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PREFACE 

This manuscript contains the notes of a series of lectures I gave at 

the seminar "mathematical structures in field theories" during the academic 

years 1983-1984 ~nd 1984-1985. They are meant as an introduction to the 

theory known as geometric quantization and although it does not cover as 

many aspects as other books on geometric quantization, I have tried to give 

full proofs where other authors only sketch them or leave them out altogether. 

This explains part of the origin of these notes: to satisfy myself that I 

could prove the stated claims, the other part being the request to supply 

the audience of the seminar with a written text. It is assumed that the 

reader is familiar with the fundamentals of differential geometry, (fibre) 

bundle theory, symplectic geometry, hamiltonian mechanics and quantum rnechan-

ics. 

At this point I would like to thank the organizers E.M. de Jager and 

H.G.J. Pijls for giving me the opportunity to talk at their seminar. I al­

so would like to thank mw Y.Voorn for the care with which she has typed this 

manuscript, and finally I thank the CWI for publishing it in their series 

CWI-syllabi. 

G .M. Tuynman 

August 1985 
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INTRODUCTION 

Suppose we are given a physical system which we can describe in classi­

cal mechanics (e.g. a single particle in JR.3 in a potential field), then 

we can ask ourselves: how do we describe this system in quantum mechanics? 

This question implies that we have to find a Hilbert space H and, for each 

(classical) observable, a self-adjoint operator on H (especially for the 

hamilton function which determines the time evolution of the system). In 

theory one is completely free in the choice of0 H and the self-adjoint oper­

ators, provided one is in agreement with experiment, but in practice one uses 

the description by classical mechanics as a guide to construct H and the 

self-adjoint operators. This practical method to determine the quantum me­

chanical description immediately evokes the question: 

how does classical mechanics guide us'? 

In the history of quantum mechanics several remarks have been made con­

cerning this question, some of which will be summed up below. 

In his book "The principles of Quantum Mechanics" Dirac noticed a striking 

resemblance between Poisson-brackets in classical mechanics and the commuta-

tor of operators in quantum mechanics when applied to the observables posi­

(qi), momentum tion (p.) 
i 

and energy H. This resemblance between Poisson 

brackets and commutator seemed good enough to be promoted to the so-called 

canonical quantization procedure in which one tries to represe.nt the canoni-

cally conjugated observables 

Pi satisfying: 

i 
q and pi by self-adjoint operators 

0 

Furthermore, functions 

by the same functions 

[P.,P.J, 
i J 

of the 
i 

(or q 

of Qi (resp. 

. ._ r j J 
-iu lp. ,q 

l 

p.) in this scheme represented are 
i 

p.) . However, the canonical quantiza-
l 
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tion procedure does not give a prescription for observables which are func-

tions of pi and 
l 

q simultaneously, in particular, it does not give a 

prescription how to "quantize" the observable (classically is 

the same as but quantum mechanically P1 and Q1 do not commute!). 

An alternative approach was given by Weyl [Weyl 1927] who proposed a 

procedure to quantize observables using the Fourier transform. This proce­

dure coincides with the canonical quantization procedure for the elementary 

observables; however, for more complicated observables (which "cannot" be 

quantized by the canonical quantization procedure) the correspondence be­

tween Poisson brackets and commutator is not preserved. 

In the same time Stone and von Neumann proved that the Schrodinger re­

presentation is unique. That is to say, given a set of self-adjoint opera-

tors P. and Qi 
l 

( i = 1 , •• , n) on a Hilbert space H such that their asso-

ciated one-parameter unitary groups exp ( i P. t), 
J 

exp(i Qj t) satisfy: 

( i) exp( i P. t) 
J 

exp(i Pk s) exp(i Pk s) exp(iP.t) 
J 

exp (i Qj t) exp(iQks) exp(i Qk s) exp(i Qj t) 

exp(iP.t) 
J 

exp(iQks) exp(i st o~) 
J 

exp(i Qk s) exp(i P. t) 
J 

(ii) H is irreducible under the action of exp(i P. t) and exp(i Qj t). 
J 

Then there exist a unitary map S: H ➔ L2(JRn) 2 n 
(L (JR ) = complex square-

integrable functions on ]Rn with respect to the Lebesgue measure) such 

that for f in a suitable dense subset of L2(JRn) 

The relations (i) are called the Weyl (commutation) relations and from these 

relations one can deduce that P. and Qk satisfy 
.J 

[P.,P.] 
l J 

0 
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which are the usual commutation relations of the canonically conjugated ob­

servables pi and qj of the canonical quantization procedure. However, 

it should be noted that in general one cannot deduce the Weyl commutation 

relations from the commutation relations of P. and Qj (see [Reed & 
l. 

Simon]). When we omit condition (ii), H becomes the direct sum of (count-

ably many) irreducible parts which are all equivalent to the Schrodinger re-

presentation on 

Given the succes of the Schrodinger repres,imtation in quantum mechanics 

one now would like to use this theorem "in reverse" to formalize the canoni-

cal quantization procedure, i.e. to obtain a set of rules which describes 

the quantum mechanical ingredients in terms of the classical ones. 

of the previous remarks, the following conditions seem reasonable: 

classical system described by canonically conjugated coordinates 

In view 

for a 

i 
(q ,p.) 

J 

and a set of (classical) observables C such that 
i 

q ,Pj EC, the quantum 

description is given by a Hilbert space H and a map 6: C ➔ {self-adjoint 

operators on H} such that: 

(Qi) 

(Qii) 

(Qiii) 

(Qiv) 

(Qv) 

6(cJ,) + 6(¢) 

H(cj,) , A E JR 

o([cJ,,1/JJ) -ih[o(cJ,), o(i/J)J 

6(1) JI 

H is irreducible under the action of 6(qi) and 6 (p.) 
J 

Conditions (Qi)-(Qiv) say that 6 is a 1-1 representation of the Poisson 

algebra C to the Lie algebra of quantum observables. Condition (Qv) can 

be interpreted as follows: the irreducibility of H under o(qi) and 

implies that no proper subspace of H is invariant under the action 

and o(p.) 
J 

which is heuristically equivalent to its classical 

counterpart: no subspace of the phase-space ( q, p) is invariant under al 1 
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translations 
i i i 

q + q + a ' p.+p,+b.; the latter condition, being an 
J J J 

"obvious truth" of classical mechanics, justifies condition (Qv) . 

Now Van Hove proved that these 5 conditions are too strong: there cannot 

·exist a Hilbert space H and a map o satisfying all requirements simul­

taneously [Van Hove 1951]. In the same paper he showed that if one drops 

requirement (Qv) or if one represents only a restricted class of observables, 

then a H and o can exist. (This result of Van Hove has been generalized 

by Gotay [Gotay 1980] who uses Van Hove's result to prove that a quantization 

procedure satisfying a certain set of "obviolft;" conditions (similar to our 5) 

cannot exist.) 

Considering these results we may conclude that the original striking re­

semblance between Poisson brackets and commutators remains a striking resem­

blance only: a resemblance which cannot be given a formal structure which 

reproduces the successful Schrodinger representation. (It seems that Dirac 

was aware of the possible problems of this resemblance because he writes: 

" the quantum-brackets or at any rate the simpler ones of them, have the 

same values as the corresponding classical Poisson brackets", [Dirac, p.87].) 

This puts us back at the beginning when we asked: how does classical mechan­

ics guide us? Canonical quantization is a successful prescription, but it 

lacks a more rigorous framework which gives us insight in why it works. 

In 1970 Kostant and Souriau again considered the question how to pass 

from classical mechanics to quantum mechanics and they introduced (indepen­

dently) a theory which is nowadays known as geometric quantization 

[Kostant 1970; Souriau 1970]. With this theory they (and nowadays many 

others) try to give a prescription how to pass from classical mechanics to 

quantum mechanics and they try to formulate the extra ingredients necessary 

for this passage. The aim of these notes is to give an introduction to this 

theory with the accent on (heuristic) arguments why it is reasonable to do 
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it the way one does. However, it is not the intention to give a full ac­

count of the theory as it is developed till now and especially the so-called 

Blattner-Kostant-Sternberg-Kernel will not be discussed; the reader is re­

ferred to the table of contents to see what topics are treated. 

The starting point of geometric quantization is the description of clas-

. sical mechanics in the Hamilton formalism, i.e. one starts with the phase­

space M of the system together with a symplectic form w on M and a 

(not yet specified) set C of classical observables(= functions on M) 

which is not necessarily closed under the Poisson brackets associated with 

w. With these ingredients one tries to find a Hilbert space H and a map 

o such that H and o(C) give the quantum description of this system. 

The first step in this construction is the so-called prequantization 

(discovered by Van Hove [Van Hove 1951] and independently rediscovered by 

Kostant and Souriau) where a H and o are constructed which satisfy con­

ditions (Qi)-(Qiv) of our quantization scheme but which fail condition (Qv); 

in principle prequantization is a slight modification of the notion of 

Hamilton vector fields on M. 

The second step is the introduction of a polarization in order to re­

duce the size of H: heuristically H consists of functions on the phase 

space M and a polarization reduces this to functions on a configuration 

space; the introduction of a polarization also gives us a way to define the 

set C of directly quantizable observables. Unfortunately in many cases 

C does not contain the Hamilton function: one has to use the Blattner­

Kostant-Sternberg-Kernel to derive the quantum hamiltonian. 
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2 PREQUANTIZATION 

First a preliminary remark: throughout the sequel we will use three 

"examples" of symplectic manifolds. The first one is the simplest case: 

M = JRZn = T*JRn with coordinates and 

the second one is the generalization to the cotangent bundle of an arbitrary 

configuration space Q: M = T*Q with i.ocal coordinates (/) on Q and 

(q 
i 

,P.) M with = d8, e the canonical 1-form on M (in local on w co-
l. 

ordinates (q 
i 
,p.) : 

i 
third is an arbitrary symplectic e = pidq ) ; the one 

l. 

manifold (M,w). To simplify notations we will say the symplectic manifold 

M = lRZn (resp. M = T*Q) and it should be tacitly understood that the 

above mentioned symplectic forms are used. 

To start the description of prequantization, we note that every symplec­

tic manifold carries a natural volume element cw defined by the symplectic 

form: 

£ 
w 

(in local canonical coordinates 

dimM 2n 

i 
(q ,p.) 

l. 
we have w = dp. A dql. and 

l. 
1 n 

cw = dp 1 A ••• A dpn A dq n ... dq ) . Hence there is associated to M a Hilbert 

space H = L2 (M) of all complex valued square integrable functions on M 

with the inner product 

Secondly, to every function f E c;(M) (a real valued, infinitely dif-

ferentiable function on M) there is associated a vector field Xf, called 

the hamiltonian vector field of f, defined by 

ix w+df O; 
f 

in local canonical coordinates 
i 

(q ,pi) Xf is represented by 



X =~_3 __ ~_o_ 
f ap. ~ i ~ i ap. 

l. oq oq l. 

Furthermore (Liouville's theorem) the flow pt associated to the vector 

field Xf preserves the volume element sw, 

symmetric operator 6(f) on H defined by: 

so to Xf is associated a 

7 

where ~ lies in a suitable dense subset of H. It can be proved that if 

Xf is a complete vector field (i.e. pt is a '1-parameter group of diffeo­

morphisms of M) then 6(f) 1.s an (essentially) self-adjoint operator on 

H· , a sketch of the proof is as follows: if Xf is complete then pt is 

a 1-parameter group of diffeomorphisms which preserve E hence 
l0 

in-

duces a 1-parameter group of unitary transformations of H and we then ap­

ply the theorem of M.H. Stone which gives us the desired result. 

Using the formula [Xf,Xg] = X[f,g] (commutator of vector fields on 

the left, Poisson brackets on the right) and the linearity of Xf in f 

(over JR) we see that the map 6: f 1-,- 6(f) restricted to functions with 

complete hamilton vector fields satisfies the quantization conditions (Qi)-

(Qiii), but it fails condition (Qiv): the constant function 

hamilton vector field hence 6(1) = 0. 

has a zero 

Following [Woodhouse] we try to correct this failure by redefining o: 

but then condition (Qiii) is no longer true. Even this problem can be solved; 

for the sake of simplicity we assume for the moment that M = T*Q, w = de, 

then a correct definition is given by: 

6(f)9 

This definition now satisfies conditions (Qi)-(Qiv) and again one can prove 
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that if Xf is complete then 6(f) is (essentially) self-adjoint (see the 

end of this section). 

In the general case the symplectic form w need not be exact and we 

can find only locally a 1-form 0 such that w = d8; hence we have to in­

vestigate the influence of a different choice of symplectic potential 0. 

-Suppose w = d0 = de then there exists (locally) a real function u: 

e = e + du (Poincare 's lemma) and we have: 

and 

exp(iu/h){-ihXf(exp(-iu/h)¢) 

+ (f-0(Xf))exp(-iu/h)¢} 

<= exp(-iu/n)6(f) 0¢ = 8(f) 0{exp(-iu/h)¢} 

From the last equality we see that if we introduce a gauge transformation 

¢ I-+ exp(iu/h)¢ associated to a change in symplectic potential 0 f-+ 0 + du, 

then the definition of 80(f) and 8(f) 8 coincide on the common (local) 

domain of 0 and 0. This implies that ¢ no longer is a function on M, 

but an object which assigns to each m EM a complex number, a complex num­

ber depending on the choice of a local symplectic potential, in other words: 

we need a complex line-bundle of which ¢ is a section. 

Let us formalize this idea. Suppose we have an open cover 

U = {U. I i EI} of an arbitrary symplectic manifold (M,w) together with a 
]_ 

collection { 0. , U. . J i ,j EI} such that 0. is a symp lectic potential de-
i 1-J l. 

fined on U. (d0. = w) and such that 
l. l. 

e. e. +du .. on u. nu .. 
J l. J l. l. J 
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We want to know if we can define a line-bundle with gauge transformations 

exp(iuji/h), in other words if we consider local functions ¢i on Ui and 

if we impose ¢. = exp(iu .. /h)¢. on U. n U., do we get a consistent defi-
J Ji i i J 

nition of an intrinsic object ¢ = (¢i)iEI? 

hence 

On a triple intersection 

e. 
J 

e. +du .. , ek 
i Ji 

d (uk. +u .. +u. k) 
J Ji i 

0 

we have: 

e. + du .. , e. 
J iJ i 

uk. +u .. +u.k J Ji i 
is locally constant. 

Furthermore: 

¢. = exp(iu .. /h)¢., ¢k = exp(iuk./h)¢., ¢. 
J Ji i J J i 

hence for a consistent definition it is necessary that 

exp(i(uk.+u .. +u.k) /h) = 1 on U. n U. n Uk in other words: in order to get 
J Ji i i J 

a consistent definition of gauge transformations we need the existence of 

n .. k€2'l: iJ 

uk.+u .. +u.k 
J Ji i 

2TI n .. kh. 
iJ 

On the other hand, this condition is sufficient to guarantee the existence 

of a complex line-bundle TI: L ➔ M over M which has the exp (iu .. /h) 
]1 

gauge transformations associated to the cover U of M, i.e. if 

-1 
tj, • : 7f (U. ) ➔ u. X a: 

i 1 1 
is a local trivialization of L then 

-1 
tj,. o tj,. (m,z) 

J 1 

= (m, z exp(iu .. /h)). A section ¢ of L (i.e. ¢: M ➔ L and 
Ji 

as 

7f o ¢ = id(M)) can be identified with a set of functions ¢i: Ui ➔ a: such 

that ¢. = exp(iu .. /h)¢. when we put tj,. 0 ¢(m) = (m, ¢.(m)); 
J ]1 1 i :L 

in a diagram 



IO 

(m,z) (m,z exp(iu .. /h)) 
J 1. 

In this presentation we define the operator 6(f) on the set f(L) 

of sections ¢: M + L as follows: 

~ = 6(f)¢ is defined by 

~. -ihXf¢. - 0. (Xf)¢. + f¢. 
J J J J J 

and, as we have seen, this defines a correct section ~ of L because: 

So far, so good, we have generalized the notion of a function on M 

to a section of the line-bundle L and we have defined an operator o(f) 

on such sections, but .... the existence of L is subject to the condition 

that we can find a suitable collection such that 

u .. + u.k+ uk. = 211 n .. kh for some n .. k E Zl. 
1.J J 1. 1.J 1.J 

One can show that this con-

dition is a condition on w, a condition which is usually stated as: w 

should define an integral cohomology class; in geometric quantization the 

(necessary) assumption is that this integrality condition on w is satis­

fied (notice that for exact symplectic forms w (as is the case for 

M = T*Q, w = d0) this condition is automatically satisfied, since then we 

need only one set Ui = M and do not need any gauge transformations). 
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Strange as this condition may seem, it can be related to the quantization 

condition on energy levels (see [Guillemin & Sternberg]) and given the exis­

tence of L one can give a (different) geometric interpretation of the 

Feynman path integral in terms of geometric quantization (see [Simms, 

LNM 836]). 

Before we turn our attention to the question of self-adjoint operators 

on Hilbert spaces, we first investigate some properties of L related to 

the definition of 6(f). o(f) is defined on sections ¢ E r(L) by 

ljJ 

and we might define for s E V(M) = the set of all complex vector fields on 

M, an operator Vs on r(L) by 

We then claim that 'i7 is a correctly defined connection on L. 

PROPOSITION: for s, n E V(M), f, g E C00 (M), ij,, ljJ E r(L) we have: 

(i) 'i7 ·-P fs+gn 

where the rrrultiplication by functions f E C00 (M) is always pointwise, e.g. 

(fij,)(m) = f(m)ij,(m). 

Furthermore, we can compute the curvature of this connection: 

PROPOSITION: det 1 
curv(V)(s,n)ij, = i('i7s'i7n-'i7n'i7s-'i7[s,nJ)ij, = hw(s,n)ij, 

in other words: the curvature of 'i7 is w/h. 

In terms of this connection (which we will use throughout the sequel) 

the definition of o(f) becomes: 
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6(fH = -i.hv'x ¢ + f¢. 
f 

Let us now turn to the next question: can we construct a Hilbert space 

-H out of f(L) (and are the 6(f) (essentially) self-adjoint operators)? 

The answer is yes, and the construction is as follows: we define a hermi­

tian structure(= complex inner product) on the fibres of L by: 

if 
-1 

£ 1 , £2 E 'IT (m) then ijJ. (£.) = (m,z.), 
l. J J 

j = 1 ,2 and we put 

This definition is independent of the choice of the local chart 

the gauge transformations are unitary: 

(m,z) I 

-1 
ijJ.ijJ. 

1 l. , (m, z exp ( iu .. ih)) 
J l. 

(z 1 exp(iu .. /h))z 2 exp(iu .. /h) 
J l. J l. 

U. because 
l. 

With this hermitian structure ( , ) on the fibres of L we can define a 

map which assigns to each pair ¢,ijJ E r(L) a function (¢,l/J) on M by: 

(¢,ijJ) (m) (¢ (m), ijJ(m)), 

and we note that this map satisfies the relation: if s is a real vector 

field on M, s E V JR (M) (i.e. then 

for arbitrary complex vector fields s E V(M) we have s(¢,ijJ) = 

(v'r¢,ijJ) + (¢,v'sijJ). This relation, which is a compatibility relation between 

the connection v' and the hermitian structure , ), expresses the fact 

that the inner product in the fibres is invariant under parallel transport 

by V along a curve in M. 

We now define the (pre) Hilbert space H by: 
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H {cpEr(L) I f (c/>,c/>)E < oo} 
w 

M 

with the inner product 

< cp,ljl > 

The "operators" 6(f) act on H by 

6(f)c/> 

and one can prove (as already said) that if is a complete vector field 

on M then 6(f) is an (essentially) self-adjoint operator on H (see the 

end of this section). 

To summarize our results, assuming that the symplectic form w satis­

fied some integrality condition, we constructed a complex line-bundle 

rr: L + M together with a connection V and a compatible hermitian struc­

ture ( , ) such that the curvature of V equals w/h. What we have 

"proved" is in fact part of a theorem of A. Weil (see [Weil] and [Kostant]): 

THEOREM (A. Weil): given a symplectic manifold (M,w), there exists a com­

plex line-bundle rr: L + M with connection and compatible hermitian struc-

ture with the extra condition curvature(V) = w/h if and only if w sat-

isfies the integrality condition. Furthermore, the various essentially dif­

ferent choices of (L,V, ( , )) are parametrized by H1(M,S 1) (= the first 

cohomology group of M with values in 1 ) • • l ··t S c ~; 1-n part1-cu ar, v M 

simply connected then (L,V, ( , )) is unique up to equivalence (if it 

exists). 

is 

Using this line-bundle L we constructed a Hilbert space H out of 

f(L) and with the aid of the connection we defined a map the pair 

(H,6) satisfies the quantization conditions (Qi)-(Qiv) (at least if we re­

strict o to functions f for which Xf is complete). However, when we 
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prequantize M = ]R2n , we do not get the Schrodinger quantization, due to 

the fact that (H,o) does not satisfy Qv. 

EXAMPLE: 
i 

w = dpi /\dq . Since w is exact 

globally) the integrality condition is satisfied and we can take for L the 

trivial line-bundle 

plex function f by 

2n 
L=]R x(t; a section can be identified with a com-

~(m) 
2n (m,f(m)) E JR x(t. 

The connection V is given in terms of these functions by 

and the compatible inner product by (f 1 ,f2) 

phic to) L 2 ( JR2n) . 

Let us investigate how the observables 

o (p.) f 
1 

. h af if l 1 -- +q 
ap i 

i 
q and p. 

1-
are represented: 

From these calculation we see that prequantization does not give the 

Schrodinger quantization, and in fact H is reducible under the action of 

6(/) and o(pi) (see [Van Hove] for more details). 

We conclude this section with an alternative description of H and o 

which is sometimes useful. Consider the bundle ~: L* + M over M where 

L* equals L without the zero section (equivalently: L* is the principle 

fibrebundle associated with L with structure group ct* a:\{O}, or equi-

valently: L'\ is the a:* bundle over M with the same gauge transforma-

tions as L), then L* has local charts U. X (t* 
1 

and transition functions 



(U.nU.) x(I!* CU. x(I!* 
J ]_ ]_ 

(m,z) 

(u.nu.) x a:* cu. x a:* 
]_ J J 

( m' z exp ( i u .. /n ) ) . 
]1 
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On 1* we consider the set K of functions ¢ on 1* satisfying the 

relation: Jl E 1 *, z Ea:* => ¢(zJl) 
-1~ 

z <f,(Jl) : 

and we define the map ~ : r (1) + K, <P I-+ ';p' by the following proces: if 

t Err -l (m) E 1 * (=> Jl 'f 0) then there exists a unique element ¢(Jl) E a: 

such that cj,(m) = ¢UH E 1; this function ¢(Jl) obviously satisfies 

¢(zt) = z-1¢(1) because: 

Furthermore, the map ~ is obviously injective, but also surjective because 

of the inverse construction 

Thus, f(1) is equivalent to K· 
' 

in order to give another descrip-

tion of K we introduce three vector fields on 1*: Z, Z and E defined 

on the local charts U. x a;* with coordinates 
]_ 

Z = X + iy 

(x,yElR, rElR+, 0E[0,2rr)) by 

z a 
(x+iy) 1(a . a) ( cl a\ 

z- = . \-- ]_- ½\x-+y-} clz clx ay ax ay 

z - a 
(x-iy) ( a . a \ ( a a\ z- = ·!\-+i-; ½ \x-+y-} az clx ay clx ay 

E i(Z-Z) a a a 
xay-y ax= ae 

ie 
re on a:* 

+ i{y.i_-x.i_) 
2 \ ax cly 

i ( a a\ 
- z\Y clx - x 3y} 

and we note that these definitions are correct, i.e. they coincide on the 

intersection of two charts. With these definitions we claim: 
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K a= 1 1' ..,. a I z¢ = -¢ • z¥ = o} . 

Finally, we introduce the connection 1-form a on i.e. the con-

· nection 1-form in the principle fibrebundle 1* associated with the connec­

tion V in the vector bundle L. In general the connection form takes 

values in the Lie algebra of the structure group G, here G = a;* hence 

a takes complex values. On U. x a;* a is defined by: 
J 

a. 
J 

_!_ 0 • + idz = J_ 0 + ydx-xdy . xdx+ydy 
h J z h j 2 2 +i 2 2 

X +y X +y 

= .l. e. - de + i dr 
h J r 

and again this definition is independent of the local chart. With these in-

gredients we can define the action of on sections ¢ in terms of K. 

~ Let ~ be a real vector field on M then define the real vector field ~ 

on by 

(i) ~ 

( ii) 0 (i.e. ~ is a horizontal lift of ~). 

~ These conditions determine ~ completely: 

is given by 

C 
J 

on a local chart U. x a:* 
J 

When we extend this definition to complex vector fields by linearity, we get 

the following proposition: 

PROPOSITION: if ~EV(M), fEC 00 (M), ¢Ef(L) tlwn 

,...._,, ~~ 
V ~¢ = ~ ¢ and f¢ f i 
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f(n(£))1(£) is again the pointwise multiplication. 

With this proposition we can already translate the action of o(f) 

(f E c';_(M)) in terms of K but a more elegant description is possible if 

we realize that Z¢ = -¢, Z¢ = 0 and f¢ = f¢ imply that f¢ = (ifE)1. 

With this observation we define a map f 1--r nf from observables to real 

vector fields on L* by: 

and we claim that with these definitions the following proposition holds. 

PROPOSITION: the map f 1--r nf is injective and: 

(i) 0 (f) </> 

(ii) 

This proposition gives us an elegant translation of H and o in 

terms of K (N.B. in [Simms & Woodhouse] the set {nf [ f: M+:JR} is de-

scribed completely in terms of a and the inner product on L* c L). 

We now sketch the proof that if Xf is complete then o(f) is self­

adjoint, a proof which we will illustrate with the case M = T*Q. If Xf 

is complete, then it can be proved that nf is complete too; in that case 

the 1-parameter group of diffeomorphisms associated to generates 

a unitary group of transformations of K (with the inner product inherited 

from r (L)) by ';/;' 1--r ¢ 0 '\ • It then follows from the last proposition and 

Stone's theorem that 6(f) is the generator of this group and hence self­

adjoint. 

EXAMPLE: M = T*Q, w = d6. Since w is exact we may take L = M x a:, 
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Suppose is complete and denote the associated flow by 

is given by 

If we denote the flow of 

given by: 

then the action of 

t 
at (m,z) (p/m), z • exp(i f A/p/m))ds)) 

0 

then 

on is 

and from this expression it is an elementary calculation to show that at 

is a 1-parameter group of diffeomorphisms. With the aid of we can de-

fine an action r\ on elements of H (H =='- L2(M) "c:" r(L)) via K by: 

whence it follows that 

t 
¢(pt(m))exp(-i f Af(ps(m))ds) 

0 

an expression which 1.s unequal to ¢ o pt' but it 1.s a map which preserves 

the inner product: 

because the extra phase factor cancels. Now E 
w 

is invariant under 

(Liouville ! ) hence !\ is a unitary group on H, "hence" its generator 

6(f) is self-adjoint by Stone's theorem. 

