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Introduction. 

Let W be the variety of pairs (s,t) of symmetric nxn-matrices over k 

with st • 0 , where n a non-negative integer and k a field of 

characteristic zero. We define a G • GL(n,k)-action on W by 

lbere is an induced action on the coordinate ring R • k(le.rj•yij]/I of W , 

1 ( i,j ( n , where I is the ideal generated by the elements 

and l ( i,j ( n , 

given by 

( t ) ( -1 -1 t) g•Xij • g Xg ij and g•Yij • g Y(g ) ij 

such that 

(gf)(gw) • f(w) for all g E G , f E R and w E W • 

Our purpose is to study R as G-module and to give a description of the 

G-invariant (prime, primary, radical) ideals. Moreover we give an algorithm 

for forming a primary decomposition for any G-invariant ideal, describe the 
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1994 RUITENBURG 

symbolic pOlolers of prime ideals and describe for any G-invariant ideal the 

integral closure. 

Other problems of this kind are studied in [l], [2) end [3]. They have in 

common that with help of certain generators and relations for R as k-module 

a multiplicity free decomposition in irreducible components for R as G-

module can be obtained. 

The proof in our case goes along the aame line as in the case of determinental 

varieties [2]. We will use pairs of bitableaux to indicate products of minors 

of X and Y and by combining straightening formulae given in [4] and [3] we 

will prove that a certain eubsat of standard peiro of bitableaux form a k-free 

basio of R (Here 1o im sufficient to asou""" that I<. 1~ a commutative ring.) 

Next we will give a D1ultiplicity tree decompo,.Hion in irr1.1duclbh 

components R • -e M[C>t] an G-module, where the sum 1" over all paira of 

diagrams [o,t] with o 1tt 1 n • After that w<i will use a lemma and the 

result• in [l} to de•cr1be all set• !l of pain of <11agraml!!, the 0-idt:als, 

such that i• .an ideal and thus find all G-1nvaria1\t Ideals. In 

order to get roi,....1n1ng re•ulu on G-1nvsri.ont l.deah '""' wUl tranmlatu our 

question• in tcrWil of 0-lde.oh >ind thon •rn•w<lr th•m in a comb1.nator1al w .. y. 

Now for a ll\IOU geooietric point of vi<iw, l"t k be an algebraic d'"'"d field 

of characteriotic zero. nic orbit.i ot t;I.,( n) in \.I "r" th~ uctli 

v -{(a,t)EW I rlink. 11 - p,rank t - <d with 0 ( p,q iand p+q ( n p,q 

Tiu1i r cloeur"m II -ii - \(ti,t)tW j rnnk. a<p, rank t<qj ar0 th<i only p,q p,q 

G-invar1ant irr~ducible 6ubvuri1>tiee of w Fro= our X'Ul'IHJ.l tS it foll""~ that 

th• G-1nvariant priM id•U•l 
J p+l ,q+l 

of functions v11ni5hinl! on 

generated by the p+l-ord.>r liilinou of X 4nd q+l-ordttr "'1non1 of 't • ln 

Propo•ition 2.6 we d•serib" th>1 id,.ah } ") ( th.e rth ,.y,.bolic pow"r ot 
1n-l ,q+l 

(l,j) • o and 1' 1 , j' ( J t!1<m ( 1 ', .J ') 

\.I 
p,q 
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respresented by a sequence (a1,a2 , ••• ) or even (cr1,cr2 , ••• ,crt) if at+l • 0 , 

again denoted by a , where cri • max{j I (i,j)e:a) (max (empty set) • O) , 

a1 > a2 > ••• and cr1 • 0 for i large enough. By interchanging the factors in 

:/Z:>o x T.Z:>o we get the dual diagram ~ • The degree of a is la I • i: cri , 
i) l 

its length and for 

then we write a•i; = µ , The diagrams are partially 

ordered as subsets of :/Z:>o x Z/)o by the inclusion c: • A second finer partial order 

is given by a< i: iff yk(a) 'y1«i:) for all k > l • These orders provide product 

orders on the set of pairs of diagrams [cr 0 t] , again denoted by :: and < • For pairs 

