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Abstract

Stochastic convex optimization, where the objective isstkectation of a random convex function,
is an important and widely used method with numerous apjmica in machine learning, statistics, op-
erations research and other areas. We study the complésityahastic convex optimization given only
statistical query(SQ) access to the objective function. We show that welkkmand popular meth-
ods, including first-order iterative methods and polyndftime methods, can be implemented using
only statistical queries. For many cases of interest wevdereéarly matching upper and lower bounds
on the estimation (sample) complexity including linearimiation in the most general setting. We
then present several consequences for machine learnffegedtial privacy and proving concrete lower
bounds on the power of convex optimization based methods.

A new technical ingredient of our work is SQ algorithms fotirsiting the mean vector of a distri-
bution over vectors iiR¢ with optimal estimation complexity. This is a natural pret and we show
that our solutions can be used to get substantially impr@@dersions of Perceptron and other online
algorithms for learning halfspaces.
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1 Introduction

In stochastic convex optimization the goal is to minimizeoavex functionF'(x) = Ew[f(z, w)] over

a convex sefC ¢ R? wherew is a random variable distributed according to some digiohuD over
domain)V and eachf (z, w) is convex inz. The optimization is based on i.i.d. sample§ w?, ..., w" of

w. Numerous central problems in machine learning and statiate special cases of this general setting
with a vast literature devoted to techniques for solvingaras of this probleme{.g.[@,]). It is usually
assumed thak’ is “known” to the algorithm (or in some cases given via a sidfidy strong oracle) and
the key challenge is understanding how to cope with estamatirors arising from the stochastic nature of
information aboutF'(z).

Here we consider the complexity of solving stochastic canwénimization problems by a restricted
class of algorithms, referred to aatistical (query) algorithmsStatistical query (SQ) algorithms, defined
by KearnsTEE] in the context of PAC learning and by Feldmaale@] for general problems on inputs
sampled i.i.d. from distributions, are algorithms that barimplemented using estimates of the expectation
of any given function on a sample drawn randomly from the irghstribution D instead of direct access
to random samples. Such access is abstracted ustagistical query oraclghat given a query function
¢ : W — [—1,1] returns an estimate @, [¢(w)] within some tolerance. We will refer to the number
of samples sufficient to estimate the expectation of eachyqfea SQ algorithm with some fixed constant
confidence as itestimation complexitgoften1/72) and the number of queries as dsery complexity

Reducing data access to estimation of simple expectatiassatvariety of useful properties. First, a
SQ algorithm can be used to automatically derive an algorighith additional useful properties such as
noise-tolerancéES], diﬁerential-priva%l 54], wibuted computatior@(ﬂ 5], evolvabilitﬂb@34] and
generalization in adaptive data analysis [32]. This lead$hé¢ general question of which analyses can be
decomposed in this way and what are the overheads of doingssco(mpared to using the samples in an
unrestricted way).

The second important property of statistical algorithmghiat it is possible to prove information-
theoretic lower bounds on the complexity of any statistadgrithm that solves a given problem. From
this perspective, statistical algorithms for solving si@stic convex optimization allow one to convert an
optimization algorithm into a lower bound on using conveximjzation to solve the problem. For many
problems in machine learning and computer science, corpgmization gives state-of-the-art results and
therefore lower bounds against such techniques are a subjsignificant research interest. Indeed, in re-
cent years this area has been particularly active with npagmress made on several long-standing problems
(e.g.@,,@]). It should be pointed out that the resultovger bounds areoncretein the sense that
they are structural results that do not rely on any orackes 8ectiofl 614 for more details).

One of the most successful approaches for solving conveyrams in theory and practice is iterative
first-order methods, namely techniques that rely on updatia current point’ using the gradient of" at
z'. It can be immediately observed that for everyV F'(z) = Ew[V f(z, w)] and hence it is sufficient to
estimate expected gradients to some sufficiently high acgun order to implement such algorithms (we
are only seeking an approximate optimum anyway). The acgwarresponds to the number of samples
(or estimation complexity) and is the key measure of conmipleérr SQ algorithms. However, to the best
of our knowledge, the estimation complexity for specific $Gpiementations of first-order methods has
not been previously addressed. This is in contrast to theancl nuanced understanding of the sample and
computational complexity of solving such problems givenesiricted access to samples.

1.1 Overview of Results

In this work we give SQ algorithms for a number of the commatypsidered stochastic convex optimiza-
tion problems. We also prove that in a range of settings optamentations achieve nearly optimal bounds.



The key new technical ingredients are algorithms for egtilgahe mean vector of a distribution over vec-
tors inR?, a natural problem of independent interest. We then demaiesteveral applications of our results
to obtain new algorithms and lower bounds.

1.1.1 Linear optimization via mean estimation

We start with the linear optimization case which is a natsgcial case and also the basis of our im-
plementations of first-order methods. In this setting C R¢ and f(z,w) = (z,w). HenceF(z) =
(x,w), wherew = Ew[w]. This reduces the problem to finding a sufficiently accuratimate ofw.
Specifically, for a given error parameterit is sufficient to find a vectorr, such that for every € IC,
|(z,w) — (x,w)| < e. Given such an estimai&, we can solve the original problem with error of at mast
by solvingmin,ci (x, ).

An obvious way to estimate the high-dimensional mean usiQg 8 to simply estimate each of the
coordinates of the mean vector using a separate SQ: ti@iws/B;|, where[—B;, B;| is the range of
w;. Unfortunately, even in the most standard setting, whetk kband )V are /s unit balls, this method
requires accuracy that scales with/d (or estimation complexity that scales linearly wifh In contrast,
bounds obtained using samples are dimension-independakihgnthis SQ implementation unsuitable for
high-dimensional applications. Estimation of high-dirsiemal means for various distributions is (arguably)
an even more basic question than stochastic optimizatienywg are not aware of any prior analysis of its
statistical query complexity. In particular, SQ implenarn of all algorithms for learning halfspaces
(including the most basic Perceptron) require estimatibhigh-dimensional means but known analyses
rely on inefficient coordinate-wise estimatiom@.[@,ﬂﬂl]).

Here we aim to address the high-dimensional mean estimptislem in detail and, specifically, to
investigate whether the SQ estimation complexity is défeifrom sample complexity of the problem. The
first challenge here is that even the sample complexity ofmestimation depends in an involved way on
the geometry ofC and)V and in this generality is not fully understoodf.([71]). We therefore focus our
attention on the most commonly studied setting, whiéiie a unit ball in¢,, norm and/V is the unit ball in
¢, norm forp € [1,00] and1/p + 1/q = 1 (general radii can be reduced to this setting by scaling)s Th
is equivalent to requiring thato — wl|, < e for a random variablev supported on the uni, ball and we
refer to it as/, mean estimation. The sample complexity/pimean estimation depends both ¢and the
relationship betweed ande. We describe the known bounds in Table 1.1.1 (we are not asia@eeference
stating the bounds in this form for ajl They are implicit in the literature and we provide the detai
Appendix(B.) These bounds are tight (up to constants) andlbaehieved by using the empirical mean of
the samples to estimate.

In a nutshell, we give tight (up to a polylogarithmic dinfactor) bounds on the SQ complexity &f
mean estimation for alf € [1,00]. These bounds match (up to a polylogarithmiclifactor) the sample
complexity of the problem. These upper bounds are basedvenadelifferent algorithms.

e Forg = oo coordinate-wise estimation gives the desired guarantees.

e Forq = 2 we show that Kashin’s representation of vectors introdumedyubarskii and Vershynin
[@] can be used to obtain optimal (up to a constant) estonatomplexity ofO(1/2) with just
2d non-adaptive queries. We also give a randomized algorithsed on estimating the truncated
coefficients of the mean in a randomly rotated basis. Theighgo has slightly wors® (log(1/¢)/<?)
estimation complexity but its analysis is simpler and selfitained.

e Forg € (2,00) we use decomposition of the samples ihigd “rings” in which non-zero coefficients
have low dynamic range. For each ring we combin@nd/,, estimation to ensure low error #
and optimal estimation complexity.



q SQ estimation complexity Sample
Upper Bound Lower bound complexity
) R G o)) A G B K G )
2 O(1/€%) Q(1/(%log d)) O(1/?)
(2,00) O((log d/<)?) Q(1/€%) O(1/e?)
00 O(1/€?) Q(1/€%) O(log d/<?)

Table 1: Bounds o, mean estimation and linear optimization ovgrball. Upper bounds use at most
3dlog d queries. Lower bounds apply to all algorithms using pély) queries.

e Forg € [1,2) there are two regimes. One of the upper bounds is obtainea ngduction ta/; case
(which introduces a dependent factor). For the second regime we again use a gesain into
“rings” of low dynamic range. For each “ring” we use coordavise estimation and then sparsify
the estimate by removing small coefficients. The analysighisf algorithm is fairly delicate and
requires using statistical queries in which accuracy takts account the variance of the random
variable (modeled by VSTAT oracle frorm%]).

The nearly tight lower bounds are proved using the technigaently introduced ir@?]. We prove it for
the (potentially simpler) linear optimization problem. \Wamark that lower bounds on sample complexity
do not imply lower bounds on estimation complexity since agf@rithm can use many adaptively chosen
queries.

We then consider the case of genétalith YW = convK*, —K*) (which corresponds to normalizing
the range of linear functions in the support of the distitmjt Here we show that for any polytop® the
estimation complexity is stilD(1/<2) but the number of queries grows linearly with the number oéa
More generally, the estimation complexity ©fd/s?) can be achieved for an§f. The algorithm relies on
knowing John’s eIIipsoid|E9] forV and therefore depends éh Designing a single algorithm that given
a sufficiently strong oracle fo€ (such as a separation oracle) can achieve the same estimatigplexity
for all IC is an interesting open problem. This upper bound is neaght 8ince even forV being thel; ball
we give a lower bound df(d/<?).

1.1.2 Gradient descent and friends

The analysis of the linear case above gives us the basisckdirta first-order optimization methods for the
general convex case. Thatis, we can now obtain an estiméie ekpected gradient at each iteration but we
still need to ensure that estimation errors from differéetations do not accumulate. Luckily, for this we
can build on the study of the performance of first-order mgshaeith inexact oracles. Methods of this type
have a long historyd.g. ,]), however some of our methods of choice have oniylstedied recently.

We study the traditional setups of convex optimization: -sarmooth, smooth and strongly convex. For
the two first classes of problems algorithms use global eqqmation of the gradient on the feasible domain,
which is undesirable in general; however, for the stronglyvex case we can show that an oracle introduced
by Devolder et al.@S] only requirdscal approximation of the gradient, which leads to improvednesti
tion complexity bounds. We note that smoothness and strongegity are required only for the expected
objective and not necessarily for each function in the supgfdhe distribution.



For the non-smooth case we analyze and apply the classiorrdiescent methodﬁbS], for the smooth
case we rely on the analysis by d’Asprem [23] of an inexaciant of Nesterov’s accelerated method
[@], and for the strongly convex case we use the recenttsebylDevolder et allﬂ4] on the inexact dual
gradient method. We summarize our results forheorm in Tablé 1.1]2. Our results for the mirror-descent
and Nesterov’s algorithm apply in more general settings (&, norms): we refer the reader to Sectidn 4 for
the detailed statement of results. In Secfiod 4.3 we alscodsetrate and discuss the implications of our
results for the well-studied generalized linear regrespimblems.

Inexact gradient

Estimation

Objective method Query complexity complexity
Non-smooth Mirror-descent 0 (d- (LgR)Q) O ((L‘;—R)2>
Smooth Nesterov ) ((@)3

Strongly convex
non-smooth

Dual gradient

o)

Strongly
convex smooth

Dual gradient

O(d-hlog

°(%)

Table 2: Upper bounds for inexact gradient methods in thehsistic/,-setup. HereR is the Euclidean
radius of the domainL is the Lipschitz constant of all functions in the supporttué tistribution. L is
the Lipschitz constant of the gradient amds the strong convexity parameter for the expected objectiv

1.1.3 Optimization of bounded-range functions

The estimation complexity bounds obtained for gradienteiesbased methods depend polynomially on
the norm of the gradient of each function in the suppor\ofand the rad ius ofC (unless the functions
are strongly convex). In some cases such bounds are notidlypdivailable (or too large) and instead we
have a bound on the range ffx,w) for all w € W andz € K. This is a natural setting for stochastic
optimization (and statistical algorithms, in particulamce even estimating the value of a given solution
with high probability and any desired accuracy from sampegiires some assumptions about the range of
most functions.

A bound on range, say (z, w)| < 1 for simplicity, implies that for every:, a single SQ for query func-
tion f(x,w) with tolerancer gives the valug”(z) such that F'(z) — F'(z)| < 7. This, by definition is the
T-approximate value (or zero-order) oracle fofz). It was proved by Nemirovsky and Yudi|ﬂ68] and also
by Grotschel et al@Z] (who refer to such oraclenssak evaluation orac)ethat r-approximate value ora-
cle suffices ta-minimize F'(x) over K with running time and /7 being polynomial ind, 1/¢,log(R1/Rp),
whereB¢(Ry) C K C B%(Rl)ﬂ The analysis i ﬂZ] is relatively involved and does nowvale explicit
bounds orr.

Nemirovsky and Yudin|E8] also prove that even linear optiation over/s ball of radius 1 with a
T-approximate value oracle requires= Q(s/d) for any polynomial-time algorithm. Together with our
results this implies that a-approximate value oracle is strictly weaker than STAT

Here we observe that a simple extension of the random walkoapp of Kalai and Vempalﬁbl] and
Lovasz and Vempala [62] can be used with dayd)-approximate value oracle fdr(z) to e-optimize in
polynomial time. This approach was also (independentlgdus a recent work of Belloni et al.l [9] who
provide a detailed analysis of the running time and querypiexity.

INaturally, assuming some conditions on acceds guch as a membership or a separation oracle. See Thm. Zh@ for
a discussion.



We are not constrained to the value information and we giveeerafficient algorithm for this setting
that is based on the center-of-gravity method and a gematialh of our gradient estimation technique to
asymmetric bodies. The algorithm us@$d? log(1/¢)) queries of estimation complexit9(d?/s?). The
reason generalization to asymmetric bodies is necessdhatisn the previous analysis the assumptions
imply that gradients have bounded norm ové€ and, in particular, over some symmetric body that contains
K. While the exact center-of-gravity method is not compuotaily efficient, we show that the approximate
version introduced by Bertsimas and Vemp@ [12] suffice®tm purposes.