Bibliographical note: the introduction of the prequantization line-bundle 

L as given in this section is rather clumsy; there exist nicer ways of in­

troducing L (which are, however, more complicated than the one given above): 

(1) L figures in the interpretation of the symplectic cocycle associated 
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to a dynamical group acting on a symplectic manifold, a cocycle which indi­

cates whether this group action can be lifted to L or not (see [Souriau, 

Ch.II, §11] and [Simms & Woodhouse, App.C]). This interpretation is closely 

related to the theorem of Wigner in quantum mechanics on projective represen­

tations of Lie groups in Hilbert spaces. (2) The construction of L is 

closely related to the third theorem of S. Lie on the existence of a glo­

bal Lie group for any finite dimensional Lie algebra (see [Van Est] and 

[Almeida & Molino]). 
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3 REAL POLARIZATIONS 

If we compare for a particle in lRn the prequantization with the 

Schrodinger quantization, then the Hilbert space of the first consists of 

functions of the 
i 

q and pi simultaneously, in the second case the 

Hilbert space consists of functions depending on the 
i 

q only. The obvious 

way to derive the Schrodinger quantization from prequantization is to re­

strict the attention to functions on M which are independent of the coor-

dinates but .... then they no longer belong to the Hilbert space of 

prequantization (except if they are identically zero) because the integral 

over the pi diverges! 

However, if we restrict our attention to functions independent of pi and 

(lR2n = M)' integrate over the 
i 

q instead of over the 

then we get the Schrodinger quantization. 

i 
q and pi 

We can apply the same reasoning to M = T"'Q with coordinates 
i 

q on 

Q and associated coordinates p. 
:L 

in the fibres of T*Q + Q: we restrict 

our attention to functions on M which are independent of the p. 
:L 

(i.e. 

constant on the fibres of T*Q + Q) and we integrate over Q instead of 

over M. Here we encounter our first problem: how do we integrate functions 

over Q: in general we do not have a natural volume form on Q ! But there 

are more problems when we try to extend the same reasoning to an arbitrary 

symplectic manifold: for an arbitrary syrnplectic manifold (M,w) one could 

use a (local!) canonical coordinate system (i.e. 
i 

w = dp i /\ dq ) 

and say: we look at functions independent of the pi, but this depends 

highly on the choice of the local canonical coordinates; furthermore: one 

constructs the prequantization Hilbert space not out of functions on M but 

out of sections of a line-bundle L which is in general not a trivial one 

(as it can be for M 

Even more: if we have solved these problems, there remains the problem: 

how do we "integrate over Q "? We see that, in order to generalize "the 
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obvious way" from prequantization to Schrodinger quantization for M T*JRn, 

we have to answer four questions: 

1. How do we define "fibres" in a symplectic manifold (M,w) ? 

2. How do we define the equivalent of a configuration space Q? 

3. How do we define sections of L "constant along the fibres"? 

4. How do we integrate over this "configuration space"? 

In this section we will give an answer to the first three questions, 

the answer to the last question is the subjecb of section 5. 

a 

We (have to) start with a few preliminary notations and definitions: 

distribution D on a manifold M is a "map" which assigns to each 

point m EM a linear subspace D of 
m 

TM such that: 
m 

(i) 

(ii) 

k = dimD 
m 

constant (independent of m EM) 

Vm0 EM 3U neighbourhood of 

fined and independent on U 

each m EU. 

m 
0 

and vector fields 

such that span D 
m 

for 

If X is a vector field defined on an open set O c M then we use the ab­

breviation X E D for the formula Vm E O : X ED . 
m m 

A distribution is called integrable if for each point m EM 
0 

exists a submanifold N of M such that: m0 E N, dim N = k and 

there 

Vm EN : TmN = Dm. A necessary and sufficient condition for a distribution 

to be integrable is given by Frobenius' theorem: D is integrable if and 

only if VX,Y vector fields on M: X,YED => [X,Y] ED. 

An integrable distribution is also called a foliation; the maximal con­

nected integral submanifolds (i.e. submanifolds N of M such that 

TN= D) are called the leaves of the foliation. It sometimes happens m m 

that the set of all leaves of a foliation D on a manifold M (denoted by 

M/D) can be given the structure of a manifold in such a way that the natu­

ral projection TT: M + M/D is a (C00
) submersion; in such a case the folia-
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tion is called reducible (N.B. this is an unusual definition in foliation 

theory!). 

With these notations and definitions we can define a special distribu-

tion Dv (where V stands for vertical) on M = T*Q (with coordinates 
i 

q 

on Q and associated coordinates pi in the fibres of T*Q ➔ Q): D: is 

spanned by the vectors { a! 1 lrn' ... , a!nlrn}· It is easy to show that this 

distribution is integrable: the leaves of Dv are just the fibres of 

n: T*Q ➔ Q, i.e. the maximal connected integral manifolds are defined by 

i i V 
{q = const , i = 1, ... ,n}; furthermore, the foliation D is reducible: 

We see that in the case M = T*Q we can define fibres and Q by means 

of a reducible foliation on M· , in the general case we want to do the same, 

but ... what restrictions do we have to impose on a reducible foliation D 

on M in order to imitate as close as possible the case M = T*Q? The 

condition dim D = n (where dim M = 2n) is obvious; if we wish that 

there exist local canonical coordinates 
i 

(q ,pi) such that D is spanned 

(locally) by J a } 1 ap. 
]_ 

then it is necessary that D 
Ill 

is maximal isotropic 

with respect to wrn, a fact which needs some explanation. A linear sub-

space D of 
Ill 

T M 
Ill 

is called isotropic with respect to w 
Ill 

if 

X,Y E Drn => w(X,Y) = O; one can show that if Drn is isotropic then 

dirnD ,;;; n · if dimD = n 
Ill ' n then Dm is called "maximal isotropic" or 

"lagrangian". Now it is easy to show that the subspace D of 
Ill 

ned by J a 1 
l_ ap. J 

1 

(where are canonical coordinates: 
i 

w = dpi A dq ) 

is an isotropic subspace hence lagrangian (= maximal isotropic) because 

dim D n. Thus if D lS spanned locally by J a } for canonical coor-
Ill 1~ 

i 1 

dinates (q ,P.) then D is lagrangian. 
1 Ill 

On the other hand one can prove the converse: if D is a lagrangian 

foliation of M then there exist everywhere local canonical coordinates 
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(q ,p.) such that D 

i m 

are defined (locally) by 

is spanned by 

i 
q = const. 

{a!. } or equivalently the leaves 
i 
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(see for instance [Woodhouse §4.4]). 

These facts lead us to the defintion of "fibres" in a general symplectic 

manifold (M,w) as a so-called real polarization: 

DEFINITION: a real polarization D is a foliation D on M such that 

( i) dimD = n 

}- D 
is lagrangian. 

(ii) D is isotropic 

A polarization D is called reducible if the underlying foliation is 

reducible; in that case M/D is called the generalized configuration space. 

EXAMPLE 1: M = T*lRn, D = Dh (the so-called horizontal polarization): 

Dh. db Jal._ 1. Dh .... is spanne y 1 i , i - 1, ... ,nJ. is a reducible polarization: 
m l clq rn 

the leaves are defined globally by the equations pi= const; M/Dh f:!. ]Rn. 

Functions constant on the fibres are in this case functions of the pi only, 

which will lead us to the momentum representation of the Schrodinger quanti-

zation. 

EXAMPLE 2: M T*Q, D = Dv (the so-called vertical polarization): 

is spanned by J a } 1. ap."" • 
i 

Here again Dv is a reducible polarization and 

EXAMPLE 3: M JR2 \ { (0 ,0)} with coordinates (q ,p) # (0 ,0), w = dp /I dq 

and we define a polarization D by D 
m 

is spanned by the vector 

( a a \ 
\ q ap- p 3q}" Because D is 1-dimensional it is automatically integrable 

(see Frobenius) and lagrangian (dimM = 2). The leaves of D are circles 

around (0,0) and we have M/D':::lR+ ={rEJR I r>O}, so D is a reducible 

(real) polarization. However, T*(M/D) f:!. :nt x JR which is not diffeomorphic 

to M (M has a hole!). 
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Example 3 shows that in general it is not true that if D is a reduc­

ible polarization on M then T*(M/D) ~ M, which shows that the above men­

tioned proposition about local representations of D cannot be extended to 

global representations unless more information is available. 

We have defined a real polarization as a smooth distribution which is 

integrable and lagrangian; in the sequel it will be useful to state these 

conditions on the distribution in terms of (local) functions on M with 

their Poisson brackets, as is expressed in the following proposition. 

PROPOSITION: D is a real polarization if and only if D is a smooth dis-

tribution on M such that for each m EM there is a neighbourhood U 
0 

of m0 and n independent functions 

df 1, ••• , dfn are linear independent in 

f 1 , ••• , fn on U (1'.. e. 'v'm E U: 

such that: 

(i) 'v'm EU: Dm is spanned by 

fields) 

{ X 1 , ••• ,X } (the hamiltom:an vect()r 
f fn 

( ii) on 0, i,j 1 , ••• , n (the Poisson bracke-ts!). 

PROOF: I+ I [fi,fj] = w(X .,X .) =O => D is isotropic; the 
fl. fJ m 

dependent => dimDm = n; on U the integral manifolds of D 

by fi = const. 

integrable. 

X. are in­
fi 
are defined 

I -+l by Frobenius there exist n independent local real functions 

is 

f 1, ••• , fn such that the leaves of D are defined locally by fi = const. 

Now X E D (a vector field!) 

maximal isotropic) X. ED. 
fl. 

i i i 
=> Xf =O => w(X,X .) =df X=Xf =O => (D is 

fl. 
Hence by the independence of the X. it fol­

fi 
lows that the {X 1, ... ,X n} span 

f f . . 
D (locally); furthermore, by isotropy 

of D it follows that [fl.,fJ] = 
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The preceding discussions show that the first and second question are 

answered if we have a real reducible polarization D on M: the leaves of 

D are the "fibres" of M and M/D is the generalized configuration space. 

Let us now investigate the third question: how to define sections "constant 

along the fibres". A necessary condition is that the inner product (¢ 1 ,¢ 2) 

of two sections of L (which is a function on M !) can be viewed 

as a function on M/D, i.e. (¢ 1,¢2) should be constant on the leaves of 

D . or equivalently: VxE D : X(¢ 1 ,¢2) = 0. Now remember that we have a con­

nection on L with a compatible inner product, hence: 

This formula suggests that "sections constant along the fibres" should 

be translated as: 

but does this formula coincide with our intuitive notion 11 ¢ independent of 

coordinates p. "? If M = T*Q, D = D v, L = M x 0: we can identify sect ions 
l. 

¢ with functions f by ¢(m) = (m, f(m)) and then the connection is repre-

sented by: 

i 
'v f = Xf - - 8 (X) f 

X h 

i V 
where 8 = pidq is the canonical 1-form on M. If XE D then 

. a 
X = a~ (q,p) -3- ~ 8(X) = 0 hence the "section" f is independent of the co-

l. pi 

ordinates p. iff 
l. 

Xf =0 

so for M T*Q the above definition of "sections constant along the fibres" 
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is the correct translation of "functions independent of coordinates II p .• 
l. 

In the general case, as we will see, it also coincides with our intu­

ition: according to the memorated proposition there exist local canonical 

coordinates (q,p) such that D is spanned locally by J 3 1. In these 1 ap. J" 
i l. 

coordinates w = de, e = pidq , hence, as can be seen from the construe-

tion of L, we can represent sections of L locally by functions f and 

at the same time the connection 17 is represented locally by 

We now have exactly the same situation as with M = T*Q (only now it is lo­

cally defined) so "sections constant along the fibres" in the sense 

" Vx ED : llxc/> = o " 

as desired. 

is equivalent to the idea "functions independent of p." 
l. 

We can summarize our answers as follows: in order to obtain the (equi­

valent of the) Schrodinger quantization out of prequantization, we need a 

reducible real polarization D on M, i.e. a smooth distribution D on 

M such that 

Vm0 E M 3U; f 1 ••• fn : U -+ JR : 

( i) D on U 

( ii) on U. 

The Hilbert space of the quantum theory then should be constructed from 

those sections ct, of L (L = the prequantization line-bundle over M) 

which satisfy the relation 

VxED 

This condition is usually stated in words as: sections of L which are co-
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variantly constant along D (and not as "constant along the fibres" because 

in general M is not a fibrebundle over M/D ) . 

of two sections of L which are covariantly constant along D then can be 

interpreted as a function on the generalized configuration space M/D; how 

we do integrate over M/D will be discussed in section 5. 
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4 DENSITIES AND ½-DENSITIES: A technical intermezzo 

In this section we will study some properties of n-forms on a manifold 

X (dimX = n) and we will generalize the concept of an n-form on an ori­

ented manifold to the concept of a density on an arbitrary manifold in such 

a way that both can be integrated over the manifold in question and such 

that both concepts coincide on oriented manifolds with regard to integration. 

With the concept of densities we will generalize to manifolds the notion of 

L1~functions on JR.n (with Lebesgue measure A(n)); with the same technique 

we also will generalize the notion of L2-functions on (JR.n, A(n)). 

Contrary to ]Rn' where we have the Lebesgue measure, on an arbitrary 

manifold X no preferred measure (or volume element) is available, hence 

there is no natural way to define the integral of functions on X over X. 

However, if the manifold X is oriented, we can define in a consistent way 

the integral over X of n-forms w (which we view as sections of the bun­

dle An(T*X)) and, given such an n-form w we can define the integral of 

functions f by: 

I (f) 
w 

f fw 
M 

since if w is an n-form, f•w is one too. It is evident that this inte-

gral I (f) 
w 

depends on w and (again) in general no natural choice for w 

is available; however, there is a more important restriction: the construe-

tion of Iw(f) is possible only on oriented manifolds, which implies that 

X should be orientable! Let us investigate the origin of this restriction 

and try to avoid it. 

Suppose X is a manifold, dim X = n and suppose we have a cover 

u = {U. I iE: I} of local charts, i.e. there exist ct,.: u. + O.cJR.n horneo-
l. l. l l. 

morphisms of u. of JR.TI such that ct, •• ct,. 
-1 

(whenever to open sets ·= 0 cf, i l Jl J 
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defined) is a C -map. In the sequel we will identify 

and use the standard coordinates 
i 

X ( i = 1 , ••• , n) of 

u. 
l. 

29 

with 

as (local) co-

ordinates on U i ; we will denote by J .. (x) 
J l. 

the Jacobian matrix of 

cj, •• (x) : 
J l. 

We now introduce the bundle rr: FkX + X of k-frames over X, i.e. 

the fibre 
-1 

rr ( x) , denoted by consists&of all sets of k vectors 

1; 1 , ••• , /;k E TxX which are linear independent (over JR); we define FkX 

for all 1 ¾ k ¾ n for future use, in this section we only need FnX. If 

we forget for the moment that the k vectors 1; 1 -l;k should be independent, 

then the bundle FkX has local charts U. x JRnk as follows: in U. the 
l. l. 

vectors 

tor /;. 
J 

_a_l (p = 1, ... ,n) constitute as basis of 
axP x 

can be expressed in terms of this basis by 

1;£ 1; a I E T x = pl axP X X 
1, ..• , k 

so the point (x,1; 1-1;k) has coordinates 

TX hence each vec­
x 

1 n nk n+nk 
(x , •.. ,x , /;pt' £=1-k, p=1-n) E Ui x JR c JR ; the transition functions 

between two coordinate charts are given by: 

1jJ •• : U. x JRnk ·--+ U. x JRnk 
J l. l. J 

(x,/; 0 ) I---+ (cj,., (x), J. ,/; 0 ) 

J<, Jl. Jl.Tv 

a 
(J .. ) I; -

Jl. pq qi axP 

When we remember that the 1; 1, ••• , l;k should be independent, then this 

implies that the local charts are not U. x JRnk ' 
l. 

but U. x V where 
l. 

V is 

an open set in because the Jacobian J .. has a nowhere zero deter­
] l. 

minant, a set of k independent vectors is mapped on a set of k indepen-
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dent vectors, hence the above defined transition functions remain valid. 

Before we turn our attention to FnX, it should be noted that F1X 

is a well-known bundle: F1X is nothing more or less than the tangent bun-

dle TX without the zero section, i.e. TX\{O}. 
X 

Now we study F~ in more detail: the fibres of FnX are isomorphic 

to GL(n,JR) as can be seen when we note that n independent vectors 

s1 - l;n E TxX form a nonsingular n x n matrix I; = (l;p,Q,) defined by 

,Q, 1 , ••• , n 

on a local chart Ui (and vice-versa a nonsingular matrix (ap,Q,) defines 

an n-frame 

GL(n,JR) on 

8 
a ,Q,-). 

p axP 
by: 

Furthermore, we can define a right action of 

We leave it to the interested reader to prove that this definition of 

a right-action of GL (n, JR) on is independent of the local chart 

Ui xv (which is essentially due to the fact that the Jacobian matrix acts 

to the left of I; and this action to the right). With these remarks we now 

have "proved" that FnX is the principal GL(n,JR) bundle over X asso-

ciated with TX; the latter because the transition functions (gauge-trans-

formations) are determined by the Jacobian matrix of ¢ .. ' 
J l. 

or vice-versa 

TX is the vector bundle associated to the principal bundle FnX by means 

of the identity representation of GL(n, JR) • 
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Next we turn back to n-forms: an n-form w is an object which as­

signs to a point x and a set of n independent vectors , 1 -sn E TxX a 

real number w (s 1 , ••• ,s) such that if s, 
X n i 

deta•w (n 1, ••• ,n ), 
X n 

a .. n. then 
Ji J 

in other words: w is a function on F~ such that 

,. w(x,sa) = det a• w(x,s). 

The integral J w is defined by the following proces: 
X 

a partition of unity subordinated to the coordinate cover 

then p. • w is an n-form on U. c: ]Rn and one defines 
i i 

I p.w 
u. i 

i 

let {p.} be 
i 

u = {U. I iE I}' 
i 

The absolute value of this integral is independent of the chosen local co­

ordinates on U. because of the transformation properties of Lebesgue inte-
i 

grals; it changes sign whenever the determinant of the Jacobian of the co-

ordinate change has an (everywhere) minus sign (it is nowhere zero!). Here 

we see the origin of our troubles: if we want to define the integral J w 
X 

independent of all choices, it is necessary to have an orientation and to 

restrict the coordinate changes to those having a positive Jacobian deter­

minant; if so one defines 

I w >: I p.w >: I P .w (-a ___ a_) d:>. (n) 
X i u. i i u. i ax1 clxn 

i i 

reversing the orientation then changes the sign of I w ! 
X 
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When we have seen this construction and its problems, we define a den­

sity ¢ as follows: a density ¢ is a function ¢: FnX ➔ JR such that: 

a E GL(n;lR) A (x,f;) EF~ 

~ ¢(x,l;a) = ¢(x,I;) • ldet al 

We define the integral of a density ¢ by 

f ¢ 
X 

, f { 3 cl \ (n) 
l p,¢1x,-1, ... ,-}d;\ 
i U. i \ clx clxn 

l. 

where {p.} is the afore mentioned partition of unity subordinated to the 
l. 

coordinate cover U. This definition of f ¢ is independent of all choices 
X 

just because of the absolute value in the definition of ¢. 

On oriented manifolds there exists a bijection between n-forms w and 

densities ¢ which is given by 

¢(x,I;) w(x,I;) • sign(/;) 

where sign(/;) = -1 if I; has a negative orientation, else sign(/;) +1; 

moreover, in this case we have 

f ¢ f w 
X X 

In conclusion we might say that the concept of a density generalizes 

the concept of an n-form in such a way that the two concepts coincide on 

oriented manifolds (with regard to integration). 

To give an "explanation" of the name density, we note that if ¢ is a 

density, then ¢ defines a measure µ on X by 

where is the characteristic function of the set E . , for this measure· 



we have (for functions f on X): 

f f dµ 
X 
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To be more specific, consider X lR.n and 4> a c"' -density on lR.n then 

f f dµ 

lR.n 

where 1 is the function i(x) = 4> (x, ~• ••• , an) • 
ax ax 

We now give another description of densiti~s on X, a description anal­

ogous to n-forms as sections of the bundle An(T*X). We define the bundle 

t. 1x over X as follows: the fibre t. 1x over XE X consists of all func-
X 

tions 4> : F~ + lR. such that 4>/f;a) 4> (f;)ldetal Because the fibre 
X X X 

F~ is isomorphic to GL(n, lR.) , such a function is completely determined 
X 

by its value on a specific frame f,; 0 E F~. Hence t. 1x is a real line-bun­

dle over X with local charts U. x lR : (x, t) denotes the functions 
1 

4> : F~ + lR. with 
X X 

( a a \ 
4>x \ ax 1 • ••• • axn} 

t 

1 n where X , ... •, X are coordinates on U.; the transition-functions are 
1 

given by 

x .. : u. X lR. ----+ u. X lR 
J1 1 J 

-1 
(x,t) I-- (4> .. (x), t • I detJ .. {x)I ). 

J1 J1 

With this definition, a density 4> on X is just a section of the bundle 

ti 1x : 

4> a density .,.. 4>: X + t. 1x. 
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If {p.} is the afore 
1 

mentioned partition of unity and if ¢i is the 

density on u. 
1 

defined by 

a well-defined density on 

¢.(x,~, ... ,-3-) = 1 then ¢0 I:pi¢i is 
1 ax axn 

X which is nowhere zero: ¢0 is a global non-

vanishing section of n1x hence n1x is a trivial bundle over X and ¢ 
0 

is a trivializing section. Although we never mentioned it, we always as-

sume tacitly that our manifolds are C~ -manifolds; because we may assume 

{p.} 
00 

6 1X 
co 

that 1S C the bundle is trivial even as C -bundle over X. 
1 

With the aid of ¢0 we can define a bijection between functions f 

and densities ¢ on X by: 

which is a bijection because ¢0 is nowhere zero; if we denote by µ 0 the 

measure on X defined by ¢0 then we have: 

f f dµ 
0 

f ¢ • 
X X 

This formula gives us the opportunity to interpret densities as a gen­

eralization of (real) L 1 - functions: with this formula we can define "in-

tegrable densities": densities for which f 1¢1 is finite, compared with 
X 

integrable functions: functions for which f lfldµ is finite. However, 
X o 

the class of integrable functions depends on the measure µ 0 , contrary to 

the class of "integrable densities" which is independent of the choice of 

¢0 • It is in this sense that we say: densities on a manifold X generalize 

functions on ]Rn with the Lebesgue measure: out of densities on X we 

can construct a class of "integrable densities" analogous to the set 

L]R1 (1Rn, '(n)) f ( · l 1 f 1) '(n) · bl f · A o equ1va ence-c asses o rea A -1ntegra e unctions on 

We now can ask: densities on a manifold X are the generalization of 

L 1 - functions on ]Rn does there exist a similar generalization of L2 -
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functions? The answer is affirmative and given by the concept of a !-densi­

ty. For the sake of generality/simplicity we will define the more general 

concept of a r-density (r E lR) : a r-density cp is a function cp: F1½c ➔ lR 

such that: 

=> Hx,l;a) = cp(x,I;) • I det al r 

(whence a density should be called a 1-density); 

Similar to 6 1x we define the bundle over X as the bundle whose 

fibres 6rX consist of all functions cp : FnX ➔ lR such that 
X X X 

cp (!;a) = cp (I;) • ldet air. 
X X 

Again this is a line-bundle (because the value of cp in a particular frame 
X 

!; 0 determines cpx completely), the sections of are r-densities (and 

vice-versa) and 6rX is a trivial bundle (using the same argument as for 

How does a !-density generalize 1 2 -functions? If cp 1 and cp 2 are 

!-densities, then their pointwise product cp 1 • cp 2 defined by 

is a 1-density which can be integrated over X, hence we have an inner 

product on the set f(6!X) of all ½-densities on X defined by 

Now if cp0 is a trivializing section of 6½X (i.e. cp 
0 

is a nowhere 

vanishing ½-density) then cp~ = cp 0 • cp0 is a (positive) trivializing section 

If we denote by µ 0 the measure associated to then for func-

tions f,g: X ➔ lR we have a bijection between !-densities and functions: 



36 

and moreover we have an inner product on the functions given by: 

( f ,g) J fg dµ 
0 

This formula enables us, analogous to the case of densities, to see the½­

densities on X as a generalization of L 2 - functions on (JR.n ," (n)). 

It should be said that there exists a definition of ½-densities which 

is independent of the differentiable structure on Q (i.e. without using 

the bundle F~) as can be read in [Abraham & Marsden, §5.4]. Their defi-

nition involves the Radon-Nik.odyrn derivative of measures and the class of 

measures µ which are equivalent (in the sense of absolute continuity) to 

the Lebesgue measure on every coordinate chart; a ½-density is denoted by 

the symbol fvdµ. The concept of !-densities defined in this way (indepen-

dent of a differentiable structure) is also used in the construction of uni­

tary representations of topological groups. 

We finish this section with another generalization: we generalize r­

densities to complex tangent vectors and to densities with complex values. 

T Xa; 
X 

over 

Now 

If we use in the definition of FkX the complexified tangent space 

instead of T X and if we use linear independence over a: instead of 
X 

JR. ' then we get the bundle FkXCI: of all complex k-frames over X. 

F1Xa; is the complexified tangent space without the zero section and 

is the principal GL(n,CI:) bundle over X associated with i.e. 

the fibres FnXa: are isomorphic to GL(n,a:) and there is a right-action of 
X 

GL(n,CI:) on FnX(I; which gives FnX the structure of a principal fibrebun-

dle. These facts are a straightforward generalization of the real case 

FnX, one only uses the field of complex numbers instead of the (not always 

explicitly mentioned) reals. 



We then define a real r-density as a function ¢ 

property 

n a: 
a E GL(n,<t) /\ (x,s) E F X 

In the same way as before we define the bundle 6rX such that the fibres 

6rX consist of all functions ¢ : FnXa: + ]R with the property 
X X X 
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We then note that 6rX is a real line-bundle over X (because ¢ is deter-
x 

mined completely by its value on a fixed complex frame) and moreover: it is 

the same bundle as before, because we may fix its value on a real frame. 

Hence sections of 6rX represent real r-densities on X viewed as func-

tions on either or (with certain transformation properties). 

The second point we wanted to generalize is the range of the densities: 

a complex r-density is a function ¢: FnX + a: such that 

aEGL(n,lR) A (x,s) EFnX 

=> ¢(x,sa) = ¢(x,i;) ldet air 

We then define the bundle 6rXa: as the bundle whose fibres 6rXa: consist 
X 

of all functions ¢ : F°x + a: such that ¢ (sa) = ¢ (s) idet air. By now it 
X X X X 

should be obvious that 6rXa: is a trivial complex line-bundle over X (as 

6rX is a trivial real line-bundle over X) and moreover: 6rXa: is the com­

plexification of 6rX (because we can fix the real and complex functions 

F°x on the same frame 
X 

In the same way as before we can visualize the complex 1-densities as 

a generalization of L~(lRn,A(n)) (= the complex valued absolutely integrable 

functions on ]Rn). In order to visualize complex valued !-densities as a 
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generalization of complex 12 -functions on we need to define the 

inner product slightly different from before (just adding a complex conjuga­

tion!): if ~ and ~ are complex !-densities we define 

where we use complex conjugation in the first factor as is customary in 

physics. 