ofdiagrams [a>t] and [cr',i;']wedefinedegree [cr,i:]•(lal,li:IJe:lllXIN 

and [cr,i;]•[cr',i;'] • [crcr'>ti:'] • 

A tableau A on {1, ••• n} with shape a is a map A: a+ {l, ••• ,n) , The content 

of A is the sequence of numbers CA• (w1, ••• ,wn) where wi • IA-1(i)! • We 

think of a as a set of boxes and A as a way of filling it with numbers between 

1 and n • We will often denote A by a (in general not rectangular) matrix 

(aij) with aij • A((i,j)) (i,j) e: a . Example: 

A bi tableau is a· pair (Al B) of tableau on { 1, •• .,n) of the same shape, in matrix 

notation (i,j)e:cr. For fixed i the 

bitableau (a11 ••• a 1cr
1

lb11 ••• bi 0i) of shape (o1) is named the i-th 

We use bitableaux to indicate products of minors of a matrix X = CXijl 

row of 

in 

~ • k[X1j] , where k is a commutative ring and the Xij are indeterminates, 

CAI B). 

l .; i, j ' n First to a bitableau (a1 ••• ap[b 1 ••• bp) of shape (p) we associate 

the minor involving to rws and columns For an arbitrary 

bitableau we take the product of the minors associated to its rows. Up to a sign the 

element in Rx associated to a bitableau (AIB) does not depend on the order of the 

rows of A and B. Since the monomials in the Xij span Rx and Xij is associated 

to the bitableau (ilj), it is clear that the bitableau (A\B) of which A and B 
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have strictly increasing rows indicate a set of generators for Rx as k-module. Tiie 

set of tableaux is partially ordered by the relation 

iff for all k and .l 

A tableau is called standard if its rows are strictly increasing and its columns 

non-decreasing. 

From a bitableau (A [B) • (a1 j [b 1 j)(i,j)£o we form the single tableau 

:101] ~01 . 
a.lo,.l 

blo 

' l • l( o) • 

Now the order an single tableaux provides via s an order on bitableaux. A 

bitableau (A[ B) is called standard if s(A 18) is standard. The content of a 

bitableau is defined as Let Isx is the 

ideal generated by the elements xij-xji • l ( i,j ( n • Ille following proposition 

holds [4,section 5]: 

PROPOSITION 1.1. The standard bitableaux form a k-free basis for Rsx and each 

bitableau can be written as a linear combination of standard bitableaux with the same 

content that are later in the order. o 

We will need this proposition in the proof of a similar result for our ring R • 

Before we can state this result we have to define generators and an order on them. 

Define a W-grading on R by deg(Xij) • ( 1,0) and deg(Yij) • (0,1) • Tiien 

Rsx • 9 
p£ N 

For (A[ B) 

R(p,O) , Rgy • 6) ~O,q) and R • Rsx•Rsy-
qt:N 

£ RSX of shape a and ( C[ D) e RSY of shape we associate to the pair 

of bi tableaux {(A[ R)] ,CCI D) J of shape [a,i:J their product in RCJ 0 j,j i: [l::; R • 

From [3,prop. 1.3 i] follows that this product equals zero for <\+i: 1> n , so we 

restrict our attention to the case a1+i: 1 < n • Prom each pair of bitableaux 
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[(AjB),(CjD)] of shape [o,;] (with o1+;1 < n) , where A,B,C and D has 

strictly increasing rCl'ols, we csn form the single tableau: 

dql d 
• qµq 

cql c 
~µq 

d~l 
.. 
d 
lµl 

s[(AjB),(CjD)] = c 11 clµl 

all alol 

bl l b 
~o l 

al a 
l 101 

bl b 
l 101 

with 1 = l(o) , q = j•[ , µi • n-•i 1 < i ( q and strictly increasing r""1s, 

and such that {c11 , •• ,ci•i} U (~il'""'~iµi} • (1, •• ,n) • 

= (di1••••,di•1} U (d11•••·•d1µi} for all 1 < i < q. 

