[18] the short-time Fourier transform (STFT).

The multi-dimensional WFT is defined as a straightforward generalization of (2.10) by
Falfl(z,w) = 2m) "/ f f)h{y — z)e™ ¥ dy. (2.11)

R"

Properties and results that we derive in this section for the one-dimensional WFT can all be
generalized in a direct way for functions in L?(IR™).
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By introducing the shift operator 7, on L>(JR) by
Ts[fl(z) = f(z - b),
for some b € R and the frequency shift operator operator M,, on L2(IR) by
Mu[fl(z) = € f(z)
for some w € R, we can write (2.10) also as
Fulfl(z,w) = (f, MuTzh)s.
This notation immediately yields by Schwarz’s inequality
|Falf)(=z, W) < 11 fll2 - lihllz Vz.wer-
So Fnf € L®(R?), forall f,h € L*(RR).

A desirable property of the WFT is its invariance under the action of a frequency modulation
M, and its invariance up to a phase factor under the action of a translation 7. Indeed, a
straightforward calculation shows

FalTof)(z,w) = e~ Fy[f](z — bw) and Fa[Mu,f)(z,w) = Fulfl(z,w — wo).
We can also write (2.10) by means of a Fourier transform on L! (IR), namely
Fulfl(z,w) = FIf - Teh](w), (2.15)
which can be rewritten as
Fulfl(z,w) = (FIf] * FITR) (w)/ V2, (2.16)

using Lemma 2.1.8. Using Lemma 2.1.2 on (2.15) immediately yields that F, f is continuous
in w for fixed x € IR. Moreover, we have

|Falfl(z,w) = Falfl(y,w)| = |FIf - (Teh = TR)(W)| < Ifll2llT2h = Tyhll2/ V2,

using that the mapping £ — 7Th is continuous for all k. € L2(IR). This inequality shows
that Fp f is also continuous in £ for uniform w € IR. Combining this with the fact that Fp, f
is continuous in w for fixed z € R, we have Fp[f] € C(IR?) forall f,h € IR?.

In the following example we consider a widely used window function A to compute the WFT
of a given function.

Example 2.2.1 We take for h the Gaussian function

h.,(a:) — (ﬂ,a2)-1/4e—22/2¢72’
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Figure 2.1: A composition of two different oscillations with finite duration.

where 0 > 0. Note that ||h,||2 = 1 for all & > 0. The corresponding WFT is given by the
Gabor transform [34]

Go (@, w) = 2m)~*/*o™1/2 / fly)em ==/ gion gy, 217)
R

As an example we use the Gabor transform to obtain both time and frequency information
about the function
sin(2wrz), =z € [1,2),
f(z) = sin(8rz), z € [2,3), (2.18)
0, otherwise,

which is depicted in Figure 2.1.

For the parameter o three different values have been taken, namely 02 = 1/8, 0% = 1/32
and 02 = 1/200. Figure 2.2 shows the amplitude of |G, [f](z,w)| for these three choices for
o. We see that in Figure 2.2.a the two frequency components of f are clearly visible and well
localized in time. Here maxima of |gl/2\,,;,| can be observed aroundw = 27 forz € [1,2]

and aroundw = +8 forz € [2, 3].

When decreasing the value of o to 1/4v/2 only maxima are attained around w = 0 for
z = 1.25 and z = 1.75, which is depicted in Figure 2.2.b. This means that only information
about the function’s behavior in time is visible during the interval [1,2]. For x € [2,3] the
situation remains the same. This phenomenon is explained by the fact that the ‘width’ of the
Gaussian function becomes too small to recognize low frequency behavior.
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By decreasing the value of o even more also higher frequency components are neglected and
only maximum amplitudes are measured by the Gabor transform. This situation is visualized
in Figure 2.2.c whereo = 1/ 104/2 has been chosen.

Parseval’s formula (2.6) and notation (2.15) are used to prove a counterpart of Parseval’s
formula for the WFT.

Theorem 2.2.2 Let f,g € L?(R) and h € L*(RR), with h # 0 on a set in R with positive
measure. Then Fu(f), Fnlg) € L?(R?) and

/ f(@)s@) dz = ﬁ / Fulfl(z, ) Falgl(®, @) dw dz. 2.19)
R 2'!3

Proof
Using notation (2.15) in the right-hand side of (2.19) yields

1 ey 1 _
WR/, Fu[f)(z,w) Fulgl(z,w) dwdz = mnfaﬂf'm(w)ﬂy-m@)wdz.

Now, Parseval’s formula (2.6) gives

12 [ FUf ToR@)Flg Tohw) doda
R

lIRl1Z

1 R
- ml F@) 9(y) 'h(y-z)l'z dy dz

1 YRy —
= mn[f(y)g(y)llh(y_z)lzd”dy='[f(y)g(y)dy,

using Fubini’s theorem. Since f-§ € L(IR) the last iterated integral is absolutely conver-
gent, which justifies the change of integration. a

As a result we have Plancherel’s formula for the WFT

Ygp= 1 2
Z |f(2)I" dz = T / |Falf)(2,w)|? dw dz, (2.20)

R3

for f,h € L*(R), with h # 0 on a set in R with positive measure. This shows that the oper-
ator F, : L2(IR) — L?(IR?) is an isometry up to a constant ||h|jz. The term |Fp[f](z,w)|?
in (2.20) is usually called spectrogram [18]. Refering to (2.20), the spectrogram is a mea-
sure for the energy density in the time-frequency plane. Note that the spectrogram of a given
function f € L?(IR) strongly depends on the window function b € L2(R).
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Figure 2.2: A contour plot of the amplitude of a Gabor transform with a) o’ = 1/8, b)

o2 =1/32andc) o = 1/200.
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From Parseval’s formula (2.19) we derive

/ f(z) 3(@) dz
R

1 PRy Wz
- n/ Fulflw,w) '[ J@h(z — y)e™* dz do dy

1 iz -
/(ml Fulflly,w)h(z — y)e d“’dy) 9(z) dz, (2.21)

R
which yields the following formal inversion formula,

Theorem 2.2.3 Let f,h € L2(IR), with h # 0 on a set in R with positive measure.

flz) = V_%ﬁl—hﬂglfh[f](y’w)h(z —y)e“® dwdy, weaklyin L*(R). (2.22)

Relation (2.22) should be interpreted by means of (2.21). A stronger result holds if additional
conditions on f and h apply.

Theorem 2.2.4 Let f,h € L(R), with h # 0 on a set in R with positive measure. Further-
more, let F[f - h] € L'(IR). Then

f(z) = 72——7;’@‘[ (ﬁ Fulfl(y,w)h(z — y)e® dw) dy, pointwise. (2.23)

For eachz € IR, both the inner and the outer integral are absolutely convergent, but possibly
not the double integral.

Proof
Fix £ € IR. Then from (2.15) we have

Falfly,w) = FIf - Tyh)(w)-

Since f + h € L'(IR) and F[f - h] € L(RR) yields F[f - T,h] € L*(IR), we can take the
inverse Fourier transform as given in Theorem 2.1.5. This gives us

f@)hz—y) = \/% / Falf1, w)e™* du.
R

Multiplying both sides of this equation by h(z —y) followed by integration over y establishes
the proof. m]
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We observe that a sufficient condition on f and h such that (2.23) holds is given by f , he
L(IR). This follows from Lemma 2.1.8 and Young’s inequality.

We have shown that, for a given h € L2(IR), F» maps all f € L2(R) to Fpf € L*(IR?).
Moreover, we have proven that f can be recovered from F f, if B # 0 on a set with positive
measure. However not every element in L2(JR?) is the image of an f € L?(IR) by means
of the WFT, since the range of Fp, Ran(F3) is only a subset of LZ(IR?), see [51]. To
characterize Ran(F3) we derive from (2.14) and (2.19)

Flflew) = (fhMoTah)
1
- B R/ Falfl(w, o) FalMu TaRI(0,0) du dv
= [ Bn(awiu o) Falfl(w, ) dudo,
R2
with
kn(@wiun,0) = FalMoTehl(@ o) = FI(Tuh) - el - v)

# ‘[ h(y — u) h(y — z)e "~ dy,

the reproducing kernel. Note that by definition kx(z,w;-,-) € L*(IR?) for all z,w € RR.
From this derivation it follows that @ € L2(IR?) should necessarily satisfy

(z,w) = /kh(z,w;u,v) 0(u,v) dv du, (2.24)
Rn3

in order to be an element of Ran(F3). Note that (2.24) is well defined, since Fn f is continu-
ous forall f,h € L*(R).

We can also show that (2.24) is a sufficient condition on 6 to be in Ran(F}3). This is shown by
constructing an f € L?(JR) such that F f = 0, for some kb € L*(IR) and with 8 satisfying
(2.24). Before constructing such a function f, we observe that @ € L?(1R?). As a result of
Fubini’s theorem, we thus have 8(-,v) € L?(R) for fixed v € IR and 6(u,-) € L?(IR) for
fixedu € IR.

We take
f@) = Var f B¢, ~y)h(E)e Y dE, weakly in L*(R).
Rﬁ
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This means that

[ 1015wy = [ b, -u)he)ae deay,
R F 2]
for all g € L2(R). Consequently, we have

/ F@) @) dy| < V2 18]z 1Rl llglla,
R

for all g € LZ(IR). To show that F» f = 8, we derive for h € S(IR) and 8 € S(IR?)

/ kn(z,w;u, v)0(u,v) dudv
R2

7oz | fwv) (.; h(y —v)h(y — g)e (™) dy) dudy
Ly

1 , . ) -

— 0(u, v)e*™? ('l h(g)et(v—u)é df) du d‘u) h{y _—I)e—lyw dy
27rn_/ (R'[ /

1 3 3 ol — . .

= B(u, v)e eV dy dv) h(E)R(y — z)e¥ee W dy d
w[{(/

/ B(w, —y)h(E)R(y — D)Ve " dydt
R2
We observe, that

th(z,w;u,v)‘)(u,v)dudv < 16llz llkalz,ws -, )l
2

16112 1| Fa Mo Tzhll2 = 118]l2 1513

and

L/ / B(w, —y)h(w)h(y — z)e™ e~V dydw| < 16|z lIAll3.
2 R2

We conclude, that the previous derivation also holds for 8 € L2(IR2) and h € L2(IR). From
(2.24) and the definition of f it follows directly, that

Falfl(z,w) = 8(z,w).
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We summarize the previous result in the following theorem.

Theorem 2.2.5 For h € L*(R), the range of Fn, Ran(F},), is given by

Ran(F3) = {0 € L*(R?) | 8(z,w) = [k;.(x,w; u, v)8(u, v) dvdu}.
n?

From Plancherel’s formula (2.20) it follows that Ran(F}) is closed and that the transform
f ~ Fnf/lIhllz is a Hilbert space isometry from L?(IR) onto Ran(F4) as given in Theo-
rem 2.2.5.

2.3 The Wigner Distribution

To obtain both time and frequency information of a signal f € L?(JR) we may also use the
Wigner distribution. This is a bilinear time-frequency representation given by

1 - .
WVIfl@,w) = 5 / f@+t/2)F@—t]De dt, 2.25)
R
forall f € L?>(IR). In the sequel we will refer to the domain of the Wigner distribution as the
Wigner plane.

In the sequel we will also use the mixed Wigner distribution given by

1 S
WL, glz,) = 5 [ (@ +t/2)3a = 7De dt, (2.26)
R
for all f,g € L2(IR). Obviously, this representation coincides with the Wigner distribution
iff=g.

The mixed Wigner distribution can also be written as a windowed Fourier transform. We
derive

WL dew) = [ fe+oge—nea,
R

elizw —2i
= [ ta)a =y,
R

2 ..
\/;ez'zwfg(...)[ﬂ@z, 2w).
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Particularly, we have

WHlGe0) = |/ 2oy i (ae, 20 2.28)

The relation between the WFT and the Wigner distribution will be used to derive elementary
properties of the Wigner distribution, that also hold for the WFT.

The multi-dimensional Wigner distribution is defined from a straightforward generalization
of (2.25) by
WV[f](z,w) = (2m) " / f@+t/2)F@ = 2)e ) at, (2.29)
R»

for all f € L2(IR™) and with (-, -) the inner product in IR™. As for the Fourier transform and
the WFT we only discuss properties of the Wigner distribution for f € L%(IR). Generaliza-
tions of these results for functions in L2(IR™) can be made in a rather direct way.

The Wigner distribution is, like the WFT, invariant under the action of both translation 73 and
frequency modulation M,,,. A straightforward calculation shows

WVY[T fl(z,w) = WV[f](x — b,w) and WV [M,, fl(z,w) = WV[f](z,w — we).

Furthermore, by a change of variables in (2.25) it follows immediately that the Wigner distri-
bution is real-valued, i.e., WV[f] = WV|f], and that

WV[T](z,w) = WV[f{(z, —w), (2.30)

for all f € L>(IR). In particular (2.30) yields WV[f](z,w) = WV([f](z, —w) for all real-
valued f € L2(IR). Rewriting (2.25) enables us to derive more useful properties of the
Wigner distribution.

By defining h. o, (t) = f(z +t/2)e~ /2 /\/2x, for f € L*(IR), we can also write (2.25) as

WVIf)(z,w) = / he o (t) P (=2 .
R

Now, Parseval’s formula (2.6) yields

WVflz,w) = / o (0) oo o(=8) dB

/ (w+6/2) F(w — 8/2)e™%= do,

R
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for all f € L%(R). Relation (2.31) shows that WV[f](:,w) is the Fourier transform of
a function in L'(RR). So, Lemma 2.1.2 can be applied. This yields that WV[f](-,w) is
bounded and continuous for fixed w € IR. In the same manner it follows from (2.25) that
WV]f](z, ) is bounded and continuous for fixed z € JR. Continuity of the Wigner distri-
bution in both variables follows immediately from (2.28) and the fact that F[f] € C(R?),
forall f, h € L2(R). Concluding, we have WV[f] € L®(R?*)nNC(R?), forall f € L*(R).

Also Relation (2.31) yields immediately
WVIFfl(z,w) = WV[f](-w, ), (2.32)
forall f € L*(IR).

As we have seen in Example 2.2.1, the energy of a time-limited signal f is spread by means

of the WFT over a larger interval than supp(f), the support of f. An advantage of the Wigner

distribution is that this phenomenon does not appear for the Wigner distribution. In fact, the
following properties hold

f(z)=0,z ¢ [T, T2] = WV[fl(z,w)=0, z¢[T1,T2},w€ER, (2.33)

fw) =0, wg [, %] = WV[flz,w) =0, w¢[0,M%],z€ R, (234)

for f € L*(R) and Ty, T2,94,Q: € IR. Property (2.33) states that the energy of a time-

limited signal is not spread over a larger interval than its support. Furthermore, (2.34) states

that the energy of a band-limited signal is not spread over a larger interval than the support of
its Fourier transform. We observe, that the WFT does not have these properties.

Properties (2.33) and (2.34) follow straightforwardly from (2.25) and (2.31). The converse
of (2.33) and (2.34) also holds for f € L'(IR) and f € L*(IR) respectively. This is shown
in the sequel of this section.
By rewriting the integrand in (2.31) we get
fw+6/2) fw-6/2)
_ 2711? / / F(z) Fg) e~ =@+0/D giv(0=9/2) gz gy
RR

- % f / Flu+t/2) Fla—E/2) e e~ du dt
R R

1 .
M[f](_ov t)e—ttw dt1
\/21rn.[
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with

MIf1(6,8) = \/% / f(u+/2) Flu —£/2)e™® du. 2.35)
R

The function M[f] is called the characteristic function of the Wigner distribution, see e.g.
[18]. Note that M[f](—-,t) is the Fourier transform of f(- + t/2) f(- — t/2), which is in
L'(IR) for all t € R. Using this characteristic function we obtain

WV](z,w) = (2m)~3/2 / / MIf)(8, e~ %= dg dt. 2.36)
R R

Introducing the autocorrelation function Ry of f € L2(IR) by
Rya(t) = f(z+1/2) fz — t/2)/V2r
gives the last representation of the Wigner distribution which we discuss here. We have
WV[f|(z,w) = F[R¢,z](w). (237)
In the following example we compute the Wigner distribution of two signals and of their sum.

Example 2.3.1 We introduce the function

psin(2rz), z € [1,2),
foe(z) =< gsin(8rz), =z € (2,3), (2.38)
0, otherwise.

Note that f1,) coincides with (2.18). Furthermore, f; 4 is the sum of two waves with finite
duration and different frequencies if p- ¢ # 0.

We compute the Wigner distribution for fi 9, fo,1 and fi,1. Contour plots of these distribu-
tions are depicted in Figure 2.3.a, 2.3.b and 2.3.c respectively.

Since fp,q is time-limited for all p,q € R, Relation (2.33) holds for all fp 4. This is also
clearly visible in the Figure 2.3. Besides, in Figure 2.3.a and 2.3.b maxima of WV[f, 4]
appear around frequency w = 0 and extremal points of fp q. Minima of WV(f, 4] appear in
these figures around w = 0 and extremal points of f, ;. Moreover, at these points we have
WV[fp,q] < 0. Also maxima of WV[f, ¢ appear around the characteristic frequencies of the
two waves.

Comparing Figure 2.3.c with Figure 2.3.aand 2.3.b, it is clear that WV is a non-linear trans-
formation. This non-linearity introduces cross-terms in the computation of the Wigner distri-
bution of a sum of functions. The cross-terms are clearly visible in the time interval [1.5, 2.5].
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Figure 2.3: A contour plot of the amplitude of the Wigner distribution of the function a) f; o,
b) fo,1 and c) fi1.
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Figure 2.4: The Wigner distribution WV[ f; 1] plotted for frequency w = 0.
A more detailed discussion on these cross-terms and their effect on time-frequency analysis
can be foundin e.g. [18].
In Figure 2.4, WV[f, 1](z, 0) is plotted as a function of . As we observed before local max-
ima and minima can be noticed for this frequency at the values for which respectively fi,1 and
fi,1 attain their extremal values. It is also visible that the minimal values of WV[ f11](z,0)

are indeed negative.

We proceed our discussion of the Wigner distribution with a counterpart of Plancherel’s for-
mula. To deduce such a formula for the Wigner distribution we use relation (2.37).

Lemma 2.3.2 Let f € L2(IR). Then

('[lf z)lzdz = //IWV[f](z,w)Pdwdz.
R R

Proof
We derive

[1r@rds

R Jirwp
R R

[ [ 11+ unP i - /2P dse
R R
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/ / If(z +t/2) f(z — t/2)] dt d=

21r//|R,,(t)| dt dz.

Applying Plancherel’s formula on the inner integral of the latter result yields

2
(.; |F(=)? dz) 2 / / | FIRs,z)(w)|? dw d=
R R

o / / IWV[f](z, w)|? dw dz,
R R

which follows from (2.37). O

Lemma 2.3.2 also follow from combining (2.20) and (2.28). We observe that this lemma also
yields WV([f] € L2(IR?) for all f € L?>(IR). A counterpart of Parseval’s formula also exists.
This is given by Moyal’s formula, which is derived in the following theorem.

Theorem 2.3.3 (Moyal) Let f,g € L?(RR). Then
(ha)P =2n [ [ WYIflGe,w) WYlsl(a,) do da.
RR

Proof
First we observe that WV|f](z,w) WV|g|(z,w) € L'(IR?). This follows from Schwarz’s
inequality and Lemma 2.3.2

[ [ i@ eldsds < 1wyl vVl
R R

It

15113 11gllZ /27

We derive as a corollary of Fubini’s theorem

/ WVIf](z, ) WV[g](z,w) dw / FIRy 2] (@) FTRy 2]@) duw
R R

/Rf.z (t)Rg,z(t) dt,
R
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using Parseval’s formula. Integrating the latter result over z yields

21r//WV[f](z,w) WVjgl(z,w) dw dz

R R

/ / fz+t/23G T3 Fz = tDg(z — t/2) dt dz

RR

= [ [ 1@ fe)at dudy = ((7,9)°.

RR

il

A further desirable property of the Wigner distribution is given in the following theorem.

Theorem 2.3.4 Let f € L2(IR). Then

|f (@)

/ WV[f)(z,w) dw, if f € L'(IR) (2.39)
R

P = [Wiifew ds, i1 e L(R). (2.40)
R

Proof
We derive from (2.31)

IA

= ] / |fw +6/2)||f(w— 6/2)| d8 dw

R R

= 5 [ [1@iiio)duds = 17i2/2m.
R R

[wvine vl
R

Fix z € R. Then WV[f](z,-) € L(R) if f € L'(R). Equivalently, FR;. € L'(RR)
if f € L1(R), cf. (2.37). Also Ry € C(IR), since f is continuous, which follows from
applying Theorem 2.1.2 on £. Finally, R;. € L(IR) since f € L2(IR). Now, we can apply
Theorem 2.1.5, which yields

F@F = VErRsa(0) = [ FIRyal(w)do = [ WVIf](e,w) d.
R R

This proves (2.39). Relation (2.40) is proved in the same manner by replacing f by f. a
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Relations (2.39) and (2.40) are called the time-frequency marginals, see also [18]. As a
corollary of Theorem 2.3.4 we have for f € L*(R) N L*(RR)

WV[fl(z,w) =0, z & [T1,Tz], w€ R=> f(z) =0, z ¢ [T1, T}
and for f € L*(IR) N L2(RR)
WV[f|(z,w) =0, w € [01,0), 2 € R=> f(w) =0, w & [0, ),
with 71, T2, 94,82 € R.

A last result on the energy density of the Wigner distribution is obtained by integrating (2.40)
over w. This yields

1918 = [ Wifl(e,w) dzds, (2.41)
R

for f € L*(IR) N L*(RR) or f € L*(IR) N L*(RR).

For a comprehensive list of other properties of the one-dimensional Wigner distribution we
refer to [15, 44].

At the end of this discussion of the Wigner distribution, we consider its range. We have
already observed that the range of the Wigner distribution, Ran(WV), is in L2(1R?). How-
ever, WV : L2(IR) — L*(IR?) is not surjective. So Ran(WV) # L*(IR?). Moreover, in
[105] Wigner showed that a bilinear time-frequency distribution satisfying time-frequency
marginals as in Theorem 2.3.4 cannot be non-negative everywhere in the time-frequency
plane. In [47), Janssen showed that for one class of signals and one class of signals only, the
Wigner distribution is positive, namely for

f(:L‘) — (;_)1/4 e—az=/2+ib22/2+izuo

we obtain 1
S —az?/2—(w—bz~wo)?/a
W[f|(z,w) = e :

witha, b,wp € IR.

2.4 Lie Group Theory and the Heisenberg Group

In this section we will discuss the Heisenberg group and its relation to the multi-dimensional
WFT and mainly to the multi-dimensional Wigner distribution. In Chapter 5 we will recall
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these properties to construct time-frequency operators using a group theoretical approach.
We start with some standard definitions on Lie group theory, that can be found in e.g. [98,
102}.

Definition 2.4.1 A set G with both a topological and a group structure is called a topological
group if the mapping

(z,y) » zy™! (2.42)

is a continuous mapping from G x G onto G. A topological group G is called a Lie group
if there is a differentiable structure on G, compatible with its topology, such that G converts
into a C*°-manifold and for which the mapping (2.42) is C™.

Related to a Lie group G we can also look for a Lie subgroup G’ defined as a Lie group that
is a subgroup of the group G and a C*°-submanifold of the C°°-manifold G. In the following
example we shall consider a well-known Lie group and some of its Lie subgroups.

Example 2.4.2 Consider the group GL(n) = {M € IR"*"| det M # 0}. It can be verified
rather easily that GL(n) is a Lie group using the fact that the mapping M — det M is
continuous. Some well-known Lie subgroups of GL(n) are given by

1. SL(n) = {M € GL(n) | det M =1},
2.0n)={M e GL(n)|MTM =1},
3. SO(n) = {M € O(n)| det M =1}.

Another example of a well-known Lie group is the Heisenberg group, which is defined as
follows.

Definition 2.4.3 The 2n+ 1-dimensional Heisenberg group H,, is identified with R™ x IR™ x
IR with the multiplication law

(P1,q1,t1) (P2, 92, 82) = (P1 + P2, @1 + @2, t1 + b2 + ((q1,P2) — (P1,92))/2). (2.43)

To relate a topological group to an operator on a separable Hilbert space, we use the concept
of topological group representations.

Definition 2.4.4 Let G be a topological group, H be a Hilbert space and B(H) be the space
of all bounded operators on H. Then a representation of G in H is a mapping i1 : G — B(H)
Jfor which

1. p(@)p(y) = p(zy), forallz,y € G,
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2. p(e) = I, with e the identity of G and I the identity operator on }H,
3. z — u(z)f is a continuous mapping from G to H, for all f € H.

Note, that Definition 2.4.4 yields that 4 is a group homomorphism, which is continuous in
the strong operator topology of B(H).

Topological group representations may satisfy several important properties. A first desirable
property of a representation is that it is unitary, i.., u(z) € U(H), forallz € G, where
U (H) denotes the space of all unitary operators on H. Furthermore, 4 is said to be irreducible
if {0} and H are the only closed subspaces of H that are invariant under the action of s(z), for
allz € G. A last property concerns the equivalence of two representations. A representation
u is said to be equivalent with a representation p : G — B(H) if there exists an operator
VY € U(H), such that

p=VuV. (2.44)

Note that a unitary representation 4 is a group homomorphism, which is continuous in the
strong operator topology of U(H). Also we observe, that for unitary representations it can
be proved, see e.g. [54], that u is irreducible if and only if for p = u, (2.44) only holds for
V =CZ,with|C| =1.

An irreducible unitary representation of Hy, in the space L?(JR") is given by the Schrodinger
representation

p(p,q,t)[f)(z) = PP HPD/D f(z 1 q). (2.45)
In the sequel of this section the representation u will denote the Schrédinger représentation.
The WFT of a function f € L2(JR™) can be given in terms of this representation. According
to (2.11) we have

Falfl@,w) = 2m) "2 D2 f, p(w, —2,0)h)s, (2.46)
for all f, h € L2(JR™). The spectrogram | Fx[f](z,w)|? can be given by

|Falfl(z,w)? = (@m)~"|(f, plw, 2, )h)af” Viem (2.47)

A relation between the Heisenberg group and the Wigner distribution can be derived using
the characteristic function M[f] for the multi-dimensional Wigner distribution. We derive

MifeD = @O [ fluta/2) T a2 du
Rn
(27r)—n/2ei(l’vq)/2 / f(u + q) f—(;“)-ei(p,u) du
R'I

(27)~""*(u(p, g,0)f, f)2-
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This yields
WV[fl(z,w) = (2n) " 2F[M([fll(z,w) = (27) "F[(u(-,~,0)f, f)al(z,w), (2.49)

with WV the multi-dimensional Wigner distribution and F the n-dimensional Fourier trans-
form. By polarization, we get that (2.49) also holds for the mixed Wigner distribution, i.c.,

WV[f, g](.'t:, W) = (27r)—n]_-[(p(, 'vo)f: 9)2] (-'L', w)' (2'50)
Since p is irreducible, we have for unitary operators V), as a corollary of (2.52),
WVY[fl=WV[Vf] <= V=CI, |C|=1. (2.51)

We have seen that the Wigner distribution is related to the Schrédinger representation by
means of the characteristic function. Assume that there exists a unitary representation p of
Hy, in U(L?(R™)), for which u = V*pV), for some V € U(L?(JR™)). Then
WYVil(z,w) = (@2m) "F(u(,-,0)Vf,Vf)(z,w)
@) " F(V (-, -, 0V, fal(z,w)
= (20" F(p(- 0)f, al(z,w),

forall f € L2(IR™). This yields

WYV f(z,w) = (2r)~2" [ / (05, 0,0)f, e @D~ @) dpdy. (252
R R"

We will return to these results in Chapter 5.




Chapter 3

The Wavelet Transform

In this chapter we study a transform that analyses signals in time/space and scale, the wavelet
transform. In the first section we introduce the continuous wavelet transform (CWT) on
L2(IR™), particularly on L2(IR). Definitions and properties of this transform are given. Fur-
thermore, we discuss a group theoretical approach for the CWT. In the second section we
consider the discrete wavelet transform (DWT). After an introduction by means of a sampled
CWT, we consider its relation with the concepts of Multiresolution Analysis (MRA) and filter
bank theory. A fast algorithm to compute the DWT and its use on discrete-time functions in
13(Z) are discussed.