1.2 Applications

We now highlight several applications of our results. Audial results can be easily derived in a variety of
other contexts that rely on statistical queries (such atvaiity [], adaptive data analysiﬂéﬂ 31] and
distributed data analysis [20]).

1.2.1 Online Learning of Halfspaces using SQs

Our high-dimensional mean estimation algorithms allowaugetisit SQ implementations of online algo-
rithms for learning halfspaces, such as the classic Pemepnd Winnow algorithms. These algorithms
are based on updating the weight vector iteratively usiegrirectly classified examples. The convergence
analysis of such algorithms relies on some notion of margimhbich positive examples can be separated
from the negative ones.

A natural way to implement such an algorithm using SQs is ®the mean vector of all positive (or
negative) counterexamples to update the weight vectorir@wtity of expectation, the true mean vector is
still a positive (or correspondingly, negative) countemraple and it still satisfies the same margin condition.
This approach was used by Bylander![17] and Blum et al. [14d1tain algorithms tolerant to random
classification noise for learning halfspaces and by Bluni. eﬂﬁ] to obtain a private version of Perceptron.
The analyses in these results use the simple coordinateestgnation of the mean and incur an additional
factor d in their sample complexity. It is easy to see that to apprexély preserve the margiit suffices
to estimate the mean of some distribution over/aball with ¢, error ofy/2. We can therefore plug our
mean estimation algorithms to eliminate the dependencéedimension from these implementations (or
in some cases have only logarithmic dependence). In pktji¢he estimation complexity of our algorithms
is essentially the same as the sample complexity of PACaessbf these online algorithms. Note that
such improvement is particularly important since Peraapts usually used with a kernel (or in other high-
dimensional space) and Winnow’s main property is the |alyanic dependence of its sample complexity on
the dimension.

We note that a variant of the Perceptron algorithm refereastMargin Perceptron outputs a halfspace
that approximately maximizes the mardﬂw [3]. This allowmibe used in place of the SVM algorithm. Our
SQ implementation of this algorithm gives an SVM-like algfum with estimation complexity o (1/~?2),
where~ is the (hormalized) margin. This is the same as the sampl@lexity of SVM (cf. [79]). Further
details of this application are given in SEC.]16.1.

1.2.2 Lower Bounds

The statistical query framework provides a natural way toveat algorithms into lower bounds. For many
problems over distributions it is possible to prove infotimatheoretic lower bounds against statistical
algorithms that are much stronger than known computatimvedér bounds for the problem. A classical
example of such problem is learning of parity functions witlise (or, equivalently, finding an assignment
that maximizes the fraction of satisfied XOR constraintshisTimplies that any algorithm that can be



implemented using statistical queries with complexityolethe lower bound cannot solve the problem. If
the algorithm relies solely on some structural propertyhef problem, such as approximation of functions
by polynomials or computation by a certain type of circuigrt we can immediately conclude a lower bound
for that structural property. This indirect argument exglthe power of the algorithm and hence can lead
to results which are hard to derive directly.

One inspiring example of this approach comes from using thisgcal query algorithm for learning
halfspaces| [14]. The structural property it relies on igdinseparability. Combined with the exponential
lower bound for learning parities [55] it immediately imgsi that there is no mapping frofa-1, 1}¢ to R
which makes parity functions linearly separable for aviy< N, = 244, Subsequently, and apparently
unaware of this technique, Forst[39] proved™® lower bound on the sign-rank (also known as the
dimension complexity) of the Hadamard matrix which is elatite same result (ir@l] the connection
between these two results is stated explicitly). His pradies on a sophisticated and non-algorithmic
technique and is considered a major breakthrough in prolingr bounds on the sign-rank of explicit
matrices.

Convex optimization algorithms rely on existence of conkedaxations for problem instances that (ap-
proximately) preserve the value of the solution. Therefgieen a SQ lower bound for a problem, our
algorithmic results can be directly translated into loweutds for convex relaxations of the problem. At
a high level, assume that we are dealing with a problem ofr¢eqapately) findingmin, ¢ » % Y ien Vi(2)
given a sequence of real-valued functigms);”_; from some collection of function¥” over a domainz.
These functions are not restricted and could represensafdkle solution given by on a point represented
by v; or whether an assignment represented bgtisfies a constraint representedshyFurther, assume that
we are given a lower bound on the SQ complexity@fpproximating ValD) = min,cz E,~plv(z)] for
an unknown distributior from some (known) collection of distributiori3 overV. Now, assume that for a
set of convex functiong overC C R¢, stochastic optimization ovét for distributions supported af can
be solved with accuracy/2 by a SQ algorithm with complexity below the given lower boufitiis implies
there does not exist a mappifig: V' — F such that for allD € D, |Val(D)—min,cx Ev~p[(T(v))(2)]] <
¢/2. Canonical LP/SDP relaxations of constraint satisfacpooblems andsurrogate lossconvex relax-
ations used in machine learning are instances of mappindpsswch property (or other form of approxi-
mation). We defer the formal statement of this result andesoaoncrete corollaries based on lower bounds
from [37] to Sectio 614.

1.2.3 Differential Privacy

In local orrandomized-responsgdifferential privacy the users provide the analyst witHatiéntially private
versions of their data points. Any analysis performed ormslata is differentially private so, in effect, the
data analyst need not be trusted. Such algorithms have hediedsand applied for privacy preservation
since at least the work of WarnéI[92]. While there existsrgdand growing literature on mean estimation
and convex optimization with (global) differential pri\;aCe.g.[@,EgD]), these questions have been only
recently and partially addressed for the more stringerallpdvacy. Using simple estimation of statistical
queries with local differential privacy by Kasiviswanathat al. [54] we directly obtain a variety of corol-
laries for locally differentially private mean estimatiamd optimization. Some of them, including mean
estimation for/s and/,, norms and their implications for gradient and mirror desedgorithms are known
via specialized argument@d@ 27]. Our corollaries for meatimation achieve the same bounds up to
logarithmic ind factors. We also obtain corollaries for more general meéimason problems and results
for optimization that, to the best of our knowledge, werepretviously known.

An additional implication in the context of differentialfyrivate data analysis is to the problem of releas-
ing answers to multiple queries over a single dataset. A loagof research has considered this question
for linear or countingqueries which for a datasét C /" and functiong : YW — [0, 1] output an estimate



of % Y wes P(w) (see [L_Zb] for an overview). In particular, it is known thatexponential inn number of
such queries can be answered differentially privately evieen the queries are chosen adaptiv@ E&S 46]
(albeit the running time is linear iV|). Recently, Ullman|E9] has considered the question of ans\y
convex minimizatiorqueries which ask for an approximate minimum of a convex qogtaking a data
point as an input averaged over the dataset. For severatxomwimization problems he gives algorithms
that can answer an exponential number of convex minimigajiceries. It is easy to see that the problem
considered by Ulimar_[89] is a special case of our problemalyng the input distribution to be uniform
over the points ir5. A statistical query for this distribution is equivalentaaounting query and hence our
algorithms effectively reduce answering of convex miniati@n queries to answering of counting queries.
As a corollary we strengthen and substantially generalizedsults in@g].

Details of these applications appear in Sectfonk 6.2 and 6.3

1.3 Related work

The SQ framework was introduced by Kearns [55], who showed tooderive PAC learning algorithms
robust to random classification noise from SQ algorithmsos€ly related concepts are linear statistical
functionals studied in statistics.g.[@]) and the learning-by-distances model of Ben-DavidIe[IE].
Blum et al. E‘é] show how to implement a SQ algorithm wdlifferential privacy[@] and Kasiviswanathan
et al. ] additionally show a simulation preserving maringentlocal differential privacy. This connec-
tion has been used to get privacy-preserving algorithmsnimnaber of additional contex [E 4].

Chu et al.|L_2b] show that empirical estimation of expectatioan be automatically parallelized on multi-
core architectures and give many examples of popular madédmning algorithms that can be sped up using
this approach. SQ algorithms can be used to derive algasitinnvaliant’'s @b model of evolvability
[@,]. In this context, VaIian@l] shows that the weaklexation oracle fro 2] can be implemented
in the model of evolvability thereby obtaining polynomtatie evolution algorithms for stochastic convex
optimization (albeit without any specific bounds). Moreamity, in a line of work initiated by Dwork et al.
g , SQs have been used as a basis for understanding geatoal in adaptive data analysEt@ @ 31,

The first lower bound for SQ algorithms was given by Kea@ febthe problem of learning parity
functions. Blum et aI.|ﬂ3] described a general techniquetfe analysis of the complexity of PAC learning
using SQs based on the notion of SQ dimension. Subsequsintijar techniques were developed for more
general learning settings and more recently for generabl@nos over distributionsL_LéEb 8@@ 37].
Using these techniques, strong lower bounds for a numbeurrafaimental problems in machine learning
theory were obtained (such as PAC learning ofjur@s [13]emymabstic learning of monomiaE[SS]) as well
as for stochastic versions of several classical problerosrimputer science (including planted bi-cliq@ [36]
and planted satisfiability [37]).

There is long history of research on the complexity of conspkimization with access to some type
of oracle é.g. ,@,@5]) with a lot of renewed interest due to applicasian machine Iearninge(g.[lﬂ,

1). In particular, a number of works study robustness ofroization methods to errors by considering
oracles that provide approximate information abéuand its (sub—)gradientﬁb@%]. Our approach to
getting statistical query algorithms for stochastic convptimization is based in large part on implementing
different approximate first-order oracles by a SQ oraclés @lows us to use known insights and results to
derive SQ algorithms (and, naturally, the reduction candsalsimilarly to derive new algorithms).

A common way to model stochastic optimization is via a stetihaoracle for the objective function
[@]. Such oracle is assumed to return a random variable evegpgectation is equal to the exact value of
the function and/or its gradient (most commonly the randanmable is Gaussian or has bounded variance).
Analyses of such algorithms (most notably the Stochasted@nt Descent (SGD)) are rather different
from ours although in both cases linearity and robustnegsepties of first-order methods are exploited. In



most settings we consider, estimation complexity of our §Qighms is comparable to sample complexity
of solving the same problem using an appropriate version@D $which is, in turn, often known to be
optimal). On the other hand lower bounds for stochasticlesae.g.[1]) have a very different nature and it
is impossible to obtain superpolynomial lower bounds omilmaber of oracle calls (such as those we prove
in Sectiof 3.R).

In a recent (and independent) work Steinhardt etlal. [85Eestablished a number of relationships
between learning with SQs and learning with several typegsifictions on memory and communication.
Among other results, they proved an unexpected upper boonuemory-bounded sparse least-squares
regression by giving a SQ algorithm for the problem. Thegoathm is based on inexact mirror-descent
over the/;-ball and is a special case of our more general analysis {im@gation over/; ball, /., estimation
of gradients suffices bypassing the difficulties associatiédother norms). Our results can be used to derive
bounds of this type for other learning problems.

2 Preliminaries

For integern > 1 let [n] = {1,...,n}. Typically, d will denote the ambient space dimension, and
will denote number of samples. Random variables are dermtdmbld letters, e.g.w, U. We denote the
indicator function of an evert (i.e., the function taking value zero outside4fand one o) by 1 4.

Fori € [d] we denote by; thei-th basis vector ifR?. Given a norm| - || on R? we denote the ball of
radiusR > 0 by Bﬁ,”(R), and the unit ball b)Bﬁl_H. We also recall the definition of the norm duallte ||,
Jw]]« = supj, <1 (w,z), where(., ) is the standard inner product Bf.

For a convex body (i.e., compact convex set with nonempgrimf) X C R? we define its polar as
Ki={weR?: (w,z) <1Vz € K}, and we have thaC, ), = K. Any origin-symmetric convex body
K c R? (i.e., K = —K) defines a nornf| - ||k as follows:||z||x = infoso{a | z/a € £}, andK is the unit
ball of || - ||. Itis easy to see that the norm duallte||x is || - ||«, -

Our primary case of interest corresponds/fesetups. Giverl < p < oo, we consider the normed

1/
spaceld = (R%,]| - [|,,), where for a vector: € R, ||z|, = (Zie[d} |a:i|p> " ForR > 0, we denote by

BY(R) = Bﬁ,”p(R) and similarly for the unit ball3¢ = BZ(1). We denote the conjugate exponenpais
¢, meaning that /p 4+ 1/q = 1; with this, the norm dual tg - ||, is the norm|| - ||,. In all definitions above,
when clear from context, we will omit the dependenceion

We consider problems of the form

P = min{ Fo) = Blf(aw)] | o
ek w

where K is a convex body iR?, w is a random variable defined over some domin and for each

w € W, f(-,w) is convex and subdifferentiable ¢t For an approximation parameter> 0 the goal is

to find z € K such thatF'(z) < F* + ¢, and we call any such anes-optimal solution We denote the

probability distribution ofw by D and refer to it as the input distribution. For conveniencewilealso

assume thak’ contains the origin.

Statistical Queries. The algorithms we consider here have access to a statigtieay oracle for the input
distribution. For most of our results a basic oracle intcmtiliby KearnsJES] that gives an estimate of the
mean with fixed tolerance will suffice. We will also rely on eosiger oracle that captures estimation of the
mean of a random variable from samples more accurately aadnivaduced in|E6].



Definition 2.1. Let D be a distribution over a domain/, = > 0 andn be an integer. A statistical query
oracle STAH(7) is an oracle that given as input any functien: YW — [—1,1], returns some value
v such thatjv — Ew~p[¢(w)]| < 7. A statistical query oracle VSTAIn) is an oracle that given as
1

input any functionp : W — [0, 1] returns some value such thatjv — p| < max< -, @ , Where

p = Ew~n|[0(W)]. We say that an algorithm statistical queryor, for brevity, just SQ) if it does not have
direct access ta samples from the input distributial, but instead makes calls to a statistical query oracle
for the input distribution.

Clearly VSTATp(n) is at least as strong as STATL/+/n) (but no stronger than STAJT(1/n)). Query
complexity of a statistical algorithm is the number of gaesrit uses. Thestimation complexitpf a statis-
tical query algorithm using VSTAF(n) is the valuen and for an algorithm using STAF) itis n = 1/72.
Note that the estimation complexity corresponds to the ramobi.i.d. samples sufficient to simulate the
oracle for a single query with at least some positive conigiesbability of success. However it is not nec-
essarily true that the whole algorithm can be simulatedguéifr) samples since answers to many queries
need to be estimated. Answeringfixed (or non-adaptive) statistical queries can be donegguSitog m-n)
samples but when queries depend on previous answers thienoest bounds requir®(y/m - n) samples
(see ] for a detailed discussion). This also implies ghiaiwer bound on sample complexity of solving a
problem does not directly imply lower bounds on estimatiomplexity of a SQ algorithm for the problem.