The order on single tableaux provides via s an order on each set of pairs of 

1997 

bitableaux with fixed degree (and all rows strictly increasing). [(A[B),(C[D)) is 

called standard if s [(Aj B), ( c[ D)) is standard. 

PROPOSITION 1.2. The standard pairs of bitableaux form a k-free basis for R 

and each pair of bitableaux can be written as a linear combination of standard 

bitableaux that are later in the order. 

Proof. First we prove the second part of the proposition. It is an easy calculation to 

prove: 

LEMMA 1.3. Let (A[B) , (A'jB') and (CjD) three bitableaux of shape o,o' 

[(A[B),(C[D)) < [(A'[B'),(C[D)] and [(C[D),(A[B)) ( [(cjo),(A'[B')]. 0 

Fix (p,q) e; :JN1. The set of pairs of bitableaux [(A,jB),(C[D)), with shape [o,;) 

such that deg[o,;) • (jo[, !•[) = (p,q) and such that A,B,C and D are tableaux on 
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{1, •• ,n} with strictly increasing rows, is finite. Therefore it is sufficient to 

prove that each non-standard element in this set can be written as linear combination 

of elements in this set that are later in the order. 

So let [(AiB),(CiD)) be a non-standard pair of bitableaux of shape [a,~) in the 

set mentioned above. For it defines zero, thus we may assume that 

is not standard then we apply Proposition 1.1 and 

Lemma 1.3 and we are done. Now the only situation that remains is (in the notation 

of above) 

( ~all ~alµ 1 ) is not standard. 

11 10' 1 

Thus if (a 1 ••• a1 ib 1 ••• b1) and (c 1 ••• ckid1, •• dk) are the first rows of (AiB) 

and (CID) respectively, 1 = a1 and k • ~l, and {~ 1 < ••• (~n-k} is the complement 

of (c 1, ••• ,ck} in {l, ••• ,n} then there exists a 1 < r < 1 such that 

a 1 > c1, ••• ,ar-l > cr-l and ar <er. Since 

follows from [3,prop.1.3.ii) that: 

1t 

over R , it 

where superscript C stands for taking the complement in (1,2, ••• ,n} and the sum is 

taken over all cosets in 

find an expression for it as linear combination of pairs of bitableaux that are 

strictly later in the order. After multiplying with the other minors associated to 

[(AiS),(CiD)] we find the desired expression for this element. lhis finishes the 

proof of the second part of Proposition 1.2. 

Before we proof the linear independence of the standard pairs of bitableaux, we recall 

some generalities on the representation theory of GL(n,q) , which we will need below. 

Let T,U and B ::GL(n,q) be the subgroups of diagonal matrices, the upper 

triangular unipotent matrices and the upper triangular matrices respectively. For each 
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diagram a with a1 < n there is an unique irreducible and polynomial representation 

Ma of GL(n,~) with highest weightvector Z (with respect to B), It is well known 

that di~a is equal to the number of standard tableau on {l, ••• ,n) of shape 

a, see [2] or [S]. Furthermore we denote by LP the one dimensional representation 

of GL(n,~) with character (determinant)P , p e 2Z, 

(Thus In order to prove the first part of Proposition 1.2, it is 

enough to do it for k • ~ • We will show that di~R(p,q) • d , where (p,q) £ 

and d is the number of standard pairs of bitableaux of shape (a,i;] with degree 

[a,i;] = (p,q) • Note that d is the number of all standard tableaux of shape 

µ.µ.a.a, where µ = (n-i;q,n-"tq•••••n-i;1 ,n-i; 1) and a,i; diagrams with 

la[ = p , li;J = q and a1+i;1 < n • Since in a standard tableaux on {1, ... ,n} 

a row of length n can only be 1 2 ••• n , we can replace µ by 

(n-i;k,n-i;k, ••• ,n-i; 1,n-i;1) with k • l(i;) • ¥1 • 

From the second part of the Proposition 1.2, which we already proved, follows 

di~ R(p,q) < d We will now prove the converse. 