This chapter is mainly based on existing literature on the Wavelet transform [23, 45, 51, 55,
59, 62] and its relation to filter banks by means of an MRA [16, 43, 60, 94]. Therefore, we
will refer several times to the existing literature throughout this chapter. However, we also
add some new ideas.

3.1 The Continuous Wavelet Transform

The CWT of f € LZ(IR) is a linear operator defined by

Wolfla,) = 7= [ 1@ (“’ “”) dz, 3.1)
R

a

for some ¥ € L?>(IR) anda € IR and b € R. By introducing the dilation operator D, on
L2(R) by

D.fle) = £ (), (32)

la]
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for some a € R we can write (3.1) also as

Wy (f)(a,d) = (f, TsDatp), 3.3)

with 7 the shift operator as introduced in (2.12). Using this notation we prove that Wy |f] is
continuous on H forall f € L?(R), with H = Rt x R.

Lemma 3.1.1 Wy(f] is continuous on H for all f € L*(IR).

Proof

Using the notation ¥, 5 = TeD,%, with ¢ € LZ(IR), we prove this lemma in two parts.
First we give a proof for continuous functions 1 with compact support and next for arbitrary
¥ € L2(IR). Assume ) € L%omp(R), then % is uniformly continuous. So

”¢'a,b - 1/’0',6’”2 - 0’ (aa b) - (a’ibl)'

Now, choose € > 0 and take g € L2(IR) such that ||g — 9|| < &/3, with % continuous and
compactly supported. Then

”ga,b ~Yap+ wn,b - '(/)a',b’ + Yo — Ga' b ||2

< lgap = Yaplla + %00 — Yar b ll2 + l|9ar,6r = Yar,pell2

< 2|lg— vz +[[¥a,p — Yarpll2-

To establish the proof, we take (a, b) — (a’,d") small such that |56 — Yo pll2 < €/3. O

90,6 — gar 1 l2

Furthermore, from (3.3) we obtain by Schwarz’s inequality

Wylfl(@, Bl < [Ifllz - [¥llz Vaer+Veer,

which yields Wy f € L*°(H), for all f € L2(IR). Later on we shall show that under certain
conditions on %, Wy, : L?(IR) — L%(H,a"2dbda) is an isometry up to a constant that
depends on . Here L*(HH,a~2dbda) denotes the space of all Euclidean square integrable
functions on L?(JH) with respect to the measure a~2dbda. Besides, by Parseval’s theorem
we can write (3.3) in terms of the Fourier transforms of f and ¢

Wiﬁ' [f](a! b) (j:fv ana¢)
Va / F@blam)e™ du. (3.4)
R

A third way to write (3.1) is given by means of a convolution product. Take ¥(z) = ¥(—z),
then

Wy[fl(a,b) = (f « Dath)(b). (3.5)
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Figure 3.1: Two admissible wavelets: a) the Haar wavelet, b) the Mexican hat.

The CWT can be generalized into a transform on L?(IR™) by replacing the scalar a by a
non-singular matrix A € JR™*™ and the scalar b by a vectorb € IR", i.e.,

Wy(s](4,b) = z)Y(A~ (z — b)) dz.

1 / o
Videt(A)] J.

In the literature mostly A = al is taken, see e.g. [23, 59]. For this choice, properties for
the multi-dimensional CWT can be proved in a rather straightforward way using properties
of the one-dimensional CWT. Murenzi followed a different approach in [66]. He introduced
a multi-dimensional CWT based on a dilation operator that involves a non-singular matrix
A € R™ ™ translations in JR™ and a rotation operator. Also properties of this CWT resemble
the properties we will deduce for the one dimensional CWT in the sequel of this chapter.

Definition 3.1.2 A functiony € L?(IR) which satisfies the admissibility condition
. 2
0<Cy=2r / Mda < o0, (3.6)
R+

for almost allw € IR is called an (admissible) wavelet.

Note that all 99 € L2(IR) are admissible wavelets if ¥ # 0, ¥ differentiable in 0 and
¥(0) = 0. Furthermore, the set of admissible wavelets is dense in L?(IR), which is not
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very hard to prove, see e.g. [59].

We introduce two functions that satisfy the admissibility condition, namely the Haar wavelet
and the Mexican hat.

Example 3.1.3 The Haar wavelet is defined by

0, otherwise.

1, ze€l0,1/2),
1/}(1‘) = { _11 TE [1/2:1)a (37)

The Haar wavelet is depicted in Figure 3.1.a. Later we will see that the Haar wavelet is

admissible, since it is compactly supported and / ¥(z) dz = 0. These two conditions are

R
sufficient to guarantee that 1 is admissible. However, here we show that the Haar wavelet is

an admissible wavelet by computing

1/2 1 . )

N 1 —izw / » 1 (1 +e W —2e""’/2)
— dr — izw g | = ; ,

¥(w) Ver .0/ € y ¢ Ve w

1/2

and so
[Plaw)|> |1 +eto - 2e-"'=w/2|2 B |e—iaw/2|2 - |efars — e-;aw/4|4
a - adw? - PERY)
- 16 sin‘(aaa;/tl) .
adw

Integrating by parts yields
Nuw/4

. sin?(z)
C¢ 1\} —-)lmoo _/ T3 dz
0

Nw/4 . .
+ lim 1/4 251n(2z);sm(4z) dz
Nox z
0

. —sin'(2) Nuyt
lim ————
N—ooo 222

z=0

. Nuw/4 Nuw/4
sin(4z) — 2sin(2z) + bm cos(2z) — cos(4zx)
N—oo x
0

z=0

Nuw/4 Nw/2

/
lim /‘ cos(2z) — 1 dz — / cos(4z) — 1 de
N-oo x T

0

0
»}i_r)n(Jo Ci(Nw/4) — In(Nw/4) — Ci(Nw/2) + n(Nw/2) = In2,
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amplitude f

Figure 3.2: The CWT using the Haar wavelet: a) a contour plot of Wy([f](a,b) with ¢ the
Haar wavelet, b) the original signal f.

where Ci denotes the cosine integral, see [95].

We used the Haar wavelet to compute the CWT of the function f as given in (2.18). In
Figure 3.2.a the contour plot of this CWT is depicted. In this plot maxima of Wy [f] can be
observed around scale a = 80 for b € [1,2] and around scale a = 20 for b € [2,3]. This
difference in scaling behaviour is due to the difference in frequency at the corresponding
intervals € [1,2] and z € [2,3]. Note that the frequency of f increases by a factor of 4
going from one interval to the other and that the scale corresponds to reciprocal values in
frequency. Finally, we observe that the energy is also spread outside the interval b € 1, 3].
Moreover, energy is spread more widely for increasing scales, which is due to the convolution
product (3.5).

Example 3.1.4 The Mexican hat ¢ is defined by

P(z) = —(11:5@-”/2 =(1-2?)e /2 (3.8)

The Mexican hat is depicted in Figure 3.1.b. Since F[f'](w) = iw f(w) and

2 . 2
/e—z /26—1:cwdw —e Vv /2,
R
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amplitude f
|

(b) x-axis

Figure 3.3: The CWT using the Mexican hat: a) a contour plot of Wy [f](a, b) with % the
Mexican hat, b) the original signal f.

- 1
we get P(w) = sze_“’2/2. So

N 2
Cy =2m / Mda = / dwie " da =1/2 / ye Vdy =1/2.
R+ R+ R+

Also with the Mexican hat we have computed the CWT of f, as defined in (2.18). A contour
plot of this CWT is shown in Figure 3.3.a. As in Figure 3.2.a maxima of Wy[f] can be
observed. However, here maxima are located around scale a = 20 for b € [1,2] and around
scale a = 5 for b € [2,3]. The difference in scaling behaviour compared to the CWT using
the Haar wavelet is due to a difference in frequency behaviour of both wavelets. It can be
seen in Figure 3.1 that frequencies of the Haar wavelet that contain most energy are located
around frequencies that are about 4 times higher than the corresponding frequencies of the
Mexican hat.

To understand the admissibility condition we give some necessary and sufficient conditions
on 9 such that it is a wavelet. A necessary condition on ¢ € L!(IR) N L%(IR) such that
it satisfies (3.6) can be derived by applying Lemma 2.1.2 on Cy. Since ¥ € L!(IR) this
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theorem yields ¢ € C(IR), particularly ¥ is continuous in 0, which yields with (3.6)

/ ¥(z) dz = $(0) =0.
R

A sufficient condition on v € L!(IR) N L2(IR) such that it is a wavelet is given by

[¥@yds =0 and [1aw@lds <o (3.9)
R

R

forl > 1/2. A proof of this result can be found in e.g. [59]. From this sufficient condition
it follows immediately that a compactly supported ¥ € L?(IR) is a wavelet if and only if

/ ¥(z)dz = 0, since / |z|'|¥(z)| dz < oo, forl > 0 if ¢ is compactly supported. For
R

R
more sufficient conditions on % such that it satisfies the admissibility condition the reader
may consult [23, 45, 55].

The following theorem shows that for admissible 1, Wy, : L2(IR) — L?(IH,a~2dbda) is an
isometry up to the constant\/Cy.

Theorem 3.1.5 Let f € L2(IR) and letyy € L?(IR) be an admissible wavelet. Then

[1r@r dz =110 [ Wlria P a5 (310)
R H

Proof

From (3.5) we get

IWylf1(a, )7 = |(£ * Dad))(B)*.

We integrate both the left-hand side and the right-hand side of this relation over [H and apply
Plancherel’s formula (2.7) on the right-hand side. Now, we arrive cf. [55] at

[ wiliia, o 0% = 2n [ 17 PR 4 G
H H

So

J T
H

fone [gn [ B
'[ )l (2 R[+ - da)dw

Cy [ 1) o= CyllfI,
R
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using Fubini’s theorem and Plancherel’s formula. m|

Relation (3.10) can be seen as Plancherel’s formula for the CWT. As a result of this relation
we get
f € L*(R) = W, f € L*(H,a " ?dbda),

for any 9 for which Cy < oo. Moreover, by polarization, (3.10) yields immediately Parse-
val’s formula for the CWT

'[ f@aE) ds = o .[ Walfl(a ) Wsll(a,5) db o, @31

for f,g € L?(R), if ¢ is admissible. Formula (3.11) gives

[ 1@i@ az Cf—w [wili@) [ 1vas@ ¢(
R H R

z—b da

a?’

/ (c%,, [l (£5°) ab a;iﬁ) i@z,
R H

for all g € L2(IR). This proves the following formal reconstruction theorem.

) dz db

Theorem 3.1.6 Let f € L2(IR) and lety € L*(R) be an admissible wavelet. Then

f@) =1/Cy / Welf1(a, b (’—a‘i’) db Fd.ﬁ’ weaklyin I*(R).  (3.12)
H

Relation (3.12) should be interpreted by means of the first identity derived above before The-
orem 3.1.6. A stronger result holds for f € L!'(IR) N L2(IR) and f € L'(IR). With these
assumptions on f it can be proved, see e.g. [55], that (3.12) holds pointwise. Furthermore,
under these assumptions, for each £ € IR, both the inner integral (over b) and the outer inte-
gral (over a) are necessarily absolutely convergent, while the double integral in (3.12) is not
necessarily absolutely convergent. Note that f(z) is well-defined for all z € R, since f is
continuous due to Lemma 2.1.2.

We have shown that Wy, maps all f € L*(IR) into some Wy, f € L?(IH,a %dbda). More-
over, we have shown that we can reconstruct f from Wy f, if ¢ is an admissible wavelet.
However the range of Wy, Ran(Wy) is only a subset of L?(JH,a~2dbda). To characterize
Ran(Wy,) for admissible wavelets 1 we derive from (3.11) using Fubini’s theorem

Wolfl@b) = (f,T:Dut)
C—:ﬁ.[,[ Welfl(, )9 (” - ") v (’ . ") do 3o
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C:ﬁ'[‘[Ww[f](u,v)!b (52) v (550 deao 2

= /k,,,(a,b;u,v)wfp[f]("a”) dv 2—27
H

with ky (a, b; u,v) = (ToDu¥, TsDap)/Cy the reproducing kernel. Remark, that

k'l’ (a7 b; u, ‘U) = W'l’ ['npatp] (u’ U).

Therefore, ky(a, b;u,v) € L2(H,u"2dvdu), for all (a,b) € H. A necessary condition on
h € L?>(H, a"2dbda) such that it is in Ran(Wy) is given by

h(a,b) = /k,,,(a, b; u, v)h(u,v) dv i—g. (3.13)
H
Note that A is continuous on JH by Lemma 3.1.1. Therefore (3.13) is well defined.

Moreover, it can be shown [51], that (3.13) is also a sufficient condition on & to be in
Ran(Wy). Resuming,

Ran(Wy,) = {h € L*(IH,a~2dbda) | h(a,b) = / ko (a, b; u, v)h(u, v) dv :’T';'}.
H

Obviously, Ran(Wy) is closed due to Theorem 3.1.5. Combining this result with Theo-
rem 3.1.5 yields that the transform f — Wy, f/+/Cy is a Hilbert space isometry from L? (IR)
onto Ran(Wy,) as given above.

We observe that the results on the reproducing kernel and the range of Wy, as presented here
are similar to the results we presented in Section 2.2, where we considered the WFT.

In Chapter 2 we have seen that the WFT and the Wigner distribution are related to the Heisen-
berg group by means of the Schrodinger representation. Also the CWT is related to a group,
namely the Lie group G, which is identified with JH with the multiplication law

(a1,b1) (a2, b2) = (a1a2, 8153 + by). (3.14)

We observe that the affine-linear group G,y identified with JR? with multiplication law
(3.14) is isomorphic to Z3 x G. The left and right Haar measures (p1 and gg) of G are
Borel measures for which uz(gE) = pr(E) and pr(Eg) = pr(E) for allg € G and
all Borel sets E C G. A straightforward calculation yields duz(a,b) = a~2dbda and
dug(a,b) = a~ldbda.
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We introduce a representation of G in U(L?(R)) by

1r(a, b) =TpD,, V(a,b)GG"

Obviously 7 is a group homomorphism. Furthermore, it is continuous in the strong operator
topology of U(L?(IR)) and 7(a,b) is unitary for all (a,b) € G. In this setting a function
h € L2(IR) is called an admissible vector if

(a'a b) = (f,1r(a, b)h)2 € Lz(H’ /‘L) vfGL’(R)' (3-15)

Since (f, w(a,b)h) = Wh[f](a, b) Theorem 3.1.5 states that h is an admissible vector if and
only if Ch < 0o. We already observed that the set of admissible wavelets is dense in L2 (R)
and therefore the set of all h € LZ(IR) that satisfy (3.15) is dense in L?(IR) as well. The
following theorem shows that 7 is irreducible.

Theorem 3.1.7 Let 1 be the unitary representation of G in U(L*(IR)) by
1r(a, b) = 77:'Da’ V((47.,b)EG-
Then w is irreducible.

Proof
We assume 7 is reducible. Then there exists a closed linear subspace V. C L*(IR), with
V # {0} and V # L2(IR), such that

w(a,b)V CV forall (a,b) € G.
Then there exists non-trivial vectors g € V and f € VL such that (f, 7(a, b)g)2 = 0 for all

(a,b) € G. Now
|!f||§Cg = (f’ "(aa b)g)2 = Oa
yields f = 0 or g = 0, which is in contradiction with f # 0 and g # 0. O

To conclude, the continuous wavelet transform with a wavelet 4 is a unitary irreducible rep-
resentation of the Lie group G with admissible vector ¢. More detailed studies on the wavelet
transform and group theory can be found in [38, 39, 66].

3.2 The Discrete Wavelet Transform

In the previous section we considered the CWT. We showed that this integral transform is
able to analyse signals both in time/space and scale. Moreover, it turned out that such signals
can be recovered from their CWT. In this section we consider the problem of calculating effi-
ciently the wavelet transform of a function and reconstructing it efficiently from its transform.
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A first approach is to compute the wavelet transform only for a discrete subset L C H, e.g.
L = {(af", nboal?) | n,m € Z},

for some ag > 1 and by > O and to replace the double integral in (3.12) by a double sum
over L. Using such an approach we have to show that the integral can indeed be replaced
by a double sum without loss of information. Furthermore, reconstruction of a function
f € L?(R) by means of this double sum should depend continuously on f. This kind of
stability is guaranteed if the tuple (3, ao, bp) generates a wavelet frame, i.e.,

melfl3 < Y. Wylfl@b)* < Mellfl, Vieram (3.16)
(a,b)EL

for some constants mp, Mp > 0 called the frame bounds. We observe that if (3, ag, bo)
generates a wavelet frame withmp = Mg = 1 and if ||¢)||2 = 1 then

{Tnboag Dagp ¥ | n,m € Z} (3.17)

is an orthonormal basis in LZ(IR) and conversely. In that case we can transform and recon-
struct any f € L2(IR) with respect to the lattice L using a transformation called the discrete
wavelet transform (DWT). This DWT provides an efficient algorithm, that does not need to
compute Wy[f](a, b) for all (a, b) € L by means of inner products. In Section 3.2.2 we will
discuss this algorithm, called the pyramid algorithm.

In [22] Daubechies has given necessary and sufficient conditions on (4, ag, bp) such that
(3.17) is a wavelet frame. We summarize some of these conditions in the following theorem.

Theorem 3.2.1 Assume that

1 ess inf Y W(afw)? >0,
lwl€[1.a0] mez

2.ess sup Y [P(alw)]? < oo,
|w|€[1,a0] meZ

3. sup(l + z2)(1+9/2h(z) < 00, for some § > 0 with
z€R

h(z)= sup Y I(afw)lld(egw +z)|.

Jwl€[1,a0] meZ

Then there exists an N > 0 such that
a. (1, a0,bo) generates a wavelet frame for 1 € L*(IR), ap > 1and0 < by < N,

b. Ve>0Tpoe[N,N+e] : (¥, ao, bo) does not generate a wavelet frame.
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Moreover, if (¥, ao, by) generates a wavelet frame, then

mrpg < < Mp.

<
=~ 2bglnag —

Proof
Cft. [22]. a

From (3.18) it follows immediately that ¢ is an admissible wavelet if (1, ag, bp) generates a
wavelet frame or an orthonormal basis in LZ(IR). A more elegant and fast way to come to
a DWT by means of orthonormal wavelet bases in LZ(IR) is given by the concept of 2 mul-
tiresolution analysis (MRA), which is considered in the sequel of this section. In Chapter 4
we shall return to the notion of frames related to MRA.

3.2.1 Multiresolution Analysis in L?(IR)

The concept of an MRA is due to Mallat [60] and Meyer [62] and was originally used as
a signal processing tool by means of perfect reconstruction filter banks {43, 95], which is
discussed in Section 3.2.2. We start with the definition of an MRA, following [16, 23, 60].

Definition 3.2.2 An MRA in L2(IR) is an increasing sequence of closed subspaces Vj, j €
Z,in L*(R),
e CcVocVicVoCc Vi CV g,

such that

1. U V; is dense in L*(R),
JjEZ

2. ) Vi=1{o}
JEZ

3. feVi<=DfeVj1, Vjez,
4. 34cr2(m) : {T*@ | k € Z} is an orthonormal basis for Vs,
withD := Dy and T := T1 and ¢ real-valued.
For a more general concept of an MRA we can replace Condition 4 by
3peLx(m) : {T*¢ | k € Z} is a Riesz basis for Vp.

Characterizations of a Riesz basis are given in [108]. Also the concept of an MRA for
L2(IR™) has been described in the literature thoroughly, see [23, 62]. In Chapter 4 we con-
sider this general concept of an MRA in a functional analytical setting. Here we stick at
Definition 3.2.2.
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By Definition 3.2.2 an orthonormal basis for V;, with j € Z fixed, is given by
{DiT*¢ | ke Z},

once such function ¢ has been found. Such ¢ is called scaling function. Since D is a unitary
operator on L2(IR) and V is invariant under the action of 7, the collection

{D7'T*¢ | k € Z}
is an orthonormal basis for V_,. As we also have ¢ € V_;, we get

¢=Y p(k)D'T*g, (3.19)

keZz

for some real-valued p € 12(Z). In Section 3.2.2 we also want p to generate a bounded con-
volution operator on I2(Z). Therefore we require p € I* (Z). Relation (3.19) is referred to as
scale relation and p as scale sequence.

We consider again the inclusion Vo C V_1. Obviously we can define a subspace Wy such that
Wo =~ V_1/Vp. For a unique definition of Wy, we take Wo = V_1NV4'. Using the invariance
of the subspaces V; under the action of the unitary operator D! we arrive in a natural way at
the definition of the closed subspaces W; C L2(IR) by putting W; = V;_1 nV,-l. Recursively
repeating the orthonormal decomposition of some V_ into V_;4; and W_ 741 yields

Voo = VoW u=V oW oW
—J+1
= ...=VJEB(@ W;).
j=d
Taking J — 00 and applying Conditions 1 and 2 from Definition 3.2.2 leads to
P w; = L*(m).
JEZ

Now assume that we can find a real-valued function € V_1, such that {7*% | k € Z} isan
orthonormal basis for Wy. Then {D*T*4 | k € Z} is an orthonormal basis for Wj, j € Z.
Since the subspaces W; are chosen to be mutually orthogonal, we then have an orthonormal
basis in L2(IR) given by {D!T*v | j, k € Z}. By (3.18) the function 9/ is a wavelet and

(DIT*y | k€ Z})

is a wavelet basis for W;, for fixed j € Z. So, using these wavelet bases we are able to
decompose any f € L2(IR) into functions at several scales.
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Since the wavelet function 1 should be in V_;, there exists also a scale relation for ¥
v=) qk)D'T*, (3.20)
keZz

for some real-valued ¢ € 12(Z), the scaling sequence for 1. As in (3.19) we will also require
g € I'(Z). By this relation, the problem of finding 1 can be replaced by the problem of
finding q if ¢, and therefore also p, is known. A well-known choice [23] for g is given by

q(k) = (-1)*p(1 - k). (3:21)

Note that we have introduced the concept of an MRA for L2(IR) to constitute orthonormal
wavelet bases in L?(IR) by means of dilations and translations. These bases are equal to the
wavelet frames (3.17) defined on the lattice

Lq = {(2™,n2™) |m,n € Z} (3.22)
with frame boundsmp = Mp = 1 and ||[¢||2 = 1.

An MRA for L2(IR™) can be defined in a similar way, sce e.g. [23, 62]. In Chapter 4 we
also consider a framework of such an MRA as well as a setting for an MRA which generates
wavelet bases defined on other lattices than (3.22).

3.2.2 MRA and Filter Banks

An MRA can be related to filter banks by looking at a one-level decomposition and recon-
struction Vj_1 = V; ® Wj. At the same time this relation yields a scheme to calculate the
wavelet transform of a function in L?(IR) and to reconstruct it from its transform on Lg in a
fast way. For this decomposition and reconstruction we introduce the orthoprojectors P; and
Q; on V; and Wj respectively. By definition we have

Pj-1=P; + Qj, (3.23)

for all j € Z. Note that Conditions 1 and 2 from Definition 3.2.2 yield

lim P;f = f, (3.24)
j—+—o0

and
lim P;f =0, (3.25)
Jj—oo00

forall f € L*(R).
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The decompesition algorithm:
We assume Pj_1f € Vj_; is known for a certain j € Z. Consequently there exists a
sequence cj—1 € I2(Z) such that

Piaaf =Y cia (DT

keZ

Moreover, the sequence ¢;—1 is given by ¢j—1(k) = (DI~ T*g, f),. Following decomposi-
tion (3.23) we have

Piaf =) (D T* + Y di()DI T, (3.26)
keZ keZ
with the sequence d; given by

Qif =) di()DIT*y.

keZz

Note that the sequences ¢; and d; can be calculated respectively by c;(k) = (DIT*¢, f)2
andd;(k) = (D! T*y, f)2. However with the known sequence ¢;_; we can also derive using
(3.19) and (3.26)

ci(k) = (Pj1f,DIT*¢)2 =Y p(n) (Pj—1 f, DI 1 T2*+ng),
= chj—x(m)p(n)(';"I“IT"'¢,D""17‘2"+"¢)2
= gca'—l (2k + n) p(n) = (({ 2)[cj—1 * P))(K), (3.27)
with (cj—1 *p)(k) = Y _ cj_1(n — k)p(k), (n) = p(—n) and with (} 2) the downsam-
e

pling operator given by
(( D[u]) (k) = u(2K),

for all u € [2(Z). In the same manner we get

dj = (1 2)(cj-1 % ). (3.28)

So ¢; and d; are obtained from c;_; by taking c;_; as input for the linear time-invariant
filters p and ¢ respectively. After this filtering operation the sequences are downsampled by
a factor 2. This can be visualized by means of an analysis part of a two channel filter bank as
depicted in Figure 3.4.
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Figure 3.4: A two channel filter bank related to the wavelet filters p and g

Recursively we get expressions for ¢j 4, and dj4rn forn > 1, namely
Citn = ((+ 2)Cp)"¢; and djin = (4 2)C4((4 2)C5)"'c;, (3:29)
where C,, denotes convolution with u € I'(Z), i.e.

Culel(n) = Y u(n — k)e(k),

keZ

for all ¢ € I2(Z). In terms of filter banks we can say that ¢j+n and dj4, are obtained by
iterative use of the analysis part of two channel filter bank of Figure 3.4.

The reconstruction algorithm:

Once we have computed a decomposition of P;j_1 f into P;f and Q;f by means of the
coefficients ¢; and dj, we can also recover cj_; out of ¢; and d; in an efficient way. In
order to come to such a reconstruction formula we will represent P; f and Q; f in terms of
Di-1Tk$, k € Z, the basis functions of V;_1. For this we introduce for f € L?(IR) the
I2-sequences

tnm(k) = (Pnf,D™T*¢) and fnm(k) = (Qnf, D™T*9) (3.30)

Since P; f € Vj_1, we can write

Pif =Y i1 (kD T*g.

keZz
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An expression for a;,j—1 is found by taking the inner product with D/~17%¢ in both the
left-hand side and the right-hand side of this equation. This yields in combination with (3.26)
and (3.19)

a51(K) = (Pif,D T )y = Y ¢i(n) (DIT, DI~ ' T9),
neZ
Z cj(n)p(m) (DI~1T™+ng, Di~1T%g),
m,ncZ

3" ci(n)p(k — 2n) = (1 2)¢;) * p)(k),

nex
with (1 2) the upsampling operator given by

kmod2 =0,
otherwise,

2w = { 4

for all u € I2(Z). We observe that ({ 2)(12) = Z and ({ 2)* = (1 2). In the same manner

we have )
Qif =) Bii1 (KD T4,
kez
with

Bii-1 = ((1 2)d;) > q.

So we derived the reconstruction formula
i1 = ajj-1 +Bji-1 = ((1 2)¢c;) *p+ ((1 2)d;) * q.

Hence, ¢;—, can be recovered from ;1 and B;,;—1. Here @ j_, and B;j—1 can be seen
as the output sequences of the linear time-invariant filters p and g respectively with input
sequences ¢; and d; upsampled by a factor 2. This can be visualized by means of a synthesis
part of a two channel filter bank as has been depicted also in Figure 3.4.

Recursively we get expressions for @4 j and 8j4n,; forn > 1, namely
@jin,j = (Cp(t 2))"cjtn and Bj+ni = (Cp(t 2))n—lcq(T 2)djtn. (3.33)

In terms of filter banks we can say that @;jyn,; and Bjin j are obtained by iterative use of
the synthesis part of two channel filter bank of Figure 3.4. This recursive approach to obtain
Qjin,j and B p ; is depicted in Figure 3.5 forn = 2.