Whenever that does not make a difference for our upper boandsstimation complexity, we state
results for STAT to ensure consistency with prior work in 8@ model. All our lower bounds are stated
for the stronger VSTAT oracle. One useful property of VSTATHat it only pays linearly when estimating
expectations of functions conditioned on a rare event:

Lemma 2.2. For any functiong : X — |0, 1], input distributionD and conditionA : X — {0, 1} such that
pa = Pry plA(z) =1] > a, letp = E,~p[¢(x) - A(x)]. Then queryp(x) - A(z) to VSTATn/«) returns

a valuev such thafv — p| < \p/%.

Proof. The valuev returned by VSTATn/«) on queryg(x)- A(x) satisfies]v—p| < min {%, M}.

n

Note thatp = E[¢p(z)A(z)] < Pr[A(z) = 1] = pa. Hencelv — p| < p_\/%_ O

Note that one would need to use STAT/n) to obtain a value with the same accuracy (% (since
pa can be as low as). This corresponds to estimation complexityrofa? vs.n /o for VSTAT.

3 Stochastic Linear Optimization and Vector Mean Estimatian
We start by considering stochastic linear optimizatioat th instances of the problem

min{E[f(z, w)]}

in which f(z,w) = (x, w). From now on we will use the notatian = E, [w].

For normalization purposes we will assume that the randomable w is supported oV = {w | Vz €
K, [{(z,w)| < 1}. Note that’w = conVK,,—K,) and if K is origin-symmetric thenV = .. More
generally, ifw is supported oW and B = sup,cxc wewil(7, w)[} then optimization with erroe can be
reduced to optimization with errar/ B over the normalized setting by scaling.

We first observe that for an origin-symmetii stochastic linear optimization with erreican be solved
by estimating the mean vectByw] with errors /2 measured ifC..-norm and then optimizing a deterministic
objective.



Observation 3.1. Let W be an origin-symmetric convex body akd C W,. Let min,cx{F(x) =
E[(z,w)]} be an instance of stochastic linear optimization fersupported onV. Letw be a vector
such that|w — w|jyy < /2. Letz € K be such thatF'(z) < mingex(w,z) + &. Then for allz € K,
F(%) < F(z) +e+¢.

Proof. Note thatF'(x) = (z,w) and letz = argmin, ., (z,w). The condition||w — w||yy < /2 implies
that for everyz € W, |(xz,w — w)| < /2. Therefore, for every € I,

F(z)=(z,0) <(z,0) +¢&/2 <(T,w) +&/24+ < (Z,0)+e+{<(z,0)+e+&=F(x)+e+&
Ol

The mean estimation problem oveéf in norm|| - || is the problem in which, given an error parameter
and access to a distributidn supported oveyV, the goal is to find a vectab such thaf| Ew~.p[w] —w| <
. We will be concerned primarily with the case whignhis the unit ball of|| - || in which case we refer to it
as|| - || mean estimation or mean estimation over

We also make a simple observation that if a ndrrr| 4 can be embedded via a linear map into a norm
|| - ||z (possibly with some distortion) then we can reduce meameasin in|| - || 4 to mean estimation in

I ll5-

Lemma 3.2. Let || - |4 be a norm oveilR% and || - ||z be a norm oveiR?® that for some linear map
T : R4 — R® satisfy:Vw € R™, o - [|[Tw||p < ||w||a < b ||Tw| . Then mean estimation jp- || 4 with
error ¢ reduces to mean estimation fin || g with error 5¢ (or error e whend; = ds).

Proof. Suppose there exists an statistical algoritdnthat for any input distribution supported @y, ,
computes? € R% satisfying||Z — E,[z]|| s < Ze.

Let D be the target distribution dR%:, which is supported o8, We useA on the image oD by T,
multiplied bya. That is, we replace each quepy: R% — R of A with query¢’(w) = ¢(a - Tw). Notice
that by our assumptionja - Tw||g < ||lw|la < 1. Lety be the output ofA divided bya. By linearity, we
have that|j — T'w|| g < %¢. Lettw be any vector such thdj — T@|| s < %¢. Then,

1 — |4 < bl|Tw — T 5 < bl|g — || + bl|g — Twl| < <.
Note that ifd; = d, thenT is invertible and we can usg = 7~17. O

Remark 3.3. The reduction of Lemnia 3.2 is computationally efficient wtherfollowing two tasks can be
performed efficiently: computingw for any inputw, and givenz € R% such that there exists’ € R
with ||z — Tw'|| g < 6, computingw such thatl|z — Tw|| g < ¢ + £, for some precisio = O(0).

An immediate implication of this is that if the Banach-Mazlistance between unit balls of two norms
Wi and W, is r then mean estimation ové#/; with errore can be reduced to mean estimation ovgy
with errore /7.

3.1 ¢, Mean Estimation

We now consider stochastic linear optimization d@ﬁland the corresponding mean estimation problem.
We first observe that fof = oo the problem can be solved by directly using coordinate-vsisgistical
queries with tolerance. This is true since each coordinate has rarge 1] and for an estimaté obtained
in this way we have|w — || = max;{|w; — E[w;]} <e.

Theorem 3.4. /., mean estimation problem with errercan be efficiently solved usinigjueries to STAE).
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A simple application of Theorefn 3.4 is to obtain an algorittum¢; mean estimation. Assume thats
a power of two and lef{ be the orthonormal Hadamard transform matrixi(i§ not a power of two we can
first pad the input distribution to t&?, whered’ = 224l < 24). Then it is easy to verify that for every
w e R, | Hwl|oo < |Jw])i € Vd||Hw||s. By Lemma3.2 this directly implies the following algorithm

Theorem 3.5. /; mean estimation problem with errar can be efficiently solved usirngy queries to

STATe/V?2d).

We next deal with an important case &f mean estimation. It is not hard to see that using statistical
queries for direct coordinate-wise estimation will reguiistimation complexity of2(d/s2). We describe
two algorithms for this problem with (nearly) optimal estéition complexity. The first one relies on so
called Kashin’s representations introduced by Lyubarskd Vershynin@S]. The second is a simpler but
slightly less efficient method based on truncated coordimase estimation in a randomly rotated basis.

3.1.1 ¢, Mean Estimation via Kashin’s representation

A Kashin's representation is a representation of a vectanirovercomplete linear system such that the
magnitude of each coefficient is small (more precisely, withconstant of the optimurﬂﬂaS]. Such repre-
sentations, also referred to as “democratic”, have a yaoieapplications including vector quantization and
peak-to-average power ratio reduction in communicatictesys ¢f. [@]). We show that existence of such
representation leads directly to SQ algorithms#pmean estimation.

We start with some requisite definitions.

Definition 3.6. A sequencéu;)}.; C R%is atight fram@ if for all w € R,

N
lwll3 = 1w, u) .
j=1

The redundancy of a frame is defined)as- N/d > 1.

An easy to prove property of a tight frame (see Obs. 2.@1)[635t]hat for every frame representation
w =Y, azu; it holds thaty"Y | a? < [Jw]3.
Definition 3.7. Consider a sequender;)Y.; € R? andw € R%. An expansions = - | a;u; such that
llalleo < \/—KNHng is referred to as a Kashin’s representationwfwith level K.

Theorem 3.8([65]). For all A\ = N/d > 1 there exists a tight fram@u;) Y., € R?in which everyw € R?
has a Kashin’s representation afwith level K for some constank” depending only oi.. Moreover, such

a frame can be computed in (randomized) polynomial time.

The existence of such frames follows from Kashin’s theov@j.[Lyubarskii and VershynilﬁéS] show
that any frame that satisfies a certain uncertainty priecjpihich itself is implied by the well-studied Re-
stricted Isometry Property) yields a Kashin's represémator all w € R?. In particular, various random
choices ofu;’s have this property with high probability. Given a vectoya Kashin's representation af
for level K can be computed efficiently (whenever it exists) by solvirgpavex program. For frames that
satisfy the above mentioned uncertainty principle a Kdshapresentation can also be found using a simple
algorithm that involvegog(N') multiplications of a vector by each af;’s. Other algorithms for the task are
discussed in [87].

2In [@] complex vector spaces are considered but the resisltshold in the real case.
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Theorem 3.9. For everyd there is an efficient algorithm that solvésmean estimation problem (ovét)
with error e using2d queries to STAK2(¢)).

Proof. For N = 2d let (u;)Y_; C R? be a frame in which every, € R? has a Kashin's representation
of w with level K = O(1) (as implied by Theorerh 3.8). For a vector ¢ R? let a(w) € RN denote
the coefficient vector of some specific Kashin’s represamiaif w (e.g.that computed by the algorithm in
[@]). Let w be a random variable supported B and leta; = E[a(w);]. By linearity of expectation,
w=E[w] = 3L, aju;.

For eachj € [N], let ¢;(w) = ‘/—KN -a(w);. Leta; denote the answer of STAG/K) to query ¢,
multiplied by\/—KN. By the definition of Kashin's representation with leve| the range ot is [-1, 1] and,
by the definition of STATe/ ), we have thata; — ;| < —= for everyj € [N]. Letw = 377, dju;.

Then by the property of tight frames mentioned above,

N

o — bl = (> (@ — a;)u;

j=1

2

3.1.2 ¢, Mean Estimation using a Random Basis

We now show a simple to analyze randomized algorithm thaksaek dimension independent estimation
complexity for/, mean estimation. The algorithm will use coordinate-wistimestion in a randomly and
uniformly chosen basis. We show that for such a basis simphcating coefficients that are too large will,
with high probability, have only a small effect on the estiima error.

More formally, we define the truncation operation as folloWwsr a real value anda € R™, let

z if|z] <a
ma(z) == a ifz>a
—a if z < —a.

For a vectorw € R? we definem, (w) as the coordinate-wise applicationsaf, to w. For ad x d matrix
U we definemy ,(w) = U~ m,(Uw) and definery ,(w) = w — my o (w). The key step of the analysis is
the following lemma:

Lemma 3.10. Let U be an orthogonal matrix chosen uniformly at random and- 0. For everyw, with
2
lwllz = 1, Ellru..(w)|l3] < 4e7%/2,

Proof. Notice that||ry .(w)||2 = ||[Uw — mq(Uw)||2. Itis therefore sufficient to analyzpr — mq(u)|2
for u a random uniform vector of length 1. Let= u — m,(u). For each;,

E[r}] = /OOO 2t Pr[|r;| > t]dt = /000 2t {Pr[r; > t] + Prlr; < —t]} dt
= /Ooo4tPr[ri>t]dt:/ooo4tPr[ui—a>t]dt
= 4{/Oo(t—|—a)Pr[ui>t+a]dt—a/ooPr[ui>t+a]dt}
- 4e—d?12/2 ’

d )
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where we have used the symmetryrpéind concentration on the unit sphere. From this we olgéjm||3] <
4e=9*/2 a5 claimed.
U

From this lemma is easy to obtain the following algorithm.

Theorem 3.11. There is an efficient randomized algorithm that solves/thmean estimation problem with
error £ and success probability — § usingO(dlog(1/5)) queries to STAK2(¢/log(1/¢))).

Proof. Letw be a random variable supported B§. For an orthonormal x d matrix U, and fori € [d], let
du.i(w) = (ma(Uw)); /a (for somea to be fixed later). Let; be the output of STATE/[2v/da]) for query
bui: W — [—1,1], multiplied bya. Now, letiy, = U~ 'v, and letwy , = E[my,q.(w)]. This way,

HE) — @U,aHQ + ||wU,a - wU,aH2
@ — @all2 + | Elme(Uw)] —v|l2
@ — Wo,all2 + /2.

[0 = @u,all2

VAN VAN VAN

Let us now bound the norm of = w — wy , whereU is a randomly and uniformly chosen orthonormal
d x d matrix. By Chebyshev’s inequality:

[vI3] _ 16exp(—da?/2)

E
Pr(lvlls > =/2) < 4E1Y =

Notice that to bound the probability above Bywe may chooser = +/2In(16/(6¢2))/d. Therefore,
the queries above require querying STAM2+/21n(16/0¢2)]), and they guarantee to solve themean
estimation problem with probability at leakst- .

Finally, we can remove the dependencejan STAT queries by confidence boosting. let= ¢/3 and
8’ = 1/8, and run the algorithm above with errgrand success probability — ¢’ for Uy, ..., Uy i.i.d.
random orthogonal matrices. If we defige, ..., " the outputs of the algorithm, we can compute the
(high-dimensional) mediaw, namely the poini?’ whose mediarf, distance to all the other points is the
smallest. It is easy to see thatg. ,@])

Pr[||w — w|s > €] < e CF

whereC > 0 is an absolute constant.
Hence, as claimed, it suffices to chodse- O(log(1/6)), which means usin@(d log(1/4)) queries to
STAT(2(e/ log(1/¢)), to obtain success probability— o. O

3.1.3 /4, Mean Estimation for ¢ > 2

We now demonstrate that by using the results/fgrand/; mean estimation we can get algorithms for
mean estimation with nearly optimal estimation complexity

The idea of our approach is to decompose each point into a Batmwstlog d points each of which has
a small “dynamic range” of non-zero coordinates. This priypensures a very tight relationship between
the /., 2 and/, norms of these points allowing us to estimate their mean mgdrly optimal estimation
complexity. More formally we will rely on the following sini@ lemma.

Lemma 3.12. For anyz € R? and any twa) < p < r:
1—p/r r.
L. all, < Jlallo®" - ll2llf";

2. Leta = mingig{z; | z; # 0}. Then||z||, < al=T/p. ||ac\|;/p.

13



Proof. 1.

d d
lzlly =D lail™ < D llellsg? - faal” = llzllsc? - |1l
i=1 i=1

d d
Izl =D lwal” =) a7 faif? = a7 - ||,
i=1 i=1
]

Theorem 3.13.For anyq € (2,00) ande > 0, £, mean estimation with errar can be solved usingy log d
queries to STAE/ log(d)).

