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PREFACE

This manuscript contains the notes of a series of lectures I gave at
thé seminar "mathematical structures in field theories' during the academic
years 1983-1984 and 1984~1985. They are meant as an introduction to the
theory known as geometric quantization and although it does not cover as
many aspects as other books on geometric quantization, I have tried to give
full proofs where other authors only sketch them or leave them out altogether.
This explains part of the origin of these note¥: to satisfy myself that I
could prove the stated claims, the other part being the request to supply
the audience of the seminar with a written text. It is assumed that the
reader is familiar with the fundamentals of differential geometry, (fibre)
bundle theory, symplectic geometry, hamiltonian mechanics and quantum mechan-
ics.

At this point I would like to thank the organizers E.M. de Jager and
H.G.J. Pijls for giving me the opportunity to talk at their seminar. I al-
so would like to thank mw Y.Voorn for the care with which she has typed this
manuscript, and finally I thank the CWI for publishing it in their series

CWI-syllabi.

G.M. Tuynman
August 1985
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1 INTRODUCTION

Suppose we are given a physical system which we can describe in classi-
. cal mechanics (e.g. a single particle in R3 in a potential field), then

we éan ask ourselves: how do we describe this system in quantum mechanics?
This question implies that we have to find a Hilbert space H and, for each
(classical) observable, a self-adjoint operator on H (especially for the
hamilton function which determines the time evolution of the system). Im
theory one is completely free in the choice of, H and the self-adjoint oper-
ators, provided one is in agreement with experiment, but in practice one uses
the description by classical mechanics as a guide to construct H and the
self-adjoint operators. This practical method to determine the quantum me-

chanical description immediately evokes the question:

how does classical mechanics guide us?

In the history of quantum mechanics several remarks have been made con-
cerning this question, some of which will be summed up below.
In his book "The principles of Quantum Mechanics" Dirac noticed a striking
resemblance between Poisson-brackets in classical mechanics and the commuta-
tor of operators in quantum mechanics when applied to the observables posi-
tion (qi), momentum (Pi) and energy H. This resemblance between Poisson
brackets and commutator seemed good enough to be promoted to the so-called
canonical quantization procedure in which one tries to represent the canoni-
cally conjugated observables qi and Py by self-adjoint operators Qi,

Pi satisfying:
1gd120 = T B
e ,°1 =0 [Pi,Pj], [Pi,Q 1 ”“Si ih tp,»q ]

. i . .
Furthermore, functions of the ¢ (or pi) are in this scheme represented

. i . .
by the same functions of Q (resp. Pi). However, the canonical quantiza—



tion procedure does not give a prescription for observables which are func-
tions of P, and ql simultaneously, in particular, it does not give a

o s . ' . 1 .
prescription how to ''quantize'" the observable p1q1 (classically pd s

the same as q1p1, but quantum mechanically P, and Q1 do not commute!).

1

An alternative approach was given by Weyl [Weyl 1927] who proposed a
procedure to quantize observables using the Fourier transform. This proce-
dure coincides with the canonical quantization procedure for the elementary
observables; however, for more complicated observables (which "cannot' be
quantized by the canonical quantization procedure) the correspondence be-
tween Poisson brackets and commutator is not preserved.

In the same time Stone and von Neumann proved that the Schr&dinger re-
presentation is unique. That is to say, given a set of self-adjoint opera-

tors Pi and Q1 (i=1,..,n) on a Hilbert space H such that their asso-

ciated one-parameter unitary groups exp(in t), exp(iQJ t) satisfy:

(1) exp(int) exp(iPks) = exp(iPks) exp(int)

exp(int) exp(ika) = exp(ika) exp(int)

exp(int) exp(ika) = exp(isté?) exp(ika) exp(int)

(ii) H 1is irreducible under the action of exp(in t) and exp(iQJ t).

Then there exist a unitary map S: H - LZ(Rn) (LZ(Rn)= complex square-
integrable functions on R"  with respect to the Lebesgue measure) such
that for f in a suitable dense subset of LZ(HJ5 :
-1 . af jo—1 j
(sP.8” £)(q) = ih (@) , (5Q°S"'D)(@) = ¢’£(q).
J 3 J
q

The relations (i) are called the Weyl (commutation) relations and from these

relations one can deduce that Pj and Qk satisfy

=0 = ot od 312 i 6l
[Pi,Pj] 0 = [Q7,Q"7, [Pi,Q] méi



which are the usual commutation relations of the canonically conjugated ob-

J of the canonical quantization procedure. However,

servables P and q
it should be noted that in general ome cannot deduce the Weyl commutation
relations from the commutation relations of Pi and Qj (see [Reed &
Simon]). When we omit condition (ii), H becomes the direct sum of (count-

ably many) irreducible parts which are all equivalent to the Schrédinger re-

presentation (Pi +ﬁ-—ih—31-, Ql <~ ql on LZ(RP)).
3aq

Given the succes of the Schrddinger representation in quantum mechanics
one now would like to use this theorem "in reverse" to formalize the canoni-
cal quantization procedure, i.e. to obtain a set of rules which describes
the quantum mechanical ingredients in terms of the classical omes. In view
of the previous remarks, the following conditions seem reasonable: for a
classical system described by canonically conjugated coordinates (qi,pj)
and a set of (classical) observables C such that qi,pj € C, the quantum
description is given by a Hilbert space H and a map &: C > {self-adjoint

operators on H} such that:

(Qi) S(o+Y) = 8(¢) + (W)

(Qii) S(A¢) A8(9) , A ER
(Qiii) 8(Lo,w1) = -inls(¢), s(¥)]
(Qiv) s(ry =1

(Qv) H 1is irreducible under the action of G(ql) and G(pj)

Conditions (Qi)=-(Qiv) say that & 1is a 1-1 representation of the Poisson
algebra C to the Lie algebra of quantum observables. Condition (Qv) can
be interpreted as follows: the irreducibility of H wunder G(qi) and
G(pj) implies that no proper subspace of H 1is invariant under the action
of 6(qi) and 6(pj) which is heuristically equivalent to its classical

counterpart: no subspace of the phase-space (q,p) 1is invariant under all
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translations qi > qii-ai, pj - pj-+bj; the latter condition, being an
"obvious truth" of classical mechanics, justifies condition (Qv).

Now Van Hove proved that these 5 conditions are too strong: there cannot
‘éxist a Hilbert space H and a map & satisfying all requirements simul-
taneously [Van Hove 1951]. 1In the same paper he showed that if one drops
requirement (Qv) or if one represents only a restricted class of observables,
then a H and & can exist. (This result of Van Hove has been generalized
by Gotay [Gotay 1980] who uses Van Hove's result to prove that a quantization
procedure satisfying a certain set of '"obvious'" conditions (similar to our 5)
cannot exist.)

Considering these results we may conclude that the original striking re-
semblance between Poisson brackets and commutators remains a striking resem-
blance only: a resemblance which cannot be given a formal structure which
reproduces the successful Schrddinger representation. (It seems that Dirac
was aware of the possible problems of this resemblance because he writes:
"... the quantum-brackets or at any rate the simpler ones of them, have the
same values as the corresponding classical Poisson brackets", [Dirac, p.87].)
This puts us back at the beginning when we asked: how does classical mechan-
ics guide us? Canonical quantization is a successful prescription, but it

lacks a more rigorous framework which gives us insight in why it works.

In 1970 Kostant and Souriau again considered the question how to pass
from classical mechanics to quantum mechanics and they introduced (indepen-
dently) a theory which is nowadays known as geometric quantization
[Kostant 1970; Souriau 1970]. With this theory they (and nowadays many
others) try to give a prescription how to pass from classical mechanics to
quantum mechanics and they try to formulate the extra ingredients necessary
for this passage. The aim of these notes is to give an introduction to this

theory with the accent on (heuristic) arguments why it is reasonable to do



it the way one does. However, it is not the intention to give a full ac-
count of the theory as it is developed till now and especially the so-called
.B1attner—Kostant—Sternberg—Kernel will not be discussed; the reader is re-
errfed to the table of contents to see what topics are treated.

The starting point of geometric quantization is the description of clas-

"sical mechanics in the Hamilton formalism, i.e. one starts with the phase-
space M of the system together with a symplectic form w on M and a
(not yet specified) set C of classical observables (= functions on M)
which is not necessarily closed under the Poiézon brackets associated with
w. With these ingredients one tries to find a Hilbert space H and a map
§ such that H and &8(C) give the quantum description of this system.

The first step in this construction is the so-called prequantization
(discovered by Van Hove [Van Hove 1951] and independently rediscovered by
Kostant and Souriau) where a H and 8 are constructed which satisfy con-
ditions (Qi)-(Qiv) of our quantization scheme but which fail condition (Qv);
in principle prequantization is a slight modification of the notion of
Hamilton vector fields on M.

The second step is the introduction of a polarization in order to re-
duce the size of ﬁ: heuristically H consists of functions on the phase
space M and a polarization reduces this to functions on a configuration
space; the introduction of a polarization also gives us a way to define the
set C of directly quantizable observables. Unfortunately in many cases

C does not contain the Hamilton function: one has to use the Blattner-—

Kostant-Sternberg-Kernel to derive the quantum hamiltonian.



2 PREQUANTIZATION

First a preliminary remark: throughout the sequel we will use three
"examples" of symplectic manifolds. The first one is the simplest case:
M= R?n = T*R" with coordinates (qi,pi)ril=1 and w = d(pidqi) = dpi,\dqi;
the second one is the generalization to the cotangent bundle of an arbitrary
configuration space Q: M = T*Q with local coordinates (qi) on Q and
(qi,pi) on M with w = d6, 6 the canonical 1-form on M (in local co-
ordinates (qi,pi): B = pidqi); the third one is an arbitrary symplectic
manifold (M,w). To simplify notations we wiil say the symplectic manifold

M = IR2n

(resp. M = T*Q) and it should be tacitly understood that the
above mentioned symplectic forms are used.
To start the description of prequantization, we note that every symplec-

tic manifold carries a natural volume element € defined by the symplectic

form:

. =vl_(_1)£n(n~1)wn

: s dimM = 2n
w 0!

(in local canonical coordinates (ql,pi) we have w = dpi/\dql and
€y = dp1 Aced A dpn/\dq1n ...dqn). Hence there is associated to M a Hilbert

space H = LZ(M) of all complex valued square integrable functions on M

with the inner product
<o0> = [ dve
M

Secondly, to every function f € C;;(M) (a real valued, infinitely dif-

ferentiable function on M) there is associated a vector field Xf, called

the hamiltonian vector field of £, defined by

i, w+df = 0;
Xg

in local canonical coordinates (ql,pi) X, 1is represented by

f



Furthermore (Liouville's theorem) the flow pt associated to the vector
field Xf preserves the volume element €y so to Xf is associated a

symmetric operator §(f) on H defined by:

6(£)¢ = -ihX.¢

where ¢ 1lies in a suitable dense subset of H. It can be proved that if
Xf is a complete vector field (i.e. Ch is am1—parameter group of diffeo-
morphisms of M) then &(f) is an (essentially) self-adjoint operator on
H; a sketch of the proof is as follows: 1if Xf is complete then C is
a 1-parameter group of diffeomorphisms which preserve €0 hence e in-
duces a 1-parameter group of unitary transformations of H and we then ap-
ply the theorem of M.H. Stone which gives us the desired result.

Using the formula [Xf,XgJ = X[f,g] (commutator of vector fields on
the left, Poisson brackets on the right) and the linearity of Xf in £
(over R) we see that the map §: f g(f) restricted to functions with
complete hamilton vector fields satisfies the quantization conditions (Qi)-
(Qiii), but it fails condition (Qiv): the constant function 1 has a zero
hamilton vector field hence 5(1) =0.

Following [Woodhouse] we try to correct this failure by redefining §:
8(£)¢ = -ihX ¢ + £

but then condition (Qiii) is no longer true. Even this problem can be solved;
for the sake of simplicity we assume for the moment that M = T*Q, w = do,

then a correct definition is given by:
8(£)¢ = ~ihX ¢ - 68(X.)¢ + £4.

This definition now satisfies conditions (Qi)-(Qiv) and again one can prove



that if Xf is complete then §(f) 1is (essentially) self-adjoint (see the
end of this section).

In the general case the symplectic form w need not be exact and we
can find only locally a 1-form 6 such that w = d®; hence we have to in-
vestigate the influence of a different choice of symplectic potential 6.

Suppose w = df = d6 then there exists (locally) a real function wu:

8 =6 +du (Poincaré's lemma) and we have:
§(£) 49 = —1hxf¢-e(xf)¢+f¢ v

and

E(f)éwp ~ihX ¢ - é(xf)¢ +£¢

exp(iu/ﬁ){—ith(EXP(“iU/h)¢)

+

(f-G(Xf))eXP(-iu/h)¢}

> exp(—iu/h)g(f)§¢ = E(f)e{exp(—iu/h)¢}

From the last equality we see that if we introduce a gauge transformation
¢ > exp(iu/h)¢ associated to a change in symplectic potential 6 F— 6 +du,
then the definition of Ee(f) and S(f)é coincide on the common (local)
domain of 6 and 6. This implies that ¢ no longer is a function on M,
but an object which assigns to each m € M a complex number, a complex num-
ber depending on the choice of a local symplectic potential, in other words:
we need a complex line-bundle of which ¢ 1is a section.

Let us formalize this idea. Suppose we have an open cover
u= {Ui | i€1I} of an arbitrary symplectic manifold (M,w) together with a

collection {ei,Uij | i, €1} such that ei is a symplectic potential de-

fined on Ui (d6i=<u) and such that

6. = 0. +du,.. on Uu. Nnu..
j i i i 7]



We want to know if we can define a line-bundle with gauge transformations
exp(iuji/h), in other words if we consider local functions ¢i on Ui and
if we impose ¢j = exp(iuji/h)cbi on Ui n Uj’ do we get a consistent defi-
L. . .. . - 0
nition of an intrinsic object ¢ (¢>i)iEI

On a triple intersection Ui n Uj n Uk we have:

6. =6,+du,., 6 =06,+du.., 6, =6 +du.
j i ji i

k j ij i k k

hence

d(ukj+uji+uik) =0 <= ukj-+uji.+uik is locally constant.

Furthermore:
¢j = exp(iuji/h)¢i, o = exP(iukj/h)¢j, ¢, = exp(iuik/h)¢k

hence for a consistent definition it is necessary that
1 + + = s . 3
exp(l(ukj uji uik)/h) 1 on Ui n Uj n Uk in other words: in order to get

a consistent definition of gauge transformations we need the existence of

nijk € Z:

ukj +uji+uik = 27 nijkh'

On the other hand, this condition is sufficient to guarantee the existence
of a complex line-bundle w: L - M over M which has the exp(iujiﬁi) as
gauge transformations associated to the cover U of M, i.e. if

wi :ﬂ—1(Ui) > Uix C 1is a local trivialization of L then wj ow;1(m,z) =
= (m, zexp(iuji/h)). A section ¢ of L (i.e. ¢: M > L and

mo¢ = id(M)) can be identified with a set of functions ¢i: Ui -+ @ such

that ¢j = exp(iuji/h)(t)i when we put wi o ¢(m) = (m, ¢i(m)); in a diagram
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(m,z) | (m,zexp(iuji/h))

v, V.
UiX(I:*——l— 1(Uint)———J—»ijcz

(id,¢i) =¢i°¢ ¢ wj°¢ =(id,¢j)
U.Nu,
i 7]

In this presentation we define the operator S(f) on the set T(L)

of sections ¢: M > L as follows:

y = 8(f)¢ is defined by

(lJJ = -ith¢j - ej (Xf)¢j + f¢J
and, as we have seen, this defines a correct section ¢ of L because:
9, =06.,+du, . = d’j = ¢k exp(—iukj /h)

k ] kj

=y, = —ith((bkexp(—iukj/h)) + (f - OJ. (xf))ek exP(_iukj/h)

I

exp(—iukj/h)wk.

So far, so good, we have generalized the notion of a function on M
to a section of the line-bundle L and we have defined an operator g(f)
on such sections, but .... the existence of L 1is subject to the condition
that we can find a suitable collection Ui’ 6., uij such that

1

u..+u. +u . =2rn... h for some n.. € Z. One can show that this con-
1] jk ki ijk ijk

dition is a condition on w, a condition which is usually stated as: w

should define an integral cohomology class; in geometric quantization the
(necessary) assumption is that this integrality condition on w 1is satis-

fied (notice that for exact symplectic forms w (as is the case for

M = T*Q, w = d8) this condition is automatically satisfied, since then we

need only one set Ui =M and do not need any gauge transformations).



Strange as this condition may seem, it can be related to the quantization
condition on energy levels (see [Guillemin & Stermbergl) and given the exis-
tence of L one can give a (different) geometric interpretation of the
Feynman path integral in terms of geometric quantization (see [Simms,

LNM 8361).

Before we turn our attention to the question of self-adjoint operators
on Hilbert spaces, we first investigate some properties of L related to

t

the definition of g(f). g(f) is defined on%;ections 6 € T(L) by

=35 = - (x, -+
Vo= S0 e by = - (X0, (X)) e, + o,

and we might define for &€ V(M) = the set of all complex vector fields on
M, an operator Vg on TI(L) by

i
=V .= .~ 0. .
v E¢ hand wJ €¢J 5 9J(E)¢J

We then claim that V 1is a correctly defined connection on L.
PROPOSITION: for &£,n € V(M), f,g € C (M), ¢,y € T(L) we have:
(1)

Vf£+gn¢ = fVEzb + gVnd)

il

(ii) Vg(f¢+g¢) ng¢'*VEg¢ = (Ef)¢'+fvg¢-*(ig)¢'+gv 1

g

where the multiplication by functions £ € cTan  is always pointwise, e.g.

(£¢) (m) = £(m)¢(m).

Furthermore, we can compute the curvature of this connection:

[N

. det . _ - -1
PROPOSITION:  curv(V)(€,m¢ == i(V,V -V 7, V[g’n])qb Fu(E,me

in other words: the curvature of V is w/h.

In terms of this connection (which we will use throughout the sequel)

the definition of g(f) becomes:
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§(£)¢ = -ihV, ¢+ fo.
X¢

Let us now turn to the next question: can we construct a Hilbert space
H out of T(L) (and are the &(f) (essentially) self-adjoint operators)?
The answer is yes, and the construction is as follows: we define a hermi-

tian structure (= complex inner product) on the fibres of L by:

. -1 _ .
if 21,22 € m (m) then wi(zj) = (m,zj), j 1,2 and we put

[=9

ef -
(11,12) == 2122601 .

This definition is independent of the choice of the local chart Ui because
the gauge transformations are unitary:

-1
V.Y,
(m,z) —1 (m,zexp(iuji/h))

= z,2, — (z1exp(1uji/h))z2 exp(lujiﬁi) =zz

9"
With this hermitian structure ( , ) on the fibres of L we can define a

map which assigns to each pair ¢,y € I'(L) a function (¢,9) on M by:

G, (@ = (¢(m), yv(m),

and we note that this map satisfies the relation: if § 1is a real vector

field on M, & € VRKM) (i.e. & €ETMc (T M)m) then
m m m
E(d,9) = (VF¢,¢)4'(¢,V V)

for arbitrary complex vector fields & € V(M) we have £&(¢,¥) =
(v§¢,w)-+(¢,v€w). This relation, which is a compatibility relation between
the connection V and the hermitian structure ( , ), expresses the fact
that the inner product in the fibres is invariant under parallel transport
by V along a curve in M.

-~

We now define the (pre) Hilbert space H by:



fl=toer@ | J (b,0)e <}
M

with the inmer product

<4 0> = [ (b,0)e .

M

The "operators" 8(f) act on f by

8(£)¢ = -ihV, ¢+ £o

X¢

and one can prove (as already said) that if Xf is a complete vector field
on M then &(f) is an (essentially) self-adjoint operator on H (see the

end of this section).

To summarize our results, assuming that the symplectic form w satis-
fied some integrality condition, we constructed a complex line-bundle
m: L > M together with a connection V and a compatible hermitian struc-
ture ( , ) such that the curvature of V equals w/h. What we have

"proved" is in fact part of a theorem of A. Weil (see [Weill and [Kostant]):

THEOREM (A. Weil): given a symplectic manifold (M,w), there exists a com—
plex line-bundle =: L »~ M with connection and compatible hermitian struc-
ture with the extra condition  curvature(V) = w/h <f and only if w sat-
isfies the integrality condition. Fu¥rthermore, the various essentially dif-
ferent choices of (L,V, ( , )) are parametrized by H‘(M,S1) (= the first
eohomology group of M with values in s < ¢); in particular, if M <s
simply connected then (L,V, ( , )) s unique up to equivalence (if it

exists).

Using this line-bundle L we constructed a Hilbert space A out of

I'(L) and with the aid of the connection we defined a map &; the pair

~

(H,8) satisfies the quantization conditions (Qi)-(Qiv) (at least if we re-

-~

strict 8 to functions f for which Xf is complete). However, when we
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. 2 s . .
prequantize M = R.n, we do not get the Schrodinger quantization, due to

-~ o~

the fact that (H,8) does not satisfy Q.

EXAMPLE: M = R?n, w = dpi;\dql‘ Since w is exact (w = d6, 6 = pidq1

globally) the integrality condition is satisfied and we can take for L the

trivial line-bundle L = R?n><¢; a section ¢ can be identified with a com-

plex function £ by

2n
X

¢(m) = (m,f(m)) € R C.

The connection V 1is given in terms of these functions by

- gf-L
V= £ -5 0(O)f,

and the compatible inner product by (f1,f2) = f hence f is (isomor—

1f2’
phic to) LZ(Rgn).

. . i
Let us investigate how the observables ¢ and 1 are represented:

S(ahf = int +q's 8(a") = ih—+q"
3pl Bpi
=
of
§(p.)f = —ih 2% ! - .9
i i ] §(p.) = -ih —
9q i aql

From these calculation we see that prequantization does not give the
Schrédinger quantization, and in fact H is reducible under the action of

g(ql) and g(pi) (see [Van Hove] for more details).

~ ~

We conclude this section with an alternative description of H and §

which is sometimes useful. Consider the bundle w: L*¥ » M over M where

% *

L*™ equals L without the zero section (equivalently: L" 1is the principle

fibrebundle associated with L with structure group €* = ¢\ {0}, or equi-

*

valently: L is the €* bundle over M with the same gauge transforma-

. % s .
tions as L), then L* has local charts Ui><¢ and transition functions



U.nu,) x¢* c U, x¢* —— (U.NU,) x@* c U, x¢*
J 1 1 1 ] ]

(m,z) F + (m,z exp(iuji/h)).
on L* we consider the set K of functions ¢ on L* satisfying the
relation: !LEL*, z€¢* =>'$(z£) = z_1$(£):
K=:1*>¢ | Tv = 275w,

and we define the map ~:T(L) >~ K, ¢ % by the following proces: if
lE‘n—l(m) €L* (= 2#0) then there exists a uﬁique element 3(2) €aC
such that ¢(m) = $(E)2€EL; this function E(l) obviously satisfies

g(zl) = z—1$(2) because:
$(z0)z8 = ¢(m) = (L = F(z2)z = $(2).

Furthermore, the map ~ 1is obviously injective, but also surjective because

of the inverse construction

o(m) = $(2)8, m = 7(R).

Thus, T(L) 1is equivalent to K; 1in order to give another descrip-—
tion of K we introduce three vector fields on L*: Z, Z and E defined
i6 *

on the local charts Uix ¢* with coordinates z = x+1iy = re on €

(x,y€ER, r€R', 6€L0,2m)) by

R RPN IR T S 3N, i/ 3
2= vgy = Coin 4 (pmigg) = 4 (i vay) < ey
= _ = _ .o, [0 3N _ (.8 N _if_ 3 38
fmegr T T At ey T Y ay) T2 Moy
E = i(z-2) = x——y-aa; = 5%

and we note that these definitions are correct, i.e. they coincide on the

intersection of two charts. With these definitions we claim:
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K=1{3: 1">¢ | 23=-3, Z3=0}.

Finally, we introduce the connection 1-form a on L*, i.e. the con-
nection 1-form in the principle fibrebundle L* associated with the connec-
tion V in the vector bundle L. In general the connection form takes
values in the Lie algebra of the structure group G, here G = ¢* hence

a takes complex values. On Uj x¢* o is defined by:

o, = %9, +id72 =1s, +yd:2(-xgy +iXd};+y§y
J J hJ x4y X +y
1 . dr
-—-Hej de"‘l—r-

and again this definition is independent of the local chart. With these in-

gredients we can define the action of V,_ on sections ¢ in terms of K.

2
Let & be a real vector field on M then define the real vector field E

*

on L~ by
(i) nE =¢
(ii) a(®) =0 (i.e. € 1is a horizontal lift of £).

14

These conditions determine & completely: on a local chart U5 xe* T

is given by
T oored = e+l 2
Ej = E+h9j(£)E €+h9j(€) 55

When we extend this definition to complex vector fields by linearity, we get

the following proposition:

PROPOSITION: if £ € V(M), £ €C (M), ¢ € (L) then

’V—;¢/=E$ and f'7b=f'5'



where (£9) (2) = £(n(L))P(L) s again the pointwise multiplication.

With this proposition we can already translate the action of g(f)
(f € C:;(M)) in terms of K but a more elegant description is possible if
we realize that 7§ = J$, Z9 =0 and f& =£9 imply that f& = (ifE)T.
With this observation we define a map f F— g from observables to real

vector fields on L* by:

=% -1 - 1 - *
nf—xf ; £E (= xf+h(ej(xf) f()ae on ijm)

and we claim that with these definitions the following proposition holds.

PROPOSITION: the map £ +— ne s injective and:

(i) (¢ =-in3

(ii) n[f’g] = [nf) ng]

This proposition gives us an elegant translation of H and § in
terms of K (N.B. in [Simms & Woodhouse] the set {nf | £: M> R} is de-
scribed completely in terms of L*, o and the innmer product on ¥ e L).

We now sketch the proof that if X_ is complete then 6(f) 1is self-

f

adjoint, a proof which we will illustrate with the case M = T*Q. If Xf

is complete, then it can be proved that n is complete too; in that case

f
the t1-parameter group of diffeomorphisms o associated to Ne generates

a unitary group of transformations of K (with the inmer product inherited
from T(L)) by S > G Op- It then follows from the last proposition and

Stone's theorem that &(f) 1is the generator of this group and hence self-

adjoint.

EXAMPLE: M = T*Q, w =d6. Since w 1is exact we may take L = Mx(,

L* = Mmx¢* together with the usual inmer product ((m,z1), (m,z,)) = E1z2.



Suppose Xf is complete and denote the associated flow by o then n

is given by

f

g = X tAss ,  Ag = $(0(X) - D).
If we denote the flow of Ne by o, then the action of o, on L* is
given by:
t
ct(m,z) = (pt(m), z 'exp(i(J Af(ps(m))ds))

3

and from this expression it is an elementary calculation to show that o,
is a 1-parameter group of diffeomorphisms. With the aid of o, We can de-

fine an action ﬁt on elements of H (ﬁ I~ LZ(M) "e" (L)) via K by:

T~

- =~ 0
pt(b ¢ o ¢

whence it follows that

t
B9 @ = ¢(pt(m))exx’(-iof Ap(p (m))ds)

an expression which is unequal to ¢ ° P> but it is a map which preserves

the inner product:
(B,6,6.9) = (6,9) e 0,

because the extra phase factor cancels. Now ¢ is invariant under CH
(Liouville!) hence 6t is a unitary group on H, "hence" its generator

§(f) 1is self-adjoint by Stone's theorem.