The algorithm of decomposing and reconstructing functions by means of filter banks related
to an MRA is known as the pyramid algorithm.
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7O @O

% (Y@ 1@ -

B

1@ o L

Figure 3.5: Decomposition and reconstruction by means of a filter bank at one resolution
level

3.2.3 Implementation of the DWT and its Use for [*(Z)

A problem that appears in decomposing a function f € L?(IR) at several scales by means
of the pyramid algorithm is that the coefficients ¢; should be known in order to compute
Pjtmf, m € IN, in a fast way. Computing c; does not only slow down the algorithm, it can
also be impossible if only samples of f are given. The last problem appears if f is given by
discrete-time measurements.

An approximation of ¢; can be given by
¢j(k) = F(27F).

Note that if only measurements of f are available, we can identify these measurements with
c; assuming that the samples are taken from some f € L?*(IR) at sampling rate 2/. The
following theorem, which is a generalization of an exercise in [59], shows that this is a good
approximation, under certain conditions on f and the scaling function ¢.

Theorem 3.2.3 Let f € L?(IR) be Holder continuous of order a € (0,1], i.e.,

1f(@) = fWI < C-le—yl% Veyemr, (3:34)

for a constant C > 0 and let 3;(k) = f(2k) for some j € Z. Let the scaling function ¢ be
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continuous in Z and let ¢ satisfy

Z d(z—k)=1 ae. z€R, (3.35)

kez

where the sum converges absolutely almost everywhere, and

D IkI6(k)]| < oo. (3.36)

kez
Then ) .
Ve>o0 ez Vics Vnez [Pilfl(2'n) — S;[f)(2n)| < &,
with S; : L2(IR) — V; given by
Silfl=) = si(k)p(2 Iz — k).

keZ

Proof
For all 7 € Z we can write

1P;1f1(=) = Sj[f)(=)| P;lf1(=) = £(z) - S;lfl(=) + f(=)]

P5(£)(=) — £(@)| +1S;[f1(=z) - f(=)I.

From the Hoélder continuity of f and Jackson’s inequality, see e.g. [105], it follows that
IPif —fllo < C sup |If—Taflloo

0<|h|<2s
< Co2% 5 0 (j > —o0),

IA

for some positive constants C and Co. The proof is established by showing that
IS;[£1(27n) — £(27n)| 5 0 (j - —o0).
We derive

|S;1£1(27n) - f(27n)|

1) si(k)g(n — k) — s5(n)|

kez
= | )_(s5(k) - 85(n))g(n — k)|
keZz
< D 1f(2n) = £(2 (n - K))| (k)|
kEZ
< CP° Y ki*é(k)| - 0 (j = —o0).

kez
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In the previous theorem we used two conditions on @, which might seem strong and a bit
unfamiliar as well. However, Condition (3.36) is already satisfied if ¢ is compactly sup-
ported, which is the case for the well-known Daubechies functions [23] and the spline scal-
ing functions, i.e. B-splines [12]. For ¢ continuous in Z, sufficient conditions on ¢ such that
Condition (3.35) is satisfied are given in the following lemma.

Lemma3.2.4 Let¢ € L'(R) N L*(R) such that {T*¢ | k € Z} is an orthonormal set in
L?(R) and $(0) = 1/V/2x. Then

Zd}(z—k):l ae. € R,

kez

where the sum converges absolutely almost everywhere.

Proof

Take g(w) = ¥ |$(w + 2nl)|2. Then g is 2-periodic and L' . Its Fourier coefficients are
ez

given by

27 27
o = 13 / gw)e“* do = 1/v2r 3 / IB(w + 2m]) e~ duw
0

= VI [1B)Pe o = VIR (6T 740) = 1/VEndou
R

This yields g(w) = 1/v2x for allw € IR, since d:> is continuous. In particular we have

g(0) = 1/v/2m, which leads in combination with $(0) = 1/v2r to &(2xl) = 0 for ail

1 € Z\{0}. Now, puth(z) = Y ¢(z — k). Since € L'(IR) this sum converges abso-
keZ

lutely. This means that h is well defined. Furthermore, h is 1-periodic and L'. Its Fourier
coefficients can be computed in the same manner as for g. We get¢; = V2rd(2nl) = bo,.
Writing down the Fourier series of h establishes the proof. g

The property of ¢ as considered in Lemma 3.2.4 is called the partition of the unity. If ¢ is
also continuous in k € Z, then the preceding lemma gives sufficient conditions on ¢ such
that (3.35) holds. The conditions on ¢ such that this partition is guaranteed are quite natural.
In fact, Wojtaszczyk showed in [106] that every scaling function ¢ € LY(R) N L%(R) of an
MRA as defined in Definition 3.2.2 satisfies the conditions in Lemma 3.2.4. Moreover, also
scaling functions ¢ for which {7%¢ | k € Z} is a Riesz basis may satisfy Conditions (3.35)
and (3.36). A classical example of such scaling functions ¢ are the -cardinal B-spline func-
tions [12], which will be discussed briefly in Section 4.5.
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Starting with a discrete-time function, obtained from measurements, we would like to get
a decomposition at various discrete-time resolution levels instead of a DWT for L?(R). A
natural way to obtain such a decomposition is to identify a givens € 12(Z) with a sequence of
coefficients ¢; for some j € Z. So, we construct a function in L?(R) with/; : (Z) - V;
by

Usls)(z) =279/ s(k)p(2 7z — k),

kcz
for all z € . Note that P;l; = U; and s(k) = (Ujs, DIT*¢).
A decomposition of s at level m, denoted by 8(™) should satisfy
Uis™ = QjymlUjs.
Its approximation at level m, denoted by 35,',',') should satisfy
uja,(,';,‘) = PjirmlUjs.
These relations hold if and only if 8™ = Bjim.j, s.(.',',') = @j+m,j and ¢; = 8, with a and
'132 (a; )in (3.33). Combining this result with (3.29) we arrive at the definition of the DWT for

Definition 3.2.5 Let p and q be the scale sequences as given in (3.19) and (3.20). Further-
more, let Gy = Cu(1 2) for u € I}(Z). Thel*>-DWT of a sequence s € 1(Z) at scalem € IN
is given by

8™ = gr-1G, G (G)™ s, (3.37)
Its approximation at scalem € IN is given by
s =G (G;)™s- (3.38)

In the following lemma we come to some useful properties of the [2-DWT, which we already
met in the case of the DWT for L(IR).

Lemma 3.2.6 For s € 12(Z), let 8™ and 8™ denote the 12-DWT at level m and its ap-
proximation at level m respectively form € IN. Then

M
1 Y8l = 18812 + 3 N|s™ |3, forall M € IN,
m=1

2. lim |js™)|z =0.
m—o0
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Proof
First we observe that lf; is unitary for all j € Z, which yields
lsliZ = lletssll3 = I|Ps;s))2
M M
= Pjrnr + 3 Qismllhsslls = 1Pysreltssl3 + ¥ 11Qj 4 mlljsl2
m=1 m=1
M M
= |sl013 + Y 1™ = 11012 + 3 llst™)3.
m=1 m=1
Using (3.25) we get
803 = Ji45™ 12 = || Qjymldys|)2

IPj+m—1U;sll; — |IPj+mldjsl|z = 0 (m - —o0),

Il

with j € Z fixed. a



Chapter 4

A Framework for Multiresolution
Analysis in Hilbert Spaces

In Section 3.2 we already introduced the DWT for functions in L?(R) by means of a mul-
tiresolution analysis. In this chapter we consider a functional analytical setting of an MRA
for separable Hilbert spaces H. Using this framework necessary and sufficient conditions on
operators on H and functions in H are derived such that they constitute wavelet bases in H.

Meyer already gave strong hints for a generalization of MRA in [62]. A more general con-
cept, like we present here, was also investigated by Goodman, Lee and Tang in [36]. However
they use a different approach to construct bases in H using MRA.

This chapter is based on [75].

4.1 Frames and Riesz Systems

In the previous chapter we already mentioned the concept of frames and Riesz bases, related
to the DWT in L2(JR). Here we introduce these concept for arbitrary separable Hilbert spaces
H with inner product (-, -). Furthermore, we come to some results that relate these concepts.

In the sequel we denote for a countable index set ID, the Hilbert space of all square summable
functions from ID into € by [2(JD) and its inner product by (-, -) p. The standard orthonormal
basis in I2(ID) is denoted by {e;}jem, so €;(i) = & ; fori,j € ID. The expression i5(ID)
indicates the linear span of the set {e; | j € D}.
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Definition 4.1.1 A collection } = {v;|j € D} in H is called a frame with frame bounds
mp and Mp, 0 < mp < My, if for allz € H the sequence (z,v;)jep belongs 1o 12(ID)
and

mellzl® < Y (2, v3)1” < Mgl (4.1)
JjeED

Note that the wavelet frame (1, ag, by) as introduced in Section 3.2 also satisfies this condi-
tion. Obviously, condition (3.16) equals (4.1) by taking

D =22 and Un,m = Tnboap Dap ¥,
for some wavelet ¢ € L2(IR).
For {v;| j € D} a frame in H, define Sp : H = I?(ID) by

Srz =Y (2,v)ej, Vaen. 4.2)
jebD .

According to Definition 4.1.1,
me|lzl® < IISpzl® < Mr||zi®. (4.3)

So Sr is a bounded linear operator from H into {?(ID), such that S;SF has a bounded
inverse. The optimal constants mg and Mr are given by

mr = ||(SgSp) ™| 7! and Mp = ||SpSF|)-
The operator SF is called the frame generator associated with the frame 2.

A straightforward computation shows that

S;,a = Z (a, ej)v,-, Vaelﬂ(D)'
jeD

Hence, the adjoint frame generator Sg. is given by
S}e,- = v;.

The following lemma presents some auxiliary results on bounded operators. Using this
lemma we are able to derive relations between the frame generator and its adjoint.

Lemma 4.1.2 Let A € B(H,, Hy), with B(Hy, H3) the space of all bounded linear opera-
tors from the Hilbert space H, to the Hilbert space Hy. Then, the following are equivalent

(i) There exists an operator B € B(Hy, H,) such that BA = I,
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(i) There exists anm > 0 such that ||Az|| > m||z|}, for allz € Hy,
(iii) The null space Ker(.A) = {0} and the range Ran(A) is closed,
(iv) There exists an operator C € B(Hy, Hz) such that A*C =1,
(v) The range Ran(A*) = H;.

Proof
Assume (i) holds. Then
lizll = IBAz|| < |IB]l || Az]}-

So, property (ii) holds for m = ||B]|. If property (ii) holds, then Ker(A) = {0}, since
|| Az|| = O implies ||z|| = O using property (i). For proving that Ran(A) is closed, we take a
sequence (Zn)neav in Hy and a vectory € Ha, such that

Az, 2y (n - 00).

Then 1
lox = zall € —llAzk = Azall +0 (n = o0).

S0, (Zn)nen is a Cauchy sequence. For its limit z € Hy we have
Az = lim Az, =y,
n—+o0
which yields that Ran(.A) is closed.

Obviously, (i) and (iv) are equivalent. If (i) holds, then then also (iv) holds for C = B* and
conversely. Therefore, instead of proving property (iv), if property (iii) holds, we prove prop-
erty (i). To do this, we consider the mapping A1 from H; into Ran(A), given by Az = Az,
forallz € H;. Since Ran(A) is closed, we have that A, is a continuous linear bijection from
the Hilbert space H onto the Hilbert space Ran(A). By the inverse mapping theorem, A
is invertible with bounded inverse A7 ! : Ran(A) — H;. Now, define B by By = A,
fory = y1+ys, withy; € Ran(A) andy, €€ Ran(A)". Then B € B(Hz, Hy) and BA= 1.

Next, we assume that (iv) holds. Then
H; = Ran(A*C) C Ran(A*) C Hy,

and therefore Ran(A*) = H;. The last thing we have to prove is that property (iv) holds,
given property (v). This is shown as follows. Take £ as A* restricted to Ker(A*)L. Then
£ is a continuous linear bijection from the Hilbert space Ker(A*)1 onto Hy. As before, the
inverse mapping theorem yields that £ has a bounded inverse £ =1 from H; onto Ker(A*)L.
By defining an operatorC by Cz = € —1z, forall z € Hy, property (iv) is established. a




70 A Framework for Multiresolution Analysis in Hilbert Spaces

It follows from the previous lemma, that SF is an injective bounded linear operator from
13(ID) into H with range, Ran(Sr), closed in H. This is equivalent with the fact that Sy Sp
is a boundedly invertible operator. Also Sp(S;SF)™! is the right inverse of S with minimal
norm, which can be shown as follows. Take P = Sp(S;Sr)~1S§, the orthoprojector from
I?(ID) onto Ran(SF). Let further A be aright inverse of S Then

ISF(S#SF) 1| = PSF(SESF) || = IPAIl < 1Al

In addition to the frame elements v; we define #;, j € ID, in Ran(S}) by
¥ = (SgSF)™'v; = (SpSF) 7' Spe;.
Then for all z € Ran(S})
z = Sp(Sr(SpSF) ™)z =5} Y (Sr(SESF)',¢))e;
j€D
= Y (=, (5+SF) 7' Spe)Ste; = Y (2, 55)v;
€D jeD

and

z = ((SpSF)7'Sp)Skz = (SpSF)7ISE Y (Srz,€))e;
JED

= ) (2,57€;)(S#SF) T Spej = Y (z,v5)5;.
JeD jeD

Following these derivations and the equivalent properties as desribed in Lemma 4.1.2 we
arrive at the following theorem.

Theorem 4.1.3 Let @ = {v; | j € ID} bea collection in H satisfying the rigt inequality in
(4.1) and let Sr be defined by (4.2). Then Q) is a frame if and only if the adjoint of the frame
generator S associated with QU is surjective. If Q is a frame, the collection {%; | j € D},
defined by i; = (SpSF)~'She;, is also a frame, which we call the frame dual to Q.

We observe that since {#;|j € ID} is a frame, there exists also an associated frame generator
given by Sp(S5Sr)~!. Special cases of frames are exact frames and tight frames, which are
defined as follows.

Definition 4.1.4 An exact frame is a frame that is no longer a frame whenever any one of its
elements is removed. A tight frame is a frame for which the frame bounds satisfy mr = Mp.

It can be shown in a rather straightforward way that if @ = {v; [j € ID} is a tight frame
for whichmr = 1 and ||vj|| = 1 for all j € DD, then 2 is an orthonormal system in H and
conversely. A similar property also holds for Riesz systems, which are defined as follows.




Frames and Riesz Systems 71

Definition 4.1.5 The collection @ = {v;| j € D} in H is called a Riesz system with Riesz
bounds0 < mp < Mg, if

mellelip < | Y_ (@,e)vill* < Mellallp, Yaerm)- 4.4)
jeD
Obviously, a Riesz system with Riesz bounds mp = Mp = 1 is an orthonormal system,

which means that orthonormal systems constitute a special set of Riesz systems. Also to a
Riesz system we associate an operator in a similar way as we have done for frames.

For {v;| j € ID} a Riesz system, define Sg)) : 13(ID) - H by
(] .
SPa=3" ali)v;, Veerm)-
jED
Hence, Sg) e; = v;. The operator sﬁ’) extends to a bounded linear operétor Sr from I2(ID)
into H, called the Riesz system!generator of ). This Riesz generator satisfies _
mgllal* < lISrel® < Mallal®. (4.5)

In the same manner as we concluded for the frame generator, we conclude that S}';SR is a
boundedly invertible operator on [2(ID). Moreover, the left inverse of Sg with minimal norm
is given by (S;Sr) ' Sk. This can be verified in the same manner as for the right inverse of
Sg.
Beside the Riesz system {v; | j € ID} we also define the elements #j, j € ID, in Ran(Sgr)
by #; = Sr(SpSr)'e;. Hence, Sii; = e; and consequently
(05,vx) = (U, Srex) = (ej,€x) = bj k-
Furthermore, for all z € Ran(Sg) and for a € I?(ID) with z = Sga, we have
z = Sra=S8r(SkpSr) (SkSr)a
Sr(SkSR)'Siz = Sr Y _ ((SkSr) ' She,€5)e;
jeD

Y (2. 5r(SkSr) 'e;)Srei = Y (=, 8j)vj,

jeD jeD

Sr(SkSR) ™ Siz = Sr(SESR) ™' Y (Skz,€5)e
j€D

3" (z,5re;)Sr(SiSR) e = Y (2,05)F;.
jebD jebD

These results are summarized in the following theorem.
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Theorem 4.1.6 Let 2 = {v;| j € D} be a collection in H. Then Q is a Riesz system if
and only if there is a bounded linear injection Sy, : 12(ID) — H with closed range such that
Srej = vj, j € D. If so, the collection {i; | j € DD}, defined by #; = Sr(ShpSr) 'e;, is
the Riesz system dual to ).

Note that by definition a Riesz system is a linearly independent set. A special set of Riesz
systems are Riesz bases, which are defined as follows.

Definition 4.1.7 A Riesz system which is total is a Riesz basis.

Obviously, every Riesz system is a Riesz basis for the closure of its linear span. For a Riesz
basis, the corresponding Riesz generator Sg is invertible. This yields immediately that the
frame {v; | j € D} is a Riesz basis if and only if S} is invertible. It can be proved, see [7],
that the concepts of exact frame and of Riesz basis are equivalent. So, an exact frame can
also be seen as a frame for which Sg. is invertible. Connections between frames and Riesz
systems are given in the following theorem, which results from the previous considerations.

Theorem 4.1.8 Let @ = {v;| j € D} be any collection in H, and define the operator
S :13(D) - H by Se; = vj, j € D. Then

(i) Q is a frame if and only if SS* is a boundedly invertible operator on H,
(ii) Q is a Riesz system if and only if S*S is a boundedly invertible operator on I2(ID),

(iii) Y is a Riesz basis if and only if S is a boundedly invertible operator on I*(D), i.e., if
both S8* and §*S are boundedly invertible operators.

The relations between frames and Riesz systems as considered in this theorem are also de-
picted in Figure 4.1.

A characterization of Riesz systems which is used frequently in the sequel of this chapter is
given in terms of a Gram matrix. For Q = {v;| j € D} in H, we define its Gram matrix ['g
by Ca(i,j) = (vj,vi)H, i, € D. SinceT'q(i,j) = (SpSre;,e:) we conclude Iy is the
matrix of SRSr, yielding with (4.5) that  is a Riesz system if and only if

mgpl <Tq < Mgl. (4.6)

4.2 Multiresolution Analysis in Hilbert Spaces

In Section 3.2.1 we introduced the concept of an MRA for L?(IR) following the ideas of
Mallat [60] and Meyer [62]. This definition can be extended in a canonical way to an MRA
for L2(JR™), see e.g. [23, 62]. In this section we define an MRA for a separable Hilbert space
H using mutually dependent unitary operators on H.
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collection
S8* boundedly S* S boundedly
invertible invertible
frame Riesz system
S boundedly
&8*S boundedly invertible S8S8* boundedly
invertible invertible
Riesz basis /

Exact frame

Figure 4.1: Relations between frames and Riesz systems, with S the Riesz generator.

Definition 4.2.1 Let A be an (n X n) matrix with integer entries and eigenvalues X\;, i =
1,...,n, such that |\;| > 1. Furthermore, let H be a separable Hilbert space, ¢ € H and
Ui,Us 1, . . . ,Us n unitary operators on H, such thatUz 1, . . . Ua,n mutually commute. Then
[¢, ul, Uz,l, ces ,U2,n] isan MRAin H lf

(i) {UEp | k € Z™} is a Riesz system in H,
(ii) ¢ € clos span{lhlUl¢| k € Z™},
(iii) UXUy = UhUZk, for all k € Z™,

with
k _ 74k kn
Uy =Upy - -UpT,.

In the sequel ¢ is called the MRA generator.

To compare this definition with Definition 3.2.2 we construct a nested sequence of closed

subspaces for H by ‘
V; = clos span {U'Uk$ | k € Z™}.

Then we have
Uy (V3) = Vior, UE(V)) =V, k€ Z7, and V; C Vi

Forn =1, A=2U =D ', Uy =T and H = L*(IR), Definition 3.2.2 and Defini-
tion 4.2.1 are nearly the same. However in Definition 3.2.2 an orthonormal basis for Vy was
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constructed, which is a special case of a Riesz basis, and in the definition above we also did
not introduce the conditions

clos| JV;=H and [ V;={0}, 4.7)
Jj€z jez
which occur in Definition 3.2.2. Whether or not inserting these conditions will not change
any of the further derivations. Therefore these conditions have been omitted.

The concept of MRA in H is now used to construct Riesz systems in H of a special kind.
We start this construction by defining a unique countable collection of closed subspaces W;,
j € Z, like we have done as well in Section 3.2.1, namely by writing

W;=V.nVji,
forall j € Z. Since Uy and U are unitary operators on H, we have
Uy(w;) = (Vi1 NV =th(Vi-1) NUh(V;H)
= U (Vi) N Vi)t = Wi,
and similarly Ups(W;) = W;,1 = 1,...,n. Obviously, since W; = Uy I(Wo), each Riesz
basis 2 for Wy yields the Riesz basis U; * () for W;, j € Z, with the same Riesz bounds.

Following the same orthogonal decomposition as in Section 3.2.1 and adding Condition 4.7
we arrive at I
H = @ Wj .
j=-o00
From this direct sum decomposition of H it follows immediately that |J U] () is a Riesz

ez
basis for H , if § is a Riesz basis for Wy.

Now the idea is to construct Riesz systems in Wy of the form {t/fv | k € Z™}. It will turn
out that, for constructing a Riesz basis of this form in general more than one element ¥ will
be needed. Our aim here is to prove existence of an N € IN and of a collection

{¥,..,¥N1} C W,
such that
(@) (¥,Ufd)=0,1=1,...,N—1,forallk € Z" iec., ¢ € V-,
() {Ury|l=1,...,N —1, k € Z"} is a Riesz basis for Wj.

Since V_; = Vo ® Wy Condition (b) can be also written as
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®) {Up|1=0,...,N -1, k € Z"} is a Riesz basis for V_,, with ¢p = ¢.

Since Vo C V-1 and Wy C V_; and since {thi4¥¢ | k € Z"} is a Riesz basis in V_;, we
come to

¢ = Y plkihife, (4.8)
kez»

wo= ) alkalfe, 1=1,...,N-1, 49)
keZ™

where p € 12(Z™), known, and the g; € I2(Z"™), to be determined, are the generating se-
quences. Forly = D~ andU, = T, these sequences are called scaling sequences as we
have seen already in Section 3.2.1. In the sequel the term scaling sequence will only be used
for cases in which{; = D! has been chosen.

So the idea is to formulate constraints on the sequences g;, given the sequence p, such that
the Conditions (a) and (b’) are satisfied. Therefore we reformulate these conditions in terms
of the generating sequences.

Condition (a) can be put in a rather straightforward way in terms of the generating sequences
by substituting (4.8) and (4.9) into this condition and using ULy = UrUA*. We get

(Y1, U ) = (14 * @1, R** D)z,

with 74(k) = (¢,Uf$), k € Z",andR™ = R™ --- R form € Z", a composition of
bilateral shift operators on {2(Z"), each one acting along a standard basis vector of Z". So
Condition (a) is equivalent with

(r6 * @, R*p)z~ =0, Vie(1,..N-1} Viezn- (4.10)

In order to put Condition (b’) in terms of the generating sequences we present the following
lemma.

Lemma 4.2.2 Let [¢,Ur, Uz 1, . .. Uz ] be an MRA and let p be the generating sequence of
¢. Then
{R**p|k ez}

is a Riesz system in I2(Z"™). Furthermore, let Yo = ¢ andy, L = 1,...,N — 1, be in W,
with generating sequences qi. Then

{Ukyyj1=0,...,.N-1, ke Z"}
is a Riesz basis for V_1 if and only if
{(R%*q|1=0,...,N-1,ke Z"},

with go = p, is a Riesz basis for 2(Z").
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Proof
We introduce the boundedly invertible operator B : V_; — I3(Z") by

Bf =a ifandonlyif f= Y a(kjhlss.
keZ"

Since BUX = R4*B, k € Z"™ and B¢ = p, applying B on the Riesz system {Uf¢ |k € Z"}
yields {RA*p | k € Z"}. This is also a Riesz system, since B is a boundedly invertible
operator. The second result follows immediately by observing that

{R**q|1=0,...,.N-1, k€ Z"} = B{Uf¥|1=0,...,N-1, ke Z"}).

From this lemma it follows that if we can construct sequences ¢ € {2(Z"), such that
o (1o *q, R*p)z» =0, Vieq,...n-1} Yrezr,
o {RAq |1=0,...,N — 1,k € Z"} is a Riesz basis for [*(Z"), withgo = p,

then elements ¢y, I = 1,..., N — 1, in V_; can be constructed for which Conditions (a) and
(b) are satisfied. This naturally leads us to the next item.

4.3 Riesz Systems Generated by Unitary Operators

In Section 4.1 we already considered necessary and sufficient conditions on a set £ such that
it is a Riesz system. Now, we will deal with sets (2 of a special kind, namely those sets that
are generated by unitary operators acting on one or more elements in H. This is done, since
such Riesz systems occurred in Lemma 4.2.2.

First we consider the case of a Riesz system generated by several unitary operators all acting
on one element in H. So, our aim is to derive necessary and sufficient conditions on the tuple
[Us,...,Un,¢],suchthat {Uip|j € Z"}is a Riesz system, with W =Uj* ---Ur. Besides,
we compute its dual Riesz system. These derivations follow Section 4.1 with ID = Z" and
with the Riesz generator S given by Se; = U7 ¢.

By Section 4.1, {U?¢ | j € Z™} is a Riesz system if and only if its Gram matrix I, given by
L(i,5) = U ¢,U'9) = (U7 9) = 74(i - j),
satisfies (4.6). Observing that S*S with matrix I' acts by convolution on I2(Z"),
S*Sa =14 % a,

we arrive at the following theorem.
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Theorem 4.3.1 For commuting unitary operatorsU,...,U, on H and ¢ € H, the collec-
tion {U’¢| j € Z™} is a Riesz system if and only if the sequence Ty defined by

T(4) = (6, U 9), j € 2",
yields a boundedly invertible convolution operator on I*(Z™), i.e., if and only if

0< ess inf 7y4(z) < ess sup 74(2) < oo, 4.11)
zeT" zeT™

where Ty denotes the discrete Fourier transform of T4

fo(2) = ) me(i)zd, z € T",
jez
withzd = 23" ... zi | j € Z", and T" the n—fold product of the unit circle with normalized
Lebesgue measure p.
Note that from this theorem it follows that for 7 € I*(Z™) the collection
Q= {U¢|jezZ"}
is a Riesz system if and only if 74 has no zeroes on T".
By definition, the dual Riesz system is given by S(5*S)~le;, where Se; = U7 and
S§*Sa = 14 * a, for all a € I>(Z). This yields immediately that the dual Riesz system

) of Q is of the form 5 .
N={UWo¢|jeZ"}

with q-S given by
$= Y T()U,
jez®
where 7~'¢ * Ty — €.
Next we replace the vector ¢ € H by a finite collection {¢1,...,¢n} and pose the same

problem, namely under which conditions
Oy = {uj(ﬁ, |l= 1,...,N,je€ Zn}

is a Riesz system. For this we take as index set D = {1,...,N} x Z". Furthermore,
we define the unitary operator £y from 12(D) into LT, V) = L*(T") ® €V by
(Ener;)(z) = 2g;, with {€1,...,en} the standard orthonormal basis in €. We see that
En is a Riesz system if and only if the Gram matrix T’ with entries (U7 ¢1, U dm ) (m, j), (k;5)
represents a bounded invertible operator on 12(Z™). A straightforward computation shows

(EnTem ;)(z) = ZT(2)em,
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where T'(z) € CV*V is defined a.e. by (T(2))km = I (ém, Uidk)z~7. Hence the Gram
jexn

matrix I’ represents a boundedly invertible operator on I2(ID) if and only if the matrix valued
function T from T® into €Y *¥ satisfies

350 Voo mIn <T(2) < MIy ae. (4.12)

4.4 Riesz Bases in [2(Z")

In the previous section we derived necessary and sufficient conditions such that
Oy = {Wep|l=1,...,N,jeZ"}

is a Riesz system. According to Lemma 4.2.2 such conditions can also be derived in terms
of the generating sequences. Therefore in this section we deal with the following problem.
Let the sequence <y yield a boundedly invertible convolution operator on 12(Z™) and let By €
I2(Z™). Find necessary and sufficient conditions on sequences B, I = 1,...,N — 1, in
12(Z"™), and determine N such that

(i) (v*B,RA*Bo)z =0, Vieqa,...N-1} Vrez™,
(ii) {RA*B |1 =0,...,N — 1,k € Z"} is a Riesz basis for I2(Z").