Proof. Letk = |log(d)/q| — 2. Forw € R¢, andj = 0, ..., k we define

d
Rj(w) = Zeiwil{Q*(j+1)<|wi|§2fj}a
i=1
and R (w) = Zle €iwily,,|<o- i1y Itis easy to see that ib € B, thenw = Z?:o R;j(w) + Roo(w).
Furthermore, observe thiR; (w)| . < 277, and by Lemma3a2|R;(w)|2 < 2-U+D1=4/2) Finally, let
w = E[Rj(w)], andw™ = E[Ru(W)].
Lete’ = 22/‘1‘35/(k: + 1). For each levej = 0,. .., k, we perform the following queries:

e By using2d queries to STATR(¢')) we obtain a vectot*/ such thafw*/ — @7 ||; < o(§-1)(+1) o,
For this, simply observe thak;(w)/[2(2~1*1)] is supported o3¢, so our claim follows from

Theoreni 3.D.

e By usingd queries to STATe') we obtain a vectoi™’ such that|«>7 — /||, < 277¢’. For this,
notice thatR?;(w)/[277] is supported o8% and appeal to Theorelm 3.4.

We consider the following feasibility problem, which is a@lys solvable (e.g., by)
127 —wllse < 279, [0 —wly < 287D

Notice that this problem can be solved easily (we can miremizdistance top? with the ¢, constraint
above, and this minimization problem can be solved cootéinase), so leti’ be a solution. By the triangle
inequality, i’ satisfies| @’ — @] < 277(2¢'), and|[w! — wi ||y < 22U+ (2¢).

By Lemmd3.1P,

69 — @y < a9 — @ |30 @ — @520 < 20200+ 310-20 (3e') — e/[2(k + 1)

Next we estimater™. Since2~(k+1) = 2-lInd/aJ+1 < 4q4-1/4 by usingd queries to STAT:/8) we
can estimate each coordinate@® with accuracys/[2d'/9] and obtain@> satisfying||@> — @>||, <
Y1) — 0| < /2. Let nowds = [Y°5_ @7] + ™. We have,

k
1o —wlly <Y i — @ g+ [0 —@®)g < (k+1)
j=0

e
2k +1) 2
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3.1.4 (, Mean Estimation for ¢ € (1,2)

Finally, we consider the case whenc (1,2). Here we get the nearly optimal estimation complexity via
two bounds.

The first bound follows from the simple fact that for all € R?, |Jw|y < [lw|l, < dY7712|w]z.
Therefore we can redudg mean estimation with errarto ¢, mean estimation with errar/d'/a=1/2 (this
is a special case of LemrhaB.2 with the identity embedding)ndyTheorenh 3]9 we then get the following
theorem.

Theorem 3.14.For ¢ € (1,2) and everyd there is an efficient algorithm that solvég mean estimation
problem with errore using2d queries to STAR(d'/?~1/4¢)).

It turns out that for large better sample complexity can be achieved using a diffeilgotithm. Achiev-

ing (nearly) optimal estimation complexity in this caseuies the use of VSTAT oracle. (The estimation
complexity for STAT is quadratically worse. That still givan improvement over Theordm 3.14 for some
range of values of.) In in the case off > 2, our algorithm decompose each point into a sum of at most
log d points each of which has a small “dynamic range” of non-zerardinates. For each component we
can then use coordinate-wise estimation with an additinesding of coordinates that are too small. Such
zeroing ensures that the estimate does not accumulatedenmefrom the coordinates where the mean of
the component itself is close to 0.

Theorem 3.15.For anyq¢ € (1,2) ande > 0, the/, mean estimation problem can be solved with eeror
using2d log d queries to VSTAT16log(d)/e)P).

Proof. Givenw € BB, we consider its positive and negative patts= w*—w~, wherew™ = Zle Wil {1, >0
andw™ = — Zle e;wilyg,, <oy We again rely on the decompositionwfinto “rings” of dynamic range 2,
but now for its positive and negative parts. Namely= Z?zo[Rj('UJ+)_Rj(w_)]+[Roo(w+)—Roo(w_)],

wherek = Llog(d)/qJ—Z Rj(w) = Z?zl eiwil{zf(j+1)<‘wi|§27j} andRoo(w) = Z?:l eiwil{‘wﬁsy&q}.
Letw be a random variable supported B\ Lete’ = ¢/(2k + 3). For each levef = 0,...., k, we now

describe how to estimate™J = E[R;(w™)] with accuracy:’. The estimation is essentially just coordinate-

wise use of VSTAT with zeroing of coordinates that are toolsrhat v; be the value returned by VSTAR)

for queryg;(w) = 27 - (Rj(w™));, wheren = (¢//8)7F < (16log(d)/)P. Note that’ - (R;(w™)); € [0,1]

for all w andj. Further, lety; = v/ - L{jw>2/n}- We start by proving the following decomposition of the

error ofv.

Lemma 3.16. Letu = 27 - w4, andz = u — v. Then|z||§ < [u<||d 4+ n~9/2. ||u>||gg, whereu; =

;i - Ly, <a/my @Ndu; = u; - 1y, >1 /5,y @nd for alld.

Proof. For every index € [d] we consider two cases. The first case is whes 0. By the definition of;,
we know that! < 2/n. This implies that;; = 2/ E[(R;(w™));] < 4/n. This s true since, otherwise (when
u; > 4/n), by the guarantees of VSTA®), we would havev, — ;| < /% andv} > u; — /% > 2/n.
Therefore in this case,;, = u; andz; = u; — v; = u;.

In the second case # 0. In this case we have thaf > 2/n. This implies that,; > 1/n. This is true
since, otherwise (when; < 1/n), by the guarantees of VSTA®), we would havev] — u;| < /% and
v < wu; + % < 2/n. Therefore in this case,; = u;” andz; = u; — v}. By the guarantees of VSTAR),

> >
‘Zi\:\uf—vﬂgmax{%, UTZ}: U
The claim now follows since by combining these two cases vig:gé < (u;~)? + (T> . ]
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We next observe that by Lemrha3.12, for everg B,
IR (w)[r < @77 7H R (wh)||E < (2777
This implies that
lully =27 |[w¥3]| =27 |BIR (W], < 27 (27771179 = 20+, 7

Now by Lemmd 3.12 and efjl(2), we have

4\ 1 +3)q—3
Jus? < <E> NfusS||y =t 2033, 3)
Also by Lemmd3.IR and efjl(2), we have
a/2 1) sy (i
Hu>\|q/2 < <ﬁ> N |l < ntm9/2 . 2l Da-T @)

Substituting eq[{3) and ed.](4) into Lemma 3.16 we get
g < i+ n=9/2 - a2 <m0 (20903 4 gDt} < ioa . g+,

Letw™J = 27Jy. We have

Hw+,j — Q—J'UH —97J. 2], < 93 . pl/a=1 — o
q

We obtain an estimate af—/ in an analogous way. Finally, to estimai&®® = E[R..(w)] we observe
that2=+-1 < 21-lles(d)/a] < 44-1/4, Now using VSTAT1/(4¢')?) we can obtain an estimate of each
coordinate ofw™ with accuracys’ - d~1/¢. In particular, the estimaté&> obtained in this way satisfies
[0 — 2>y < €.

Now letw = Zé‘?zo(wd —w™7) +w™>. Each of the estimates héserror of at most’ = ¢/(2k + 3)
and therefore the total error is at mest O

3.1.5 General Convex Bodies

Next we consider mean estimation and stochastic lineamapition for convex bodies beyorfg-balls. A
first observation is that Theordm B.4 can be easily generhlia origin-symmetric polytopes. The easiest
way to see the result is to use the standard embedding of ifie-symmetric polytope norm inté,, and
appeal to Lemm@a_3 2.

Corollary 3.17. Let W be an origin-symmetric polytope withn facets. Then mean estimation ovér
with error e can be efficiently solved using queries to STAE/2).

In the case of an arbitrary origin-symmetric convex bdtlyC R¢, we can reduce mean estimation over
W to ¢, mean estimation using the John ellipsoid. Such an ellipSatisfies the inclusionégé’ cCWwWce
and any ellipsoid is linearly isomorphic to a uiitball. Therefore appealing to Lem .2 and Theorem
3.9 we have the following.

Theorem 3.18. Let W C R¢ an origin-symmetric convex body. Then the mean estimatiuirigm ovenV
can be solved usingd queries to STAR(c/V/d)).
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By Observatioi 311, for an arbitrary convex baokythe stochastic linear optimization problem owér
reduces to mean estimation ovwat = conv(K,, —K,). This leads to a nearly-optimal (in terms of worst-
case dimension dependence) estimation complexity. A nmegfdbwer bound for this task will be proved in
Corollary[3.22.

A drawback of this approach is that it depends on knowledgéefiohn ellipsoid fodV, which is, in
general, cannot be computed efficientbyg(.]). However, ifK is a polytope with a polynomial number of
facets, thenV is an origin-symmetric polytope with a polynomial numberweftices, and the John ellipsoid
can be computed in polynomial ti 56]. From this, we codelthat

Corollary 3.19. Then there exists an efficient algorithm that given as inpet vtertices of an origin-
symmetric polytop®V C R? solves the mean estimation problem ovéusing2d queries to STAR(¢/v/d)).
The algorithm runs in time polynomial in the number of versic

3.2 Lower Bounds

We now prove lower bounds for stochastic linear optimizatwer the/,, unit ball and consequently also
for ¢, mean estimation. We do this using the technique friorh [374]ithhased on bounding the statistical
dimension with discrimination norm. Thaiscrimination normof a set of distributionsD’ relative to a
distribution D is denoted by:»(D’, D) and defined as follows:

o), { e (e - g

where the norm oh over D is ||h||p = \VEp|h?(x)] and D" ~ D’ refers to choosind’ randomly and
uniformly from the seD’.

Let B(D, D) denote the decision problem in which given samples from &mawn input distribution
D' e DU{D} the goal is to output if D’ € Dand 0ifD’ = D.

Definition 3.20 ([@]). For x > 0, domainX and a decision problen3(D, D), lett be the largest integer
such that there exists a finite set of distributidBRg C D with the following property: for any subset
D' C Dp, where|D’| > |Dp|/t, ko(D', D) < k. Thestatistical dimension with discrimination norms of
B(D, D) ist and denoted b$DN(B(D, D), k).

The statistical dimension with discrimination nornof a problem over distributions gives a lower bound
on the complexity of any statistical algorithm.

Theorem 3.1([@]). Let X be a domain and3(D, D) be a decision problem over a class of distributions
D on X and reference distributioD. For x > 0, lett = SDN(B(D, D), ). Any randomized statistical
algorithm that solve#3(D, D) with probability > 2/3 requirest/3 calls to VSTATL/(3 - 2)).

We now reduce a simple decision problem to stochastic liopimization over the/,, unit ball. Let
E ={ei|ie[d}U{—e |i € [d}. Letthe reference distributiol be the uniform distribution oveF.
For a vectorw € [—1,1]¢, let D, denote the following distribution: pick € [d] randomly and uniformly,
then pickb € {—1, 1} randomly subject to the expectation being equal;tand outpub - e;. By definition,
Ew~D,[W] = Yv. FurtherD, is supported o’ C B.

Forq € [1,2], o € [0,1] and every € {—1,1}¢, d/971 . v € B¢ and(d"/7 10, Ewp,, [W]) = a -
d'/a=1, Atthe same time for the reference distributibrand everyr € B¢, we have thatz, Ew~p[w]) =
0. Therefore to optimize with accuraey= ad'/4~1 /2 itis necessary distinguish every distributionZi,
from D, in other words to solve the decision probl&(D,,, D).
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Lemma 3.21. For anyr > 0, 22(") queries to VSTAT/(ra?)) are necessary to solve the decision problem
B(D,, D) with success probability at leagy'3.

Proof. We first observe that for any functidn: B{ — R,

E [h] - %[h] = = > vi- (hle;) — h(—es)). (5)

D(x v

Letg = , h(e;) — h(—e;))?2. By Hoeffding's inequality we have that for every> 0,
i€[d]

S vy (hler) — h(—ey)

1€[d]

{Pr Ja [ > ﬁ} < 27T /2,
v~{—1,1

This implies that for every sét C {—1, 1} such thatV| > 2¢/t we have that

S vy (hle) = h(—ep))

> r-ﬁ] < t-2e7 /2,
From here a simple manipulation (see Lemma A4in [79]) iegpthat

> i (hles) — h(ez-))] <V2(2+VInt)- B < \/2logt - .
1€[d]

E !
v~y :

For a set of distribution®’ C D,, of size at leas2?/t, letV C {—1,1}? be the set of vectors ifi—1,1}¢
associated wittD’. By eq.[%) we have that

Note that

5§¢§:%@m+am—m2=%ﬁwwm-

i€ld]

E [
D'~D" | |D’

}:w-m@ﬁh(ﬁﬁ]

i€[d]

[0
< 572vdlogt - ||h|p = ay/logt/d - || p.

By Definition[3.20, this implies that for every> 0, SDN(B(D,, D), a\/logt/d) > t. By Theoreni 311
that for anyr > 0, 2°(") queries to VSTATd/(ra?)) are necessary to solve the decision problg(®,,, D)
with success probability at lea®t3. O

To apply this lemma with our reduction we set= 2ed'~'/¢. Note thato must be in the rang@, 1] so
this is possible only it < d'/7-! /2. Hence the lemma gives the following corollary:

Corollary 3.22. For anye < d'/7=1/2 andr > 0, 2°(") queries to VSTAT?/9~1 /(re?)) are necessary to
find ane-optimal solution to the stochastic linear optimizatioroplem oveng with success probability at
least2/3. The same lower bound holds fy mean estimation with erray.
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Observe that this lemma does not cover the regime whenl ande > d'/91/2 = d='/7/2. We
analyze this case via a simple observation that for evérg [d], B¢ and B¢ can be embedded ints¢
and B;j respectively in a trivial way: by adding — d’ zero coordinates. Also the mean of the distribution
supported on such an embedding&;’f certainly lies inside the embedding. In particular-dimensional
solutionz can be converted back todaxdimensional solutionr’ without increasing the value achieved by
the solution. Hence lower bounds for optimization oB%'r imply lower bounds for optimization ové’fg.
Therefore for any > d‘l/P/2, letd’ = (2¢)~P (ignoring for simplicity the minor issues with rounding).
Now Corollary[3.22 applied td’ implies that2*(") queries to VSTAT(d')*/9~! /(re?)) are necessary for
stochastic linear optimization. Substituting the valu@/of (2¢)~? we get(d’)?/9=1/(re?) = 2277 /(reP)
and hence we get the following corollary.