Bibliographical note: the introduction of the prequantization line-bundle

L as given in this section is rather clumsy; there exist nicer ways of in-
troducing L (which are, however, more complicated than the one given above):

(1) L figures in the interpretation of the symplectic cocycle associated
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to a dynamical group acting on a symplectic manifold, a cocycle which indi-
cates whether this group action can be lifted to L or not (see [Souriau,
Ch.II, §11] and [Simms & Woodhouse, App.C]). This interpretation is closely
related to the theorem of Wigner in quantum mechanics on projective represen-
tations of Lie groups in Hilbert spaces. (2) The construction of L 1is
closely related to the third theorem of S. Lie on the existence of a glo-
bal Lie group for any finite dimensional Lie algebra (see [Van Est] and

[Almeida & Molino]).
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3 REAL POLARIZATIONS

If we compare for a particle in R the prequantization with the
Schrddinger quantization, then the Hilbert space of the first consists of
functions of the qi and P simultaneously, in the second case the
Hilbert space consists of functions depending on the qi only. The obvious
way to derive the Schrddinger quantization from prequantization is to re-
strict the attention to functions on M which are independent of the coor-
dinates P> but .... then they no longer belong to the Hilbert space of
prequantization (except if they are identiczlly zero) because the integral
over the P; diverges!

However, if we restrict our attention to functions independent of Py and
integrate over the qi (Rn) instead of over the qi and 1 (E?n =M,
then we get the Schrddinger quantization.

We can apply the same reasoning to M = T*Q with coordinates qi on
Q and associated coordinates 1 in the fibres of T*Q » Q: we restrict
our attention to functions on M which are independent of the 1 (i.e.
constant on the fibres of T*Q + Q) and we integrate over Q 1instead of
o&er M. Here we encounter our first problem: how do we integrate functions
over Q: 1in general we do not have a natural volume form on Q! But there
are more problems when we try to extend the same reasoning to an arbitrary
symplectic manifold: for an arbitrary symplectic manifold (M,w) one could
use a (local!) canonical coordinate system (qi,pi) (i.e. w= dpi/qui)
and say: we look at functions independent of the P> but this depends
highly on the choice of the local canonical coordinates; furthermore: omne
constructs the prequantization Hilbert space not out of functions on M but
out of sections of a line-bundle L which is in general not a trivial ome
(as it can be for M = T*Q).

Even more: if we have solved these problems, there remains the problem:

how do we "integrate over Q"? We see that, in order to generalize "the



21

* o TL

obvious way" from prequantization to Schrddinger quantization for M = T'R,

we have to answer four questions:

1. How do we define "fibres" in a symplectic manifold (M,w) ?
2. How do we define the equivalent of a configuration space Q?
3. How do we define sections of L 'constant along the fibres"?

4. How do we integrate over this 'configuration space'?
g g

In this section we will give an answer to the first three questionms,

the answer to the last question is the subject of section 5.

We (have to) start with a few preliminary notations and definitions:
a (Cw) distribution D on a manifold M is a "map'" which assigns to each
point m € M a linear subspace Dm of TmM such that:
(1) k = dhan = constant (independent of m € M)
(ii) Vmo € M 3U neighbourhood of m and vector fields X1, ...,Xk de-
fined and independent on U such that {X1|m""’xk‘m} span Dm for
each m € U.
If X 1is a vector field defined on an open set O < M then we use the ab-
breviation X € D for the formula Vm€O : XmEDm.

A distribution is called integrable if for each point m € M there

exists a submanifold N of M such that: m € N, dimN = k and

D . A necessary and sufficient condition for a distribution

VmEN : T N
m m

to be integrable is given by Frobenius' theorem: D 1is integrable if and
only if VX,Y vector fields on M: X,Y€ED = [X,YJ€D.

An integrable distribution is also called a foliation; the maximal con-
nected integral submanifolds (i.e. submanifolds N of M such that
TmN = Dm) are called the leaves of the foliation. It sometimes happens
that the set of all leaves of a foliation D on a manifold M (denoted by

M/D) can be given the structure of a manifold in such a way that the natu-

ral projection w: M > M/D is a (Cw) submersion; in such a case the folia-
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tion is called reducible (N.B. this is an unusual definition in foliation
theory!).
With these notations and definitions we can define a special distribu-

tion D' (where v stands for vertical) on M = T*Q (with coordinates q1

on Q and associated coordinates 1 in the fibres of T*Q > Q) D; is
spanned by the vectors I__E_ ,...,—3— }. It is easy to show that this
1apT m Bpn m

distribution is integrable: the leaves of D' are just the fibres of

me T*Q + Q, 1.e. the maximal connected integral manifolds are defined by
{qi==consti, i=1,...,n}; furthermore, the f§1iation D" is reducible:
M/D’ = Q.

We see that in the case M = T*Q we can define fibres and Q by means
of a reducible foliation on M; 1in the general case we want to do the same,
but ... what restrictions do we have to impose on a reducible foliation D
on M in order to imitate as close as possible the case M = T*Q? The
condition dimD =n (where dimM = 2n) 1is obvious; if we wish that
there exist local canonical coordinates (qi,pi) such that D 1is spanned
(locally) by {sgz} then it is necessary that Dm is maximal isotropic
with respect to W, 2 fact which needs some explanation. A linear sub-
space Dm of TmM is called isotropic with respect to w if
X,YEDm=> w(X,Y) =0; one can show that if Dm is isotropic then
dimDm Sn; if dimDn =n then Dm is called "maximal isotropic" or
"lagrangian'. Now it is easy to show that the subspace Dm of TmM span-
ned by {ng-} (where (qi,pi) are canonical coordinates: w = dpi/\dqi)

i

is an isotropic subspace hence lagrangian (= maximal isotropic) because

dimDm =n. Thus if D 1is spanned locally by {Sg—} for canonical coor-
. i
dinates (ql,pi) then Dm is lagrangian.

On the other hand one can prove the converse: if D is a lagrangian

foliation of M then there exist everywhere local canonical coordinates
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I
. Lap;
are defined (locally) by q1 = const. (see for instance [Woodhouse §4.4]).

(ql,pi) such that Dm is spanned by } or equivalently the leaves
These facts lead us to the defintion of "fibres" in a general symplectic

manifold (M,w) as a so-called real polarization:
DEFINITION: a real polarization D 1is a foliation D on M such that

(1) dimD = n

<= D 1is lagrangian.
(ii) D 1is isotropic
A polarization D 1is called reducible if the underlying foliation is

reducible; in that case M/D 1is called the generalized configuration space.

EXAMPLE 1: M = T*Ifl, D = Dh (the so—-called horizontal polarization):

{——ff s 1 =1,...,n}. Dh is a reducible polarization:
9q~ |m

the leaves are defined globally by the equations p; = const; M/Dh ~ R".

h .

Dm is spanned by
Functions constant on the fibres are in this case functions of the 1 only,
which will lead us to the momentum representation of the Schrddinger quanti-

zation.

7

EXAMPLE 2: M = T* , D= o’ (the so-called vertical polarization): M
LAAMYLE < P m

is spanned by {Ei?—}' Here again D' is a reducible polarization and
i

EXAMPLE 3: M = R?‘\{(0,0)} with coordinates (q,p) # (0,0), w = dpaAdg
and we define a polarization D by Dm is spanned by the vector
\q5%-p§%). Because D 1is 1-dimensional it is automatically integrable
(see Frobenius) and lagrangian (dimM = 2). The leaves of D are circles
around (0,0) and we have M/Dz R ={remr | r>0}, so D is a reducible

(real) polarization. However, T*(M/D) = R xR which is not diffeomorphic

to M (M has a hole!).
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Example 3 shows that in general it is not true that if D is a reduc-
ible polarization on M then T*(M/D) =~ M, which shows that the above men-
tioned proposition about local representations of D cannot be extended to
global representations unless more information is available.

We have defined a real polarization as a smooth distribution which is
integrable and lagrangian; in the sequel it will be useful to state these
conditions on the distribution in terms of (local) functions on M with

their Poisson brackets, as is expressed in the following proposition.

PROPOSITION: D <s a real polarization if and only if D <s a smooth dis-
tribution on M such that for each m, €M there is a neighbourhood U

of m and n independent functions f1 y toes £ on U (f.e. Vm € U:

df1, ...,dfn are linear independent in T;M) such that:

(i) Vm €U : Dm is spanned by {X 1,...,X n} (the hamiltonian vector
f £
fields)

(ii) on U : [fl,fJ] =0, i,j =1,...,n (the Poisson brackets!).

PROOF : [fl,fJ] =w(X .,X .)=0=D_  is isotropic; the X . are in-

B PR m £l

dependent = dﬁan =n; on U the integral manifolds of D are defined

by £' = const. because dfl(X D =X LX) = [fJ,fll = 0, hence D is
£l £l £t

integrable.

by Frobenius there exist n independent local real functions

f‘, ...,fn such that the leaves of D are defined locally by £ = const.
Now X € D (a vector field!) = Xf =0 = w(X,X i) =df'x=Xf'=0= (D is
£
maximal isotropic) X i € D. Hence by the independence of the X i it fol-
£ £

lows that the {X 1,...,X n} span D (locally); furthermore, by isotropy
f

of D it follows that [f 11 = u(x X ) =0
£ f
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The preceding discussions show that the first and second question are
answered if we have a real reducible polarization D on M: the leaves of
D are the "fibres" of M and M/D is the generalized configuration space.
Let us now investigate the third question: how to define sections 'constant
along the fibres'". A necessary condition is that the inner product (¢1,¢2)
of two sections of L (which is a function on M!) can be viewed
as a function on M/D, 1i.e. (¢1,¢2) should be constant on the leaves of
D . or equivalently: V€D : X(¢1,¢2) = 0. Now remember that we have a con-

nection on L with a compatible inner product:qhence:
0 = X(¢1 ’¢2) = (VX¢1 s¢2) + (¢1’VX¢2) .

This formula suggests that "sections constant along the fibres" should

be translated as:
VX€ED : VXd) =0,

but does this formula coincide with our intuitive notion " ¢ independent of
. v . . .
coordinates pi"? If M=T%Q, D=D", L=MxQ we can identify sections

¢ with functions £ by ¢(m) = (m, £(m)) and then the connection is repre-

sented by:

- xf-+
Vo E = XE-20(0f

where 6 = pidq1 is the canonical 1-form on M. If X € D' then

X = ai(q,P)S%— = 8(X) =0 hence the "section" f 1is independent of the co-
i
ordinates P iff

Vx€Dv : Xf=0

< Vx€D' : Ve E=0

3

* e . .
so for M = T'Q the above definition of "sections constant along the fibres"
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is the correct translation of "functions independent of coordinates pi".

In the general case, as we will see, it also coincides with our intu-
ition: according to the memorated proposition there exist local canonical
. . [ a1
coordinates (q,p) such that D 1is spanned locally by 15;7'1‘ In these
. i
. i
coordinates w = d6, 6 = pidq , hence, as can be seen from the construc-

tion of L, we can represent sections of L locally by functions £ and

at the same time the connection V 1is represented locally by

- Xf-L
V E = XE-Z0(X0E. .

We now have exactly the same situation as with M = T*Q (only now it is lo-
cally defined) so "sections constant along the fibres" in the sense
"VxED : VX¢ =0" 1is equivalent to the idea "functions independent of pi"

as desired.

We can summarize our answers as follows: in order to obtain the (equi-
valent of the) SchrO6dinger quantization out of prequantization, we need a
reducible real polarization D on M, i.e. a smooth distribution D on

M . such that

Vm_ € M 3U; e iU R

(i) {X .} span D on U
£l

(ii) [£Y,891 =0 on wU.
The Hilbert space of the quantum theory then should be constructed from
those sections ¢ of L (L = the prequantization line-bundle over M)

which satisfy the relation

Vx€ED : V ¢=0.

x?

This condition is usually stated in words as: sections of L which are co-
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variantly constant along D (and not as 'constant along the fibres' because
in general M 1is not a fibrebundle over M/D). The inmer product (¢1,¢2)
of two sections of L which are covariantly constant along D then can be
interpreted as a function on the generalized configuration space M/D; how

we do integrate over M/D will be discussed in section 5.
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4 DENSITIES AND }-DENSITIES: A technical intermezzo

In this section we will study some properties of n-forms on a manifold
X (dimX = n) and we will generalize the concept of an n-form on an ori-
ented manifold to the concept of a density on an arbitrary manifold in such
a way that both can be integrated over the manifold in question and such
that both concepts coincide on oriented manifolds with regard to integration.
With the concept of densities we will generalize to manifolds the notion of

A ™y,

1 . n . . .
L -functions on R (with Lebesgue measure with the same technique

we also will generalize the notion of Lz—functions on (IJE A(n))‘

Contrary to EJ% where we have the Lebesgue measure, on an arbitrary
manifold X mno preferred measure (or volume element) is available, hence
there is no natural way to define the integral of functions on X over X.
However, if the manifold X 1is oriented, we can define in a consistent way
the integral over X of n-forms w (which we view as sections of the bun-
dle An(T*X)) and, given such an n-form w we can define the integral of
functions £ by:

Iw(f) = Mj fw

since if ® 1is an n-form, f-w 1is one too. It is evident that this inte-
gral Iw(f) depends on ® and (again) in general no natural choice for w

is available; however, there is a more important restriction: the construc-—
tion of Im(f) is possible only on oriented manifolds, which implies that

X should be orientable! Let us investigate the origin of this restriction

and try to avoid it.

Suppose X is a manifold, dimX = n and suppose we have a cover

U= {Ui | i€1} of local charts, i.e. there exist ¢, UL > OiC:]RI1 homeo~-

morphisms of Ui to open sets of R®  such that ¢ji = ¢j a¢i1 (whenever
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o . . . . n
defined) is a C -map. In the sequel we will identify Ui with Oi < R
and use the standard coordinates x- (i=1,...,n) of R"  as (local) co-

ordinates on Ui ; we will denote by in(x) the Jacobian matrix of

¢ji(X):

P
3%

J .
( q .

..)_ =
ji'pa 4o

We now introduce the bundle : FkX + X of k-frames over X, 1i.e.

the fibre ﬂ—1(X), denoted by FiX, consists#of all sets of k vectors

...,Ek € TXX which are linear independent (over R); we define FkX

€4

for all 1 <k <n for future use, in this section we only need FUX. If

we forget for the moment that the k vectors £1 —Ek should be independent,

then the bundle FkX has local charts UiX'Rnk as follows: in Ui the

vectors —EEA (p =1,...,n) constitute as basis of TxX hence each vec-
9xX" |x

tor Ej can be expressed in terms of this basis by

_ 9
& =8 05

pLT €TX L=1,...,k

X
X

so the point (x,£1—£k) has coordinates

(x1,...,xn, gPQ’ 2=1-k, p=1-n) € Uix Rpk [ Hfﬁnk; the transition functions

between two coordinate charts are given by:

V..t U, xR s g, x RPE
jioi i
(x,8) b (0,505 T 5580 .
3¢5
] 3 ji 9
£E,=¢ ——| bF—J..8, = (J..) & —— = g 9
LS 2 jive ji'paiat a P ga Tah P

When we remember that the § ..,Ek should be independent, then this

1*°
implies that the local charts are not UiX RPk , but Ui><V where V is

. nk .
an open set in R ; because the Jacobian in has a nowhere zero deter-

minant, a set of k independent vectors is mapped on a set of k indepen-—
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dent vectors, hence the above defined transition functions remain valid.
. . 1
Before we turn our attention to FnX, it should be noted that F X
. 1 . .
is a well-known bundle: F X is nothing more or less than the tangent bun-

dle TX without the zero section, i.e. F;X = TXX‘\{O}.

Now we study F'X in more detail: the fibres of F'X are isomorphic
to GL(n,R) as can be seen when we note that n independent vectors
g

-En € TxX form a nonsingular nxn matrix & = (£ ) defined by

1 pL

5 o
E =& — L=1,...y1n
2 Pgaxp

on a local chart Ui (and vice-versa a nonsingular matrix (apl) defines
]

an n-frame ££ = apl——~—). Furthermore, we can define a right action of
9x

GL(n,R) on F'X by:
a € GL(M,R) A (X, 6,06 ) € F:X
(x,€) » a = (x,ta)

£ = (Epz), a = (apq) = fa = (Epmaml)

We leave it to the interested reader to prove that this definition of
a right-action of GL(n,R) on F'X is independent of the local chart
Uix V (which is essentially due to the fact that the Jacobian matrix acts
to the left of & and this action to the right). With these remarks we now
have '"proved" that F'X is the principal GL(n,R) bundle over X asso-
ciated with TX; the latter because the transition functions (gauge-trans-—
formations) are determined by the Jacobian matrix of ¢ji’ or vice-versa
TX 1is the vector bundle associated to the principal bundle FX by means

of the identity representation of GL(n,R) .
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Next we turn back to n-forms: an n-form w 1is an object which as-
signs to a point x and a set of n independent vectors 51 —En € TXX a

real number wx(£1,...,£n) such that if £i = ajinj then

wx(£1,...,£n) = det a -mx(n1,°..,nn),
‘in other words: w is a function on F'X such that

a € GL(n,R) A (x,£) EF'X

= w(x,Ea) = det a- w(x,&).

The integral [ w is defined by the following proces: let {pi} be
X
a partition of unity subordinated to the coordinate cover U = {Ui | i€1},
then picw is an n-form on Ui c R"  and one defines
- (2 I
Uf pyw = fpiw\ Torees n/d)\ .

U. 9x 9x
i i

The absolute value of this integral is independent of the chosen local co-
ordinates on Ui because of the transformation properties of Lebesgue inte-
grals; it changes sign whenever the determinant of the Jacobian of the co-
ordinate change has an (everywhere) minus sign (it is nowhere zero!). Here
we see the origin of our troubles: if we want to define the integral [ w
X
independent of all choices, it is necessary to have an orientation and to
restrict the coordinate changes to those having a positive Jacobian deter-

minant; if so one defines

reversing the orientation then changes the sign of [ w'!
X
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When we have seen this construction and its problems, we define a den-—

sity ¢ as follows: a density ¢ 1is a function ¢: F’X > R such that:

a € GL(n;R) A (x,£) €FX

= ¢(x,Ea) = ¢(x,E) * ldetal .
We define the integral of a density ¢ by

) 9 n
I¢=2 J’pi¢(xg_1’°"’h—n>d)‘()
X i U, 0%
i
where {pi} is the afore mentioned partition of unity subordinated to the
coordinate cover U. This definition of [ ¢ is independent of all choices
X

just because of the absolute value in the definition of ¢.

On oriented manifolds there exists a bijection between n-forms w and

densities ¢ which is given by
$(x,E) = w(x,&)  sign(&)

where sign(€) = -1 if & has a negative orientation, else sign(g) = +1;

moreover, in this case we have
Jo=1Tuw
X X

In conclusion we might say that the concept of a density generalizes
the concept of an n-form in such a way that the two concepts coincide on
oriented manifolds (with regard to integrationm).

To give an "explanation" of the name density, we note that if ¢ 1is a

density, then ¢ defines a measure u on X by
w(E® = [ 16
X

where 1E is the characteristic function of the set E; for this measure



33

we have (for functions f on X):

[ fdu = [£¢.
X X

n

To be more specific, consider X = R and ¢ a Cw—density on R then

n

[ fau= [ £5a0™
R R"

where ¢ 1is the function 3(x) = ¢(x,—375...,—§;).
9x 9xX

We now give another description of densiti®és on X, a description anal-
ogous to n-forms as sections of the bundle An(T*X). We define the bundle
A1X over X as follows: the fibre A;X over x € X consists of all func-
tions ¢X: FEX + R such that ¢X(£a) = ¢X(€)|det al . Because the fibre
F:X is isomorphic to GL(n,R) , such a function is completely determined
by its value on a specific frame Eo € FZX. Hence A1X is a real line-bun-
dle over X with local charts UiXﬁR : (x,t) denotes the functions

¢ : F'X > R with
X X

{ 3

p =y, ~=)=t

=\ ox! 25"/
where x1, ...,xn are coordinates on Ui ; the transition-functions are
given by

in: UiX]R—~—>U.><]R

=1
(x,t) — (¢ji(x), t | det in(x)l ).

With this definition, a density ¢ on X 1is just a section of the bundle
A1X:

¢ a density <= ¢: X > A1X.



34

If {pi} is the afore mentioned partition of unity and if ¢i is the

. . (. 8 9 ) _ ey 4
density on Ui defined by ¢i\x,;;~,...,axn> =1, then ¢o Zpi¢i is
a well-defined density on X which is nowhere zero: ¢o is a global non-

P . 1 1 . ..
vanishing section of A X hence A X 1is a trivial bundle over X and ¢0
is a trivializing section. Although we never mentioned it, we always as-
0
sume tacitly that our manifolds are C -manifolds; because we may assume
. L 1 . .. o
that {pi} is C , the bundle A X 1is trivial even as C -bundle over X.

With the aid of ¢o we can define a bijection between functions f

@

and densities ¢ on X by:

which is a bijection because ¢0 is nowhere zero; if we denote by My the

measure on X defined by ¢0 then we have:

[ fau = [ ¢.
X ° X

This formula gives us the opportunity to interpret densities as a gen-—

. . 1 . . . . .
eralization of (real) L -functions: with this formula we can define "in-

tegrable densities": densities for which [ |¢| is finite, compared with
X

integrable functions: functions for which [ Ifldu0 is finite. However,
X

the class of integrable functions depends on the measure Moo contrary to

the class of "integrable densities" which is independent of the choice of
¢o. It is in this sense that we say: densities on a manifold X generalize

. n . A
functions on R with the Lebesgue measure: out of densities on X we

can construct a class of "integrable densities" analogous to the set

)\(n)) (n)

L;_CRn, of (equivalence-classes of real) )\ ' -integrable functions on

R".

We now can ask: densities on a manifold X are the generalization of

1 . n . .. . . 2
L  -functions on R , does there exist a similar generalization of L° -
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functions? The answer is affirmative and given by the concept of a }-densi-
ty. For the sake of generality/simplicity we will define the more general
concept of a r-density (r€R): a r-density ¢ is a function ¢:FnX > R

such that:

a € GL(n,R) A (x,£) EF'X

= ¢(x,8a) = ¢(x,8) - ldet al®

(whence a density should be called a 1-density).
Similar to A1X we define the bundle A'X over X as the bundle whose

fibres AiX consist of all functions ¢x: sz -~ R such that
= ° r
¢X(€3) = ¢x(€) ldet al ™ .

Again this is a line-bundle (because the value of ¢x in a particular frame
Eo determines ¢X completely), the sections of ArX are r-densities (and

. T . - .
vice-versa) and A'X 1is a trivial bundle (using the same argument as for

2l .

How does a }-density generalize L2 - functions? 1If ¢1 and ¢2 are

j~densities, then their pointwise product ¢1 -¢2 defined by
(6,°09) (5,8) = 0, (,8) * 0, (x,)

is a 1-density which can be integrated over X, hence we have an inner

4

product on the set T(A®*X) of all j-densities on X defined by

(6200) = [ ¢,>9,.
X

4

Now if ¢° is a trivializing section of A°X (i.e. ¢o is a nowhere

vanishing }-density) then ¢§ = ¢o- ¢0 is a (positive) trivializing section
of A1X. If we denote by uo the measure associated to ¢§ then for func-

tions f,g: X * R we have a bijection between }-densities and functions:
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and moreover we have an inner product on the functions given by:
(£,8) = [fgdu_ = [¢-v = (¢,0).

This formula enables us, analogous to the case of densities, to see the }-
densities on X as a generalization of L2 - functions on (EF, (n))'

It should be said that there exists a definition of }-densities which
is independent of the differentiable structite on Q (i.e. without using
the bundle F'X) as can be read in [Abraham & Marsden, §5.4]. Their defi-
nition involves the Radon-Nikodym derivative of measures and the class of
measures U which are equivalent (in the sense of absolute continuity) to
the Lebesgue measure on every coordinate chart; a }-density is denoted by
the symbol f£vdy. The concept of j-densities defined in this way (indepen-

dent of a differentiable structure) is also used in the construction of uni-

tary representations of topological groups.

We finish this section with another generalization: we generalize t-
densities to complex tangent vectors and to densities with complex values.

If we use in the definition of FkX the complexified tangent space
TxX¢ instead of TXX and if we use linear independence over € instead of
over IR, then we get the bundle Fan of all complex k-frames over X.
Now F1X¢ is the complexified tangent space without the zero section and
FnXG is the principal GL(n,C) bundle over X associated with TXG, i.e.
the fibres FI}:Xm are isomorphic to GL(n,C) and there is a right-action of
GL(n,C) on FnXG which gives F'X the structure of a principal fibrebun-
dle. These facts are a straightforward generalization of the real case

FnX, one only uses the field of complex numbers instead of the (not always

explicitly mentioned) reals.
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¢

We then define a real r-density as a function ¢ : F'X° + R with the

property

a€GL(n,C) A (x,£) € FX°

= ¢(x,8a) = ¢(x,E) ldet alt .

In the same way as before we define the bundle AX  such that the fibres

A;X consist of all functions ¢X: F2X¢ + R with the property

¢, (£a) = ¢(¢) ldet al”.

We then note that ArX is a real line-bundle over X (because ¢X is deter-
mined completely by its value on a fixed complex frame) and moreover: it is
the same bundle as before, because we may fix its value on a real frame.

Hence sections of A'X represent real r-densities on X viewed as func-

. . n . . . .
tions on either F X or FnXG (with certain transformation properties).

The second point we wanted to generalize is the range of the densities:

a complex r-density is a function ¢: F'X > ¢ such that

a€GL(n,R) A (x,£) €F'X

= ¢(x,Ea) = ¢(x,£) ldetal” .

We then define the bundle Arxm as the bundle whose fibres AiX¢ consist
of all functions ¢X: F;X + € such that ¢X(£a) = ¢x(£) ldet al®. By now it
should be obvious that ArXG is a trivial complex line-bundle over X (as
AX is a trivial real line-bundle over X) and moreover: ArX¢ is the com-
plexification of ArX ‘(because we can fix the real and complex functions
¢X on FZX on the same frame Eo € FEX).

In the same way as before we can visualize the complex f-densities as
a generalization of L;(]fn,h(n)) (= the complex valued absolutely integrable

. n . . ..
functions on R ). 1In order to visualize complex valued }-densities as a



38

generalization of complex L2 - functions on lfl, we need to define the
inner product slightly different from before (just adding a complex conjuga-

tion!): if ¢ and ¢ are complex }-densities we define
(6,9) = [ ¢-v
X

where we use complex conjugation in the first factor as is customary in

physics.

As in the case of real densities, we can define complex densities as

functions ¢: FnX(I -+ ¢ such that:

a€GL(n,8) A (x,8) € Fx°®

= ¢(x,5a) = ¢(x,£) ldet al”

. . e s r G
but as in the real case, this does not change the definition of A X,

. r. C o .
hence sections of A X  represent complex r-densities viewed as complex

functions on either F'X or anw.

Nota Bene: 1in the sequel we will omit the superscript € in Aer, so

r . oo .
A"X will always represent complex r-densities unless stated otherwise ex-

plicitly.
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5 -4-D-DENSITIES

In section 3 we saw that, in order to mimic the Schrddinger quantiza-
tion, we needed a reducible real polarization D on our symplectic manifold
(M,w). With this polarization one can define sections of L (the prequan-
tization line-bundle) such that the inmer product of two of them is a func-
tion on M/D (= the generalized configuration space). The mimicry would be
complete if we had a natural way to integrate over M/D, which we do not!
This implies that we need extra structure to do,it; the easiest extra struc-
ture should be a measure or a demsity on M/D, but (in general) there is no
natural choice, so we need something else.