We reformulate this into terms of the Hilbert space L2(T").

Since we deal with a rather arbitrary matrix A € Z™*™ we introduce the so-called Smith
normal form of a matrix with integer entries, which is given in the following theorem. In [56]
one can find a proof of this theorem for matrices over a ring of polynomials in one variable.
This result generalizes immediately to the case of matrices over the ring of integers.

Theorem 4.4.1 (Smith normal form) Let A € Z™*™. Then there are unimodular matrices
UV € Z™", ie., det(U) = det(V) = 1, and a diagonal matrix D € Z™*™, such that

A=UDV. (4.13)
This factorization is not unique.

In the sequel we use the notation L = | det(D)|.

It can be proved by some straightforward computations that the problem posed in the be-
ginning of this section is equivalent with the following one. Give necessary and sufficient
conditions on sequences 8, ! = 1,..., N — 1, in12(Z™), and determine N such that

(i) (v*Bi,RP*Bo)z =0, Vieq,...N-1} Yrezn,
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(i) {RP*B|1=0,...,N — 1,k € Z"} is a Riesz basis for [2(Z"),
with D € Z™*" a diagonal matrix involved in the Smith normal form of D.
Let nowd; = D(i,i),i = 1,...,n. Definewg, = e3*/4 i =1,... n, and K, the n-fold
segment of all 2 € T™ such that

arg(z;) € [0,2n/d;), i=1,...,n.
We observe, that {z* | k € Z"} is an orthonormal basis for L2(T") and
(VL 2514 .. pkndn | | ¢ 27}
is an orthonormal basis for LZ(K,). So
{VL b1 .. gkndng |i=1,...,N, ke Z"}

is an orthonormal basis for L?(K,, €"), the Hilbert space consisting of all €~ -valued Eu-
clidean square integrable functions on K. In dealing with the above stated problem, we
present some auxiliary results.

The proof of the following lemma is based on the fact, that the (n x n) Fourier matrix Fy,
with entries

Fn(i’j)=1/\/ﬁw:{! 4,J=0,...,n—1,

is unitary. Furthermore, we use the notation
Idl | -1 Id" l_l . . ry =
Pie)= Y -+ Y dwha,... Wi mhwia,. .. ,wl ). (4.14)

J1=0 Jn=0
Lemma 4.4.2 Let g,h € I*(Z"). Then

(2)2™ _ [ (g, RP*h)z~  ifm = Dk, ke Z",
1/L/Pg,h(2)z dpn(2) *{ 0 ifm # Dk k € Z"
™

Proof
We consider the following computation

1/L / P; 1(2)2™dpn(2)
™

fdi|-1 ldn|~1
]_/L Z - Z wd—1j”m .. .w;:"lmn /g(z)fz(z)z""yu(Z)
j1=0 Jn=0 ™
{ [ §(2)h(2)z=™pn(z) ifm = Dk, k€ Z",
™

0 ifm # Dk, k€ Z".
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The proof is completed by observing that the n-dimensional discrete Fourier transform of
R'h is given by z~'h. m]

From this lemma we deduce the following result.

Lemma 4.43 Letg,h € I2(Z"). Then forallk € Z"

/ Pﬁ,ﬁ(z)zf"‘h .. -Zf,"d"dp,,(z) — (g,Rth)zn.
Kn

Proof
Obviously, Pg,ﬁ(z)z{“d‘ -+-zk~dn remains unchanged if z; is replaced by wy'z;, @ =
1,...,n,form € Z" and so

/ Py i(@)a® - zpn ¥ dpn(2) = / P, (2)zhd - 2k dpn (2),
Kn Kn»

with
K™ = [mwa,, (m1 + Dwg,) X ... X [Mpwd,, (Mn + Dwa,)-

Consequently the result follows from Lemma 4.4.2.

By Lemma 4.4.3, Condition (i) can be written as

[ Pra @ st e dun(z) =0
Kn

Since this relation must hold for every k € Z™ and since
{VL"* |k e Z™}
is an orthonormal basis for L2(K,), we get that
P.s 4, =0 ae. on K,l=1,...,.N-1. (4.15)

So, sequences F; that should satisfy Condition (i) are given in terms of their Fourier trans-
forms that satisfy (4.15). Note, that for finite sequences 8o andy Condition (4.15) only deals
with polynomial function on the n-dimensional unit sphere.

Condition (ii) can also be reformulated in terms of function on T", using (4.12). Therefore

we introduce
By = {RP*g;|1=0,...,N-1, ke Z"}.
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Since By is generated by N vectors Bo, - - -, BN-1 and the unitary operators Ri,---, Rn,
we may use result (4.12). This yields that By is a Riesz system if and only if

mIy <T(z) < MIy ae. z€T",
with

F@em= ), (Bm,RP'Br)z~2z~!, k,m =0,...,N— 1. (4.16)
ez

This result can also be put in terms of the Fourier transforms of 3;. Therefore we derive the
relation

f(z‘f‘,. . ,zﬁ")k,m =1/L Pﬁm,ﬁh(z)’ kkm=0,...,N—-1, 4.17)
using Lemma 4.4.3, and the fact that
(VLM% ... gkndn | k€ Z™)

is an orthonormal basis for L?(Kn).
Define Ta(z) = La(21,.--,2n) = I‘(z‘l”l ,-..,23). Then we arrive at the following theorem
by combining (4.12) and (4.17).

Theorem 4.4.4 Let N € IN be fixed and {Bo, - .- ,Bn—-1} be a subset of 2(Z™). Let further
D be an (n x n) diagonal matrix with integer entries. Then the collection

By = {RP*g|l=0,...,.N-1, ke Z"}

is a Riesz system if and only if the (N x N) matrix valued function z — T4(z), 2 € K, with
entries

fd(z)k,m = ]./L Pﬁm,ﬂ-h (Z), k,m = 0, ‘e ,N - 1,
admits real positive constants m and M, such that

mIn < fd(z) < MIyae. z€ K. (4.18)

So, Theorem 4.4.4 presents necessary and sufficient conditions on ﬁo, ceey ﬁy_l , so that By
is a Riesz system. We proceed by searching for similar conditions on the Fourier transforms
of B, .- ., BN—1, such that By is a Riesz basis for [2(Z™). As a starting point for deriving
such conditions we present a corollary of the preceding theorem.

Corollary 4.4.5 If By is a Riesz system, then N < L.

Proof
Define the (L x N') matrix valued function z — M (2), z € K, with entries

M)t = LR Wy, O ),
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1=0,...,N-1,r=0,...,L — 1, where 7 is an arbitrary bijection from the collection
{0,1,...,L -1} onto

{freZ”|o<r< |di| —1,i=1,...,n}.

Since
Ta(z) = M*(2)M(z), z € Ko,

T4 is invertible a.e. if and only if Mis injective a.e. If therefore T4 satisfies (4.18),i.e., fd(z)
is invertible for almost all z € Kg4, then N < L. o

For deriving conditions on ,Bo, R BN_l, such that By is a Riesz basis for I2(Z™) we con-
sider the special case N = L and we assume that fd satisfies (4.18). Now the proof of
Corollary 4.4.5 yields that fd is invertible a.e. if and only if M , as introduced in the above
proof, is invertible a.e. So (4.18) is equivalent with M being invertible a.e. on K,,. Further-
more, let G and M denote bounded linear operators on L2 (Kn; @ L ) corresponding to f‘d and

M, respectively, i.c.,
(Gn)(2) = Ta(2)n(z) and (Mn)(z) = M(2)n(z) ace. z € K, (4.20)

foralln € L*(K,;C*). ThenG = M*M and M~! = G- M*. Thus M is a boundedly
invertible operator, since G is a boundedly invertible operator and

(M™n)(z) = M(2)"n(2).

These considerations are used to give conditions on Bo, een ,ﬁN_l , such that By is a Riesz
basis for I2(Z").

Theorem 4.4.6 Let N € IN be fixed and D = diag(d,,...,d,) withd; € Z. Let further
{Bo,--.,Bn-1} be a subset of I>(Z™), such that the collection

By = {RP*p,|1=0,...,N -1, ke Z"
is a Riesz system. Then this collection is a Riesz basis if and only if N = L.

Proof
Take N = L and let By, be a Riesz system in 12(Z™). Besides, let M be defined as in (4.19)

and let M be associated with M by (4.20). Then M (2) is invertible for almost all z € K,
and M is invertible, since f,g satisfies (4.18). Define & x € L3(K,; C L )forl=0,...,L-1,
and k € Z" by

e',,,,(z) = \/ZzD*sl, z€K,.
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Furthermore, introduce Vp : I2(Z") =& L*(Kn; C*) by

RGO, WO, )

(Voh)(z) = :
AR RO (LR

where 7 is an arbitrary bijection from the set {0,1,...,L — 1} onto the collection
E={reZ"|0<r;<|d|-1,i=1,...,n}.
With this definition

Wohlaon = [ IVDREIEdun(:)
K

[ Pra@dinta) = bl
Kn

for all h € I2(Z™), so that Vp is an isometry. Define hyx € I?by

i i(2) = \/Ezf"“ -uzg""" if (w;f‘zl,...,w;ﬂ'"z,.) € K,,
b 0 otherwise,

withl € E, k € Z™. Then {hix |1 € E, k € Z"} is an orthonormal basis for 12(Z").
This yields Vphx(ry & = &1,k and so the operator Vp is unitary. Applying Vo on RP* 6, now
yields
'@l(w&w(onu) 2 wg"(o))(") 2n)
1 LI ] n
Vp(RP*B1)(2) :
BT 5 |

= \/Zz"ij\?(z)E; = ﬁ(z)gl’_k(z) — (MEI,—k)(Z),
foralll=0,...,L—1.S0 RD*G, = (Vp)* Mé .

Since {&1x |! = 0,...,L — 1, k € Z"} is an orthonormal basis for L%(Kn;CY) and
(Vp)* M is boundedly invertible, it follows that By is a Riesz basis for 2z").

For proving the converse, we assume By to be a Riesz basis for I2(Z™). Then M has to be

invertible, since RDkgG, = VpMé k. It follows that the matrix valued function M has to be
invertible a.e. on K,,, and thus N = L. n]
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From the preceding theorem we conclude that for satisfying Condition (ii) we have to search
for sequences f1, . . . , B get A|-1, given fo, such that (4.18) holds.

Although we are not dealing with the concept of frames in {2 (Z™) in this section, similar
results can now be given in rather straightforward way such that

By ={RP*g|1=0,....,.N-1, ke Z"
is a frame. We can write
RP*B, = VRME , = Vi MUey s,

withld : 2({0,...,N=1}xZ"™) = L%(K,;C") the unitary operator given by ey x = £ ;.
So S = U* M*Vp is the frame generator of By if By is a frame. Now Theorem 4.1.8 im-
mediately yields the following theorem.

Theorem 4.4.7 Let N € IN be fixed and {fy, - .., Bn_1} be a subset of 2(Z™). Then the
collection
{RP*B |1=0,...,N -1, ke Z"}

is a frame if and only if for the (L x L) matrix valued function z — M (z)f\? *(2), z € K,
with M defined as in (4.19) there exists real positive constants mp and My, such that

mpl, < M(2)M*(z) < Mply, ae. z € K, (4.21)

So, we presented necessary and sufficient conditions on ﬁo, ceey ﬁN_l, so that By is a frame
in a similar way as in Theorem 4.4.4. Finally, we also present a corollary of Theorem 447,
analogous to Corollary 4.4.5.

Corollary 4.4.8 If By is a frame, then N > L.

4.5 MRA and Riesz Bases in Hilbert Spaces

In Section 4.2 we used the concept of MRA to construct Riesz bases of the form
Uiy |l=1,...N-1,j€Z, keZ"}

for the separable Hilbert space H. We showed that the vectors ¢ were uniquely determined
by (4.9) and that their generating sequences q; had to be determined such that

® (1o QI,RM‘IO)Z" =0, Vle{l,...,N—l} Viez~,

o {R4%q |1 =0,...,N — 1,k € Z'} is a Riesz basis for I2(Z"), with gy = p, the
generating sequence of the MRA generator ¢.
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By takingy = 7 andfy = @, 1 =0,..., N —1,in (4.15), Theorem 4.4.4 and Theorem 4.4.6,
we arrive at the following theorem on the construction of Riesz bases in Hilbert spaces using
MRA.

Theorem 4.5.1 Given a sequence go € 12(Z™). Then the following two problems are equiv-
alent.

Problem 1: Construct sequencesqi, | =1,...,|det A| — 1, in 12(Z"™) such that
1.1 (13 * @, R*qo)z~ =0, Vicq,...,|det a]-1} Vkez®,
1.2 {R4q|1=1,...,|det A| — 1,k € Z"} is a Riesz basis for 2(Z"™).

Problem 2: Construct §i, | = 1,...,|det A| — 1, in L*(T"), the n-dimensional discrete
Fourier transforms of @ € 12(Z™), such that

2.1 Pi,4.,4(2) =0 a.e. on Ky, 1=1,...,|det A| — 1, with P as defined in (4.14).
2.2 The matrix-valued function z M (2), z € Ky, with entries
(ﬁ(z))r', = | det A|_1/2dz(w$(r))(l)zl, o ,w,(,’:('))(")zn),
I,r=0,...,|det A| — 1, where  is an arbitrary enumeration from
{0,1,...,|det A — 1}

onto
{meZ"|0§m,~5|d.~|—1,i=1,...,n}

and with d; = D(i,1i) as in Theorem 4.4.1, is invertible for almost all z € K.
Possible solutions to these problems are given in [37, 62] and [74].

To illustrate how to deal with Theorem 4.5.1 we consider an example of an MRA, which
we already mentioned in Section 3.2.1, namely an MRA for L?(IR) using Riesz systems.
It will turn out that in this example, Problem 2 is not hard to solve. Moreover, for this
example Conditions 2.1 and 2.2 will reduce to conditions, which are described thoroughly in
the literature [12, 23, 62).

Example 4.5.2 This example deals with an MRA for L?(IR) as introduced in Section 3.2.1.
However, here we take an MRA generator ¢ € L?(IR), such that

{T*¢ | ke Z}
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1 2 3
() x-axis

Figure 4.2: Two cardinal B-splines: a) order 2, b) order 4.

is a Riesz system. So, according to Definition 4.2.1 we take H = L?(R), U; = D and
Usz,1 = T Obviously, Condition (iii) in Definition 4.2.1 holds for A = 2. As MRA generator
we take ¢ = @, the cardinal B-spline of order m > 1, which is defined by

—_ J Xo,1), m=1,
Om = { P1 * b1, m > 2. (4.22)

In Figure 4.2, ¢2 and ¢4 have been depicted.

For cardinal B-splines we have the following properties
1. supp ¢m = [0, m],

2. Z ¢m(z - k) =1 VzeR,
keZ

3. dm(m/2 —z) = ¢pp(Mm/2 + ) VYeer
4. {T*¢m | k € Z} is a Riesz system,
5. ¢m € clos span {D,T*¢y, | k € Z} VaeN\{0}-

For a proof of these and other properties of cardinal B-splines we refer to [12, 88].
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For solving Problem 2, i.e., to scarch for a sequence ¢; whose Fourier transform satisfies
Conditions 2.1 and 2.2, we have to determine § and 7.

By pn we denote the generating sequence of ¢, . To give an expression for pm, we derive

$1% b1 = (Zm(k)v'r"¢1) x (me_l(t)vmm_l)

keEZ leZ

Y p1(k)pm-1(1) (DT*¢1 * DT*pm—1)

kJlcZ

1/V2 Y pi(R)pm—1()DT* (1 * $m—1)

kleZ

1/V2Y_(p1 % pn—1) () DT *$pn.

keZ

Pm

[

Recursively we get Pm(2) = 21/2-™($1(2))™. For ¢ we find in a straightforward way
p(z) = (1+271)/V2,

which yields

m
ﬁm(z) = 21/2—m(1 + z—l)m = 21/2-m Z (m) 2k
k=0 k

So, the generating sequence pm of @, is given by

_f[ 222 ™(7), k=0,...,m,
pm(k) = { 0, otherwise.

Using Property 3 of cardinal B-splines we derive
ron®) = [ bm(@)om(c—k)dz = [ bm(e)on(M + k- 2)da
R R

= (bm * Om)(m + k) = dom(m + k).
Its Fourier transform is given by

m 1-m
ton(®) = 3 bamlm+ R = s a1 (2)

k=-—m

with E2,,,—1 the Euler-Frobenius polynomial of order 2m — 1, see [12]. We observe that
6. (1) = 1, which follows from Property 2 of cardinal B-splines. Besides, as a property of
Euler-Frobenius polynomials we have E2m_1(2) # 0, 2 € T, for all m € IN\{0}. These
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two considerations yield that 75, satisfies (4.11). So, indeed {7T*dm | kK € Z} is a Riesz
system for all m € IN\{0}.

According to Problem 2, we have to search for a g, € {2(Z), such that

® Ty, (z)ém(z)ﬁm(z) + T4, (—z)ém(—z)ﬁm(—z) =0 ae. z€T,

o M (2) = ( P m(2) .q'"(z) is invertible for almost all z € T.
Pm(=2) Gm(—2)

It can be verified that the first condition holds for
Gm(2) = 2174 (=2)pm(-2),
k € Z. With this choice for §p,, we compute
|det(M(2)| = [pm(2)dm(—2) = rm(=2)dm(2)]

(Tom (DB () + T4, (—2)|Pm(—2)1?)
Pom (2) [P (2)} + o (—2)|Pm(~2)|* ae. z€T.

f

We already observed that

ess inf 74, (2) > m,,
zeT

for a certain positive constant m,. Furthermore, we derive

[ﬁm(z)F + Il‘jm(_z)l2 = 2(1 + (—l)l)pm(k)pm(k - l)z_’
k,l

= 2) pu(k)(R¥pm) (k)22

k.
= 2f(),
with T as in (4.16). So,
()P + pm(2) 2 > my ae. z€ T,
for a certain positive constant my. Together these results yield
| det(M(2))| > m,m, > 0.

Concluding, ¢m and its corresponding wavelet function ¥, can be obtained from the coeffi-
cients of the polynomial

( 22)1 m

an(z \/—(2 1)' (1 + z)m E2m—1(_z)'



Chapter 5

The FRFT and Affine
Transformations in the Wigner
Plane

This chapter provides a classification of all unitary operators that act as affine transformations
in the multi-dimensional Wigner plane. Moreover, a representation formula is given that en-
closes all these operators.

The problem of finding these operators is inspired by studying the fractional Fourier trans-
form. This operator, which is introduced in the first section of this chapter, turns out to be
acting as a rotation in the Wigner plane. Using a group theoretical approach we arrive at a
classification of all linear transformations in the Wigner plane that correspond to unitary op-
erators. This classification is used to come to a representation formula for the corresponding
operators on L2(IR™). This is done in the second section of this chapter.

This chapter is mainly based on [63].

5.1 The Fractional Fourier Transform

The fractional Fourier transform (FRFT) was introduced by Namias in [68] as a Fourier trans-
form of fractional order. This was done starting from fractional powers of the eigenvalues of
the Fourier transform and their corresponding eigenvalues. With this formalism he derived in
a heuristic manner an integral representation of this operator. In [53, 61], McBride and Kerr
provided a rigorous mathematical framework in which the formal work of Namias could be
situated. We discuss this mathematical framework and Namias formal work in the first part
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of this section.

Recently, the FRFT turned out to be an interesting transformation for time-frequency signal
processing and optical engineering. The growing interest for the FRFT is the consequence of
a series of papers that deal with the relation of the FRFT to time-frequency representations
of a signal, like the Wigner distribution, see e.g. [4, 67, 77, 78]. This relation is discussed in
the second part of this section.

5.1.1 Definition and Properties
We start with the definition of the FRFT for functions in L2(IR).

Definition 5.1.1 Take f € L?>(R). Its fractional Fourier transform of order a € (-m,7) is
given by

CI'OI' ' /f(u) ei((u’+zz)~(cot a)/2 — uz csca) d'u,, (5‘1)
sin
R

Falfl(x) = —2\/1r————
for0 < |a| < =, with

Cy = et (Fsgma—a/2), (5.2)
Furthermore, for a = 0 and o = 7 the FRFT is defined by

Folf)(z) = f(z) and Fx[fl(z) = f(~2).
For a g (m, ) the FRFT is defined by periodicity Fotax = Fo.
Particularly, we have from this definition
Frrz2=F and Frrjz = F" Yneaz,

with F the Fourier transform on L?(IR).

The factor C, in (5.2) is chosen to guarantee that F, is continuous in a and that F, is
properly normalized. Indeed, it can be shown that

lim ||Fsf — Fafll2 =0, (5.3)
f—a
for all f € L2(IR) and for this particular choice of Cy.

This result is obtained by combining two properties of the FRFT. The first property of the
FRFT is known as the index law, i.e.,

FaFof = Farpf, G4
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forall o, € R and f € L>(R). A rigorous proof of this property for functions in the
Schwartz space S(IR) is given in [61]. Consequently, this result can be extended to functions
in L2(IRR) since S(RR) is dense in L?(R).

The second property we need for proving the continuity of F, is the continuity of the FRFT
either in @ = 0 or @ = 7. In [53], it is proven that

lim || Faf - fll2 =0, 55)

for all f € L2(JR). Result (5.3) can now be obtained in a straightforward way by combining
(5.4) and (5.5). We observe, that (5.3) also holds for other choices of Ca, see e.g. {4].

Considering again (5.4) we have in particular
fa-r—a=z and f—afa=z-
It follows that the inverse of Fq is given by F_,, foralla € R.

Fort € IR, we introduce the unitary operator C; on L2(IR) by

Cilf)(z) = €= f (). (5.6)

Obviously, C; multiplies a given function f € L?(IR) with a quadratic chirp, i.c., a Fourier
mode with a quadratic argument. Using this chirp multiplication and the dilation operator D
as defined in (3.2), we can write Fo, a € (—m, ), also as

Faf = CaCcot aDsin aFCeota- .7

The fact that all operators in the right-hand side of (5.7) are unitary operators on L?(R) and
that |C| = 1 yields that F, is a unitary operator on L?(IR), for all @ € IR. Note, that Fo
and F are also unitary, which follows immediately from Definition 5.1.1. As a consequence
we also have Parseval’s formula for the FRFT

/ f(2)9(@) dz = / Fol (@) Falg) (@) de, (5.8)
R R

forall @ € R and f,g € L2(IR). Furthermore, as a result we have Plancherel’s formula for
the FRFT

JPEIRE [1Fn@ri s, (5.9)
R R

foralla € R and f € L*(R).




92 The FRFT and Affine Transformations in the Wigner Plane

From the preceding derivations and the definition of Fyp it follows that

Gy ={Fala€ R}
is a strongly continuous subgroup of unitary operators on L2(JR). A cyclic subgroup of order
4 is given by the integer powers of the Fourier transform

{F*|n=0,1,2,3}.

Consequently, the discrete cyclic group with generating element F is embedded in the con-
tinuous group G #.

A further relation with the classical Fourier transform on L?(JR) can be observed by consid-
ering the formal derivation of the FRFT by Namias in [68]. His starting point was to consider
the eigenvalues and eigenfunctions of the Fourier transform.

It is known, see e.g. [29], that the eigenfunctions of the Fourier transform are given by the
Hermite functions

h(z) = (2kty/m) ™ e =12 Hy(z), (5.10)
where Hy are the Hermite polynomials given by
k
Hi(x) = (—1)"@“"2 (dia:) e (5.11)

The Hermite functions form an orthonormal basis for L?(IR) and they satisfy
Fhy = e*™2hy.
The first idea for the construction of the FRFT was to define an operator F,, satisfying
Fahi = e*hy, (5.12)

fora € R. Fora = mn/2, withm € Z, we have Fpn/a = F™. Particularly, if
m mod4 = 0, then 7™ = I. For a formal representation of Fa, with 0 < a < m/2,
we follow Namias in [68)].

o0
We write f € L2(IR) as f = Y_ (f, hx)2hi. Consequently, we have

k=0
Falfl®) = Y (fihe)aFalbali@) = Y (f, a)2 e*hy(z)
k=0 k=0
- / f(w) (f: e"‘“h;‘(u)hk(z)) du
R k=0
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The latter expression can be rewritten using Mehler’s formula, see [64],

1 2zuz — 22 2
Z2kk|\/—Hk(")Hk(z) mexp( u lz_(; Tu )) (5.13)

We observe that the series converges in L? with respect to u, for all z and z, see {29]. Using
Mehler’s formula in the previous result yields

Falf ](-T)
2!2,‘11. —i(e + e i) (z? + u?)/2
= f(u)exp du
Vreia . \/e—m Zeia / gia _ g—ia
= 8";/4—-“!/2_ /f(u) ei((u’+z’)-(cot @)/2 — uzcsca) du.
vV aT Sin &
R

For a rigorous framework in which this formal work of Namias can be studied we refer to
[53, 61].

5.1.2 The FRFT and the Wigner Plane

For time-frequency analysis it is interesting to consider the relation of the FRFT with time-
frequency operators like the Wigner distribution. Therefore, we compute the Wigner distri-
bution of the FRFT. This will give us insight in how the FRFT acts in phase space.

For this computation we need the following lemma.

Lemma 5.1.2 Let Ty and M., b,w € IR, denote the shift operator and frequency modulation
on L*(IR) as given in (2.12) and (2.13) respectively. Furthermore, let o, a € R, the
fractional Fourier transform on L (IR) as given in Definition 5.1.1. Then

FoaTo = ¥ Cn20/AM 40 TrcosaFas (5.14)

FaMo = e—iw’(sin%)/tl Mo cosa TwsinaFa- (5.15)
Proof

For & = 0 both results are trivial, since Fo = Z. For a = 7 both results follow directly

from Definition 5.1.1. Furthermore, equation (5.15) follows from (5.14) by observing that
FM,, = ToF, with F the Fourier transform. Indeed, if (5.14) holds, this obscrvation yields

FaMy = FoaF'T,F = fu—x/?ﬁlfwjﬂ

= W Oin@am/A M, inia—n/2) Tocos(a—n/2) Fa-r/2Fns2

e_mz('in 20)/4 M, cosa TusinaFa,
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using the index law for the FRFT. Consequently, the proof is established by showing that
(5.14) holds for 0 < |a| < . We derive for f € L?(R),b€ Rand0< |a] < 7

Ca /f(u _ b) P ((u?+22)-(cot a)/2 — uz csc a) du
|
R

FaTs(fl(z) \/Tm

_L / f(u) ei ((u’+:’+b3+2ub)-(cot a)/2 — (u+b)z csca) du
J2r|sinal

R

Ca

V2m [sinq|

/ f('u) et ((v+(z~bcos a)?)(cot a)/2 — (u(z—bcos a)) csc a) du
R

ei(b’ -(cos a)/2—bz)(1~cos? a) csc a %

= ib*(sin2a)/4-bzsin a) Falfl(z — bcosa)

eib’(ain 2a)/4 M—b sin a 7;>cou a]:a [-f](z)

O

Using this lemma, we can compute the action of the FRFT in phase space by means of the
Wigner distribution. For this we write

WV[fl(z,w) % / f@ + /) Fz =12 dt
R

;1; / Ft+z)f(x —t)e 2 dt
R

(M—w —zfa Muﬂfwf)/"r-
Using Lemma 5.1.2 we compute

F_aM,T: = ei(w’—z’)-(sin 2a)/4 My cosa T-wsina Mzsina Tz cos aF —a
ei(w’—z’)‘(sin 2a)/4 e sin® Mz sin atwcos a Tz cos a—wsin aF-a-
Combining these two results yields
WV[Fa f](z,w)
Mo Tz Fof, MuTe FxFaf) [
(FeaM_uT 2 Fof, F_aMyTe FrFaf)/m

(M-z sina—wcos a 'r—a: cos a+w 8in afa Mzsin a+twcosa 7;:cos a—w sin 1::-7:1rf)/7r
WV[f](zcosa — wsina, zsin a + w cosa) = WV[f](Ra(z,w)), (5.16)
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where Ry (z,w) represents the matrix vector product with matrix

cosa —Ssina
Ra ( sina cosa ) ’ (5.17)

We conclude from this derivation that the FRFT of order a acts like a rotation by « in the
Wigner plane. In particular, we have a rotation by /2 in the Wigner plane for Fr/2. We
observe, that this result coincides with the action of the Fourier transform in the Wigner plane
as given in (2.32).