From each pair of diagrams [a,i;] with '\+"1 < n we define the canonical 

element 

[1 
2 al 2 

'')[" 
n-1 n-i; 1+1 n n-1 ,_,,,, ]] 

2 a2 2 a2 n n-1 n-i;2+1 n n-1 n-i:2+1 
k = [a,i;] . ' . 

al 2 a.l n n-1 n-i;k +1 n n-1 n-i;k+l 

.l • l(a) and k = .l(i;) 

It is easy to see that k[a,i;] is an U-invariant vector. For diag(t 1, ••• ,tn) e T 

we have 

diag(t1, ••• ,t0 )•k[a,i;] = 

2·~1 2·Z -2¥ -2¥1 ~ 1 ~n -2¥1 
tl •, •• •tn n,tl n ••• ,•tn •k[a,i;] • tl •,,,•tn •(tl'''tn) •k[a,i;] 
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where 

l • l(a) and k • l('t) • 

Thus in particular k[a,'t) is a weight vector for T • 

These three consecutive facts together imply that the it-span of GL(n,q)•k[a,'t] , 

denoted by vM[a,'t] , is an irreducible representation. In fact 

2't 
M i L 1 ; M and 2¥1 is the smallest non-negative integer h such 

[a,'t) µ 

that M[a,'t] i Lb is polynomial. (a1+.,;1 < n implies ~n • O or ¥1 • O ). 

But from that it follows that for 

Since GL(n,q) is a linear reductive group, the sum E M[a,.,;] :: R(p,q) taken 

over all [a,'t] with lal • p , l'tl • q and a1+'t1 < n , is direct. Counting 

dimensions yields dimqR(p,q) ) d , hence the dimension equals d • 

In the proof of Proposition 1.2 we have obtained a description of R as 

G-module, which will be gathered in Proposition 1.4 below. 

DEFINITION. A[a,.,;] is the k-span of all pairs of bitableaux with shape ;> [a,~] 

A(a,.,;) is the k-span of all pairs of bitableaux with shape > [a,'t] • 

PROPOSITION 1.4. ~ k be a field of characteristic zero. Then 

R: ~M[a,'t] is a multiplicity free decomposition in irreducible components, the. 

sum is taken over all pairs of diagrams [a, 't] with c1tt1 < n • Furthermore 

-2¥ 
M[ l - k-span of GL(n)•k[ l ; A[ i'Ac' l = M fil L l a,i; - a,i: 0'1 't a,'f µ 

~ µ • (n-'tk1 n-'tk'"'"•n-.,;l'a1,a1, ••• ,a1) , l • l(a) ~ k. !(.,;) • 

~ Since the representation theory for k • q and k an arbitrary field 

of characteristic zero are actually the same [5), the proposition follows 

immediately from the proof of Proposition 1.2. 

CJ 

CJ 
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We end this section with a lemma that will be useful in section 2. 

LEMMA 1.5. 

Now assume 

Then 

(j a'j ,j i;'j) - degree[a',i;'] • degree[a,~] +degree[~,,;]• ( jaj, ji;j) , 

thus 

ja' I • ja I = P and ji;' I • j-t I • q • 

en the other hand M[a',i;'] must be isomorphic to a direct summand of 

Then 

Mµ.' = M[a','t'] ©Lq, µ' =- (n-""C"~,n-'t~, ••• ,n-'ti,ai,ai,•••tcrl) , 

and M[a,~] are polynomial representations by Proposition 1.4 and Mµ' is 

isomorphic to a direct summand of M[a,~] @Mµ , so µ' = µ (cf. the 

Littlewood-Richardson rule [6]). Combining this with .li;'j • ji;j yields 

i; • i;' • By sy!llllletry er - a' thus 

2, The G-invariant ideals. 

From now en we assume that k is a field of characteristic zero. Let I[a,i;] ' 

By Proposition 1.4 a1+-t1 ( n , be the ideal generated by the submodule M[a,-t] 

I[o,i;] is the minimal G-invariant ideal containing k[a,i;] The next 

theorem tells us how this ideal decomposes as a direct sum of irreducible 

submodules. 