Let s and s

1 2

constant along D, then (51,32)

be arbitrary sections of L which are covariantly

" n

is" a function on M/D. As we have seen,
the introduction of a density at this point involves an arbitrary choice; a
more natural way is the following: do not add the additional structure at
the level of the inner product (s1,s2 , but add some structure to the sec-
tions s; themselves such that the inner product (s1,s2) turns out as a
density on M/D, not a function. The idea to do this, is to multiply a
section s; of L with a }-density ¢; onm M/D, then the "product"
(s1¢1,s2¢2) = (s1,sz)$1¢2 is a density on M/D; the Hilbert space of quan-—
tum mechanics then should be constructed out of such products s¢ instead
of out the s alone.

Before we try to realize this idea, let us investigate how it looks
like in the Schrddinger quantization. In M = T*EJI, L= R?n><¢, D=D"
we can identify sections of L with functions on R?n and sections covari-
antly constant along D' are defined globally by g%?—= 0 (L =1,c..,n),
so in this case (and not in the general case!) sectio;s covariantly constant
along M can be identified with functions on M/D = R (with coordinates

i . . o . .
q ). On R" we have a natural way to identify }-densities with functioms
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by means of the global non-vanishing }-density ¢O defined by

q ’—3_9""—_ =1
o\ aq1 Bqn}

. . . . . . 2
which implies that the measure associated with the 1-density ¢o equals the
n . . . .
Lebesgue measure on R . Hence 1if Si is an arbitrary section of L co-
. v . . n .
variantly constant along D (= si is a function on R ) and if ¢i

is an arbitrary i-density on M/D (<= ¢i = fi¢ . fi a function on R")

(e}

e 2 . . n
then (51¢1’52¢2) = s1f1 52f2¢0 which can ,be integrated over R and

yields:

- (n)
< S1¢1, 52¢2 > = f s1f1 szf2 dx .
R"

If s; and fi are arbitrary, then sifi is an arbitrary function on R"

and we "see" that the associated Hilbert space is (in a not yet defined way)
. 2 . . . vy .

given by L~ - functions on R”  as is the case in the Schrodinger quantiza-

tion. The conclusion is that our idea might lead us to a correct generali-

zation of the Schr6dinger quantization.

We now turn back to the realization of the idea in the general case.
It seems evident that we need the bundle L ® Ai(M/D) of which sections are
written as s®¢ but ... this tensor product IS NOT defined because L
and Ai(M/D) are bundles over different base spaces: L 1is a line-bundle
over M and Ai(M/D) is a (trivial) line-bundle over M/D. What we have
to do is either to interpret sections of L which are covariantly constant
along D as sections of some bundle over M/D, or to interpret sections of
Ai(M/D) as sections of a bundle over M. Although the example of M = T*R*
suggests that we can interpret sections covariantly constant along D as
sections of a bundle over M/D, this is not possible in the general case

(as far as I know) and instead one interprets j}-densities on M/D as sec—
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. .. . D
tions of a (complex trivial line) bundle B~ over M.
Let us give a heuristical outline of the forthcoming program: we estab-

Yy

lish a bijection between }-densities on M/D (i.e. section of A
and a subset of all sections of BD. We then define (in the next section)
the quantum bundle QB over M as QB = I)®BD; each section ¢ of QB
has a (local) representation ¢ = s® Vv where v 1is a section of BD and

s a section of L. We then define the Hilbert space H as follows: H
consists of those sections ¢ of QB for which a representation y = s®@V
exists with v the image of a }-density ¢ on M/D and with s a section
of L which is covariantly constant along D and for which

| (s,9)9¢
M/D

is finite. The inner product on H 1is defined by the formula

U ¥,> = M/ID (5,58,)¢,0,.

So far our program; the rest of this section will be devoted to the def-
inition/construction of the bundle BD (where D 1is the symbol of the
(real) polarization on (M,w)) and the correspondence between sections of

4

A®(M/D) and sections of BD.

A i-density ¢ on M/D 1is a function which assigns to n (independent)
tangent vectors (Ei) of TX(M/D) a complex number ¢(x,£1,...,£n). We
are now going to lift the vectors Ei to tangent vectors of M and we de-
fine a }-density as a function on this lift. One's first impuls would be to
say: such a lift is not unique and indeed if we consider the canonical pro-
jection w: M > M/D then there do not exist unique vectors ng € TmM such
that L P EiE'FW(m)(M/D). However, there is another way of lifting a

frame of T (M/D) to T M: a frame of T (M/D) consists of a basis
m(m) m T

(m)
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(E.) of T (M/D) hence the dual basis (c.) n (M/D) exists:
i 7 (m)

*
i7i=1 € Tn(m)

ci(éj) = Gij' This basis can be mapped onto n independent vectors of T;M

by 7* and then we can transform them back to tangent vectors Ei by means

of the symplectic form w: ig wi-ﬂ;cj = 0.
j

Let us summarize this lift: given n independent vectors
(.) €T (M/D) we construct n (unique) independent vectors (&) €TM
i m(m) i m

as follows:

*
i . tc.(E.)=6..
(i) cl€ Tn(m)(M/D) Cl(EJ) i
.. ~ . * _
(ii) EjETmM : 1£‘w+ﬂmcj—0
J
Note that we do not have necessarily E. = ¢.; in fact we have 7 E. =0,

%74 i *71

i.e. we claim that if (Ei) is a basis of Tn(m)(M/D) then (Ei) is a
basis of Dm. Before we state this claim as a proposition, we introduce the
bundle R over M as the bundle whose fibres Rm consist of all frames

of Dm' It follows that R is a subbundle of F'M (= the bundle of all n-
frames on M; dimM = 2n) and moreover: R 1is a principal GL(n,R) bun-
dle over M (the frames of Dm can be indexed by GL(n,R) just as the
ffames of T“(m)(M/D)). Using this terminology, we have constructed a map
from F:(m)(M/D) to R : each frame (Ei) of T"(m)(M/D) maps to a frame

(Ei) of Dm and now we can state our proposition.

PROPOSITION: for each m € M the map (Ei) — (E;) 18 a bijection from

n
F (m) (M/D) to Rm.

PROOF: for each m € M there exist local canonical coordinates (q,p) in

which D 1is spanned by {sg—-}; on the neighbourhood U where (q,p)

i .
are defined, the leaves of D are defined by ql = const, hence we may use
the coordinates (q) as coordinates on w(U), so m(q,p) = (q). Using

these coordinates, each frame (&) of Tﬂ(m)(M/D) is defined uniquely by
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a matrix g € GL(n,R) :

9

g = e—

. i g...
1 BqJ m(m) It

If we denote the standard frame /—Q—— \ by (£ ) then we have
\an n(m)/ o
® = (£,

where we use the same notation as in section 4. If we denote by (7,) the

e

"standard" frame of Dm:
- (. \ .
(ﬂ0)~\'—[m} = (X i)

then each frame (n) of D is characterized by a matrix h € GL(n,R):

L)

n, = —Ej— o hji «= (n) =(ﬂ0)h-

If we now compute the image of an arbitrary frame (&) = (Eo)g on

T“(m) (M/D), then we get:

(&) =(g =, =—g,
[¢) i an ji
(o] ]
@*Cl ’(g )1jdq
i w+me, =0 =>g =-(g—1)- 2
& ] jkdp

hence  (£) = (£), = (D =(n)h with b= (g7,

Since the map g F— (g_',_1)T : GL(n,R) — GL(n,R) 1is bijective, the map
& > @) : F:(m) (M/D) —> R is bijective too. Note that we have proved

and passant our claim that & is a frame of D!

COROLLARY: g€ GL(n,R) = (E)g=(§>(g_1)T'
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It is interesting to see how the lift (E) varies with m while w(m)

remains constant:

PROPOSITION: suppose (&) € Fz(M/D), m € w_l(x) and {ni} n <ndepen-

dent locally hamiltonian vector fields defined in a neighbourhood U of m
such that {ni} span ‘D on U and such that (ni o ) = (}) (W.B. this is
o

possible because D <is a polarisation!)

Then (n o ) = (&) for all m € unn!

[e]

(x).

i

PROOF: we may assume that U 1is small enough so there exist functions e;

on U: n. =X . n.€ED=VCED : w(n.,z) =0 =>VZ€ED : Ce.=0 = I&. func-
i e, i i i i

tions on M/D: e, = éi o = ﬂ*éi. If (Ci) is the basis of Ti(M/D) dual

to (Ei) then we have:

(€) = (n!m )
- in ‘ w*—n; c. =0
j]m0 o J
= ¥ ¢, = de, (i, w+df = 0 by definition)
m_ ] ] X.
o J
= d(n*8.)
J
= 1% de,
m ]
N -1
=7mc, = m dé. Vm € UNw (%)
] m J
= (&) = (] )

Let us turn back to }i-densities on M/D: a i-density ¢ on M/D is
a complex function on F" (/D) enjoying certain properties. Using the
above constructed map, ¢ defines a function $ on R as follows: suppose
(ni) € Rm’ i.e. (ni) is a frame of Dm, then there exists a unique frame

(Ei) € F:(m)(M/D) such that (%) = (n) and we define:

T = FE) = o).
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If ¢ is a j-density and g € GL(n,R) then

$(£g) = 6(E) - ldet gl?

~
hence for ¢ we have:

T —

et D)

) = $(E(g H
3

1]

PIES)

0(&) ldet (g T

TE) lder g7t .

e

We see that the 1lift E of a i-density ¢ is a function on R satis-
fying a certain relation; we now define a -}-D-density v as a function on

R such that for n € Rm, g € GL(n,R):

v(ng) = n(v) ldet g|—£.

(N.B. in [Simms & Woodhouse] such a function is called a +}-D-density!).

4

In the same way as we defined the bundle A°X from F'X (i.e. a sec-

tion of Aéx = a j-density on X = a function on FnX), we now define

D . . . .
B to be the complex line-bundle whose fibres BE consist of all functions

v : R > C such that for n€ R, g € GL(n,R):
m’ m m

v_(ng) = v_(n) ldet gl_i )

. . o e . D .
With this definition a section v of B~ represents a -4-D-density on

M, i.e. Vv represents a function on R satisfying the -}-D-density con-

The following question now arises: each ji-density ¢ on M/D can be
lifted to a =}-D-density d on R, in other words, each section ¢ of

é(M/D) can be lifted to a section ¢ of BD but ... is each section of

A
D . . . .
B the 1lift of a }~density, and if not, how do we describe the subset of

. D . . ..
sections of B which are the lift of }-densities?
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It should be "obvious" that not all sections v of BD are the 1lift

%(M/D) because of the following: 1if ¢ 1is a }-den-

of a section ¢ of A
sity then the variation of $ on a leaf of the foliation D (which is pro-
jected to one point in M/D) is determined completely by the value in one
point, or equivalently by the value of ¢ at the projection. In a certain
sense E is constant along the leaves of D, so it remains to specify in
what sense.

Let us investigate this situation in local canonical coordinates (q,p)

on a neighbourhood U in which D 1is spanned by {53—-}. If ¢ is a -
i

density on M/D then we have seen that E is defined by

ldet g(m) 174 Fm, (x ) =
q
Fotn(m, 2
%

Im, ()

ldet g(m) |~

. 9
if n; = —Eggwnlgji(m) =X .| g..(m.

Using the same local coordinates we can identify (locally: on U) =}-D-den-

sities v with functions v om M by

v (m)

v(m, (X .))
gt

4

L]

ldet g(m) |2 v(m)

= v (m, (ni))

and we see that the =-}-D-density ¢ 1is constant along the leaves of D
in the sense that the function ¢ is a function constant along the leaves
of D or in other "words'":

VCED:Z§ = Z;'d\;(m, (X il )) =0 (as a function on U).
q |m

We are now faced with several problems/questions:
1°. an aesthetical question: can we find a way to express this property of

9 in a coordinate independent way?; 2°. is this condition really coordi-
P Y is y
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nate independent?. 3°. a more important question: is the converse true:

is every -}-D-demnsity Vv on M satisfyin
y y ying
VZED : ¢V =0

the 1lift of a j-density ¢ on M/D?

We start with the first two questions simultaneously: the (local) co-
ordinates comes in when we write Vv(m, (Xqi)); we can do "better'" and sub-
stitute arbitrary vector fields (spanning D!) Winstead of the (Xqi) but
nevertheless, in order to write ZV = 0 we have to substitute some vector
fields which implies an arbitrary choice. Instead of degrading a -}-D-den-
sity v to a function on M (by substituting vector fields) we can promote
vector fields ¢ € D to operate on -}-D-densities: suppose v 1is a sec-—
tion of BD, i.e. v is a -}-D-density, and suppose ¢ € D is a vector
field on M, then we define the section ch of BD as follows:

(ng)(mo, (no)) = t;mov(m, (nm))

where (no) is an arbitrary frame of D and where {ni} are n linear
o

independent locally hamiltonian vector fields on M such that (n mo) = (no)
and such that (ni) o Span Dm in a neighbourhood of m (such vector
fields exist because (again) D 1is a polarization).

One should not be surprised at the use of locally hamiltonian vector
fields spanning D in the definition of VE: they already appeared in the
definition of U (although very special ones) but they also appeared in the

1ift E of a vector field & on M/D as the dependence of E along a

leaf of D! The following proposition justifies our terminology:

PROPOSITION: <Zf v <8 a =-}-D-density then ng s correctly defined (<.e.

independent of the choice of (ni)); moreover ng Zs a -}-D-density.
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PROOF: let (né) be a different frame of Dm , g € GL(n,R) such that
o
(né) = (no)g and let (ni) be a set of n independent locally hamiltonian

vector fields spanning D such that (ni) n (n;). We then have to prove
o

that:

3

(W @m, (e = (79 (g, (0)) Idet gl

= vm, (D]) = ldetgl™ ¢ v@m, ()]
[o] [e]

Define g(m) € GL(n,R) by (ni)lm = (ni)

w : - -
mg(m), i.e. njg(m)ji, de

fine local functions e, and e! by n., =X , n; =X, (n and n' are
i i i e; i el
locally hamiltonian) and let Xf € D be an arbitrary locally hamiltonian

vector field, then:

_ _ .. <
[Xf,Xe!] Xw(X X)) 0 (D is isotropic!)
1 £’ e,
i
= 0 =[x, g X, 1= gy IXp X T+ (Xpg DX
J J J
= (ngji)xe' (again because D 1is isotropic)
J
Since the Xe = nj are independent it follows that ngji = 0, hence

(because the locally hamiltonian vector fields in D span D by definition)

we have:

VC€Dm :;gji=0.

Finally we can prove what we had to prove: if ¢ € D then:

Cmov(m, (ni) m) t;mov(m, (ni) mg(m))

ty (1t g IRMTCRICRIINY

ldet g(m0)|—£ Emo(m, (ni)lm). QED)

]
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We continue with some properties of the map VC:

- PROPOSITION: the map VC possesses all properties of a flat (partial) con-

nection: 1if t,n €D, <If f,g are functions on M and Z{f v and wu

are =%-D-densities then:

v v =£fV v+gV v
fc+gn g & n

vV_(v+ =V v+V
C(v W) . M

VCfv fVCv-r(;f)v #

VVvVvV=-VVv=V Vo,
[ ng [z,nl

PROOF: a direct consequence of the definition of ng. QED

REMARK : V; is called a partial connection because it is defined for a re-

stricted class of vector fields only.

Finally, we are going to state (and prove) the desired proposition con-

cerning the 1lift of }-densities:

PROPOSITION: let v be a =i-D-density on M then: there exists a }-den-

sity ¢ on M/D such that § =v <if and only if VYCED : V€v=0.

PROOF: [only ifl: (V%) (m, (n)) =z Fm, (m)|)

[o]

T ¢(m(m), (£(m)))

o
where (&£(m)) is a frame at m(m) such that (E(m)) = (n)m. But, we have
seen that if (n) 1is a locally hamiltonian frame then (&(m)) does depend
on w(m) only hence

(Vc¢)(mo’ (h))) = cmod>(1r(m), (g(m(m)))) =0

because “*Em =0 (z €D).
o
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[if]: define ¢ by ¢(x, (&) = v(m, (nm)) where m(m) = x, (£) = (nm),
then ¢ obviously is a }-density satisfying the condition E = v, provided

1(x) (under the condition

that v(m, (nm)) does not depend on m € T
() = @®).
m
To prove this, let m € ﬂ—1(x) be arbitrarily chosen and let (ni)
be n independent locally hamiltonian vector fields such that {ni} span
D in a neighbourhood U of m and such that (ni n )y = (). Then
o
(ni m) =() on U according to an earlier proposition and we have toprove

. -1 g .
that v(m, nm)) is constant on 7 (x). Let ¢ € D be an arbitrary vector

field on U then

Cmv(m', (nj ) = (ch)(m, (n)) = 0.

Since ¢ is arbitrary and since D "is" the tangent space of the leaves

n—1(x), v (m, (nm)) is constant on the leaves of D.

For those who have forgotten our aim, let us summarize: in order to
bring j-densities on M/D and sections of L on the same footing, we con-
structed the bundle R (depending on the real polarization D). Then we
defined -}-D-densities on M as a special class of functions on R and we
defined the bundle BD as the line-bundle whose sections are the -}-D-den-

Y /o

sities on M. We showed that }-densities on M/D, 1i.e. sections of A
could be lifted to sections of BD, i.e. =}-D-densities on M and we in-
troduced a partial connection V on BD in order to prove a desired result:
every lift of a }-density on M/D 1is covariantly constant along D (using

this connection) and vice-versa: every -}-D-density covariantly constant

along D 1is the 1ift of a i-density on M/D.



51

6 QUANTIZATION I

In the previous section we defined the bundle BD in order to bring
J-densities on M/D and sections of L on the same footing. We now define
the quantum bundle QB = I‘®BD and we want to define an inner product on
the sections of this bundle according to the heuristic formula

<s,®v, ,s,8v,>= [ (s ,8)6 ¢
1 1% 72 2 M/D 127277172

where v, = $i’ the 1ift of a j~-density on M/D. The first idea is to re-
strict our attention to those sections ¢ of QB which admit a local repre-
sentation ¢ = s®v where s and. v are covariantly constant along D
(according to the (partial) connections V on L and BD), but ... how do
we see whether ¢ admits such a representation or mot? To "answer' this
question we define a partial commection V on QB as follows: for 7 € D,

Y a section of QB with local representation Yy = s®v we define

Vclp = (VCS) ®Vv + g ® (VE\))'

This is a correct definition, independent of the local representation s®v
just because the V are connections in L and BD: if f 1is a function
on M then f(s®v) = (fs) ®v = s® (fv) and (Vc(fs)) ®v + (fs) ® (VC\)) =

= (VCS) ® (fv) + s®(VC(f\))) = (zf)s®v + fvg(sav).
PROPOSITION: curv(V) =<%m.

PROOF: a direct consequence of the fact that curvL(V) = w/h and

curv D(V) =0,
B

PROPOSITION: <f ¢ admits a local representation ¢ = s®v where s and
v are covariantly constant along D then Y <8 covariantly constant along

D.
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PROOF: V¥ = Vc(s®\)) = (Vcs)®\) + s@(VC\)) =0+0 =0.

It seems that we need the converse of the proposition above in order to
characterize the sections of QB which admit the desired representation,
but fortunately we do not need such a proposition. Our aim was and is to
define an inner product on sections of QB by associating a demsity on M/D
to a pair of sections; we know how to do it for sections which admit a spe-
cial representation (Y = s®v where s and Vv are both covariant con-
stant along D) and we will show how to do it for sections ¢ which are
covariant constant along D, with or without a special representation. Al-
though we will in this section construct explicitly a local representation
Vo= s®‘v0 in which both s and vo are covariant constant along D if
Y 1is; in a more general case however we will not use such representations

(see section 9).

Our first step is to give a short procedure to compute the density

¢1¢2 on M/D if we know the -}-D-densities $ and Eé on M. Suppose

1
_1 .
D L) = e
x €MD, m€E€n (x), (Cl) (€1, ’En) a basis of D and £, € T M
such that (§1,...,£n, 51,...,€n) is a basis for TmM, then (H*Ei) is a
basis for TX(M/D) because w 1is a submersion and for }-densities ¢1

and ¢2 on M/D we have the following lemma:

LEMMA:  §,(8) + §,(E) - le (Tyseensl s Epaeens )1 = 0 (B + b, (m,E).

1

PROOF: we use local canonical coordinates (q,p) such that D 1is spanned

[

El . .
by 31X .p = I—-———1; then (q) are coordinates on M/D and there exist
Uil Useyd

matrices g € GL(n,R), h € GL(2n,R) such that:

= (- 2 -9 9 ).
(z,8) = ( Bp1""’ S ERRE -y h
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and (n*g) = (-_ET""fJ%;)‘ g hence h = (; b> where a € GL(n,R).
aq aq &
Now € (-§§~,...,§§—, ~§T,...;J%;> = 1 Dbecause € = const ot =
O\ Py Py aq aq

- 1 n 3 -y (- 2. -1
=dp,A...Adp Adq A...Aadq, and ¢j(€) ¢j< api) ldet al

- ¢j(azi>. ldetal™ nence F,(0) + T, ¢ le (5,01 =

. - /9). (3, - (i\. (_3). -
= |det al ¢1\E ¢2\3q/ ldethl = 9, 5q) ¢y aq/‘ ldet gl

= ¢1(11*€) 9y (M)

1

QED

The proof of this lemma can be generalized immediately to give the fol-

lowing proposition.

PROPOSITION: using the same notation as above, two sections b, = s, @v,

and v, =s,®v, of QB define a density o, 9t x = m(m) EM/D for each

m by

0,1, 8) = (s,58,) (mMv, (&) » v, (2) = le (T,E)]

The definition of ¢m does not depend upon the (local) representation
wi = Sj,®vi but ¢m depends in general upon the choice of m € ﬂ_1(x).
However, for wi covariant constant along D it does not depend upon

mE€m 1(x).

PROPOSITION: <f w1 and wz are covariant constant along D then ¢m

does not depend upon the choice of m € ﬂ_1(X).

PROOF: we show that ¢m is locally independent of m; from the connected-
ness of n_1(x) (= a leaf of D) the proposition follows. As before we

use local canonical coordinates (gq,p) defined on a neighbourhood U of

m € n—1(x) such that D 1is spanmed by {X i} on U. On U we have a
. q
symplectic potential 6 = pidq1 , d0 = w which defines a (local) triviali-
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zation of L such that sections s of L over U can be identified with
complex functions s on U and such that the comnection V 1is defined by
V.s = Es—ie(i)s .
€ h

A priori it is not clear that such an arbitrary choice of 6 leads to
a correct description, because L was constructed from a special set of lo-
cal potentials Si. However, if we restrict U to be contained in such a
set and if we use inside this set (which defined the local trivialization
of L) a gauge transformation, then it follows that our construction above

Ed

is indeed correct!

Because D 1is spanned by {5%—} it follows that
i
zED = Vcs=l;s on U.

. PRI . D
Furthermore, on U we define a local trivialization of B by means of the

~}-D-density vy defined by

vo(m,(X i)) =1,
q

Then each -}-D-density v on U defines a unique complex function f on

U  such that

BRI 4
v(m, ( gazgij)/ = f(m) ldet gl *.

If we compute cho (defined for ¢ € D only) then:

(cho)(n%, X ijm ) = ;m Vo(nh X i m) =0
q o o q

hence v, is covariant constant along D. Now if ¢ = s®v is any section

of QB and if ¢z € D then there exists f: U > @ such that v = fvo and:
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vy (Vz;s) ®v + s@VCv = (cs)®(fvo) + s@'(cf)v0 =

(f;s+sr,f)®vo = (z(£fs)) oV -

Hence ¢ 1is covariant constant along D iff the function fs is indepen-
dent of the coordinates Pi» i.e. iff fs 1is a function on M/D. Now if

1]

1 and wz are covariant constant along D then

_ S il )

sy s, (m) VXY v, (X ) e leiX g, —)
q I q- 9q

= s1(n0 sz(m) f1(m) fz(m) = (s1f1)(m)(s2f2)(m)

S
g
/~
|
[N
N
1]

which is independent of the coordinates p, or equivalently which does not

depend upon the choice of m € n_1(x)f\U. QED

We conclude that we can define unambiguously a density (w1,¢2) on

M/D out of two sections and wz of QB which are covariant constant

1

along D by means of the formula
W59y) = (5458, vyv,le |
= W50, (@), m,E) =

(5;58,) (@) + v, (m,2) = v, (m,0)le (2,8l
where (C,£) a basis of TmM and () a basis of Dm.

We now define the set PH as the set of C -sections Yy of QB which

are covariant constant along D and for which [ (y,y) is finite:
M/D

PH = {¢: M>QB | VCED : V.y=0 A [ (,p) < =},
e M/D

On PH we define an inner product < , > as follows:

< U, > = [ (W, ,0.)
1772 M/D 1772
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which transforms PH into a prehilbert space. Finally, we define the
Hilbert space H as the completion of PH and we interpret H as repre-
senting the Hilbert space of the quantum mechanical description.

Before we turn our attention to the question of observables, we make a
few remarks: the bundle QB 1is a complex line-bundle over M with a par-
tial connection V (where curv(V) = w/h) and an "inner product" in the
fibres (which defines a density in w(m) € M/D). We see that QB resembles
L in many ways: L 1is a complex line-bundle over M with a connection V
(where curv(V) = w/h) and an inner product ;n the fibres (which defines a
density on M by means of the natural volume element e, o°n M).

What we have done in fact is that we have added some structure to L
such that the inner product in the fibres defines a density on M/D (after
the introduction of a real polarization) instead of a density on M. We
needed this trick to reduce the size of the Hilbert space: first sections
of L, then sections of L covariant constant along D (which defined the
trivial Hilbert space {0}) and finally sections of QB covariant con-
stant along D. The reason for this construction was that we wanted to imi-
tate the Schrddinger quantization as best we can.

We have seen already (in a heuristical way) that this approach leads us

\'

to the Hilbert space of the Schrédinger quantization when we use D =D ,

so it now remains to specify the observables which are quantizable, i.e. we
have to define a map §&: observables - self-adjoint operators on H and we
have to define the domain of §.
However, before we can define &, we need some additional techniques:
d

suppose ¢ 1is a vector field on M with flow Pe» 1eee rlioo Dt(m) = Cm,

then pt* is the associated map on tangent vectors which defines a flow

E in F™M:

t

o (m, () = (pm, (o 4n)).
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When we want to restrict B; to the subbundle R of FnM (R = the bundle
of all D-frames) themn R should be invariant under Et’ whiéh imposes

some restrictions on the vector field ¢. If we abbreviate the expression
"Yn€D : [z,n1€D" by [g,DI =D then one can prove that the following con-

dition is sufficient to guarantee that R 1is invariant under p

LEMMA: suppose [z, Dl D and (m,n) € R then B;(m,n) €R (i.e. Ht
can be restricted to R) and furthermore there exists a flow Ot on M/D

such that 7 °p, = Ot om (i.e. CH projects €o a flow Gt on M/D).

With the aid of the flow B; we define (for vector fields ¢ satisfy-

ing [z,D1 € D) the lift of  as the vector field ¢ on R given by:

o (m,n)

~ ! d
C(m,n) = Et=0 £

and one can prove that if both C1 and £, can be lifted to R

(i.e. [§1,D]CD and [cz,D]cD) then:

E;1,¢2J = [cl,czl .