As in the case of real densities, we can define complex densities as 

functions ~: FnX(J; + (J; such that: 

n (J; 
aEGL(n,cr) /\ (x,~) EF X 

but as in the real case, this does not change the definition of 

hence sections of 6rX(J; represent complex r-densities viewed as complex 

functions on either or 

Nota Bene: in the sequel we will omit the superscript (J; in so 

6rX will always represent complex r-densities unless stated otherwise ex-

plicitly. 
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S -!-D-DENSITIES 

In section 3 we saw that, in order to mimic the Schrodinger quantiza­

tion, we needed a reducible real polarization D on our symplectic manifold 

(M,w). With this polarization one can define sections of L (the prequan­

tization line-bundle) such that the inner product of two of them is a func­

tion on M/D (= the generalized configuration space). The mimicry would be 

complete if we had a natural way to integrate over M/D, which we do not! 

This implies that we need extra structure to do@it; the easiest extra struc­

ture should be a measure or a density on M/D, but (in general) there is no 

natural choice, so we need something else. 

Let and s 2 be arbitrary sections of L which are covariantly 

constant along D, then (s 1 ,s2) "is" a function on M/D. As we have seen, 

the introduction of a density at this point involves an arbitrary choice; a 

more natural way is the following: do not add the additional structure at 

the level of the inner product (s 1,s2), but add some structure to the sec­

tions si themselves such that the inner product (s 1 ,s2) turns out as a 

density on M/D, not a function. The idea to do this, is to multiply a 

section s. of L with a !-density ¢. on M/D, then the "product" 
l. l. 

tum mechanics then should be constructed out of such products s¢ instead 

of out the s alone. 

Before we try to realize this idea, let us investigate how it looks 

like in the Schrodinger quantization. In M L = ]R2n x a: 
' 

we can identify sections of L with functions on JR2n and sections covari-

antly constant along Dv are defined globally by ~ = 0 ap. 
l. 

( i = 1 , ••• , n) , 

so in this case (and not in the general case!) sections covariantly constant 

along Dv can be identified with functions on M/D = ]Rn (with coordinates 

i 
q ) • On ]Rn we have a natural way to identify !-densities with functions 
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by means of the global non-vanishing !-density ¢0 defined by 

( i 3 3 \ 
¢ ,q ,-1•···,-; 

o \ 3q 3qn 

which implies that the measure associated with the 1-density 
2 

¢0 equals the 

Lebesgue measure on ]Rn. Hence if si is an arbitrary section of L co-

variantly constant along is a function on and if 

is an arbitrary !-density on M/D <- ¢. = f.¢ , f. a function on 
1. 1. 0 1. 

then 

yields: 

-f- 2 . . d n s 1 1 s2f 2 ¢0 which can .JJe integrate over JR 

J ~ s 2 f 2 dA (n) 

]Rn 

and 

If s. 
1. 

and f. 
1. 

are arbitrary, then s. f. 
1. 1. 

is an arbitrary function on 

and we "see" that the associated Hilbert space is (in a not yet defined way) 

given by L 2 - functions on ]Rn as is the case in the Schri:idinger quantiza­

tion. The conclusion is that our idea might lead us to a correct generali­

zation of the Schri:idinger quantization. 

We now turn back to the realization of the idea in the general case. 

It seems evident that we need the bundle L ® 6!(M/D) of which sections are 

written as s ® ¢ but this tensor product IS NOT defined because L 

and 6 ½ (M/D) are bundles over different base spaces: L is a line-bundle 

over M and 6½(M/D) is a (trivial) line-bundle over M/D. What we have 

to do is either to interpret sections of L which are covariantly constant 

along D as sections of some bundle over M/D, or to interpret sections of 

6!(M/D) as sections of a bundle over M. Although the example of M = T*JR* 

suggests that we can interpret sections covariantly constant along D as 

sections of a bundle over M/D, this is not possible in the general case 

(as far as I know) and instead one interprets ½-densities on M/D as sec-
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tions of a (complex trivial line) bundle over M. 

Let us give a heuristical outline of the forthcoming program: we estab­

lish a bijection between ½-densities on M/D (i.e. section of 6!(M/D)) 

and a subset of all sections of BD. We then define (in the next section) 

the quantum bundle QB over M as 
D 

QB = L 0 B each section ¢ of QB 

has a (local) representation ¢ = s® v where v is a section of BD and 

s a section of L. We then define the Hilbert space H as follows: H 

consists of those sections ¢ of QB for which a representation ¢ s ® v 

exists with v the image of a ½-density ~ on M/D and with s a section 

of L which is covariantly constant along D and for which 

f (s,s)$~ 
M/D 

is finite. The inner product on H is defined by the formula 

So far our program; the rest of this section will be devoted to the def­

inition/construction of the bundle BD (where D is the symbol of the 

(real) polarization on (M,w)) and the correspondence between sections of 

and sections of 
D 

B . 

A ½-density ~ on M/D is a function which assigns to n (independent) 

tangent vectors We 

are now going to lift the vectors to tangent vectors of M and we de-

fine a ½-density as a function on this lift. One's first impuls would be to 

say: such a lift is not unique and indeed if we consider the canonical pro-

jection n: M ➔ M/D then there do not exist unique vectors fl, ET M such 
1- m 

that 

frame of 

= /;i E Tn (m) (M/D). However, there is another way of lifting a 

(m)(M/D) to TmM: a frame of Tn(m)(M/D) consists of a basis 
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C. (i;:.) 
l. J 

0 ..• 
l.J 

This basis can be mapped onto n independent vectors of 

by and then we can transform them back to tangent vectors 

of the symplectic form w: iz w + n* C. = 0. 
j m J 

Let us summarize this lift: given n independent vectors 

(si) E Tn(m)(M/D) we construct n (unique) independent vectors 

as follows: 

( i) 

( ii) 

c. ET*( ) (M/D) 
l. 1T m 

Z. ET M 
J m 

c.(s-) =6 .. 
l. J l.J 

i~ W + 1!* C. = 0 s. m J 
J 

by means 

({) E TM 
i m 

Note that we do not have necessarily n*Zi = si; in fact we have rr*si 0, 

i.e. we claim that if (i;:i) is a basis of Tn(m)(M/D) then (Z.) 
l. 

is a 

basis of Dm. Before we state this claim as a proposition, we introduce the 

bundle R over M as the bundle whose fibres R consist of all frames 
m 

of D. It follows that R is a subbundle of FnM (= the bundle of all n­
m 

frames on M· . dimM = Zn) and moreover: R is a principal 

dle over M (the frames of Dm can be indexed by GL(n,JR) 

GL(n,lR) bun­

just as the 

frames of Tn(m)(M/D)). Using this terminology, we have constructed a map 

from 
n 

Fn(m)(M/D) to R 
m 

each frame of maps to a frame 

(Zi) of Dm and now we can state our proposition. 

PROPOSITION: for each m EM 

F~(m)(M/D) to R • 
m 

PROOF: for each m EM there 

the map (C) f-+ (t.) 
l. l. 

is a bijection from 

exist local canonical coordinates (q,p) in 

which D is spanned by L!.}; on the neighbourhood u where (q,p) 
l. i are defined, the leaves of D are defined by q const, hence we may use 

the coordinates (q) as coordinates on n(U), so n(q,p) = (q). Using 

these coordinates, each frame (s) of Tn(m)(M/D) is defined uniquely by 



a matrix g E GL(n,JR) 

If we denote the standard frame by then we have 

where we use the same notation as in section 4. If we denote by (~ 0 ) the 

"standard" frame of D: 
m 

(X .) 
ql. 

then each frame (n) of Dm is characterized by a matrix h E GL(n,JR): 

__ a I h - < ) ( )h ni :lp. m ji n = no · 
J 

If we now compute the image of an arbitrary frame (i;) 

TTT(m)(M/D), then we get: 

:l 
(0 = (E: )g - C =-. g .. 

0 l. :lqJ J l. 

- -1 j 
- C. - (g ) .. dq 

l. l.J 

" ~ -1 a i~ w + TT' c. = 0 => C = -(g ) . --
i; j J J Jk :lpk 

hence (0 = (E: 0 )g =>(if)= (n 0 )h with h = (g-l)T. 
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Since the map g I-+ (g- 1? : GL(n,1R) --+ GL(n,JR) is bijective, the map 

Fn( )(M/D) _____,. R is bijective too. Note that we have proved TT ID m 

and passant our claim that E: is a frame of D ! 
Ill 

COROLLARY: ~ -1 T g E GL ( n, JR) => ( i;) g = ( E:) ( g ) • 
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It is interesting to see how the lift ([) varies with m while TT(m) 

remains constant: 

PROPOSITION: suppose 
-1 

m E TT (x) 
0 

and { n. } n indepen-
1-

dent locally hamiltonian vector fields defined in a neighbourhood U of m0 

such that {ni} span D on U and such that 

possible because D is a polarisation!) 

<n-1 )=(O 
l. m 

0 

(N.B. this is 

Then -1 for all m E Un TT (x) • 

PROOF: we may assume that U is small enough so there exist functions e. 
1 

on U: n. = X 
i e. 

n.ED=>\fz;;ED: w(n.,z;;)=O=>\fz;;ED: z;;e.=0=>3e. func-
i :L 1 1 

1-

t ions on M/D: e . = e . o TT TT*e .. If (c.) is the basis of r*(M/D) dual 

* => TT C. 
m J 

1 1-

de. 
J 

d(TT*e.) 
J 

n* de. 
mo J 

TT*de. 
m J 

1- 1- X 

0 by definition) 

\fm E Un TT -l (x) 

Let us turn back to ½-densities on M/D: a ½-density ¢ on M/D is 

a complex function on Fn(M/D) enjoying certain properties. Using the 

above constructed map, ¢ defines a function ¢ on R as follows: suppose 

(n.) 
1-

is a frame of Dm' then there exists a unique frame 



If cp is a ½-density and g E GL(n,lR) then 

cp(E;g) cp(E;) • ldet gl ½ 

hence for cp we have: 

---------¢ ( E;(g-1) T) = cp(E;(g-1) T) 

cp(E;) ldet (g- 1) Tl½ 

= -;pa:) I det gl-! 
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We see that the lift ¢ of a !-density cp is a function on R satis­

fying a certain relation; we now define a -!-D-density v as a function on 

R such that for n E Rm' g E GL(n,lR): 

v( ng) n(v) ldet gl-½. 

(N.B. in [Simms & Woodhouse] such a function is called a +½-D-density!). 

In the same way as we defined the bundle 6½X from F~ (i.e. a sec-

tion of a ½-density on X a function on we now define 

to be the complex line-bundle whose fibres BD consist of all functions 
m 

vm Rm ➔~ such that for n E Rm, g E GL(n,lR): 

With this definition a section v of represents a -½-D-density on 

M, i.e. v represents a function on R satisfying the -½-D-density con­

dition. 

The following question now arises: each !-density cp on M/D can be 

lifted to a -½-D-density cp on R, in other words, each section cp of 

can be lifted to a section ~ cp of but ... is each section of 

BD the lift of a ½-density, and if not, how do we describe the subset of 

sections of BD which are the lift of ½-densities? 



46 

It should be "obvious" that not all sections V of BD are the lift 

of a section ¢ of l} (M/D) because of the following: if ¢ is a ½-den-

~ sity then the variation of ¢ on a leaf of the foliation D (which is pro-

jected to one point in M/D) is determined completely by the value in one 

point, or equivalently by the value of ¢ at the projection. In a certain 

~ sense ¢ is constant along the leaves of D, so it remains to specify in 

what sense. 

Let us investigate this situation in local canonical coordinates (q,p) 

on a neighbourhood u in which D is spanned by f a 1. 
1_ 3p. f 

1. 

density on M/D then we have seen that ¢ is defined by 

if n. 
1. 

ldetg(m)l-!¢(m, (X .)) = 
ql. 

ldet g(m) ,-! ¢(1r(m), (~)) 
8ql. 

8 --8-1 g .. (m) = Xqilm gJ_i(m). 
Pj Im Jl. 

If is a !-

Using the same local coordinates we can identify (locally: on U) -!-D-den­

sities v with functions v on M by 

v(m) V (m, (X . ) ) 
ql. 

ldet g(m) ,-! v(m) 

and we see that the -!-D-density ¢ is constant along the leaves of D 
:::, 

in the sense that the function ¢ is a function constant along the leaves 

of D or in other "words": 

1;¢(m, (X .I )) 
1, 

q 1m 
0 (as a function on U). 

We are now faced with several problems/questions: 

1°. an aesthetical question: can we find a way to express this property of 

¢ in a coordinate independent way?; 2°. is this condition really coordi-
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nate independent?. 3°. a more important question: is the converse true: 

is every -½-D-density v on M satisfying 

Vi; ED 

the lift of a ½-density ~ on M/D? 

We start with the first two questions simultaneously: the (local) co­

ordinates comes in when we write v (m, (X . ) ) ; we can do "better" and sub­
ql. 

stitute arbitrary vector fields (spanning D !) instead of the (X .) but 
ql. 

nevertheless, in order to write 1;v = 0 we have to substitute some vector 

fields which implies an arbitrary choice. Instead of degrading a -½-D-den­

sity v to a function on M (by substituting vector fields) we can promote 

vector fields 1; E D to operate on -!-D-densities: 

tion of BD , i.e. V is a -½-D-density, and suppose 

field on M, then we define the section V V of BD 
I; 

(Vv)(m, (n0 )) 
1;, 0 

where (n) 
0 

is an arbitrary frame of and where 

independent locally hamiltonian vector fields on M 

and such that <n.) I 
1 m 

span D 
m 

in a neighbourhood of 

fields exist because (again) D is a polarization). 

suppose V l.S a sec-

1; E D is a vector 

as follows: 

{n.} 
l. 

m 
0 

are n linear 

(such vector 

One should not be surprised at the use of locally hamiltonian vector 

fields spanning D in the definition of they already appeared in the 

definition of v (although very special ones) but they also appeared in the 

lift s of a vector field s on M/D as the dependence of s along a 

leaf of D ! The following proposition justifies our terminology: 

PROPOSITION: if v is a -½-D-density then Vl;v is correctly defined (i.e. 

independent of the choice of (ni)); moreover V v is a 
1; 

-½-D-density. 
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PROOF: let (n') be a different frame of 
0 

D 
m 

0 

g E GL(n,:JR) such that 

and let (n!) be a set of n 
l. 

independent locally hamiltonian 

vector fields spanning D such that (ni) Im 
0 

that: 

(n'). We then have to prove 
0 

(Vr;v)(m0 , (n0 )g) 

-r; v(m, (n!)j) 
m 1. m 

0 

Define g(m) E GL(n,:JR) by 

fine local functions e. and 
l. 

locally hamiltonian) and let 

vector field, then: 

(\7 v)(m , 
I; 0 

ldet gl-! 1; v (m, ( n . ) j ) • 
m 1. m 

0 

( n ! ) J = ( n . ) J @g (m) , i. e • n ! 
1. m 1. m 1. 

= n.g(m) .. , 
J J l. 

e! by n. = X , n! = X, 
l. l. ei l. ei 

(n and n' 

Xf ED be an arbitrary locally hamiltonian 

[Xf' X , J = X (X X ) = 0 
ei w f' e! 

(D is isotropic!) 

Since the X 
e. 

J 

[Xf, g .. X ] 
Jl. e. 

J 

(Xf g .. )X 
J l. e. 

J 

l. 

g .. [Xf, X ] + (Xf g .. )X 
Jl. ej Jl. ej 

(again because D is isotropic) 

= n. 
J 

are independent it follows that Xf g .. = O, hence 
J l. 

de-

are 

(because the locally hamiltonian vector fields in D span D by definition) 

we have: 

VI; ED : r;g .. = 0. 
m Jl. 

Finally we can prove what we had to prove: if I; ED then: 

r; v(m, (n.) J g(m)) 
m 1. m 

0 

I; {ldetg(m)l-~v(m, (n.)j )} 
m 1. m 

0 

ldet g(m) I-! I; (m, (n.) J ) . IQEDi 
o m 1. m 

0 



We continue with some properties of the map V : 
z; 
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PROPOSITION: the map Vz; possesses all properties of a flat (partial) con­

nection: if z;,n ED, if f,g are functions on M and if v and µ 

are -½-D-densities then: 

'fJ V 
fz;+gn fV V + gV V 

z; n 

V v + V µ 
z; z; 

V V V - V V v = V[ JV. z; n n z; z;,n 

PROOF: a direct consequence of the definition of Vz;v. !QED! 

REMARK: Vz; is called a partial connection because it is defined for a re­

stricted class of vector fields only. 

Finally, we are going to state (and prove) the desired proposition con­

cerning the lift of ½-densities: 

PROPOSITION: let v be a -½-D-density on M then: there exists a ½-den­

sity cf, on M/D such that $ = v if and only if Vz; ED : V z; v = 0. 

where <, (m)) 

seen that if 

z; $(m, (n)I) m m 
0 

z;m cf,(n(m), <,(m))) 
0 

is a frame at n(m) such that (,(m)) = (n) . But, we have 
m 

(n) is a locally hamiltonian frame then <,(m)) does depend 

on n(m) only hence 

because 0 

z;m cf,(n(m), <,(n(m)))) = O 
0 

(z; E D). 
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then ¢ obviously is a !-density satisfying the condition ¢ = v, provided 

that v(m, (n )) 
m 

does not depend on 
-1 

m E 1l (x) (under the condition 

To prove this, let m E 1l _, (x) 
0 

be arbitrarily chosen and let 

be n independent locally hamiltonian vector fields such that 

D in a neighbourhood U of m 
0 

and such that en· I ) = a:). 
l. m 

0 

{n.} 
l. 

Then 

(n.) 
l. 

span 

(n.l ) = ([) on U according to an earlier proposition and we have to prove 
i m 

that v(m, n )) 
m 

field on U then 

is constant on 
-1 

1l (x) • Let s ED be an arbitrary vector 

s v(m', (nl ,)) = (V v)(m, (n )) = 0. 
m m s m 

Since s is arbitrary and since D "is" the tangent space of the leaves 

-1 
1l (x)' v(m, (n )) is constant on the leaves of D. 

Ill 

For those who have forgotten our aim, let us summarize: in order to 

bring ½-densities on M/D and sections of L on the same footing, we con­

structed the bundle R (depending on the real polarization D). Then we 

defined -½-D-densities on M as a special class of functions on R and we 

defined the bundle BD as the line-bundle whose sections are the -½-D-den­

sities on M. We showed that ½-densities on M/D, i.e. sections of ~!(M/D) 

could be lifted to sections of 

traduced a partial connection V on 

i.e. -!-D-densities on M and we in­

in order to prove a desired result: 

every lift of a ½-density on M/D is covariantly constant along D (using 

this connection) and vice-versa: every -½-D-density covariantly constant 

along D is the lift of a ½-density on M/D. 
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6 QUANTIZATION I 

In the previous section we defined the bundle BD in order to bring 

½-densities on M/D and sections of L on the same footing. We now define 

the quantum bundle QB = L 181 BD and we want to define an inner product on 

the sections of this bundle according to the heuristic formula 

where vi = ¢i, the lift of a ½-density on M,lD. The first idea is to re­

strict our attention to those sections ¢ of QB which admit a local repre­

sentation ¢ = s 181 v where s and. v are covariantly constant along D 

(according to the (partial) connections V on L and 
D 

B ) ' but ... how do 

we see whether ¢ admits such a representation or not? To "answer" this 

question we define a partial connection V on QB as follows: for s ED, 

¢ a section of QB with local representation 1/J = s 181 v we define 

V 1/J = (V s) 181 v + s 181 (V v) . 
s s s 

This is a correct definition, independent of the local representation s 181 v 

just because the V are connections in L and BD: if f is a function 

on M then f(s 181 v) = (fs) 181 v = s 181 (fv) and (Vs(fs)) ® v + (fs) 181 (Vsv) = 

= (Vss) 181 (fv) + s 181 (Vs(fv)) = (sf)s®v + f'vs(s®v). 

PROPOSITION: 1 
curv(V) = hw . 

PROOF: a direct consequence of the fact that curvL(V) 

curv D (V) = 0. !QED! 
B 

w/h and 

PROPOSITION: if 1/! admits a Zoca l rep re sen tation 1/J = s ® v ,vhere s and 

v are covariantly constant along D then 1/J is covariantly constant along 

D. 
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PROOF: V ,j, 
i:; 

V (s®v) 
l; 

(V s) © v + s © (V v) 
l; l; 

O+O 0. jQEDI 

It seems that we need the converse of the proposition above in order to 

characterize the sections of QB which admit the desired representation, 

but fortunately we do not need such a proposition. Our aim was and is to 

define an inner product on sections of QB by associating a density on M/D 

to a pair of sections; we know how to do it for sections which admit a spe-

cial representation (,j, s@ v where s and v are both covariant con-

st ant along D) and we will show how to do·· it for sections ,j, which are 

covariant constant along D, with or without a special representation. Al­

though we will in this section construct explicitly a local representation 

in wh,ich both s and v 
0 

are covariant constant along D if 

,j, is; in a more general case however we will not use such representations 

(see section 9). 

Our first step is to give a short procedure to compute the density 

<P1<P2 on M/D if we know the -½-D-densities ¢1 and ¢2 on M. Suppose 

XE M/D, m E -1 
( l;.) ( l; 1 ' • • • 'z;;n) TI ( x) , = a basis of D and E,. E T M 

}_ m }_ m 

such that ( I; 1 '· • • 'l;n' E, 1 '· • • 'E,n ) is a basis for TmM, then (TI*t,i) 

basis for Tx(M/D) because TI is a submersion and for ½-densities ¢ 1 

and ¢2 on M/D we have the following lemma: 

is a 

PROOF: we use local canonical coordinates (q,p) such that D is spanned 

by {x J 
q 

f__a "l. 
1. ap.J , 

}_ 

matrices g E GL(n,JR), 

then (q) are coordinates on M/D and there exist 

h E GL(2n,JR) such that: 



and hence h = ( a b) 
\0 g 
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where a E GL(n, JR). 

The proof of this lemma can be generalized immediately to give the fol­

lowing proposition. 

PROPOSITION: ~sing the same notation as above, two sections ¢1 =s 1 0v 1 

and ¢ 2 = s 2 ® v2 of QB define a density <Pm at x = 1f (m) E M/D for each 

m by 

The definition of <Pm does not depend upon the (local) representation 

¢. = s.©V. 
I. I. I. 

but <Pm depends in general upon the choice of 
-1 

m E 1f (x) • 

However, for 

-1 

covariant constant along D it does not depend upon 

m E 1f (x). 

PROPOSITION: if ¢1 and ¢2 are covariant constant along D then <Pm 

-1 
does not depend upon the choice of m E 1f (x). 

PROOF: we show that is locally independent of m· , from the connected-

ness of 
-1 

1f (x) (=a leaf of D) the proposition follows. As before we 

use local canonical coordinates (q,p) defined on a neighbourhood U of 

-1 
m0 E 1f (x) such that 

symplectic potential 8 

D is spanned by {X .} on U. On U we have a 
ql. 

which defines a (local) triviali-
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zation of L such that sections s of L over U can be identified with 

complex functions s on U and such that the connection V is defined by 

i 
VE,s = E,s -r;-8([,)s. 

A priori it is not clear that such an arbitrary choice of 8 leads to 

a correct description, because L was constructed from a special set of lo-

cal potentials 8 .• However, if we restrict U to be contained in such a 
J. 

set and if we use inside this set (which defined the local trivialization 

of L) a gauge transformation, then it follows that our construction above 

is indeed correct! 

Because D is spanned by 

?;;ED~ Vs 
;:;; 

?;;s 

J a } 
13p. 

J. 

it follows that 

on U. 

Furthermore, on U we define a local trivialization of BD by means of the 

-½-D-density V 
0 

defined by 

v (m, (X . ) ) 1 • 
0 J. 

q 

Then each -½-D-density v on U defines a unique complex function f on 

U such that 

If we compute V V 
;:;; 0 

(defined for ;:;; ED only) then: 

(V v ) (m , X . I 
;:;; o o ql. 1m0 

;:;; v (m, X · I ) = 0 
m o J. m 

0 q 

hence v O is covariant constant along D. Now if 1jJ = s ® v is any section 

of QB and if ;:;; ED then there exists f: U + a such that v = fv and: 
0 
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V 1jJ (V s) ® v + s © V v = (r;s) © (fv ) + s ® (r;f)v0 r; r; r; 0 

(fr;s+sr;f)®v (r;(fs))®v. 
0 0 

Hence 1jJ is covariant constant along D iff the function fs is indepen-

dent of the coordinates i.e. iff fs is a function on M/D. Now if 

w1 and w2 are covariant constant along D then 

which is independent of the coordinates p. 
l 

or equivalently which does not 

depend upon the choice of 
-1 

m E rr (x) n U. IQEDI 

We conclude that we can define unambiguously a density (iJ! 1 ,w2) on 

M/D out of two sections w1 and w2 of QB which are covariant constant 

along D by means of the formula 

where (r;,O a basis of TM and (r;) 
m 

a basis of D. 
m 

00 

We now define the set PH as the set of C -sections 1jJ of QB which 

are covariant constant along D and for which J (ijJ,ijJ) is finite: 
M/D 

PH { 1jJ : M ➔ QB I Vr; E D J (ijJ,ijJ) < oo}. 
M/D 

On PH we define an inner product <, > as follows: 
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which transforms PH into a prehilbert space. Finally. we define the 

Hilbert space H as the completion of PH and we interpret H as repre­

senting the Hilbert space of the quantum mechanical description. 

Before we turn our attention to the question of observables, we make a 

few remarks: the bundle QB is a complex line-bundle over M with a par­

tial connection 'v (where curv('v) = w/h) and an "inner product" in the 

fibres (which defines a density in n(m) E M/D). We see that QB resembles 

L in many ways: L is a complex line-bundle over M with a connection 'v 

(where curv('v) = w/h) and an inner product in the fibres (which defines a 

density on M by means of the natural volume element E on M). 
w 

What we have done in fact is that we have added some structure to L 

such that the inner product in the fibres defines a density on M/D (after 

the introduction of a real polarization) instead of a density on M. We 

needed this trick to reduce the size of the Hilbert space: first sections 

of L, then sections of L covariant constant along D (which defined the 

trivial Hilbert space {O}) and finally sections of QB covariant con-

stant along D. The reason for this construction was that we wanted to imi­

tate the Schrodinger quantization as best we can. 

We have seen already (in a heuristical way) that this approach leads us 

to the Hilbert space of the Schrodinger quantization when we use D = Dv, 

so it now remains to specify the observables which are quantizable, i.e. we 

have to define a map o: observables ➔ self-adjoint operators on H and we 

have to define the domain of o. 