0 
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THEOREM 2.1. I[ I - © M[ I 'I . a,i; [a',i:']~[a,i:) cJ ,i; 

But in [l] it is proved that 

R •M • @ M[ , ] SX [a,i;) a' =>cJ cJ ,, 

and equivalently 

Hence 

(El M[ ' "') 
0 1 .::>a 0 ''+' 

by Lemma l. 5 again. 

Remark.. For 

This theorem enables us to describe all G-invariant ideals in terms of diagrams. 

DEFINITION. 1) D0 • { [a,-r] / o1+i:1>n} • 

2) A set of pairs of diagrams D is called a D-ideal iff D0 :: D and if 

[o,i;] ED and [o',i;'] :". [a,i;] then [o',i;'] ED • 

For a finite set {[o',i;'], ••• [om,i;m]} we denote by ([o1,-r 1], ••• ,[om,i;m]) 

the D-ideal o0 U { [o, i;] [ [o, i;) ::> [oi, i;i] for some l<i<m} • 

By Proposition 1.4 R has multiplicity free decomposition as (;-module, thus 

the same holds for each G-invariant ideal. Therefore an immediate consequence 

of Theorem 2.1 is. 

PROPOSITION 2.2. There is a 1-1 correspondence between G-invariant ideals and 

D-ideals given by: 
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D a D-ideal + l(D) • I@ M 
[a,i:]e:D [a,-i;] 

I a G-invariant ideal + D • o0 U {[a,-i;J I k[a,-i;]tl} 

Furthermore this correspondence preserves containment and commutes with taking 

intersections. c 

By this proposition and the fact that the ordering ( on pairs of diagrams 

extends the ordering c follows that the sets 

A[a ] • e> M[ ' ') ,1' [a,-i;]<[a',-i;') a ,-i; 

are in fact ideals. lb.e next proposition tells us that A[a,1'] is generated 

by certain product of minors of X • (Xij) and Y • {Yij) • 

PROPOSITION, 

~ .l • .t{ a) , k • .t{ -i;) 

Proof. A • © M[ 1 , ] , so the first identity follows by 
[a,-i;] [a',-i;'])[a,-i;] a ,-i; 

lemma 1.5. lb.e identity 

is one of the results on Rsx proved in [l]. 

Let D be a D-ideal, we will say that D is 

prime if [a,-i;]• [a',-i;'] e: D implies [CJ,1'] £ D or [a',-i;'] £ D 

primary if [a,-i;] •[a',-;• l e: D implies [a,-;] £ D or [a',-i;']m e: D 

for some m 

radical if [a,-i;]m e: D for m implies [a,-i;] t: D , 

For any D-ideal D we write ~. [ [a,-i;] I [a,1']m e: D for some m} , this is 

again a I>-ideal. 

c 
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Before we show that these notions correspond to the usual ones we describe 

these 0-ideals in detail. 

PROPOSITION 2.3. 

1) The prime 0-ideals are ([(p),;),[;,(q))) ~ p+q < n+2 • 

2) The radical 0-ideals are ( [(p 1),(q 1)], ••• , [(pm),(qm))) , with 

P1 < P2 < • • • < pm and ql > • • • > qm • 

3) A I>-ideal D is primary iff 

a) p+q < n+2 , with p • min{a lf(a),4l]mED for some m} and 

q • min{b I [4l,(b) J'"tD for some ml 

b) [(n-q+2>.•I , [;,(n-p+2)) E D 

c) For each [a,i:) in the (unique and finite) minimal set of generators 

~ D ~ a.I. > p and i:k > q , 1 • l(a) and k • l(i:) • 

Proof. 1) A diagram [a,i:) can be written as 

1 • l(a) and k • l(i:) • 

Thus it is clear that a prime I>-ideal D must be of the form D • ([(p),•l,[•,(q))) 

Then [(p-1),(q-l)) • [(p-1),•J•[•,(q-l)] ~ D implies (p-l)+(q-1) < n, 

thus p+q < n+2 • Since a1+i:1 > n implies a1 > p or i: 1 > q the converse 

is also clear. 

2) Let [a,i:] ED, D a radical 0-ideal. [(a1),(i: 1)]m = [a,i:] for m 

suffciently large, thus [(a1),(i:1)] ED • lben it is clear that D must b<I 

of the stated form, whilst the converse ia trivial. 