Now if v 1is a =-}-D-density then it is a function on R hence if ¢
satisfies [¢,D] € D then we can apply 7 and Tv is again a function on
R. 1In the literature the function Eb is often denoted by LCV and the

operator LC "conserves'" -}-D-densities:

PROPOSITION: <Zf v %8 a -i-D-density, then LCv too.

d

i

PROOF: (Zv) (m, (n)g) |e=0 V(P msp x(n))g) =

dt

=4 vip.m, (p_sn.)g) =
dt|t=0 t* Feri

d -3
EIFO\)(otm, (p,xn)) * ldet gl

= )@, () - ldet g™t
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In general E(m,n) will depend on the values of ¢ in a neighbourhood
of m and not only of Lo but for special vector fields we have a nice

property:

PROPOSITION: let ¢ be a locally hamiltonian vector field, T € D and let

v be a -i-D-density on M then:

L =7V = ¥V v.
T ° z

- _ 4 ‘
PROOF : (ch)(mo,no) = ;mOV(m,nm) = Iflt=0 v(ptmo, (ni) ptmi. Now ¢ and

n; are locally hamiltonian vector fields hence there exist functions z,

e, on M such that ¢ = Xz’ n; = Xei so [g,ni] = X[z,ei]' But
[z,ei] = w(c,ni) = 0 because C,ni € D hence [c,ni] =0 = CRELP n =
=n. .

ilp,m

. ~ d
Finally (cv)(mo,no) E?.t=0 V(Dtmo, (Ot*ni))

d
= EE\t=Ov(ptm0’ (Myly p)) = (VC\))(mo’no)'

ptO

With these technical resources we can define the map 6 and its domain:
a function f: M > R is called a quantizable observable if the associated

globally hamiltonian vector field X_ satisfies the condition [Xf,D] < D.

£
For quantizable observables we define the operator §&(f) on sections
Yy = s®v of QB as follows:

§(E)Y = (~ih V, s+fs) ®v — ihs® (L_ V)
Xe X,

which reduces to &§(f)y = —iﬁVX y+ £y if Xf € D.
f
Several questions now have to be answered: 1. is &(f) an operator on

H, i.e. is &8(£f)Y an element of H if ¢ 1is?; 2. is &(f) self-adjoint

on H? To answer these questions, we first state a proposition.
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PROPOSITION: <f f <8 a quantizable observable, if ¢ € D <s locally ham-

iltonian and if ¥ is a section of QB then:

VC S(E)y = G(f)VCw-ih V[C,ijw.

PROOF: a direct consequence of the definitions if one uses the following

facts:

a) curv(V) = w/h in L
b) ng = LCV -
- f2.x.1 = [T.3.0)
c) LCLva = LXchv-+L[C’Xf]v (because c,Xf = [2,X;
d) L[C,Xf]v = v[C,Xf]V (because [g,Xf] is globally hamiltonian in D).

COROLLARY: <Zf { <s covariant constant along D then &§(£)y too.

PROOF: D is (locally) spanned by locally hamiltonian vector fields and we

apply the proposition above. QED

We now have proved that &(f) maps sections which are covariant con-
sfant along D into sections covariant constant along D, so there remains
to show that &(f) maps (a part of) H into H and that &(f) is (essen-
tially) self-adjoint on H. As in previous sections we will "show" that if

f 1is a quantizable observable such that Xf is complete then &(f) is

essentially self-adjoint on H.

If Xf is a complete vector field, then there exists a 1-parameter

group of transformations Et on the sections of L such that:

(6ts1,5t52)(m) = (s1,s2)(ptm)

d

—1haz-t=opts = —1hVX s +fs,

f
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a fact which was proved heuristically in Section 2. Furthermore, the l-parameter
group p_ on M associated to Xf induces the 1-parameter group pt on

BD such that for v a -}-D-density:

where E:v is the pullback of v :;*v =V 08} and where pt is the flow
induced on R. We now can combine these two flows to define a flow Et on

QB:

B =8 (sev) = (5.s)® (bFv)

which is defined correctly, independent of the representation Yy = s®Vv be-

cause ﬁt and Bi are linear over the functions on M.
PROPOSITION: 5t 18 a unitary flow on H.

PROOF: suppose ¢ € Dm then for a -}-D-density v we have:
o

g _
(Vgptv)(mo,no) cmov(otm,pt*nm),

but since e leaves w invariant we have that n locally hamiltonian

= pt*n locally hamiltonian hence pt*nm = Ep o for some locally hamiltonian
t

frame & . Now we can compute:

(VP (@ sn ) = (o b Iv(m,E D)

[¢]

v
(th*cmo)(ptmo,pt*no)

3
(pt th*Cv) (mo,no)

hence V p*v = p*V v o,
e’ T Pt g e

Using the techniques of the last part of section 2 one can show that for a
section s of L:
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Vp s = \Y s
7e® T Pe o st

With these facts it follows that if ¢ = s®v is covariant constant along
D then 5tw also. We now suppose w1 = s, ®v and wz = s, ®v are two
sections of QB covariant constant along D; then they define a density

¢ = (w1,¢2) on M/D and if we apply b, we get a density ¢ = (ptw1,pt¢2)

on M/D defined by
o = (8 a ) ~x .
0(x,8) = (B s 5P ,8,) (@piv, (myn)pitv, (m,yn) « le (n,0) ]

where mm = x, T = & and n a frame of Dm. Since pt is the flow of

a (globally) hamiltonian vector field ptew =€, (Liouville) and we have:
e, (M;2) =€ (P 40,0 40),

hence
0(x,8) = (s,8) (o m) = v, (p myp an)v, (o myp 4n) = le (o 4nsp 42) 1.

Because f 1is a quantizable observable we have an induced flow Ot on M/D
d 1 d = o
efined by O om mep, SO
$(x,8) = ¢(0, %,0 4E) .
If we define for any density x and any diffeomorphism ¢ of a n-dimen-

sional manifold X a new density o*y by
(6™x) (x,8) = x(ox,0,8)

then one can prove (completely analogous to the case of n-forms on X)

the formula
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Consequently, if ¢1,w2 € H (or more precisely if ¢1’w2 € PH) then
<B VB b.>= [ BB v = [ o*W.,u)
t'17t'1 M/D t'17t'1 M/D t 171

- M/ID Wys0) = <vy,b, >

which shows that 5t¢i €#H (i =1,2). Furthermore:

<BU B, > = <Y, >

i

which shows that 5t is unitary on H. QED

We have proved that 5t is a unitary group on H hence we can apply
Stone's theorem (modulo the fact that we did not prove all conditions

(on 5t) of Stome's theorem) which tells us that the generator of 5t is

self-adjoint:

ipd = (o1 L 5 Sind o s
|0 Pp? = Clligp| oo fes) ®v + s® (Cihgp| o PEY)

(~ihV_ s+fs) ®v + s® (-ihLl_ v) = S(f)y.
Xf Xf

We can summarize this section as follows: on the quantum bundle
QB = I‘®BD we defined a connection V which is essentially the "sum" of the
connections on L and BD. Then we defined an "inner product" (w1,w2) on
sections covariant constant along D where (w1,w2) is a density on M/D

in such a way that (w1,w2) is the mathematically rigorous formulation of

~

the heuristic idea (w1,w2) = (s1,sz)$1¢2 (where Y. = s.¢

i i

).

i
Out of the sections Yy of QB covariant constant along D we con-
structed the Hilbert space H as H = {y | V€D :VCw =0A [ (W,p) <=},
M/D
which we interpreted as the Hilbert space of the quantum theory of the clas-

sical mechanical system described by the symplectic manifold (M,w). The

quantizable observables f were defined by [Xf,D] c D and for quantizable
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observables we defined an operator &(f) on #H; we then showed that if

Xe is complete then &(f) is (essentially) self-adjoint on #H .

‘

With these constructions we finally possess a quantization procedure:
starting with a symplectic manifold (M,w) we have constructed a Hilbert
space H and a map &8 which assigns to a quantizable observable f a self-
‘adjoint operator &(f) on H (actually we proved the self-adjointness only
for "complete'" quantizable observables, in general &(f) 1is only skew-sym-
metric). N
In the next section we will investigate some examples to see how this quanti-

zation procedure works; in particular we will see that the class of quanti-

zable observables depends strongly on the choice of the real polarization D.
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7 SOME EXAMPLES I

In this section we will give some examples to see how the quantization
procedure described in the previous sections works. We will get an idea how
the class of quantizable observables depends upon the polarization; further-
more we will see the shortcomings of this quantization procedure and its
failures. Some of the problems encountered will be solved (partially) in

the next sections, other problems will not be treated in these notes.

EXAMPLE 1:  Schrddinger quantization: position representation.

m?n with co-

]

Here we quantize the symplectic manifold (M,w) where M
. 1 . i .

ordinates (q ,...,qn, p1,...,pn) and symplectic from w = dpi/\dql s it

represents the phase-space of a particle (system of particles) in R .

The various "choices" in the quantization procedure are made as follows:

L = MxC (which is in this case unique up to isomorphisms)
D=DV:Dl={—Ba— }
Pilm

hence M/D = R" with coordinates (ql) and projection m: ﬂ(ql,pj) = (ql).

In more detail we have:

1A. Prequantization: L has a global non-vanishing section s, defined by

so(m) = (m, 1) hence we can identify sections s of L with functions §

on M by
s(m) = (m,$(m)) or s =35-s
The connection V is given by the formula
(V.s)" = té-L6(z)s with 6 = p.dq
C h i ’
and the inner product by

(s1 ,52) (m) = é1 (m) éz(m) .
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With these ingredients, the Hilbert space of prequantization is given by

H = Lz(Rzn,A(zn)) = square-integrable functions on m?“ and,

as we have seen in section 2, the observables pj and qJ are represented

on H by

1B. The bundle BD: the bundle BD has an obvious trivializing section Vv

defined by

SR\
Yo \Tapy)) T

3\
i/
each —é—D—densily v defines a function Vv on M by:
[ 2 )) .
v(m, {==—1} = v(m)
\ 9p;
and then
B . -4 (. 3)
v(m, ( )gij> = v(m) ldet gl = v(m)vo(nh \ ap.}gij

api i

&V =vey .
o

By means of v, we can identify BD with MXx € and we compute the partial

. D .
connection V on B in terms of MxGQ:

(ch)(mo, (X i)) =z vim, (X .|)) =¢ v(m
q s q1 m s

= (ng)' =7v.

1C. Quantization: the quantum bundle QB is defined by

QB = LeB? =~ (MxC) ® (Mx@) = Mx @

and the global non-vanishing sections s, and vy define the trivializing
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section 1110 = so®\)0 of QB:
vo=s®v = (35)) x (v ) = (89 = v

With these definitions the partial connection on QB becomes
7, 50V = (1) oy + sevy - (58 -F0(0)8)% + dL9)y_

hence (Vcw)' = C¢"§;9(C)¢

Since V 1is defined only for ¢ € D ard since 6(D) =0 if follows:

V0" = b

consequently sections of QB which are covariant constant along D can be

. e . . 2 . . .
identified with functions on M = R°"  which are independent of the coordi-

nates p.. The density associated to two such sections is defined by:

1

(i /_9_>\ ) .
(w1,w2)\q , \qu ) (s1,s2)(m)v1(m, (qu))\)z(m, (qu))

=85, (@s,m) v, (m)v, (m)

by (), (m)

1

which is independent of the choice of m € T (ql) because the ¢ are in-

dependent of the coordinates p;- It follows that

<Y by > = In ¥, (q) J»z(q)dx(n)

R
hence the Hilbert space determined by this quantization procedure is given

by

(n)

2 . .
H=1L (lgx A7) = square integrable functions of the

coordinates (ql).



The condition on an observable f

[Xf,DV] cp’ or equivalently

2
3°f ..
= =0 Vi,j =1,...,1n
apiapj
o i
= f(q,p) = £ (@) +p;f ().

In order to define &(f) for
late the =}-D-density cho for vector fields ¢ on M
[L,Dv] cD’. Let e be the flow associated to ¢ then:
o 2 CApeer) P
X3 T AT a3 T s AT
t= 3p Bpi p t klapk
there is no part % because [Q,DV] cDp’ and:
aq
. g
1 9 ] d k
L= —F+i. Tole=o P s = 35
aql j op dt|t=0 t ki api
Now we can compute L Vv
C o
(3 )\ _ d S8
(LCV ) (m 5 \ api/} dt|t=0 vo(ptmo’pt*\ aplj
[ 9\ d
B dt|t=0 Vo (P \ Bpk)(pt>ki) It =0 ldete!
= —i[ldetp | %+ (detp.) ] . 4 det p
L ¢ || _. at t
t=0
9 det 3
- a(e)pt EdE g=0 Py = 7 6k13Ck
Pe/ki|t=0 Pi
=
= (Lv) =-} —
2 i=1 °Pj

to be quantizable is given by

satisfying

67

all quantizable observables we have to calcu-
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hence

S(E)V

]

S(E)VP S, @\)o

(-ih fo\b syt £ so) LA ¥ s, ® (~ih LXf\)o)

. o ook
(-ith1p+f w—éih( z -—k—>\p) so®\)o

k=1 3q
2,.n . (n)
so we can represent 6(f) on L(R, A ) as
a(f°(q)+pifi(q))fv(q) £°(q)¥(q) Wm(x by )

kaq

=f (q)w(q)~im(—(f (@¥(q) + £5(q) aw(q))
Bq 3q

, because 5%— =0 and if 11) is sufficiently differentiable.
3

1D, Summary and conclusions: M= R, L =MxE¢, D= i imply in this

quantization procedure
H = L2(]Rn, )\(n)) = functions of (ql),

f: M > R 1is quantizable iff f£(q,p) = fo(q) +pif1(q) and then we have for

Vv EH:

501 = @i@ + 4 (-inL (F@ia + @i i)
aq aq
or 6(f0+pkfk) = £%+4 (—i h;z—k £ £ (—i_ﬁ %))

and especially 8(q?) = qJ, 6(pj) = —ih——a—.

aq
We see that the quantization procedure leads us, in this example, to
the familiar Schrddinger quantization in the position representation:
H=17(RY , the position qi is represented as multiplication by qj
and momentum pj is represented as differentiation with respect to qj

(times -ih) .
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Unfortunately, the class of quantizable observables is quite small:
it does not contain the usual kinetic energy function K = Zpi . On the
other hand, it does contain products of position and momentum and then the
quantization prescription says: symmetrize the expression (in p and q)

and substitute —ith for p, which is the most natural way to do!

EXAMPLE 2:  Schrddinger quantization: momentum representation.

The only (major) difference between this example and example 1 1is that we
h h 9

? Dm - { i
g

completely similar to those of example 1 so we merely list the results.

choose D =D } instead of D = D'. The calculations are

2A,B. Prequantization and the bundle BD: L =Mx¢C

so(m) = (m,1); s(m = (m, $§(m)) <= s=:§~so
e _iay . . N 1
(Vgs) LS -0 () s with @ q dpi.

N.B. We have chosen a different symplectic potential, which reflects a

gauge transformation with gauge-factor exp(ipqu/h).

o (2]

aq

1]

o (%, 3) = 1

v = 0°vo = (ch)' =7v.

2D. Summary and conclusions: M = R?n, L =MxQ¢, D= Dh imply

H= LZ(EJZ X(n)) = square-integrable functions of the coordinates

(),

£: M > R is quantizable iff £(q,p) = £_(p) +qkfk(p) and for 1§ € f

- . (.. 3 . IR \
$0)) = £, + 4 {ih g @) + £, ) (m%—;/w(p)/
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or 6(f0+qkfk) = fo+5( h——p—k—fk+f m—)
and especially G(qj) = ihﬁgf , d(pj) =

]

In this example we recover the Schrddinger quantization in the momentum
representation; the class of quantizable observables differs from the pre-
vious case: arbitrary functions of p can be quantized and those which are
linear in gq. Now the kinetic energy can be quantized, but not a reasonable
potential well ! N

It is well-known that there exists a relation between the two represen-—
tations: the Fourier transform. One might suspect that in general a rela-
tion between the Hilbert spaces from two different polarizations is given as
a unitary transformation between them. In geometric quantization this cor-

respondence (if it exists!) is expressed by means of the so-called Blattner-—

Kostant-Sternberg-kernel (BKS-kernel), which is not treated in these notes.

EXAMPLE 3: Schrddinger quantization of an arbitrary configuration space
*

Q:M =T Q.

In this example we quantize the symplectic manifold M = T*Q, w=d6e (8
the canonical 1-form on T¥Q) by means of the vertical polarization D'.
If we have coordinate charts Ui with coordinates (qJ) on Q then they
define charts Uix R” of T*Q (dimQ = n) with coordinates (ql,pj) for
which 6 = pjqu. Since T*Ui & UiX'Rn the quantization is locally the

same as in example 1; minor differences occur in the global configuration.

3A. Prequantization: L = MxC€ = T*QxC with a global non-vanishing section

S H
[¢]

s, (m) = (m, 1)

and (as before) each section s determines a function §:
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sm) = (m, $(m)) <> s =355 .
The connection V on L is defined by

(W) = t5-¢ 03

and the inner product: (51,52)(m) = é1(m) 'éz(m)-

3B. The real polarization and the bundle BD: we choose the vertical polar-

ization D = D' defined on the local charts Wix R" by

J

v . . . .
hence M/D" = Q. TFor an arbitrary configuration space no obvious nowhere

S
m Iapi

c e . D . D . ..

vanishing section of B exists (although B is trivial), so we use local
AP . D .

trivializations of B by means of the local sections v, on Uix RY  de-

fined by

With these local sections each -}-D-density v on M defines a set of com—

. .1 n
plex functions v on UiXIR :

) =

In terms of these local trivializations we have:

.1

.1 .
Vv (m) = v(m, = Ve (no summation!)

| :
j|m UiXR

i

(VC\))'l =TV .

. . D . e g .
3C. Quantization: QB = L®B~ which has local trivializing sectioms

.1 . .
ﬂ)®\) ; for am arbitrary section ¥ of QB we have:
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The partial connection on QB is defined by
v s v = (gh -feih s e
C(w s,@Vvy) = (ch -6 Db ) s BV
but since 7z €D and 6(D) =0 it follows:
i .1
AR 2

We see that a section Y covariant constant along D can be identified with

.t
a set of functions ¢ on Ui (since UiX RF/DV I~ Ui); we will show that

3

such a set of functions defines a (unique) }-density on Q by using the re-
.1
lation between the U 's for different indices i. If ¢ 1is a sectiomn of
QB covariant constant along D then we define the }-density ¢ on Q lo-
cally on Ui (with coordinates (ql)) by
3 ) .1
(x /-7 = X x € U..
9(x, \a 7)) v (x) , i
q
On the intersection (UiXEP) n (UjXHJ5<:M = T*Q there exist two coor-
~]

dinate systems: (qJ,pj) from Uix R"  and (g ,pj) from Uj x R®  which

are related by the formula

. . k
~ - k 3§ A
g’ =g s P; =—q—j~pk
3q
-k i
SR i N I R
3¢ aq’ 9 Pi aqt Pk

hence for x € Ui nu., m €T (x) we have

.3 i
e () - P = v (g ) v (52 ) 2%
= ¢ (m, (—sgzwm>) e‘detggl-£ = @i(x)a |det%%|&
$(x, (—3~)'- detg%1%
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so ¢ is correctly defined as a }-density on Q.

Let ¢, and wz be two sections of QB covariant constant along D

1

and let ¢1 and ¢2 be the associated 3-densities on Q, then the density

(w1,w2) on Q -equals $1¢2 ;  on Ui:

29, (x, (;J)} = G5, sins) @ < v (o, (- %))
" it ( 3, >> ’;i?)l

- o (2 =ittt = G e (22
1o¥2) (x, \aqj =V, )Y, (x) = (9,9,) (x, aqj} .

We conclude that the identification of sections Yy of QB covariant con-—
stant along D with }-densities ¢ on Q carries over to the inner product,
hence we can identify the Hilbert space of this quantization procedure with
the square integrable }-densities on Q:

= (o: Qo adq | 1912 <e).
Q

To identify the quantizable observables, we start with local consider-

ations: on T*Ui = U, x R"  the condition [Xf,Dv] c D' is equivalent with
o i
£(q,p) = £ () +p,;f (q)

(see example 1) which is the sum of a function on Ui and a function linear
n n .
over R (from UiXZR ). If we concentrate our attention to the part

n .
" is conserved

. n .

linear over R , we note that the property ''linear over R
by the transition functions from UiX‘Rn to ij R"  and (moreover) such
a "linear function'" defines a vector field & on Q:

1 3
= fl(q) *‘—1 N
aq

2 U.
1
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On the other hand, each vector field & on Q defines a function fg on

T*Q which is linear over R (on each Ui><]£n) as follows:
* -
a € TQ = fg(a) = a(glﬁ(a))

or, in local coordinates (q,p) on Uix R":

i ) i _ i
£E =t (Q)'a—l s a = Pidq (q) = fE(a) = Pig (q)-
q
*
As a consequence, each quantizable observable f on M =T Q is of the

form

o
f=f+f
€

where £ 1is a real vector field on Q and £° a function on Q (or more
precisely: £ is a function of the form f° = gow where g: Q> R and
T: T¥Q - Q - the natural projection) .

Now suppose & 1is a vector field on Q, then it defines an operation
on }-densities denoted by Lg (abuse of notation); its definition is com-
pletely analogous to the definition of LC on -}-D-densities on M (see sec-
tion 6): in a certain sense Lg is the natural action of & on }-densi-

ties.

Let e be the flow associated to & and let ¢ be a j~density on Q then:
(Lo)(x, (1)) == 0o, x, (o 4n,))
3 > M dt | t=0 T

which is again a j-density on Q. In local coordinates (qJ) on U, =Q

we can compute L as follows:

€
k
Kk %dop,

: 3 .1 [ >
£ =)L, (b)) i=———, ¢ () = 0(x, |2 ))
8q’ 3 add \qulm

and then Lg¢ becomes:
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(L,®) (x, (3—5» RIS (pt* ° ))

d (
- = ¢(p X,
dtit—O t \aqk,p «

3
det(pt)?l

! .1
- 3€1t=0 ¢ (o)

b
det(pt)?i

i iy
=80 + ¢ 0 g5

=(E¢)(x)+¢(X) H 2 — ()
k=1 Bq

If ¢ 1is a section of QB covariant constant along D and ¢ the asso-

ciated i-density on Q then we know (from example 1):

6eepn —m(—@ @i (@) + X (q) (q))

= —ih(€¢l-*£w Z (q)>
and we know also (from above):

; .i i
(L)t =gd +4i ] —51;
k=1 3q

i .1 / 9 \ .1
so if we remember that ¢ (x) = ¢(x, \——77 =19 (x) then
BqJ
.1 i

S(£ = —ih(L

(8( E)\P) ih( £¢)
or equivalently: the section S(fg)w corresponds to the i-density —ihLE¢.
3D. Summary: M = T*Q, L =MxC, D= D’ imply:

= {square integrable j-densities on Q}

f: M > R 1is quantizable iff f = £9+f_ where f° is a function "on Q"

g

and & a vector field on Q; for ¢ € H we have
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1]

o o, .
S(f +f£)¢) f ¢-th€¢

o .
f —]hLE

or S(£%+f£ )
13
EXAMPLE 4: Schrddinger quantization of SZ.
This example is a special case of example 3 in which we will give another
interpretation of the Hilbert space and the operators associated to quan—
tizable observables. Although the forthcoming interpretation can be made
for any Riemannian manifold Q, we specialize to S2 because it is a low-
dimensional orientable manifold which enables us to give "actual computa-

tions".

. . 2 .
4C. Quantizatior: on S there exists a natural volume element € asso-—

ciated to the metric on 52 ;  in local coordinates (6,¢) defined by:

X sin® sin¢
lR3 o 82 3|Y| = |sin® cos¢
Z : cos 6

it is given by
e = sin6 d6Ad¢.

With the aid of this volume element we define a global trivializing section

%Sz as follows: for any local coordinate system (q1,q2) on Sz:

)
b (x, /_a-,i» o= e (_L’L)
o \aq1 3q2 | x Bq1 5q2 |

q

¢o of A

and it should be obvious that ¢o is a nowhere vanishing i-density on 82

(because € is a nowhere vanishing 2-form). With the aid of ¢, we can

identify each }-density ¢ on 52 with a function ¢ on 82 by ¢ = é¢o

and we have:
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fz 9,0, = Iz 9,6,¢

S S
where the second integration should be done over oriented charts (with res-
pect to €) . This identification enables us to interpret the Hilbert space
as

Ho=1{4: ¢ | [ 1ol%e<w}

2
S

i.e. as square integrable functions on Sz. .
To compute the action of a quantizable observable we make the following

remark: 1if & 1is a vector field on 82 then LE¢0 is a }-density on 82

which depends only on & (and ¢o of course), hence it defines a function

div(g) on S2 by:

Lg¢o =4 'div(£)¢o;

div(g) 1is called the divergence of the vector field &, the extra factor
} comes in because ¢O is a i-density. The divergence of a vector field
can be defined on any Riemannian manifold; on R it yields the usual
value of the divergence of a vector field when expressed in carthesian co-
ordinates, but the formula above gives an intrinsic definition. To be more
specific, if W 1is the natural volume form on an oriented Riemannian mani-
fold, then on any coordinate chart (x1,...,xn) it defines a function Vol
by

1 9 )
Vol(x ,...,xn) = ux<—~73...;—7;>l H
0x X

. i ] . .
if n = nl(x)—-ff is a vector field then:
ox

o Bnl 1
div(n) = ] == () + 5oqn
i=1 3x 9%

i3 Vol
i
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On S2 with coordinates (0,¢) as defined above the divergence of a vec-—

tor field £ 1is defined by:

¢

S 9E 6
29 +& cotghb .

g-et et o divee) -

ag
¢

90

: . . . 2
Now if ¢ = ¢¢O is any i-density and & any vector field on S then

Lo = (£9+16 div(E))e

hence the action of a quantizable observables £+ f_ on the Hilbert space

g

of square integrable functions on S2 is given by
o . O y.ip o s L e
S(f +fg)¢ = (f -4ih div(£)) ¢ - ih&d

4D. Summary and conclusions: M = T*Sz, L=MxC, D= D’ imply

H = LZ(SZ,E) = square integrable functions on 52 with respect

to the volume €,

£: T%s?> > R is quantizable iff f = f°+fg and then for ¢ € H:

G(fo+fg) = £2- Jh div(E) - ihE

If we apply this method to the Riemannian manifold Q = KJI, we get
three "different'" interpretations of the Schrdodinger quantization in the po-
sition representation: 1in example 1 we had H = LZ(HJ5 and the quantizable
observables were quantized in the old fashioned way using the symmetrized
form if a momentum coordinate was involved (only linear!); this quantization
is the most intuitive one, although it depends strongly on the carthesian
coordinates. After applying the techniques of example 4 we get the same
quantization, although now the action of quantizable observables is defined

in an intrinsic way, independent of a coordinate system.
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In example 3 we had H = {square integrable }-densities} with the action
of d(fg) the natural action of & on }-densities; in a certain sense,
this quantization is the most elegant of the three, but also the least in-

tuitive ome.

EXAMPLE 5: the 1-dimensional harmonic oscillator in the energy representa-—
tion.