Corollary 3.23. Foranyq > 1, > d'/%~1/2 andr > 0, 2(") queries to VSTAT /(r<P)) are necessary
to find ans-optimal solution to the stochastic linear optimizatioroplem ovelﬁg with success probability
at least2/3. The same lower bound holds f mean estimation with errog.

These lower bounds are not tight when> 2. In this case a lower bound 6f(1/¢2) (irrespective of
the number of queries) follows from a basic property of VSTAD query to VSTATn) can distinguish
between two input distribution®; and D; if the total variation distance betwedn and D3 is smaller
than some (universal) positive constant [36].

4 Gradient Descent and Friends

We now describe approaches for solving convex programs bwal§&ithms that are based on the broad
literature of inexact gradient methods. We will show thaheoof the standard oracles proposed in these
works can be implemented by SQs; more precisely, by estimati the mean gradient. This reduces the
task of solving a stochastic convex program to a polynomimhioer of calls to the algorithms for mean
estimation from Sectioln] 3.

For the rest of the section we use the following notation. Ldte a convex body in a normed space
(R, ||-|), and letV be a parameter space (notice we make no assumptions ontjhidisiess we explicitly
state it,C is not assumed to be origin-symmetric. Let= max, yci ||z — y||/2, which is the|| - ||-radius
of K. For a random variables supported oV we consider the stochastic convex optimization problem
mingex {F(z) = Ew[f(z,w)]}, where for allw € W, f(-,w) is convex and subdifferentiable d6.
Givenz € K, we denoteV f(z,w) € df(z,w) an arbitrary selection of a subgradiE'ﬂ;jmilarIy for I,
VF(x) € OF (x) is arbitrary.

Let us make a brief reminder of some important classes ofecofunctions. We say a subdifferentiable
convex functionf : L — R is in the class

e F(K,B) of B-bounded-range functions if foratl € IC, | f(x)| < B.

. ]—“ﬁ,”(lc, Ly) of Ly-Lipschitz continuous functions w.r.g. -
Lo||z — yl|; this implies

,ifforall x,y € K,

fl@) = fly)l <

fy) < f@) +(Vf(x),y —2) + Lolly — z|.- (6)

° Jﬂ‘l,”(/C,Ll) of functions with L;-Lipschitz continuous gradient w.r.f. - ||, if for all =,y € K,

IV f(x) = Vf)ll« < Lz — yl|; this implies

F(u) < £@) + (V7 @)y~ 2) + Ly — ol )

3We omit some necessary technical conditiang, measurability, for the gradient selection in the stocleasiting. We refer
the reader tdﬂ4] for a detailed discussion.
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e S| (K, k) of r-strongly convex functions w.r.f.- |, if for all z,y € K
K
F) = f(@) + (VF(@)y —2) + Glly — . ®)

4.1 SQ Implementation of Approximate Gradient Oracles

Here we present two classes of oracles previously studigtkeititerature, together with SQ algorithms for
implementing them.

Definition 4.1 (Approximate gradien@S])LetF : K — R be a convex subdifferentiable function. We say
thatg : K — R% is ann-approximate gradierdf F over K if for all u,z,y € K

[(g(z) = VF(x),y —u)| <. (9)

Observation 4.2. LetKCy = {x —y | z,y € K} (which is origin-symmetric by construction), let furthemra
| - |lx, be the norm induced by and || - |/x,, its dual norm. Notice that under this notatiod) is
equivalent to||g(xz) — VF(z)|lk,, < n. Therefore, ifF(x) = Ew[f(z,w)] satisfies for allw € W,
flw) e }'l?.”’co (K, Lp) then implementing ga-approximate gradient reduces to mean estimatiof- ik,
with error 1/ L.

Definition 4.3 (Inexact Oracle@EEM.])LetF : K — R be a convex subdifferentiable function. We say
that (F'(-),g(-)) : K — R x R% s afirst-order(n, M, u1)-oracleof F over K if for all z,y € K

Bl 2l < F(o) ~ [F(@) ~ {(e), 2] < S lly 2l + 1, (10)

An important feature of this oracle is that the error for apgmating the gradient ismdependent of
the radius This observation was established by Devolder et al. [24d, the consequences for statistical
algorithms are made precise in the following lemma.

Lemma4.4.Lety > 0,0 < & < L; and assume that for alb € W, f(-,w) € F(K, B)NF}, (K, L) and
F() =Ew[f(,w)] € S (K, x) N }‘Hl,”(IC, L1). Then implementing a first-ordér, M, u)-oracle (where
= k/2and M = 2L;) for F reduces to mean estimation jin ||, with error ,/nx/[2L], plus a single
query to STAT)(n/B)). Furthermore, for a first-order method that does not requizgdues ofF’, the latter
query can be omitted.

If we remove the assumptidn € J-“Hl.H(IC, L) we can instead use the upper boultl= 2L3 /7.

Proof. We first observe that we can obtain an approximate zero-amete for F' with errorn by a single
query to STATQ(n/B)). In particular, we can obtain a valué(z) such that F'(z) — F(z)| < n/4, and
then use as approximation R

F(z) = F(z) —n/2.
This way |F(z) — F(z)| < |F(z) — F(x)| + |F(z) — F(x)| < 3n/4, and alsoF (z) — F(z) = F(x) —
F(z)+n/2 > n/4. Finally, observe that for any gradient method that doesewpiire access to the function
value we can skip the estimation E(x), and simply replace it by'(x) — n/2 in what comes next.

Next, we prove that an approximate gradigft) satisfying

IVF(z) — g()[l« < vnK/2 < v/nly/2, (11)

suffices for &n, u, M )-oracle, wherey = /2, M = 2L,. For convenience, we refer to the first inequality
in (I0) as thdower boundand the second as thper bound
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Lower bound. SinceF is s-strongly convex, and by the lower bound Biiz) — F(z)

F(y)

v

Fla)+ (VE(2),y — ) + S llo — y?

> F(o)+n/4+ (§@),y —2) + (VF(@) = §la),y — 2) + Fllo = Il

Thus to obtain the lower bound it suffices prove that forail R,

T+ (VF@) = §(@),y —2) + Sz =yl 2 0. (12)
In order to prove this inequality, notice that amongad such that/|y — x| = ¢, the minimum of the

expression above is attained wh@iF' (z) — g(z),y — z) = —t||VF(z) — g(z)|«. This leads to the one
dimensional inequality

1 t|VF@) - 3@ + 52 > 0,

whose minimum is attained at= w, and thus has minimum valug'4— ||V F (z)—g(x)||2/ (2u).
Finally, this value is nonnegative by assumption, provimglower bound.

Upper bound. SinceF" hasL;-Lipschitz continuous gradient, and by the bound Bfu:) — F(z)|

Ply) < Fla)+(VF@),y—2)+ 2y - af?

F(a) + 20 4 ((e),y — ) + (V@) — o),y — o) + 22 llz —

Now we show that for ally € R?

Ly — ol (VF ()~ 3(a).y ) +

S

> 0.

Indeed, minimizing the expression aboveyishows that it suffices to haygv F(z) — g(x)||? < nL1/2,
which is true by assumption.
Finally, combining the two bounds above we get that foyatl 1C

_ M
F(y) < [F() +{3(x),y — )] + —lly — l* +n,
which is precisely the upper bound.
As a conclusion, we proved that in order to obtaifor a (n, M, u)-oracle it suffices to obtain an ap-
proximate gradient satisfying (IL1), which can be obtaingddiving a mean estimation problem |in ||.

with error ,/nk/[2Lo]. This together with our analysis of the zero-order oractves the result.

Finally, if we remove the assumptian ]-“Hl.”(lc, L) then from [6) we can prove that for ally € K

2
Fly) = [P(a) + (VF(@)y — )] < 2o — gl + .

whereM = 2L3/n. This is sufficient for carrying out the proof above, and tagutt follows. O
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4.2 Classes of Convex Minimization Problems

We now use known inexact convex minimization algorithmsetbgr with our SQ implementation of ap-
proximate gradient oracles to solve several classes ofastic optimization problems. We will see that
in terms of estimation complexity there is no significantngliom the non-smooth to the smooth case;
however, we can significantly reduce the number of queriescbgleration techniques.

On the other hand, strong convexity leads to improved estmaomplexity bounds: The key insight
here is that only a local approximation of the gradient adbtlme current query point suffices for methods,
as a first ordefn, M, u)-oracle is robust to crude approximation of the gradientatafvay points from
the query (see Lemnia 4.4). We note that both smoothness ramg) stonvexity are required only for the
objective function and not for each function in the suppdithe distribution. This opens up the possibility
of applying this algorithm without the need of adding a sglgrconvex term pointwisee-g.in regularized
linear regression— as long as the expectation is strongiyeco

4.2.1 Non-smooth Case: The Mirror-Descent Method

Before presenting the mirror-descent method we give sormessary background on prox-functions. We
assume the existence of a subdifferentiableniformly convex function (wheré < r < o) ¥ : £ — R4
w.r.t. the norm|| - ||, i.e., that satisfiésfor all r,y e K

W(y) 2 W) + (V) — )+~ 2] (13

We will assume w.l.0.g. thatf,cx ¥(z) = 0.

The existence of-strongly convex functions holds in rather general simaxi], and, in particular,
for finite—dimensionalﬁg spaces we have explicit constructions foe= min{2,p} (see AppendiX A for
details). LetDy (K) = sup,cx ¥(z) be theprox-diameter ofC w.r.t. ¥.

We define the prox-function (a.k.a. Bregman distance} a int(K) asV,(y) = ¥(y) — ¥(x) —
(V¥ (z),y — x). In this case we say the prox-function is basedloproximal setup. Finally, notice that by
@3) we haveV, (y) > Ly — z||".

For the first-order methods in this section we will assufé such that for any vectat € K and
g € R? the proximal problemmin{({g,y — x) + V4(y) : ¥ € K} can be solved efficiently. For the case
W(-) = || - |3 this corresponds to Euclidean projection, but this typeroblgms can be efficiently solved in
more general situations [68].

The first class of functions we study Eﬁ)_H(IC, Ly). We propose to solve problems in this class by
the mirror-descent methoﬂ68]. This is a classic methodifmimization of non-smooth functions, with
various applications to stochastic and online learningh@lgh simple and folklore, we are not aware of a
reference on the analysis of the inexact version with praekgetup based omauniformly convex function.
Therefore we include its analysis here.

Mirror-descent uses a prox functidr.(-) based on¥ proximal setup. The method starts querying a
gradient at point:’ = arg min,cx ¥(z), and given a respongg = g(z') to the gradient query at point
it will compute its next query point as

2t = arg mi,rcl{o‘<§t7 Y- wt> + Ve (y)} (14)
ye

which corresponds to a proximal problem. The output of theéhou is the average of iteratas’ =
1 T t
T 2= %

“We have normalized the function so that the constamtafiform convexity is 1.
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Theorem 4.5. Let ' € fﬁ).H(IC, Ly)andV¥ : £ — R be anr-uniformly convex function. Then the inexact

mirror-descent method witl proximal setup, step size = -~ [r Dy (K)/T]' /", and any-approximate
gradient for F' over IC, guarantees aftef’ steps an accuracy

1/r
F@T) — F* < Lg <%> + 1.

Proof. We first state without proof the following identity for prdunctions (for example, see (5.3.20) in
[11]): for all z, 2/ andw in K

Ve(u) — Vi (u) — Vp(2') = (VVp(2'),u — 2').
On the other hand, the optimality conditions of probléni @)
(gt + VYV (2, u — 2y >0, Yuek.

Letu € K be an arbitrary vector, and letbe such that /r + 1/s = 1. Sinceg! is an-approximate
gradient,

a[F(z") — F(u)] < a(VF(2'), 2" —u)
< a<§t7$t_u>+o”7
= a(g, 2t — 2 + a@@, 2 —w) +an
< gzt — 2 — (VVe (), 2 — ) + an
= a(f, ot — 2 + Vo (u) — Visa (u) — Ve (28 + am
1
< [afgt, a2t — a2t - ;||$t — T 4 Vi (w) = Vi (u) + om
1
< ;Ha@tHi + V:ct (u) - th+1 (u) + amn,

where we have used all the observations above, and thedastalds by Fenchel’s inequality.
Let us choose: such thatf’(u) = F*, thus by definition ofc:” and by convexity off

aLQ)S
S

oT[F(@") ~ F*] < Y alF(a') - F*] < (@L0)" 1 4 Dy (k) + aT.

=
- L (rDe(K)\V* N . rDy () \ /7
and sincex = - (T) we obtainF'(z') — F* < Ly (T) + . O

We can readily apply the result above to stochastic convegrams in non-smooth, settings.

Definition 4.6 (¢,-setup) Let1 < p < oo, Ly, R > 0, and K C Bg(R) be a convex body. We define as
the (non-smoothj,-setup the family of problemsain,cx{F'(z) = Ew[f(x,w)]}, where for allw € W,
f(,ZU) € ]:|(‘)||p(lcv LO)

In the smooth,-setup we additionally assume thétc ‘7:||1~Hp

From constructions of-uniformly convex functions fof,, spaces, with- = min{2, p} (see Appendix
[A), we know that there exists an efficiently computable Pumction ¥ (i.e. whose value and gradient can
be computed exactly, and thus probldml (14) is solvable fopk enought). The consequences in terms
of estimation complexity are summarized in the followingadtary, and proved in Append(x]C.

(K, Ly).
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Corollary 4.7. The stochastic optimization problem in the non-smdgtsetup can be solved with accuracy

e by:
o LoR\’ _ e .
If p =1, usingO (dlogd- (T) ) queries to STA<4LOR>,
If 1 <p<2,usingO [ dlogd - ! Lol i ueries to STATQ [ ——— ) );
P S e B\ e a logd]LoR) )’

. LoR\? . e\
If p=2,usingO | d- | — queriesto STATQ ( — | |;
3 L(]R

. L P .
If 2 < p < o0, USINGQO (dlogd - 4P <OTR> ) queries to VSTA((

64LOR log d> p)
76 .

4.2.2 Smooth Case: Nesterov Accelerated Method

Now we focus on the class of functions whose expectation lEshitz continuous gradient. For simplicity,
we will restrict the analysis to the case where the Prox fonds obtained from a strongly convex function,
i.e., r-uniform convexity withr = 2. We utilize a known inexact variant of Nesterov’'s accekanethod

[6€].