3) Let D be a primary ideal. a) and b) follow by the same type of arguments 

used in 1). Now let [a,i:] ED. We can write [a,i:]. [a 1,i: 1J[a2,i: 2 ] , 

with of the form as indicated in c) and 2 a 1 < p and 2 
'Cl < q • 

The converse is a straightforward calculation. 

~ 1) For D a primary 0-ideal we have in the notation of thia 

proposition ro - ( [(p),•l. [t(q))) • 

a 
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~ 2) E&ch radical 0-ideal D can be written as intersection of prime 

0-ideals: For 

as in the proposition we can write 

With the help of the identity ([(p),+J,[t,(q)] • n (((p'),+J,[+,(q')]) • 

where the intersection is taken over all p' < p , q' < q and p'+q' • n+2 

if p+q > n+2 , we can refine this intersection to an irredundant intersection 

of prime D-ideals. 

PROPOSITION 2.4 • ..!:!!!. 1-1 correspondence of Proposition 2.2. preserves the 

notions prime, primary and radical. 

Proof. Since k[a,-t(k[a•,i:•] • k[aa',n'] it is clear that the transition 

of G-invariant ideals to D-ideals preserves these notions. 

In order to prove the converse we need the follawing. 

LEMMA 2.5. ~ + be the projection M[a,-t] @M[a',-t') + M[aa',n'] • ~ 

max(a1 ,ap + max(-t1 ,'l:p < n, £!!!!!_ 

+(f ® g) • 0 implies f • 0 ~ g • 0 • 

Proof of the Lemma. By Proposition 1.4 we can write 

-2~1 -2¥• 
M[a,'1:)-Mµ.·®L • M[a•,-t•J'"'Mv @L l 

and 

-2(¥ +¥•) 
M M .c-.L l 1 

µ.v • [aa•,-t-t•] ICI 

all three irreducible and polynomial representations of G , such that 
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is in fact tb.e projection of Mµ @M11 on its Cartan component (tb.at is the 

irreducible component in Mµ ©Mv tb.at contains the high.est weigb.tvector) • It 

is thus the same to prove that <l>(f €) 5 ) • 0 implies f • 0 or 8 • 0 • 

Let v r:: M and w & M be high.est weightvectors, £ r:: M . f "' 0 
and 

µ \I µ 

g e M11 , g # 0 • Tb.ere is an open subset Of :: U , where u is the subgroup of 

upper triangular unipotent matrices, such that for all u £ of u•f •ex •v + 
u 

+ (terms of lower weigb.t) witb. a # 0 
u 

Similarly there is an open subset 

og for g • Thus for u £ of n og # fJ uf © ug - a•v ®w + 

+ (terms of lower weigb.t) and a * 0 • But 11 e w is tb.e b.ighest weightvector 

in Mµ e M11 , thus <l>(v e w) * 0 • Then <l>(uf e ug) * 0 and also 

<li(f e g) * o • 

Furthermore we define a total order <.l. on pairs of diagrams by [a,i;] <.l. [a', --c • J 

iff a is lexicografically smaller then a• or if a • a' then i; is 

lexicografically smaller then i;' • Tb.is order <.t is an extension of the 

partial order < • Clearly <.t satisfies the multiplication rule: if 

[a,i;) <.t (a',i;'] then [a,i;)•[a",i;") <.t [a',i;']• (a",i;") 

for any [o", i;") • 

Now we go on witb. the proof of the propostion. 

Let D be a D-ideal, I • I(D) and write 

so R • I -& IC 

First assume D is a prime D-ideal, say D • ([(p),4'],[~,(q))) p+q c; n+2. 