However, before we can define o, we need some additional techniques: 

suppose 

then 

is a vector field on M with flow i.e. 

is the associated map on tangent vectors which defines a flow 
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When we want to restrict to the subbundle R of F~ (R = the bundle 

of all D-frames) then R should be invariant under pt' which imposes 

some restrictions on the vector field r;. If we abbreviate the expression 

"Vn ED : [r;,nJ ED" by [r;,D] c D then one can prove that the following con-

dition is sufficient to guarantee that R is invariant under 

LEMMA: suppose [r;,D] c D and (m,n) ER then pt(m,n) ER (i.e. pt 

can be restricted to R) and furthermore there exists a flow on M/D 

such that (i.e. pt projects !o a flow ot on M/D). 

With the aid of the flow we define (for vector fields r; satisfy-

ing [r;,D] c D) the lift of r; as the vector field r; on R given by: 

and one can prove that if both r; 1 and r; 2 can be lifted to R 

then: 

Now if v is a -!-D-density then it is a function on R hence if r; 

satisfies [r;,D] c D then we can apply r; and r;v is again a function on 

R. In the literature the function r;v is often denoted by 

operator L r; "conserves" -!-D-densities: 

PROPOSITION: if v is a -!-D-density, then Lr;v too. 

PROOF: ((;v) (m, (n)g) ddt I t=O v(p tm'pt*(ni) g) 

ddtlt=O v(ptm' (pt*ni)g) 

ddtJt=O v(ptrn, (pt*ni)) • ldet gl-! 

c'2'v) (m, (n)) • I det gl- 2 IQEDI 

L V r; and the 
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In general ~(m,n) will depend on the values of c; in a neighbourhood 

of m and not only of c;m, but for special vector fields we have a nice 

property: 

PROPOSITION: Zet 1; be a locally hamiltonian vector field, c; ED and Zet 

v be a -½-D-density on M then: 

PROOF: ('v v)(m ,n) = c; v(m,n) = dd I 0 v(p m, (n.)j ). Now 1; and 
c; o o m0 m t t= t o 1. P tmo 

ni are locally hamiltonian vector fields hence there exist functions z, 

e. on M such that 
1. 

[z,e.J 
1. 

w(c;,n.) = O 
1 

= n -1 . 
1.,p m 

t 0 

Finally (~v)(m ,n) 
0 0 

1; = X z' n. = 
1 

because c;, ni 

X so [1;, n. J = X[z,e.J· But 
e. 1 

1 1 

E D hence [ c; 'n. J = 0 ~ Pt*nilm 1 
0 

ddtlt=O v(ptmo, (pt*ni)) 

ddt\t=O v(ptmo, (nilp m )) 
t 0 

('v v) (m ,n ) . !QED! 
1; 0 0 

With these technical resources we can define the map o and its domain: 

a function f: M ➔ JR is called a quantizable observable if the associated 

globally hamiltonian vector field Xf satisfies the condition [Xf,D] c D. 

For quantizable observables we define the operator o(f) on sections 

iµ = s ® v of QB as follows: 

o ( f) iµ 

which reduces to o(f)iµ = -ih Vx/ + fiµ if Xf E D. 

Several questions now have to be answered: 1. is o(f) an operator on 

H, i.e. is o(f)iµ an element of H if 1/; is?; 2. is o(f) self-adjoint 

on H? To answer these questions, we first state a proposition. 
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PROPOSITION: if f is a quantizable observable, if s ED is locally ham­

iltonian and if w is a section of QB then: 

cS ( f) 'v W - ih 'v [ X J W • 
s s' f 

PROOF: a direct consequence of the definitions if one uses the following 

facts: 

a) curv ('v) w/h in L 

b) 'v V 
s 

c) L LX V 
s f 

(because 

d) L V 
[s,Xf] 

is globally hamiltonian in D). 

COROLLARY: if w is covariant constant along D then cS(f)w too. 

PROOF: D is (locally) spanned by locally hamiltonian vector fields and we 

apply the proposition above. JQEDJ 

We now have proved that o(f) maps sections which are covariant con­

stant along D into sections covariant constant along D, so there remains 

to show that cS(f) maps (a part of) H into H and that cS(f) is (essen­

tially) self-adjoint on H. As in previous sections we will "show" that if 

f is a quantizable observable such that Xf is complete then cS(f) is 

essentially self-adjoint on H. 

If Xf is a complete vector field, then there exists a 1-parameter 

group of transformations pt on the sections of L such that: 

-1h- p s . d I 
dt t=O t 

-ih 'v s + f s 
xf 
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a fact which was proved heuristically in section 2. Furthermore, the I-parameter 

group on M associated to induces the 1-parameter group on 

BD such that for v a -!-D-density: 

where p;v is the pullback of v : p;v = v o pt and where pt is the flow 

induced on R. We now can combine these two flows to define a flow 

QB: 

i5 ijJ = p (s © v) = (p s) © (p*v) 
t t t t 

which is defined correctly, independent of the representation ~, 

cause and are linear over the functions on M. 

PROPOSITION: pt is a unitary flow on H. 

PROOF: suppose r;; ED then for a -!-D-density v we have: 
m 

0 

r;; v(p m,p -'<n ), 
m t t' m 

0 

on 

s © v be-

but since leaves w invariant we have that n locally hamiltonian 

locally hamiltonian hence => pt*TJ 

frame [, . 

p n = [, for some locally hamiltonian t* m p m 

hence V p*v 
I:; t 

t 
Now we can compute: 

(pt*[, )v(m,i:,) m m 
0 

Using the techniques of the last part of section 2 one can show that for a 
sections of L: 
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With these facts it follows that if tjJ = s ® v is covariant constant along 

D then /\1/J also. We now suppose iµ 1 = s 1 @v and tjJ 2 = s 2 ®v are two 

sections of QB covariant constant along D· 
' 

then they define a density 

~ = (tjJ 1 ,iµ 2) on M/D and if we apply pt we get a density ¢ = (pttjJl,Pti/!2) 

on M/D defined by 

a frame of D. 
m 

a (globally) hamiltonian vector field E 
w 

hence 

E ( n, ~) 
w 

Since pt is the flow of 

(Liouville) and we have: 

Because f is a quantizable observable we have an induced flow (J 

t 
on M/D 

defined by at o 1T = 1T O pt so 

If we define for any density x and any diffeomorphism a of a n-dimen­

sional manifold X a new density a*x by 

then one can prove (completely analogous to the case of n-forms on X) 

the formula 

f a*x 
X 

f X 
ax 

f X • 
X 
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Consequently, if ¢1, ¢2 EH (or more precisely if ¢ 1, ¢ 2 E PH) then 

f 
M/D 

f 
M/D 

Cri ¢. ,ri ¢.) 
t l. t l. 

(¢.,¢.) 
l. l. 

f 
M/D 

a*(¢.,¢.) 
t ]_ ]_ 

(i 1,2). Furthermore: 

t"' 

which shows that pt is unitary on H. !QED! 

We have proved that pt is a unitary group on H hence we can apply 

Stone's theorem (modulo the fact that we did not prove all conditions 

(on pt) of Stone's theorem) which tells us that the generator of pt is 

self-adjoint: 

(-ihddl ops)0v+s0(-ihddl op*v) t t= t t t= t 

(-ihl7 s+fs) ®v + s@(-ihL v) 
xf xf 

o ( f) ¢. 

We can summarize this section as follows: on the quantum bundle 

QB = L@ BD we defined a connection 17 which is essentially the "sum" of the 

connections on L and 
D 

B • Then we defined an "inner product" 

sections covariant constant along D where (¢ 1 ,¢2) is a density on M/D 

in such a way that (¢ 1 ,¢2) is the mathematically rigorous formulation of 

the heuristic idea (¢ 1 ,¢2) 

Out of the sections ¢ 

(where ¢. = s.¢.). 
]_ ]_ ]_ 

of QB covariant constant along D we con-

structed the Hilbert space H as H = { ¢ I Vz;;ED : 17 ¢ = 0 A f ( ¢, ¢) < 00 } , 

z;; M/D 

on 

which we interpreted as the Hilbert space of the quantum theory of the clas­

sical mechanical system described by the syrnplectic manifold (M,w). The 

quantizable observables f were defined by [Xf,D] c D and for quantizable 
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observables we defined an operator o(f) on H· 
' 

we then showed that if 

Xf is complete then o(f) is (essentially) self-adjoint on H. 

With these constructions we finally possess a quantization procedure: 

starting with a symplectic manifold (M,w) we have constructed a Hilbert 

space H and a map o which assigns to a quantizable observable f a self­

adjoint operator o(f) on H (actually we proved the self-adjointness only 

for "complete" quantizable observables, in general o(f) is only skew-sym­

metric). 

In the next section we will investigate some examples to see how this quanti-

zation procedure works; in particular we will see that the class of quanti­

zable observables depends strongly on the choice of the real polarization D. 
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7 SOME EXAMPLES I 

In this section we will give some examples to see how the quantization 

procedure described in the previous sections works. We will get an idea how 

the class of quantizable observables depends upon the polarization; further­

more we will see the shortcomings of this quantization procedure and its 

failures. Some of the problems encountered will be solved (partially) in 

the next sections, other problems will not be treated in these notes. 

EXAMPLE 1: SchrodingeP quantization: pos-i'tion representation. 

Here we quantize the symplectic manifold (M,w) where M JR2n with co-

ordinates 1 n 
(q , .•. ,q 'P1 , ... ,pn) and symplectic from w 

i 
dp. A dq ; 

1. 

represents the phase-space of a particle (system of particles) in ]Rn . 
' 

The various "choices" in the quantization procedure are made as follows: 

L 

D 

(which is in this case unique up to isomorphisms) 

{a! -I } 
l m 

hence M/D ~ ]Rn with coordinates and projection TI: 

In more detail we have: 

i 
TI(q ,p.) 

J 

it 

i 
(q ) . 

1A. Prequant izat i-Jn: L has a global non-vanishing sect ion s 
0 

defined by 

s (m) = (m, 1) 
0 

hence we can identify sections s of L with functions s 

on M by 

s(m) (m, s(m)) or s = s s . 
0 

The connection V is given by the formula 

and the inner product by 

p.dqi, 
l 
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With these ingredients, the Hilbert space of prequantization is given by 

/-{
A 2 2n (2n) . 

= L (JR , A ) = square-integrable functions on and, 

as we have seen in section 2, the observables pj and qj are represented 

on H by 

6(p.) 
J 

1B. The bundle the bundle BD 

defined by 

( a\\ 
v (m \--}} 

0 ' clpi 

j . a 
q + ih-~-. 

op• 
J 

has an obvious trivializing section 

each -!-D-density v defines a function v on M by: 

v(m, (-a!.))= v(m) 
l. 

and then 

v(m)v (m, \( --f-;\ .. ) 
0 pi l.J 

\! 
0 

By means of v O we can identify BD with M x <I: and we compute the partial 

connection V on BD in terms of M x (I;: 

(V v) (m , (X • ) ) 
r; 0 l. 

q 

- (Vr;v). r;v. 

(X i I ) ) 
q m 

1C. Quantization: the quantum bundle QB is defined by 

and the global non-vanishing sections s0 and v0 define the trivializing 
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section iji0 

1jJ s ® v = < s~ ) x < vv ) = < sv) ip 
0 0 0 

With these definitions the partial connection on QB becomes 

V s ® v = (V s) 0 v + s ® V v 
I:; I:; I;; 

hence 

Since V is defined only for I; E: D and since 0 (D) 0 if follows: 

consequently sections of QB which are covariant constant along D can be 

identified with functions on M = JR2n which are independent of the coordi­

nates pi. The density associated to two such sections is defined by: 

which is independent of the choice of m E rr- 1(qi) because the 1jJ are in-

dependent of the coordinates p .. 
1 

It follows that 

hence the Hilbert space determined by this quantization procedure is given 

by 

H square integrable functions of the 

coordinates i 
(q ) . 
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The condition on an observable f to be quantizable is given by 

Vi ,j 1, ... , n 

=> f(q,p) 
0 i 

f (q) + P/ (q). 

In order to define o(f) for all quantizable observables we have to calcu-

late the -½-D-density L v 
;:; 0 

for vector fiel<;Ls 

Let be the flow associated to 

there is no part 

Now we can compute L v 
;:; 0 

and: 

on M satisfying 

then: 

(L v ) (m ( - a \ \ - d I v (p m P (- a \) 
c;o o'\ clpi}J - dtt=O o to't* clpi} 

_ d I ( a \ 
- dt t=O vo(ptmo, ,-apkj(pt)ki) 

-½ [ I de t pt I -½ • ( de t pt) - l ] I t =O • 

3detpt, d 

-½ 3(pt)kilt=O dtlt=O (pt)ki 

n 3c;. 
<=(Lv)· -! l 1 

c; 0 i=1 clpi 

= ~1 ldet p I-½ 
dt t=O t 

d 
dt det Pt 

For quantizable observables 
0 i 

f = f + pi f we have 
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hence 

o(f)i/1 o(f)$s ®v 
0 0 

so we can represent o(f) on 1 2 (:JRn, >.. (n)) as 

o i · o • / • , afk • \ 
o(f (q)+p/ (q))i/l(q) = f (q)i/l(q) _,,"ih\XfljJ+ ! t al wJ 

= fo(q)iji(q) -Hft (~(fk(q)~(q)) + ?(q) aiii<t) 
aq aq 

, because ~=O 
ap. 

J 

and if ~ is sufficiently differentiable. 

1D. Summary and conclusions: L=Mx<t, D = Dv imply in this 

quantization procedure 

functions of i 
(q ) , 

f: M + lR is quantizable iff f(q,p) 

$EH: 

0 i f (q) + p. f (q) and then we have for 
l. 

o(f)~ = f 0 (q)iji(q) + ! (-ih~ (fk(q)~(q)) + fk(q)(-ih~)~(q)) 
aq aq 

or o(f0 +p fk) = f 0 + ½ (-i Ii-a- fk + fk • /\-iii _a_}\}\ 
k al al 

We see that the quantization procedure leads us, in this example, to 

the familiar Schrodinger quantization in the position representation: 

H = 12(:JRn), the position qi is represented as multiplication by qj 

and momentum p. is represented as differentiation with respect to qj 
J 

(times -ih) . 
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Unfortunately, the class of quantizable observables is quite small: 

it does not contain the usual kinetic energy function K On the 

other hand, it does contain products of position and momentum and then the 

quantization prescription says: symmetrize the expression (in p and q) 

and substitute -ih3 for p, which is the most natural way to do! 
q 

EXAMPLE 2: Schrodinger quantization: momentum representation. 

The only (major) difference between this example and example is that we 

choose D = Dh Dh = f ~} instead of D £ D v. The calculations are 
, m l 3q1. 

completely similar to those of example so we merely list the results. 

2A,B. Prequantization and the bundle BD: L Mx 0: 

s (m) 
0 

(m, 1) ; s(m) = (m, s(m)) 

with e' 

- s = s•s 
0 

N.B. We have chosen a different symplectic potential, which reflects a 

gauge transformation with gauge-factor exp(i pkqk /h). 

( 3 ) v (m, ,-. 
o 'aq1. 

= v (m, (X ) ) 
0 pi 

v = v•v => (V v). z;v. 
0 ;;; 

2D. Summary and conclusions: M JR.Zn , L MxO:, D Dh imply 

H square-integrable functions of the coordinates 

f: M ➔ JR is quantizable iff f(q,p) 
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or 

and especially 6(qj) ill-3-ap. 
J 

o(p.) = p .. 
J J 

In this example we recover the Schrodinger quantization in the momentum 

representation; the class of quantizable observables differs from the pre­

vious case: arbitrary functions of p can be quantized and those which are 

linear in q. Now the kinetic energy can be quantized, but not a reasonable 

potential well 

It is well-known that there exists a relation between the two represen­

tations: the Fourier transform. One might suspect that in general a rela­

tion between the Hilbert spaces from two different polarizations is given as 

a unitary transformation between them. In geometric quantization this cor­

respondence (if it exists!) is expressed by means of the so-called B1attner­

Kostant-Sternberg-kernel (BKS-kernel), which is not treated in these notes. 

EXAMPLE 3: Schrodinger quantization of an arbitrary configuration space 

* Q : M = T Q. 

In this example we quantize the symplectic manifold M = T*Q, w = d8 (8 

the canonical 1-form on T*Q) by means of the vertical polarization Dv. 

If we have coordinate charts U. with coordinates (qj) on Q then they 
l. 

define charts U. x JR.n of T*Q (dim Q = n) 
1 

with coordinates 

which 
j 

8 = p.dq • 
J 

Since * n T Ui ~ Ui x JR. the quantization is locally the 

for 

same as in example 1; minor differences occur in the global configuration. 

3A. Prequantization: L 

s 
0 

s (m) 
0 

(m, 1) 

T*Q x a: with a global non-vanishing section 

and (as before) each section s determines a function s 



s(m) (m, s(m)) - s = s·s 
0 

The connection V on L is defined by 
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3B. The real polarization and the bundle BD: we choose the vertical polar­

ization D = D v defined on the local charts tr. x ]Rn by 
l. 

hence M/Dv ~ Q. For an arbitrary configuration space no obvious nowhere 

vanishing section of BD exists (although BD is trivial), so we use local 

trivializations of 

fined by 

by means of the local sections v. 
l. 

on U. X ]Rn 
l. 

de-

With these local sections each -½-D-density v on M defines a set of com-

plex functions on 

v(m, 

In terms of these local trivializations we have: 

(V v) .i 
1;; 

. i 
i;;v • 

• V. 
l. 

(no summation!) 

3C. Quantization: QB= Lli<IBD which has local trivializing sections 

for an arbitrary section ¢ of QB we have: 

¢1 n 
U .xlR 

l. 

. . i 
SS ® V V. 

0 l. 

.i 
¢ s ® v. 

0 l. 
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The partial connection on QB is defined by 

.i .i i .i 
V (ijJ s ® v.) = (l;ijJ --;:-6(1;)1jJ ) s ® v. 

I; 0 1 u O 1 

but since I; ED and 6(D) = 0 it follows: 

.i 
l;ijJ • 

We see that a section 1jJ covariant constant along D can be identified with 

a set of functions 
.i 

1jJ on U. 
1 

(since U. x JR.n/Dv ~ u.); 
1 1 

we will show that 

such a set of functions defines a (unique) !-density on Q by using the re-

.i 
lation between the 1jJ 's for different indices i. If 1jJ is a section of 

QB covariant constant along D then we define the ½-density $ on Q lo­

cally on Ui (with coordinates (qi)) by 

( a \\ .i 
Hx, '-aqj// = 1jJ (x) , XE u .. 

1 

On the intersection (U. xJRn) n (U. xJRn) c M = T*Q 
1 J 

dinate systems: from U. x JR.n and (qj p) 
1 • j 

are related by the formula 

hence for x Eu. n U., m E n-1(x) we have 
l. J 

there exist two coor­

from U. x JRn which 
J 

C;J) = ~j(x) = ljJ(m, (-a~j1J) = ljJ(m,(-a!kj):;~) 

ijJ(m, (- a!kjJ) • jdet :~1-! . i I a I! = 1jJ (x) • det* 

1 a \ \ I aq I! 
Hx, '-aqi))· detaq 
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so ~ is correctly defined as a ½-density on Q. 

Let 1jJ 1 and ij,2 be two sections of QB covariant constant along D 

and let ¢1 and ¢2 be the associated !-densities on Q, then the density 

-
(ij,1,ij,2) on Q equals ¢1 ~2 ; on u. 

l 

(a\\ . i . i ( a \) 
(ij, 1 ,ij,2) (x, 

'-aqj)} 
( 1jJ 1 so '1jJ 2 so) ( m) • V. (m, , -~J . l 

J 

• v.(m, (--8 )) • IE (--8 ,~)I 
l clp. W clp • d J 

J J q 

c:J) .i .1 - ( a \) - (ij,1,ij,2)(x, =ij,1(x)ij,2(x) (¢1 ¢2) (x, clqj} . 

We conclude that the identification of sections 1jJ of QB covariant con­

stant along D with ½-densities ¢ on Q carries over to the inner product, 

hence we can identify the Hilbert space of this quantization procedure with 

the square integrable ½-densities on Q: 

H {¢: Q + .,)Q I J 
Q 

2 1¢1 < 00 }. 

To identify the quantizable observables, we start with local consider-

ations: on the condition 

0 i 
f(q,p) = f (q) + pif (q) 

(see example 1) which is the sum of a function on u. 
l 

is equivalent with 

and a function linear 

over (from U.xfil.n). 
l 

If we concentrate our attention to the part 

linear over JR.n 
' 

we note that the property "linear over JR.n " 1.s conserved 

by the transition functions from to U. X JR.Il 
J 

a "linear function" defines a vector field E, on Q: 

i a 
f (q) - .. 

clql 

and (moreover) such 
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On the other hand, each vector field s on Q defines a function fs on 

T*Q which is linear over ]Rn (on each U. X JR.n ) 
l. 

as follows: 

or, in local coordinates (q,p) on u.xJ!t° 
l. 

As a consequence, each quantizable observable f on M 

form 

* T Q is of the 

where s is a real vector field on Q and fo a function on Q (or more 

precisely: fo is a function of the form fo = g O 7f where g: Q + ]R and 

7f : T*Q + Q · the natural projection). 

Now suppose s is a vector field on Q, then it defines an operation 

on !-densities denoted by Ls (abuse of notation); its definition is com­

pletely analogous to the definition of L~ on -½-D-densities on M (see sec­

tion 6): in a certain sense Ls is the natural action of s on ½-densi-

ties. 

Let be the flow associated to and let ¢ be a ½-density on Q 

which is again a !-density on Q. In local coordinates (qj) on Ui c Q 

we can compute L~ as follows: 

k 
j 3 k clq Opt . i 

c:j 1J) s s (q) -. , (pt) j := 
3qj 

¢ (x) := ¢(x, 
aqJ 

and then Ls¢ becomes: 

then: 
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If ~ is a section of QB covariant constant along D and ¢ the asso-

ciated ½-density on Q then we know (from example 1): 

Co(fH).i 
E, 

and we know also (from above): 

(L ¢). i 
E, 

. i i ar,k 
E, ¢ + ½¢ l k , 

k=1 3q 

. i 
so if we remember that ¢i(x) = ¢(x, (

3
:j)) ~ (x) then 

(o(f H) .i 
E, 

-ih(L ¢)'i 
E, 

or equivalently: the section o(fE,)~ corresponds to the ½-density -ihLE,¢. 

3D. Summary: M T*Q, L = M x 0:, D = Dv imply: 

H {square integrable ½-densities on Q} 

f: M ➔ JR is quantizable iff where is a function "on Q" 

and E, a vector field on Q; for ¢EH we have 
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or 

f 0 cp - iii L .P 
f;, 

f 0 - i.liL 
f;, 

EXAMPLE 4: Schrodinger quantization of s2 . 

This example is a special case of example 3 in which we will give another 

interpretation of the Hilbert space and the operators associated to quan­

tizable observables. Although the forthcoming interpretation can be made 

for any Riemannian manifold Q, we specialize to s2 because it is a low­

dimensional orientable manifold which enables us to give "actual computa-

tions". 

4C. Quant izat iort': on there exists a natural volume element £ asso-

ciated to the metric on s2. 
' 

in local coordinates (e ,<P) defined by: 

Yxz l lR3 => s2 3 ::: : ::: : l 
cos e 

it is given by 

£ = sine de" dcj>. 

With the aid of this volume element we define a global trivializing section 

as follows: for any local coordinate system 1 2 
(q ,q ) on 

and it should be obvious that cj> 0 is a nowhere vanishing !-density on s2 

(because £ is a nowhere vanishing 2-form). With the aid of cj> 0 we can 

identify each ½-density 

and we have: 

cj> on s2 with a function cj> on s2 by cj> = ~cj> 
0 
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where the second integration should be done over oriented charts (with res­

pect to £). This identification enables us to interpret the Hilbert space 

as 

H J 2 1¢1 £< 00 } 

s2 

i.e. as square integrable functions on s2 . 

To compute the action of a quantizable observable we make the following 

remark: if s is a vector field on s2 then Lsq,0 is a ½-density on s2 

which depends only on s (and ¢ of course), hence it defines a function 
0 

div(O on s2 oy: 

L ¢ = ½ • div(O"' · S O 'I' 0 ' 

div(s) is called the divergence of the vector field s, the extra factor 

comes in because ¢0 is a ½-density. The divergence of a vector field 

can be defined on any Riemannian manifold; on lRn it yields the usual 

value of the divergence of a vector field when expressed in carthesian co­

ordinates, but the formula above gives an intrinsic definition. To be more 

specific, if u is the natural volume form on an oriented Riemannian mani-

fold, then on any coordinate chart 
1 n 

(x , ... ,x ) it defines a function Vol 

by 

1 n 
Vol(x , ... ,x) 

if 
i 3 

is field n n (x)-. a vector then: 
3x1 

n i 
1 i a Vol 

div(n) = I ~ (x) + --n i i=1 3x1 Vol ax 



78 

On s2 with coordinates (0,¢) as defined above the divergence of a vec­

tor field s is defined by: 

Now if ¢ ¢¢0 is any ½-density and s any vector field on s2 then 

hence the action of a quantizable 

of square integrable functions on 

0 
observable," f + fs on the Hilbert space 

s2 is given by 

4D. Summary and conclusions: M L D Dv imply 

H square integrable functions on s2 with respect 

to the volume E: , 

f: T"'s2 -->- lR is quantizable iff f fo + f and then for ¢ E H s 

f 0 - !h div(O - ihs 

If we apply this method to the Riemannian manifold Q =]Rn, we get 

three "different" interpretations of the Schriidinger quantization in the po­

sition representation: in example 1 we had H = L2(JRn) and the quantizable 

observables were quantized in the old fashioned way using the symmetrized 

form if a momentum coordinate was involved (only linear!); this quantization 

is the most intuitive one, although it depends strongly on the carthesian 

coordinates. After applying the techniques of example 4 we get the same 

quantization, although now the action of quantizable observables is defined 

in an intrinsic way, independent of a coordinate system. 
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In example 3 we had H = {square integrable ½-densities} with the action 

of o(f~) the natural action of ~ on ½-densities; in a certain sense, 

this quantization is the most elegant of the three, but also the least in-

tuitive one. 

EXAMPLE 5: the 1-dimensional harmonic oscillator in the energy representa-

tion. 

In this example we try to quantize the symplectic manifold (M,w) where 

M = JR2 \{(0,0)} with coordinates (q,p) and"symplectic form dpAdq. The 

reason for omitting the origin is that we want to use the circular polariza­

tion Dc defined by 

where 
2 2 

H = ½ (p +q ) is the hamiltonian of a 1-dimensional (normalized) har-

monic oscillator. Since 
C 

D(O,O) is 0-dimensional, does not define a 

real polarization on JR2 hence we omit the origin and we hope it will not 

influence our results very much. In view of the circular polarization it is 

easier to use polar coordinates 

then 

p 

q 

/zp cos¢ 

/2p sin cp 

Dc = JR (cl\ 
\3¢) and 

p 

cp 

on M=JR2 \{(0,0)} 

2 2 
H = ½ (p +q ) 

arctg(q/p) 

with projection 

defined by 

1T : (¢ ,p) I--,- p. 