In this example we try to quantize the symplectic manifold (M,w) where
M= R?‘\{(0,0)} with coordinates (q,p) and”symplectic form dpAdq. The
reason for omitting the origin is that we want to use the circular polariza-
tion D defined by

9
9q

« o -x(r

Y@, T 1

where H = i(p2+q2) is the hamiltonian of a 1-dimensional (normalized) har-
monic oscillator. Since D?O,O) is O-dimensional, D¢ does not define a

real polarization on R? , hence we omit the origin and we hope it will not
influence our results very much. In view of the circular polarization it is

easier to use polar coordinates (¢,p) on M = E? \{(0,0)} defined by

p = V2p cos¢ p=H= 5(P2+q2)
q = V2p sin¢ ¢ = arctg(q/p)

then D¢ = H((é%) and M/D® o R' = (0,») with projection w: (¢,p) F p.
It should be noted that ¢ 1is not a global coordinate, hence we should have
used two coordinate patches ¢ € (0,2n) and ¢ € (w,3w); however, we will
use ¢ € [0,2nr] and impose the conditions that ¢ = 0 and ¢ = 21 deter-

mine the same results; moreover, the vector field and the 1-form d¢

3
3¢
are defined globally!
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5A. Prequantization: L = MxC with global non-vanishing section S,

so(m) = (m, 1) which identifies sections with functions by
s(m) = (m, §(m)), s=8§°s
The connection is given by
(W) = cs-Too)s, 8 = pdo

(N.B. 6 1is globally defined and d6® = dpAd$ = dpadq), and the inner

3

product by
(s;58,)(m) =&, (m)$,(m) .

With these ingredients, the prequantization Hilbert space can be identified

with L2(1R2, )\(2)) .

c c
D . s 4. .
5B. The bundle BD : the bundle B has an obvious non-vanishing section

v, defined by
vo(m,xp) =1
. . . D .
which identifies B~ with Mx@€ by:
v(m,Xp) = v(m), V=1vey
and we have (as before)

(ch)' = zv

5C. Quantization? the section S, of L and Vo of BD define a global
c
.. . D . .
non-vanishing section of QB = L®B by \l)o = so®\)o, hence if ¢y 1is a

section of QB it defines a unique function § on M (and vice-versa):
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and the partial connection on QB 1is defined by
V0" = ti-e@i, 6 = pd¢.

Furthermore, if ¢, and wz are two sections of QB covariant constant

1

. +
along DC, then they define a density on R :

~6~|°)
<

o=

e

~_
R

5 9
Fw (W’ 78—5) l

3 T,
(1111 sUy) (o, E)?) = w1(o,¢)¢2(o,¢) "o(a

= 0,(p,9)0,(p,4)

[

hence <1p1,w2 > = f ¢1(p,¢)@2(p,¢)dp
o

and it should be noted that ¢1(D,¢)¢2(D,¢) is independent of ¢ because
we supposed w1 ‘énd wz covariant constant along D!

Before we investigate the condition "covariant constant along D", we
first investigate the quantizable observables: £ 1is quantizable iff

[Xf,Dc] < D% which translates to

Bzf
—= =0 < £(¢,0) = glp) +¢-h(p),
592

but now we realize that ¢ is a cyclic coordinate, hence h(p) =0 so f

is quantizable iff f depends only on p . But then

o>
Hh

- of 3 _»of
Xe = 5099 3¢

|

Fh
QL

3p  9p 3¢

which implies that

§(£)Yy = —ihV_ Y+ £y = fy
g

because if ¢ € H then ¢ 1is covariant constant along D.

The condition ¢ = iwo covariant constant along D translates as:
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——

_ N A § . _ - f_jL
0—(VC¢) =gy rle(t;)w, 0 = pd¢, ZED 135

= %=himf) = 1L(p,¢) = h(p)exp(ipd/h).

But ... , ¢ is a cyclic coordinate hence h(p) = h(p)exp(zn;p

) which is

equivalent with

h(p) =0 vEEZ = [h(o)#0=~o€hz+}

where Z' = {1,2,...} and p =H 1is the hamiltonian function, so (if we
forget for the moment that ¢ should be continuous) a section y of QB co-
variant constant along D is determined by a set complex numbers a,

11)(——)’(31

+
1 nInEZ

where a is the value of h(p) at p = nh.
The action of the hamilton operator H = p 1is (as we have seen) just a mul-

tiplication operator:

}nEZ+ {bnl *n "

|
[ = nh
(H)lan Ine b nha_

so the eigenvalue equation 6(H)Y = Ey has solutions wn with eigenvalues

E_ defined by
n

n E = nh , nhe z"

et
U] P S ,
Ukfyez? n

and the eigenfunctions form a basis in the sense:

+

L
P 1anInEZ ] Z v

5D. Conclusions: this quantization procedure of the harmonic oscillator cor-

responds to the classical Bohr-Sommerfeld quantization of the harmonic oscil-

lator which differs from the usual quantum mechanical answer by a term }h
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(En should be (n-4)h, nEZE+.). Woodhouse claims that the origin of this
error (and of similar ones) can be traced back to the use of -i-D-densities
instead of the so-called -}-D-forms; these will be treated later in these
notes and we will show that their use leads us to the correct answer
+

E = (n-§)h, ne€z .
n

However, although the above quantization seems rather nice (apart from

the energy shift of 4h), it has one obvious drawback:
H = {0} w

because: 1if ¥ and wz are two sections of QB covariant constant along

1
] . . + + +

D, then the density (w1,w2) is zero outside the set Z < R , but Z

has a zero-measure, hence <w1,¢2> = 0. The solution to this problem would

be to allow "distribution valued" sections of QB in such a way that the

inner product comes out as a summation:

L Ll

<3a
1 nanZ-“’1 ez n

Wo~18
job)
o

This approach is given (although brief) in [Woodhousel and [Sniatyckil
(see also [Guillemin & Sternberg Ch.VI]); it will not be a topic in these

notes.
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8 COMPLEX POLARIZATIONS

In the previous sections we introduced a real polarization in order to
reduce "the size'" of the quantum Hilbert space. In section 7 we saw that
some modifications are needed to obtain the correct energy levels, but in or-—
der to describe these modifications we have to use the complexified tangent
bundle everywhere instead of the usual (real) tangent bundle. Together with
the use of complex vector fields one introduces the concept of a complex po-
larization, which is a (straightforward) generalization of a real polariza-
tion and it will give us more freedém in the choice of a polarization and
hence in the 'choice'" of the set of quantizable observables.

This section will be devoted entirely to the study of complex polarizations
and in this and ﬁil subsequent sections all vector field and k-forms will

be complex, i.e. we will use consequently the bundles TM(I and Ako in-
stead of TM and AkM ; on the complexified bundles we will use the obvi-
ous complex conjugation denoted by - , e,g, if v,w € TM then v+iw € TMG
and v+iw = v-iw.

The most obvious definition of a complex polarization would be: a com-
plex polarization is a complex distribution P which is integrable and la-
grangian (= maximal isotropic). However, for complex distributions the no-
tion of integrability is defined as follows: P 1is integrable if there exist

(locally) independent complex functions =z such that

10 P
P={v | Vi<i<k : dzi(v)==0}, which is in general not equivalent to the

statement that P is involutive (see [Nirembergl). Hence at the moment it
is not clear which characterization is to be used (integrable or invelutive)
so we generalize the other characterization of a real polarization: a dis-

tribution spanned (locally) by local hamiltonian vector fields whose asso-

ciated functions "commute".
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DEFINITION: a (complex) polarization P 1is a complex distribution on M
such that for each o € M there is a neighbourhood U of m and n in-
dependent (Cw) complex functions Zys-ees2z, OR U such that:
(1) Vm€EU : Pm is spanned by {Xz ,...,Xz } (over 1)

1 n

(ii) on U : [Zi’zj] =0, 1<1i,j Sn (the Poisson bracket extended to

complex functions)

(iii) dimm(Pﬂf) = k constant on M
(iv) 3w1, ees Wy complex functions on ¥ : PNP is spanned by
{xw,...,x } on U.
1 Yk

The condition (i) and (ii) are straightforward generalizations of the
real case; conditions (iii) and (iv) are added to make life easier, i.e. to
insure that we can do something. It should be noted that a real polarization

D(E ; the condi-

D defines in an obvious way a complex polarization P :P

cees Zos P =P

tions (i) and (ii) are satisfied with real functions Z,s
hence k = n and we can take w, =z From this point of view it should

be understandable that a complex polarization P with dimGPf1§ =n is
called real (because then there exists a real polarization D with P = DG);
on the other hand, if dimmPIWP =k =0 then the complex polarization P

is called a Kdhler polarization.

In the rest of this section we will study some properties of a complex
polarization; we start with a sequence of propositions to derive an alterna-

tive description of a complex polarizatiom.

PROPOSITION: <n condition (iv) of a complex polarization one can always as-—

sume that the wj are real functions.
PROOF : Xw =X +1X hence PNP is spanned by

. Rew Imw.
J ]

]
Rewj’ lewj | 1<3<k} of which k are independent (at least locally).

{x
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DEFINITION: we define two real distributions D and E on M associated

to P by:

k)

]
]

PNPNTM (hence Dm = Pﬂlg, dim]RD

P+P, dimgE

1]
1]

(P+f’)ﬂTM (hence Em

=
L}

2n - k)

PROPOSITION: conditions (i) and (ii) of P <Zmply that P <Zs a maximal

isotropic involutive complex distribution on M.

COROLLARY: D <s involutive hence D <is an integrable real distribution of

dimension k on M.

PROPOSITION: E = {vETM | Yw€D : w(v,w) =0}

D

{WETM | WEE : w(v,w) =0}.
PROOF: wuse that P 1is isotropic and proposition 5.3.2 of [Abraham & Marden].

PROPOSITION: XfED «> f constant along E (e VYEE : YE=0)

XfeE « f constant along D

COROLLARY: condition (iv) of P is equivalent to the condition that E is

an integrable (real) distribution.

PROPOSITION: (see [Nirembergl): let P be a complex distribution of dimen-
ston n on M such that dimmPfH; is constant on M and such that both
P and P+P are involutive, then there exist (locally) complex functions

z z on M:

1,..., n

p = {vend | dz; (v) =0, 1<i<n}

Using this proposition one can (easily) prove the following character-

ization of a complex polarization:
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PROPOSITION: a complex distribution P on M <s a complex polarization if

and only if:

(1) P involutive

(ii) P is lagrangian ( <= maximal isotropic)
(iii) dimmP(1§ =k constant on M

(iv) P+P is involutive

REMARK: since EG = P+P, the condition P+?P involutive is equivalent to

the condition E involutive which is in turn equivalent to the condition

E integrable.

REMARK 2: some authors omit condition (iv) in their definition of a complex
polarization (either in the form of our definition or in the form of the pro-
position above). However, this condition is sufficient to prove the equiva-
lence of both descriptions of a complex polarization and, moreover, I need
it to prove the correctness of the inproduct in the quantum Hilbert space

(as we will see in the next section).

DEFINITION: a complex polarization P 1is called admissible if M/D admits
the structure of a manifold such that w: M - M/D 1is a submersion

(dimM/D = 2n - k)

Lk 2 _ _ 3 .. 9 _ .
EXAMPLE 1: M =T R~ R°, w = dpadq, P—G(ap'*lE/‘:vP—G Xoriq
PNP = {0} so P is a Kihler polarization on M. Since PNP = {0} we

3 3
have D = {0}, E = {5’%

obviously a submersion, so P is an admissible complex (K#hler) polarization.

} = TM and the projection m: M > M/D= M is

*
EXAMPLE 2: M=T]R2—z]R4, w = dp /\dq1 + dp Adqz, P = i+i~a—,~3—- =
—_———e 1 2 3p1 aq1 apz
. .1 . . . .
=¢-X ; ®¢ X, ; since [p1+1q , q2] = 0 this complex distribution
p,+iq q -
satisfies conditions (i) and (ii) of a complex polarization. PNP = C-X
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so it also satisfies the conditions (iii) and (iv), hence P is a complex

polarization. Now D = IX 2} = j—é—}, E = I*g—,—é~,~2—} and M/D E,R;
, Uq®) — lop, Bp,” 3p, 7 1

with n(q1,q ,p1,p2) = (q1,q2,p1) so P 1is an admissible complex polari-

zation.

Nota Bene: in the sequel we will always use admissible complex polarizations
on our symplectic manifold (M,w), hence by "a polarization P" we always

mean "an admissible complex polarization P'", wunless stated otherwise.

e

Our next aim is to prove some propositions concerning the relation be-
tween P, D, E and the structure of the manifold M/D; to be more specific,
we want to show that for a polarization P:

(a) E := m,E is‘'an integrable distribution of dimension 2(n-k) on M/D,

(b) P induces on each leaf L of E the structure of a complex manifold
of dimension n-k,

(¢) complex functions z with Xz € P are precisely the functions

z =%om where % is a function on M/D which is holomorphic when re-

stricted to a leaf of E (seen as a complex manifold) .

LEMMA (Frobenius enlarged): if D 1is an involutive real distribution of
dimension £ on a manifold X (dimX =m), and if U 1is a coordinate
neighbourhood of x € X with coordinates x1,..., X" such that there exists

a k (0Sks): _ET""’_éﬂfe D on U, then there exists a coordinate

9x 9xX
neighbourhood V of x, V< U with coordinates y1, ...,ym such that D
. 3 3 i i .
is spanned by T et Ty and moreover y =x , 1< i<k and
3 3 dy y
“—i=—-—i-, 1<i<k.
9x 9y

PROOF: the proof is a slight modification of the proof of the classical
Frobenius theorem as can be found in [Godbillon]. Note that the case k = 0

is the classical Frobenius theorem. QED
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PROPOSITION: the set E = mE is a well-defined integrable distribution of

dimension 2(n-k) on M/D.

PROOF: by applying the above lemma twice we are assured, for each m €M,

. . . . 1 2n
of the existence of a neighbourhood U of m with coordinates x , ..., x

on U such that D 1is spanned by {—ET, ey —EE} and E 1is spanned by

[ 3 3 1 9x 9xX
{——T, TR Since 7 1is a submersion we may assume that w(U) is
X

aazeighbourgood of (mo) with coordinates (x
n(x', .. xn
—3 8
axk+1’ et ax2n—k

k+1,...,x2n) and projection

+1,...,x2n). It follows that w,E 1is spanned by

) =
independent of the point m in the fibre of w, so E
defined by T = m,E is a well-defined distribution on M/D which is ob-
viously integrable.

The next lemma will not be used in this section (it will in the next)
but its proof uses the techniques of this section, which is the reason we
put it down here, instead of in the next section.

LEMMA: suppose Xr seeesX ’Xz ,...,XZ are hamiltonian vector fields
1 k k+1 n

on a neighbourhood U of m € M which span P on U such that

X 1, ...,er span D, then there exist vector fields Y1, ...,Yk on a

neighbourhood V (mOE V < U) such that:

(1) T (X seeesX 5 X L..0 Ko L Y
P+ L Zn

Tﬂ(m)(M/D)m which depends only on w(m) (VmEV)

1""’Yk) is a basis of

(ii) aw(xr beeesX L X yeeesX XE R

...,Y ) and
1 K+ Zn PR+ n k
mn—k(X

.]9

zk+1""’Xz , ZE ""’XZ ) are functions on V which are
n k+1 n
constant on the leaves of D.

PROOF: we use the coordinate system (x1,...,x2n) of the proof of the pre-

vious proposition. The vectors X ,...,X , X sreesX -
T
1 k k+1 n k+1 n
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span E¢ (if not then dimD would be bigger) which is also spanned by
3 d . - 3
T s Ttk (over €) and we now claim that the vectors Y.1 = P
9x 9x X
(1S1iS<k) satisfy the conditions of the lemma.
. . k+1 2n L. .
Using the coordinates (x ,...,x ) on 7(U) € M/D it is obvious that
“*Yi depends only on 7(m). Now consider on M:
(X ) = 0 ,X ) =Lz ,x] k < j<2n;
z z j P
P p X
%3 constant along D=>X . €EE, X € Ec = .(E 1is involutive) X .=
c X7, Zp [z ,x71
=[X ,Xx .1€E &> [z ,x)] is constant along D, hence: P
2 J P
P X
2n . 5 2n . 5
X =) (de(xz )=+ = mX = ] de(xZ ) -
zp j=1 p 9ox zp j=k+1 P ax3
and the coefficients of —27 depend only on w(m) (Vm€EU).
9x
Because 7 1is a submersion, because v*(Xr ) = 0 and because
i
(Xr , Xz , Xz , Yi) is a basis of TmM it follows that condition (i) is
i j ]
satisfied.
In order to prove condition (ii) we observe that both N and wn_k are

powers of w so it suffices to show that w applied to any two vectors

b

of the argument is constant on the leaves of D. Therefore consider:

(a) w(X_ ,X ) =owlX ,X )=wE ,X=) =X ,X ) =0l ,X-) =0 be-
r.”’r. r. z. r.” " z. z.’ "z z."z.
i 73 R | i 73 1 "k 1
cause P and P are isotropic.
M X ,% €E = x  _-=[X ,X1€E o [2.,7.1=0wX ,X )
z. Z. [z.,z.] 2.z, i’7] z.°7Z.
i j i i 73 i 73
is constant along D.
9z.
(c) w(Yi,ij) = x2n—k+i which is constant along D because zj is
(x, €Eh.
i

LEMMA (Newlander-Niremberg in a special form): if J is a complex structure

on a manifold X (dimX = 2n) such that for each Xy € X 3U neighbour-
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hood of X and 3@1, “ees O complex 1-forms on U which satisfy
(a) {ai} are independent over € on U
(b) ’ oy is of type (1,0) on U
(c) a; is closed.

Then J 1is an integrable complex structure. (see for instance [Hormanderl)
LEMMA: E = {Rev | vEP} = {Imv | vEP }.
_— m m m

PROPOSITION: suppose L <s a leaf of £ in M/D then:

i

(i) themap J : T L~>TL defined by
w€TL, w(m) =x, vEP : m Rev =w
X m *
= Jw=JrRev = Inv
78 an integrable complex structure on L

(i1) 2f X_ ,...,%_ , X yeeasX span P (locally) such that X_ ;...,X
r r V4 z r
1 k k+1 n 1

span D then the functions z_ form, when restricted to L,

Tr

Zppqo o

a (local) system of complex coordinates for the complex manifold L.

PROOF: in order to avoid confusion, we have to be very careful, so we denote
by j: L & M/D the canonical injection of the leaf L in M/D. As we

have seen earlier, for m €M, X, = ﬂ(mo) € 3(L) there exists a neighbour-

hood U of m with coordinates (xi,...,xzn) such that on U: D is

spanned by {—373 ,..,—EE} and E 1is spanned by {—373 ""__é%:ﬁ}'
9x 9x 9x 9x

Furthermore, w(U) = V is a neighbourhood of X in M/D with coordinates

k+ 2 ~
(x 1,...,x ™) such that [ @ s e i span E on V, hence there
laxk+1 aXZn—k

exists a neighbourhood W of X in L with coordinates (xk+1,...,x2n—k)

such that j(W) = Vf\{xl==x;, 2n-k <i<2n} and moreover: j, 1is an isomor-
phism between TW and E’j(w)'

The tactic of the proof is as follows: we first use (ii) to define the com-—

plex structure J and we then prove that J is defined in a "coordinate
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independent" way, and simultaneously that (i) is a correct definition.

Suppose that X _ ,...,X , X seeesX are hamiltonian vector fields
r T z
1 k k+1 n c
on U which span P such that Xr , ...,Xr span D, then Xz EPCE
1 k j
hence zj is constant along D so there exist functions Ej on V:

z. =72.o0m. We denote by aj and bj the real and imaginary part of

Z.:%Z. =a.+ib. (= a.,b.:V > R) and we observe that since X_ ,...,X ,
J J J J J 3] r1 rk

XZ ,...,Xz span P it follows that the set {Xr.’ Xa.on’ Xb.on} spans
k+1 n i j i

E. Now Xr €D =T, is constant along E = . is a function on U inde-

]'_ a
. -2n- + 2
pendent of the coordinates x1, ...,xzn k. It follows that {dxk 1, vesy dx n}

- 2
x2n k+1, R ety

span the same space as {dri, daj, dbj} and that {d
span the same space as {dr1,...,drk} hence {j*daj,j*dbj} is a basis of
* *

TL on W. Since we know that {j*dak,j*dbl} span T L, we can define a

map J with respect to this basis: suppose & € TXL(XEW) then Jg is de-

fined by the equations:

(3*day) (J&) = ~(3%db,) (&) k < & < 20k

(3%ab,) (JE) = (§*da)) (8)

or equivalently by the real and imaginary parts of the equations
(3*dZ,)) (Je) = i(3*dZ)) (8)

which shows that j*dik is a 1-form on W of type (1,0). Since {j*dzi}
is an independent set of 1-forms of type (1,0) which are exact (hence
closed) and since their number is half the dimension of L, we can apply the
lemma and conclude that J 1is an integrable complex structure and that

PR Ko .

372 e 172 form a system of complex coordinates on L (N.B. we leave
it to the reader to prove that J is a complex structure, i.e. 12 = -id) .

Finally, we have to show that this J coincides with the definition as

given in the proposition. Suppose x € W L, & € TXL,
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me€U : 7(m) = j(x) = HnEEj(X)

= EVEPm : w = Rev hence j*g =11*Rev, and we consider E’ETXL : &Y =

1 j,g=n = S‘WEEm:n*w=n =

= j_1n Imv. Since X €P and v EP
* Ok z, m m

w(v,X ) =0 ¢ dz (Imv) = idz, (Rev)
zy 2 2

and then:

]
1]

G*aZ) JE) = i(*Z) (B) = i d¥,(§,8) = id¥, (n,Rev)

]
1]

i dzg(Re v)

dzl(lmw) d?i(ﬂ*lmv)

(%)) (")

hence J§ = ¢°'.

PROPOSITION: Zet z:UcM > C then X, € P <f and only if

32 : VeM/D > C : z=Zon and Z <is holomorphic when restricted to a leaf

of E.

PROOF : =] XZEPCEG = z constant along D = 3% : z=7Zom;

VVEP : m(v,Xz) =0 <> WEP : dz(Imv) = idz(Rev) hence d'Z(Jﬂ*Rev) =

= dZ(r, Imv) = dz(Imv) = idz(Rev) = idZ(m Rev) so dZ is of type (1,0)

on the leaves of E hence 7% is holomorphic when restricted to the leaves

of E.

let v € P then, since dZ 1is of type (1,0) on the leaves of E,
we have: m(v,XZ) = dz(v) = dZ(m,Rev) + id?(n*lmv) = d'E'(w*Re v) +idZ(Jn,Rev) =

= d'E'(ﬂ*Re v) +i2 dZ(m,Rev) = 0 hence, because P is maximal isotropic ,

X €P.
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9 QUANTIZATION II

In this section we trace the consequences of the use of complex vector
fields throughout the quantization-procedure; when necessary we will give
adapted definitions and proofs. In the first step, i.e. the construction of
the complex line-bundle L with connection V (curvV = w/h) and compati-
ble inner product, in this step the use of complex vector fields is evident
except (as already noted) that in the compatibility formula there appears a

complex conjugation:
C(s1,sz) = (VZ $,98,) + (s1,Vg Sy

which arises from the fact that the inner product is antilinear in the first
coordinate.

The next step is the introduction of a complex polarization as described
in the previous section, but then we are in '"trouble": a real polarization
D was needed to define a generalized configuration space M/D of dimension
n (if dimM = 2n) and to identify sections which are covariant constant
along D with functions on M/D (although only locally). The problem how
to integrate over M/D was solved by the introduction of }-densities; to in-
corporate these j-densities in a nice way in the wave functions, we needed
the concept of a =-}-D-density on M, but that was a technical question.
However, in the case of a complex (admissible) polarization we do have an
associated real distribution (also called D to confuse things) but not
necessarily of dimension n and moreover, if dimD < n then M/D exists,
but not a nice interpretation of j-denmsities on M/D as objects on M, so
what do we do? ..... We trust our good luck!! We carry out the the final
quantization procedure as described in section 6 and we make the obvious ex—
tensions to complex vector fields. In the real case the formula which defines the

inner product of two sections of QB which are covariantly constant along
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D, this formula is based upon the correspondence between }-densities on M/D

b
and -}-D-densities on M. In the complex case, -}-D-densities change into
-}-P-densities and these cannot be identified with }-densities on M/D

¢ . PNP); however, by a slight modification of our formula, the inmer

(D
product turns out as a density on M/D. This suggests that sections of QB
which are covariantly constant along P depend upon 2n-k independent para-
meters (since their inmer product resembles a function on M/D and
dimM/D = 2n-k ), but we will show that such sections can be identified lo-
cally with functions on M/D which are holom:;phic when restricted to the
leaves of E s, hence they actually depend upon n independent parameters:
n-k complex ones (n-k = complex dimension of the leaves of £) and k
real ones (the rest), which is equivalent to saying that elements of our
Hilbert space can be identified (although only locally) with functions of =n
independent variables. Consequently, a complex polarization also satisfies
our goal: to derive a Hilbert space whose elements resemble functions of n
variables instead of functions of 2n variables (as is the case in prequan-
tization).
After this lengthy introduction we proceed with the description of the
quantization-procedure; the reader is urged strongly to compare this section
with section 6 to convince himself that all we do is just a "straightforward"
generalization to the complex case.
We start with the construction of the bundle R (the analogue of R
in the case of real polarizations): R is the bundle of all complex frames
of P, i.e. the fibre ﬁm consists of all complex frames of Pm. Since
all frames of Pm can be indexed by GL(n,C) (because dimGPm =n) the
bundle R is a principal GL(n,€) bundle over M; on the other hand, R

is a subbundle of Fan, the bundle of all complex n-frames on M.

A -}-P-density v on M 1is a complex valued function on R such that:
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(WER , gECL(,0) = v((Wg) = v((M) - Idet gl ™}

and special attention is called for the fact that the absolute value of
det g 1is used which enables us to define the (positive) square root of it.
The bundle BP is the bundle over M whose fibre Bz consists of all

functions v Rm + € satisfying:

v ((g) = v (M) ldecgl™, (M €R, g€ cLm,0).

-~

Since R 1is a principal GL(n,C) bundle, B? is a complex line-bundle
(a function Vo is determined completely by its value on an arbitrary but
fixed frame), sections of BP coincide with -}-P-densities on M and,

using partitions of unity, one can prove that B is a trivial bundle.

P

We now havevto define the (partial) conmnection V on the bundle B ;
at a first glance this seems an obvious definition, knowing the construction
in the real case, but there are complications. In the real case the connec-
tion is defined for vectors in D = E; in the complex case we will define
the connection for vectors in ECE = P+P. Suppose [ € Em is any (complex)
vector field in P+P and v any section of BP , then we have to define
a new section ng of BP. This -}-P-density is defined completely by its
value on one P-frame, so suppose m € M, U a neighbourhood of m and

(n1,...,nn) vector fields on U which span P such that (n1,.. ) are

L

(real) hamiltonian vector fields spanning D, then we define (ch)

(m_, (n, o )) by:
o

(o] 1
T (g (1500 = Loy (g PR BTLI
- o DV (g0 < ey aeeon, PR STL
where the 2(n-k)-form ¢ is defined by

w,k

_ (‘1)£(n_k) (n_k+1) n-k

Ew’k (CERE W (= Em,o = ew).
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If P is real (i.e. P = DG) then k = n, €um = 1, E=D and we re-
3

cover the previous definition. However, if k < n then the definition of
ng is quite complicated and one can ask: what happens if we omit the fac-

to le The answer is that this factor is needed to insure that VCv

1t
w,k

is a well-defined -}-P-density:

PROPOSITION: suppose (ﬁi) 18 another P-frame on U satisfying the same
conditions such that ﬁi = nj gji’ g(m) € GL(n,C), then
(VEV) (m > (A mo)) = (ch) (m > (nj mo)) * ldetg(m )|

i .