In order to show that I is prime, it is sufficient to prove for f, g r:: IC 

and f * 0 , g * O that f•g ~ I We can write 

and g • L g ] 
[a,i;)~D [a,i; 

with f[a,i;)'g[a,i;) £ M[a,i;) • From Proposition 1.2 it follows that 

f(a,i;] 0 g[a',i;'] & A[aa•,i;i;'] • -& M[a",i;"] • 
[a",i;"j) [aa' ,i;i;'] 



THE GL(n)-INVARIANT IDEALS 

Now let [o,'t] and [a','<'] be minimal in the order <! such that 

and respectively. Using that <! extends < and 

the multiplication rule holds for it yields that f•g € A[aa','<'<'] and in 

f•g. ~ h[a",'<"] 
[a",'<"]~ (aa' ,n'] 

the only contribution to h[aa','<'t'] 

f[a,~] and g E: IC we have 
• [a'''<' l 

comes from f[a,'t]•g(a','t'] • Since 

a1,ai < p and "i•"i < q thus 

[ao','<'< 1 ] J D and M[aa','<'<'] * 0 • Then h[aa','<'<'] * O by Lemma 2.5, so 

fg f I 

Now by Remark 2) to Proposition 2.3 and Proposition 2.2 it follows immediate 

that the radical D-ideals correspond to the radical G-invariant ideals. 

Finally let D be a primary ])-ideal. Remark l) to Proposition 2.3 says that 

ID= ( [(p) ,4>], [<j>,(q) J) for some p,q with p+q ( 2 • Because Ii.:= !(/ii) :: I 

and I(lii) is prime it follows that Ii= I(lii) In order to show that 

is primary it is sufficient to prove for f with f ~ II and g € IC , 

g * 0 , that f•g f I • We can write 

f - ~ f [a,'<] ' f(a,'<] E: M[a,'<] ' 
[a,'<] 

and since f { Ii there is a minimal [a,'<] with respect to the order 

with al < p ' 't l < q and f [a,'<] * 0 For g we choose [o','<'] in 

same way as is in the case where D was prime. 

From Proposition 2.3 3) follows ai ( n-q+l , on the other hand we have 

'< 1 ( q-1 , thus oi+'<1 ( n • Similarly we find 'ti+o1 ( n • Then we may 

<! 
the 

conclude that [oa','<'<'] f D0 and thus M[aa','<'<'] * 0 

prime it follows that 

As in the case D 

in f•g • l h • 
[a,'<] [a,'<] 

Because [a,'t]m f D for all m and [a','t 1 ] ;. D we have [aa 1 1 't't 1 ) f. D 

and thus f•g f I 

2007 
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We now want to decompose each G-invariant ideal as finite intersection of 

primary ideals. By Proposition 2.2 and 2.4 it is equivalent to give an 

algorithm for 0-ideals. 

Let D be an arbitrary D-ideal. Since R is Noetherian, D is finitly 

generated say D • ([a 1 ,~ 1 ], ••• [am,~m)) 

If for example a1 • a11 U a12 and ~l • ~ll U ~12 then [a,~)~ [o 1 ,~ 1 ) 

if and only if and • so 

The first step of the algorithm is to write each a1 and ~i as union of 

diagrams of the form (p)a = (p, ••• p) , a times p , and then, by repeating 

the argument, to decompose D as intersection of D-ideals of type 

D' • 

with p1 < ••• < ps , q1 < ••• < qt , a1 > ••• >as and b1 > ••• > bt 

It is an easy calculation to see that 

By Proposition 2.3 and Remark 3) we know for the first term of the right hand 

side a primary decomposition. The second step of the algorithm is to write the 

other two terms as intersection of primary ideals. We claim that 

(n•, [<l>,(n-p 1+1)1) - n [(p1+.1.) ,q.J,o•, [<1>,Cn+2-pc2.l I) 
n-p 1+1).i.)l 

and is a primary decomposition. Of course an analogous result holds for the 

third term. 