It should be noted that ¢ is not a global coordinate, hence we should have 

used two coordinate patches ¢ E (0,21T) and ¢ E (1T,31T); however, we will 

use ¢ E [0,21T] and impose the conditions that ¢ = 0 and ¢ = 21T deter-

mine the same results; moreover, the vector field 

are defined globally! 

3 
3¢ 

and the 1-form dq, 
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SA. Prequantization: L = M x a: with global non-vanishing section s 
0 

s (m) = (m, 1) which identifies sections with functions by 
0 

s(m) (m, s(m)), 

The connection is given by 

(N.B. 8 is globally defined and d8 

product by 

e pdcp 

dp A dcp dp A dq) , and the inner 

With these ingredients, the prequantization Hilbert space can be identified 

with L2 (JR.2 , 7' (Z)). 

SB. The bundle the bundle 

v O defined by 

V (m,X) = 
0 p 

which identifies BD with M x a: by: 

v(m,X) = v(m), 
p 

and we have (as before) 

('i/ v) • i;,v 
I:; 

SC. Quantization? the section 

non-vanishing section of QB 

s of 
0 

has an obvious non-vanishing section 

L and v 
0 

of 
DC 

B define a global 

s O ® v O , hence if iµ is a 

section of QB it defines a unique function ¢ on M (and vice-versa): 



and the partial connection on QB is defined by 

(V 1)!). 
i;; 

. i . 
r;;l)! - - e ( i;; )1)! 

h 
8 pd¢ . 

Furthermore, if 1)! 1 and 1)! 2 are two sections of QB covariant constant 

along then they define a density on 
+ 

1R : 

00 ----

hence f 01 (p ,c/i)02 (p ,¢)dp 
0 
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and it should be noted that ¢1(p,¢)¢2 (p,¢) is independent of ¢ because 

we supposed 1)! 1 and 1}! 2 covariant constant along D ! 

Before we investigate the condition "covariant constant along D ", we 

first investigate the quantizable observables: f is quantizable iff 

g(p) + ¢·h(p)' 

but now we realize that ¢ is a cyclic coordinate, hence 

is quantizable iff f depends only on p. But then 

Xf _ ;)f a _ ;)f a _ ;)f 3 E Dc 
;)p 3¢ 3¢ 3p 3p 3q, 

which implies that 

o ( f)i}! -ihV ijJ + fl}! 
xf 

fl}! 

because if ijJ EH then ijJ is covariant constant along D. 

h(p) 0 so f 

The condition 1jJ = 1}!1)! 0 covariant constant along D translates as: 
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8 pd¢, 

h(p)exp(ip¢/h). 

But ... , is a cyclic coordinate hence h(p) 

equivalent with 

h(p) 0 V £.E7l 
h 

1; ED I a 1. 
1. 3¢ f 

( 2nip \ 
h(p)exp\-h-} which is 

where 7l + = { 1 , 2, ... } and p = H is the hamiltonian function, so (if we 

forget for the moment that w should be continuous) a section w of QB co-

variant constant along D is determined by a set complex numbers 

where a is the value of h(p) at p = nh. 
n 

a n 

The action of the hamilton operator H = p is (as we have seen) just a mul-

tiplication operator: 

o(H){a } + 
L n nE7l 

so the eigenvalue equation 

E defined by 
n 

w -+--,- f 0n} 
n l. k kE7Z + 

o (H)w 

E 
n 

b 
n 

nh a 
n 

Ew has solutions Wn with eigenvalues 

and the eigenfunctions form a basis in the sense: 

w w 

SD. Conclusions: this quantization procedure of the harmonic oscillator cor­

responds to the classical Bohr-Sommerfeld quantization of the harmonic oscil­

lator which differs from the usual quantum mechanical answer by a term ½h 
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( E should be (n-½) n, n E zt ) . Woodhouse claims that the origin of this 
n 

error (and of similar ones) can be traced back to the use of -!-D-densities 

instead of the so-called -½-D-forms; these will be treated later in these 

notes and we will show that their use leads us to the correct answer 

However, although the above quantization seems rather nice (apart from 

the energy shift of In), it has one obvious drawback: 

H {O} 

because: if ~1 and ~2 are two sections of QB covariant constant along 

D, then the density is zero outside the set 
+ + 

Zl c ]R , 
+ 

but Zl 

has a zero-measure, hence < ~ 1, ~2 > = 0. The solution to this problem would 

be to allow "distribution valued" sections of QB in such a way that the 

inner product comes out as a summation: 

I 
n=1 

ab 
n n 

This approach is given (although brief) in [Woodhouse] and [Sniatycki] 

(see also [Guillemin & Sternberg Ch.VI]); it will not be a topic in these 

notes. 
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8 COMPLEX POLARIZATIONS 

In the previous sections we introduced a real polarization in order to 

reduce "the size" of the quantum Hilbert space. In section 7 we saw that 

some modifications are needed to obtain the correct energy levels, but in or­

der to describe these modifications we have to use the complexified tangent 

bundle everywhere instead of the usual (real) tangent bundle. Together with 

the use of complex vector fields one introduces the concept of a complex po­

larization, which is a (straightforward) gene;-alization of a real polariza­

tion and it will give us more freedom in the choice of a polarization and 

hence in the "choice" of the set of quantizable observables. 

This section will be devoted entirely to the study of complex polarizations 

and in this and all subsequent sections all vector field and k-forms will 

be complex, i.e. we will use consequently the bundles TM~ and ~kM~ in-

stead of TM and on the complexified bundles we will use the obvi­

ous complex conjugation denoted by e,g, if v, w E TM then v+iw E TM~ 

and v+iw = v-iw. 

The most obvious definition of a complex polarization would be: a com­

plex polarization is a complex distribution P which is integrable and la­

grangian (= maximal isotropic). However, for complex distributions the no­

tion of integrability is defined as follows: P is integrable if there exist 

(locally) independent complex functions such that 

P = { v I VI ¾ i ¾ k : dz. (v) = 0}, which is in general not equivalent to the 
l. 

statement that P is involutive (see [Nirenberg]). Hence at the moment it 

is not clear which characterization is to be used (integrable or involutive) 

so we generalize the other characterization of a real polarization: a dis­

tribution spanned (locally) by local hamiltonian vector fields whose asso-

ciated functions "commute". 
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DEFINITION: a (complex) polarization P is a complex distribution on M 

such that for each m EM there is a neighbourhood U of m and n in-o 0 

dependent 

VmE U 

complex functions on U such that: 

p 
m 

is spanned by {X , ••• ,X } (over CC ! ) 
z1 zn 

(i) 

(ii) on U [z.,z.]=O, 
l. J 

~ i,j ~ n (the Poisson bracket extended to 

complex functions) 

(iii) dimCC(PnP) = k constant on M 

(iv) 3w1, ••• , wk complex funct:ions on iJ P n P is spanned by 

{X , ... ,X } on U. 
w1 wk 

The condition (i) and (ii) are straightforward generalizations of the 

real case; conditions (iii) and (iv) are added to make life easier, i.e. to 

insure that we can do something. It should be noted that a real polarization 

D defines in an obvious way a complex polarization P : P DCC · the condi-
' 

tions (i) and (ii) are satisfied with real functions z 1 , ••• , zn, P = P 

hence k = n and we can take w. = z .• From this point of view it should 
l. l. 

be understandable that a complex polarization P with dimCC P n P = n is 

called real (because then there exists a real polarization D with P = DCC); 

on the other hand, if dimCC P n P = k = 0 then the complex polarization P 

is called a Kahler polarization. 

In the rest of this section we will study some properties of a complex 

polarization; we start with a sequence of propositions to derive an alterna­

tive description of a complex polarization. 

PROPOSITION: in condition (iv) of a complex polarization one can always as­

sume that the w. are real functions. 
J 

PROOF: X w. = X + i X hence Rew. Imw. P n P is spanned by 
J 

{XR , X e w. Imw. 

J J 
I 1 ~j ~k} of which k are independent (at least locally). 

J J !QED! 
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DEFINITION: we define two real distributions D and E on M associated 

to P by: 

D 

E 

P n P n TM (hence Da: 

(P+P) n TM (hence Ea: 

k) 

2n - k) 

PROPOSITION: conditions (i) and (ii) of P imply that P is a maximal 

isotropic involutive complex distribution on M. 

COROLLARY: D is involutive hence D is an ~ntegrable real distribution of 

dimension k on M. 

PROPOSITION: E 

D 

{vETM VwED 

{w E TM Vv EE 

w(v ,w) = O} 

w(v,w) = O}. 

PROOF: use that P is isotropic and proposition 5.3.2 of [Abraham & Marden]. 

PROPOSITION: Xf ED - f constant along E ( - VY EE Yf = 0) 

Xf EE - f constant along D 

COROLLARY: condition (iv) of P is equivalent to the condition that E is 

an integrable (real) distribution. 

PROPOSITION: (see [Nirenberg]): let P be a complex distribution of dimen­

sion n on M such that dima: P n P is constant on M and such that both 

-
P and P + P are involutive, then there exist (locally) complex functions 

M: 

P = {vETMa: J dz.(v) =0, 1¾i¾n} 
l 

Using this proposition one can (easily) prove the following character­

ization of a complex polarization: 
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PROPOSITION: a complex distribution P on M is a complex polarization if 

and onZy if: 

(i) P involutive 

(ii) Pis lagrangian (~maximal isotropic) 

(iii) <limo: P n P = k constant on M 

(iv) P + P is involutive 

REMARK: since EO: = P + P, the condition P + P involutive is equivalent to 

the condition E involutive which is in turn equivalent to the condition 

E integrable. 

REMARK 2: some authors omit condition (iv) in their definition of a complex 

polarization (either in the form of our definition or in the form of the pro­

position above). However, this condition is sufficient to prove the equiva­

lence of both descriptions of a complex polarization and, moreover, I need 

it to prove the correctness of the inproduct in the quantum Hilbert space 

(as we will see in the next section). 

DEFINITION: a complex polarization P is called admissible if M/D admits 

the structure of a manifold such that n: M ➔ M/D is a submersion 

(dim M/D = 2n - k) 

EXAMPLE 1: 
* 2 M=TlR~JR, w = dp /\ dq, 

so p is a Kahler polarization on M. Since we 

have D = {O}, _ f 3 3 } 
E - l 3p' 3q = TM and the projection n: M ➔ M/D e; M is 

obviously a submersion, so P is an admissible complex (Kahler) polarization. 

EXAMPLE 2: 
1 

w = dp 1 /\ dq 

= a: • X . [ . 1 . 1 ® 0: X 2 ; since p 1 +i.q 

2 {3 . 3 3(. 
+ dp2Adq' p = 3p1 +i.~, 3p2f = 

q2J O this complex distribution 
P1+1q q 

satisfies conditions (i) and (ii) of a complex polarization. 0: • X 2 
q 
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so it also satisfies the conditions (iii) and (iv), hence P is a complex 

polarization. Now D = flx 2} = Jlapa }. E = Jl_a __ a __ a_} and M/D ~ :m.3 
1 2 1q 2 2 ap2, ap 1, aq 1 

with n(q ,q ,p 1,p2) = (q ,q, p1) so P is an admissible complex polari-

zation. 

Nota Bene: in the sequel we will always use admissible complex polarizations 

on our symplectic manifold (M,w), hence by "a polarization P" we always 

mean "an admissible complex polarization p II , unless stated otherwise. 

Our next aim is to prove some propositions concerning the relation be­

tween P, D, E and the structure of the manifold M/D; to be more specific, 

we want to show that for a polarization P : 

(a) E := n*E is·an integrable distribution of dimension 2(n-k) on M/D, 

(b) P induces on each leaf L of E the structure of a complex manifold 

of dimension n-k, 

(c) complex functions z with Xz E P are precisely the functions 

z = z o TI where z is a function on M/D which is holomorphic when re-

~ stricted to a leaf of E (seen as a complex manifold). 

LEMMA (Frobenius enlarged): if D is an involutive real distribution of 

dimension i on a manifold X (dimX = m) , and if U is a coordinate 

neighbourhood of x EX with coordinates 1 m x , ... , x such that there exists 

a a 
--1, .•• ,k ED on U, then there exists a coordinate 

neighbourhood V 
ax ax 1 m 
of x, V c U with coordinates y, ... , y such that D 

is spanned by a a 
--1• ... ,£ 
cly y 

and moreover i i 
y = X > and 

,,;; i,,;; k, 

PROOF: the proof is a slight modification of the proof of the classical 

Frobenius theorem as can be found in [Godbillon]. Note that the case k O 

is the classical Frobenius theorem. IQEDI 



89 

PROPOSITION: the set E = TT*E is a well-defined integrable distribution of 

dimension 2(n-k) on M/D. 

PROOF: by applying the above lennna twice we are assured, for each m0 EM, 

of the existence of a neighbourhood U of m 
0 

with coordinates 
1 2n 

X , ••• ,. X 

on u such that D is spanned by {-;-, ... , -¾z} and E is spanned by 
ax dX 

Since TT is a submersion we may assume that TI (U) is 

a neighbourhood of 
k+1 2n 

(m) with coordinates (x , ... ,x ) and projection 
0 

1 2n k+1 2n 
TI(x , ..• ,x ) = (x , ••• ,x ). It follows tQJ;lt TI*E is spanned by 

a a 
~• ... , Zn-k independent of the point 
ax ax 

m in the fibre of TI ' so E 

defined by E = TT*E is a well-defined distribution on M/D which is ob-

viously integrable. 

The next lennna will not be used in this section (it will in the next) 

but its proof uses the techniques of this section, which is the reason we 

put it down here, instead of in the next section. 

LEMMA: suppose X , ••• ,X ,X , ••• ,X are hamiltonian vector fields 
r1 rk zk+1 zn 

on a neighbourhood U of m0 EM which span P on U such that 

X , ••• , X 
r1 rk 

neighbourhood 

span D, then there exist vector fields 

V (m EV c U) such that: 
0 

(i) TI*(X , ... ,X , x_ , .. ,,X-, Y1 , ... ,Yk) is a basis of 
zk+1 zn zk+1 zn 

a; 
TTI (m) (M/D) which depends only on TT (m) (Vm E: V) 

on a 

( ii) E (X , ... ,X , X , ... ,X , X- , ... ,X- , Y1 , ... , Yk) and 
w r1 rk zk+1 zn zk+1 zn 

wn-k(X 
zk+l•···,Xz , Z_ , ••• ,X_) are functions on V which are 

n zk+1 zn 
constant on the leaves of D. 

PROOF: we use the coordinate system 
1 2n 

(x , , . , , X ) of the proof of the pre-

vious proposition. The vectors 
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span (if not then 

a 
dim D would be bigger) which is also spanned by 

a --,, ... , 
ax 
(1 ~ i ~ k) 

Zn-k (over 
3x 
satisfy the 

Using the coordinates 

a: ) and we 

conditions of 

k+1 Zn 
(x , ... ,x) 

now claim that the vectors Y. 
]_ 

the lemma. 

on 11(U) c M/D it is obvious 

11*Yi depends only on 11(m). Now consider on M: 

k < j ~ Zn ; 

xj constant along D => X E E, X E Ea: => (E is involutive) X 

a 

ax 
Zn-k+i 

that 

xj. ,)J z [z 
EEO: 

p 
[x ,x . J - [z ,xJ J is constant along D, p Zp XJ 

Zn 
(dxj (X X z: z j=1 z p p 

and the coefficients of 
3 

3xj 

))~ 
Zn 

=> 11 ~x z: 
3xJ " z j =k+1 p 

depend only on 11 (m) 

hence: 

dxj(X )~ 
z 3xJ p 

('v'm EU) • 

Because 11 is a submersion, because 11*(X ) = 0 and because r. 

(X ,X ,X-,Y.) isabasisof 
r. z. z. i 

]_ J J 
satisfied. 

a: . ]_ . . 
TM it follows that condition 

ID 

In order to prove condition (ii) we observe that both £ 
w 

and 
n-k 

w 

p 

(i) is 

are 

powers of w , so it suffices to show that w applied to any two vectors 

of the argument is constant on the leaves of D. Therefore consider: 

(a) 

(b) 

(c) 

w(X ,X ) = w(X ,X 
r. r. r. z. 

1 J ]_ J 
cause P and P are 

) = w(X ,x_ ) 
r. z. 

1 J 
isotropic. 

w(X ,X 
z. 

1 

w(X- ,X- ) 
z. z. 

1 J 

0 be-

X , X_ EEO: => 
x[z. , z. J 

1 J 
D. 

[X ,X-] E Ea: - [z.,z.J 
Z. Z, 1 J 

w(X ,X_ ) 
z. z. z. z. 

1 J 
is constant along 

3z. 
w(Y.,X ) = ]_ z. Zn-k+i 

ia:) . X 

(X E 
z. IQEDI J 

i J ]_ J 

which is constant along D because z. is 
J 

LEMMA (Newlander-Nirenberg in a special form): if J is a complex structure 

on a manifold X (dimX = Zn) such that for each x0 EX 3U neighbour-



hood of X and 30.1,···,a.n complex 1-forms 
0 

(a) {a..} are independent over (t on 
1 

(b) a. . 
1 

is of type 

(c) a.. is closed. 
1 

Then J is an integrable 

LEMMA: E 
m 

{Rev I vEP} 
m 

( 1 ,O) on u 

complex structure. 

{Im v I v E P }. 
m 

~ 

u 
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on u which satisfy 

(see for instance [Hormander]) 

PROPOSITION: suppose L is a leaf of E in M/D then: 

(i) the map J TL+ TL defined by 
X X 

,r(m) x, vEP 
m 

is an integrable aorrrplex struature on L 

w 

(ii) if X , ... ,X , X , ... ,X span P (loaally) suah that X , •.• ,X 
rl rk zk+l zn rl rk 

span D then the funations zk+l' ... , zn form, when restriated to L, 

a (loaal) system of aorrrplex aoordinates for the aorrrplex manifold L. 

PROOF: in order to avoid confusion, we have to be very careful, so we denote 

by j: L c__,. M/D the canonical injection of the leaf L in M/D. As we 

have seen earlier, for m0 EM, x = 1T (m ) E j (L) 
0 0 

there exists a neighbour-

hood u of m with coordinates 
0 

1 2n 
(x , ... ,x ) such that on U: D is 

spanned by lf._;, ... , \} and E is spanned by {--;, · · ·' fn-k} · 
ax ax ax ax 

Furthermore, ,r(U) = V is a neighbourhood of X 
0 

in M/D with coordinates 

k+l 2n 
(x , ... ,x ) such that { !+1 ' 0 

•• ' ;n-k} 
ax ax 

span on ~ E 

exists a neighbourhood w of X 
0 

in L 

such that i i j (W) = V n {x = x , 2n-k < i ._; 2n} 
0 

phism between TW and Elj(W)" 

with coordinates 

and moreover: 

V' hence there 

k+1 2n-k 
(x , •.. ,x ) 

is an isomor-

The tactic of the proof is as follows: we first use (ii) to define the com­

plex structure J and we then prove that J is defined in a "coordinate 



92 

independent" way, and simultaneously that (i) is a correct definition. 

Suppose that X , ••• ,X , 
r1 rk 

on U 

hence 

~ 

which span P such that 

z. is constant along D 
J 

Z • = Z • 0 7f We denote by a. 
J J J 

X , ••• ,X are hamiltonian vector fields 
2 k+1 2 n 
X , ••• ,X span D, 

r 1 rk 
then 

so there exist functions ~ z. 
J 

X 
z. 

J 
on 

E p C Ea: 

V: 

and b. 
J 

the real and imaginary part of 

z. : z. =a.+ ib. (=> a. ,b.: V ➔ JR) and we observe that since X , ••• ,X , 
J J J J J J r1 rk 

X , ... ,x 
2 k+1 

E. Now 

z 
TI 

span P it follows that the set {X , X , X } spans 
r • a• oll b, 01! 

1. J J 
X r. 

1. 
ED=>r. 

1. 
is constant along E => ri is a function on U inde-

pendent of the coordinates 
1 2n-k 

X , ••• , X It follows that 
k+1 2n 

{dx , ... ,dx } 

span the same space as {dr., da., db.} and that 
2n-k+1 2n 

{dx , ... , dx } 
1. J J 

span the same space as {dr 1 , ••• ,drk} hence 

* TL on W. 

map J with respect to this basis: 

fined by the equations: 

(j*da_e_) (JO 

(j*db,e,) (JO 

-(j"'db ) (0 
Q. 

(j *daQ.) (/;) 

suppose 

is a basis of 

* span TL, we can define a 

I; E T L(xEW) 
X 

k < Q.,,;; 2n-k 

then JI; is de-

or equivalently by the real and imaginary parts of the equations 

which shows that j*dzQ. is a 1-form on W of type (1,0). Since {j*dzQ.} 

is an independent set of 1-forms of type (1,0) which are exact (hence 

closed) and since their number is half the dimension of L, we can apply the 

lemma and conclude that J is an integrable complex structure and that 

·*~ ·*~ f . ( J zk+l' ... , J zn orm a system of complex coordinates on L N.B. we leave 

it to the reader to prove that J is a complex structure, 1..e. J 2 = -id). 

Finally, we have to show that this J coincides with the definition as 

given in the proposition. Suppose x E W c L, I; E TxL, 



Ill Eu : 1T (rn) j (x) =:, 3n EEj (x) j/; = n =:, 3wE E : 1T*W = n =:, 
Ill 

=:, 3v E: P w = Rev hence j *s 11*Re v, and we consider s IE TL 
Ill 

-1 
Since j* 11*Irn v X 

ZJI, 

0 

and then: 

hence Js SI• 

E p and V E p 
Ill Ill 

dz JI, (Im v) idzJl,(Rev) 

i(j*dzJI,) (0 

idzJl,(Rev) 

(j*dz,11,)Cs') 

idz,11,(j*O 

dz JI, ( Im v.) 

i dz JI, (11*Re v) 

dz JI, (11*Irn v) 

PROPOSITION: let z: UcM + a: then X E: P if and only if 
z 

X 
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C 

3z : v c M/D + a: : z = z 011 and z is ho lomorphic when restricted to a leaf 

of E. 

X EPcEO: =:, z constant along D =:, 3z: z=zo11; 
z 

VvEP: w(v,Xz) = 0 - VvEP: dz(Irnv) = idz(Rev) hence dz(J11*Rev) = 

= dz(11*Imv) = dz(Irnv) = idz(Rev) = idz(11*Rev) so dz is of type (1,0) 

~ on the leaves of E hence z is holomorphic when restricted to the leaves 

~ of E. 

I I let v E P then, since dz is of type (1,0) on the leaves of E, 

we have: w(v,X) = dz(v) = dz(11*Re v) + i dz(11*Irnv) = dz(11,'<Re v) + i dz(J11*Re v) 

= dz(11*Re v) + i 2 dz(11,'<Re v) = 0 hence, because P is maximal isotropic , 

X E P. JQEDI z 
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9 QUANTIZATION II 

In this section we trace the consequences of the use of complex vector 

fields throughout the quantization-procedure; when necessary we will give 

adapted definitions and proofs. In the first step, i.e. the construction of 

the complex line-bundle L with connection V (curvV = w/h) and compati­

ble inner product, in this step the use of complex vector fields is evident 

except (as already noted) that in the compatibility formula there appears a 

complex conjugation: 

which arises from the fact that the inner product is antilinear in the first 

coordinate. 

The next step is the introduction of a complex polarization as described 

in the previous section, but then we are in "trouble": a real polarization 

D was needed to define a generalized configuration space M/D of dimension 

n (if dimM = 2n) and to identify sections which are covariant constant 

along D with functions on M/D (although only locally). The problem how 

to integrate over M/D was solved by the introduction of ½-densities; to in­

corporate these ½-densities in a nice way in the wave functions, we needed 

the concept of a -½-D-density on M, but that was a technical question. 

However, in the case of a complex (admissible) polarization we do have an 

associated real distribution (also called D to confuse things) but not 

necessarily of dimension n and moreover, if dim D < n then M/D exists, 

but not a nice interpretation of !-densities on M/D as objects on M, so 

what do we do? We trust our good luck!! We carry out the the final 

quantization procedure as described in section 6 and we make the obvious ex­

tensions to complex vector fields. In the real case the formula which defines the 

inner product of two sections of QB which are covariantly constant along 
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D, this formula is based upon the correspondence between !-densities on M/D 

and -½-D-densities on M. In the complex case, -!-D-densities change into 

-!-P-densities and these cannot be identified with ½-densities on M/D 

a: -(D = P n P); however, by a slight modification of our formula, the inner 

product turns out as a density on M/D. This suggests that sections of QB 

which are covariantly constant along P depend upon 2n-k independent para­

meters (since their inner product resembles a function on M/D and 

dimM/D = 2n-k), but we will show that such sections can be identified lo­

cally with functions on M/D which are holomorphic when restricted to the 

leaves of E , hence they actually depend upon n independent parameters: 

n-k complex ones (n-k = complex dimension of the leaves of E) and k 

real ones (the rest), which is equivalent to saying that elements of our 

Hilbert space can be identified (although only locally) with functions of n 

independent variables. Consequently, a complex polarization also satisfies 

our goal: to derive a Hilbert space whose elements resemble functions of n 

variables instead of functions of 2n variables (as is the case in prequan­

tization). 

After this lengthy introduction we proceed with the description of the 

quantization-procedure; the reader is urged strongly to compare this section 

with section 6 to convince himself that all we do is just a "straightforward" 

generalization to the complex case. 

I\ 

We start with the construction of the bundle R (the analogue of R 

in the case of real polarizations): R is the bundle of all complex frames 

of P, i.e. the fibre Rm consists of all complex frames of p • 
m 

Since 

all frames of Pm can be indexed by GL(n,O:) (because dima: Pm = n) the 

bundle R is a principal GL(n,O:) bundle over M· , on the other hand, 

is a subbundle of the bundle of all complex n-frames on M. 

A -!-P-density v on M is a complex valued function on R such that: 

R 
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(n)ER, gEGL(n,ct) ~ v((n)g) 
m 

-½ v((n)) • ldet gl 

and special attention is called for the fact that the absolute value of 

det g is used which enables us to define the (positive) square root of it. 

The bundle BP is the bundle over M whose fibre BP consists of all 
Ill 

functions vm: Rm ➔ ct satisfying: 

v ((n) g) 
m 

v ((n)) ldet gl-! 
m 

Since R is a principal GL(n,ct) bundle, B.~ is a complex line-bundle 

(a function \) is 
m 

determined completely by its value on an arbitrary but 

fixed frame), sections of BP coincide with -!-P-densities on M and, 

using partitions of unity, one can prove that BP is a trivial bundle. 