PROOF: since both (n) and (f) satisfy the condition that their first k

vectors span D, it follows that g can be written as:

)
g = (; {3) , a€GL(k,R), b € GL(nk,C)

LAt

whence v(m, (ﬁ’m)) s ey By

= v, () < Tey e i1 - et al™

(use that P 1is isotropic or see the proof of the second next proposition).

Since n; and ﬁi (i =1,...,k) are (locally) hamiltonian vector fields

-~

there exist functions fi’fi such that n, = Xfi, ;= Xfi (i =1,...,k)

and we have Xf = Xf aji hence for each Xs € E (s a real function):
i 7]
L 1= = . ~ 7 =
Xs’ij XN(XS’XE') 0 (because ij € D); in the same way [XS,Xfi] 0,
J

so it follows that (X a..)X. =0, whence X a.. = 0 (because the X

s ji fj s ji fj
are independent). Since the XS span E, it follows that VC€E : Cm aji==0

o

Because deta is a polynomial in the aji and because the sign of deta
is locally constant ( a 1is a real matrix with non-zero determinant) it fol-

lows that Em ldetal = 0 and from this one deduces the proposition.
o QED
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l*
w,k

had troubles when we wish to prove that the absolute value of detg 1is con-

REMARK 1: if we had omitted the correcting factor |e , we would have

stant along Em or P, so we see that the use of the absolute value in the

definition of -}-P-densities prohibits a nice definition of the connection

in BP!
REMARK 2: the correction factor Iaw kli is such that the combination
3
v(n) e de (a1
1 w,k k+]” kt+]
depends only on the vectors Mys eees My spanning D, so one might say that
vie I% is a function on the D-frames satisfying the =-}-density relationm,

w,k
i.e. if (n1,...,nk) span D and if g € GL(k,R) then

i 4

wele, 1D = (v lew’kl*)mi) < ldet gl

w,kl

The interested reader is referred to [Woodhouse §5.10] for a more detailed

description of this relationship.
COROLLARY : ch 18 a well-defined -}-P-density.
We now state with a reference to section 5 and without proof:

PROPOSITION: V possesses all properties of a flat (partial, <.e. along EG)

connection on the bundle BP.

The next step is to define the line-bundle QB over M as QB = LﬁbBP

with its partial connection V defined by
v ®v) = (V Qv + s®(V v).
C(s ) = ( CS) s®( . )

We then have to define an inner product on sections of QB which are covari-

ant constant along P; this we will do in such a way that (w1,¢2) turns

(3

out as a density on M/D (D = PNP). As in the case of a real polariza-
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tion, we do it in two steps: suppose that wi = Si_®\€ (i =1,2) are two
arbitrary sections of QB (it does not matter if the representation
wi = si®\)i holds only locally), suppose m € M, x = n(m) €EM/D and suppose

(c1,...,§n, g1,...,gn) is a basis of TmMG satisfying the conditions:

(c1,...,cn) is a basis of P_ (= (Ci) € Rm)

) . - ¢
(61,---,Ck) is a basis of PmIWPm =D

. . ) .
then “*(Ck+1""’cn’ 51,...,£n) is a basis of TX(M/D) (7 1is a submer

FZn—k
x

sion!) and we now define a function (w1,w2)m on (M/D)c (i.e. on the

space of all basis of TX(M/D)G) by:

Wy o¥) (T (T oo eslis EpsensE)) = (5458,) )+ (m, (@) v, (m, (2))

K+1?"

le "En)lé ° IEw(C1:""Cn’ g

<5801
n

w’k(ck+1,---,an, SRR =

.,gn) is not an arbitrary basis of TX(M/DG,

. . 2n-k
(¢1,w2)m is not defined on the whole of FX

Since the basis “*(Ck+1"'
(M/D)m , but it satisfies

the relations of a 1-density:
. . . 2n-k C
PROPOSITION: (w1’¢2)m defines a unique 1-density on F M/D) ™ .

PROOF: since a 1-density is determined by its value on one frame, it is suf-

ficient to show that the values of (w1,w2)m at different frames are relat-

~ ~

ed in the correct way. So suppose (21,...,§ s &

n 1,...,£n) is another basis

of TmMG satisfying the same conditions, then they are related by a matrix

h € GL(2n,¢) of the form:

a.?., a € GL(k,Q)
h=|0¢:b: , b € GL(n-k,C)
g c ¢ € GL(n,Q)
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it follows that the bases n*(E,E) and w,(z,8) are related by a matrix

g € GL(2n-k,€) of the form:

€= leeeeinenn » det g = detb « detc

m, (T,8) = m,(,8) - g.

Since €m is a volume form on M we have:

i

Iew(ﬁi,ai)l = lsw(cj,gj)l « |dethl ,
since vy is a -}-P-density we have

3

v.(g.)‘='ldet a » detbl *v.(z.)
1] 1]

and finally since Ej = bjicigfvj where vj € PNP and since P 1is iso-

tropic, it follows that
le @D = 1der - deestt - re (2,01
w,k7? w,k 7’
so in total we get:

W 0) (1, (2,6)) = (W ,¥,) (1, (2,8)) + Idethl « Idetbl -

* |deta - det bl_i * |deta - det bl—%
o ) (G0 = (50, (1, (2,8) + ldet gl
which is the correct transformation of a 1-demsity at x € M/D. QED!

If we compare this formula of (w1,w2)m with the formula in the case
of a real polarization(see section 6) then two differences can be detected: we
have been more careful in the choice of the basis of TmM, due to the fact

that Pm does not coincide with the kernmel of m,; this implied that
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(w1,w2)m was a priori not defined on the whole of Fin—k(M/D)m. Secondly,
there appears an extra factor le Ié in the definition. '"This" factor

w,k
already appeared in the definition of the connection on BP (at least the
square root of it, but here we have two -}-P-densities v and vz) and
is needed to insure that (¢1,w2)m is indeed a density at x € M/D. It
should be noted that our definition of (w1,w2)m is in agreement with
[Sniatycki] and differ from [Simms] by a factor (n-k)!, a factor which ap-
pears in the definition of ¢ .
w,k
Having proved that (¢1,w2)m defines a density at x = 7(m) EM/D we

e

now want to prove that, if w1 and wz are covariant constant along P,
. PR . =1

then the density (w1,w2)m is independent of the choice of m € 1 (x),

which should imply that ¢1 and wz define a unique density on M/D de-

noted by (wI,wz)

PROPOSITION: <f ¢, and b, are covariant constant along P then the den-

1

sity (w1,w2)m is constant on the leaves of D, Z.e. Vy, and wz define

1

a unique density on M/D.

PROOF: by definition of a complex polarization there exist in a neighbour-

hood U of m € M hamiltonian vector fields XZ s ...,XZ which span P
1 n
(on U) and such that X ,...,X span D, i.e. z
% %k
functions. In a lemma of the previous section we proved that there exist

12 %y are real

.., Y on U (or possibly a smaller neighbourhood of

vector fields Y X

1’
mo) such that:

(1) T (X seeesX 5 X ""’XE , Y ) is a basis of

Y
ZR+1 R n

127 k

) .
Tﬂ(m)(M/D) which depends only on w(m)

(ii) ew(xz,...,x , X_ seeaXo s ¥

s ,Y.) 1is a function on U
1 o Puet n

'ERRETE

which is constant on the leaves of D.
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Now ¢(m) := (¢ ,9,) (7 (X yeoosX 3 Xo L.k, Yo,
1°72"m % 2y 41 z, Zp a1 z, 1

tion on U whose value ¢(m) is the value of the density (w1,w2)m at the

..,Y ) 1is a func-
n

given frame of m(m). Since this frame does depend on w(m) only, it fol-
lows that if ¢ 1is constant on the leaves of D, then the density
(w1,w2)m depends only on m(m), which is just the claim of our proposition.

So suppose ¢ € Dm then:

(£¢) (m) = lewl . E[(s1,sz)(m)v1(m,(Xzi m))'

vy, @, | ) ey Y

m

because of property (ii) above!

(V0,00 (1 (X, Xoy D)+ (0),7,0,) (r, (X, X, 1) =

=0

because & € D © P and because ¥ and wz are covariant constant along

1
P. This proves that (w1,w2)m is locally constant on the leaves of D ;

by connectedness of the leaves of D the proposition follows.

REMARK: it is rather hard to prove that given a section § = s®v which is
covariant constant along P, then there exists a function f on M (local-
ly) such that f°s and %—-v are both covariant constant along P. We
therefore never used the fact that sections ¢ of QB which are covariant
constant along P admit representations ¥ = s®v in which both s and

vV are covariant constant along P. However, such representations do exist
(at least locally) as can be seen in the following explicit conmstruction:
suppose m_ € M and (n1,...,nn) vector fields on a neighbourhood U of

m which span P such that (n1,...,nk) are (real) hamiltonian vector

fields spanning D. Then the -}-P-density v, defined by

vo(m, (ni m)) = |€w,k(nk+1,---,nn, nk+1,---,nn)l
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is a nowhere vanishing -}-P-density on U which is covariant constant
along P. To prove that vy is non-vanishing, we observe that there exist

vector fields Y1, ""Yk such that (51,...,£2n) r=

- - . . ¢ .
(n1,...,nn, nk+1,...,nn, Y1""’Yk) constitutes a basis of TmM in a

neighbourhood of m . By isotropy of P it follows that:

1>k —>2n-k +2n

g . ¢
w.. =w(.,6) = ¢ : ¥ I 2
1] 1°7] ceetaracaae caeseens
g . =7 I 17 )=

Since w is nondegenerate it follows that det® # 0 which implies that
Vo (which is related to W) is non-vanishing. Since vo is non-vanish-
ing on U, each section ¢y of QB admits on U a representation
Y = S®\Q) and hence if ¢ 1is covariant constant along P, so is s.

From the construction above one can deduce that if D 1is globally span-
ned by (locally) hamiltonian vector fields, then vy is a global non-vanish-

ing -}-P-density which is covariant constant along P.

With the construction of a (correctly defined) density (w1,w2) on M/D
associated to two sections w1, wz of QB which are covariant constant
along P, we now can proceed with the construction of the Hilbert space H.
First we define a prehilbert space PH by

PH = {y: M>QB | (VgEP:ng;:O) A M/jD (V,P) <=},
a prehilbert space consisting of (C°) sections of QB, which are covariant
constant along P with finite integral over M/D, on which the inner prod-
uct is defined by

<w1,¢2>=M/ID Wby s Vysb, € PH.
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The Hilbert space H of the quantum mechanical description just is the
Hilbert space associated to the prehilbert space PH. Concerning the ele-
ments of H (more precisely: of PH) we can state the following proposi-

tion:

PROPOSITION: suppose ¥ 18 a section of QB, covariant constant along
P, suppose ¥ 18 non—vanishing on the neighbourhood U c M and let
be any section of QB then: Y <s covariant constant along P (on U)
if and only if 3f: M/D > €, holomorphic on the leaves of T such that

v = (Fem) -y (on U).

PROOF: because QB 1is a line-bundle and because wo is non-vanishing on

U, there exists~a‘function f: U~> € such that ¢ = f -wo on U. Hence
on U we have: VCEP:VCIJ)=O «> VY[EP:7f =0 &= Vr,EP:w(z;,Xf)=0<=¢
€= XfEP <= 3?, f=TForn and f holomorphic on the leaves of E

(the last equivalence was proved in the previous sectiomn).

The last step in the quantization procedure is the definition of the
quantizable observables; just as in the case of a real polarization we can
define the operator LC on -}-P-densities on M: for real vector fields
¢ satisfying [g,P] ¢ P with associated flow p, om M and for v a

/

-}-P-density on M we define:
d
(LC\)) (m, (M) = Frle=p VP msp %)

and, as before, one can prove that LCv is a -}-P-density and that L
has the properties of a Lie derivative (except that it is defined for a spe-

cial class of vector fields), more specifically:

PROPOSITION: suppose ¢ and ' are real vector fields on M such that

[lz,Plc?P and [g',Plecp (= [lg,z']l, PI < P), suppose g is a complex
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function on M and v,v' two -}-P-densities on M then:

(1) Lg(gv) = gLEv + (Tg)v, Lg(v+v') = ch+-LCv'
(ii) LC Lc,v-—LC, ch = L[C,E']v
(iii) if £ 1is a real function on M such that X, €P (hence Xg € D)
then:
L, v=VY_v
Xf Xf

i

With the definition of LE on the set of -}-P-densities we can define
the set of quantizable observables and the associated operators on H: an
observable £ (i.e. f: M > R) is quantizable iff [Xf,P] cP; if f 1is
quantizable and i% 'w € PHc H then

S(E)Y = §(f)s®V = (-ihVX s+fs) @ v - ihs®(LX V)
£ f

which becomes 6&6(£f)y = —ihVXf¢ +fy if Xf € P. This definition is valid

on QB and it remains to show that &(f) maps PH into PH and moreover,
we claim (as before) that &(f) 1is essentially self-adjoint if Xf is com-
plete. Of these statements, we will only prove that if ¢ is covariant con-
stant along P, then 6(f)¥ too; the rest of our claims can be proved com-
pletely analogous to the case of a real polarization, so we leave that part
to the reader. In order to prove our part, we need two lemma's and a pro-

position; the first lemma also is useful to prove part (iii) of the previous

proposition.

LEMMA: if f 1is a quantizable observable, oy the flow associated to Xf

and if (n1,...,nn) are (locally) hamiltonian vector fields which span P

such that (n1,...,nk) span D (= (n1,... ) are real) then:

L

(W pexy|goeesny | ) = (n1lptm,...,n | w8, g (m €06L(n,0)

)
n|ptm
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at(m) ? at(m) € GL(k,R)
with g _(m) = s
t $ b (w b, (m) € CL(n-k,0)

(ii) the coefficients of at(m) are constant along E,

(111) the coefficients of bt(m) are constant along D.

PROOF : ni = Xe. = pt*Xe. = e 00 lp n = pt*ni is (locally) hamil-
i i|m i -t|t
tonian.
Because X , Xe € P which is isotropic it follows that:
e P ; ~
X ,Xx 1=1I X 1=X =0
[pt* 1’ Xe op_t’ e. w(X . ,Xe )
i j 1P ey

= X = 0.

e.gkit
J

Since (X ) k and (p 4 X ) k span D (p _4n. 1s a real vector field
e. . t e, . t" 1
i 1i=1 1 i=1
in P for 1 <1< k) condition (i) follows; since a is real the con-

dition Xe A ~ 0 implies that the real and imaginary part yields zero
b

separately, hence a; is constant along E. Finally, since Xe s
i

1 €1 <k are real it follows that bki is constant along D.

LEMMA: let £ be a quantizable observable, n a locally hamiltonian vec-

tor field n € E and let v be any section of BP, then

VI v-L, Vv=V V.
n X Xf n [n,Xf]

PROOF: let m € M, U a neighbourhood of m such that there exist:

(i) a function e on U: n = Xe (e 1is real) and (ii) hamiltonian vector

fields n RRTIIC U which span P where n,, ..., 1 span D. If

1° 1? k

we denote by Vv the function on U defined by
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V(m) = v(m, (ni'm)),

if we denote by € the function on U defined by

 (m) = = 1yt
B = ey Oyl me T e oo o0 !

and if gt(m) is the matrix defined in the previous lemma, then:

(Vxev)(mo, (nilm ) = Xe'm G-PO(mo)Xe‘molog é
- VI -4
(Lva)(mo, (ni!mo)) = Xf{mov-+v(mo) EE]t=O (ldet g (m )|

From these observations it follows that

(L, Ly ) (m, (”ilmo)) = (v

W, (n.|_ )) +
o i{m
e f o

[xe,xf]
. o 4o
+ \)(mo) Xe‘molaflt=0\|det gt(m))l - ——é~(Tn')-—> .

Now we observe that, because pi‘w =w (X. 1is locally hamiltonian)

£
le | .| a1t = 1e NI RIE
w,k|m ' |m’ jim w,k o m t* j‘m’ t* Jlm
hence é(ptm) = ¢(m) '|detbt(m)|—£
d [ - é(pt(m)} .
s0 Xe}moa-t_\ =0 lldet gt(m)| | -
H 3

l’Idet bt(m)|~

d —
%e|m_at|e=0 | + (ldeta _(m1

N
1)J

=0

because at(m) is constant along E 3 Xe and bo(m) = id, ao(m) = id.

PROPOSITION: <f £ <s a quantizable observable, ¢ a locally hamiltonian

vector field on M, ¢ € E and ¢ any section of QB then:
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Vcﬁ(f)w = G(f)ng-ihV[c’xf]w.

PROOF: this can be verified directly using the curvature of the connection

V on L and the previous lemma.

COROLLARY: <Zf f <s a quantizable observable and V covariant constant

along P, then &(£)Y <s covariant constant along P .

This finishes the quantization procedure in case of a complex admissi-
ble polarization; we conclude this section with a summary of this quantiza-
tion procedure.

In this and previous section we have generalized the notion of a real
polarization to é complex polarization and we have studied the consequences
of this generalization. A complex polarization P 1is a complex distribu-
tion P of (complex) dimension n on the symplectic manifold (M,w) with

the following local properties:

(1) 321""’Zn : X ,...,Xz span P
(ii) [Zi’zj] =0
(iii) dimG(Pf1§) = k constant on M

(iv) AW, 5eee,W

1 K : Xw ,...,XW span PNP

1 k
Associated to P we defined two real distributions D and E on M
by

(8 = .
D =PNP, dlmH(D

1]
=

e =p+3, dim_ E

R 2n-k

and we showed that both are integrable distributions on M. We called a com-

plex polarization P admissible if the set M/D admits a manifold struc-
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ture for which m: M +~ M/D 1is a submersion, and we henceforth studied ad-
missible complex polarizations only.

At the end of the previous section we showed that the distribution
E =m,E is awell-defined foliation of M/D and that the leaves of E

admit the structure of a complex manifold such that

XZE P < =z 1is a function on M/D, holomorphic on the leaves
of E.

3

The next step in the quantization procedure was the construction of the
bundle BP analogous to the case of a real polarization, while we omitted
(necessarily!) the step in which we should identify sections of BP (called
-}-P-densities) with }-densities on some n-dimensional manifold. On BP we
defined (for vectors in E) a connection V by the formula

T g, () = e i1 g N, ) -1, aott]

C o o w,k 37 ] m [ i1'm w,k 37 ] J

where ny (i =1,..,k) are (locally) hamiltonian vector fields spanning

D, where n

4»++-»N, span P and where (ni‘m ) = n, (note that it is
o

not necessary that the »n ~ are locally hamiltonian vector fields).

nk+1,...
The subsequent steps in the quantization procedure were the "straight-
forward" generalizations of the real case: the construction of the bundle

P . . . s e .
QB = L®B with its connection V, the definition of the inner product on

sections of QB which are covariant constant along P:

- . 4
(w1,¢2)(n*(xz,xz,y)) = (s1,sz)v1Zx25v2(xZ)|ew(xz,xz,Y)| 'Ew,k(xz’xg)l

This was followed by the definition of the Hilbert space H:

H =" {y: M>QB | (VC€P : V.y=0) A [ (¥,p) <=}
¢ M/D

<Py ob.>= [ W ,0),

1772 wp 12
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the definition of the "Lie derivative" of a -}-P-density (for special real
vector fields only!) and finally the definition of quantizable observables:
f quantizable <= [Xf,P] cP

S(f)(s®Vv) = (-ihv_ +fs)®v - ihs® (L_ v).
Xg Xe



10 SOME EXAMPLES II

In this section we will give two examples of (non real) complex polari-

zations. The first example is the 1-dimensional harmonic oscillator, but

. . . . .. 2
with the complex polarization we do not have to omit the origin of M = R ;
the Hilbert space now comes out correctly, however, the energy levels remain
' the wrong ones: E =nh instead of (n+})h .

. 2 * 2 .

The second example is the cotangent bundle of S™ :M =T S but (as in the
case of the harmonic oscillator with the real polarization) we have to omit

,,«

. . . . 2
the zero section in order to quantize the energy of a free particle on S’ .

EXAMPLE 1: the 1-dimensional harmonic oscillator: holomorphic representa-—
tion.
In this example we quantize the symplectic manifold (R; , dpAdq) wusing

jl) =C€-X .. . This polarization will al-
3q p*iq

. . _ 9 .
the polarization Phol = G(ap +1
low us to quantize the observables H = §(p2+q2), p and q; moreover,
the Hilbert space does not vanish: in this case we do not need distribution

valued sections.

1A. Prequantization: as usual we take L = Mx(€ and we use the symplectic

potential 6 = i(pdq-qdp) (the reader is urged to calculate the effect
if one uses 6 = pdq instead of our choice!). Sections s of L are
identified with functions § on M by means of the non-vanishing global

section S

som = (m,1) A st =sms () = (m, $m),
the connection on L is given by

(V)" = ti-to(@s, 0= i(pda-qdp)

and the compatible inner product by
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(s1,s2)(m) = 51(m) . éz(m)

Pro1
hol and the bundle B : Phol = C °Xp+iq =
2

- *
= PNP = {0} so D={0} and E =T R°. This implies that M/D & M and

1B. The polarization P

Phol is an admissible Kdhler polarization. Because we can identify M
with M/D, the foliation T can be identified with E and we see that E

has only one leaf: M and on it a complex structure is defined by

JRev = Imv » v €EP -
3 _ 9 3 _ _ 93
J——a.l; N oq ’ Jaq op °

This is the standard complex structure on R? >~ ¢ with complex coordinate

z = p+iq, hence‘if we speak (in the sequel of this example) of a holomorphic
function on M =~ M/D, we mean a function holomorphic in the complex coordi-
nate z = p+iq.

Since D 1is globally spanned by hamiltonian vector fields (a trivial

remark because D = {0}) there exists a global non-vanishing section vy

P
of B hol which is covariant constant along P; it is defined by:
v (m, X .) =loX_ ., X . )I—% = 2—%.
o7 Tptiqg p+iq’ “p+iq
Phol
By means of this -}-P-density vy each section v of B defines a

unique function Vv on M by

and since v, is covariant constant along P we have:

(ch)' =7V, C € g%,

1C. Quantization: since there exist global non-vanishing sections S, and
Phot
vy of L and B , Wwe have a global trivializing section wo = soﬁbvo
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of QB. Each section ¢ of QB defines a unique function & on M by:

and we have for ¢ € EG:

(ng)' = Etb—%e(a)lb s 8 = $(pdq~qdp).

If ¢, and wz are covariant constant along P, then they define a den-

1
sity on M/D = M by:

iq) = w1(m)¢2(M) . vO(XP+iq) . vo(Xp+iq) .

Wyab) (my X s X

Cx ot

* Jw(X .
+1q P—1q

priq’ %p-ig)! T 100,

= 50, m, ) = 29, ), m)

X ., X .
p+ig’ “p-iq

= W) M, gD = b @ v,

We know from the theory that if we can find one global non-vanishing
section wc which is covariant constant along P, then all other sections
of QB which are covariant comnstant along P are given by functions g
on M/D =M which are holomorphic with respect to the complex structure on
the leaves of E, 1i.e. by functions g(p,q) which satisfy the Cauchy-
Riemann equations

5 .2 _ _
(—B-I—)+ 1m)g(p,q) =0 < Xp+iqg = 0.

the condition ¢ covariant constant along P 1is given by:

. 1 .
X .. -=6(X_ . )b =0
p+1q4) il ( p+iq v

[ 2

(3p* 153>w = fg(lp-q)w = ~21—h(p+1q)w
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and a solution ¢c is given by:

1 2+ 2\
exp (-2

b (p,q) = .
¢ 2nh )

This wc is globally non-vanishing so if ¢ is any section of QB which
is covariant constant along P then ¢ =g -wc where g 1is holomorphic,
hence we can identify the (pre-)Hilbert space with the space of holomorphic

functions with a special inner product:

H=1{g: ¢>¢ | g holomorphic and

2
g%ﬁJJ'lg(p+1q)l e

L .
<gy>8,> = 3y JJ 8 (prid) g, (pria) e dpdq.

The condition on an observable f to be quantizable is:

f 3 9 3 .3 _ [ .09
[Bp-'gq— 59 3p° 3p+1an ‘u\3p+l8q/’ a €C
- 22¢ _ o A 2% _
p2  9q2 3paq

2 2
= f(p,q)=a'(p ;q>+bp+cq+d, a,b,c,d € R.

Consequently, we can quantize the observables H = %(p2+q2), p and q.
We start to compute &(H) and therefore we have to know L Vo The flow

Xy

associ is gi :
P sociated to XH given by

pt(q,p) = (qcost + psint, =-gsint + pcost)

(a3 . 2a) -itfa .2\
Pee\3p " tg) T ¢ e tag)
- (L, v)mX .) =3 v mettx .y -
o > Tptiq dtit=0 ot ’ p+tiq”



d
E?’t=0[vo(ptm’ Xp+iq

d -ty _
- EFlt=0(2 ) =0

With these ingredients we can compute

yle ity ]

]

S(H) :

S(H)Y =
- . f . M ®
h(p+iQ)g' (p+iq)v _s_@v
v dg .
where g'(z) denotes Fel

pretation of the Hilbert space as:

§(H)g(z) =h zg'(2).

The eigenfunctions of the hamilton operator

S(H)g = Eg <= 2zg'(z) =

= e

g(z).

s (1) (P SO®VO) = §(H) (g JJC- so®\)o)

-i - ihey ® 1 ®
ih(V gq)c so)®\)o 1hg\pc s, LX v, ot Hgll)c S, 8V,

H

are given by

Since g(z) 1is a holomorphic function on € it follows that g(z)

be a homogeneous polynomial of degree E/h hence:

E =nh
n

, gn(z) = zn, n € N.

We can also compute the operators 6&(p) and &(q) :

"hence'": &(p)g(z)

s(q)g(z)

$zg(z) +hg'(z)

]

—%zg(z) +ihg'(z).

Since H = %(p2+q2), it is interesting to compute the operator

18 (p) 2+ () ?)

115

this result can be stated in terms of our inter-

should
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82+ 6(q) % 1g(2) = hzg' (2) + dhg(2)
which has the same eigenfunctions as &(H) but it has different eigenvalues:
2 2
18" +8() g (2) = (n+Dhg (2).

The fact that &(H) and §(6(p)2-+5(q)2) have different eigenvalues
should not come as a big surprise because we nowhere required of the repre-
sentation 6 that it should satisfy 6(f1-f2) = 6(f1) °6(f2). The fact
that 6(H) has not the correct eigenvalues is due to the use of the absolute
values in the definition of a —-j~P-density (as already noted in section 7 and

a solution will be given in section 11).

L%
1D. Summary: M =T R, L =Mx¢, P = Phol "imply':

2
L]

H={g:e>c | [f Igl2 e 2B dpdq < =},
f: M > R is quantizable iff f = aH+bp+cq+d, a,b,c,d € R.

. 8(q) = —ipeins

- d -
S(H) “hz_d.z") 5(?) - £Z+h p) dz

<
dz
167+ 8@?) = (12 L) .