The inclusion c is trivial, on the other hand if [o,~) f. (D', [<l>,(n-p 1+1) I) , 

is in the intersection then either al ) pl+.2. for all .2. or al • P1+.2. and 

~l ) n+2-p 1-(l+l) . so in both cases '\+~l > n+l thus [er,~] £ n0 =:; D , 

contradiction. Now fix .2. and define p and q as in Proposition 2.3 3), 

then 
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so a) and b) of Proposition 2.3 3) are satisfied, while c) is trivial. Thus 

the decomposition is primary. To refine a primary decomposition into an 

irredundant decomposition the next result may be useful to intersect primary 

ideals that belong to the same prime ideal: 

~(.,1, ... 1], ••• ,[as, ... sl) n ((a1,'.t11, ••• ,[at;:ttJ) • ([aiuaj, ... ~u '.tjl) 
l<i<s 
l<j<t 

Now we will describe the symbolic powers of G-invariant prime-ideals. Let 

J • l([(p),<!>),[4',(q)]) with p+q < n+Z p,q 

The m-th symbolic power of Jp,q is defined as 

J(m) m {f E R 13 s i J such that s•f E ~p,q} 
p,q r p,q 

PROPOSITION 2.6. The D-ideal D corresponding to is generated by 

[iti,(n-p+2)] , [(n-q+2), <!>] 

Proof. Let D • be the D-ideal corresponding to 

m 
~ • (I +I )m • l Ii •lm-i • 

p,q [(p) ,<!>) [~,(q) I i•O [(p),iflJ [<l>,(q)J 

Since k • k •k E Jm and k J J implies 
[aa•, ... i:'J [a,"C) [a',"C') p,q [a,i:J r p,q 

k E J(m) it follows that [(p-1),(q-l))d•[cr,i:) ED' implies 
[a'>t') p,q 

m • 

[a,i:] ED • This gives immmediate [(n-q+2),4') and [<!>,(n-p+2)) ED , and 

taking d sufficiently large, that [a,"C] E D if yp(a)+yq(i:) • m • 

These elements span a D-ideal D" It is easy to check that D" is primary. 

Since D:;, D" :;, D' and J~~~ is the smallest Jp,q-primary ideal containing 

Jm it follows that D • D" p,q 

We conclude with the description of integral closures of G-invariant ideals. 

First we state a special case: 

2009 

c 
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PROPOSITION 2.7. the integral closure of I[a,'t) !!.. A[a,'t) 

~ In [l] it is proved for the ring RSX that A • -6 M[a',4>] a a')a 
is the integral closure of in RSX • Because la :: Aa this 

I •Am-l for m large enough. a a 
After multiplying with Rm we implies A~ • 

m 
get A[a,+J • I[a,+J·A~!.l Similarly Am[4>,'t]• 

large enough. Because A[a,'t]• A[a,+].A[4>,'t] and 

m-1 
I[4>,'t].A[4>,'t) , for m 

I[a,'t]• I[a,4>].1[4>,'t] 

f gh m m-1 
we get or m large enou A [a,'t]• I[a,'t].A[a,'t] • But then, see [7], 

A[a,'t] is integral over I[a,'t)• 
In order to prove that A[a,'t] is the integral closure of it is 

sufficient to prove that each 

and almost all zero, cannot be integral over l[a,'t] • 

Suppose f is integral over I[a,'t]' thus m ..-1 
f +a 1f + ••• +am-1f+am•O for some 

i 
i•l, ... ,m. As in the of a1 e: l[a,'t] prove Proposition 2.4. there is a 

minimal [a','t 1 ] in the order <l with f [a','t'] + 0 , furthermore there 

exists a k such that yk(a') < yk(a) or yk('t 1 ) < yk('t) • 'nlen the only 

contribution in comes from 

m 
f[a','t'] and is non-zero by lemma 2.5, contradicting the assumption. 

We will now define the integral closure of any D-ideal and prove that it 

agrees with the same notion on G-invariants ideals. As is [2] we order the lli' 

by the definition (a1, ••• ,an) < (b1 , ••• ,bn) iff ai < bi for all i. 

Define maps y 1 and y 2 on the set of pairs of diagrams [a, 't] with 

a1+'t1 < n into 1lf by y1 [a,'t] • (y1(a), ••• ,yn(a)) and 

Yz[a,'t] • (yl('t), ••• ,yn('t)). 

We define the integral closure D of a 0-ideal by 
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PROPOSITION 2.8 ~ D be a D-ideal. The integral c:losure of I(D) ..!:!_ 

I(D). 

~Using A[a,~) • A[a,~].A[~.~) , the proof runs along the same line as 

the proof in [2) of Theorem 8.2. 
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