We now have to define the (partial) connection V on the bundle BP 

at a first glance this seems an obvious definition, knowing the construction 

in the real case, but there are complications. In the real case the connec-

tion is defined for vectors in D 

the connection for vectors in Ea 

E; in the complex case we will define 

P + P. Suppose i;; E Ea is any (complex) 

vector field in P + P and v any section of BP 
' 

then we have to define 

a new section V v of BP. This -!-P-density is defined completely by its 
i;; 

value on one P-frame, so suppose m0 EM, u 

(real) hamiltonian vector fields spanning D, 

(mo, (nilm )) by: 
0 

a neighbourhood of 

(Vi;;v)(mo, (nilm )) • 1Ew,k(nk+1' ... ,nn' iik+1···•,nn)I¼ = 
0 

Ill 
0 

i;; [ v (m, ( n · I ) ) · I E k ( nk 1 , ••• , n , ii1 1 , .•. , ii ) I ! ] m0 1 m w, + n ,+ n 

where the 2 (n-k)-form 1.s defined by 

(-l)!(n-k)(n-k+1) 

(n-k)! 
n-k 

w E w,o 
E ) • 

w 

and 
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If P is real ( . p = DO:) J..e. then k = n, E = 1, E = D and we re-
w,n 

cover the previous definition. However, if k < n then the definition of 

V v is quite complicated and one can ask: what happens if we omit the fac­
t; 

to I£ I! ? 
w,k 

The answer is that this factor is needed to insure that 

is a well-defined -½-P-density: 

V V 
r; 

PROPOSITION: suppose 

conditions such that n. 
1. 

is another P-frame on U satisfying the same 

nj gj i, g(m) E GL(n,a:), then 

(Vv)(m,(n.l ))=(Vv)(m,(n.l ))•ldetg(m)I-½ 
r; o 1. m0 r; o J m0 o 

PROOF: since both (n) and (n) satisfy the condition that their first k 

vectors span D,, it follows that g can be written as: 

a E GL ( k , JR) , b E GL(n-k,O:) 

(use that P is isotropic or see the proof of the second next proposition). 

Since ni and ni (i = 1, ... ,k) are (locally) hamiltonian vector fields 

there exist functions such that n; = xf, n. = X- (i = 1, ... ,k) 
1. f. ~ i l 

and we have Xf = Xf a .. hence for each 
i j Jl. 

X E E 
s 

(s a real function): 

[Xs,xf_J = Xw(X ,xf) = O (because 
. J s j 

so 1.t follows that (X a .. )Xf 
s Jl. j 

0, 

xf. ED); in the same way [Xs,xf_J 
J ]_ 

whence X a .. = 0 (because the 
s J 1. xf. 

J 

o, 

are independent). Since the X span E, 
s 

it follows that Vr; EE : r; a .. = 0. 
m0 J 1 

Because det a is a polynomial in the a. . and because the sign of det a 
Jl 

is locally constant ( a is a real matrix with non-zero determinant) it fol­

lows that r;m ldet al = 0 and from this one deduces the proposition. 
0 jQEDI 
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REMARK 1: if we had omitted the correcting factor we would have 

had troubles when we wish to prove that the absolute value of det g is con-

stant along Ea: or P, so we see that the use of the absolute value in the 

definition of -½-P-densities prohibits a nice definition of the connection 

in BP! 

REMARK 2: the correction factor is such that the combination 

v(n.) 
]. 

depends only on the vectors n 1 , ••. , nk spanning D, so one might say that 

vis kl! is a function on the D-frames satisfying the -½-density relation, 
w, 

i.e. if (n 1 , ••. ,nk) span D and if g E GL(k,lR) then 

The interested reader is referred to [Woodhouse §5.10] for a more detailed 

description of this relationship. 

COROLLARY: Vsv is a well-defined -½-P-density. 

We now state with a reference to section 5 and without proof: 

PROPOSITION: V possesses all properties of a flat (partial, i.e. along Ea:) 

connection on the bundle BP. 

The next step is to define the line-bundle QB over M as QB 

with its partial connection V defined by 

V (s®v) = (V s)@v + s©(V v). s s s 

We then have to define an inner product on sections of QB which are covari-

ant constant along p . , this we will do in such a way that turns 

out as a density on M/D (DO: = P n P). As in the case of a real polariza-
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tion, we do it in two steps: suppose that i)Ji = si @vi (i = 1,2) are two 

arbitrary sections of QB (it does not matter if the representation 

ijJ. = s. © v. holds only locally) , suppose m E M, x = 11 (m) E M/D and suppose 
1. 1. 1. 

is a basis of T Ma: satisfying the conditions: 
m 

is a bas is of P ( - ( r;.) E R ) 
m 1 m 

is a basis of P n P 
m m 

T (M/D) 0: ( 11 
X 

sion!) and we now define a function (1)! 1 ,1)! 2)m on F2n-k(M/D)O: 
X 

space of all basis of by: 

1.s a submer-

(i.e. on the 

(i)J,,1)!2)m( 11 *(i;k+1'"""'i;n' E;1,···,E;n) = (s1,s2)(m) • vl(m, (1;)) • v2(m, (r;))• 

- - ½ 
• lcw,k(r;k+1' 0 ·•,sn, r;k+1'···,r;n)I • lcw(1;1,···,r;n, E:1,···,E;n)I 

Since the basis is not an arbitrary basis of T (M/Da: , 
X 

(1)! 1 ,1)! 2\ 1 is not defined on the whole of F!n-k(M/D)a:, but it satisfies 

the relations of a 1-density: 

PROPOSITION: 

PROOF: since a 1-density is determined by its value on one frame, it is suf­

ficient to show that the values of (1)! 1 ,1)! 2)m at different frames are relat­

ed in the correct way. So suppose (2 1, ••• ,2n' €1 , ••• ,fn) is another basis 

of T Ma: satisfying the same conditions, then they are related by a matrix 
m 

h E GL(2n,a:) of the form: 

• ? • 

. ~.:.:.: ? 
h CJ : b : 

• • • ij • a ~ e ~ • " 

0 : C 

(1;. ,E;.) 
1. 1. 

(1;.,E;.)•h 
J J 

a E GL(k,a:) 

b E GL(n-k,C:) 

c E GL(n,a:) 
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it follows that the bases TI*(/:;,~) and TI*(/:;,~) are related by a matrix 

g E GL(2n-k,~) of the form: 

g det g det b • det c 

Since E is a volume form on M we have: 
w 

since v. is a -!-P-density we have 
i 

and finally since 

tropic, it follows that 

b .. 1;. + v. 
Ji i J 

where v. EPnP 
J 

and since 

& - ! ldetb • det151 • IE k(1;,1;)I w, 

so in total we get: 

p is iso-

(¢ 1,¢2)m(TI*(1;,~)) • ldethl • ldetbl • 

• ldet a • det bl-! • ldet a ' det bl-~ 

which is the correct transformation of a 1-density at x E M/D. IQEDI 

If we compare this formula of (ip 1,ip2)m with the formula in the case 

of a real polarization(see section 6) then two differences can be detected: we 

have been more careful in the choice of the basis of TmM' due to the fact 

that Pm does not coincide with the kernel of TI*; this imp lied that 



(W 1,w2)m was a priori not defined on the whole of Secondly, 

there appears an extra factor in the definition. "This" factor 

already appeared in the definition of the connection on BP (at least the 

square root of it, but here we have two -!-P-densities v 1 and v 2) and 

is needed to insure that (w 1 ,w 2)m is indeed a density at x E M/D. It 

should be noted that our definition of (w 1 ,w 2)m is in agreement with 

[Sniatycki] and differ from [Simms] by a factor (n-k)!, a factor which ap­

pears in the definition of sw,k" 

Having proved that (w 1 ,w 2 )m defines a density at x = 1r(m) EM/D we 

now want to prove that, if w1 and w2 are covariant constant along P, 

then the density (w 1,w2)m is independent of the choice of 
-1 

m E 1T (x) , 

which should imply that w1 and w2 define a unique density on M/D de­

noted by (w 1 ,w2) 

PROPOSITION: if w1 and w2 are covariant constant along P then the den­

sity (w 1 ,w 2)m is constant on the leaves of D, i.e. w1 and w2 define 

a unique density on M/D. 

PROOF: by definition of a complex polarization there exist in a neighbour-

hood U of m EM hamiltonian vector fields 
0 

X , ... , Xz which span P 
z1 n 

(on U) and such that X , ... ,X span D, i.e. z 1, ... ,zk are real 
z1 zk 

functions. In a lemma of the previous section we proved that there exist 

vector fields Y1 , ... , Yk on U (or possibly a smaller neighbourhood of 

m ) such that: 
0 

a: 
T1r(m)(M/D) which depends only on TT(m) 

( ii) x_ , ... ,x_, Y,, ... ,Yk) 
zk+1 zn 

is a function on u 

which is constant on the leaves of D. 



102 

Now cp(m) := (1jJ 1 ,1J! 2) (11*(X , ..• ,X , x_ , ... ,X-, Y1, ..• ,Y) is a func-
m zk+1 zn zk+1 zn n 

tion on U whose value cp(m) is the value of the density (1jJ 1 ,1J!2 )m at the 

given frame of 11(m). Since this frame does depend on 11(m) only, it fol­

lows that if cf> is constant on the leaves of D, then the density 

(1J! 1 ,1J! 2)m depends only on 11(m), which is just the claim of our proposition. 

So suppose i; ED then: 
m 

(i;cf>)(m) = le: I 
w 

t;[(s 1 ,s2)(m) v 1(m, (Xz.1 )) 
l. m 

vz(m,'(xz.1 )) lc:w,kl½] 
l. m 

because of property (ii) above! 

0 

because i; ED c P and because 1J! 1 and 1J!2 are covariant constant along 

P. This proves that (1jJ 1 ,1jJ2)m is locally constant on the leaves of D 

by connectedness of the leaves of D the proposition follows. jQEDj 

REMARK: it is rather hard to prove that given a section 1jJ s®v which is 

covariant constant along P, then there exists a function f on M (local-

ly) such that f•s and 
1 both covariant along P. We -cv are constant 

therefore never used the fact that sections 1jJ of QB which are covariant 

constant along P admit representations 1jJ s ® v in which both s and 

v are covariant constant along P. However, such representations do exist 

(at least locally) as can be seen in the following explicit construction: 

suppose m EM 
0 

and vector fields on a neighbourhood U of 

m0 which span P such that (n 1 , ... ,nk) are (real) hamiltonian vector 

fields spanning D. Then the 

v (m, ( n · I ) ) 
o 1. m 

-½-P-density V 
0 

defined by 
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is a nowhere vanishing -!-P-density on U which is covariant constant 

along P. To prove that V 
0 

is non-vanishing, we observe that there exist 

vector fields Y1 , ••• , Yk such that (1; 1 , ••• ,1; 2n) 

constitutes a basis of TM~ in a 

neighbourhood of 

w •. 
1.J 

ID 

m. 
0 

By isotropy of p it follows that: 

1 ➔ k ➔ 2n-k ➔ Zn 

w(E;.,I;.) 
1. J 

[ 
.. 0 .. : ... ~ ... : .. _g_ • ] 

r/J : w : ? . 
•••• ~ ••••••• Q ...... 

-g : - ? : ? ? M 

Since w is nondegenerate it follows that det w ¥ 0 which implies that 

v (which is related to w) 
0 

is non-vanishing. Since v is non-vanish­
o 

ing on U, each section l/; of QB admits on U a representation 

s®v 
0 

and hence if is covariant constant along P, so is s. 

From the construction above one can deduce that if D is globally span-

ned by (locally) hamiltonian vector fields, then V 
0 

1.s a global non-vanish-

ing -!-P-density which is covariant constant along P. 

With the construction of a (correctly defined) density (l/; 1 ,l/; 2) on M/D 

associated to two sections l/; 1 , l/; 2 of QB which are covariant constant 

along P, we now can proceed with the construction of the Hilbert space H. 

First we define a prehilbert space PH by 

PH O) " f (l/;,l/J) <oo}, 
M/D 

a prehilbert space consisting of (C00
) sections of QB, which are covariant 

constant along P with finite integral over M/D, on which the inner prod­

uct is defined by 
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The Hilbert space H of the quantum mechanical description just is the 

Hilbert space associated to the prehilbert space PH. Concerning the ele­

ments of H (more precisely: of PH) we can state the following proposi-

tion: 

PROPOSITION: suppose l),0 is a section of QB, covariant constant along 

P , suppose 1/J O is non-vanishing on the neighbourhood U c M and let lj! 

be any section of QB then: lj! is covariant constant along P (on U) 

if and only if 3f: M/D ➔ a:, f holomorphic on the leaves of E such that 

1jJ = (fo1r) • 1jJ ( on U J. 
0 

PROOF: because QB is a line-bundle and because 1/Jo :LS non-vanishing on 

u, there exists a function f: u ➔ a: such that 1/J = f • l), 0 on u. Hence 

on u we have: Vr, E P: V l), 0 r, - Vr, E P: r,f = 0 - Vr, E P: w(r,:,Xf) = 0 -

- Xf E P - 3f, f = f O 1[ and f holomorphic on the leaves of E 

(the last equivalence was proved in the previous section). IQEDI 

The last step in the quantization procedure is the definition of the 

quantizable observables; just as in the case of a real polarization we can 

define the operator Lr, on -!-P-densities on M: for real vector fields 

r, satisfying [r,,P] c P with associated flow pt on M and for v a 

-!-P-density on M we define: 

and, as before, one can prove that L V 
r, is a -½-P-density and that 

has the properties of a Lie derivative (except that it is defined for a spe­

cial class of vector fields), more specifically: 

PROPOSITION: suppose r, and r,;' are real vector fields on M such that 

[1;,P]cp and [t;',P]cp <~ [[r,,r,'J, P] c P), suppose g is a complex 
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function on M and v, v' two -½-P-densities on M then: 

.(i) 

(iii) 

L (v+v') 
z;; 

L v + L v' 
z;; z;; 

if f is a reaZ function on M such that Xf E P (hence Xf ED) 

then: 

With the definition of Lz;; on the set of -!-P-densities we can define 

the set of quantizable observables and the associated operators on H : an 

observable f (i.e. f: M + JR) is quantizable iff [Xf,P] c P; if f is 

quantizable and if 1jJ E PH c H then 

o(f)iJ! 

which becomes 

o(f) S ® V 

o ( f)ijJ = -ih V 1jJ + fijJ 
xf 

This definition is valid 

on QB and it remains to show that o(f) maps PH into PH and moreover, 

we claim (as before) that o(f) is essentially self-adjoint if Xf is com­

plete. Of these statements, we will only prove that if 1jJ is covariant con­

stant along P, then o(f)ijJ too; the rest of our claims can be proved com­

pletely analogous to the case of a real polarization, so we leave that part 

to the reader. In order to prove our part, we need two lelllllla's and a pro­

position; the first lelllllla also is useful to prove part (iii) of the previous 

proposition. 

LEMMA: if f is a quantizable observable, pt the flow associated to Xf 

and if (n 1, ••• ,nn) are (locally) hamiltonian vector fields which span P 

such that (n 1, ••• ,nk) span D ( ~ (n 1, ... ,nk) are real) then: 

(i) gt(m) E GL(n,lt) 



106 

with g (m) = t [ 
a (m) 

t vl 

(ii) the coefficients 

(iii) the coefficients 

of at (m) are 

of b (m) 
t are 

at (m) E GL(k, JR) 

bt(m) E GL(n-k,~) 

constant along 

constant along 

E , 

D. 

PROOF: n. X => pt*xe.l xeiop_tlptm 
=> Pt* ni is (locally) hamil-

]. e. 
]. 1. m 

tonian. 

Because X 
ei op -t 

Xe. E P which is isotropic it follows that: 
J 

[p * X , X ] 
t e. e. 

]. J 

=> 0 [X gk. (m),X ] 
ek 1 t ej 

Since (X ) k and 
ei i=1 

in P for 1 ~ i ~ 

dition Xe. aki = 0 
J 

(p * X ) k 
t e. i=1 ]. 

k) condition 

implies that 

0 

- ( X gk . ( m) ) X 
e. 1 t e. 

J l 

span D (pt*ni 1.S a real 

( i) follows; since aki is 

the real and imaginary part 

separately, hence aki is constant along E . Finally, since 

1 ~ i ~ k are real it follows that bki is constant along D 

vector field 

real the con-

yields 

X 
e. 

]. 

zero 

IQEDI 

LEMMA: let f be a quantizable observable, n a locally hamiltonian vec-

tor field n E E and let \! be any section of 

V L,. \) - LX V \! 
n ''f f n 

PROOF: let m0 EM, U a neighbourhood of m 
0 

then 

such that there exist: 

(i) a function e on U: n = X ( e is real) and (ii) hamiltonian vector 
e 

fields n1, ... , nn on U which span P where n 1 , ... , nk span D. If 

we denote by v the function on U defined by 



v(m) = v(m, (n.J )), 
1 m 

if we denote by £ the function on U defined by 

and if gt(m) is the matrix defined in the previous lemma, then: 

From these observations it follows that 

Now we observe that, because p;w = w (Xf is locally hamiltonian) 

IE kl (n.J ,n-1 )I! w, m J m J m 

hence 

so 

= 0 

because at(m) is constant along E 3 Xe and b (m) 
0 

id, a (m) 
0 
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id. 

PROPOSITION: if f is a quantizable obsewable, s a locally hamiltonian 

vector field on M, sf E and w any section of QB then: 



V o (f) 1/J 
t; 

PROOF: this can be verified directly using the curvature of the connection 

'I/ on L and the previous lemma. IQEDI 

COROLLARY: if f is a quantizable observable and 1/J covariant constant 

along P , then 8 (f) 1/J is covariant constant along P • 

This finishes the quantization procedur~ in case of a complex admissi­

ble polarization; we conclude this section with a summary of this quantiza­

tion procedure. 

In this and previous section we have generalized the notion of a real 

polarization to a complex polarization and we have studied the consequences 

of this generalization. A complex polarization P is a complex distribu­

tion P of (complex) dimension n on the symplectic manifold (M,w) with 

the following local properties: 

(ii) 

(iv) 

by 

[z. ,z.] = 0 
l J 

k constant on M 

X , ••• ,X span P n P 
w1 wk 

Associated to P we defined two real distributions D and E on M 

k 

p + p , 2n-k 

and we showed that both are integrable distributions on M. We called a com­

plex polarization P admissible if the set M/D admits a manifold struc-
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ture for which rr: M + M/D is a submersion, and we henceforth studied ad­

missible complex polarizations only. 

At the end of the previous section we showed that the distribution 

E = rr*E is a well-defined foliation of M/D and that the leaves of E 

admit the structure of a complex manifold such that 

X E P <= z is a function on M/D , holomorphic on the leaves 
z 

of E. 

The next step in the quantization procedure was the construction of the 

bundle BP analogous to the case of a real polarization, while we omitted 

(necessarily!) the step in which we should identify sections of BP (called 

-½-P-densities) with ½-densities on some n-dimensional manifold. we 

defined (for vectors in E) a connection V by the formula 

where ni (i = 1, .. ,k) are (locally) hamiltonian vector fields spanning 

D ' where span p and where (n.j )=n (note that it is 
1. m o 

0 

not necessary that the nk+l, ... , nn are locally hamiltonian vector fields). 

The subsequent steps in the quantization procedure were the "straight-

forward" generalizations of the real case: the construction of the bundle 

QB = L ® BP with its connection V , the definition of the inner product on 

sections of QB which are covariant constant along P: 

This was followed by the definition of the Hilbert space H 

H "=" { t/J: M + QB I (Ve, E p V t/J = O) 
[, 

A f (t/J,t/J) < oo} 
M/D 

½ IE k(x , x_) I 
w, z z 
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the definition of the "Lie derivative" of a -½-P-density (for special real 

vector fields only!) and finally the definition of quantizable observables: 

f quantizable - [Xf,P] c P 
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10 SOME EXAMPLES II 

In this section we will give two examples of (non real) complex polari­

zations. The first example is the 1-dimensional harmonic oscillator, but 

with the complex polarization we do not have to omit the origin of M = JR2 

the Hilbert space now comes out correctly, however, the energy levels remain 

the wrong ones: E 
n 

n h instead of (n+D h . 

The second example is the cotangent bundle of 
2 ,~ 2 

S : M = T S but (as in the 

case of the harmonic oscillator with the real polarization) we have to omit 

the zero section in order to quantize the energy of a free particle on s2 • 

EXAMPLE 1: the 1-dimensional harmonic oscillator: holomorphic representa-

tion. 

In this example we quantize the symplectic manifold 
2 

(JR , dpt. dq) using 

h . . (a . a) t e polan.zatwn Phol = a: ap+ 13q a: • X . • 
p+iq This polarization will al-

low us to quantize the observables H = ½(p2+l), p and q ; moreover, 

the Hilbert space does not vanish: in this case we do not need distribution 

valued sections. 

1A. Prequantization: as usual we take L = M x a: and we use the symplectic 

potential 8 ½ (p dq - q dp) ( the reader is urged to calculate the effect 

if one uses 8 = p dq instead of our choice!). Sections s of L are 

identified with functions s on M by means of the non-vanishing global 

section s 
0 

s (m) 
0 

(m,1) t. s(m) 

the connection on L is given by 

( ) . . i ( )" 'v s = t;s - -e I;; s s h 

and the compatible inner product by 

(m, s(m))' 

8 Hpdq-qdp) 
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1B. The polarization and the bundle 
p 

B hol 
Phol = ct • X . p+1.q 

=> P n P = {O} so D = {O} and E = T*:nl • This implies that M/D ~ M and 

Phol is an admissible Kahler polarization. Because we can identify M 

~ ~ with M/D, the foliation E can be identified with E and we see that E 

has only one leaf: M and on it a complex structure is defined by 

J Rev Im v v E P 

This is the standard complex structure on :JR.2 ~ a: with complex coordinate 

z = p+iq, hence if we speak (in the sequel of this example) of a holomorphic 

function on M "='. M/D, we mean a function holomorphic in the complex coordi­

nate z = p+iq. 

Since D is globally spanned by hamiltonian vector fields (a trivial 

remark because 
p 

D {O}) there exists a global non-vanishing section \) 
0 

of B hol which is covariant constant along 

( X ) I (X X- . ) , -1 v m, . = w • , 
0 p+1.q p+1.q p+1.q 

p 

-¼ 2 

it is defined by: 

p 

By means of this -!-P-density \) 
0 

each section \) of B hol defines a 

unique function v on M by 

and since v0 is covariant constant along P we have: 

('ii v)· 
1; 

a: 
1; E E . 

1C. Quantization: since there exist global non-vanishing sections 
p 

of L and B hol \) 
0 

we have a global trivializing section 

s and 
0 

s 18) \) 
0 0 
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of QB. Each section iJ; of QB defines a unique function iJ; on M by: 

iJ; 

and we have for l; E Ea: : 

e HP dq -q dp). 

If iJ; 1 and 1}! 2 are covariant constant along P , then they define a den­

sity on M/D = M by: 

(ijJ1 ,ijJ2) (m, X p+iq, X . ) ~1 (m)~2(M) • v (X . ) • v (X . ) . 
p-1.q 0 p+i.q O p+iq 

lw(X . , X . ) I . lw(X . , X 
p-iq 

) I ! 
p+i.q p-1.q p+i.q 

- (i/!1 ,i/J2) (m, X p+iq, X 
p-iq 

) = 2 ~ 1 (m) ~ 2 (m) 

(i/!1,1}!2) (m, 
a a 

~1(m)•ijJz(m). - aq) ap 

We know from the theory that if we can find one global non-vanishing 

section 1/Jc which is covariant constant along P, then all other sections 

of QB which are covariant constant along P are given by functions g 

on M/D = M which are holomorphic with respect to the complex structure on 

the leaves of E , i.e. by functions g(p,q) which satisfy the Cauchy-

Riemann equations 

(~+ i~) g(p q) = 0 - X . g 0. 3p 3q ' p+iq 

the condition ij, covariant constant along P is given by: 

i . 
X . ijJ - - 8 (X . ) ijJ 0 

p+iq h p+iq 
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and a solution ~c is given by: 

2 2 
• - _1 _ (- L:9.___ \ 
~c(p,q) - & exp 4h } · 

This ~c is globally non-vanishing so if ~ is any section of QB which 

is covariant constant along P then ~ g • ~ c where g is holornorphic, 

hence we can identify the (pre-)Hilbert space with the space of holornorphic 

functions with a special inner product: 

H {g: a:+a; I g holornorphic and 

2 2 
p +q 

2!h ff I g(p+iq) I 2 e -~ dpdq < 00 } 

2 2 
p +q 

< g1 'g2 > = 2! h ff g1 (p+iq) g2 (p+iq) e - ---yfi" dpdq. 

The condition on an observable f to be quantizable is: 

[ af a a a a . al 
----- -;;--p + J_ ~qJ ap aq aq ap' a o 

( 2 2 
<'=l> f(p,q) = a•\p ;q )+bp+cq+d, 

Consequently, we can quantize the observables 

a E CI 

a, b, c, d E JR. 

2 2 
H = ½(p +q ), 

We start to compute 6 (H) and therefore we have to know 

pt associated to ¾ 1-s given by: 

(qcost + psint, -qsint + pcost) 

( a . a \ 
p *\-+1--; t clp 3q 

p 

V 
0 

and q. 

The flow 



- d [ -it -½ l 
- -d I O v (pm, X • )le I J t t= 0 t p+1q 

d -¼ 
= -1 (2 ) = 0 . dt t=O 

With these ingredients we can compute o(H) 

6 (H) ( 0 s ® v ) 
0 0 

6 (H) ( g • ~ • s ® v ) 
C O 0 

-ih(ll g\/J s ) ®v - ihg~ s ®Lx V + Hg~ s 0\) ¾ C O O C O H O C O 0 

h(p+iq)g'(p+iq)0 s liilv 
C O 0 
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where g, (z) denotes dg 
dz ; this result can be stated in terms of our inter-

pretation of the Hilbert space as: 

o(H)g(z) =h zg'(z). 

The eigenfunctions of the hamilton operator o(H) are given by 

o (H) g Eg -
E 

zg'(z) = h g(z). 

Since g(z) is a holomorphic function on ~ it follows that g(z) should 

be a homogeneous polynomial of degree E/ h hence: 

E 
n 

n h , g (z) = 
n 

n 
z ' n E N. 

We can also compute the operators o(p) and o(q) 

L v =L v =0 
X o X o 

p q 

"hence": o(p) g(z) ½zg(z) +hg' (z) 

o(q)g(z) -½zg(z)+ihg'(z). 

2 2 
Since H = ½(p +q ), it is interesting to compute the operator 

½Co(p)2+o(q)2) : 
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2 2 
Ho(p) + o(q) Jg(z) lizg 1 (z) + ½lig(z) 

which has the same eigenfunctions as o(H) but it has different eigenvalues: 

2 2 
Ho(p) + o(q) )g (z) = (n+!)!ig (z). 

n n 

The fact that o(H) and ½(o(p/ + o(q) 2) have different eigenvalues 

should not come as a big surprise because we nowhere required of the repre-

sentation o that it should satisfy o(f 1•f2) = o(f 1) • o(f2). The fact 

that o(H) has not the correct eigenvalues is due to the use of the absolute 

values in the definition of a -½-P-density (as already noted in section 7 and 

a solution will be given in section II) . 