EXAMPLE 2: the moving free particle on SZ: energy representation.
*
In this example we want to quantize the symplectic manifold M = T Sz\ {0},

. 2 . . .
i.e. the cotangent bundle of S~ without the zero section, together with

the canonical symplectic form w = d8, 0 = pidql . In order to visualize
M we will embed M into Rﬁ as the submanifold of R§ defined by:
> 3.3 > > > >
M = {(x,y) € R" xR l Izl =1, x-y =0, |yl # 0}

This embedding looks like the tangent bundle of S2 , but that is to be ex-

pected: we have embedded S2 into R? and the natural metric on S2 is
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derived from the natural metric on R?. Each metric on a manifold X de-

*
fines an identification between TX and T X so Rﬁ = ]R3x R? can be

3

*
viewed either as TR3 or as T R with inner product/pairing:

. % .
TROIE = vit e (3,9), TR Do = wv.dx =%,
- 1 > 1
X 9% X
> >
= a(E) =v-ew

and it is exactly this identification which is inherited by 52 as embedded

submanifold of R? . -

On R§ = T*R? we have a canonical 1-form 0 = yidxi and it is an
elementary calculation to show that when we restrict €6 to M (i.e. in
fact the pullback of 6 to M via the embedding) then we get the canonical
{-form 0 of M = T*SZ\ {0} . This implies that all calculations concern-
ing the symplectic form on M can be performed by using the symplectic form
in 'R6 , but ... calculation of the hamilton vector field associated to a
function on M can give troubles! It would be nice if f 1is a function on
M, ¥ a function on Rﬁ such that £ }4= f, that in that case
Xf = XE‘M but the extension I is not unique and the different choices of
T give different X? (on Ré even when restricted to M). However, one
can show that if XE is tangent to M (as a submanifold of Ré) then
X;—'IM= X.

After this rather lenghty introduction of M we proceed with the ob-

servables we want to quantize; these are in the first place the kinetic en-

ergy of a free particle on 82 given by
> 2
H = }lyl

*
which is just the quadratic form on T 82 defined by the natural metric on

2 . >
§°, and in the second place the three components of the angular momentum L :
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L1] ¥¥3 T %Y,
L _ _ - i) _ -> >
20 T | %3 T R T EAY
Ly XYy T XYy

. 3
where A denotes the cross product or vector product of two vectors in R ;

these four observables are not independent since the relation

2

2 2
i(L1 +L2+L3) =H

holds. If we want to compute the associated.hamilton vector fields, we are

at once confronted with the technical difficulties mentioned above: X L2
$lyl

is not tangent to M! The conditions Il =1 and -y =0 imply that

a tangent vector £ € T(§’§)m§ given by

2,2

5
9x

. . > > > > > >
is tangent to M iff vex =0 and wex+vey = 0.

With these results it is easy to show that the hamiltonian vector field
(on Rp ) of the function H = il;lz -l;l2 (which coincides with the pre-

vious definition of H on M!) 1is indeed tangent to M hence

X_H=y-_>—lylxc+ (on M).

The hamiltonian vector fields of Li pose no problems:

- X2 3 X3 ) ‘y 3 9

1 ax> ax> 29Y3 733
309 13 39 1 3
TX TR Yy 7Y T3

2 X 9x oy dy

1 9 2 9 3 )
X =x —5-x —— +y -y
L3 sz 8x1 1 Byz 2 3y1

Since we want to quantize these observables, we have to choose the polar-

ization P such that they belong to the class of quantizable observables.
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The polarization P we will use is due to K.Ii (see [Iil) and one of

its main features is that it contains XH as the only real direction (which

implies that H 1is automatically quantizable). As a consequence the real

distribution D associated to Pen is spanned by XH and then we are in-

terested whether M/D 1is a manifold or not and if so, if 7: M > M/D 1is a
" submersion.

The flow e associated to XH is given by:

>
J
>

Iyl

> > > > . > > > . > > >
pt(x,y)=(xcosly|t+ sinlylt, =-xlyl sinlylt+ycoslylt)

. > > > >
so the leaves of D are circles (02ﬂ/|§l(x’y) = (x,y)).

2

+ . . .
We want to argue that M/D S xR where the projection m 1is given

IR

e

1(x,y) = (a,v) = xa-, IyD).

<V

|
Therefore observe that a leaf of D (= an integral curve of XH) repre-
sents a geodesic on S2 (the first three coordinates) together with the
velocity of rotation (the second three coordinates). Each geodesic of §
determines a plane in Eé (the plane which contains the geodesic) and
hence two points on S2 (the intersection of S2 with the normal to this
plane). If we now realize that the velocity with which this geodesic is
passed cannot be zero (we have omitted the zero section of T*Sz!) we can
use the sign of this velocity to choose one of those two intersections.
It is exactly this what is dome: the vector §;\§' is normal to the plane
which determines the geodesic (i.e. the integral curve of XH through

> >

> > XAy . . . . .

(x,y) €M) and —= 1is ome of the two intersections of this normal with
Iyl

2 . . . . . . .

S”. The only missing information concerning this geodesic (if we have the

point on Sz) is the absolute value of the travelling velocity which is

>
given by |yl. This explanation should give some meaning to the formula we
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gave for the canonical projection m: M -+ M/D. It should be noted that it
. . . . * 2
is essential that we have omitted the zero section of T S  because the for-
mula of 7 is not defined for I;I = 0 and moreover XH vanishes when
. . * 2
I;I = 0 so the dimension of D would not be constant on T § (one should
compare this situation with the harmonic oscillator in the energy represen-
tation of section 7).
Since the projection w: M - M/D will play an important role, we will

give local charts Ua (a=1,2,3) on M on which the projection becomes

. 2+ 2. T+, L
trivial: Ua S xR xS and :Ua > S8 xR is just the projection on
the first two factors. On Ua we use coordinates (z,v, ta) where
> 2 + . 1 . . . .
n€s, veER and exp(i ta) €S : taEIR is a cyclic coordinate (if we
are careful we have to divide Ua into two charts in order to cover S1 by
two patches (e.g. (0,2m) and (-m,m)), but we hope the reader will allow us

the use of this formally incorrect method in order to simplify the reasoning).

We first define the vectors e, as e, = (1,0,0), e, = (0,1,0) and

ey = (0,0,1) and with these we define the vectors ;a(g) by
> A—»
e An
2
@ = 2 (12 a%1% = 1-0d).
a > > a a
|eaAn|

With these ingredients we define the local charts ¢a :U2 > M by

U ={G,v,t) | 1-n’#0}
a a a

> > > > >
n,v,t ) = ost + nA
¢a( s Vs a) (xa(n)c a x

o s s . > > 2 +
hence by definition it follows that = o¢a(n,v, ta) = (n,v) € STxR .

The transition functions between the charts Ua are given by:

¢;1 o9 (n, v, t) (a, v, £, = ta+aba(§))

where aba(g) is defined by
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exp(io, () = L, « G @) + inax @);

i rticular o = —-q o =0 and
in pa ab ba ’ aa

n,n,+in
. > 2 3
exp(1a21(n)) = - !

(1-nf><1-n§>

The inverse mapping ¢;1 is given by:

\

—1. > > > _ /;A >
¢a -(X,y) — (H,V, ta) - \ I_y>l 3 lyl,ta}

< ¥

exp(it) = X (Xa(m + iKAXa(K)).

With these calculation we finish the introduction of this example and we go

on with the quantization.

2A. Prequantization: as usual (it becomes a habit) we take L = Mx€ with

global non-vanishing section so(m) = (m,1) and we identify sections s
of L with functions § on M by s(m) = (m, $(m)}. In terms of these
identifications the connection V becomes (Vgs)' = ;é-nie(c)é and the

inner product becomes (s1,sz)(m) = é1(m)' éz(m).

2B. The polarization Pen and the bundle B ': the polarization Pen is

defined by
> (3 3)
=C- +Cne{—-iv—
-
e (%,y)EM \sx oy
R > > 5 N
-> >
where n = =&Y , v =I|lyl. If we write V_ =n- , V. =nve— and
R > I
Iyl ax dy
vV = VR— 1VI, then:

[xﬂ,v3 = iv [VR,VI] =% -
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Because D = R~ XH , E= ]RXH@]RVRGJRVI it follows from the above
commutation relations that Pen and E are involutive and that D has con-
stant dimension 1, so, because w(XH,V) =0, Pen satisfies all require-
ments of a complex polarization according to a proposition ofsection 8;moreover,
since M/D 1is a manifold and w: M - M/D a submersion, Pen is admissible.
At this point it is rather difficult to find a complex function w such that
vV = AXW + uXH, A,u € ¢, but later on we will see how to obtain such a

function; it will turn out that the (local) function w on R§ defined by

XY Ry il yyxoy,)
I 1) - ny
y ¥ ¥9¥37%3Y)

has a hamiltonian vector field (on E§) tangent to M and
Xw = A*V (on the domain of w, for some function A).

In order to compute the complex structure defined on the leaves of
E=m,E in M/D, we first compute the vector fields XH and V in terms

of the coordinate charts Ua:

_ 3
on Ua. XH—VE
2,
(n”#1) > n y
a vo=ifTe3) . ?} + a2<—§ﬂ+ix }5%~
v / on 1—na v a a

where x and ; are defined by the map ¢;1.
We see that the leaves of the foliation E are precisely the balls SZX {v}
(v€ﬁR+) and the complex structure on SZX {v} defined by Pen turns 52

into P1(¢):

> . . . > o . .
where w' is obtained by rotating w over 90 in the plane perpendicular
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> . >, > > ) 3
to n such that the triple (w',w,n) has the same orientation as
> > > . . . 2,
(ei,ez, e3). This characterization of the complex structure on S~ is the

same as the statement that the function LA defined on ﬂ(Ua) by

. i .
.- n2+1n3 oo n, 1n1 o - n1+1n2
- > - ? -
1 1 n, 2 1 n, 3 1 n3

is a (local) holomorphic coordinate on Sz><{v} ~ P1(¢).
According to the theory the associated hamiltonian vector fields are vector
fields in Pen and (again) we have to modify these functions (seen as func-
tions on R§ ) such that their hamilton vector fields are tangent to M,
which forces us to write §(|;|2+1)-na instead of 1-—na in the denomina-
tor of LA Furthermore, if we express the function Wy in terms of the

2

complex coordinate w oon S IJ(G) then w, ought to be a holomorphic

b

function and indeed:

w,+i w, +1 w.+1
2 . i

We now turn our attention to the bundle B “°: D is globally spanned

by the hamiltonian vector field XH hence there exists a global non-vanishing
P

€n

section v of B which is covariant constant along P ; on the local

chart Ua it is defined by:

i i 4

V(W) = ey (LD = Lo, = f-2ivl

P
. . e o . . en . .
Using this global trivialization, each section v of B can be identi-

fied with a function VY on M by v =V v, and the connection (along

EG) is given by:

(VC\))° = v (;EEm) .
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P
. . . n .
2C. Quantization: the global sections S, of L and Vo of B " define

a global trivializing section wo = soﬁ\% of QB with which we can identi-

fy sections Y of QB with functions & on M by ¢ = wwo ;s the connec-

tion on QB 1is given by:
. i .
(VEW) =y he(c)\p.

If v and wz are covariant constant along P then they define a density

1

on S X'R+ (with coordinates (;,v)) by:

.

(o (v 5 3) S (@ - T VY - .
(1P1 ,Wz)\“*\v, V,W - 1!11(m)¢2(m) \)O(XH’V) Vo()(ﬂ’v)

_ 3
Ew’1(V,V)l

Ew(xﬁ’v’{l’%)l )

2 . . . .
On S there exists a natural density called dQ associated to the metric

on 82 and defined by:

dsz<v3' i,W' 3;) = lwaw'l
an an

. . . . . 2
(N.B. this density is usually denoted in polar coordinates on S by

d? = sin6 d6 d¢ ). Using this density we obtain:

> 3 > 3 9 . . 2 > >y
(w1,w2)GWe~;;, w' .;§,§;> = w1(m)w2(m)v do(w,w')

S . 2
= <P ,u.>= [ W) = [ dv [ de ¢ (@i, (mv”.
1’72 M/D 1272 mf S2 1 2

The next step in the identification of the Hilbert space H is the de-
termination of a local/global section ¢ which is covariant constant along

P. On the chart Ua the condition to be covariant constant is given by:
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o
RS
s
1
=
D
~~
o
A
<
[+
]
o

I
o

v, - 50,

aq'za

on

_ 1 2. ->
vae, TRy Vel vt
==
P n_ sy Y
~/§ .+\ a a {"a_ . \ a _
R e A Sy T
a

and it is easy to show that a solution is given by:
g

&a(n,v, ta) = ha(v) °(1—n§)V/2n exp(ivta/h).

However, we now have the same troubles as with the harmonic oscillator in
the energy representation: the cyclic nature of t, implies that ha(v) =0
whenever v/h € Z . Since it is easy to show (using the equation

;ﬁ’ = i(v/h)y and the cyclic nature of ta) that all sections ¢ which
a

are covariant constant along P should be zero whenever v/h € Z, it fol-
lows that H reduces to {0} since then <1p1,w2> = 0 always (Z+ has
measure zero in CR+, A<1))). However, we will ignore this point and we will
assume (as in the case of the harmonic oscillator) that the integration over
v has to be replaced by a summation over all allowed discrete values of v
(which should be the correct answer if we had things like distribution valued
sections). We will see that if we adopt this point of view, then things
turn out very nice.

To remind ourselves that v should be restricted to a discrete set of
values, we replace v by the variable A = v/h which then takes values in

+
Z . We now choose ha(A) = 1/hX so

A
e 1/ 2 .
wa(n,k, ta) =5 /1-n exp(lkta)
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2,2
fda (1-n)

and: <wa,wa> = 1

W e~318

A
which explains our choice of ha(A): to get rid of the factor v2 in the
inner product.

It should be noted that in the view we just have adopted, wa is a
vn0n~vanishing section of QB over Ua (although it is zero if v € ZZ+).
The question which now arises is: can we extend wa to a global section of
QB while it remains covariant constant along P? Since U UU, =M we

1 2

calculate the correspondence between w1 andwvwz on U1 n U2 using the

. ->
complex coordinate v, (resp. w2) instead of the coordinates n:

/1"W1 '1+W2
on U NUy: ¥ = {7y ) vy =T (12w2> vy

These formula show that the global section ¢ of QB defined by:

1+w
112 = W ) \P = (i—> ‘p
U1 1 |U2 2w2 2

is covariant constant along P because it differs (locally) by a holomorphic
function from a covariant constant one. Moreover: y 1is the section w1

which is extended by zero outside U1 (the points W, = +i  just cover

M\I” ) .
Now suppose 1§ 1is any section of QB which is covariant constant
along P, then (according to the theory) there exist functions g1(k,w1)

on U, and gz(x,wz) on U, which are holomorphic with respect to the co-

1 2

ordinate w such that:

¥ U, = gi(k,w1)w1 > v v, = gz“’wz”’z

hence on the intersection U1 n U2 we have:
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. 2
Aw v, =g (w)y, =g (X wzﬁ\/iwz)kw
A A A AN AT A
~ / W2+i \{(Wz"‘l) (Wz‘l) A
= g0uw) =g w,~1/ " -2iw, :

Since g1(A,w) and gz(k,w)

'gl(k,w) has a Laurent series

©

are defined on Z+><(G\{O}),

the function

m
g1(A,w) = 7 a v, A €¢C
m=—0©
and since gz(k,w) has no pole in w, = *i, it follows that this series is
finite:
A m
o = 1 oay
m==-X
If we now realize that U is dense in M, then we see that the function

1
g1(A,w1)

gether determine the section V¢ so

iant constant along P

A

)

m=-X

g(A,w) = a

V= g(A,w1)w1.

determines the function gz(x,wz)

is characterized by a function g(X,w)

completely; 8 and &y to-

each section ¢ of QB which is covar-

of the form:

The inner product between two of these sections is given by:

vo=gOuudy, , g(hw
b=g0LwY, L BOLW
~ *® A
<p,p>= ) [ de ]
A=t 2 m,m'=~
=) fdo0 ) a
A=1 SZ m,m’
_ § 4dpdq
A=t g2 (r2+1)?

8 m m'

|
, S m (1_n2)A
N 11 1

(

“ . \m . m'
a8, v(p-ia) (p+iq) (

n2+in3\m'
1—n1 )

. /nz—in3\m
Am Am' \ t-n, )

~

(1—n%)A =

”

2r

r2+1

m'

r

2.2
=P *q
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and the Hilbert space H 1is given by

cwiwew v ] e W) -
Ho= {: M>0QB | w—\m}_A By V1) by <Y <)

N.B. The sections y € H differ from the global section ¥ by a function

1

however, ¢1 has zero's so g may

have poles (whose order should be less than or equal to the order of the

g(k,w1) which is holomorphic in L
zero of ¢1) .
After the determination of the Hilbert space H we now turn our atten—

tion to the observables H and Li (i =1,2f§). Because XH € Pen the as-

sociated operator &(H) 1is just multiplication by H = ivz = &hzkz s0:
2 2.2
S(H)Y = $vTy = $h"A7Y
. 2.2 . . . .
The eigenvalues of &(H) are Ez = }h"2" with corresponding eigenfunctions
< i .
Vom (Ilml €2) defined by:
_ m
Yom = S M1 ¥
(i.e. the coefficients a, , are all zero except a which equals 1)

Am 2m

and we see that the eigenspace of EZ has dimension 22+ 1.

To compute the operators G(Li) we observe that

[xH,xLi] = [v,xLi] =0 , XLX =0

so if e is the flow associated to XL then:
i

opxly =Ny s Pl TV

hence:

]

é%wt=0 vO( XHlotm’ V‘Dtm>

(LXL.vo>(n“ XH’ V)

1

i}

d o TEy L etk B
EEWt=0 (1 /iizl ) = XL.I 2ivi =0 (XL'V~O)

1 1
at m
pt
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and finally, since S(XL ) = Li (Li is linear in the momentum yj) it
i
follows that:
bs ®y = -1 s ®
G(Li)w s, 8V, 1h(XLillJ)so v, -
Because we have expressed each ¢ € H as a product of a function g()\,w1)
on U1 and ¢1 , we "have to" know the vector fields XL in terms of the
i

coordinates omn Ui:

> > 9
(e1/\n) =

38

1 on -
n
> ] 2 ]
X = (e An) € — P
Ly 2 an 1—n% o,
n
> > 3 3 ]
X = (e,An) o+ — + - —
Ly 3 o1 1—nf oty
hence on U1 we have:
P2 W?”
X w, =iw, , X w, =-=(w,-1) , X w, = -
L1 1 1 L, 1 2 3 1 2
. . i Wf"'l N w1—1 .
v, =0, X Y, === v, , X Y, =Se—7
XL1 1 L2 1 2 v, 1 L3 1 2 v, 1

and finally the action of 6(Li) on U)nm:

6(L1)¢2m mh ¥

2m

Y \
G(LZ)wJLm N '2-( * m)wl,mﬂ * (»Q+m)lb£’m_1 Ji

\

- b/ _
Sy = LG (A ™y ey = B4V g )
To conclude our computations we mention that

_ 142
_— iH 2(£+1)¢2m .

(s rsaprsan®)y,
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* .
2D. Summary and conclusions: M =T Sz\ {0}, L =Mx@€ and P = P imply
(if we forget the problems concerning the need of distribution valued sec-

tions):

A
H={y: M>QB | w( 2 aMnWT>¢1A‘“h¢> < w}

m=—A
- pas A - ' A
<op>= ) fa 7 a A, @™ (D).
G Am  Am 1 1 1
A=1 g2 mum'=-A
The observables H = %I;lz = ihzxz and L = 2/\; are quantizable; the
eigenvalues Eg of G6(H) are given by EQ = &hzlz with corresponding

eigenfunctions ¢ (Imf <2)

2m

_ m _ _ 22
Yom = Sa Wy ¥y o S = E by =TT

( 2 2 2\ . .
The operator ﬁ\ G(LI) +6(L2) +6(L3) } has the same eigenfunctions wzm

as &8(H), but different eigenvalues:

2 2 2\ .2
i(é(LQ +6(L2) +6(L3) }wlm = }h 1(2+1)wm-

As in the case of the harmonic oscillator in the holomorphic representation
(fhe previous example) this result should not come as a total surprise. However,
we have seen that the quantization procedure as described in section 9 is
not the final quantization procedure because it does not give the correct
quantization of the energy of the harmonic oscillator (energy levels En = nh
instead of En = (n+4)h). To correct this (small) error we need the meta-
linear correction and when we have it, we have to investigate its effect up-
on the energy eigenvalues of this example!

We leave it to the reader to philosophize about the resemblance between

the ¢y € H as eigenfunctions of the operator 6(L1)2 + (S(Lz)2 + 6(L3)2

2m

and the eigenfunctions ng € LZ(SZ,dQ) of the Laplace-Beltrami operator

2
A on 52 (A= 12 sin@—a—+——1———8 \

sin 0 30 30 sin2 0 8¢2/
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11 THE METALINEAR CORRECTION

As we have said in earlier sections, the errors in the energy eigenval-
ues of the harmonic oscillator can be traced back to the use of the absolute
value in the definition of a -4-P-density. Let us recall the definitioms:
R is the bundle of all P-frames, i.e. the fibre Rm consists of all bases

'(51,...,£n) of Pm c TmM¢: R is a principal GL(n,C) bundle "since" all

such frames can be indexed by GL(n,f). A -}-P-density v is a function

v: R > € such that

VYm €M V(Ei,...,in) € Rm Vg € GL(n,CT)

4

V(m: (€1"~-,En) ‘g) = V(m, (g -,En)) e ldEt gl_ .

127"

If we wish to get rid of the absolute value of detg, we come into troubles
with the definition of the square root: which branch of the square root do

we need? Consider the matrix
g(t) = exp(2rit/n) - id(¢™ € 6L(n,e), t€L0,11;

this is a continuous function of t but, if we do wish the function
vam, (©)-g(t) = vm, (€) detg(e) ™}

to be continuous, we always have troubles at t =0 and t = {, in what-
ever way we choose the square root of detg.

One way to solve this problem is to add the information concerning the
square root to the matrix g itself. In this way one obtains the metalinear
group ML(n,C) which consists of pairs (g,z) € GL(n,C) x (€\{0}) satisfy-

ing:
z2 = det g

with multiplication (gi,z1) -(gz,zz) = (g1g2,z122) which is a correct



132
group action on ML(n,C). Another way of visualizing the group ML(n,C)

is as a subgroup of GL(n+1,E):

(g,2) & |oveete...| € GL(n+1,0).

- Associated with ML(n,C) are two group homomorphisms: p and A :

p: ML(n,C) —> GL(n,q) : (g,2) ¢

A: ML(n,C) ——*—¢*==G\{O} : (g,2) b=z .

The map p is a nontrivial 2-1 covering of GL(n,C): there exist local
continuous sections s: GL(n,C) - ML(n,C), but no global ones.
One now might think that we have solved our problems: there is a nat-

ural action of ML(n,) on R:

(=N

def .
(51""151_1) ° (g,Z) — (£1s""gn) g

and we define a =-}-P-density v as a function v on R satisfying:

V(&) * (g,2)) = v((©E) + 2 (2% = det g)

V@ - A®", T e mun,o)

= v((&) -

but, ... this is ridiculous because (&) « (id,-1) = (£) hence V(&) = -v(&)
implying that v should be identically zero. From this observation it is
obvious that we have to incorporate the metalinear group not only in the ac-
tion on R, but in the fibres of R themselves: we need to change the
principal GL(n,E) bundle R into a principal ML(n,€) bundle R , just
by replacing the fibres Rm =~ GL(n,C) by ﬁ; ~ ML(n,C). We want further-
more that R resembles R as much as possible: whenever there is a twist
in R there should be a twist in R , but how do we formulate this wish

correctly?
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Suppose {Ua’ gaB} is a trivializing cover of R with transition func-

tions gaB: UaIWUB + GL(n,C). Suppose furthermore that there exist (contin-

~

uous!) lifts §;B: URIRY

8 + ML(n,€) such that p °Bua = Bup and satisfying
the cocycle condition E&B .EBY = E&Y , then {Ua,ggs} defines a principal

ML(n,C) bundle R over M which resembles R in the way required. How-

- ever, it is not evident that such gaB always exist; it is always possible
to choose the Uu such that the lifts E&B exist, but it is not necessary
that these lifts satisfy the cocycle condition. In fact, whether this is
possible depends upon the cohomology class inm’HzﬂL 7Z/2Z) determined by
R: if it vanishes then such lifts satisfying the cocycle condition do exist.
Moreover, the different possible choices (if there are any) are character-

ized by H1(M, 7Z/27Z) . (see [Simms & Woodhouse])

To summarize these results: a principal ML(n,C) bundle R over
M with the desired properties does exist if the cohomology class in
HZ(M,IZ/ZZ) determined by R vanishes; the different possibilities are
characterized by H1QL ZZ/27Z) . Associated to such a bundle R (and in the
sequel we will always assume that R exists) is a projection P R >R

which commutes with the bundle projections:

™ m
M

and which is defined in a local chart Ua by:

Pm, (g,2)) = (m,g)

<= P(m,g) = (m, p(8)), T € ML(n,C) .

When we identify R as the bundle of P-frames then
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p(m,g) = (m,f )

where fm = (51,...,£n) is a frame (basis) of Pm [ TmMm determined by the
matrix p(g). Since the inverse image 571(m,fm) consists of two points
(the two square roots of detg if gnﬂfm), the bundle R is also called
the bundle of metaframes. It follows from the construction of R that if
f: UcM > R 1is a local section of R (f(m) 1is a frame at m, 1i.e.

f(m) = (51 ""En‘m) where 51, ...,En are vector fields on U which

"
span P) , then there exists (at least locally in U) a lift f:u'cu > R
such that ﬁo‘E = f. This observation, together with some obvious consider-
ations, shows that the map D: R+R is a 2-1 covering of ® over R.

To state our results in a different way: R is a principal ML(n,C)
bundle over M and P R+R is a 2-1 covering which is simultaneously

a map of M-bundles. Moreover, if fe ﬁ; is a metaframe and § € ML(n,G)

then f°g € ﬁ% and P satisfies the relation
pE2) =p® p(® , p:M(n,8) > GL(n,E)

(this is a consequence of the construction of R: p(E&B) = gaB)’ a rela-

tion which is often stated as the commutativity of the following diagram:

action of the group on the principal

§><ML(n,G) . R bundle.
i'ﬁXP l'ﬁ
RxGL(n,) ———— R

Having defined a bundle R (if it exists) we now can define a -}-P-
form as the generalization of a =-}-~P-density which does not use the absolute

value: a -}-P-form ¥V 1is a function V: R » @ satisfying
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¥ = (g,z) EML(n,E) VmEM V'quimgML(n,a:)

~ o~ ~ o~ -1 2
v(m, fm'(g,z)) = v(m, fm) cz (z7 = det g)
~ ~ ~ ~, o~ ~ =1

or v(m, fm-g) = v(m,fm)x(g) .

In the same way as before we define the line-bundle §P over M as the

~

bundle whose fibre Ei consists of all functions Vot ﬁ; + @ satisfying:

SED =T E) @D
which is a line-bundle since such a function 3; is determined completely
by its value on a fixed metaframe %; . It then follows that sections v
of EP can be identified (in the obvious way) with -}-P-forms as defined
before. We can describe the line-bundle iP using the same trivializing
cover as we used to define the bundle R: EP has local charts Ua x €

with transition functions :USXG > UaxG

UOLB

Hagt @2) = (m, u ) z),  w () € e

where u _,(m) is defined by:

(2

uas(m) = A(gas(m))

because: if Vv is a -}-P-form on M, then it defines local =-}-P-forms
3a on the local charts Ua><Ml(n,G) of R and on the intersection of Ua

and UB we have:

~ ~ o~ ~ A ~ ~ -1
\)B(m, id) = v (m, gas(m) id) = v (m, 1d)>\(ga6(m))

so our claim follows if we identify VU with the set of local functions
9 {B o U .
a(m’ ) n o
. . ce s . ~P ..
At this point it is interesting to note that B~ need not be a trivial

bundle; the fact that the bundles BP over M and ArX over X (X an
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arbitrary manifold) are trivial depends strongly upon the use of absolute
values! The difference between AnX and A1X (volume forms and densities
on X) 1is just the absolute value: A"X can be nontrivial ( <> X is not
orientable), while A‘X is always trivial. The distinction between EP

and BP is of the same nature although the difference is slightly more than
just the absolute value. It is this znalogy which explains the name -}-P-
form: forms (i.e. k-forms on a manifold X) do not use the absolute value,

densities do.
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12 QUANTIZATION III

. . . . P
In this section we will trace the consequences of replacing B by

~P

~P . e e . .