The action of the FRFT in the Wigner plane leads us in a natural way to the question which
operators on LZ(IR) act like a linear transformation in the Wigner plane. The sequel of this
chapter is devoted to this question. However, instead of operators on L?(IR) we consider
operators acting on L2(JR™). It will turn out that finding a solution for the multi-dimensional
problem does not follow straightforwardly from the solution for the one-dimensional case.

Since we want to give an answer to our problem for operators on L2(IR™), we introduce the
fractional Fourier transform on L?(IR™) by

Faryan = Far ** Fans (5.18)

for ay,...,a, € IR. Computing the multi-dimensional Wigner distribution of this FRFT
yields

WV [ Fa,.....an fl(@,w) = WV[fl(Ra,, .. 0. (T,w)), (5.19)

0 —sinm

cosay, 0
0 cos

0 sin ay, 0

This result follows in a straightforward way from (5.16).

5.2 Affine Transformations in the Wigner Plane

Inspired by the fractional Fourier transform and its action in the Wigner plane, we search for
linear operators V on L2(JR™) such that there exist a matrix A € IR"*™ and a vectorb € R"
for which

WYV f(z,w) = WV[f](A(z,w) +b), (5-21)
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holds for all f € L2(JR™). We observe, that De Bruijn already considered this problem in
[9] using a new class of generalized functions. Here we will follow an approach based on
group theory, see (86, 87, 100]. These results will be placed within the concept of the FRFT
in order to embed this transform in a larger class of unitary transformations. Also new results
will be added.

We restrict ourselves to matrices A for which det A = +1. For these matrices we have

//WV[f](A[z,w]+b)dwdz=//WV[f](:c,u)dwdx.

R" R" R R"

We shall refer to such affine transformations in the Wigner plane as energy preserving affine
transformations. For these transformations the corresponding operators V on L(IR™) satisfy

V£, Vf) / WV f](z,w) dw dz

R Rr
/ / WVY[f](A(z,w) + b) dwdz

R™ R™

/ / WVIfl(z,w) dwdz = (£, f),

R R

for f € L*(R™) N L*(R™) or f € L'(IR™) N L2(IR™) which follows from (2.41). We
observe that L' (JIR™) N L2(IR™) is a dense subspace of L2(IR™). Concluding, an operator
on L2(IR™) that yields an energy preserving affine transformation in the Wigner plane has to
be an isometry on L2(JR™). On the other hand, Equation (5.21) follows directly from apply-
ing (2.41) on both sides of the equation (Vf,Vf) = (f, f), for f € L'(IR™) n L*(IR™) or
f e L\(R™) N L2(R™).

Before dealing with a classification of all unitary operators that satisfy (5.21), we present
some well-known operators for which (5.21) holds.

Multiplication

We start our set of unitary operators on L2(JR"™) with a trivial one, namely multiplication
by a constant C with |C| = 1. Result (2.51) already showed that WV([f] = WV|C], for
all [C| = 1. Consequently, this multiplication operator satisfies (5.21) with A = I,,,, the
(2n x 2n) identity matrix, and b = 0.
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Complex conjugation

Besides linear operators there also exists a non-linear operator for which (5.21) holds, namely
the operator f — f. For the one-dimensional case we have already seen in (2.30) that

WV[?](.’!:,U) = WV[f](:B, —(d).

For f € L*(IR™) this result also holds. This follows from a straightforward generalization of
(2.30). We conclude, that taking the complex conjugate also satisfies (5.21) with

p— In 0 —_—
A—( 0 —I,.) and b=0.

We observe that we have det A = (—1)" for the complex conjugation. Later in this section it
will turn out that a necessary condition on a linear operator V, such that (5.21) holds, is given
bydet A=1.

Space and frequency shift

Fot Zg, wp € R™ we introduce the shift operator and the frequency shift operator on L*(R™)
by
Toolf)(2) = f(z — 70) and My, [f](z) = &> f(z)

respectively, with f € L2(JR™). Remark, that these operators coincide with the shift and
frequency shift operators (2.12) and (2.13) in the one-dimensional case.
We combine the introduced unitary operators Tz, and M,, into one unitary operator on
L2(IR"™), given by
Nezowo) [fI@) = Tz Muo|f](z) = €402 f(z — z0). (5:22)
Computing the Wigner transform of this operator yields
WV[Mzo,wo)f](z’w) = WV[f](a: — Zo,w — "-’0)1

which is a result we have seen before in discussing the one-dimensional Wigner distribution.
From this result we conclude, that (5.21) holds for N{z, .,), namely by taking A = 0 and
b= (1010"0)'

We observe that all possible translations b € R"™ in (5.21) can be obtained from Ns. This
means, that if we are looking for a unitary operator V on L?(IR™) such that (5.21) holds, then
we only have to find a linear operator on L?(IR"™) such that

WV[USf)(z,w) = WV[f](A(z,w)), (5.23)

for all f € IR™. The operator V we are looking for is then given by V = NolU. Therefore, we
will restrict ourselves from now on to operators I{ that satisfy (5.23) with det A = *1.
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The Fourier transform

In Section 2.3 we already derived for the Fourier transform F on L2(IR)
WVY[F fl(z,w) = WV[f)(—w, z). (5.24)

For f € L*(R™) and the n-dimensional Fourier transform F this relation remains the
same, which follows straightforwardly from a generalization of Relation (2.31) for the multi-
dimensional Wigner distribution. Consequently, the Fourier transform on L2(IR™) satisfies
(5.23) with A = JT. Here J,, denotes the (2n x 2n) matrix given by

0o I,
J,.=( L 0 ) (5.25)

In the sequel of this section this matrix will play an important role in classifying all unitary
operators U that satisfy (5.23).

The dilation operator
For B € IR™*™, with det B # 0, the dilation operator D on L2(IR™) is defined by

Dplfl(z) = \/mf( B~'z),

with inverse
Dg'(f)(z) = v/| det B|f(Bz).

We use the definition of the Wigner distribution to derive the action of Dp in the Wigner
plane. We compute

WV[Dsf(z,w)
m / FB =+ 71/2)f(B~1(z — 7/2))e (") dr

2W)n / f(B 'z + r/2)[(B 15 = 7/D)e~ "B g7

= W[ f](B z, BTw). (5.27)

Concluding, also Dp corresponds to a linear transformation in the Wigner plane. For D

Relation (5.23) holds with
B! 0
A= ( 0 BT ) )
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Multiplication with a chirp

The last example of a unitary operator that satisfies (5.23) is the operator that multiplies a
function in L2(JR™) with a quadratic chirp. This operator is given by

Cslf)(z) = €522 f (), (5.28)

with § € R"*™ symmetric. Remark, that we have seen this operator already for the one-
dimensional case in (5.6), which coincides with (5.28) for n = 1. Obviously its inverse is
given by

C5'[fl(z) = e f(2).

We use (2.52) to derive the action of Cs in the Wigner plane

WV[Csf(z,w) = (2m)"2" / / (C3s(p,a,0)C5) f, ze= P04 dp .

R" R
In a direct way we get
(Ciu(p, g,0)Cs)[fl(z) = e~ 1(52:2)/2i(p2) gi(P.0)/26i(S(2+0),2+0)/2 f (5 4 )
i (Pt50:2) gilp+S(0.0)/2 £ (5 4 q)
= p(p+ Sq,4,0){f](2),

which yields

WV(Csf](z,w) (2m)~2" / / (u(p + Sq,4,0)f, f)ze *Pe~*4+) dpdg

R B~
= @)™ [ [ o007, e 0= dpdg
R R"
= WV[f](4(z,w)), (5:29)
with A = ( f’:s, IO ) . Consequently, also Cg satisfies (5.23) with A as given before.

5.2.1 A Group Theoretical Approach

In the last example of the previous subsection we have already seen that the relation between
a unitary operator on L2(JR™) and its affine action in the Wigner plane can be given by using
(2.52). This relation can also be used to translate our problem in terms of group theory. This
can be done in the following way.
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Given a unitary operator V on L2(JR™), we define a unitary representation p of the Heisenberg
group H, by p(g) = V*u(g)V, for allg € Hy, and p the Schrodinger representation. Then
by (2.52) we have for such p and V

WYV fl(z,w) = (2m)" / / (V" 1(D,2,0)V) £, )2~ P =) dp dg.
R~ R~

@n)y > [ [ 60,0,0)1, £12e~ 00 dpay

R™ R

Consequently, if there exists a linear transformation A such that u(g,0) = p(4Tg,0) for all
g € H,, with
H, = {g € ™" |Vier(9,t) € Ha},

then
WYV fl(z,w) = (2m)~" / / (AT (p,9),0)f, f)2e~P*)e=i9) dp dg.
R™ R
= |det A|- WV[f](A(z,w)), (5.30)

using the notation A~T = (4~1)T,

This derivation shows that the problem we are considering is equivalent to problem of finding
operators V € U(L?(IR™)) for which there exist matrices A € IR™*™ such that

V*u(g,t)V = u(A Tg,1), (5.31)
forallg € H, andt € R.

Besides the Lie groups that have been discussed in Example 2.4.2 we will use another Lie
group for solving this problem, namely the symplectic group Sp(n). This group is defined
by

Sp(n) = {M € GL(2n) | J,MTJT = M~1}, (5.32)

with Jy, as given in (5.25). Note that by definition MT € Sp(n) and det M = %1 for any
M € Sp(n). Moreover, it can be shown that Sp(n) is connected, see [29]. This yields
thatdet M = 1 if M € Sp(n). Furthermore, we observe, that Sp(n) C SL(2n), but
Sp(1) = SL(2). It will turn out later in this section, that this property of the sympiectic
group causes the fact that solutions for the multi-dimensional problem do not follow straight-
forwardly from the solution for the one-dimensional case.

To solve our problem we start with the introduction of G, the subgroup of U (L?(R™)) given
by
G= {V € U(Lz(R“)) lVgER“VtERBg’ER’“ : v*;u(ga t)v = I"(g’st)}‘ (5.33)
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Obviously, G is a semi-group. Later we will show that every g € G has an inverse element
in G, which yields that G is a group. This group can be equipped with the strong operator
topology of U(L2(JR™)). Furthermore, it is clear from (2.45) that ¢’ in (5.33) is uniquely
determined. So a mapping (V) : R?™ — IR?" can be defined, which dependson V € G.
This v(V) is given by v(V)(p,q) = (¢/,¢’), with p,p’,g and ¢’ as in (5.33). Also¥(V) is a
homomorphism for all V € G. This is shown in the following way.

Fora,f € R and p1,p2,¢1,92 € R™ we have
V'p(apl yq1, 0) l‘(ﬂma ﬂ92, O)V

= V'u(ap, + Bp2,aq1 + Be2, (aq1, Bp2)/2 — (ap1, Baz)/2)V

= I‘(V(v)(apl + ,szi aq + ﬂ@)s (aJn(pls Q1)7ﬂ(P2,Q2))/2)

On the other hand we also have

V* u(ap1, aq1,0) p(Bp2, Bg2,0)V
= plav(V)(p1,q),0) p(Bv(V)(p2,92),0)
= plav(V)(p1, @) + Bv(V)(p2, 2), (41, 72)/2 — (21,92)/2),
with (z1,11) = av(V)(p1,q1) and (z2,y2) = Bv(V)(p2, g2). Taking these results together
yields
u(v(V)(ap: + Bpz; agi + Be2), (@ (p1, 1), B(p2; 22))/2)
= plav(V)(pr, @) + Bv(V)(p2, ¢2), (41, 22)/2 — (21, 92)/2)- (5.34)

A necessary condition such that (5.34) holds for all a, 3,p1,p2,491 and g2 is given by the
linearity of »(V) for all V € G. Consequently, »(V) : R?® — R?" is a homomorphism, that
satisfies

V*'u(p, q,t)V = u(v(V)(p, 9), 1) (5.35)

Using this relation we can show, that #(V) is also injective. To do this, we assume ¥(V)g = 0,
or equivalently p(g,t)V = pu(0,t). Then

u(g,t) = Vu(0,t)V* = pu(0,1),

which yields g = 0.

Furthermore, v satisfies
u(v(CV)(pq),t) = (CV*)u(p,q,t)(CV) = u(v(V)(p,9),t)
and

I‘(V(vl V2)(p, Q)a t) = v2‘ (v;”(p’ q, t)vl)v2 = V;ﬂ(V(V1)(p, Q)) t)Vz
M(V(Vz)l/(vl)(p, Q), t)r



102 The FRFT and Affine Transformations in the Wigner Plane

for all Vi, V; € U(L*(IR™)) and |C| = 1. In the following lemma we deal with some other
properties of the mapping v.

Lemma 5.2.1 Let G be the subgroup of U(L*(R™)) as defined in (5.33) and let v be the
mapping as defined in (5.35). Then v is a continuous mapping from G onto Sp(n) in the
subspace topology of G C U(L*(R™)). The kernel of v is given by Ker v = {CT||C| = 1}.

Proof

Since p' and ¢’ are uniquely determined in (5.33) it follows that ¥(V) is a non-singular map-
ping on 3", or equivalently (V) € GL(2n) for all V € G. To show that v(V) € Sp(n),
we take T = v(V) and p1,p2,q1,¢2 € R™. Thenby (5.34) we getfora=1andB =1

”’(T(pl +p2,q1 + q2)’ (Jn(p11q1)a (p2) Q2))/2)
p(T(p1 + p2,q1 + g2), (Ju(z1, 1), (22,¥2))/2)
= p(T(p1+p2, ¢ + @), TT1.T (01, q1), (P2,92))/2).

This result must hold for all p1,p2,q1, g2 € IR™. This implies that TTJ,.TJ,T = I, which is
equivalent with the condition in (5.32).

To compute the kernel of » we take V such that »(V) = I. This yields VuV* = p. Since p
is irreducible, we get from this equation V = CI, with |C] = 1.

To complete this proof we show the continuity of the mapping. Let V1,V2 € G and W =
Va2 — V1. Thenforallip,q € R"

u((v(V2) — v(W1))(p,9), 1) p(r(V2)(p,q),0) u(v(Vi)(—p, —q),0)
V: u(p,q,0)(W + Vi )V} u(—p, —q,0)Vy

= I-V;W+V;iu(p,q,00WV;u(-p,—q,0)V,
witht = —(v(V1)T Jov(V2)(p, 9), (P, g)). Consequently,
Ve>ods>0Vpeemr ¢ [Va—Vill2 <6 = [lu((v(V2) —v(W1))(p, ), t) — 4(0,0,0)||2 < e.

It can be shown, see e.g. [100], that ||u(p,q,t) — 1(0,0,0)|l2 — O implies (p,q,t) —
(0,0,0). Since the latter result must hold for all p,g € R"™, we get ||Jv(Va) — v(W)]lz = 0.
This condition is not only necessary to obtain ||u(z,y,t) — u(0,0,0)|]2 — 0. It is also suf-
ﬁz:ier;t, since t = —(V(vl)TJnV(vl)(p,q), (pa Q)) = —'(Jﬂ(pr)) (P, q)) =0,if V(V2) -+
v(Vr). O

For solving our original problem, namely to find unitary operators on L2(IR") that act like
affine transformations in the Wigner plane, we combine (5.30), (5.31) and Lemma 5.2.1. This
results into the following theorem.
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Theorem 5.2.2 Let V be a unitary operator on L2(IR™) and A a linear transformation on
R?™. Then

WY[Vfl(z,w) = WV[f](A(z,w)). (5.36)
if and only if
(i) V € G, with G as defined in (5.33),
(ii) A € Sp(n),
(iii) A=v(V)~T, withv the continuous mapping from G onto Sp(n) as defined in (5.35).

Theorem 5.2.2 tells us under which conditions unitary operators on L2(JR™) act like affine
transformations in the Wigner plane, namely if they belong to G. However, Theorem 5.2.2
does not tell us explicitly which unitary operators satisfy (5.36), e.g. by means of a represen-
tation formula for such operators. In the following examples we revisit three operators, that
have been considered in the beginning of this section. We show that these three operators are
elements of G and we compute ¥(V). These three operators will give us some insight in the
type of operators, that G consists of. In Section 5.3 we will present a representation formula
that gives us an explicit formula for all operators in G.

Example 5.2.3 The first unitary operator we consider is the Fourier transform on L?(IR™).
We derive

FupaPNE = [ fw+gelearrcnnan g,
Rﬂ.

— /f(w)ei((.P:U)"‘(z,w)—(p,q)/z_(q’z)_'_t)d"‘)
R"
= el{(=a2)+(-a.p)/2+1) / f(w)ei(""*'?"”) do
R»

= p(-¢,p8)[f](z),
for all f € L2(IR™). Consequently, F € G and

WF) = JT. (5:37)

According to Theorem 5.2.2 the symplectic transformation in the Wigner plane corresponding
to the Fourier transform is given by

A=v(F) T =T =JL,

which corresponds with (5.24).
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Example 5.2.4 The second unitary operator we consider is the dilation operator Dp on
L?(R"), with B € R™*™ and det B # 0. We derive

(Dpu(p,g, ODB)fI(z) = e@BAKHEA/f(z 4 B-1g)
(BT p.2) pi(t+(BTp,Bq)/2) f(z+ B lq)

= p(BTp,B7'q,1)[f](=).
this shows that also Dp € G for B € GL(n). Moreover, we have

T
v(Dg) = ( B ) (5.38)

Now, Theorem 5.2.2 states that the action of the dilation operator in the Wigner plane is given

by
BT o \T_/B! o
- ~T _ —
A = v(Dg) "( 0 B—l) —( o BT |
We observe that this result corresponds to the linear transformation that we derived in (5.27).

Example 5.2.5 The last unitary operator we consider here is the operator Cs with S € R"»*"
symmetric, as defined in (5.28). We have already seen

(Csu(p,a,t)Cs)[f1(z) = ulp+Sq,q9,t)(f)(2),

fort = 0. A straightforward computation shows that this result also holds for ¢ # 0. This
result yields that Cs € G for S € IR™*™ symmetric. Furthermore, we have

v(Cs) = ( I ) (5.39)

Theorem 5.2.2 can also be applied to this operator. This yields

wemarr= (3 3)7 (4 0),

which is the same result we derived in (5.29).

We observe that the fractional Fourier transform on L2(JR"™) is a combination of the three
unitary operators discussed in the previous examples. We have for 0 < |a;| < 7,1 =
1,...,n,

Farywan = Cay **+ Ca, C5(a)DB(a) FCs(a)s (5.40)

S(a) = diag(cot ay,...,cota,) and B(a) = diag(sinay,...,sinay,).
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Starting from (5.40) a limit process determines the FRFT with a; = 0 or a; = m, for some ,
forsomei=1,...,N.

The following theorem classifies all possible elements of Sp(n). A proof of this result can be
found in [29, 99].

Theorem 5.2.6 (Bruhat Decomposition) Let G be the group as defined in (5.33) and let v
be the anti-homomorphism from G onto Sp(n) as defined in (5.35). Then v is surjective.
Moreover, let Jn, v(DB) and v(Cs) be the real valued (n x n) matrices as given in (5.25),
(5.38) and (5.39) and let

G, = {v(Cs) | S € R™", ST = S}

and
Gz = {v(Dg)| B€ R"*",det B # 0},

then Sp(n) is generated by G1 U G2 U {Jn}.

This result is a corollary of the generalized Bruhat decomposition with respect to a suitable
maximal parabolic subgroup [102].

The next corollary combines Theorem 5.2.2 and Theorem 5.2.6. It characterizes all unitary
operators on L?(JR™) that correspond to linear transformations in the Wigner plane.

Corollary 5.2.7 Let f,g € L*(IR"). Then
WV[gl(z,w) = WV[f)(T(z,w)),
for some T € Sp(n) if and only if
g=ClU---Unf,

with |C| = 1 andU; = Cs,U; = Dp orlU; = F, with S € R™" symmetric and B € R"*"
non-singular, fori = 1,...,N,and N € IN.

We omit the proof of this corollary since it follows immediately from Theorem 5.2.2 and
Theorem 5.2.6 by observing that »(F)~T = v(F), v(Dp)~T = v(Dp-r) and v(Cs)™T =
J,T:V(Cs).fn = v(FCsF*).

The classification presented in Corollary 5.2.7 also holds for the mixed Wigner distribution.
For a unitary operator V on L2(IR™) that corresponds to a linear transformation A in the
Wigner plane we also have

WYV, Vgl(z,w) = WV[f, g}(A(z,w)), (5.41)
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with A € Sp(n). This relation holds by polarization, i.c.,
WYV, Vg|(z,w)
WYV S](z,w) + WVVg|(z, w) = WVV(S + 9)|(z,w)) /2
WVISf](A(z, w)) + WV[gl(A(z,w)) ~ WV[f + g](A(z,w))) /2
= WV[f,gl(A(z,w)),
for real-valued f,g € L?(IR™). For complex-valued functions we have to deal with the real

and complex part separately.

In Section 5.3 this relation is used to come to a representation formula for the unitary opera-
tors as discussed in Corollary 5.2.7.

5.2.2 The FRFT Generalized

As we have seen in (5.40) the fractional Fourier transform on L2(JR™) can be decomposed
into four unitary operators, namely a chirp multiplication, the Fourier transform, a dilation
and again a chirp multiplication. Both the chirp multiplications and the dilation depend on
a set of parameters ay, . . ., (ty,, that determine the FRFT. Therefore, a natural generalization
of the FRFT is given by

Fr.a =CCrDAFCr, (5.42)

forsome |C] = 1,T', A € IR™ ", both symmetric and with A non-singular. We observe, that
A is not required to be symmetric in (5.26). Here we require the symmetry of A to obtain a
symmetrical representation formula for the generalized FRFT.

We observe, that (5.42) generalizes the multi-dimensional FRFT, which was introduced in
Section 5.1.2. Indeed, by taking

I’ = diag(cot y,...,cota,) and A = diag(sinay,...,sina,) (5.43)

the generalized FRFT with the definition of the multi-dimensional FRFT.

As a consequence of Corollary 5.2.7, we have for all operators Fr a
WV[Tr,af)(z,w) = WV[f](A(z,w)),
for some A € Sp(n). Using (5.37), (5.38) and (5.39) we compute straightforwardly

AT -A
—TAT+A-! TA ) (544)

Taking I and A as in (5.43) we arrive at the matrix A as given in (5.20).

A= V(C[‘DA}-CP)_T = (




Affine Transformations in the Wigner Plane 107

A special property of the FRFT is that for its corresponding transformation in the Wigner
plane we have A € Sp(n) N SO(2n), the orthonormal symplectic group . One may ask
whether the generalized FRFT is also related to an orthogonal transformation in the Wigner
plane. The answer to this question is given in the following lemma.

Lemma 5.2.8 Let Fr a be the generalized FRFT as defined in (5.42), for certain symmetric
real valued (n x n) matricesT and A. Then A as given by (5.44) is orthogonal if and only if

() A2-T?=1,
(ii) TA™Y is symmetric.

Proof
We compute

ata= (% )
with
X = TAI'-TAT2AT+ A2~ A-TAT -TATA™Y,
Y = A7ITA-TA?-TAT?A,
Z = A+AI’A.
For orthonormal A we should have X = Z = I andY = 0. The condition Z = I yields

A~1ZA~! = A%, which equals (i). Obviously, Condition (i) is also sufficient to guarantee
Z = I. Substituting (i) into the matrix Y yields

Y =0 ¢ TA'=A"T < rA~!' =(@rahHT.

After substituting Condition (i) and (ii) in the matrix X we get X = I. So for the equation
X = I no further conditions are required. O

We observe that Conditions (i) and (ii) in Lemma 5.2.8 are equivalent with
(A4 (A1 -T) =1

It follows from this relation, that we have n2 /2 +n degrees of freedom for choosing symmet-
ric matrices I" and A, such that the matrix A corresponding to Fr a is orthogonal. Therefore,
for higher dimensional function spaces we may expect more variety in the class of operators
Fr,a that yield orthogonal symplectic transformations in the Wigner plane. For the one-
dimensional case the one-parameter family of the FRFT turns out to be the only transforma-
tion up to a constant, that is in the class of generalized FRFT and that acts like an orthogonal
transform in the Wigner plane.
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Lemma 5.2.9 Let Fr a be the unitary operator on L?(RR) as given in (5.42), withT', A € R.
Then A = v(Fr,a)~T is orthonormal if and only if Fr .o = C Fa, for somea € R and C
with |[C| = 1.

Proof
In the case that I" and A are scalars, the conditions in Lemma 5.2.8 reduce to

A2=1+T12

This equation can be parameterized by taking I’ = cota and A = sina, for some @ € R.
Substituting this parameterization into (5.42) leaves the FRFT F, up to a constant of absolute
value 1, which does not affect A. a

As we expected from the considerations before Lemma 5.2.9,.this lemma cannot be extended
in a canonical way to higher dimensions. This is shown by the following example for n = 2.
Moreover, by extending the example to higher dimensions in a natural way it follows that the
preceding lemma can only hold for Fr,a € U(L?(IR)).

Example 5.2.10 We consider Fr,a on L*(IR?), with

r— r? cos?a +r? sina  (r, —ra) cosasina nd
(ri —r2) cosasina r? sin’a +r2 cos? a

A= P cos?a+ pdsinfa (p — p3) cosasine \
~ \ (p1—p2) cosasina  p? sin?a + p cos?a ’
witha € Randp? =1 +r2, i = 1,2. Then
2 _ .2
-2 _pr2_( PA—Ti 0 —
and

CA-! = 207 cos?a+r3pd sina  (ripy — raps) cosasina \ _ (TA-Y)T
(rip1 — r2p2) cosasina  rip? sin’ o +rip: cos’a '

Consequently, the matrices I' and A satisfy the conditions in Lemma 5.2.8. The orthogonal
symplectic transformation in the Wigner plane, that corresponds to Fr,a is now given by
A =U(a)TMU(a), with

-ri/m 0 -1/;m 0
M= 0 —r2/p2 0 -1/p2
1/p 0 -ri/;m 0

0 1/p2 0 —r2/p2
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and
cosa sina cosa Sina

—sina cosa —sina cosa
cosa sina cosa sina
—sina cosa —sina cosa

Ula) =

Resuming, we have extended the FRFT to a unitary transformation on L?(IR™) given by
Fr,a, where I', A € R™**", both symmetric and A non-singular. So the set of all general-
izations of the FRFT on LZ(IR™) of this kind are given by the set

Va = {Fr,a|T,A € R™™" symmetric, det A # 0}.

Furthermore, a subset of V;, is defined consisting of all 1 .o € V, that act like orthogonal
transformations in the Wigner plane. This subset is given by

W= {Fra€Va|A™2-T?=1,TA = (TA)T}.

For the FRFT we have Fq,,....a. € Wn C V. Moreover, for the one-dimensional case we
have

W, ={CF.|c€R,|C =1}

and
Wo\{Fa,...an | C1,-- -, 00 € R, |u| =1} #0,

forn > 2.

5.3 A Representation Formula

In this section we present a representation formula for all unitary operators V on L*(R") for
which there exists a transformation A on JR2" such that

WVV £, Vgl(z,w) = WVIf, gl(A(z, w))- (5.45)

We observe, that for the particular choice f = g, (5.45) coincides with (5.23). We have al-
ready shown that (5.45) can only be realized for symplectic transformations A. Therefore,
we start with some properties of symplectic matrices.

Given a matrix A € Sp(n), then we can represent A by its 2 x 2 block decomposition

_{ An An
o (). 540
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Since A is symplectic, it has to satisfy (5.32). This yields for the block decomposition

AL -AD
A _(_ At a4t ) (5.47)

or equivalently
Ag; Au - Aﬁ A21 = (548)
Al Ay — AT A = (5.49)
Ap A - Al Ayn = 0. (5.50)
Using these relation we prove the following less known properties of symplectic matrices.