. * 
1D • Summary : M = T lR , L M x a: , P = Phol "imply": 

I zl 2 

H { g: a: ➔ a: I Jf I g I 2 e - Zh dpdq < 00 } , 

f: M ➔ lR is quantizable iff f aH + bp + cq + d, a, b, c, d E JR. 

o (H) = Ii. z -2... 
dz ' 

d 
o(p)=!z+lidz' 0 (q) 

2 2 ( d \ ½ ( o(p) + o(q) ) =Ii ½+z dz) . 

i . d -= + 1.li-2 dz 

EXAMPLE 2: the moving free partiale on s2 : energy representation. 

In this example we want to quantize the symplectic manifold M = r*s2 \ {O}, 

i.e. the cotangent bundle of s2 without the zero section, together with 

the canonical symplectic form w = d0, In order to visualize 

M we will embed M into JR6 as the submanifold of lR6 defined by: 

1, 
➔ ➔ x•y = 0, lyl I O} 

This embedding looks like the tangent bundle of s2 , but that is to be ex-

pected: we have embedded s2 into JR.3 and the natural metric on s2 is 
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derived from the natural metric on :JR.3 • Each metric on a manifold X de­

fines an identification between TX and T*x so :R6 = :IR3 x :JR.3 can be 

viewed either as TlR3 or as with inner product/pairing: 

i a + + 
v --. ""' (x,v), 

clxl. 

a.(f,;) = + ➔ 
v•w 

and it is exactly this identification which is inherited by s 2 as embedded 

submanifold of :R3 • 

On :JR.6 = T*lR.3 we have a canonical 1-form 6 dxi = Yi and it is an 

elementary calculation to show that when we restrict 6 to M (i.e. in 

fact the pullback of 0 to M via the embedding) then we get the canonical 

1-form 0 of M = T*s2 \ {O} This implies that all calculations concern-

ing the symplectic form on M can be performed by using the symplectic form 

in but ••• calculation of the hamilton vector field associated to a 

function on M can give troubles! It would be nice if f is a function on 

M, 1 a function on such that 11 = f M ' 
that in that case 

Xf = ¾\M but the extension f is not unique and the different choices of 

1 give different X..., (on :R6 even when restricted to M). However, one 
f 

can show that if X.... is tangent to M (as a submanifold of :R6 ) then 
f 

¾'IM= xf. 

After this rather lenghty introduction of M we proceed with the ob-

servables we want to quantize; these are in the first place the kinetic en­

ergy of a free particle on s2 given by 

➔ 2 
H = ½lyl 

which is just the quadratic form on T*s2 defined by the natural metric on 

s2 , and in the second place the three components of the angular momentum L: 
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11 X2Y3 - X3Y2 
-+ -->- -+ 

12 X3Y1 - X1Y3 - L X/\y 

13 x1y2 - X2Y1 

where /\ denotes the cross product or vector product of two vectors in JR3 

these four observables are not independent since the relation 

holds. If we want to compute the associated%hamilton vector fields, we are 

at once confronted with the technical difficulties mentioned above: X 
½fyl2 

is not tangent to 

a tangent vector 

M! The conditions 

6 
f, E T(+ ::h JR given by x,y, 

and 

f, 
-+ cl -+ cl 

is tangent to 

ve-+w .. -

M 

+ + 
dX <ly 

iff 
-+ + 
V • X 0 and 

➔ ➔ + + 
w•x+v•y=O. 

imply that 

With these results it is easy to show that the hamiltonian vector field 

(on JR6 ) of the function H 1 1-+yl 2 • l-+xl 2 2 (which coincides with the pre-

vious definition of H on M !) is indeed tangent to M hence 

+ 3 1+ 12+ a 
y• ➔- y x•+ (on M) . 

ax ay 

The hamiltonian vector fields of Li pose no problems: 

2 a 3 a a a 
X ---x --+ 

ax3 a/ 
Y23y-Y33y 

3 2 

3 a 1 a 
X ---x --+ 

ax 1 3x3 

3 a 1 a 
y --y -

ay 1 ay3 

Since we want to quantize these observables, we have to choose the polar­

ization P such that they belong to the class of quantizable observables. 
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The polarization P we will use is due to K.Ii (see [Ii]) and one of 
en 

its main features is that it contains ¾ as the only real direction (which 

implies that H is automatically quantizable). As a consequence the real 

distribution D associated to P is spanned by X and then we are in-en -ti 

terested whether M/D is a manifold or not and if so, if n: M + M/D is a 

submersion. 

The flow associated to is given by: 

+ 
++ + + y + ++ . + + + 

pt(x,y) = (x cos lyl t +--sin lylt, ·'Xlyl sin lyl t + y cos lyl t) 
lyl 

so the leaves of D are circles (pZn/lyl <ty) = (;,y)) • 

by: 

I 2 + . . 
We want to argue that M D e!. S x ]R where the proJection TI 

++ 
n(x,y) 

+ 
(n,v) 

is given 

Therefore observe that a leaf of D (= an integral curve of ¾) repre-

sents a geodesic on s2 (the first three coordinates) together with the 

velocity of rotation (the second three coordinates). Each geodesic of s2 

determines a plane in JR3 (the plane which contains the geodesic) and 

hence two points on s2 (the intersection of s2 with the normal to this 

plane). If we now realize that the velocity with which this geodesic is 

passed cannot be zero (we have omitted the zero section of * 2 T S !) we can 

use the sign of this velocity to choose one of those two intersections. 

It is exactly this what is done: 
+ + 

the vector x A y is normal to the plane 

which determines the geodesic (i.e. the integral curve of ¾ through 
+ + 

++ xAy 
(x,y) E M) and 

lyl 
is one of the two intersections of this normal with 

s2. The only missing information concerning this geodesic (if we have the 

point on 

given by 

s2 ) is the absolute value of the travelling velocity which is 

+ 
lyl. This explanation should give some meaning to the formula we 
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gave for the canonical projection TI: M ➔ M/D. It should be noted that it 

is essential that we have omitted the zero section of 
* 2 TS because the for-

mula of TI is not defined for lyl = 0 and moreover XH vanishes when 

lyl = 0 so the dimension of D would not be constant on T*s2 (one should 

compare this situation with the harmonic oscillator in the energy represen­

tation of section 7). 

Since the projection TI: M ➔ M/D will play an important role, we will 

give local charts U (a= 1,2,3) on M on which the projection becomes 
a 

trivial: U c s 2 x JR+ x S 1 and TI: U + s 2 x JR+ is just the projection on 
a a 

On U 
a 

we use coordinates where the first two factors. 

;;: E s 2 v E JR+ and 
' 

exp ( i t ) E S 1 : t E JR 
a a 

is a cyclic coordinate (if we 

are careful we have to divide U into two charts in order to cover s 1 by 
a 

two patches (e.g. (0,2TI) and (-TI,TI)), but we hope the reader will allow us 

the use of this formally incorrect method in order to simplify the reasoning). 

We first define the vectors e as e1 a 

e3 = (0,0, 1) and with these we define 

; (;;) 
a 

= ( 1 ,o ,0), e2 = (0,1,0) 

➔ 

(;;) the vectors X by 
a 

2 
1 - n ) . 

a 

and 

With these ingredients we define the local charts ¢ : U -+ M by 
a a 

U {(~, v, t ) I 1-n2 ;iO} 
a a a 

➔ 

qi (n, V, t ) 
a a 

-,. 
y 

➔ ->-
n A x•v) 

hence by definition it follows that 
->- ➔ 2 + 

TI o ¢ (n, v, t ) = (n, v) E S x JR • 
a a 

The transition functions between the charts Ua are given by: 

->-
where aba(n) is defined by 

➔ 

t + ab (n)) a a 
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(+ +x (+n) (+ (+) · + + (+)) exp ( i aba n)) = a • ¾ n + 1 n /\ ¾ n ; 

in particular aab = -aba, a =O and 
aa 

. + exp(1a21 (n)) 

The inverse mapping is given by: 

With these calculation we finish the introduction of this example and we go 

on with the quantization. 

2A. Prequantization: as usual (it becomes a habit) we take L = M x a: with 

global non-vanishing section s (m) = (m, 1) 
0 

and we identify sections s 

of L with functions s on M by s(m) = (m, s(m)). In terms of these 

identifications the connection V becomes (Vr;s)" 

inner product becomes (s 1 ,s2)(m) = s 1 (m) • s2 (m). 

p 
Ben 2B. The polarization p 

en----------and the bundle 

defined by 

p I en + + 
(x,y)EM 

+ + + + + 

. i ( ) . r;s--er;s 
'h 

the polarization 

a + 

and the 

a 

p 
en 

x/\y where n V = lyl. If we write VR n•- VI nv •- and , 
lyl 

+ + 
ilx ily 

V = VR-iVI' then: 

iV 

is 
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Because D = 1R' ¾ , E = 1R ¾ <& 1R VR EB 1R VI it follows from the above 

commutation relations that P and E are involutive and that D has con-
en 

stant dimension 1, so, because w(¾,V) = 0, P satisfies all require­
en 

ments of a complex polarization according to a proposition of section 8;moreover, 

since M/D is a manifold and n: M + M/D a submersion, P is admissible. 
en 

At this point it is rather difficult to find a complex function w such that 

V = A Xw + µ ¾, A, µ E a: , but later on we will see how to obtain such a 

function; it will turn out that the (local) function w on 1R6 defined by 

w 
x3y1-x1y3 + i(x1y2-x2yt) 

+ 2 + 2 
!lyl •(lxl +1) -x2y3+x3y2 

has a hamiltonian vector field (on 1R6 ) tangent to M and 

X :>.•V (on the domain of w, for some function ;>.). 
w 

In order to compute the complex structure defined on the leaves of 

E n*E in M/D, we first compute the vector fields ¾ and V in terms 

of the coordinate charts U : 

on U : 
a 

(n2f1) 
a 

a 

V 

+ + 
where x and y are defined by the map 

-1 
cj, • 

a 

We see that the leaves of the foliation E are precisely the balls S2 X { V} 

s2 (v E 1R +) and the complex structure on 

into lP 1 {a:) : 

( + a ) + J w •-::;: = w' 
an 

a 
+ an 

+ 

2 
$ X { v} 

where is obtained by rotating w over 90° 

defined by p 
en turns 

in the plane perpendicular 
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to ; such that the triple (~', ;, ;) has the same orientation as 

➔ ➔ ➔ 2 
(e 1, e 2 , e3). This characterization of the complex structure on S is the 

same as the statement that the function w defined on TI(U) by 
a a 

= n2+in3 n +in n 1+in2 
= 

3 1 = w1 1-n1 
w2 1-n2 

, w3 1-n3 

is ( local) holomorphic coordinate 
2 1 

a on S X {v} ~ ]P (0:) 

According to the theory the associated hamiltonian vector fields are vector 

fields in P and (again) we have to modify J::hese functions (seen as func-
en 

tions on JR6 ) such that their hamilton vector fields are tangent to M, 

which forces us to write 
➔ 2 Hix! +1) -n instead of 

a 
1 - n in the denomina­

a 

tor of wa. Furthermore, if we express the function wb in terms of the 

complex coordinate w 
a 

on s2 ~ lP 1 (a:) then ought to be a holomorphic 

function and indeed: 

w.+i 
l. 

w 1-i 

p 

We now turn our attention to the bundle Ben: D is globally spanned 

by the hamiltonian vector field 
p 

hence there exists a global non-vanishing 

section V 
0 

of Ben which is covariant constant along p • 
' 

on the local 

chart Ua it is defined by: 

- -¾ lw(V,V)I -¼ 1-Zivl 

Using this global trivialization, each section v of 
p 

en 
B can be identi-

fied with a function v on M by 

Ea:) is given by: 

(V v). 
I;; 

V = V • V 
0 

and the connection (along 
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p 

2C. Quantization: the global sections of L and of B en 
define s \) 

0 0 

a global trivializing section \/Jo = s ®\! of QB with which we can identi-
0 0 

fy sections l/J of QB with functions ljJ on M by l/J = ¢\jJ • 
0 ' 

the connec-

tion on QB is given by: 

If l/! 1 and l/) 2 are covariant constant along P then they define a density 

on (with coordinates 
➔ 

(n,v)) by: 

¢1 (m)~2 (m) • v 0 (¾,V) • v 0 (¾,V) 

~ 

. IEw( ¾· V, V, a~) I . 1Ew,1(V,v)I" 

~1(m)¢2(m) IEw( ¾,V, V, a~),. 
On s2 there exists a natural density called dn associated to the metric 

on and defined by: 

dn ( ; • 3_,. , w' • : }\ 
\ an an 

(N.B. this density is usually denoted in polar coordinates on s2 by 

dn = sin 8 d8 dq,). Using this density we obtain: 

The next step in the identification of the Hilbert space H is the de­

termination of a local/global section ljJ which is covariant constant along 

P. On the chart Ua the condition to be covariant constant is given by: 



r¾~a 
i . 

- -8(¾)1/! 0 
h a 

jv~ a 
i • 

0 - -8(V)ijJ h a 

vat a =hvijJa(n,v,t) I alj! a i 2. -->-

( -->- \ clijJ n /Y \ 81/! . y .-->- a a , a . a 
il ~+ ix;-::;- +-1-2 \ ~ + ixa/"'ft 

\ an -n a 
a 

0 

and it is easy to show that a solution is given by: 

~ (n,v,t) 
a a 

h (v) (1-n2)v/21i. exp(ivt /h). 
a a a 
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However, we now have the same troubles as with the harmonic oscillator in 

the energy representation: the cyclic nature of t 
a 

implies that 

whenever v/h ~ Zl. Since it is easy to show (using the equation 

h (v) 
a 

3¢ . ( . - = 1- v/h)ijJ 
3t and the cyclic nature of t ) that all sections 1jJ which 

a 
a 

0 

are covariant constant along P should be zero whenever v/h ~ Zl, it fol­

lows that 1-/ reduces to { 0} since then < 1jJ 1 , 1/! 2 > = 0 always (Zl + has 

measure zero in (JR+, A(l))). However, we will ignore this point and we will 

assume (as in the case of the harmonic oscillator) that the integration over 

v has to be replaced by a summation over all allowed discrete values of v 

(which should be the correct answer if we had things like distribution valued 

sections). We will see that if we adopt this point of view, then things 

turn out very nice. 

To remind ourselves that v should be restricted to a discrete set of 

values, we replace v by the variable A= v/h which then takes values in 

Zl + We now choose h (A) = 1 /hA so 
a 
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and: 

which explains our choice of 

inner product. 

h (;\): 
a 

to get rid of the factor 2 
V in the 

It should be noted that in the view we just have adopted, ¢a is a 

non-vanishing section of QB over u 
a 

(although it is zero if v (/_ Zi'.+). 

The question which now arises is: can we extend ¢a to a global section of 

QB while it remains covariant constant along P? Since u1 UU2 = M we 

calculate the correspondence between ¢ 1 and ¢2 on u1 n u2 using the 

comp lex coordinate w 1 (resp. w 2 ) 

on 

➔ 

instead of the coordinates n : 

These formula show that the global section ¢ of QB defined by: 

is covariant constant along P because it differs (locally) by a holomorphic 

function from a covariant constant one. Moreover: ¢ is the section ¢'I 

which is extended by zero outside u1 (the points w2 = ±i just cover 

Now suppose ¢ is any section of QB which is covariant constant 

along P, then (according to the theory) there exist functions g1 O,,w1) 

on u1 and g2 (A,w2) on u2 which are holomorphic with respect to the co­

ordinate w such that: 

hence on the intersection u1 n u2 we have: 
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Since and are defined on 
+ 

'll X (O:\{0}) , the function 

·g1(A,w) has a Laurent series 

,, 
and since g2 (A,w) 

finite: 

has no pole in w2 it follows that this series is 

If we now realize that u1 is dense in M, then we see that the function 

completely; and to-

gether determine the section w so each section w of QB which is covar­

iant constant along P is characterized by a function g(A,w) of the form: 

g(A,W) 

The inner product between two of these sections is given by: 

A 
w g(A ,w1 )w 1 g(A ,w) I m 

aAm w 
m=-A 

A 
¢ = g(A,w1)w 1 g(A,W) I aAm 

m 
w 

m=-A 
00 A 
I J I 11Am' 

_m m' 2 A 
< w,w > dQ aAm w1 w1 (1-n1) 

A=1 s2 m,m'=-A 

00 

/n2-in3r c2+in3\m' 2 A I J dQ I aAm aAm' \~ ~J (1-n1) 
A=1 s2 m,m' 1 1 

ex, 

- . m . m 1 ( 2r f A I J 4dpdq l aAm 
(r2+1)2 

aAm'(p-iq) (p+iq) -2-
A=1 ]R2 m,m' r +1 

lr2=i+ll 
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and the Hilbert space H is given by 

H {lj!: M-->-QB I ljJ 
( A m\ 
l l a w/lj! <ljJ,ljJ>< 00 } 

'm=-A Am 1 1' 

N.B. The sections ljJ EH differ from the gZobaZ section w1 by a function 

g (A, w 1) which is ho lomorphic in w 1 ; however, ljJ 1 has zero's so g may 

have poles (whose order should be less than or equal to the order of the 

zero of ljJ 1 ) • 

After the determination of the Hilbert space H we now turn our atten-

tion to the observables H and L. 
]_ 

Because X E P the as---u en 

sociated operator o(H) is just multiplication by 
2 2 2 

H = h = ½Ii A so: 

The eigenvalues of 6(1:l) are E£ 

ljJ £m ( I ml :( £) defined by: 

½n 2i 2 with corresponding eigenfunctions 

(i.e. the coefficients aAm' are all zero except aim which 

and we see that the eigenspace of E£ has dimension 2£+ 1. 

To 

so if 

hence: 

compute the operators 6 (L.) 
]_ 

we observe 

[x ,x J = [v,x J = o , --u L. L. ~':' = 0 
]_ ]_ l. 

J.S the flow associated to ~­
i 

then: 

V 

that 

(L~_vo)(m,¾, V) = ddtlt=O vo( XHjptm' Vjptm) 
]_ 

= :t I t=O 

_1 

x1 _ I -2ivl 4 

l 

equals 1 ) 

0 (X v=O) 
L. 

l 
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and finally, since 6(~_) 
L 

follows that: 

L. (L. is linear in the momentum y. ) it 
L L J 

o (L.) ,P s ® v 
L O 0 

- in (X1 ¢) s ® v • 
. 0 0 
L 

Because we have expressed each ¢EH as a product of a function g(A,w1) 

on U 1 and ¢ 1 , we "have to" know the vector fields ~. in terms of the 
L 

coordinates on U. : 
L 

➔ ➔ -~ ~, (e ('Ill) 
➔ 

an 

➔ ➔ a n2 a 
X (e2J\Il) ·- + ;z·at 12 ➔ 

an -n 1 1 

➔ ➔ a n3 a 
X (e3An) ·- + --·--

13 ➔ 2 at 
an 1-n1 1 

hence on u1 we have: 

2 

iw1 
i 2 w1+1 

x1 w1 X w --(w -1) X w --2-
1 1 2 1 2 1 13 1 

. w2+1 w2-1 

~ ¢1 0 X L ¢1 
L 1 " 

X A 1 · , =-•-¢ • L ¢1 -·--l/J 
1 2 

2 w1 1 
3 

2 w1 1 

and finally the action of o (L.) 
L 

on ¢!!,m: 

To conclude our computations we mention that 
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2D. Summary and conclusions: M = T*s 2 \ {0}, L = M x a: and P = P imply 
en 

(if we forget the problems concerning the need of distribution valued sec­

tions): 

H {ij,: M+ QB ,1, ( ~ m \ ,1, ,I, ,I, < } 
'l'\m;-A aAm w1 )'1'1 /\ <'1','I'> "" 

< 1/J,1/J > l J d!"l 
">--=1 82 

The observables H = ½lyl 2 

eigenvalues 

eigenfunctions 

o(H) 

+ 
and 1 

are given by 

➔ ➔ 

x/\y are quantizable; the 

with corresponding 

The operator ½ ( o(1 / + 0(12) 2 + 0(13) 2) has the same eigenfunctions ij,tm 

as o(H) , but different eigenvalues: 

As in the case of the harmonic oscillator in the holomorphic representation 

(the previous example) this result should not come as a total surprise. However, 

we have seen that the quantization procedure as described in section 9 is 

not the final quantization procedure because it does not give the correct 

quantization of the energy of the harmonic oscillator (energy levels E 
n 

instead of E ~ (n+!)h). To correct this (small) error we need the meta-
n 

nh 

linear correction and when we have it, we have to investigate its effect up--

on the energy eigenvalues of this example! 

We leave it to the reader to philosophize about the resemblance between 

the ~£m EH as eigenfunctions of the operator 

2 
and the eigenfunctions Y£m E 1 2 (s ,d!"l) of the 

a . 8 a 1 a2 \ 
sin 8 38 sin 38 + __ 2 ___ 2) · 

sin 8 3¢ 
on 

2 2 2 
0(1 1) + 0(12) + 0(13) 

Laplace-Beltrami operator 
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11 THE METALINEAR CORRECTION 

As we have said in earlier sections, the errors in the energy eigenval-

ues of the harmonic oscillator can be traced back to the use of the absolute 

value in the definition of a -½-P-density. Let us recall the definitions: 

R is the bundle of all P-frames, i.e. the fibre R consists of all bases 
m 

of P c T Ma: R is a principal GL(n,a) 
m m 

bundle "since" all 

such frames can be indexed by GL(n,a). A -½-P-density v is a function 

v: R + a such that 

VmEM V(s 1 , ••• ,s) ER 
n m 

Vg E GL(n,a) 

If we wish to get rid of the absolute value of det g, we come into troubles 

with the definition of the square root: which branch of the square root do 

we need? Consider the matrix 

g(t) tE[O,1]; 

this is a continuous function of t but, if we do wish the function 

v(m, (O •g(t)) v(m, (0) det g(t)-! 

to be continuous, we always have troubles at t 

ever way we choose the square root of det g . 

0 and t 1, in what-

One way to solve this problem is to add the information concerning the 

square root to the matrix g itself. In this way one obtains the metalinear 

group ML(n,a) which consists of pairs (g,z) E GL(n,a) x (a\{O}) satisfy­

ing: 

2 
z <let g 
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group action on ML(n,O:). Another way of visualizing the group ML(n,O:) 

is as a subgroup of GL(n+1,0:): 

(g,,) ~ [•:•-:<••] € GL(n+l,O) 

Associated with ML(n,O:) are two group homomorphisms: p and A 

p: ML(n,O:)-->- GL(n,O:) (g,z) I--+ g 

* A! ML(n,O:)-->- 0: =O:\{O} (g,z) I--+ z • 

The map p is a nontrivial 2-1 covering of GL(n,O:): there exist local 

continuous sections s: GL(n,O:) + ML(n,O:), but no global ones. 

One now might think that we have solved our problems: there is a nat­

ural action of ML(n,O:) on R: 

and we define a -!-P-density v as a function v on R satisfying: 

v((f;) • (g,z)) -1 • z 2 (z = det g) 

~ -1 
v((f;)) • A(g) , g E ML(n,O:) 

but, ••. this is ridiculous because (f;) • (id,-1) = (f;) hence v(f;) = -v(f;) 

implying that v should be identically zero. From this observation it is 

obvious that we have to incorporate the metalinear group not only in the ac­

tion on R , but in the fibres of R themselves: we need to change the 

principal GL(n,O:) bundle R into a principal ML(n,O:) bundle R, just 

by replacing the fibres Rm 9:! GL(n,O:) by R 9:! ML(n,O:). We want further­
m 

more that R resembles R as much as possible: whenever there is a twist 

in R there should be a twist in R, but how do we formulate this wish 

correctly? 
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Suppose {Ua, gaS} is a trivializing cover of R with transition func­

tions gaS: Ua n US -+ GL(n,O:). Suppose furthermore that there exist (cont in-

such that and satisfying 

the cocycle condition g O • g0 = g , then {U , g 0 } defines a principal aµ µy ay a aµ 
~ ML(n,O:) bundle R over M which resembles R in the way required. How-

ever, it is not evident that such gaS always exist; it is always possible 

to choose the U 
a 

such that the lifts exist, but it is not necessary 

that these lifts satisfy the cocycle condition. In fact, whether this is 

possible depends upon the cohomology class in H2 (M, 71./271,) determined by 

R: if it vanishes then such lifts satisfying the cocycle condition do exist. 

Moreover, the different possible choices (if there are any) are character­

ized by H 1 (M, 71./2'll) • (see [ Simms & Woodhouse]) 

~ To summarize these results: a principal ML(n,O:) bundle R over 

M with the desired properties does exist if the cohomology class in 

H2 (M, 'll/2'll) determined by R vanishes; the different possibilities are 

characterized by H 1 (M, 'll/2'll) • Associated to such a bundle R (and in the 

sequel we will always assume that R exists) is a projection p: R-+ R 

which commutes with the bundle projections: 

~ 
R'. p 

R 

M 

and which is defined in a local chart Ua by: 

p(m, (g,z)) (m,g) 

- p(m,g) (m, p(g)) • g € ML(n,O:) . 

When we identify R as the bundle of P-frames then 
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where f 
m 

p(m,g) (m,f ) 
m 

is a frame (basis) of P c T MO: 
ID ID 

determined by the 

matrix p(g). Since the inverse image 
-1 p (m, f ) 

ID 
consists of two points 

( the two square roots of det g if g ~ f ) ID , the bundle R is also called 

~ the bundle of metaframes. It follows from the construction of R that if 

f: UcM ➔ R is a local section of R (f(m) is a frame at m, i.e. 

f(m) = < i; 1 I • · · · , i; I > where i; 1 , ... , i;n are vector fields on u which 
ID 11 ID 

span P) 
' 

then there exists (at least local.ly in u) a lift f: U' cu ➔ R 

such that pof = f. This observation, together with some obvious consider-

ations, shows that the map p: R ➔ R is a 2-1 covering of R over R. 

To state our results in a different way: R is a principal ML(n,O:) 

bundle over M and p: R ➔ R is a 2-·1 covering which is simultaneously 

a map of M-bundles. Moreover, if f E R 
m 

is a metaframe and g E ML(n,O:) 

then f•g ER and p satisfies the relation 
m 

p(f) . p(g) p: ML(n,O:) ➔ GL(n,O:) 

(this is a consequence of the construction of R: 
tion which is often stated as the commutativity of the following diagram: 

the group on the principal 

Rx ML(n,0:) 

l pxp 

Rx GL(n,O:) 

Having defined a bundle R (if it exists) we now can define a -½-P­

form as the generalization of a -!-P-density which does not use the absolute 

value: a -~-P-form v is a function v: R ➔ a: satisfying 



'efg = (g,z) E ML(n,<t) 

or 

'efmEM 'eff c,,,R ~ ML(n,CC) 
m m 

2 
(z = det g) 
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In the same way as before we define the line-bundle BP over M as the 

bundle whose fibre BP consists of all functions v : R ➔ a: satisfying: 
m m m 

which is a line-bundle since such a function 0t is determined completely 
m 

by its value on a fixed metaframe f 
0 

It then follows that sections V 

of BP can be identified (in the obvious way) with -½-P-forms as defined 

before. We can describe the line-bundle BP using the same trivializing 

cover as we used to define the bundle R: 1:rP has local charts U x C!: 
a 

where µaS(m) is defined by: 

because: if v is a -½-P-form on M, then it defines local -½-P-forms 

va on the local charts uaxML(n,<t) 

and u 8 we have: 

~ of R and on the intersection of U 
a 

so our claim follows if we identify v with the set of local functions 

~ (m, id) on U • 
a a 

At this point it is interesting to note that BP need not be a trivial 

bundle; the fact that the bundles over M and over X (X an 
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arbitrary manifold) are trivial depends strongly upon the use of absolute 

values! The difference between AnX and 6 1X (volume forms and densities 

on X) is just the absolute value: AnX can be nontrivial ( - X is not 

orientable), while 6 1X is always trivial. The distinction between BP 
and BP is of the same nature although the difference is slightly more than 

just the absolute value. It is this analogy which explains the name -½-P­

form: forms (i.e. k-forms on a manifold X) do not use the absolute value, 

densities do. 
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12 QUANTIZATION III 

In this section we will trace the consequences of replacing BP by 

BP. We have to start with the definition of a (partial) connection on BP 

analogous to the connection V on This connection ~P on B will be 

defined for vector in P only, contrary to BP where it was defined for 

. vectors in Ea: = P + P. Suppose i;; E P and v a -!-P-form (i.e. v is a 

section of BP) then we define a new -!-P-form V /; in the following way. 