Theorem 4.8([@]). LetF € ]-“Hl.”(lc, L), and let¥ : £ — R, be al-strongly convex function w.r.q.- ||.

Let (¢, 4!, 2!) be the iterates of the accelerated method witiproximal setup, and where the algorithm

has access to anrapproximate gradient oracle faf" over K. Then,

L1Dg(K)
T2
The consequences for the smoétksetup, which are straightforward from the theorem above@in-

servatiorL 4.R, are summarized below, and proved in Appddix

Fyh) —F* < + 3.

Corollary 4.9. Any stochastic convex optimization problem in the sméptetup can be solved with ac-
curacye by:

2

o If p=1,usingO | dv/Togd- 4/ LR queries to STA = ;

9 12LOR

2
e If 1 <p< 2, usingO (dlogd- \/plle/ L1€R ) queries to STA(Q <m>>
2
e Ifp=2,usingO | d- LR queries to STAT Q2 £ ).
3 L()R

4.2.3 Strongly Convex Case

Finally, we consider the clas$. (C, x) of strongly convex functions. We further restrict our atiem to
the Euclidean case, i.€}; || = || - ||2. There are two main advantages of having a strongly convicte:

On the one hand, gradient methods in this case achieve lnoeaergence rate, on the other hand we will
see that estimation complexity is independent of the radies us first make precise the first statement: It
turns out that with &n, M, n)-oracle we can implement the inexact dual gradient met@ﬁz&[@hieving
linear convergence rate. The result is as follows
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Theorem 4.10([@]). Let F : K — R be a subdifferentiable convex function endowed withy,a/, ..)-
oracle overkK. Lety' be the sequence of averages of the inexact dual gradienbohettien

. MR?
Fyh) - F* < 5 exp(—%(T%—l))%—n.

The results in@4] indicate that the accelerated methodatsm be applied in this situation, and it
does not suffer from noise accumulation. However, the amyurequirement is more restrictive than for
the primal and dual gradient methods. In fact, the requiiacy for the approximate gradientris=
O(e+/p/M); although this is still independent of the radius, it makssneation complexity much more
sensitive to condition number, which is undesirable.

An important observation of the dual gradient algorithmhiattit does not require function values (as
opposed to its primal version). This together with Lenima 4.4

Corollary 4.11. The stochastic convex optimization probletin,ci{F(z) = Ew[f(z,w)]}, whereF €

S, (KK k) N }'”1.”2(IC,L1), and for allw € W, f(-,w) € }'l(‘),HQ(IC,LO), can be solved to accuraegy> 0

usingO <d- L log (%)) queries to STAK(y/er/Ly)).
K
Without the assumptiolr’ ¢ }‘Hl,”z(IC,Ll) the problem can be solved to accuracy> 0 by using

0] <d- L log <L°R>> queries to STAKY(v/zx/Lo)).

ER £
4.3 Applications to Generalized Linear Regression

We conclude this section with a comparison of the boundsirdxdaby statistical query inexact first-order
methods with some state-of-the-art error bounds for linegiression problems. To be precise, we compare
sample complexity of obtaining excess eredwith constant success probability or in expectation) i
estimation complexity of the SQ oracle for achievingccuracy. It is worth noticing though that these two
guantities are not directly comparable, as an SQ algoriterfopms a (polynomial) number of queries to the
oracle. However, this comparison shows that our resultgligumatch what can be achieved via samples.

We consider thgeneralized linear regressigoroblem: Given a normed spa¢g?, || - ||), let W C R?
be the input space, aritl be the output space. Létv,z) ~ D, whereD is an unknown target distribution
supported onV x R. The objective is to obtain a linear predicterc K that predicts the outputs as a
function of the inputs coming fron. Typically, IC is prescribed by desirable structural properties of the
predictor, e.g.sparsity or low norm. The parameters determining complextieé given by bounds on the
predictor and input spacéC C By (R) andW C By, (W). Under these assumptions we may restrict the
output space t¢—M, M|, whereM = RW.

The prediction error is measured usindoas function For a function/ : R x R — R,, letting
f(z,(w,2)) = £({(w, z), ), we seek to solve the stochastic convex prograim, cx{ F'(z) = Ew,z)~plf(z, (W, 2))]}.
We assume that(-, z) is convex for every in the support ofD. A common example of this problem is the
(random design) least squares linear regression, wiiere:) = (2’ — 2)2.

Non-smooth case: We assume that for everyin the support ofD, ¢(-, z) € ff‘([—M, M], Lyp). To
make the discussion concrete, let us considerjkeetup,i.e. || - || = || - [|,. Hence the Lipschitz constant
of our stochastic objectivé (-, (w, z)) = ¢({w,-), 2) can be upper bounded &g < L,, - W. For this
setting Kakade et al. [50] show that the sample complexitgabfieving excess errar > 0 with constant

2 2
success probability is = O ((M) lnd> whenp = 1; andn = O ((M) (g — 1)) for
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1 < p < 2. Using Corollan[4.l7 we obtain that the estimation comtiegf solving this problem using our
SQ implementation of the mirror-descent method gives theesap to (at most) a logarithmic ihfactor.

Kakade et al.@O] do not provide sample complexity bound$fo 2, however since their approach is
based on Rademacher complexity (see Appedlix B for theg@dmmiunds), the bounds in this case should
be similar to ours as well.

Strongly convex case: Let us now consider a generalized linear regression withlagigation. Here
f(l'v (wv Z)) = £(<w7$>7 Z) +A- (I)(ZL'),

where® : I — R is a 1-strongly convex function and> 0. This model has a variety of applications in
machine learning, such as ridge regression and soft-m&hg\. For the non-smooth linear regressiorfin

setup (as described above), Shalev-Shwartz etal. [80]gE@/sample complexity bound of (%)

(with constant success probability). Note that the expmkotgective is2A-strongly convex and therefore,
applying Corollary 4,711, we get the same (up to constantfagbounds on estimation complexity of solving
this problem by SQ algorithms.

5 Optimization of Bounded-Range Functions

The estimation complexity bounds obtained for gradientelesbased methods depend polynomially either
on the the Lipschitz constariiy and the radius of IC (unless the functions are strongly convex). In some
cases such bounds are not explicitly available (or too Jaagd instead we know that the range of functions
in the support of the distribution is bounded, thatisyx . ,cx, vwew)(f (7, v) — f(y,w)) < 2B for some

B. Without loss of generality we may assume that foralt W, f(-,w) € F(K, B).

5.1 Random walks

We first show that a simple extension of the random walk ambrad Kalai and Vempala{El] and Lovasz
and VempaldEZ] can be used to address this setting. Onatagdpeaof this approach is that to optimizat
requires only access to approximate values' ¢éuch an oracle is also referred to as approximate zera-orde
oracle). Namely, a-approximate value oracle for a functidnis the oracle that for every in the domain
of F, returns value such thaiv — F(z)| < 7.

We note that the random walk based approach was also (indemkﬁ) used in a recent work of Belloni
et al. E}]. Their work includes an optimized and detailedlgsia of this approach and hence we only give a
brief outline of the proof here.

Theorem 5.1. There is an algorithm that with probability at lea®t3, given any convex programin,cx F'(x)

in R wherevVz € K, |F(z)|] < 1 and K is given by a membership oracle with the guarantee that
BY(Ry) C K C BY(Ry), outputs are-optimal solution in time polil, 1,log (R1/Ry)) using polyd, 1)
queries to(e/d)-approximate value oracle.

Proof. Let 2* = argmin, i F'(z) andF* = F(z*). The basic idea is to sample from a distribution that
has most of its measure on points witliz) < F* + . To do this, we use the random walk approach as
in [@@] with a minor extension. The algorithm performsaadom walk whose stationary distribution
is proportional tog, (z) = e~*F@) with g(z) = e~ F®), Each step of the walk is a function evaluation.
Noting thate=*¥(*) is a logconcave function, the number of steps is filiog o, 3) to get a point from

a distribution within total variation distange of the target distribution. Applying Lemma 5.1 froE[GZ]

The statement of our result and proof sketch were includetthiéyuthors for completeness in the appendi;@f [37, v2].
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(which is based on Lemma 5.16 from[64]) with= 2 to g, with « = 4(d 4+ 1n(1/6) /e, we have (note that
a corresponds ta,, = (1 + 1/4/n)™ in that statement).

d—1
Prg(x) < e~ - g(a*)] < 6 (3> | (15)

Therefore, the probability that a random painsampled proportionately t@, (z) does not satisfyF'(x) <
F* + cisat mosty(2/e)?1.

Now we turn to the extension, which arises because we canevalyatel’(x) approximately through
the oracle. We assume w.l.0.g. that the value oracle is st@mgiin its answers (i.e., returns the same value
on the same point). The value returned by the oratle) satisfies F'(z) — F(z)| < ¢/d. The stationary

distribution is now proportional t§, (z) = e~ and satisfies

9a(2) _ —a(F(@)-F(@) < o

9o ()

We now argue that with large probability, the random walkiwtite approximate evaluation oracle will
visit a pointz where F' has of value at most™ + . Assuming that a random walk gives samples from
a distribution (sufficiently close to being) proportionaldg,, from property [(I6), the probability of the set
{z : g(x) > e - g(x*)} is at most a factor of'” higher than for the distribution proportional §g (given
in eq. [I%)). Therefore with a small increase in the numbesteps a random point from the walk will visit
the set wherd" has value of at most™ + ¢ with high probability. Thus the minimum function value that
can be achieved is at moBt* + ¢ 4 2¢/d.

Finally, we need the random walk to mix rapidly for the exiens Note thatF(:n) is approximately
convex,i.e.for anyz,y € K and any\ € [0, 1], we have

<eél. (16)

alm

FOz 4 (1= Ny) < AF(z) + (1 — N F(y) + 2¢/d. (17)
and thereforgy,, is a near-logconcave function that satisfies, for any € £ and\ € [0, 1],
Jo(Az + (1= Ny) > e Go (@) Ga(2) ™ > €710 Go (@) Ga () .

As a result, as shown by Applegate and Kannan [2], it admiis@yerimetric inequality that is weaker than
that for logconcave functions by a factor @f. For the grid walk, as analyzed by them, this increases the
convergence time by a factor of at mest. The grid walk’s convergence also depends (logarithnyigall
on the Lipshitz constant gj,. This dependence is avoided by the ball walk, whose conmesges again
based on the isoperimetric inequality, as well as on loagp@rties, namely on thestep distribution of the
walk. It can be verified that the analysis of the ball walk (eag in @4]) can be adapted to near-logconcave
functions with an additional factor @(1) in the mixing time. O

Going back to the stochastic setting, Ietr) = Ep[f(z, w)|. If Vw, f(-,w) € F(K, B) then a single
query f(z,w) to STAT(7/B) is equivalent to a query toaapproximate value oracle fdr(x).

Corollary 5.1. There is an algorithm that for any distributiab over)V and convex programin,cjc{ F'(z) =
Ew~p[f(z,w)]} in R? whereVw, f(-,w) € F(K,B) and K is given by a membership oracle with the
guarantee thaBd(Ry) C K C B4(R;), with probability at leas2/3, outputs are-optimal solution in time
poly(d, £, log (R1/Ry)) using polyd, £) queries to STAE/(dB)).

We point out thatr-approximate value oracle is strictly weaker than STAT This follows from a
simple result of Nemirovsky and Yudiﬂ68, p.360] who showttlinear optimization oveBg with 7-
approximate value oracle requires= (y/log q - €/d) for any algorithm using; queries. Together with
our upper bounds in Sectidh 3 this implies that approximateevoracle is weaker than STAT.
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5.2 Center-of-Gravity

An alternative and simpler technique to establish@tg? B2 /=) upper bound on the estimation complexity
for B-bounded-range functions is to use cutting-plane methouse specifically, the classic center-of-
gravity method, originally proposed by Levm58].

We introduce some notation. Given a convex bédylet x be a uniformly and randomly chosen point
from KC. Let 2(K) = E[x] and A(K) = E[(x — 2(K))(x — 2(K))T] be the center of gravity and co-
variance matrix ofC respectively. We define the (origin-centered) inertialpsbid of L as&x = {y :
yTAK) "y < 1)

The classic center-of-gravity method starts witH = K and iteratively computes a progressively
smaller body containing the optimum of the convex progranme &1l such a body kcalizer. Given a
localizerG*~1, for t > 1, the algorithm computes’ = z(G'~!) and defines the new localizer to be

Gt =G 'n{y eRY| (VF(z!),y — z') <0},

It is known that that any halfspace containing the centerafity of a convex body contains at ledst of
its volume [44], that is vdiG*) < ~ - vol(Gt~1), wherey = 1 — 1/e. We call this property theolumetric
guaranteewith parametery.

The first and well-known issue we will deal with is that the exeenter of gravity ofz*~! is hard to
compute. Instead, following the approachm [12], we witl 1é be an approximate center-of-gravity. For
such an approximate center we will have a volumetric guasanith somewhat larger parameter

The more significant issue is that we do not have access tx#ut ealue ofV F'(z!). Instead will show
how to compute an approximate gradigit’) satisfying for ally € G*,

(g(z') — VF(z'),y —a")| <. (18)

Notice that this is a weaker condition than the one require@h first, we only impose the approximation
on the localizer; second, the gradient approximation iy anlk:’. These two features are crucial for our
results.

Condition [I8) implies that for aljy € G*~1\ G?,

F(y) = F(a') + (VF(a"),y — a") 2 F(a") + (g(z"),y — 2") =0 > F(a") —n.

Therefore we will lose at mostby discarding points i1 \ G*.
Plugging this observation into the standard analysis otémer-of-gravity method (see,g.[@, Chap-
ter 2]) yields the following result.

Theorem 5.2. For B > 0, let X C R? be a convex body, anéi ¢ F(K,B). Letz! 22 ... and
g(zh), g(«?), ... be asequence of points and gradient estimates such thégfer K andG? = G~ 1n{y €

RY | (§(zt),y— ') <0} forall t > 1, we have a volumetric guarantee with parameter. 1 and condition
(@8)is satisfied for some fixegd> 0. Letz” = argmingc(r F(x'), then

F@ETY —min F(z) <A 2B+7.
el

In particular, choosing; = ¢/2, andT" = (dlog(%) log(%ﬂ givesF(27) — mingex F(x) < e.