Lemma 5.3.1 Let A € Sp(n) be given by its 2 x 2 block decomposition (5.46). Then the
following relations hold

(i) (A32))* (Ran(AL})) = Ran(A12),
(ii) dim Azz(KCl‘(Alz)) = dim Ker(Am),
(iii) Ag2(Ker(A12)) = (Ran(4;2))t,

with Ker(B) and Ran(B) denoting respectively the null space and range of a linear trans-
formation B and with B (W) denoting the inverse image of a subspace W under the linear
transformation B.

Proof
Letv € (AL)" (Ran(AT,)). Then there exists an u € IR™ such that ALv+ ALu =0

Hence,
ar(v) - AT, A] u) _ [ Allu+Afv
v )~ \ AL, AL v ) 0 ’

Since A is symplectic, we can apply (5.47). This yields

u '\ _ Az -Axn Afiv+ A u
v - —Alz Au 0 )

Consequently,v = —A;2 (A], v+ A7 u) € Ran(A12). On the other hand, if v € Ran(A4;3),
then there exists a w € JR™ such that v = A;2 w. Using (5.50) we derive

AL v= AL Ajsw= AT, Az, w € Ran(4T),

which proves Property (i).

In order to prove (ii), it is sufficient to show that, if Aza u = 0, for u € Ker(4;3), thenu = 0.
Using (5.48), this follows from

u=I,u= Al Apau— AT, Ajpu=0.
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In [63] we have shown that, given a linear transformation B in JR™ and a linear subspace V
in IR™, we have

dim(BT (V1)) = dimV+ = BT(V1) = (B (V))L.
Now, replacing B by AL, and V by Ran (AL,) yields
(Az2(Ker(A12)))* = (A%;)* (Ran(A4];)) = Ran(412),
which proves Property (iii). a

For deriving a representation formula we also need the following result.

Lemma 5.3.2 Let W be a subspace of R"™ and let B be a linear transformation on R™, such
that dim(B(W)) = dim(W) = d. Then

1
/ fBo)de = s / f(@)dz, Vyesumn), (5.51)
w B(W)

with qw(B) the d-dimensional volume of the simplex generated by Be,...,Beq4, with
€1, -..¢eq an orthonormal basis in W.

The proof of this lemma is omitted, since it is straightforward. We observe, that qw (B)
is positive. Furthermore, if W is the null space and B is non-singular, then by setting
qw (B) = 1 the definition of gw (B) is extended in a consistent way.

The last lemma we need to derive our representation formula is as follows.

Lemma 5.3.3 Let f € S(R™) and A € Sp(n) with block decomposition (5.46). Further-
more, let dim Ran(A12) = d > 0. Then,

. T n—d

/ f(u) e A Y gy dy = NCL) / f(v)dv. (5.52)
OKer(Arz) (A22)

Ker(A,3) B" Ran(A1a)

Proof
Since dim A22(Ker(A12)) = dim Ker(A;12) = n — d, cf. Property (ii) of Lemma 5.3.1, we
may apply Lemma 5.3.2. This yields

(R/ F(u) & 0AR W du) dv = (2m)"2 / F(Azav)dv =

Ker(A13) Ker(A13)

dKer(A12) (A22) f(v)dv. (5.53)

A”(Ker(Au))
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for all f € S(JR™) and linear subspaces W of JR™. By taking W = Apz(Ker(A;2)) this
result becomes

f(v)dv = (2m)"/?-d / f(v) dv.
Az2(Ker(A12)) Azz(Ker(A12))+
Since Ag2(Ker(A12))* = Ran(A;2), we have, cf. Property (iii) of Lemma 5.3.1,
flw)dv=(2m)*/?4 / f(v)dv.
Aaa(Ker(A12)) Ran(Ai3)
In combination with (5.53) the latter result establishes the proof. O
The starting point for the derivation of our representation formula is the characteristic func-

tion of the Wigner distribution (2.35). For the n-dimensional mixed Wigner distribution, we
can also define a characteristic function by

MIf,010,0) = @r) " [ S+ 1/2) gCa— 17D du,
e

or equivalently
MIf,010,0) = 0~ [ flu+) e /2 du
R

with f,g € L2(IR™). By the inverse Fourier transform we have

f(z);]_(y_) = (27!')‘”/2 / M[f, g](g‘z _ y)eﬂ-i(o,z“f-ll)/Z do.
R»

For the n-dimensional mixed Wigner distribution we have
WV[fl(z,w) = (2r)~3"/2 / / M[£](8, t)e~O=)e=i(tw) dg gt (5.56)
R" R~

Now, let V be a unitary operator satisfying (5.45). It follows from (5.56) together with (5.45)
that

M[V{,Vg] = M[f,g]o (A™)". (5.57)
Combining (5.57) with (5.47) and (5.55) we arrive at

VA=) Viely) = (2m)~™2 / M(£,9)((A7)7 (6,2 — y))e~*C=+1)/2 dp
R»
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Combining (5.57) with (5.47) and (5.55) we arrive at

VIAI(2) Vigly) = (2m)? / MI[f, gJ(A~1)T(8, 7 — y))e—"®=+1)/2 4g
R'I

2m™ flu—A1260/2+ Ay (z—y)/2) x
1l

g(u + A12 0/2 - /111(:z - y)/2) EO(u"oa T, y) dUdg, a.€..
for all f and g in L?(IR™), with

EO(u’oaz’y) = exp(" (A220 - A21(z - y)ru) -1 (0,1? +y)/2)

This last relation only holds formally for general f,g € L?(IR™), but it holds rigorously for
f,g € S(IR™). Therefore, we assume f,g € S(IR") from now on. After this derivation, we
will show that the representation formula also hold for f € L?(R™).

By taking v = u — A1 (z + y)/2 in the previous result, we have

VIAl(z) Vigl(y) =

(21[)_ﬂ / /f(’U—A120/2+A11$)Q(U+A120/2+ Auy) X
R™ R
exp(i Ey (‘U, 97 z, y)) dv da,

with By (v,0,z,y) = (A220 — A2 (z — y),v + An (z +y)/2) — (0, + y)/2. Using
Relations (5.48) - (5.50), we can write E; as

Ei(v,0,z,y) = (A260— Asn(z-1y),v)+ (4126,421(z+¥))/2—
(An z, A z)/2+ (A1 y, A y)/2.

Hence, V[f](z) V[gl(y) can be rewritten as
VIf)(z) Vigl(y) = e~*An 2An2)/2 g (AnvAu /2 4[5, g)(z,y), (5.58)

with

Hif,9)(z,y) = (27)7" / / flv—A120/2+ A7) g(v + 4120/2+ A y)
R" Rn
x ¢t (A12 8,421 (2+1))/2 gi (Azz 6— A2 (z—),) gy, dg.

Our aim is now to write H in a possible degenerate form. If this is established, then the
representation formula for Vf can be read off from this form. To come to such a form we
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We are now in the position to apply Lemma 5.3.3 with respect to the function

v f(v — A 01/2 + Any 17) g(v + A;26, /2 + A y) et (A22 81— Az (z—y),v)_
By applying this lemma, we arrive at
H(f, 9l(=,y) =

2r)—d
_(_7!')— / / f(U—A1201/2+A11.’D) X
QKer(A1z)(A22)

Ran(AJ;) Ran(A4:2)

gv+A126,/2+ Any) x
ei((41201,42: (z+9))/2+ (Az3 01— Az (z—p)v)) g, dé,,

with d =dim Ran(A;2). Since v € Ran(A;2), we may substitute v = A3 w with w €
Ran(ADL;), since A;3 restricted to Ran(A%,) is a linear bijection onto Ran(A;2). We obtain

H(f, 9)(z,y) =
aa [ / F(A2w— A126,/2 + Ay 3) x

Ran(Al,) Ran(AZ,

g(Ar2w+ A126, /2 + Ap y)
eil (412 01,421 (2+))/2+(A22 61~ A2y (2—y),A12 w)) dw db;,

with

CA _ S(Alz)

V@7 aker(an) (A22) (5.59)

Here 8(A12) denotes the product of the nonzero singular values of A1, or equivalently
3(A12) = ran(aT,)(A12).-

Our next step is to substitute ¢; = w — 6,/2 and t2 = w + 6;/2. Then, by using (5.48) -
(5.50) one has

(A12 61, A21 (2 +¥))/2 + (A0, — A21 (z — ), Arpw) =

(A2 (t2 — 1), A1 (T + ¥))/2+ (A2z (T2 — t1), A1z (81 + t2)) /2 —

(A21 (z — y), Arz (1 + 82)) /2=

—(A22t1,A1241)/2 + (Az2t3,A12 2)/2 — (A1 t1, Anr T) + (A21 y, A2 t2).
With this result we can rewrite 2[f, g](z, ) in the degenerate form

H[f, g)(z,y) = C Holf)(z) Holg]ly), (5.60)
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(A12(t2 —t1), 421 (2 +9))/2 + (A2 (t2 — t1), A2 (t1 + £2)) /2 —
(A21 (z —y), A1z (1 +12))/2 =
—(Ag2t1,A1211)/2+ (A2z t2, A1212)/2 — (A12t, A1 T) + (A21 y, Ara ta).

With this result we can rewrite H([f, g](z, y) in the degenerate form
H|f,9)(z,y) = C& Ho[f)(z) Holg](v), (5.60)
with
Ho[f](l‘) = / f(Azt + Ay 2) e~ i((4228,A4128)/2+ (A1 t,An 7)) gy
Ran(A7,
Finally, combining (5.58) and (5.60) yields the degenerate form for V[f](z) V[g](y)
VIfI(z) Vgl(y) = C3 Holf1(z)Ho[g](¥)- (5-61)

In a natural way this derivation results into the definition of an operator F4 that satisfies
(5.45). We will define this operator on L2(JR™) and show that it indeed corresponds to the
unitary operator we have been searching for.

Definition 5.3.4 Let A € Sp(n) with block decomposition (5.46). Then the linear operator
Fa on L*(IR™) is defined as follows. If dim(Ran(A;2)) > O, then

fA[f](:C) = Ca e_i(AT]. An z,7)/2 o
-/ f(A2t+ An .’L') et (A], Az t,t)/2-i(t, AT, Az z) dt, (5.62)

Ran(AT,)

for all f € L?(IR™) and with C4 as given in (5.59). Furthermore, if dim(Ran(4;2)) = 0
then

Falflw) = V/det Ayy[ e~ 4D An =22 f(4), 7), (5.63)
forall f € L?>(R™).

The main theorem of this section can be stated as follows.

Theorem 5.3.5 Let A € Sp(n) and Fa be given as in Definition 5.3.4. Then
WV[Faf, Fagl(z,w) = W(f, g)(A(z,w)),

forall f,g € L*(IR™).
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for all f € L2(JR™). The proof for dim(Ran(A;2)) > 0 is completed by assuming, that V
satisfies (5.45).

If dim(Ran(A;2)) = 0, we have Aj2 = 0. Then (5.48) and (5.49) yield, that A,; is non-
singular and that A} = A3, 7. Moreover, A11 T Az; is symmetric. Using these observations,
we compute the mixed Wigner distribution of F4 f and F4g as follows.

WIFaf, Fagl@,w) = %‘—' [ ftn o+ Ani) x
Rn

9(Anz - A t/2) et (AT, Az z,t) e~ (tw) gy —
0™ [ F(Anz +42) gz B e A A A 04 U gy

nu
Hence,
WV[Faf, Fagl(z,w) = WV[f,gl(A11 T, A21 T + Az w).
This establishes the proof for dim(Ran(4;2)) = 0. o

At the end of this section, we present two well-known examples of unitary operators, that
satisfy (5.45).

Example 5.3.6 We recall, that for a set of parameters @y, . . . ,an € (0, 7) the n-dimensional
fractional Fourier transform is given by
Caei (Bz,x)/2

Fay,an[FlE) = /@ ﬂ’)"_l sina; - - -sin ay,|

/ f (u)e"((B 4,u)/2—(Cz,u)) du, (5.64)
Rn

with B = diag(cota,...,cotay,), C = diag(cscay,...,cscan) and Cq = Cq, *+ - Ca,,
where C,, is given by (5.2). The symplectic matrix, that corresponds to this transform in the
Wigner plane is given by the rotation matrix Ra,,...,o, as given in (5.20). We observe, that
in this particular case A;2 is non-singular. This yields gKer(4,,)(A22) = 1 and 8(4y3) =
det(A;2). Using these simplifications and the substitution u = A;2t + A;;z, Formula (5.62)
simplifies to

e—i(Ay A z,2)/2

Falfl(z) = (27)/2 \/[det Arg|

/ Flu) = (Aza A5 v w/2— (2, AT u) gy
R»

Taking A;; = Ajp = diag(cosay,...,c08a,) and A;2 = diag(—sinay,...,—sinay,),
the latter representation formula turns into the n-dimensional FRFT as given in (5.64).
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det(A;2). Using these simplifications and the substitution u = A;2t + A;;z, Formula (5.62)
simplifies to

e-i(A;,‘ An z,z)/2
(27)n/2 Videt Aj5]

Taking A;1 = Az = diag(cosay,...,cosay) and A;2 = diag(—sina,,...,—sinay,),
the latter representation formula turns into the n-dimensional FRFT as given in (5.64).

fA[f](I) = / f(u) e_‘( (Az22 Al'zl u,u)/2- (=, Al_; u)) du.
Rﬂ

Example 5.3.7 The second example is the unitary operator on L2 (IR?), which corresponds
in the Wigner plane to the symplectic matrix

100 O
00 0 -1
A= 001 0
010 O

Remark, that all matrices in the block decomposition of A are singular.

It can be verified in a straightforward way, that gker(a,,)(A22) = 1 and s(4;2) = 1. By
substituting the block matrices of A into (5.62), the unitary operator, we are dealing with,
reads

Falfl(z1,22) = \/—‘2_—1? / f(z1,€) e~ €% dg,
R

which is the one-dimensional Fourier-transform of f(z1,-). We observe, that this operator
can also be derived from (5.64) by taking &y — 0 and az — /2.

We observe that in [29] and [33] also a representation formula is presented for unitary op-
erators that correspond to symplectic transformations in the Wigner plane. However, both
references do not give a formula that can also handle symplectic transformations with a block
decomposition, that consists of four singular block matrices, which is the case in the second
example.
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Chapter 6

Localization Problems in Phase
Space

A celebrated problem in signal processing is the problem of maximizing energy in both time
and frequency. This problem already has received much attention in the literature, see e.g.
[20, 28, 41, 58]. This chapter consists of two parts that are also devoted to this problem.

In the first part we discuss two classical problems. The first problem concerns the maxi-
mization of energy of time-limited signals within a frequency band, i.e. finite interval in the
Fourier domain. For this problem we revisit a series of papers by Slepian and co-workers,
[57, 80, 93]. Furthermore, we give a rigorous proof of a conjecture by Slepian [92]. The sec-
ond problem concerns the maximization of energy within a disk in the Wigner plane, i.e. the
phase space related to the Wigner distribution. Although this problem is discussed in several
papers [20, 28, 29, 46], we also present alternative proofs and additional results in this section.

The second part of this chapter is devoted to the FRFT, which we generalized in the previous
chapter. Using this generalization we are able to relate several classes of energy maximiza-
tion problems in phase space to the two classical protlems as discussed in the first part of this
chapter. For this, we discuss the Weyl correspondence, see e.g. [29, 107].

This chapter is based on [73, 75].
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6.1 Slepian’s Energy Problem

The first problem to be considered in this part of the chapter is the concentration of energy in
a certain frequency band of a time-limited signal. So we consider for time limited signals f
the ratio

T 1)
Ef(WO) = f |f(w)'2dw ’

R

(6.1)

with [—wp, wo] the frequency band we are looking at in this problem. Obviously, E¢(wo) > 0,
for all f € L2(IR). Moreover, Corollary 2.1.13 yields Ef(wp) < 1.

Since Ef(wp) < 1 for all f € L?(IR), the problem arises of maximizing this energy ratio
over all f € L2([—zo, z0)), for some fixed zg > 0.

For solving this problem we introduce two operators. The first operator we discuss is the
integral operator B(wp) : L2(IR) —+ L*(R). For wp > 0 fixed, this operator is given by

Blolfle) = /2 [ 2201 g, ©2)
R

for all f € L*(IR). We observe that

_ 2 sin(wopz)
F 1[X[—uo,wo]](z) = \/;T
According to Lemma 2.1.8 the latter result yields
FB(wo)f = X[~wowe] - Ff a.e.onR. (6.3)

Hence B(wo) is a Hermitian projection operator; in fact it is an orthoprojector.

The second operator we introduce in relation to the energy localization problem is the pro-
jection P(zo) : L2(IR) — L*(IR). For zo > 0 fixed, this operator is defined by

if |z| < zo,

if |z| > zo. (6.4)

Palfi@ = { 1§

By combining the introduced operators we arrive at

u)

Pan)Bn)PEolfl(@) = /2 [t ol <a, 65)
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for all f € L*(RR). Since the integral kernel in (6.5) is in L?([—zo, Zo]?), we have that
P(z0)B(wo)P(zo) is a Hilbert-Schmidt operator. Hence, P(Zo)B(wo)P(zo) is a compact
operator. Also P(zo)B(wo)P(Zo) is a positive definite operator on L?([—zo, Zo]), which is
shown as follows. Using (6.3) we derive
(P(z0)B(wo)P(20)f, f)2 = (B(wo)P(z0)f,P(z0)f)2

(FB(wo)P (o) f, FP(z0)f)2

(X[—uo,wo] " FP(xO)f! fP(zo)f)2

(X[—wo,wo] : fp(z())f) X[—wo,wo] * fp(zO)f)2-
We assume

(P(z0)B(wo)P(z0)f, f)2 =0,

for some f € L2(IR). Then FP(zo)[f](w) = 0, for almost all w € [—wp,wp]. However,
FP(zo)f is holomorphic by Theorem 2.1.12. This yields in combination with the latter result
FP(zo0)f =0, or equivalently f(z) = 0 for almost all |z| < Zo. For f € L?([—20, Zo]) this
yields

(P(z0)B(wo)P(z0)f, f)2=0 => f=0ae.onR.

Following Pollack and Slepian [79, 91], we consider possible solutions P(Zo) fmax, With
fmax € L2(IR), that maximize (6.1). Then

EP(zo)fm.,(WO)'(fP(zO)fnmxsfp(zﬂ)fmu)z = (X{—wo,wo]'fp(zo)fmax,Tp(zo)fmu)z-

Equivalently, using Parseval’s theorem and (6.3),

E'P(zo)fmn (wo) - (P(z0) fmaxs P(%0) fmax)2 = (B(wo)P(z0) fmax, P(Z0) fmax)2-
Since frmax is a stationary solution of this equation, it must satisfy

B(wo)P(%0) finax = AP(Z0) fmax, (6.6)

a homogeneous Fredholm equation of the first kind.

We recall that P(zo)B(wo)P(zo) is compact. Furthermore, it is a positive definite operator
on L?([—zp, Zo]). These considerations yield that solutions P(zo)f for equation (6.6) only
exist for a discrete set of real positive values of A, with the properties that

I>X>A>A>...

and limp—, o0 Ax = 0. In general, the eigenvalues of a compact Hermitian operator are not
necessarily distinct. However, for this particular Fredholm operator, Pollack and Slepian have
shown in [79], that its eigenvalues are distinct. Also Slepian showed, see [91], that the kernel
of the integral operator B(wo) commutes with the second order differential operator

D(zowo) = (%_(1 - z’)d% — (wowo)?z2. 6.7)
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Since both operators have the same spectrum, they must have the same eigenvectors.

Differential operator (6.7) is a well-known operator. It arises on separating the 3-dimensional
scalar wave equation in a prolate spheroidal coordinate system. Its real-valued eigenfunc-
tions to, ¥1,32, . .. are known as prolate spheroidal wave functions (PSWF), see [27]. We
observe, that the concentration of energy problem is solved by P(zg)t.

Some useful properties of the PSWF have been derived in the past. We present some of them
in the following lemma. For a proof of these properties we refer to [57, 80, 93).

Lemma 6.1.1 Let o, 1,2, . .. be the eigenfunctions of P(zo)* B(wo)P(Zo) and let their
corresponding eigenvalues be given by Ay, A1, Aa, . ... Then

(i) ¥ € L([~wo,wo]) Vien,

(i) | e(@)Pn(z)ds = Aeben,

—zo0

(iii) [ Yr(z)Yn(z) dz = bk .
R

Other properties for the PSWF follow from this lemma, e.g. Theorem 2.1.12 and (i) yield
that ¥ is holomorphic. However, this lemma does not provide us with an explicit expression
for ¢x and consequently for Ax. More insight in the behaviour of the eigenvalues A is given
by a conjecture of Slepian, which can be proven rigorously by using the following classical
result, that is due to Landau and Widom, see [58].

Lemma 6.1.2 Let H(zowo) : L2(R) — L?(IR) be given by
H(.’Bowo) = P(zowo)B(l)P(xowo).

Furthermore, let N(H(zowo), p), 0 < p < 1, denote the number of eigenvalues of H(zowo)
which are greater than or equal to p. Then

1-

2zowo . p) log(zowo) + R(zows), 6.8)

N(H(zowo),p) = S

1

with R(z) of order o(log(z)) as £ — oo. Using this result we prove Slepian’s conjecture in
a rigorous way.

Theorem 6.1.3 (Slepian’s conjecture) Let P(z0)B(wo)P(zo) be as defined in (6.5) and let
Ak, k € IN, be its eigenvalues. Then for all 8, € (0, 1) there exists an M € IN such that

() A <€ ifk > (1+6)22% for zowy > M,

(i) 1= <€ if1 <k < (1-6)222 for zowg > M.
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Moreover, for alle > 0 and 0 € R, there exist > 0 and M € IN such that
(iii) |2 —(1+€™) 1| < ¢, for |k — 222 — & Jog(zouwp)| < §log(zows) and Towe > M.

Proof
We define ¢k (x) = Yr(z/wo). Then, for |z| < Towo, we derive

wp sin(z — wwp)
\[/ ey (o)

= [ / sm(a: ¢,,(v) dv

—ZowWo

Ao (z)

or equivalently
H(zowo) Pk = Aedr Yien\{o}-
Consequently, Lemma 6.1.2 can also be applied on the eigenvalues of P (zo)B(wo)P(%o).

Let0 <e <1land0 < é < 1. We take M > 0 such that
log (1<) log = 1rR(z)

2rz 2z '’
forz > M. Then

é>

(6.9)

2
N(HM(zowo),e) = a:;)rwo + —l g( )log(zowo) + R(zowo)
< (146) 2”0“’0

for zowg > M. Consequently, if k > (1 + J)H;ﬂ, then N(H(zowo),€) < k. This result
yields Ax < €.

For proving Property (ii) we also take M > 0 such that (6.9) holds. Then
1 1
- — log(

21:00.)0

2.’120(4)0

N(H(zowo),1 —€) = -~ 6) log(zowo) + R(zowo)
> (1-6)—/——

for zowo > M. Therefore, if1 < k < (1 — )2—”%*1, then N(H(zowg),1 — €) > k, which
leadstol — A < €.

Finally, lete > 0 and @ € IR. Furthermore, take § > 0 and M € IV such that

6<l-lo l+e+ee™ ) R(z)
72 B\T-c—cen? logz’
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forz > M. Then we have
N(H(zowo), (1 + ™)~ +¢) =

2zowo 1
- + 7ﬁlog (e

2zowo

-0 1—c—ce ™
1+¢+ee™®

) log(zowo) + R(zowp) =

0
+ - log(zowo) —

T
1 1+¢+ee™
ﬁ lo; (m) log(:zowo) + R(:L'owo) <
2.'!:0(4)0

+ glog(zowo) — élog(zowp)

for zowo > M. Consequently, if

2
k> <Towo + :.log(zowo) - dlog(zowo),
or equivalently, if
2 0
a:;)rqu + - log(zowo) — k < & log(zowo),

then Ap — (1 + ™)1 <e.

In the same way, we derive

N(H(zowo), (1 +€™)™! —¢) =
220&)0

é
+ - log(zowo) +

1 1 (1 + &+ +ee™®

F O] m) lOg(Zo(do) + R(Iouo) >

22)00.)0

/]
+ - log(zowp) + 8 log(zowo)
for zowg > M. Therefore, if

k< 2$0wo

0
+ - log(zowo) + dlog(zows),
or equivalently, if o
2
k= =222 — = log(mowo) < 1o (zow),
then Ay — (1 + €™)~1 > —&. Combining these two results establishes the proof of Prop-
erty (iii). O
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Figure 6.1: Eigenvalues corresponding to the PSWF for a) Towo = 25, b) Towp = 50.

From this theorem it follows, that for large Towo approximately the first 2zowo /7 eigenval-
ues that correspond to the PSWF attain a value close to unity. For index numbers in a region
around 2zowo /7 the eigenvalues plunge to zero and attain values close to zero afterwards.
The number of eigenvalues in the region where the eigenvalues decrease from close to one to
close to zero is proportional to log Towo. Remark, that the eigenvalues depend on the product
ToWwyp.

In Figure 6.1 the eigenvalues of H(zowo) are depicted for a) Towo = 25 and b) Towo = 50
respectively. We observe that in both figures the number of eigenvalues close to unity is
given by 2zowp /7. For Zowo = 25, approximately the first 16 eigenvalues are close to unity.
For zowop = 50, this number is approximately 32. The number of eigenvalues in the plunge
region in Figure 6.1.b is approximately 1.25 times the number of eigenvalues in this region
in Figure 6.1.a. This corresponds with the observation we have made after Theorem 6.1.3,
namely that the multiplication factor is approximately given by log 32/ log 16 = 5/4.

6.2 Energy Concentration on a Circle in the Wigner Plane

The second problem to be considered is the concentration of energy in a circular region in the
Wigner plane. So we consider a region

Cr = {(z,w) € R?|z* +w? <R} (6.10)
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and search for functions f € L?(R) for which

Ey(R) = / WVIf](z, w)dadw /| £ 6.11)
Cr

is maximized. An upperbound for E¢(R) follows from an upperbound for WV/[f] which can
be derived from (5.15) in the following way

WV[fl(z,w)] = [((M-uT_of, MJT.Ff)|/x <|Ifll3/.

This result yields
E/(R) < R%.
Of course a better and more natural upperbound for E¢(R) would be given by 1, i.e., if
E;(R) is the total amount of energy of f. A conjecture of Flandrin states that such an upper-
bound indeed exists, not only for integrals over circular regions, but in general for integrals
over convex regions, see [28]. As far as we know, a proof of this conjecture has not been
given yet. For non-convex regions this conjecture does not hold, which follows from various
examples in [81].

We observe that from (2.41) it follows that
E¢(R)—> 1 (R — 00),

if also f € L'(IR) or f € L' (IR). Since the Wigner distribution can attain both positive and
negative values, this result is not sufficient to prove Flandrin’s conjecture.

In order to solve this energy localization problem, we introduce the localization operator
L(c) on L2(IR), associated with a bounded symbol on l#?, by

(L()fr9)2 = / [ o(2,0) WIf, gl(z,w) dz dw, 6.12)
R R

for all f,g € L?(IR) and with WV[{, g the mixed Wigner distribution of f and g. Then
Ef(R) = (c(a)f: af)2/(f’ f)23

with 0 = xcjy. Furthermore, we observe that £(o) is a Weyl transform with symbol
o € L*(IR?), see [107].

It can be proved, see e.g. [107], that £(o) is compact foro € LP(IR?),1 < p < 2. Moreover,
Flandrin showed in [28] that £(o) is self-adjoint for o real-valued. This means that £(o) is
a compact Hermitian operator on L?(IR) for real-valued 0 € LP(IR?), 1 < p < 2. Conse-
quently, the eigenvectors of £(¢) can be chosen to form an orthonormal basis for LZ(IR), the
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set of real-valued eigenvalues is countable and the only possible accumulation point is 0.