Let m0 EM, 

= p(f ) E R 
o m0 

let f ER be a metaframe at m 
0 o m0 

be the associated P-frame at 
& 

m. 
0 

and let (1;; 1 , ••• ,!;;n) = 

Then there exist hamil-

tonian vector fields n1 , ••• ,nn defined in a neighbourhood U of m 
0 

which span P on U (by definition of a complex polarization) such that 

n, j !;;i; since p is a 2-1 covering there exists a neighbourhood U' 
i mo 

of m0 , U' c U and a local section f: U' + R of R satisfying the con-

ditions: 

f(m) 
0 

f 
0 

we will call such a section f a local hamiltonian metaframe on U' (what 

we have shown is that for any f ER there exists a neighbourhood U' 
o m0 

of m and a local hamiltonian metaframe f on U' such that f(m) f ). 
0 0 0 

The -!-P-form Vi;;v is now defined in the point (m , f ) E R 
0 0 

by 

(V v)(m , f) = /;;Im v(m, f(m)). 
I;; 0 0 O 

PROPOSITION: Vi;;v is a well-defined -!-P-form. 

PROOF: let f' be another local hamiltonian metaframe on U' around 

then there exists a function g: U' + ML(n,a:) such that 

f' (m) = f (m) • g(m) 
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(remember: R is a principal ML(n,~) bundle). Define the hamiltonian vec-

tor fields on U' by 

by 

<n;Jm•···,n~jm) = p(f(m)) 

g(m) = p(g(m)) then: 

and define 

the function 

Because n. and n'. are hamiltonian vector fields in P it follows that 
1. J 

g. . is constant along P , 
J 1. 

in particular we have 1; I g .. cm) = o 
mo J 1. 

(the 

proof is analogous to the similar proofs insections 6,9). We now observe that 

A(g(m)) = ✓detg(m) for some branch of the square root in the neighbourhood 

U' , hence 

Finally: (V v) (m , f' (m )) = 1; I ';;(m, f' (m)) = I; I ';;(m, f(m)g(m)) 
c; o o m0 m0 

sim [';;(m ,f(m))A(g(m))- 1 ] = [ /;Im v(m, f(m))]A(g(mo))- 1 

0 0 

PROPOSITION: V is a (partial) flat connection on BP. 

PROOF: we only prove that V is flat, i.e. if I;, 1; E P then 

the other properties of a connection follow easily from the definitions. 

Let f(m) 

hence: 

be a local hamiltonian metaframe around m EM then: 
0 

(V V,v) (m , f(m )) - (V,V 'v') (m , f(m )) 
/;s o o c,1; o o 

1; [ I; I 'v' (m' , f (m')) - i; I 1; j 'v' (m' , f (m')) 
m0 m I m0 m 

[1;,i;J Jm ';;(m ,f(m)) = ( V[ i:-]'v') (m , f(m )) . JQEDI 
O I;'" 0 0 
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With these proposition we have finished the construction of the bundle 

BP with its partial flat connection. The next step is to define the bundle 

QB (abuse of notation since it is a bundle different from the bundle QB 

defined in section 9): 

where L is the prequantization line-bundle. On QB is defined a partial 

connection V in the obvious way: if 1;; E P, ij, = s®v a section of QB 

then: 

V ij, = (V s) © '::; + s 0 (V '::;) • 
1;; 1;; 1;; 

On the sections ij, of QB which are covariant constant along P we 

want to define an inner product in the same way as before; suppose 

i = 1 ,2 are two sections of QB, mEM and suppose £ER 
a: (s 1 , ••• ,s) ET M in such a way n m 

that the following conditions are satisfied: 

is a basis of T Ma: 
m 

is a basis of Da: 
m 

P n P 
m m 

m 

The first condition is a condition on (s 1 , .•• ,sn), the second condition 

restricts the possible choices of f (remember that (1;; 1 , •• ,r;n) is a basis 

of Pm). With these ingredients we define a function (iJ, 1 ,iJ, 2 )m on 

FZn-k(M/D)a: by: 
1T (m) 

• le (1; 1 , ••• ,r;, s1 , ••• ,s )I. w n n 
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As before, this function is not defined on the whole of 

but one can prove as in section 9 that it defines a !-density: 

PROPOSITION: (1)i 1 ,w2 )m defines a unique 1-density on FZn-k(M/D)~ 
TI (m) 

Furthermore, by a simple adaption of the proof in case of -½-P-densi­

ties (just using the lemma of section 8 completely) one can prove the 

following proposition: 

PROPOSITION: if w1 and w2 are covariant constant along P then 

(w 1 ,w2 )m defines a unique density (1)i 1 ,w 2) on M/D, i.e. (w 1 ,1)i 2) m 

depends only upon TI(m). 

REMARK: as in the case of -½-P-densities one can construct local -!-P­

forms v which are covariant constant along P and non-vanishing: let 

f(m) be a local hamiltonian metaframe, then the 

where f is defined) given by 

v (m, f(m)) 
0 

-½-P-form V 
0 

(defined 

is covariant constant along P and non-vanishing as promised. Hence if w 
is a local section of QB then there exists a (local!) section s of L 

such that w = s ® v O and moreover: w is covariant constant along P iff 

s is covariant constant along P. 

As before we define a prehilbert space PH by 

PH { ijJ : M-+ QB I Vr, C p V w=O 11. f (ijl,w) < 00 } 

[, M/D 

with the "inner product": 
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and we take the associated Hilbert space H as the Hilbert space of the 

quantum mechanical description of the classical system described by the sym­

plectic manifold (M,w). From the definitions as given above, one can 

(easily) deduce that, even if one uses -½-P-forms instead of -½-P-densi­

ties, if ¢1 and ¢2 are two local sections of QB which are both covari­

ant constant along P, then they differ by a function on M/D which is ho­

lomorphic when restricted to a leaf of E = n*E (which had and has a com­

plex structure induced by P). 

The last step in the quantization procedure is to define the quantiza­

ble observables: a function f: M ->- lR is quantizable iff [Xf ,P] c P ; 

this is the same condition as before, but now the associated quantum opera-

tor has to be defined in the new situation. Suppose i;; is a real vector 

field on M preserving P , 

sociated flow and if 

duces an action on 

Now suppose 

i; E: p 
m 

P-frames: 

then (if 

then 

f 

t 

then if denotes the as-

it follows that in-P *i; E P ; 
t ptm 

(1;,, .•• ,i;) ER => (p ,1;,, ... ,p Ci;) ER . 
n m t• th n ptm 

is small enough) there exists a unique 

(continuous) action called pt* on f such that 

(to see it, we note that f determines a branch of the square root (of the 

frame f = pf E R ) which can be extended in a neighbourhood of m) 
m 

Using this action we can define the operator L 
i;; 

on a -!-P-form v by: 

Another way to define the operator Li;; is the following: associated 

to the flow on R is a vector field on R which we will call i;; : 



142 

and ,; obviously satisfies the relation TT*/; 

bundle projection. 

,; where TT: R + M is the 

~ Associated to the flow on R'. is a vector field on R which sat-

isfies the relations: 

,; ,; (here TT: R -+ M) 

Since ~ p is a covering, especially since it is locally a diffeomorphism, we 

also can define ,; as the unique lift of 2 to R such that p*f, ,; and 

with these definitions (especially of ,; as the unique lift of 2) the 

operator Li; can be defined as 

PROPOSITION: L,;v is a well-defined -½-P-form and L,; possesses all prop­

erties of a Lie derivative (except that it is defined for a restricted class 

of vector fields): 

( i) Ls<\ +v2) L?1 + L?2• L/fv) ( i'.;f) ~ \) + f L v ,; 
f:M+O: 

(ii) L \) L \) + L v, L ai'.; V, a i'.; \), a E JR 
,;1 +,;2 i'.; 1 i'.;2 

( iii) L L \) - L L \) L V 
,; 1 ,;2 i'.;2 1;1 [ i;; 1 ,i:;2] 

Moreover, if Xf E P then vx v L v (f:M+JR) 
f xf 

PROOF: we only prove the last statement, the others are left to the reader 

(condition (ii) and (iii) follow from the fact that (; 1--+ 2 is a Lie alge­

bra homomorphism and the fact that p is locally a diffeomorphism). Let 

hamiltonian frame spanning P in a neighbourhood U of m EM with an as­
o 

sociated harniltonian metaframe f (m) E R , po f = f, then: 
rn 

(V v)(m , f(rn )) 
xf o o 

xf Im v(m, 1 (m)) 
0 
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On the other hand, since Xf and 

it follows that pt*~i = ~i hence 

are hamiltonian vector fields in P 

and so by definition. 

Now: (LX v)(m , f (m ) ) 
f O 0 

Xflm v(m,f(m)) IQEDI 
0 

On the sections of QB we define an operator o(f) for each quantiza­

ble observable f by the usual formula: 

o(f)(s®v) 

and we then have to prove that o(f) maps the prehilbert space PH into 

PH and that o(f) is essentially self-adjoint on H if Xf is complete. 

These proofs are the straightforward generalizations of the corresponding 

proofs in case of -!-P-densities, so we leave it to the reader to finish 

them. 

This finishes the quantization procedure which includes the metalinear 

correction and we now turn our attention to the influence of the metalinear 

correction upon the examples given in previous sections. 
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13 SOME EXAMPLES III 

In this section we apply the metalinear correction to some of the exam­

ples of previous sections and we will see its influence. 

EXAMPLE 1: an oriented configuration space with the vertical polarization. 

* In this example we quantize the symplectic manifold M T Q where Q is 

an oriented manifold, using the vertical polarization P = DvO:_ This exam­

ple should be compared with example 3 of section 7; the condition "oriented" is 

sufficient to guarantee the existence of the#bundle R. 

* 1A. Prequantization: L = M x CJ: = T Q x CJ: and we identify sections s of L 

with functions s on M in the usual way; the connection and compatible 

inner product become: 

(V s). = ;;;s -i:.e(i:;)s 
i:; h 

1B. The polarization and the bundles R, R and 
~P 
B the vertical po-

larization is spanned (locally) by the hamiltonian vector fields 

where qj are the (local) coordinates on a coordinate chart u 
a 

X • 
1 

q 
of Q. 

We now assume that {U} is a cover of Q of oriented coordinate charts, 
a 

which implies that the determinant of the Jacobian of the transition func-

tions is positive, i.e. if 

then 

~j q are the coordinates on the local chart 

The local charts Ua of Q define a trivializing cover of R as follows: 

a chart U defines a chart U x lRn of 
a a 

* T Q = M and we then identify the 

element 



((q,p),g) E (U x]Rn) x GL(n,ct) 
a 

with the P-frame ((q,p), (X .)g .. ) • 
q]. l.J 

If we denote by JSa the Jacobian matrix of the map ¢Sa: Ua + US (the 

change of coordinates on Q), i.e. 

a-i 
(JSa) ij = a:j 
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a-i 
then, because X . = __g_ X , the correspondence between the local charts 

qi aqj qj 
of R are given by 

in other words, the transition functions gaS(q,p) of the bundle R, 

gas: (Ua X]Rn) n (usx]Rn) + GL(n,ct)' 

are given by: 

Since the determinant of the transition functions is real positive 

there exist lifts gas to ML(n,ct) defined by: 

such that the cocycle condition is satisfied. In conclusion we can say that 

the local charts Ua of an oriented atlas of Q define a trivializing 

* cover of R as a bundle over M = T Q; the projection p: R + R 

by 

p((q,p) ,g) = ((q,p), (X 1' ... ,X n) • p(g)) 
q q 

_, p((q,p), (g,z)) = ((q,p), (X .)g .. ) 
q]. l.J 

is given 



146 

where we used the local charts U x ]Rn x ML(n,a:) and U x lRn x GL(n,a:) . 
a a 

According to the theory, the line-bundle BP has the same trivializing 

cover with transition functions µaS defined by 

It is interesting to note that in this case (and also in the other examples 

~P of this section) the bundle B is trivial: let pa 

partition of unity subordinated to the cover {U x lRn} 
a 

be a locally finite 

* 

define the local sections v : U x lRn + 'irP of BP by 
a a 

of M = T Q and 

then the global section \) := l pava of BP is non-vanishing, just because 
a 

all the transition functions are real positive (N.B. we have chosen the 

positive square root of the positive numbers det g0 S). 

If we remember that p(q,p, id) = (q,p, (Xi)), then we see that the local 
q 

sections v defined above are covariant constant along P (the section 
a 

(q,p) + (q,p, id) is a local hamiltonian metaframe!). Now suppose v is 

any -½-P-form ~P ~ (i.e. a section of B ) then v defines functions 

.a ~ 
\) . \) 

a 

and the connection V on BP is given in terms of these local functions by: 

.a (V v) .a 
z:; 

z:;v 

1C. Quantization: QB = L ®BP which 

is the global section of L defined 

section 1/1 = s ® \) of QB we have: 

has local 

by s (m) 
0 

sections 

= (m, 1) • 

s O ® v O , where 

For an arbitrary 

s 
0 
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I 
,Cl ~ 

1jJ = SS 181 V •V 
U x]R_n o a 

Cl 

•Cl 
1jJ s ® v 

0 Cl 

and with respect to these local sections s 0 ®Va the partial connection V 

on QB becomes 

•Cl i •Cl 
?;;ljJ --8(1,;)ljJ 

h 

(remember that V 
Cl 

is covariant constant along P), since this connection 

is defined for ?;; E P 

for ?;; E P hence 

(V ljJ) .a 
I;; 

Dva only and since 8 

•a 
?;;ljJ • 

i 
pi dq , we have e (?;;) = O 

In consequence, sections 1jJ of QB which are covariant constant along 

P can be identified (locally) with functions ~a on Ua c Q (because 

P 3?;; = I ?;; • --!-- ) . The relation between the different ~a (considered as 
]_ pi 

functions on Ua c Q) is given by: 

where 

~S(q) = ~a(q) (detgai3(q))½ 

=ijJa(q) (detJa 13 (q))-! 

is the Jacobian of the transition ~ai3: US ➔ Ua, hence, apart 

from the square root, the ~a behave as if they were volume forms on Q ! 

When we used -!-P-densities we showed that the ~a•s behaved as !-densi­

ties on Q : a product of two such sections defines a density on Q ; here 

a product of two such sections (without complex conjugation!) defines a vol­

ume form, which justifies the name ½-forms on Q for these sections defined 

However, since all Jacobians JaS have a positive determinant, the 

~a•s can also be interpreted as ½-densities on Q and now we leave it to 

the reader to verify that if we interpret the ~a as the local representa-
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tions of ½-densities on Q, then the results will be exactly the same as in sec­

tion 7: the metalinear "correction" (with the metalinear bundle R as given 

above) does not influence the quantization procedure in case of an oriented 

* configuration space Q and M = T Q , equipped with the vertical polariza-

tion. The origin of the absence of any effect of the metalinear correction 

can be found in the fact that in example 3 of section 7 all (for this section 

interesting) absolute values were used on positive real numbers! 

1D. Summary: M * T Q, L Dva, Q oriented then 

H { square integrable ½-densities on Q } 

f:M-+JR is quan~izable iff 

and I; a vector field on Q ; 

f = f + f where 
0 I; 

f 
0 

for ~EH we have 

is a function on Q 

Moreover, if Q is an oriented Riemannian manifold, then the associated volume 

form E enables us to identify ½-densities with functions on Q and then: 

2 H = L (Q,E) 

EXAMPLE 2: the haY'ITlonic oscillator, holomorphic representation. 

In this example we investigate the modifications of example 1 of section JO. As 

these modifications are not as drastic (in a certain sense) as in the pre­

vious example, we only indicate the differences. 

~P ~phol _a_n_d_t_h_e_b_u_n_d_l_e_s __ R~, __ R __ a_n_d __ B_: is spanned globally by 

the hamiltonian vector field so R is a trivial bundle: 

2 2 * R ~ JR x GL < 1 , a) = IR x a 
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with the identification (q,p, µ) ++ (q,p, µ•Xp+iq). The (unique) bundle R 

is also a trivial bundle: 

~ 2 R~lR xML(1,<C) ]R.2 X 0:* 

with the identification >..Ea:*++ (>.. 2 ,>..) E ML(1,<C) and with projection: 

p: R ➔ R, 
2 

(m,>..) I-+ (m,>.. ) 
2 

(m,>.. X +· ) p 1q 

p 
The bundle B hol again is trivial since we have the global non-vanishing 

-½-P-form v defined by 
0 

moreover, this section is covariant constant along P because the section 

f(m) = (m,1) of R is a hamiltonian metaframe section of R 
(pf(m) 

on M 

p 
(m, X . ) ) • If we identify sections v of B hol 

p+iq 

by means of 

with functions 

~Phol 
then the partial connection on B becomes 

so the bundle QB is not altered in an essential way. 

2C. Quantization: we follow example 1 of section 10, so we can identify Has 

H {g: <C + <C I g is holomorphic and 

and an observable f is quantizable iff 

f(q,p) 
/ 2 2 

a\~) + bp + cq + d , a, b, c, d E lR. 

Because of the absence of the absolute values, L¾v0 no longer vanishes 

and instead we have: 
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L v ¾o 
i~ = -v 
2 0 

d ~ ~ 2 -1 v (p m, p * 0, X . , ;,.) ) dt t=O o t t p+1.q 

d I ~ 2 it -it/2 -d - O v (p m, 0, e X . , e A)) t t= 0 t p+1.q 

_i_l cl it/2> 
dt t=O A e 

i 
2A 

H '-;; (m,A) 
0 

Consequently the action o(H) on an element g EH is given by: 

o (H) g(z) = h (zg' (z) + !g(z)) 

and hence the g (z) = zn are eigenfunctions of o(H) with eigenvalues 
n 

En = (n+!) h , n E lN , in accordance with quantum mechanics. Since 

the operators o(p) and o(q) remain the same. 

* 2D. Summary: M T JR ' L M X a:, 

H {g: 0: ➔ (t I fJ lgl 2 exp(-lzl 2 /2h)dpdq < 00 }, 

2 2 
f:M ➔ ]R quantizable iff f(q,p) a(~) + bp + cq + d. 

\ 2 

o(H) 
d o(p) d o(q) -i . d h(z-+½) !z +h dz ' -z+1.h-

dz 2 dz 

2 2 
½o(p) + !o(q) 

EXAMPLE 3: haPmonic oscillator, energy representation. 

In this example we reconsider example 5 of section 7. Two possible choises 

N 

for the metalinear bundle Rare available: one of them ( the trivial one) 

will not influence the results, the other will. 

p 
~ en _3_b_._Pen _a_n_d_t_h_e_b_u_n_d_l_e_s __ R~, __ R __ a_n_d __ B __ : the vector field X 

p 
is 

a global non-vanishing hamiltonian vector field which spans 

is trivial: 

P hence R 
en 



(m,µ) 

A possible choice for R is given by ~ R • tn.v 

Rtriv = Mx a:*, p(m,>.) = (m,>.2) = (m,>.2 clcl</>); 

p 

and a global trivializing section 

~ (m,>.) 
0 

-1 
>. • 

V 
0 

of Ben is given by: 
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Since the section f(m) = (m,1) is a global hamiltonian metaframe, it fol­

lows that v is covariant constant along P , so if v = v • v is a -½-P­
o 

density then: 

and the quantization as given in example 5 of section 7 remains the same. 

However, another choice for R is possible; therefore consider the open 

cover of M by U0 , u1 , u2 defined by: 

u 
0 

u1 

{(p,</>) EM 

{(p,</>) EM 
+ 

p E lR , -hr < <P < Tl} 

u2 = {(p,</>)EM I pElR+,-TT<</><hr} 

In these charts, the transition functions of the bundle R are given by 

Since there is no triple intersec-

tion, we can choose the g .. 
l.J 

freely, and we now choose: 

* g01 g 12 = 1 = (1,1) EML(1,0:) ~ a: 

-1 * (1,-1) E ML(l ,Cl:) ~ a: 

~ [N.B. the first choice of g .. 
l.J 

for R . corresponds to 
triv P 

transformation functions of the bundle Ben now become 

g .. 
l.J 

1] • The 
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µ01 = µ12 = 1 ' µ02 = - 1 

p 

and the complex line-bundle Ben admits a global non-vanishing section 

defined by 

~ -1 
v0 Ju. (m,>.) = >. • exp(iqi(m)/2) if m 

1 

If we now compute the covariant derivative of \/ 
0 

get: 

a~ 
"iij"\/~1) 

(p ,qi). 

along 

this is a hamiltonian metaframe! 

hence 

then we 

\/ 
0 

3C. Quantization: when we compute the condition that ~ (a section of QB) 

should be covariant constant along Pen , then: 

. i . i . 
~~ -hp~ +I~ = 0 

- $(p ,qi) = h(p) exp(i( £__ !}qi) 
h 

hence the allowed values of p are given by 

p (n+!) h , nE:N 

3D. Summary and conclusions:if we adopt the viewpoint of example 5 of section 7 

and if we use the second metalinear bundle R, then we identify the Hilbert 

space H with square summable series: 

00 

H l I a I 2 < 00 , 
n n=o 
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f: M + JR is quantizable iff f(p,cp) = f(p) and then: 

o(f) fa} 
l n nElN 

f f((n+!)h)a lf 
l n nEl\1 

EXAMPLE 4: the free moving particle on s2 

In this final example we reconsider example 2 of section 10; again only the 

differences due to the metalinear correction will be given. 

p ~ en _4_B_._ Pen _a_n_d_t_h_e_b_u_n_d_l_e_s __ R~, __ R __ a_n_d __ B __ : the vector fields 
w 

V are globally non-vanishing, independent and they span P hence 

a trivial bundle: 

R ~ M x GL(2,a:) 

and we obtain a global non-vanishing section 

~ (m, id) 1 • 
0 

V 
0 

en 

p 
of B en by 

4C. Quantization: we have to compute the covariant derivative ~ V V 
S 0 

and 

R is 

for 

t E P in order to obtain the condition on sections of QB to be covari-
en 

ant constant along p 
en 

(V ~ ) (m , id) 
/;; 0 0 

t ~ (m, g(m)) 
m o 

0 

where g(m) E ML(2,a:) is such that C¾,V) • p(g(m)) is a hamiltonian frame 

and such that g(m) = id. Now observe that there exists (at least locally) 
0 

a complex function w (w is in fact a holomorphic coordinate on M/D) 

such that 

X (m) 
w 

11.(m)V(m) 
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for some function /\(m) [see example 2 ofsection JO for an explicit expression 

for w], hence if p (g(m)) = g(m) is given by 

g(m) "(om) l 
/\(m ) 

0 

[ * g(m ) 
0 

id l 

is hamiltonian, hence 

';; (m, g(m)) 
0 

h(m ) /A(m) 
0 

where we have to use that branch of r (in a neighbourhood of 

that If= 1. With these definitions we get: 

(V v ) (m , id) 
I;; 0 0 

A lengthy calculation yields 

¾Im /\(m) = -iv /\(m ) 
0 

0 

~ iv~ 
so.: V ¾ \)0 

= -\! and 2 0 

and vim A (m) 0 
0 

VVvo 0. 

m ) 
0 

such 

Using these results, a section ~ ~a s 0 0v0 is covariant constant 

along p 
en 

iff (on the chart u ) 
a 

jx.~ -lecx )~ +iv~ 
H a h -rl. a 2 a 

vij; - i 8 (V) ~ 0 
a 11 a 

0 



hence one solution is given by 

• ➔ 

1/J(n,v,t) 
a a 

!(~- 0 
h (v) (1-n2}\ h exp(i(~- Ot ) 

a a h a 

and the condition that t is a cyclic coordinate implies: 
a 

(h (v) #0 ~ ~-½E7l) ~ v 
a h 

We now introduce the variable A = ~- ½ and we remind ourselves that A 
h 
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is restricted to the natural numbers: A E JN w(N.B. this is the same trick 

we used in example 2 of section 10.If we choose 
-1 

h (:\) = ( (:>-+½)h) 
a 

( = h (v) 
a 

= V 
-1 

for the allowed values of v) then: 

1 2 ½ 
= TI+ITh ( 1-n a) 

l J 
:\=o s2 

2 A 
drl ( 1-n ) 

a 

exp(iH ) 
a 

If we compare these results with the previous ones, we see that the in-

terpretation of the Hilbert space H does not change: 

H 

The observables H and Li remain quantizable and: 

2 2 2 
o(H)l/J = ½v 1/J = ½n (:>-+½) 1/J 

hence the 1/J .Q,m 

E.Q, = ½n 2 (H!) 2 . 

Since [x ,x_J 
L. -II 

I. 

are eigenfunctions of o(H) with corresponding eigenvalues 

= [X V] = 0 it follows that 
L.' 

I. 

(L~-~o)(m, id) = ddtlt=O ~o(ptm' pt* id) 
I. 

- d I ~ (p m, id) = 0 -dt t=O o t 
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(because = Pt* (¾Im• vim) = (¾iptm' Vlptm)) 

-ih(XL ~) s ® ~ and the action of 
. 0 0 

o(L.) upon the 
l. 

l. 

so 8 (L.) ~ s ® V 
1 0 0 

remains the same. 

4D. Summary and conclusions: M = T*s 2 \{0}, L = Mxa:, P = P and the 
en 

trivial metalinear framebundle imply (using our heuristic approach to the 

inner product): 

H ( A m\ } \ I a w)ijJJ\<ijJ,ijJ><oo 
m=-A Am 1 1 

<ijJ,i/J > 

The observables 
2 

H = ½v and L = x J\ y are quantizable; the eigenvalues 

Ei of o(H) are given by E£ ½h2(£+!) 2 with corresponding eigenfunctions 

i/J£m ( - aAm' = oH • omm,). The operator ½(o(L 1) 2 + o(L2) 2 + o(L3/) has 

the same eigenfunctions i/J£m as o(H), but different eigenvalues F£ 

given by Fi= !h2£(£+1) hence: 
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