We now describe how to compute an approximate gradientfydatiscondition [I18). We show that
it suffices to find an ellipsoid centered at:’ such thatz! + £ is included inG* and G? is included in
2t + R - £. The first condition, together with the bound on the rangeuotfions in the support of the
distribution, implies a bound on the ellipsoidal norm of tiradients. This allows us to use Theorem 3.9
to estimateV F'(z!) in the ellipsoidal norm. The second condition can be usedhttstate the error in the
ellipsoidal norm to the erron over G as required by conditioi_(18). Formally we prove the follogyi
lemma:
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Lemma 5.3. Let G C R? be a convex body; € G, andE C R¢ be an origin-centered ellipsoid that
satisfies

Ry-£EC(G—x)CRy-E.
GivenF(z) = Ew|f(x, w)] a convex function ot such that for allw € W, f(-,w) € F(K, B), we can
compute a vectog(z) satisfying(@8) in polynomial time usin@d queries to STA(Q (m )

Proof. Let us first bound the norm of the gradients, using the normdad by the ellipsoid .

IVi@w)le = sup(VF@ w).y) < = sup(Vizw),y —2)

yee Ry yec

1 2B
< —su yw)— fr,w)] < —.
< yeg[f(y )= fw) < &

Next we observe that for any vectgy

- - — T -
sup(VF(z) — g,y —x) = Rysup <VF(w) -7, yR > < Risup(VF(z) —3,y)
yeG yelG 1 ye€

= Ri[[VF(z) = gl

From this we reduce obtaining(z) satisfying [I8) to a mean estimation problem in an ellipabid

norm with errorRyn/[2R; B], which by Theorenl3]9 (with Lemnia3.2) can be done ugihgjueries to
STAT (Q (m . 0

It is known that ifz! = z(G?) then the inertial ellipsoid ofi* has the desired property with the ratio of
the radii beingd.

Theorem 5.4. [@] For any convex bodyy C R?, & (the inertial ellipsoid ofG) satisfies

V2 o c (@ 2(@) € VAT D) 6.

This means that estimates of the gradients sufficient focudgiey the exact center-of-gravity method
can be obtained using SQs with estimation complexitg 6i> B2 /<2).

Finally, before we can apply Theordm 5.2, we note that imstefai” = argming ey F(z') we can
computei” = argmin, ey F(z) such thatF'(z7) < F(zT)+¢/2. This can be done by usiriqueries to
STAT(¢/[4B]) to obtainF'(z*) such that F'(z!) — F(2!)| < e/4 for all t € [T]. Plugging this into Theorem
we get the following (inefficient) SQ version of the cert&gravity method.

Theorem 5.5. Let £ C R% be a convex body, and assume that forale W, f(-,w) € F(K, B). Then
there is an algorithm that for every distributian over)V finds ans-optimal solution for the stochastic con-
vex optimization problemin,cx {Ew~p[f (2, w)]} usingO(d? log(B/¢)) queries to STAK(¢/[Bd))).

5.2.1 Computational Efficiency

The algorithm described in Theorém15.5 relies on the contipataf the exact center of gravity and inertial
ellipsoid for each localizer. Such computation#&-hard in general. We now describe a computationally
efficient version of the center-of-gravity method that isdxh on computation of approximate center of
Elvity and inertial ellipsoid via random walks, an appioaas first proposed by Bertsimas and Vempala
].
We first observe describe the volumetric guarantee thatisfisd by any cut through an approximate
center of gravity.
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Lemma 5.6. [112] For a convex bodyG C R, let ~ be any point s.t)lz — 2(G)l|le, = t. Then, for any
halfspaceH containingz,
vol(G M H) > (é - t> Vol(@).

From this result, we know that it suffices to approximate tbeter of gravity in the inertial ellipsoid
norm in order to obtain the volumetric guarantee.

Lovasz and VempaIaL_LBS] show that for any convex badygiven by a membership oracle, a point
r € GandRy, Ry s.t. Ry - B‘Qi C(G—x) CRy- Bg, there is a sampling algorithm based on a random
walk that outputs points that are within statistical disen of the uniform distribution in time polynomial
in d,log(1/a),log(Ry/Ro). The current best dependence @is d* for the first random point and® for
all subsequent pointé[bl]. Samples from such a random veadloe directly used to estimate the center of
gravity and the inertial ellipsoid af.

Theorem 5.7. [@] There is a randomized algorithm that for amy> 0,1 > ¢ > 0, for a convex body~
given by a membership oracle and a pains.t. Ry - B§ C (G — z) C Ry - BY, finds a pointz and an
origin-centered ellipsoid s.t. with probability at least — ¢, ||z — 2(G)||e, < eand€& C Eg C (1 +¢)€.

The algorithm use®(d*log(R:1/Ro)log(1/5)/<?) calls to the membership oracle.

We now show that an algorithm having the guarantees giveh&oileni 5.6 can be implemented in time
poly(d, B/e,log(R1/Rp)). More formally,

Theorem 5.8. Let £ C R be a convex body given by a membership oracle and a post. R, - BS C
(G —x) C Ry - BY, and assume that for alb € W, f(-,w) € F(K, B). Then there is an algorithm that
for every distributionD over )V finds ans-optimal solution for the stochastic convex optimizatioobtem
mingeic{Ew~p[f(z,w)]} using O(d?log(B/c)) queries to STAK(¢/[Bd))). The algorithm succeeds
with probability > 2/3 and runs in polyd, B/e,log(R1/Rp)) time.

Proof. Let the initial localizer b&z = K. We will prove the following by induction: For every step diet
method, ifG is the current localizer then a membership oracledaran be implemented efficiently given a
membership oracle fd€ and we can efficiently computee G such that, with probability at lea$t— 4,

R)-BSCG—xCR,-BY, (19)

whereR! / R}, < max{R;/Ry,4d}. We first note that the basis of the induction holds by theragsions
of the theorem. We next show that the assumption of the immuetlows us to compute the desired approx-
imations to the center of gravity and the inertial ellipsaildich in turn will allow us to prove the inductive
step.

Since( satisfies the assumptions of Theorend 5.7, we can obtain ympaiial time (with probability
1 — 0) an approximate centerand ellipsoidS satisfying||z — z(G)|ls, < x and€ C &g C (1 + x)E,
wherey = 1/e — 1/3. By Lemmd5.b andz — z(G)||e, < x, we get that volumetric guarantee holds for
the next localizer?’ with parametery = 2/3.

Let us now observe that

(V({d+2)/d—x)-E+2C\/(d+2)/d-E +2(G) C G.

We only prove the first inclusion, as the second one holds bgoflém[5.4. Lety € of + 2z (where
a = +/(d+2)/d — x)). Now we havelly — z(G)[le; < lly — zlleg + [z = 2(G)llee < lly — zlle +x <
a+x =+/(d+2)/d. Similarly, we can prove that

G—2CVd(d+2) &+ (2(G) —2) C (Vd(d+2) +x) €6 € (1 +X)(Vd(d +2) +x) - €.
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Denotingry = +/(d +2)/d — x andr; = (1+ x)(y/d(d + 2) + x) we obtain thaty - E C G — 2z C r; - €,

wherezt — (”i‘/)((dﬁjgi;f?” < 3d. By LemmdB5.3 this implies that usirig queries to STAT(¢/[Bd)))
we can obtain an estimageof V F'(z) that suffices for executing the approximate center-ofiggraaethod.
We finish the proof by establishing the inductive step. Lettlew localizerG’ be defined as: after
removing the cut through given byg and transformed by the affine transformation induced bgd€ (that
is mappingz to the origin anct to B4). Notice that after the transformatiog - B € G' C r; - BY, where
G denoteg? after the affine transformationt’ is obtained fromG by a cut though the origin. This implies
thatG’ contains a ball of radiug, /2 which is inscribed in the half of, - B that is contained it’. Let 2/
denote the center of this contained ball (which can be easityputed frony, z andf). Itis also easy to
see that a ball of radius /2 + 1 centered at’ containsG’. HenceG’ — 2’ is sandwiched by two Euclidean
balls with the ratio of radii beingri + r¢/2)/(r0/2) < 4d. Also notice that since a membership oracle for
K is given and the number of iterations of this methodig/ log(4B/¢)) then a membership oracle f6f
can be efficiently computed.
Finally, choosing the confidence paramefénversely proportional to the number of iterations of the
method guarantees a constant success probability. O

6 Applications

In this section we describe several applications of ourlt®sWe start by giving SQ implementation of
algorithms for learning halfspaces that eliminate thedim#ependence on the dimension in previous work.
Then we obtain algorithms for high-dimensional mean egtonawith local differential privacy that re-
derive and generalize existing bounds. We also give thedligstithm for solving general stochastic convex
programs with local differential privacy. Another immetdiacorollary of our results is a strengthening and
generalization of algorithms for answering sequencesfeominimization queries differentially privately
givenin @]. Finally, we show that our algorithms togethéth lower bounds for SQ algorithms give lower
bounds against convex programs.

Additional applications in settings where SQ algorithms ased can be derived easily. For example,
our results immediately imply that an algorithm for answgra sequence of adaptively chosen SQs (such
as those given i Eé 8] can be used to solve a sequenaapftiwely chosen stochastic convex mini-
mization problems. This question that has been recenttliesilby Bassily et al[[8] and our bounds can be
easily seen to strengthen and generalize some of theitsésak Se€. 6.3 for an analogous comparison).

6.1 Learning Halfspaces

We now use our high-dimensional mean estimation algorittoregldress the efficiency of SQ versions of
online algorithms for learning halfspaces (also known aedi threshold functions). A linear threshold
function is a Boolean function ovék? described by a weight vectar ¢ R? together with a threshold
¢ € R and defined ag,, y(z) = sign((w, z) — 0).

Margin Perceptron: We start with the classic Perceptron algoritlm [ﬂ 70]. stomplicity, and without
loss of generality we only consider the case&dof 0. We describe a slightly more general version of the
Perceptron algorithm that approximately maximizes thegneand is referred to as Margin Perceptrn [3].
The Margin Perceptron with parametgworks as follows. Initialize the weights” = 0%. At roundt > 1,
given a vectorz! and correct prediction’ € {—1,1}, if y* - (w'~1 2t) > 7, then we letw’ = w'~!.
Otherwise, we update’ = w'~! 4 3'z!. The Perceptron algorithm corresponds to using this dhyuri
with n = 0. This update rule has the following guarantee:

31



Theorem 6.1([@]). Let(z!,yY), ..., (zf,y") be any sequence of examples3if{ R) x {—1,1} and assume
that there exists a vectar* € B4(W) such that for allt, y*(w*,z*) > v > 0. Let M be the number of
rounds in which the Margin Perceptron with parameteupdates the weights on this sequence of examples.
ThenM < R2W?2/(y —n)2.

The advantage of this version over the standard Perce®rthiati it can be used to ensure that the final
vectorw! separates the positive examples from the negative onesmwtginy, (as opposed to the plain
Percetron which does not guarantee any margin). For exatmptdhoosing; = /2 one can approximately
maximize the margin while only paying a factbin the upper bound on the number of updates. This means
that the halfspace produced by Margin-Perceptron has teethe same properties as that produced by
the SVM algorithm.

In PAC learning of halfspaces with margin assumption we asengrandom examples from a distribution
D over B¢(R) x {—1,1}. The distribution is assumed to be supported only on exasrplg)) that for
some vectow* satisfyy(w*, z) > ~. It has long been observed that a natural way to convert treepteon
algorithm to the SQ setting is to use the mean vector of alhterexamples with Perceptron updaB [LIV 14].
Namely, update using the exampile’, 1), wherez! = E(xy).ply - x | y(w'™!,x) < n]. Naturally, by
linearity of the expectation, we have that’~!, z') < n and(w*,z') > ~, and also, by convexity, that
' € BY(R). This implies that exactly the same analysis can be useddates based on the mean
counterexample vector. Naturally, we can only estintatand hence our goal is to find an estimate that still
allows the analysis to go through. In other words, we needéostatistical queries to find a vectowhich
satisfies the conditions above (at least approximatelyg mhin difficulty here is preserving the condition
(w*, &) > =, since we do not know*. However, by finding a vectof such that|z — z'[|s < ~v/(3W) we
can ensure that

(w*, @) = (W, 7") — (", 2" = &) 2 v = | — 2]z w2 = 27/3.

We next note that conditiondv'=!, ) < n and# € BY(R) are easy to preserve. These are known and
convex constraints so we can always projetd the (convex) intersection of these two closed convex sets
This can only decrease the distancerto This implies that, given an estimaie such that|z — z¢||s <
v/(3W) we can use Thnl 8.1 with’ = 2+/3 to obtain an upper bound dff < R*W?2/(2v/3 —n)? on
the number of updates.

Now, by definition,

_ E(x y)ND[y tX 1{y<wt*1 x><77}]
E [y x|yw ™ x)<n= : : .
(X7}')ND[ | < > 77] Pr(x,y)~D[Y<wt_17X> < 77]

In PAC learning with erroe we can assume that = Pr(x,y)ND[y<wt_1,x> < n] > e since otherwise
the halfspacd,,:-1 is a sufficiently accurate hypothesis (that is classifiesastlal — ¢ fraction of examples
with margin at least)). This implies that it is sufficient to find a vectérsuch that|z — z||2 < a~y/(3W),
wherez = E(x,y)ND[y - X - 1{y<wt*1,x><17}]'

Now the distribution ory - x - 1¢y(,t-1 x)<y; IS SUppOrted oB¢(R) and therefore using Theordm 3.9
we can get the desired estimate ustagqueries to STAT2(sy/(RW))). In other words, the estimation
complexity of this implementation of Margin Perceptrord$éRW/(s7)?). We make a further observation
that the dependence of estimation complexity @an be reduced from/<? to 1 /¢ by using VSTAT in place
of STAT. This follows from Lemma2]2 which implies that we dee pay only linearly for conditioning on
1y (wt—1 x)<n}- Altogether we get the following result which we for simjiticstate forn = ~/2:

Theorem 6.2. There exists an efficient algorithiMargin-Perceptron-SQ that for everys > 0 and dis-
tribution D over B4(R) x {—1,1} that is supported on examplés, y) such that for some vectar*
BY(W) satisfyy(w*,z) > ~, outputs a halfspace such thatPr . . ply(w,x) < v/2] < e. Margin-
Perceptron-SQ usesO(d(W R/~)?) queries to VSTAD((W R/v)?/¢)).
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The estimation complexity of our algorithm is the same asstaple complexity of the PAC learning
algorithm for learning large-margin halfspaces obtainiedwstandard online-to-batch conversierg([lE]).
SQ implementation of Perceptron were used to establishdédity of large-margin halfspaces with random
classification noisé__[_i7] and to give a private version ofcBptron ]. Perceptron is also the basis of SQ
algorithms for learning halfspaces that do not require agmaissumptiorm 8]. All previous analyses
that we are aware of used coordinate-wise estimation afid resulted in estimation complexity bound of
O(d(W R/(~¢)?). Perceptron and SVM algorithms are most commonly appliet awery large number
of variables (such as when using a kernel) and the depend#grestimation complexity orl would be
prohibitive in such settings.