B . We have to start with the definition of a (partial) conmection on B
. P . . ] .

analogous to the connection V on B . This connection V on BP will be

. . P . .
defined for vector in P only, contrary to B  where it was defined for

. vectors in EG =P+P. Suppose [ €EP and v a -i-P-form (i.e. Vv is a

section of gP) then we define a new -}-P-form VCS in the following way.

Let m_ € M, let T eR be a metaframe at m_and let (&, ,,...,& ) =
o m, o 1 n

o
= ;(? ) € Rm be the associated P-frame at %5' Then there exist hamil-
tonian vector fields Nys eves Ny defined in a neighbourhood U of m
which span P on U (by definition of a complex polarization) such that

Nlm = Ei ; since ; is a 2-1 covering there exists a neighbourhood U’
o
of m o, U' €U and a local section f: U' + R of R satisfying the con-

ditions:

f(m0)=f0 ) P°f=f=(n1,---mn);

we will call such a section f a local hamiltonian metaframe on U' (what

we have shown is that for any ?; € ﬁ; there exists a neighbourhood U’
o

of m and a local hamiltonian metaframe f on U' such that ?(mo) = ?0).

The -}-P-form Vgg is now defined in the point (mo,?;) € R by

(VCS) (mo,"f’o) =z " Sm, F(m)) .

PROPOSITION: ng is a well-defined --P-form.

PROOF: let f' be another local hamiltonian metaframe on U' around m s

then there exists a function g:tﬂ > ML(n,C) such that

Frm = F(m) - g(m
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(remember: R is a principal ML(n,C) bundle). Define the hamiltonian vec-

P !

o ) = p(f(m)) and define

m

tor fields n;,.

the function g: U' + GL(n,C) by g(m) = p(g(m)) then:

1 |
on U' by (n1|m,.--,n

13

“ilm = ”j‘m gji(m)-

L

Because ng and nj are hamiltonian vector fields in P it follows that

gji is constant along P, in particular we have ¢ o gji(m) =0 (the
o

proof is analogous to the similar proofs insections 6,9). We now observe that
A(E(m)) = Ydet g(m) for some branch of the sﬁuare root in the neighbourhood

U', hence

¢ Agm) =o.
[

Finally: (V) (m, T'(m ) = Jn om, B =l Vim, Fmgm)

1 1

3N [V, F@)HAEm)”

1=, S T@)hEm))”
o o

1]

%) @, Fm A E @)™

PROPOSITION: V s a (partial) flat connection on BP.

PROOF: we only prove that V is flat, i.e. if &,7 € P then

VYV-V VY

A AR S i

the other properties of a connection follow easily from the definitioms.

Let T(m) be a local hamiltonian metaframe around m € M then:
(V9 @, Tm) = £] V', Fm")

hence: (nggv)(mo, f(mo)) - (VEVQv)(mO, f(mo))

Q‘moi‘mv(m', f(m")) —E!mo E\mv(m', £(m'))

[c,gjim V(m ,f(m)) = (V. EJS) (mo,?(mo)).
o 3
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With these proposition we have finished the construction of the bundle
~P . . . . . .
B with its partial flat connection. The next step is to define the bundle
QB (abuse of notation since it is a bundle different from the bundle QB

defined in sectiom 9):
~P
QB := L®B

where L 1is the prequantization line-bundle. On QB is defined a partial

~

connection V in the obvious way: if 7 € P, ¢ = s®Vv a section of QB

i

then:
Vb= (V,9) eV + s@(vc'\‘f).

On the sections Y of QB which are covariant constant along P we

want to define an imner product in the same way as before; suppose

wi = Si.gqa_’ i =1,2 are two sections of QB, m € M and suppose fe ﬁ;.

Define (c1,...,gn) = ;(?3 and choose (51,...,£n) € TmMG in such a way

that the following conditions are satisfied:

. . a
(C1,-~-,Cn, 51,--,En) is a basis of TmM

) 1is a basis of Dm =P NP .
m m

m

(C1’---,Ck

The first condition is a condition on (51,...,£n), the second condition

restricts the possible choices of T (remember that (§1,..,Cn) is a basis

of Pm) . With these ingredients we define a function (wl,wz)m on
2n-k [0
Fytmy /D)7 by:

W yo¥p) (T gaeealys EpseesB)) = (5,58, @V, @, D) -

~ ~, - - .
vz(m,f) lew,k(€k+1""’cn’ §k+1,...,gn)]

* IEM(C1,---,CH, g1,°‘°agn)l°
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/)

. . . . 2n-
As before, this function is not defined on the whole of F b ?

mim

but one can prove as in section 9 that it defines a I-density:

PROPOSITION: (wi,wz)m defines a unique 1-density on Fi?;i(M/D)w.

Furthermore, by a simple adaption of the proof in case of -}-P-densi-
ties (just using the lemma of section 8 completely) one can prove the

following proposition:

PROPOSITION: <f ¢1 and wz are covariant constant along P then
(w1,w2)m defines a unique density (¢1,w2) on M/D, tZ.e. (w1,w2) o

depends only upon w(m).

REMARK: as in the case of -}-P-densities one can construct local -}-P-
forms Vv which are covariant constant along P and non-vanishing: let
f(m) be a local hamiltonian metaframe, then the -}-P-form 30 (defined

where f is defined) given by
N (m, ?(m)) =1
o

is covariant constant along P and non-vanishing as promised. Hence if ¢
is a local section of QB then there exists a (local!) section s of L
such that ¢ = SQ\Q) and moreover: 1y is covariant constant along P iff

s 1is covariant constant along P.
As before we define a prehilbert space PH by

PH = {¢: M>QB | VZEP : vgw=o A W) < =}
M/D
with the "inner product':

Vb, > = M/JD Wb,y
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and we take the associated Hilbert space H as the Hilbert space of the
quantum mechanical description of the classical system described by the sym-
plectic manifold (M,w). From the definitions as given above, one can
(easily) deduce that, even if one uses =-}-P-forms instead of -i-P-densi-
ties, if ¢1 and wz are two local sections of QB which are both covari-
ant constant along P, then they differ by a function on M/D which is ho-
lomorphic when restricted to a leaf of T = m,E (which had and has a com-—
plex structure induced by P) .

The last step in the quantization procedure is to define the quantiza-
ble observables: a function f: M + R 1is quantizable iff [Xf,P] <P,
this is the same condition as before, but now the associated quantum opera-
tor has to be defined in the new situation. Suppose ¢ 1is a real vector
field on M preserving P, i.e. [z,PI1c P, then if o denotes the as-

sociated flow and if § € Pm then pt*i € Pptm H it follows that pt in-

duces an action on P-frames: f = (51,...,£n) €Rm = (pt*€1,...,pt*t§n) ERptm.
Now suppose Te ﬁg then (if t 1is small enough) there exists a unique

(continuous) action called ¥ on f such that

t*

pt*f € R o and p(pt*f) = pt*(p £)

(to see it, we note that f determines a branch of the square root (of the
frame £ = ;%'E Rm) which can be extended in a neighbourhood of m) .

Using this action we can define the operator LC on a -j-P-form v by:

4

(ch)(m’f) T dt|t=0

V(ptm, B’t*f)

Another way to define the operator LC is the following: associated

to the flow Pes OD R is a vector field on R which we will call Z :

jod n_mn _d__
®(m,£) It |t=0 PerE
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and E obviously satisfies the relation T = ¢ where w: R > M 1is the
bundle projection.
Associated to the flow B;* on R is a vector field E on R which sat-

isfies the relations:

~

S;C =r , WL =¢ (here m: R > M) .

Since P is a covering, especially since it is locally a diffeomorphism, we
also can define 7 as the unique lift of Z to R such that E;E =7 and

with these definitions (especially of Z as the unique lift of Z) the

operator LC can be defined as

PROPOSITION: L;G 18 a well-defined -4-P-form and LC possesses all prop-
erties of a Lie derivative (except that it is defined for a restricted class

of vector fields):

(1) Lc(v1+v2) = ch1<+L£v2, LC(fV) = (zf) v + fLEv, f: M>@
(ii) L V=L V+L Y, Y, @« v, a €R
g%, z, z, g 4
(iii) L LYV-L L V=1 ™
g, %y Ty Ty Ecl,EZJN
Moreover, if X. € P then V YV =1L_7 (f: M > R)
£ X, X,

PROOF: we only prove the last statement, the others are left to the reader
(condition (ii) and (iii) follow from the fact that ¢ I Z is a Lie alge-
bra homomorphism and the fact that ; is locally a diffeomorphism). Let

G be the flow associated to Xf and let f(m) = (& "’gn‘m) be a

1im"
hamiltonian frame spanning P 1in a neighbourhood U of m € M with an as-

~

sociated hamiltonian metaframe f(m) € a%, P of = f, then:

(Vva)(mO,f(mO)) = X, mov(m,f(m)).
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On the other hand, since Xf and Ei are hamiltonian vector fields in P

it follows that p_,&. = &. hence

t*°i i

Pexf(m) = £(p m )

and so pt*f(mo) = f(ptmo) by definition.

, . N 4 . .
Now: (fov) (m_, E(m)) = H|t=0 vl m 50 4 E(m))
= Xflmo Vlm, Tm)) .

On the sections of QB we define an operator &(f) for each quantiza-

ble observable f by the usual formula:
8(£)(s®V) = (-ihVy s+fs) ®V - ihsxL ¥
f f

and we then have to prove that &(f) maps the prehilbert space PH into
PH and that &(f) 1is essentially self-adjoint on H if X is complete.
These proofs are the straightforward generalizations of the corresponding
proofs in case of =-}-P-densities, so we leave it to the reader to finish
them.

This finishes the quantization procedure which includes the metalinear

correction and we now turn our attention to the influence of the metalinear

correction upon the examples given in previous sections.
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13 SOME EXAMPLES III

In this section we apply the metalinear correction to some of the exam-—

ples of previous sections and we will see its influence.

EXAMPLE 1: an oriented configuration space with the vertical polarization.
%
In this example we quantize the symplectic manifold M = T Q where Q 1is

ve This exam-—

an oriented manifold, using the vertical polarization P =D
ple should be compared with example 3 of section 7; the condition "oriented" is

sufficient to guarantee the existence of the”bundle R.

*
1A. Prequantization: L = Mx€ =T QxC and we identify sections s of L

with functions § on M in the usual way; the connection and compatible

N

inner product become:
. . i .
v =§-=6
( CS) s -+ ()8

(S.'asz)(m) = §1(m) éz(m)

. . ~ ~P .
1B. The polarization Dvc and the bundles R, R and B : the vertical po-

-2
Bpi

larization is spanned (locally) by the hamiltonian vector fields X P T
. q
where qJ are the (local) coordinates on a coordinate chart Ua of Q.

We now assume that {Uu} is a cover of Q of oriented coordinate charts,
which implies that the determinant of the Jacobian of the transition func-
i

tions is positive, i.e. if §  are the coordinates on the local chart U

B
then

The local charts Ua of Q define a trivializing cover of R as follows:
*
a chart Ua defines a chart UQX'Rn of T Q=M and we then identify the

element
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((a,p),g) € (U XR") x GL(n,0)

with the P-frame ((q,p), X i)gij)'
q

If we denote by J the Jacobian matrix of the map ¢Ba: U - U, (the

Ba o B

change of coordinates on Q) , i.e.

88
Ugdsj = =5
J 3q
a,\i
then, because X =2 x . , the correspondence between the local charts
o a J J s
q q q
of R are given by
(@,8), (X)) "=" ((q,p), (X)J: g)
3 b a b t] q BQ b

in other words, the transition functions gae(q,p) of the bundle R,

n n
I (UaxR )rw(Uanz) -+ GL(n,@Q),

(WeR™Y) xGL(n,0) 3 ((@,0),8) > ((4,p), 8,,(q,p)*8) € U xR xCL
are given by:

T 1T
gas(q,p) = Joy = Jug

Since the determinant of the transition functions is real positive

there exist lifts §;B to ML(n,C) defined by:

8yp(asP) = (g g, +/detg o) € ML(n,0)

such that the cocycle condition is satisfied. In conclusion we can say that
the local charts Ua of an oriented atlas of Q define a trivializing
~ * ~ o . .
cover of R as a bundle over M =T Q; the projection p: R > R 1is given
by
P(@,p),8) = ((@,p), (X a0k ) p(@)
q q

= 7(q,p), (g,2)) = ((q,p), (Xqi)gij)



146

where we used the local charts UaX R?'XMl(n,¢) and Ua>< KJIXGL(n,G).
According to the theory, the line-bundle ﬁP has the same trivializing

cover with transition functions defined by

uuB
uas(q,p) = )\(Eas(q,P)) = +/det gaB(q) .

It is interesting to mote that in this case (and also in the other examples

of this section) the bundle EP is trivial: let pa be a locally finite
%

partition of unity subordinated to the cover {UaX‘Rn} of M=TQ and

. . ~ ~P . ~P
define the local sections v, Uax R >3 of B by

~ ~, ~ —']
v, (d:p, 8) = A(e)

. ~ ~ ~P . . e .
then the global section v := X ° .V of B is non-vanishing, just because
a
all the transition functions uuB are real positive (N.B. we have chosen the

positive square root of the positive numbers det guB)'

If we remember that E(q,p, fa) = (q,p, (X i)), then we see that the local

~ q
sections vy defined above are covariant constant along P (the section

~

(q,p) + (q,p, id) is a local hamiltonian metaframe!). Now suppose v is
any =~}-P-form (i.e. a section of gp) then vV defines functions

% Uax'mp + € Dby:

N 0= Vo oe v
U *R
[o

. ~P . . . .
and the connection V on B 1is given in terms of these local functions by:
.Q

(V;G)'a = zv

. . ~P . . ~
1C. Quantization: QB = L®B  which has local sections soﬁbva, where s,

is the global section of L defined by so(m) = (m,1). For an arbitrary

section § = s®v of QB we have:
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. O~ ~
1] =8s ® VvV v =y s BV
U xR® o o o o
a

and with respect to these local sections sc’®vu the partial connection V

on QB becomes
0 _ s i -0l
(Vclb) =z -Le (o)

~ . . .
(remember that Vo 1S covariant constant along P), since this connection

DVG

is defined for CEP = only and since 6 = pidqu we have 0(z) =0

for ¢ € P hence =

0=t
In consequence, sections ¢ of QB which are covariant constant along
P can be identified (locally) with functions @a on Ua < Q (because
P3c =) Ciii?f)' The relation between the different §* (considered as
i

functions on Ua < Q) 1is given by:

%@ = %@ + (det gaB(q))i
s -}
= %@ - (det J_4(a)
where J is the Jacobian of the tramsition ¢ ,: U, »~ U , hence, apart
aB aB” B a

X .

from the square root, the ¢  behave as if they were volume forms on Q!
A el .

When we used -}-P-densities we showed that the 1 's behaved as }-densi-

ties on Q: a product of two such sections defines a density on Q; here

a product of two such sections (without complex conjugation!) defines a vol-

ume form, which justifies the name }~forms on Q for these sections defined

'a‘
locally by the ¢ 's.
However, since all Jacobians JaB have a positive determinant, the

20, . - .
Y 's can also be interpreted as }-densities on Q and now we leave it to

. . . -0
the reader to verify that if we interpret the ¥ as the local representa-
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tions of j~densities on Q, then the results will be exactly the same as in sec-
tion 7: the metalinear "correction" (with the metalinear bundle R as given
above) does not influence the quantization procedure in case of an oriented
configuration space Q and M = T*Q , equipped with the vertical polariza-
tion. The origin of the absence of any effect of the metalinear correction

can be found in the fact that in example 3 of section 7 all (for this section

interesting) absolute values were used on positive real numbers!

v(e

*
1D. Summary: M =T Q, L =MxC€, P =D ", _Q oriented then

H = {square integrable }-densities on Q1 ;

f: M> R 1is quantizable iff f = fo-Pf where fO is a function on Q

g

and & a vector field on Q; for ¢ € H we have
5(fo+f£)¢ = fo¢-1hL€¢ .

Moreover, if Q 1is anoriented Riemannianmanifold, then the associated volume

form € enables us to identify }-densities with functions on Q and then:

H = 12(q,e)

5(f0+f€) = £% - }ihdiv(E) - ihE

EXAMPLE 2: the harmonic oscillator, holomorphic representation.
In this example we investigate the modifications of example 1 of section 10. As
these modifications are not as drastic (in a certain sense) as in the pre-

vious example, we only indicate the differences.

~ ~P .
2B. Phol and the bundles R, R and B : Phol is spanned globally by
the hamiltonian vector field Xp+iq’ so R 1is a trivial bundle:

2 2

*
Rz R xGL(1,8) = R"x¢C
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with the identification (q,p,n) <> (q,p, u*X ). The (unique) bundle R

p+iq

is also a trivial bundle:

2 2

~ *
R R xML(1,8) = R“x@

*
with the identification X€GC +%>(A2,A) €ML(1,E) and with projection:

~ o~ 2 2
p: R>R, (m,) F—~ (m,A") = (m,A Xp+iq)°
nyhol
The bundle B again is trivial since we have the global non-vanishing

i

-}-P-form 3; defined by

*

go(m,k) =—€a¢ ;

1
A
moreover, this section is covariant constant along P because the section

?(m) = (m,1) of R is a hamiltonian metaframe section of R
P
. )). If we identify sections v of B hol with functions
p+iq P

. ~ . . ~ ho
Vv on M by means of Vg s then the partial connection on B becomes

Gfm = (m, X

(ch)' =7V,
so the bundle QB 1is not altered in an essential way.

2C. Quantization: we follow example 1 of section 10, so we can identify H as

H={g: ¢€>¢ | g is holomorphic and

1 2 ( 22+32\
5;*‘ff Igl exXP " oR /dpdq < «}
and an observable f is quantizable iff
( 2+ 2
f(q,P)=a\p—2q—)v+bp+cq+d, a,b,c,d € R.

Because of the absence of the absolute values, Lxg;o no longer vanishes

and instead we have:
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(L, V) (m,N)
(o]

M)
*u

d ~ ~ 2
B 5f|t=0 vo(ptm,pt* ( Xp+iq’

d ~ 2 it -it/2
EE‘t=0 Volpyms e K g )

1 it/2

d =1y
dtle=0 e =gy =y @Y

= LXHvO 7V -
Consequently the action &(H) on an element g € H is given by:

§(W)g(z) =h (2g'(2) + $g(z)) "

and hence the gn(z) = 2" are eigenfunctions of &(H) with eigenvalues
En = (n+}{)h , n € N, 1in accordance with quantum mechanics. Since

L,V =LV = 0, the operators &(p) and 6(q) remain the same.

*
2D. Summary: M =T R, L =MxC, P = Phol =

H={g:¢~>¢ | [f |g|2 exp(—lzlz/Zh)dpdq < o},

1]

2 2
f: M > R quantizable iff £(q,p) /EL%3—> + bp + cq + d.

A

d mi . d
£z+h(—1~z—, 5(q)—7241hdz

S(H) = h(zad;w) s S8(p)

162+ 46002 = 6(4pZ+igD) .

EXAMPLE 3: harmonic oscillator, energy representation.
In this example we reconsider example 5 of section 7. Two possible choises
n
for the metalinear bundle R are available: one of them ( the trivial one)

will not influence the results, the other will.

3b. P and the bundles R, R and B °":

the vector field X = 2 is
p 99
a global non-~vanishing hamiltonian vector field which spans Pen hence R

is trivial:
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REMXGI* , (m,p) = (m,uaa—q))

~

A possible choice for R 1is given by Rtriv:

R, = MxC, p@d) = @) - (m,kzi%

3

triv

P
and a global trivializing section v, of B " is given by:

~ -1
vo(m,x) = A .

Since the section f(m) = (m,1) is a global hamiltonian metaframe, it fol-

<V is a =}-P-

<e

lows that v, is covariant constant along P, so if 9 =

density then:
V. v ‘= 0
( T ) C

and the quantization as given in example 5 of section 7 remains the same.
However, another choice for R 1is possible; therefore consider the open

cover of M by Uo’ U1, U2 defined by:

=1 € ¥ 313 % Y
° (p,9) M|p€]R,£1T<¢<7n f§<
1—{(p,¢)€Mlp€]R+,—§n<¢<n} ’\JUZ

{(o,0) €M | p€ER", -1 << 4}

o
1

[en}
|

(=1
]

In these charts, the transition functions of the bundle R are given by

. * . - . .
g01 = g12 = g02 =1 = 1id€GL(1,E) = ¢ . Since there is no triple intersec-

tion, we can choose the gij freely, and we now choose:

~ ~ *
8y 8y =1 = (1,1) €EML(1,€) = €

*

-1 = (1,-1) €EML(1,8) = @

IR

8oz

~

[N.B. the first choice of g.. for R, _. corresponds to g.. = 1]. The
ij triv ij

. . ~'en
transformation functions of the bundle B now become
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=1, = -

Y02

P
and the complex line-bundle B €% admits a global non-vanishing section vy

Yoy T ¥y2

defined by

~

Pl 5220
UiXMLU,(E) E] (1’[1,)\) —_— \Iﬂ,)\ ‘a‘E)‘/

Sy @ =2 e epCiom/2) i m o= (0,0,
1

3

If we now compute the covariant derivative of Co along Xp = 59 then we
get: ¢
@ V) [y @D = =¥ @1 = (exp(i6/2)) = 25 (m,1)
Xp o Ui ’ 3¢ o 3 EI) 2 07

this is a hamiltonian metaframe!

~
hence V_ v =

3C. Quantization: when we compute the condition that ¢ (a section of QB)

should be covariant constant along Pen , then:
A R
X -pebryb =0
= 900,0) = he) exp(i(Z-1¢)
hence the allowed values of p are given by

p=(n+})h, nETN

3D. Summary and conclusions:if we adopt the viewpoint of example 5 of section 7

and if we use the second metalinear bundle ﬁ, then we identify the Hilbert

space H with square summable series:

S 2
H = {(an)nEN | Z Ianl < w,a € G}
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f: M> R is quantizable iff £(p,4) = £(p) and then:

/ _J 1
G(f)lan}nem 1f((n+£)h)anjnen

EXAMPLE 4: the free moving particle on Sz.

In this final example we reconsider example 2 of section 10; again only the

differences due to the metalinear correction will be given.

P

4B. Pen and the bundles R, R and B en . the vector fields XH and

i
V are globally non-vanishing, independent and they span Pen hence R is

a trivial bundle:
R = Mx GL(2,0)

(m,g) = (m, (XH,V)g) ’

P
and we obtain a global non-vanishing section vy of B " by

vo(m,id) =1,

4C. Quantization: we have to compute the covariant derivative Vzvo for

z € Pen in order to obtain the condition on sections of QB to be covari-
ant constant along P _ .
en
(VC\)O) (m,,id) = i;mo v, (m, g(m))
where E(m) € ML(2,8) 1is such that (XH,V) -p(g(m)) is a hamiltonian frame
and such that E(mo) = id. Now observe that there exists (at least locally)

a complex function w (w is in fact a holomorphic coordinate on M/D)

such that

Xw(m) = A(m)V(m)
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for some function A(m) [see example 2 ofsection 10 for an explicit expression

for w], hence if p(E(m)) = g(m) 1is given by

1 0
g(m) = o A(m) [ = g(mo) = id ]
A(m )

_/ X\ o
then (XH,V) g(m) = \XH’ XTE;T] is hamiltonian, hence

Vo (m, gm) = /x(m ) /x(m)

where we have to use that branch of v (in a neighbourhood of mo) such

that /1 = 1. With these definitions we get:

~ A Y £ \~ ~
(VCVO) (mo, 1d) = W\ T,mo)\(m)/vo(mo, ld).

A lengthy calculation yields

XH]mo A(m) = -iv A(mo) and V’nl A(m) =0

: v -
so XHvo 2 vo Vo

Using these results, a section ¢ = wa Sog’vo is covariant constant

along Pen iff (on the chart Ua) :

. i . iv:
Xgba "R OBV * 7 ¥, =0

v -, =0

ﬂa-i 2, _ive (- HHi

v Bta "RV wa 2 v, = W h 1Pa
== -

(v,:2\ % M (Ya, .\
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hence one solution is given by

bG- D)
b G ) = b (1=2) GE )
wa n,v,t ) = av) na} exp 1}1——{;)1:&

and the condition that t, is a eyclic coordinate implies:
(h (V) #0 = %—%672) = v=0+H)h, LEN.

. . v .
We now introduce the variable X = g-—i and we remind ourselves that A

is restricted to the natural numbers: A € N ,(N.B. this is the same trick

-1
we used in example 2 of section 10.If we choose ha(A) = ((A+HHh)

(= ha(v) = v--1 for the allowed values of v ) then:

. 2.% .
wa(;,k, ta) = TK;ESE-(1-na) exp(lxta)
<Y, > = Z [ aa (1) .

A=0 SZ

If we compare these results with the previous ones, we see that the in-

terpretation of the Hilbert space H does not change:

A
H = {\P l Y = <m=2_)\a>‘m WT>¢1 , <U,p> < oo} .

The observables H and L, remain quantizable and:
2 2 2
S(MY = vy = 3T+ 7Y

hence the wlm are eigenfunctions of 6(H) with corresponding eigenvalues
2 2

E, = 3h (a+))".

Since [XLi’XH] = [xLi,V] =0 it follows that

(i ~ ~y o_d ~ ~
\LXL v, (m, id) —azwtzo vo(ptm,Pt*ld)
i
d ~ s
=321t=0 Vo (Pms 1d) =0
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(because p(gt* ﬂi) e pt*(xﬂ‘m’vlm) = (xﬂlptm’v‘ptm)) so 6(Li)lL SOQ'UO =

- —- 7 ®~ . .
1h(XLiw) s, 8V, and the action of G(Li) upon the wSLm remains the same.

*
4D. Summary and conclusions: M =T s2\ {0}, L=Mxeg, P = P and the

trivial metalinear framebundle imply (using our heuristic approach to the

inner product):

H = ”nM»QB]1p=/ % a J“w A<w¢><(%
1 (VLI R VAS ’
-~ ey A - ~ - m m' 2 )\
<y,p>= ) [ 4de ) 'ﬂmamﬂ-1w1(hﬁ)
r=o0 2 m,m"=-)

The observables H = §v2 and L = x Ay are quantizable; the eigenvalues

EZ of 6(H) are given by EJL = £h2(2+£)2 with corresponding eigenfunctions

_ 2 2 2
wlm ( = ayv = § Gmm,). The operator 5(5(L1) + 6(L2) + 6(L3) ) ha.s

the same eigenfunctions w!l,m as 68(H), but different eigenvalues FSL

given by F_ = ih2£(£+1) hence:

2

(,.2 2 2\ _,( 2 2 2\ 1,2
5\£L1 +%L2+’¢‘L3/ = %\5(1‘1) +5(L2) +5(L3) ) + —8-h .
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