These considerations yield that the function fmax, that maximizes Ey(R) is given by the
eigenvector @o of L(Xcx) corresponding to the largest eigenvalue Ao of £(Xcz). Moreover,
Ejy,...(R) is given by Ag.

The eigenvectors of L(xcy) are given by the Hermite functions A, k € IV, as introduced in
(5.10). This result was already given by Janssen in [46]. In the following lemma we come to
the same result using a proof based on a property of the fractional Fourier transform.

Lemma 6.2.1 Let Cr = {(z,w) € R?|z? + w? < R} and L(xcy) as defined in (6.12).
Then the eigenvectors of L(xcy) are given by

{he | k€ N}
with hy the Hermite functions as defined in (5.10).

Proof
Since Xcy, is rotation invariant, we have for all a € [0, 2)

(E(ch)faf,fag)z = / WV[}-af, Fogl(z,w) dz dw
Cr

[ WV, 6i(Raa, ) ds
Cr

f WV, 6)(2, w) dz dw = (L(xcp)f, 9)as
Cr

with R, the rotation matrix as given in (5.17). Consequently, we have for all a € [0, 27)
Fallxcr) = L(Xcr)Fa-
Let now @« be an eigenvector of L(xcy) and A its corresponding eigenvalue. Then
L(xcr)Fadr = Fal(xcr)r = AeFadr-

This shows, that if ¢k is an eigenvector of L(xcy), then also Fo¢i is an eigenvector of
L(xcy) foralla € [0,2r). Since L(xcy) is compact, the set of eigenvectors

{Fatx | a € [0,27)}

should be finite or countable. This can only be realized if ¢¢ is an eigenvector of F, for all
a € [0,27), i.e., ¢x is a Hermite function following (5.12). D
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The eigenvalues Ax of L(Xcz) can be expressed in terms of Laguerre polynomials L given
by

k
Li(z) = i:—!e” (‘%) (e2z*). (6.13)

In the following lemma we present a recurrence relation involving Laguerre polynomials that
we shall use to compute the eigenvalues Ax.

y
Lemma 6.2.2 Define I,(y) = / e */?Lo(z) dz. Then
0

Lni1(y) = ~In(y) + 2¢7Y/2 (Ln(y) ~ Las1(y)) . (6.14)

Proof
First we observe that L, (z) = LI, (x)+ Ly (z), which follows from the recurrence relations
for Laguerre polynomials, and L, (0) = 1, see e.g. [96]. Integration by parts yields

v
In(y) = 2-2L.(y)eV/?+2 / e=*2[! () do
0

y
= 2-2L.(y)e Y +2Un(y) +2 / 1L, (z) da.
0
y
We conclude 2/6_‘/2L£,+1 () dz = I, (y) + 2La(y)e /% - 2.

0
Applying the same procedure on Iy yiclds

y
Inyi(y) = 2-2Lpn(y)e V2 + 2/3_3/2‘5;14-1(3) dz,
0
or equivalently
y
2 [ Ln@de = L) +2nn@e ¥ -2,
0

Combining these two results completes the proof. O

Using this lemma we come to the following recurrence relation for the eigenvalues of L(xcy ).
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Theorem 6.2.3 Let {\x | k € IN} denote the set of eigenvalues of L(xcy), with
Cr = {(z,w) € R? | z? +v* < R},
with R > 0. Then
e = (1 - e_Rz),
o Aes1 =M — (=1)* e ® (Ly(2R?) — L1 (2R?)), k € N\{0}.

Proof
The Wigner distribution WV[hi](z,w) can be expressed in terms of Laguerre polynomials,
see €.g. [106]. This relation with Laguerre polynomials is given by

WVlhi](z,w) = 2(~1)* (21) 7 Le(2(z? + w?)) e+,
Using polar coordinates we get

Ak (L(xCr )&, he)2
/ WV[h](z, w) dz dw
Cr

2(-1)* [ pLi(26%) e dp

O'\m

2

_l)k —z/2 — 1)k 2
e~2/2L,(z) dz = (=1)* I,(2R?)/2.

2

1
_—~
o B

Consequently, we have

2R?

o = IH(2R?Y) /2 =1/2 / e */%dg = (1 - e—R’) .
0

Moreover, Lemma 6.2.2 yields
M = (-1)* L (2R%)/2
= (~D*L@R)/2+ (-1)**1e"® (Ly(2R?) — Les1 (2R?))
= M —(-1)*e® (Ly(2R?) — Li11(2R?)) .

This gives the recurrence relation for the eigenvalues. a
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Figure 6.2: Eigenvalue behavior of the energy localization problem on a disk with radius

R=1+3.

In Figure 6.2 the first 30 eigenvalues as given in Theorem 6.2.3 are depicted for R = /3. To
emphasize the eigenvalue behavior a spline interpolation function is used in this figure. As we
have seen before for the eigenvalues Theorem 6.1.3, the first eigenvalues are close to Ag. Later
the values plunge down towards zero and remain close to zero for larger index numbers. For
the Wigner distribution, the eigenvalues can be negative, which can be observed in Figure 6.2
as well. Moreover, starting from a certain index number the eigenvalues alternate around
zero.

6.3 Localization Problems and the Generalized FRFT

In this section we return to the fractional Fourier transform as introduced in Section 5.2.2.
This generalized FRFT is used to solve two classes of energy localization problems that are
related to the two problems, which we discussed in the previous sections. These two classes
of localization problems are related to the discussed problems via the Weyl correspondence.

Although the problems we discuss concem signals in L2(IR) we consider first localization
problems for signals in L?(JR™). For this we generalize the Weyl correspondence (6.12) to
higher dimensions. Then a bounded symbol ¢ on IR?" is associated with the localization
operator £(o) on L2(IR™) by

(L(0)f,g)2 = / / o(z,w) W(f, (2, w) dz dw, (6.15)

R™ R"
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for all f,g € L2(IR"™). Consequently, if ¢ = xq, with @ C ", then

(L(0)f, )2 = / Wf)(2,w) dz du
Q

represents the energy of f in the Wigner plane within the region Q.

Using the generalized FRFT F,a as introduced in (5.42) we compute
(Fral(@)Fi afi9)2 = (L(O)Fraf, Fra9)
[ [o@o)WiF .55 aslew) dedo
R» R"
= [ [o@uwita@ @e) dod
R" R

] [ o (Al w)) WLF, g)(w) de duw
R R~
= (‘C(UA)f:g)2a

with 0.4(z,w) = 0(A(z,w)) and A as given in (5.44). Now, assume {@x | k € IV} is the set
of eigenvectors of £(o) and {Ax | k € IV} the set of corresponding eigenvectors. Then

Loa)Frate = (Fral(o)Ff a)Fr,aék
= Fr.aLl(o)¢x = AeFr,a0k- (6.16)

Consequently, the eigenvectors and eigenvalues of L{o4) are given by

f

1}

{Frad | k€ N} and {I¢ |k € N}

respectively. If £(o) is a compact operator, both the eigenvectors @ and Fr,a¢x form an
orthonormal set in L2(R™).

6.3.1 The Rectangle/Parallelogram Case and the Rihaczek Distribution

The first problem we consider is to maximize

(L(a)f, £z /£, f)2 (6.17)
for f € L*(IR), with 0 = X[_z,z0] x[~wowo]-

This problem may seem to be similar to Slepian’s energy problem in Section 6.1. However,
results presented for Slepian’s energy problem cannot be related to the problem of localizing
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the energy on a rectangle in the Wigner plane.

The two problems can only be related to each other if (6.17) is maximized over absolutely
integrable f € L2,,,,(IR), with supp(f) = [—Z0, Zo]. Using these constraints (6. 17) is equal
to (6.1), which follows straightforwardly from Theorem 2.3.4. If we do not require these con-
straints on the maximizing function f, we are only provided with some asymptotical results
on the eigenvalues of £(o), see [41, 81].

A less trivial relation with Slepian’s energy problem is given for

0 = X[—z0,20} X [—wo,wo] * P>
for some Zg,we € IR* and where ¢ is given by
o(z,w) = e~ 22w,
Using Young’s inequality we have

“0“00 = ”X[—zo,zo]x[—wo,wo] * W”OO < 21"0“’0/7"’

and so o € L (R?).

The following lemma shows that the localization operator £(¢), with & as in (6.18), can be
rewritten as an energy density operator related to the Rihaczek distribution, see [82].

Lemma 6.3.1 Let L(0) be the localization operator as defined in (6.15), with o the symbol
as given in (6.18). Then for all f,g € L*(IR)

(C(0)f,g)2 = / / X—z0.20] [ 00) (%, )RS, g1(2, ),
R R

with R[f, g] the mixed Rihaczek distribution given by
R[f,9)(z,w) = f(2)§(w)e™** /Vom.

Proof
We observe that

(E(O')f, 9)2 = (00 *p, WV[f, g])2 = (00: p* WV[f, 91)21
with 00 = X[-20,z0] x[~wo,wo]- THiS €Xpression can be rewritten by

SD*WV[f, )(z,w)
=3 / f / o(p, ) f(z — p+ t)g(z — p— t)e ¥~ dtdpdg

RRR
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= a%///e_‘“’f(u)me““(“"")e‘"“’ dudvdg

RRR
= % /e‘iqu(w — q)g(_w)dq = 2lﬂ‘e—iwzg(—w)‘/'e—:’m::f(q)eiq:l: dg
R R
= f(@)§we ™= /V2r.
This yields (L(0) f, 9)2 = #nflfiao(z,w) f(@)g(W)e~w* dz dw o

Using this lemma we prove the following theorem, that relates £(o), with o as in (6.18), with
the localization operator of Slepian’s energy problem.

Theorem 6.3.2 Let L(c) be the operator as in (6.15), with o the symbol as in (6.18). Then
L(a)*L(o) = P(z0)B(wo)P(zo),
with B(wo) and P(zo) as defined in (6.2) and (6.4) respectively.

Proof
From the preceding lemma it follows immediately that

LEIE) = Xamea@) 7= [ Sl do

—wo

= P(z0)B(wo).
Since both B(wp) is a projection operators, we have
L(0)*L(o) = P(z0)B(wo)P (o)
a
Remark, that although ¢ € L™ (IR), L(o) is compact for o as in (6.18). This follows from
the fact that £(o)* L(o) is compact. Furthermore, we observe that the result of Theorem 6.3.2
was already given in [28]. However, our aim is not to investigate existing time-frequency dis-

tributions, but to consider the generalized FRFT acting on these distributions. In this context,
we return to the first part of this section.

We have seen that the eigenvalues of £(o) and L(o 4) coincide. In a direct way, we can also
show that the eigenvalues of £(0)*L(c) and L(c4)*L(o4) coincide. This yields that the
singular values of £(o) and £(0 4) are the same. These singular values are given by

3k=\/A_,
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b,c,d) o4 with A = —1/T, A = —2/T'and A = —1/T"? respectively.

where A\, denote the eigenvalues of the operator P (z¢)B(wo)P(z¢). Since these \;. satisfy
Theorem 6.1.3, a similar result holds for the singular values. Moreover, the asymptotical be-
havior of s and Ay, is similar.

The eigenvectors of £(c) do not follow from Theorem 6.3.2. The eigenvectors of L(o)*L(o)
are known, namely the prolate spheroidal wave functions 1. As before we can also show
that the eigenvectors of L(o4)*L(0 4) are then given by Fr at,.. They can be computed as
the eigenvectors of the operator

D' (zowo) = }—I‘AID(IOWO)I{:,A’

which is also a second order differential operator that commutes with £(o4)*L(04).

In Figure 6.3.b,c and d the domain of ¢4 is depicted instead of o, with the substitutions
A=-1/T,A =-2/Tand A = —1/T* and with T’ = 3 in (5.44). We observe that with
these substitutions £ (o 4) represents the energy of the Rihaczek distribution within differ-
ently orientated parallelograms in phase space. The singular values of £(o 4) for all A related
to these parallelograms are the same and are given by v/\j., with ;. as in Theorem 6.1.3.

6.3.2 The Circle/Ellipse Case

In Section 6.2 we already discussed the energy localization problem on a circle. Moreover,
we studied the operator £(x ¢, ), with Cg a circle in the Wigner plane concentrated around
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the origin and with radius R > 0. It turned out that its eigenvectors are given by the Hermite
functions hy, defined by (5.11), and that the corresponding eigenvalues are given by Theo-
rem 6.2.3.

It follows from (6.16), that the eigenvectors of L(o4), with A as given in (5.44), are given

by Fr.ahk, k € IN. The eigenvalues of L(04) are given by the recurrence relation in Theo-
rem 6.2.3.

In Figure 6.4.b,c and d the domain of o 4 is depicted with o the characteristic function of Cg,
with the substitutions A = —1/T, A = —2/T' and A = —1/I'? and with I = 3. With these
substitutions £(o 4) represents the energy in the Wigner plane within differently orientated
ellipses. The energy localization problem for each of these ellipsoidal areas is now solved by
the eigenvectors JFr a hy, using the corresponding substitutions, and the eigenvalues .
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Chapter 7

A Seismic Problem: Automatic
S-Phase Detection with the DWT

In this chapter we consider a seismic problem, which has been dealt with while the author
was seconded to the seismic department of the Royal Dutch Meteorological Institute (KNMI).
For this problem an algorithm based on the DWT has been derived. Implementation and test
results of the algorithm are also included in this chapter. These were established at KNMI by
R. Sleeman and T. van Eck. This chapter is mainly based on [70].

7.1 Introduction and Approach of the Seismic Problem

A seismic earthquake signal recorded by a seismic station (seismogram) is built up by several
different seismic waves (phases), which characterize the type of the signal. Amongst oth-
ers, significant phases that appear in a seismogram are the P-phase (primary phase) and the
S-phase (secondary or shear phase), which we consider here. The problem we are dealing
with, is to detect automatically the S-phase and to determine its arrival time, once the P-phase
arrival time is known with high accuracy as in (3, 6, 90]. This arrival time is defined as the
time sample in the seismogram at which the P-phase appears for the first time. An accurate
estimate of these arrival times is important for determining the type and location of the seis-
mic event.

The S-phase arrival time is determined in a three-component seismogram, representing mo-
tion on a ground detector in three mutually orthogonal directions, two in the horizontal plane
(x-y plane) and one vertical direction (z-axis). An example of a three-component seismogram
is depicted in Figure 7.1.



A Seismic Problem: Automatic S-Phase Detection with the DWT

x—direction

I 1 . L
800 1000 1200 1400 1600

T T T T
1 1 L

1 !
600 800 1000 1200 1400 1600

y~direction

T T T T T

2z-direction

4

L . . L " L 1 .
200 600 1000 1200 1400 1600 1800 2000 2200
P S time

Figure 7.1: A three-component seismogram, with P- and S-phase arrival times picked by an
analyst atip = 1120 and ig = 1275 respectively.

The detection of the S-phase arrival time is mostly based on some physical differences be-
tween the P-phase and the S-phase, as described thoroughly in [2, 13]. For our problem the
most obvious property is the difference in arrival times. The S-phase is always delayed as
compared to the P-phase arrival at the seismic station. A more fundamental property is the
fact that P-phases compress volumes and S-waves deform volumes. Furthermore, the S parti-
cle motion, i.e. the direction of the S-phase when it arrives at the earth’s surface, is contained
in a plane perpendicular to the direction of the P particle motion, called the S-plane. This
property only holds if reflections at the earth’s surface may be ignored or when the phases
arrive in a direction almost perpendicular to the earth’s surface. In our problem the latter
assumption is justified. The P-phase travels along the travel direction of the seismic event,
unless the medium is anisotropic. Finally, comparing the frequency spectra of both phases,
the P-phase appears at higher frequencies than the S-phase.

The automatic S-phase detection algorithm that we present in this chapter is a combination of
traditional methods to detect S-phases as described before and the discrete wavelet transform
for [*(Z) as introduced in Section 3.2.3. The idea to analyse the three components of a seis-
mogram at several scales has been described already in the literature, e.g. [5, 69]. However
in these papers only the wavelet transform itself has been used as a phase detector in seis-
mograms, whereas in our method the wavelet transform has been used in combination with
traditional approaches, which are very well known in seismology and have been discussed in
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the past in various papers, e.g. [13, 48, 84]. In Section 7.5 we compare results of this new
algorithm with results based on ideas of Cichowicz [13].

7.2 Seismic methods for S-Phase Picking

A common strategy to detect phase arrival times is to construct one or more so-called charac-
teristic functions. These are discrete-time functions, with some specific properties at the time
sample, at which a phase appears in the seismogram. In this section we discuss some of them
for detecting S-phase arrival times.

7.2.1 Characteristic functions based on a cross-power matrix

We consider a (real valued) three-component seismic signal u € 1*(Z,R®). The time-
dependent N -point cross-power matrix for such signal u is then defined as follows.

Definition 7.2.1 Let N € IN and u € 12(Z, R®). Then the N -point cross-power matrix of
u ati € Z is given by

<up,u1 > <up,uz > <UL uz >
Myu() = | <uz,m1 > <wugue > <uzus>; |, 7.1

<uz,u1 >; <uzuz >; < Uz uz >

fori € Z, with
i+N-1
<tpytm >i=1/N Y un(k) - um(k),
k=i

foralli € Z.

We observe that < -, - >; in this definition depends also on N. The window length N itself
is chosen depending on the (non)-stationary character of the signal u. Generally we take
N ~ 1/wp, with wg the dominating frequency of u. Furthermore, before computing the
cross-power matrix of a signal at a certain time sample, we first create a signal u, with zero
mean at each component. This is done by subtracting the means of the components from the
seismic signal. The reason for doing this is to neglect possible offsets without seismic cause.
These can be generated by the measurement equipment.

Starting with M (i) we can analyse the signal using the eigenvalues and eigenvectors of
My u(3). Note that My (%) is the Gram matrix of the set {X[i,i+ N—1}81, X[i,i+N—1]¥2,
X[ii+ N—1]t3}, with xx the characteristic function on Z of a discrete set X. So M y(t) is
a positive semi-definite matrix. Therefore the eigenvalues of M (7) are real and positive,

Ai(d) 2 o) 2 As(i) 2 0,
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and the eigenvectors v; (£), v2(¢) and vs(£) can be chosen to form an orthonormal basis in R3.
The following two characteristic functions are based on these eigenvalues and eigenvectors.
Hereby we assume My (i) # O, forany ¢ € Z, which is quite a realistic assumption.
We observe that My (5) = O is equivalent with u; (k) = uz(k) = us(k) = 0, fork =
t..., i+ N-1.

Deflection angle:

Let v; (i) denote the eigenvector of M ,(2) corresponding to A; (i). This eigenvector vy ()
represents the direction of the particle motion at time ¢ with most seismic energy. Let ip be
the P-phase arrival time. Then v; (i p) is the direction of the P particle motion. The deflection
angle is defined by

|(v1 (), v1(ip))| ) _ (7.2)

N _ 2
F(#) = - arcos (uvl O - TosG)l

Note that k1 (ip) = 0. Furthermore, since the direction of the S-phase particle motion v; (is)
is perpendicular to v1 (ip), &1 attains its maximum 1 at the S-phase arrival time is.

Degree of polarization:
Following [85], the degree of polarization is defined by

ko) = P6) = 22D + 0 (6) = B + (Aa(6) = Xo(i))?
2(3) = 2. (A () + X2(8) + As(d)? '

This characteristic function can be used both for detecting P-phase arrival times and S-phase
arrival times, since all types of seismic polarization, i.e. at all different phase arrival times
seismic energy is concentrated along one single direction. In practice such an arrival yields
A1(%) > A2(é), which means that we may expect maxima for k3 at both ip and ig, the S-
phase arrival time.

(7.3)

Remark that 51 and k2 depend on My,., and so they depend on the window length N. In
Section 7.4.2 we will also discuss window lengths that depend on the frequency behaviour of
the signal 4. Furthermore, we observe that for all characteristic functions & introduced in this
section we have

0<k() <1 Viez (7.4)

In the sequel we will use a combination of three characteristic functions &1, 52, 3 such that

3 3
I =%6) = max II sitn) <= i=is. (7.5)
m=1 m=1
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The square product of the characteristic functions will be used to emphasize the maximum
values attained in each function at is and to reduce other (local) maxima, related to features
in the signal other than the S-phase arrival. We have already met two candidates to be used
in this product of functions. In the following subsection we introduce the third function that
can be used in (7.5).

7.2.2 Rotation and the Energy Ratio

We transform the three-component seismic signal representing motion on a ground detector
into a three-component signal representing motion in the longitudinal direction and in two
transversal directions. The longitudinal direction is the direction of the P particle motion
(v1(ip)). The transversal directions are mutually orthogonal and are chosen in the plane
perpendicular to the longitudinal direction (span{v(ip),vs(ip)}). This transversal plane is
also called the S-plane, since the direction of the S particle motion is in the S-plane.

The seismic signal is transformed into the basis {v1(ip), v2(ip),v3(ip)} by

ur(f) u1()
( uQ(i) ) =V(ip) | u2(d) |,

ur(i) u3(%)

with
Vi(ie) = ( niip) | valip) | us(ip) )" .7

The third characteristic function we use in (7.5) is the fraction of energy in the S-plane to the
total amount of energy in the signal, given by

i+N-1

L (ue(n)® +ur(n)?)

53(’.) = i+N-—l"=' »

Y (ur(n)® +uq(n)? +ur(n)?)

n=1

for some N € IN. This definition can also be rewritten as

i+N-1
Y (vn(ip),u(n))?

ra(i) =1— T—— , (7.9)

2 (u(n),u(n))

n=s

which shows how k3 depends on ip. Note that we may expect a minimum x3(ip) =0 and a
maximum K3(is) = 1. Furthermore, k3 satisfies (7.4).
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7.3 On the Use of Characteristic Functions

In this section we discuss the stability of the characteristic functions that we considered in
the previous section. Also we discuss problems we have to deal with when using the charac-
teristic functions in practice.

7.3.1 Error Analysis of the Characteristic Functions

We consider three kind of errors that can appear in the characteristic functions k. Amongst
others, an incorrect x can be the result of computational and truncation errors in the matrices
My, measurement errors in the signal u, and the determination of an incorrect P-phase
arrival time i%>. We will show that & depends continuously on the errors as described above.

First we consider stability with respect to computational and truncation errors in M, and
measurement errors in 4. To prove the stability of the characteristic functions we present
some auxiliary results from linear algebra.

Theorem 7.3.1 Let M = A+ A, with M, A and A (n x n) matrices with ||All2 € 1.
Furthermore, let a1, - - - , iy, be the eigenvalues of A and letwy, . . . ,un be their correspond-
ing eigenvectors. Finally, we assume Ay, # Aj, k # j, with j fixed. Then a first order
approximation of the eigenvector v; is given by

R (Au’j’wl)
v; = u'J + ; (a] — al)(u"wl)uh (7.10)

with wi, .. ., Wy, the eigenvectors corresponding to the eigenvalues o, . . . , 0y of AH

Proof
Cf. [32]. D

With this theorem we can prove the following corollary.

Corollary 7.3.2 Let H be a Hermitian (n x n) matrix, n > 1, with eigenvectorsuy,- - -, Un,
Hukll = 1, k = 1,...,n. Furthermore, we assume Ay # Aj, k # j, with j fixed. Then the
function g;, given by

9i(H) = u;

is continuous.

Proof
Let0 < € € 1and let A be a (n x n) matrix, n > 1, with ||A||l2 < €-a/(n — 1) with
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a= ?;n |aj — ax|. Here ay, - - -, an are the eigenvalues of H. Then by (7.10)
3

(Auj, uk) (Auj, ux)
H+A)-g(@lls = I3 2002y, < 3 (2002
llgx( ) — gx(H)|l2 Il 2 a;-a kllz < k#| a; - on |

(n —D]|Allz/a <e.
o

We follow the definitions of x; and x3 in (7.2) and (7.9) respectively. Now, Corollary 7.3.2
immediately shows that errors in &1 and &3 depend continuously on errors in My (i) un-
der the condition that A;(ip) > A2(ip). This condition will be satisfied in practice, since
A1 (%) > A2(4) for all phase arrival times 4.

From [32] we take the following result to prove the stability of k2.

Theorem 7.3.3 Let M = A+ A, with M, A and A Hermitian (n x n) matrices. Let further
M >, a1 > -2 apandby 2 -+ > Oy be the eigenvalues of M, A and A
respectively. Then

ag +0p < pr < ag + 4;. (7.11)
Using this theorem we arrive at the following corollary.

Corollary 7.3.4 Let K, denote the set of all Hermitian (n X ) matrices and let the mapping
A: K, & R" be given by \(H) = (A1,...,An), with Ay > -++ > Ap 2> 0 the eigenvalues
of H € K,,. Then A is continuous on Ky,

Proof
Lete > 0 and let A be a Hermitian (n X n) matrix, with eigenvalues §; > --- > 8, and such
that ||A|l2 < €. Furthermore, let A} > --- > A}, denote the eigenvalues of H + A. Then by
(7.11)

[Ak = M| < max{|61],|da} < l|A]l2 <e.

Therefore [|A(H + A) — A(H)||2 < &.

Corollary 7.3.4 yields immediately

Corollary 7.3.5 Let f : R™ — [0, 1) be continuous and let K, denote the set of all Her-
mitian (n x n) matrices. Then k = f o A is continuous on K, with X as defined in Corol-
lary 7.3.4.

Since k2 can be written as in Corollary 7.3.5, also errors in k2 depend continuously on errors
in My . Resuming, we have proved

Ve>03s>0 [[Mn,u(f) — M}v,u(i)llﬂ <80 = |&a(i) —rp(i)l <e n=1,2, (7.12)
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for any fixed ¢ € Z and with &/, the characteristic function associated with the perturbated
matrices My ,,. The only restriction we have to make is that A1 (ip) > Az(ip), which is
always the case when the signal is polarized. We will now show that matrices My, depend
continuously on u in the following sense:

Lemma 7.3.6 Let u,w € 1>(Z, R®) and let My, and M, be the cross-power matrices
associated with u and w respectively. Then

V5>035>0V.'€1 : Hu — w||°° <éd = ”MN,u(i) - MN,w(i)Hz <E. (7.13)

Proof
Let v € I2(Z, R®) be defined as y(n) = u(n) — w(n) and let A(i) € R**? be defined by
A(1) = My (1) — M, (3). With a straightforward calculation we get
[Ara()] = | <uk,w >i — <wp,wr > |
| < tp, s > — <ug =Y, w —m >
| < Yeowr >i + <ty >i — <Yk m >
2N[Yloo - llelloo + Nllyll2-

So ||A(%)|lee = 0 if ||u — w]|eo — 0. The proof is completed by the equivalence of matrix
norms. a

Resuming, for all characteristic functions of Section 7.2 we proved stability with respect to
computational and truncation errors in Mp ., and measurement errors in u.

The last kind of error in the characteristic functions we discuss here is the error due to an
incorrectly determined P-phase arrival time ip.

With a straightforward calculation we get My, vy (i) = VMn,(i)V7 forall (3 x 3) matrices
V. For orthonormal matrices V this relation yields o(Mp,v4(3)) = o(Mn (%)), with o( A)
denoting the spectrum of an (n x n) matrix A. In particular we have o(My v (ip)u(i)) =
o(Mn,vi, ju(2)) yielding that k2 is invariant under any orthogonal transformation of u. So
an incorrect P-phase arrival time i will not affect 2.

The deflection angle &, is affected by an incorrect i p. An expression for the error in K1 due

to an incorrect i p is given in the following lemma.

Lemma 7.3.7 Let u € I2(Z, R®) and let R denote the shift on 1?(Z, R®) given by
(Ry)(k) = y(k —1).

Furthermore, let M ., be the cross-power matrix associated with u and assume A, (ip) >
A2(ip). Then

VesoTs»0 ¢ ||t — RP T Pullo <6 = |81 - Killoo <&, (7.14)
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with k) as given in (7.2) and with
Ky = 2arccos (|(v1 (i), v1(ip))]) /7.

Proof
We define 6(5) = |(v1(3), v1(i%))| — | (1), v1(ip))|. Assume |lu — R**~Pu||oc — O, then
Lemma 7.3.6 yields with w = R¥» —#Py,

|Mn,u(ip) — MN,u(ip)ll2 = 0.
Now, by Corollary 7.3.2 and the assumption A; (ip) > Az(ip) we get
llv1(ip) — v1(ip)ll2 — 0.
This yields

4(i) (01 (8), v (Fp))] = (1 (), 1 (iP))|

< |ni(3),n(ip) —vi(ip)| = 0,

for all i € Z. For |x1 — k7| we derive an expression using a trigonometric formula.

| arccosa — arccosb| = |arccos (ab+V1—a2\/1—b2)|

|arccos(a2+ad+ \/1—02\/1—(a+d')2)|

= |arccos(a2+ad+ \/(l—az—ad)z—d?) ly

with d = b — a. After substituting a = [(v1(2),v1(ip))], b = |(v1(5), v1(i}p))| and d = 6(3)
we obtain

Ik1(6) — w4 (5)| = 2| accos (2() + /(T = 2@ = 8G)?) I/,
with z(i) = |(V (ip)v1(2))1|2 + GV (ip)v1(8))], for all i € Z. So we get
k() ~ @]~ 2larceos (2() + VI —=@)) I/7
= 2arccos(l)/n =0,

which completes the proof, since this result holds for all ¢ € Z. O

We conclude from Lemma 7.3.7, that not only i — ip has to be small in order to get small
errors in K1, but also A (ip) > A2(ip) and u has to be a signal of bounded variation, i.e.,
u should satisfy the sufficient condition in (7.14). Note that only the last condition holds
automatically due to the constraints within the problem.

Finally we derive an expression for the error in k3 due to an incorrectly determined P-phase
arrival time.
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Lemma 7.3.8 Let k3 be as defined in (7.8) with u],uyy and uy substituted for ur, uq and
ur respectively. Furthermore, we definey = v1(ip) — v1(¢p). Then

lIxs — K3lleo < Y v1(ip)T +v1(ip) ¥" + 777 ll2- (7.15)
Proof
Following (7.9) we write
i+N~1 +N-1
kai)= Y (VEr)TQV(ip)u,u)/ Y (u,u),
n=s¢ n=i

with Q the orthogonal projection onto span {e,,eg}. Using this notation we derive in a
straight forward way

|3 (i) — K3(5)]
+N—-1 i+N-1

> (VGp)TQV(ip) ~V(ip) QV(ip)un) u(m)/ 3 (u(n),u(n)

I

< V(Ep)TQV(ip) — V(ip)TQV (ip)ll2
= |[VGp)TPV(ip) — V(ip)"PV(ip)ll2
)T — v @p)uli) Iz,

using P = I — Q. Since this upper bound holds for any i € Z, we can take the supremum of
|k3(i)—x5(3)| overalli € Z. The proof is completed by substituting vy (¢p) = v1(ip)—7. O

llv1(ip)vi(ip

We observe that the upper bound in (7.15) is sharp, so that (7.15) is a good estimation for the
error in the ratio of transversal to total energy, due to an incorrect P arrival time determination.

7.3.2 Problems in Analysing Seismic Data

When analysing a three-component signal with £ = K, - k2 - K3 we have to deal with several
problems. First of all the window length N for the matrices My, and that in k3 has to be
determined. Obviously N is related to the frequency spectrum of the signal. By fixing N
we do not take into account that a signal can consist of a broad range of frequency contents.
Moreover, the window lengths N that are not related to the frequency contents of the signal
will introduce undesired spikes in the graph of x, which has been depicted in Figure 7.2. In
this figure we see the seismic signal of Figure 7.1 (ip = 1120, is = 1275) analysed by
K using two different window lengths, namely N = 15 and N = 30. Due to an incorrect
window length we see in the upper graph a lot of local maxima that are not related to any
features of interest in the signal.

Another problem we have to deal with is the following. Ideally x should attain its global
maximum at ig. Moreover, this maximal value should be close to 1. However in practice
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Figure 7.2: The characteristic function & for the seismic signal in Figure 7.1 (ip =
1120, ig = 1275) for N = 15 (top) and N = 30 (bottom).

a seismic signal does not only consist of a P-phase and an S-phase, but also other waves,
which we did not consider here, appear in the seismogram. Besides, the signal is generally
measured with both background noise and signal generated noise. Due to these facts k will
generally not reach a value close to 1 at ¢s and even the maximum of & at ig can turn out to
be a local maximum instead of a global maximum. Therefore we take a threshold value that
has to be attained by & at the S-phase arrival time ¢s. In practice it turns out that choosing
this threshold value is very difficult. To illustrate this phenomenon we may have another look
at Figure 7.2. In both pictures we notice that the global maximum of & is much less than its
ideal value 1. Furthermore, we see that in the second picture & attains its global maximum at
i = 1540 while i = 1290.

7.4 The Wavelet Method

The reliable method Cichowicz introduced in his paper [13] to determine S-phase arrival
times uses the product function  as given in (7.5) to determine ¢s as described in Section 7.2.
The problems he has to deal with in his paper are exactly the same problems as described in
the previous section. To overcome these problems we introduce an algorithm based on both
Cichowicz’s traditional method and the discrete wavelet transform for 1?(Z).
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Figure 7.3: A three-component seismogram of a local event containing micro seismic noise.
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7.4.1 Characteristic Functions and the DWT

The idea to detect S-phase arrival times using the DWT is as follows. By making a decom-
position of the three-component seismic signal u € 12(Z, R?) into signals at several scales,
it can be possible to separate the S-phase from other phases, that appear at other scales. This
decomposition is made by taking the I2-DWT of each component of u after rotating the signal
into longitudinal and transverse directions, i.e.

(m)

(™) vy (ip) + uS™vs (ip).

ul™ = uf™v, (ip) + uf
We already know that the frequency spectrum of the P-phase appears at higher frequencies
than the S-phase. Therefore generally the S-phase will appear at higher scales than the P-
phase. Our aim is now to find a set Jg, representing the collection of scaling levels at which
most of the S-phase appears. To make this choice more explicit, we compute the energy in
the I2-DWT of a segment u™ of u just after ip. This will yield information about Js. The
measured seismic signal can also consist of background noise and micro seismic noise, which
has been depicted in Figure 7.3. Therefore we have to subtract the energy of the noise. This
is done by using a wavelet soft thresholding method similar to Donoho’s method [24].

For denoising we assume u = 8 + 1 (s : signal consisting of several phase, 7 : several types
of noise). By definition s(i) = 0, ¢ < ip. We construct

ut(@) = u@p+i),i=0,....T—1,
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u (i) = u@ip—i-1),i=0,...,T—1,

with T such that T/ f, = 20, for the sampling frequency f,. Also we take u} () = 0 and
u (1) =0for0 < iandi > T. Sou't and u™ are two segments with a duration of 20
seconds before and after the P-phase arrival time. Following [24], the wavelet coefficients
9; (g;,)'"-lu,—, of u, can be used as soft thresholds for G; (g;)"“lu;','. In this method we
assume that the noise r is present both before and after ip. To make this more explicit we
define the soft threshold operator © on I2(Z) by

O,[a](k) = sgn(a(k)) - max(0, |a(k)| — n), (7.16)

for all @ € I2(Z) and some n € IR*. Note that the wavelet filters p and g have not been
chosen yet. In Section 7.4.2 we will deal with the question of choosing appropriate wavelet
filters.

We compute t(m) = [|G3(G3)™ 'u,lleo for m € IN and use this as soft threshold for
G3(G3)™ 1u;t. This yields the sequences

representing the denoised segment u™* at scaling level m. Experiments showed that with this

denoising method the sequences w,(,"') can become free of micro seismic noise.

After this denoising procedure we can estimate Jg by using the energy distribution of w over
all scales

3
E(m) = Jlwi™|3- (7.17)
n=1

Remark that E tends to zero once a certain scaling level has been reached, cf. Lemma 3.2.6.
So we can stop computing the I2-DWT for higher scales at such a scaling level. In Figure 7.4
the relative energy distribution as a function of the scaling level has been depicted for both a
local event, i.e. an event for which the distance from the source to the measurement equip-
ment is less than 100 km, and a non-local event. In this analysis the Daubechies-4 (Db4)
wavelet filter and its corresponding scaling filter have been used, see [23]. Our method also
holds for wavelet filters that do not come from orthonormal wavelets, which we showed rig-
orously in [72].

The estimation of Jg is based on the following physical properties of local and non-local
events. Experiments showed that for local events the S-phase arrival time can be noticed
within the time period of 20 seconds. For non-local events the difference ig-¢p will be larger
than 20 seconds in general, due to the fact that for these events the traveling distance of the
phases, i.e. the distance between the seismic station and the source of the event, is much



150 A Seismic Problem: Automatic S-Phase Detection with the DWT

0.6} o6t

0.5

perc. energy
o
S
perc. energy

o
W

0.2r 0.2F

0.1

12 3 45 6 7 8 910
(0) scales

Figure 7.4: Energy distributions as functions of the scale for a) a local event, b) a non-local
event.

larger. Another difference between local and non-local events is the frequency behaviour of
the phases. Both the P-phase and the S-phase for local events are high frequency signals
compared to the P-phase and S-phase of non-local events. Therefore most of the energy of w
is found at low scaling levels for local events and at higher scaling levels for non-local events.
For local events ig is contained in ut, however in general is-ip > T for non-local events.
So only the P-phase can be found in u* for non-local events

To analyse the energy distribution we consider the scale mMmqe for which the maximum of
E is attained. In case of a local event this maximum will be related to the S-phase, which
contains most of the energy in w. For non-local events mpqz is related to the P-phase. Let
us now assume that we know that most of the energy of local events can be found gener-
ally at the first myo. scales. Then in general an event can be characterized as a local event
if Mmaz < Myoc and as a non-local event if Mmaz > Mioc. The parameter my,. is deter-
mined experimentally and depends on the wavelet filters. Experiments with the Daubechies-4
wavelets yielded myoc = 4.

After looking at the energy distribution E of a seismic event we know with which type of
event we are dealing with. Once we have this knowledge, we take

+1} if Mpez <MY
Jo = {mmaz:;mma:z ) L maz S Mloc, 718
3 { {mma: + 1; Mumaz + 2}, if Mmaz > Mioc. ( )
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Figure 7.5: Energy distributions as functions of the scale for the local event in Figure 7.3 a)
without wavelet denoising, b) with wavelet denoising.

The latter choice is justified by observing that the S-phase will appear at higher scales than the
P-phase. Experiments showed that these choices for Js only lead to scales at which most of
the S-phase appears for signals free of micro seismic noise. Micro seismic noise that contains
a substantial part of the total amount of the signal’s energy may appear at other scales than the
S-phase. This phenomenon has been depicted in Figure 7.5.a. Here we see the relative energy
distribution of the signal in Figure 7.3 during a 20 second period after ip. In Figure 7.5.b we
see the relative energy distribution of the same signal during the same time period, but now
using the wavelet thresholding procedure. The effect of our wavelet thresholding procedure
is obvious.

Once Js has been determined & can be applied to u(™) for m € Js and the S-phase arrival
time is then given by

II (s(u™))() = max J] (s(u™))*(n) =i =is. (7.19)
meJs meJs

In practice we have to work with a threshold value that has to be attained at ¢s. However by
separating the S-phase from the P-phase it will be less difficult to find an appropriate thresh-
old value than in the situation we discussed in Subsection 7.3.2.

Another problem discussed in Subsection 7.3.2 is the window length N which was not related
to the frequency behaviour of u in Cichowicz’s method. Now that we use a decomposition
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of u at several scales, we can use window lengths N(m), i.e. a monotone ascending function
of the scaling level m. So the characteristic function & to analyse u(™) will use the window
length N (m) in its definition. In this manner the window length is adapted automatically to
the frequency behaviour of the signal. Amongst others, in the next subsection we will discuss
the choice we made for N(m).

7.4.2 A Set-Up for the DWT Analysis

In the previous section we discussed our approach to analyse three-component scismic data
using characteristic functions and the DWT. Here we will present some choices we made for
the parameters in our algorithm after testing the method on seismic data. Note that also other
choices for the parameters can be made as long as they fit in the mathematical framework of
our algorithm.

Wavelet filters:

The first parameter we discuss is the wavelet function and the associated wavelet filters. Gen-
erally, in order to come to an appropriate choice for these filters we induce some constraints
on the corresponding wavelet functions related to the physical problem. In our problem the
most important constraint is that the wavelet function should match with the seismic data, in
such a way that the dilated and translated wavelets generate a good approximation of the sev-
eral phases at the particular scaling levels. In experiments we minimized for a set of seismic
data (also synthetic data) for which is is known the error in the determined s for a collection
of candidate wavelet filters. The experimental results led to the choice of the Daubechies-4
(D4) wavelet filters.

We observe that also other filters associated to wavelets within the Daubechies family (e.g.
Dg, Dyg) performed very well in this test. These wavelets are much smoother than Dy, see
[23], however in our problem smoothness of the wavelet does not play an important role.
The most important property of the chosen wavelet is its matching property with the seismic
signals, which are not smooth at all. Furthermore, the wavelet filters of Dg and D4y contain
respectively two and five times as many filter coefficients as the D4 wavelet filters. Using
more filter coefficients will increase the computing time of our algorithm slightly.

Window length N(m):

In the previous section we already mentioned a way to adapt the window length N used in
the characteristic functions. This adaptation can be related to the frequency behaviour of
the seismic signals. Obviously, to analyse u at several scales m € IN the window length
N (m) has to be a monotone ascending function of the scaling level m. In order to come to
an appropriate function for N(m) one has to consider two facts. The signal is scaled at each
level by the factor 2. Furthermore, for low and high scaling levels N (m) should not become
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too small or too big, since N(m) is used to obtain information out of the signal in a certain
neighbourhood. These considerations led to the choice

N(m) = [30 - 2mex(%(m—4)/2), (7:20)

with [- - -] the entier function. So for the first four levels we take N = 30 (= 0.75 seconds at
a 40 Hz sampling rate) and thereafter N is multiplied by powers of V2.

Threshold value:

To declare an S-phase arrival time we can use (7.19). However, as we discussed already in
practice £ will not attain its maximum value £max at i5. Therefore we replace Kmax by a
threshold value 1 for which 0 < 7 < Kmax- Since Kmax Will vary for a set of seismic data we
also want to make 1 adaptive. This can be done by putting

7= C" Kmax- (7.21)

Now the problem is left to choose c. Experiments with a substantial number of seismic events
showed that the algorithm performed most successfully for ¢ = 0.2.

7.5 Examples and Results

In this section we demonstrate our algorithm by means of two examples. To illustrate the
difference of our approach compared to Cichowicz’s approach, we have plotted both the
characteristic function in (7.5) and the characteristic function in (7.19) for two events. For
these examples we used the set-up as discussed in the previous section.

After these two examples we present the results of a test done at KNMI. We used both ap-
proaches on a set of 313 local events to come to some conclusions.

Example 7.5.1 For the local event in Figure 7.1, we computed the energy distribution along
scales (7.17) to obtain Js = {2,3}. For these scales we computed £ using the window
length N = 30. Also & was computed without the wavelet method using the window length
N = 30. Both functions have been depicted in Figure 7.6.

Obviously, in our method we have more freedom to choose the threshold parameter ¢ than in
Cichowicz’s method. Note, that for automatic phase detection we have to choose a value for
¢ before analysing a seismic event.

For this particular event an analyst at KNMI determined manually i p = 1120 and is = 1275.
In our approach we get is = 1280 and for Cichowicz’s approach we have is = 1295. Using
a 40 Hz sampling rate these results differ 0.125 and 0.5 seconds respectively. Both results are
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without DWT

Figure 7.6: The characteristic function & for the seismic signal in Figure 7.1 (ip =
1120, is = 1275) using Cichowicz’s method (top) and the DWT method (bottom).

acceptable in an automatic procedure.

Finally, we observe that for this eventis — ip = 1275 — 1120 = 155 (= 3.875 seconds). So
ts —ip < 20 seconds which we assumed for local events.

Example 7.5.2 Also for the non-local event in Figure 7.7, we computed the energy distri-
bution along scales (7.17) to obtain Js = {8,9}. We computed & using the window length
N(8) and N(9) at scale j = 8 and j = 9 respectively. For this event 5 was also computed
without the wavelet method using the window lengths N = 60 and N = 120. All three
functions have been depicted in Figure 7.8.

We see that in the upper picture the S-phase arrival will not be detected unless we put
0.96 < c < 1, which is not a very realistic choice for this parameter. With a larger win-
dow N = 120, the S-phase arrival can be detected if we take 0.55 < ¢ < 1, however in our
approach we do not have to be that precise with choosing ¢, since for all 0.15 < ¢ < 1 the
S-phase arrival will be detected. Obviously, also here we have more freedom to choose the
threshold parameter ¢ than in Cichowicz’s method.

For this non-local event an analyst at KNMI determined manually ip = 1810 and is =
11900. We get ig = 11960 in our wavelet approach and is = 11990 in Cichowicz’s ap-
proach. Since also this signal has been sampled at a 40 Hz sampling rate, these results differ
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Figure 7.7: A three-component seismogram of a teleseismic event, with P and S arrival time
picked by an analyst at i p = 1810 and i5 = 11900 respectively.
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Figure 7.8: The characteristic function & for the seismic signal in Figure 7.7 (ip =
1810, is = 11900) using Cichowicz’s method for N = 60 (top) and N = 120 (middle)
and the DWT method (bottom) respectively.
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Figure 7.9: Test result for 313 local events (number of S-phase arrival picks within time
deviation intervals w.r.t. ip.)

1.5 and 2.25 seconds respectively. Also in this example our approach improves the automatic
pick as compared to the traditional approach.

Finally we observe that for this eventis —ip = 11900 — 1810 = 10090 (= 252.25 seconds).
Soig — ip > 20 seconds which we assumed for non-local events.

Results:

Our method has been implemented at the Royal Dutch Meteorological Institute (KNMI) and
tested for set of 313 local events, using a set-up as described in Section 7.4.2. For each event
a manual P-phase arrival pick by an analyst has been used within the algorithm. Furthermore,
a manual S-phase arrival pick by an analyst has been used to judge the result of the test.

Also the performance of Cichowicz’s method has been tested. For this test we did not use the
raw seismic data, but we pre-filtered the data with a 0.6 - 6 Hz Butterworth bandpass filter,
see e.g. [79]. The threshold parameter c for this method has been taken to be 0.6, which
turned out to be the optimal value for c.

For each event we measured for both methods the difference in i s determined automatically
by the two algorithms compared to the manual picked is. The results of this test have been
depicted in Figure 7.9. In this figure the number of S-phase arrival picks have been plotted
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Method || Deviationig : [~0.5,0.5] | Deviationis : [-1.5,1.5]
BPF 38.3% 522 %
DWT 46.6 % 68.2 %

Table 7.1: Number of determined S-phases (for 313 local events) for the traditional method
and the wavelet based method.

versus the difference in time with respect to the manual picks. This has been done for both
Cichowicz’s method (light colored bars) and for our new wavelet based method (dark colored
bars). Except for the first and last, all bars represent a 0.5 second time interval. The first and
the last bars represent the number of picks that differ more than 5 seconds from the manual
picked ig. For both methods these bars represent £20% of all tested events.

These differences are grouped into intervals of 0.5 seconds.

Table 7.1 shows the percentage of S-phase picks within an 0.5 and 1.5 second time difference
from the manual picked 5. We see that for a physically acceptable difference of 1.5 seconds
our new wavelet based method substantially improved Cichowicz’s method (68.2 % versus
52.2 %).

Note, that we did not compare our method with other wavelet based methods like [5]. The
reason for not comparing our method with these other methods is that the results established
in these methods do not show substantial improvements of traditional methods in seismics.
Moreover, the wavelet based methods that appear in the literature have been tested for at most
23 events. Such test results can not be used to draw serious conclusion.

With some technical adaptations the wavelet based S-phase picking algorithm is expected
to become operational for picking S-phases automatically using only one seismic station of
KNML. For this the algorithm will also be tested on a set of non-local events.
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Samenvatting / Dutch Summary

Fourieranalyse is een beproefde methode om een indruk te krijgen van de aanwezige fre-
kwenties in een tijdsafhankelijk signaal. Echter deze methode faalt bij het simultaan analy-
seren van een signaal in tijd en frekwentie, hetgeen voor steeds meer toepassingen wenselijk
is. Het falen van de Fourieranalyse is te wijten aan het ontbreken van localizatie-cigen-
schappen. Zo zullen veranderingen van het signaal in een specifiek tijdsinterval vitgesmeerd
worden over het totale spectrum van frekwenties.

Diverse methoden zijn in het verleden reeds aangedragen om met deze onvolkomenheid om
te gaan. Een natuurlijke oplossing voor dit probleem is het gebruik van Fourieranalyse op een
door een windowfunctie uitgesneden stukje signaal. Door het verschuiven van deze window-
functie wordt er steeds op een ander stukje signaal naar de aanwezige frekwenties gekeken.
Een probleem bij deze methode, de windowed Fouriertransformatie (WFT), is echter dat de
windowfunctie vast gekozen dient te worden, terwijl het signaal zich wellicht beter zou lenen
voor een analyse middels een combinatie van kieinere en grotere stukken van het signaal.

Een tweede veelgebruikte methode om signalen simultaan in tijd en frekwentie te kunnen
bestuderen is de zogenaamde Wignerdistributie. Dit is een bi-lineaire transformatie, die
bestaat uit een Fourieranalyse van een auto-correlatie function van het te bestuderen signaal
rondom een aan te geven tijdstip. Een nadeel van deze methode is de bi-lineariteit, waardoor
de analyse van een superpositic van signalen bemoeilijkt wordt. Zowel de Wignerdistributie
als de WFT zijn rechtstreeks te relateren aan de Heisenberggroep. Deze en andere eigen-
schappen van de WFT en de Wignerdistributie worden besproken in Hoofdstuk 2.

Recentelijk is een transformatie aangedragen die een signaal in tijd en schalingsgedrag ana-
lyseert, de continue wavelettransformatie (CWT). Het principe van deze transformatie lijkt
op de WFT, echter de Fouriertransformatie die optreedt bij de WFT is bij de CWT vervangen
door een dilatatie van de windowfunctie, wavelet genaamd. Zo kan deze wavelet geschaald
worden, waardoor de transformatie zich met name locaal beter aan het signaal kan aanpassen.
Een andere kijk op deze transformatie leert ons dat de CWT een signaal ontbindt in ge-
transleerde en gedilateerde wavelets. Een discretisatie van de CWT resulteert in de discrete
wavelettransformatie (DWT). Voor het berekenen van deze DWT bestaat een snel algoritme,
de pyramide-algoritme. De wavelettransformatie en bijbehorende algoritmen komen aan bod
in Hoofdstuk 3.

Hoofdstuk 4 borduurt voort op de DWT. Het concept multiresolutie-analyse dat leidt tot de
pyramide-algoritme wordt in dit hoofdstuk functionaalanalytisch beschreven voor ‘signalen’
in een algemene Hilbertruimte. Hierbij wordt het probleem van het vinden van geschikte
waveletfuncties vertaald naar het vinden van basisvectoren in de ruimte [2(Z™) en in een
later stadiurn naar het vinden van functies op de n-dimensionale eenheidscirkel.
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In Hoofdstuk 5 wordt een zeer recentelijk populair geworden tijd-frekwentie operator ingevo-
erd, de fractionele Fouriertransformatie (FRFT). De kracht van deze FRFT blijkt uit het effect
in het fasevlak. Het blijkt namelijk, dat het uitvoeren van de FRFT op een signaal, gevolgd
door het bepalen van de Wignerdistributie identiek is aan het bepalen van de Wignerdistribu-
tie van een signaal, gevolgd door een rotatie in het fasevlak. Dit heeft geleid tot de vraag
welke transformaties leiden tot affiene transformaties in het fasevlak door uitvoering van de
Wignerdistributie. In Hoofdstuk 5 wordt een volledige klassifikatie van dergelijke transfor-
maties gepresenteerd.

Een deelklasse van de transformaties zoals deze beschreven zijn in Hoofdstuk 5 kunnen
gezien worden als generalizaties van de FRFT. Deze worden gebruikt om een tweetal con-
vexe geometrieén in het fasevlak, rechthoek en cirkel, d.m.v. een lineaire transformatic om
te vormen. Een toepassing van deze techniek wordt gegeven door het probleem van het con-
centreren van energie binnen een bepaalde geometrie in het faseviak. In Hoofdstuk 6 wordt
voor beide geometrieén het klassieke probleem van energielocalizatie besproken, waarna de
koppeling met andere geometrieén gemaakt wordt d.m.v. de gegeneralizeerde FRFT.

Hoofdstuk 7 bevat een praktisch probleem, waarbij de DWT gebruikt is. Het betreft het
automatisch detecteren van zogenaamde S golven in seimische data. Deze S golven zijn
normaliter in een seismogram vermengd met andere significante golven gecombineerd met

diverse typen ruis. Een op de DWT gebaseerd algoritme wordt ter oplossing van dit prob-
leem gepresenteerd en op stabiliteit onderzocht. Verder worden testresultaten van de nieuwe
algoritme gepresenteerd. Het werk beschrevenin dit hoofdstuk is uitgevoerd in nauwe samen-
werking met de afdeling Seismologie van het KNMI.
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- VII -

Als het mogelijk aanwezige aardgas in de Waddenzee net zo brandbaar is als het nu
explosief is voor het kabinet Kok-II, dan zit Nederland na winning van dit gas er nog
vele jaren warm bij.

- VIII -
De oudste niet-commerciéle activiteit in een 24-uurs economie is de zorg van een
moeder voor haar pasgeboren kind.
SIX -
Hoe groter een wetenschappelijk congres is opgezet, hoe kleiner is het wetenschappe-
lijk rendement voor de individuele deelnemer.
-X-

Het leven is geen wiskunde.
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-1-

Gegeven de fractionele Fourier operatoren F, en 3, met a, 8 € [—n, 7], dan geldt
de onzekerheidsrelatie

[z [imnera: O v,

R R

=11 -

Zij D de diagonaalmatrix D = diag(d,,...,d,), di € Z, met det D = N, waarbij
N > 0. Zij verder {8, - ..,8~n—1} een verzameling rijen in {2(Z"), zodanig dat de
verzameling

By = {RP*g/|1=0,....,N—1, ke Z"}
een tight frame met frame bound M is. Dan is de verzameling
By = {RP*g/|1=0,...,N-1, ke Z"},

met D' = diag(d},...,d,), d; € Z, en d; een deler van d;, ook een tight frame met
frame bound M.

Hoofdstuk 4 van dit proefschrift.

-1 -

Zij A een lineaire transformatie in JR™ en V' een lineaire deelruimte van IR™. Dan
geldt dim AT(V1) = dim V1, dan en slechts dan als dim A< (V) = dim V.

Hoofdstuk 5 van dit proefschrift.

Gegeven de operatoren

Bl = |2 [l g,
R

p(.’Eo)[f](Q?) f(.’l?) : X[—xo,xo](‘r)a

voor alle f € L%(IR) en voor vaste zg,wo > 0, dan geldt

Ker(A — P(z0)B(wo)P(z0)) =

Lz([—.’EO,Io]) n {X%IB(QJO) + %(I— B(wo))} Lz([—xo,ro])l,

voor A € (0,1).

Hoofdstuk 6 van dit proefschrift.

SV-

De wavelettransformatie maakt het mogelijk de algorithme van Cichowicz uit te brei-
den van een methode voor het automatisch bepalen van S-golven in locale events tot
een methode voor het automatisch bepalen van S-golven in zowel locale als niet-locale
events.

A. CICHOWICZ, “An automatic S-phase picker”, Bull. Seism. Soc. Am., 83,
180-189, 1993.

Hoofdstuk 7 van dit proefschrift.

-VI-
Reeds jaren voordat Candes de Ridgelettransformatie introduceerde, gebruikten Facqi,

Kabir en Verschuur deze met succes als filteroperatie in de geofysica.

E.J. CANDES, “Ridgelets: Theory and Applications”, PhD Thesis, Stanford Uni-
versity, 1998.

L. FACQI, M.M.N. KABIR EN D.J. VERSCHUUR, “Seismic processing using the
wavelet transform and the Radon transform™, J. Seism. Expl., 4, 375-390, 1995.
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