Online p-norm algorithms: The Perceptron algorithm can be seen as a member in the fafilyline
p-norm algorithms@?;] withp = 2. The other famous member of this family is the Winnow aldponit

] which corresponds tp = co. Forp € [2, 0], a p-norm algorithm is based gmmargin assumption:
there existsv* € BY(R) such that for each example,y) € BY(R) x {—1,1} we havey(w*,z) > .
Under this assumption the upper bound on the number of update((W R/~)?) for p € [2,00) and
O(logd - (W R/~)?) for p = co. Our/, mean estimation algorithms can be used in exactly the sarpe wa
to (approximately) preserve the margin in this case giviaghe following extension of Theordm 6.2.

Theorem 6.3. For everyp € [2, ], there exists an efficient algorithmnorm-SQ that for everye > 0 and
distribution D oveng(R) x {—1, 1} that is supported on examplés, y) that for some vectow™* € B;j(W)
satisfyy(w*, =) > v, outputs a halfspace such thatPr y).p[y(w,x) < 0] < e. Forp € [2,00) p-
norm-SQ usesO(d log d(W R /~)?) queries to VSTAD (log d(W R/v)?/¢)) and forp = oo p-norm-SQ
usesO(dlog d(W R/v)?) queries to VSTAD((W R/v)?/¢)).

It is not hard to prove that margin can also be approximatedximized for these more general algo-
rithms but we are not aware of an explicit statement of thihenliterature. We remark that to implement
the Winnow algorithm, the update vector can be estimatedtvaghtforward coordinate-wise statistical
queries.

Many variants of the Perceptron and Winnow algorithms haentstudied in the literature and applied
in a variety of settingse(.g.[@,&t,]). The analysis inevitably relies on a marginuagstion (and its
relaxations) and hence, we believe, can be implemented &% in a similar manner.

6.2 Local Differential Privacy

We now exploit the simulation of SQ algorithms by locallyfdientially private (LDP) aIgorithmé?[_'M] to
obtain new LDP mean estimation and optimization algorithms

We first recall the definition of local differential privacyn this model it is assumed that each data
sample obtained by an analyst is randomized in a diffedgnpavate way.

Definition 6.4. An «a-local randomizerR : W — Z is a randomized algorithm that satisfigay € VW and

21,22 € Z,Pr[R(w) = z1] < e*Pr[R(w) = 22]. AnLRp oracle for distributionD over)V takes as an
input a local randomizeiR and outputs a random value obtained by first choosing a random sample
from D and then outputting?(w). An algorithm isa-local if it uses access only foR , oracle. Further, if

the algorithm uses samples such that samplés obtained fron;-randomizerR; thenziew a; < a.

The E(i‘c))mposition properties of differential privacy implyat ana-local algorithm isa-differentially
private [30].

Kasiviswanathan et aELB4] show that one can simulate $IA] oracle with success probability— &
by ana-local algorithm using: = O(log(1/4)/(aT)?) samples fromL.Rp oracle. This has the following
implication for simulating SQ algorithms.
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Theorem 6.5([@]). Let Asq be an algorithm that makes at mastjueries to STA (7). Then for every
a > 0andd > 0 there is ana-local algorithm A that uses: = O(tlog(t/8)/(a7?)) samples fronL.R p
oracle and produces the same output.dg, (for some answers of STA{r)) with probability at least
1—0.

Kasiviswanathan et aELE4] also prove a converse of thisréra that uses queries to STATO (e2%5/n))
to simulaten samples of am-local algorithm with probabilityl — §. The high accuracy requirement of this
simulation implies that it is unlikely to give a useful SQ alighm from an LDP algorithm.

Mean estimation: Duchi et al. ] givea-local algorithms for/, mean estimation usin@(d/(sa)?)
sample¥,, mean estimation usin@(d log d/(cc)?) samples (their bounds are for the expected eritmut
we can equivalently treat them as ensuring etraiith probability at leas®2/3). They also prove that these
bounds are tight. We observe that a direct combination of . ThBwith our mean estimation algorithms
implies algorithms with nearly the same sample complexitytp constants fof = oo and up to a(log d)
factor forg = 2). In addition, we can as easily obtain mean estimation te$o other norms. For example
we can fill theg € (2, c0) regime easily.

Corollary 6.6. For everya andq € [2, oo] there is ana-local algorithm for/, mean estimation with error
e and success probability of at leaat3 that uses: samples fronL.R p where:

e Forg=2andq = oo, n = O(dlogd/(ag)?).
e FOrq € (2,00), n = O(dlog?d/(ac)?).

Convex optimization: Duchi et al. ] give locally private versions of the mirdescent algorithm for
¢1 setup and gradient descent for setup. Their algorithms achieve the guarantees of the |pnivate)
stochastic versions of these algorithms at the expensedng G5d/a?) times more samples. For example
for the mirror-descent over thg the bound i) (d log d(RW /ea)?) samplesa-local simulation of our al-
gorithms from Se¢.]4 can be used to obtaifocal algorithms for these problems. However such sinmitat
leads to an additional factor corresponding to the numbetecdtions of the algorithm. For example for
mirror-descent irf; setup we will obtain and(dlog d/a? - (RW/<)*) bound. At the same time our results
in Sec[#4 and Se€] 5 are substantially more general. In pkatjcour center-of-gravity-based algorithm
(Thm.[5.8) gives the first--local algorithm for stochastic convex bounded-range @og.

Corollary 6.7. Leta > 0,¢ > 0. There is arw-local algorithm that for any convex body given by a mem-
bership oracle with the guarantee tha§(R) C K C B¢(R;) and any convex programin,cx Ew~p[f (, w)]
inRY, wherevw, f(-,w) € F(K, B), with probability at leas2/3, outputs are-optimal solution to the pro-
gram in time polyd, 2 log (Ry/Ry)) and usingn = O(d*B?/(%a?)) samples fronL.R p.

) e
We note that a closely related application is also discuﬂs@. It relies on the random walk-based
approximate value oracle optimization algorithm similarthe one we outlined in Selc. 5.1. Known op-
timization algorithms that use only the approximate valuecke require a substantially larger number of
gueries than our algorithm in Thin. 5.8 and hence need a sutadia larger number of samples to imple-
Eent (specifically, for the setting in Cor_6:7,= O(d5>B?/(%a?)) is implied by the algorithm given in
).

6.3 Differentially Private Answering of Convex Minimization Queries

An additional implication in the context of differentiallyrivate data analysis is to the problem of releasing
answers to convex minimization queries over a single dathaewas recently studied by UIIm89]. For

34



a datasef = (w')_, € W", a convex sek. C R? and a family of convex function& = {f(-, w) }uwew
overiC, let g¢(S) = argmin, i % Eie[n} f(x,w). Ullman ] considers the question of how to answer
sequences of such queriegpproximately (that is by a point such that: >icin) f (2, w') < qf(S) +e).

We make a simple observation that our algorithms can be wsezttice answering of such queries to
answering of counting queries. @éountingquery for a data sef, query functiong : YW — [0, 1] and
accuracyr returns a valuer such thatjv — %Zze[n} #(w')| < 7. Along line of research in differential
privacy has considered the question of answering countilegies (sedIiQ] for an overview). In particular,
Hardt and Rothbluni [46] prove that given a dataset of sizeng = O(1/log(WV]) log(1/8) - log t/(ar?)
it is possible to(«a, 3)-differentially privately answer any sequencetafounting queries with accuraay
(and success probability 2/3).

Note that a convex minimization query is equivalent to alsastic optimization problem wheb is
the uniform distribution over the elements ®f(denote it byUg). Further, ar-accurate counting query is
exactly a statistical query fap = Ug. Therefore our SQ algorithms can be seen as reductions fooxrex
minimization queries to counting queries. Thus to ansiv&snvex minimization queries with accuraey
we can use the algorithm for answeritig= ¢m(e) counting queries with accuraey(c), wherem(e) is
the number of queries to STA#(¢)) needed to solve the corresponding stochastic convex nzation
problems with accuracy. The sample complexity of the algorithm for answering conqhtjueries in@G]
depends only logarithmically oh As a result, the additional price for such implementatiomelatively
small since such algorithms are usually considered in titehgevheret is large andlog |W| = O(d).
Hence the counting query algorithm 46] together with tbgults in Corollary_4]7 immediately imply an
algorithm for answering such queries that strengthenstgatvely and generalizes results m89].

Corollary 6.8. Letp € [1,2], Lo, R > 0, K C BY(R) be a convex body and If = {f(-,w)}wew C
fﬁ~|\p(K’L0) be a finite family of convex functions. Létr be the set of convex minimization queries

corresponding toF. For any«, 5,¢,d > 0, there exists afw, 5)-differentially private algorithm that, with
probability at leastl — 6 answers any sequencetafueries fromQ » with accuracy: on datasets of size

for
2 .
. ((LOR) \/1Z§<|W|> 08T 1 log ( % >> |
«

For comparison, the results 89] only consider the 2 case and the stated upper bound is

n>ng=0 ((L()R)2 log(\l/\jz)o; max{log t,V/d} polylog (%)) .

Our bound is a significant generalization and an improverhgrat factor of at leas)(v/d/ log ). Ullman
[@] also shows that for generalized linear regression @mereplace the/d in the maximum byLoR/z.
The bound in Corollarf/ 618 also subsumes this improved bdumahost parameter regimes of interest).

Finally, in thex-strongly convex case (with = 2), plugging our bounds from Corollafy 4]11 into the
algorithm in ] we obtain that it suffices to use a datasetizd

~ 2 . . .
om0 (Lox/log(\l/\/\) log(t - d - log R) -polylog< 1 )) |

B

Eak

The bound obtained by UIImaﬂSQ] for the same function ciass

2
=0 (HIVEOMD o {0 i (1)
" Ve € B
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Here our improvement oveﬂ89] is two-fold: We eliminate tfe factor and we essentially eliminate the
dependence oR (as in the non-private setting). We remark that our bounchirégpear incomparable to
that in @)] but is, in fact, stronger since it can be assunhed# > ¢/R? (otherwise, bounds that do not
rely on strong convexity are better).

6.4 Lower Bounds

We now describe a generic approach to combining SQ algositlemstochastic convex optimization with
lower bounds against SQ algorithms to obtain lower boundinagcertain type of convex programs. These
lower bounds are for problems in which we are given a set of togtions (v;)?_, from some collec-
tion of functionsV over a set of “solutions’Z and the goal is to (approximately) minimize or maximize
%Zie[n] v;(z) for z € Z. Here eitherZ is non-convex or functions ify” are non-convex (or both). Nat-
urally, this captures loss (or error) of a model in machirerég and also the number of (un)satisfied
constraints in constraint satisfaction problems (CSPs)ekample, in the MAX-CUT problem € {0,1}¢
represents a subset of vertices andonsists of(?), “z; # z;” predicates.

A standard approach to such non-convex problems is to f&pa convex bodyC € RY and map
V' to convex functions ovek in such a way that the resulting convex optimization probtsamn be solved
efficiently and the solution allows one to recover a “goodiugon to the original problem. For example,
by ensuring that the mappings/ : Z — K andT : V — F satisfy: for allz andv, v(z) = (T'(v))(M(z))
and for all instances of the problefn;)?_;,

1 1
miy Z vi(z) — min Z (T(vi))(z) < e. (20)
i€[n] i€[n]

(Approximation is also often stated in terms of the rationmstn the original and relaxed values and referred
to as the integrality gap. This distinction will not be edgarfor our discussion.) The goal of lower bounds
against such approaches is to show that specific mapping$agses of mappings) will not allow solving
the original problem via this approachg.have a large integrality gap.

The class of convex relaxations for which our approach dioesr bounds are those that are “easy”
for SQ algorithms. Accordingly, we define the following meses of complexity of convex optimization
problems.

Definition 6.9. For an SQ oracle?, t > 0 and a problemP over distributions we say that € Sta(O, t)

if P can be solved using at masgueries toO for the input distribution. For a convex s&t, a setF of
convex functions ove€ ande > 0 we denote by Opt’, F, ) the problem of finding, for every distribution
D over F, z* such thatF'(z*) < mingex F(z) + ¢, whereF (z) = Ef.p[f(x)].

For simplicity, let's focus on the decision probrilm which the input distributionD belongs toD =
D, UD-_. Let P(D4,D_) denote the problem of deciding whether the input distrdwis inD, or D_.
This is a distributional version of gromiseproblem in which an instance can be of two types (for example
completely satisfiable and one in which at most half of thestamts can be simultaneously satisfied).
Statistical query complexity upper bounds are preserveliupointwise mappings of the domain elements
and therefore an upper bound on the SQ complexity of a stich@ggimization problem implies an upper
bound on any problem that can be reduced pointwise to thlastic optimization problem.

Theorem 6.10.Let D, andD_ be two sets of distributions over a collection of functidhsn the domain
Z. Assume that for somE and F there exists a mappin@ : V — F such that for allD € DT,

®Indeed, hardness results for optimization are commonlginét via hardness results for appropriately chosen decjsiob-
lems.
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mingex Ev~p[(T(v))(z)] > a4 and for all D € D™, mingex Evp[(T(v))(z)] < a—. Then if for an SQ
oracle O andt we have a lower boun®(D,,D_) ¢ Stal{ O, t) then we obtain that OpiC, F, oy —a_) &
Sta( O, t).

The conclusion of this theorem, namely Opt F, o, — a_) & Stat{O, t), together with upper bounds
from previous sections can be translated into a variety otiie lower bounds on the dimension, ra-
dius, smoothness and other properties of convex relaxatmwhich one can map (pointwise) instances of
P(D,,D_). We also emphasize that the resulting lower bounds aretstal@nd do not assume that the
convex program is solved using an SQ oracle or efficiently.

Note that the assumptions on the mapping in Thm.16.10 aexsfait the expected valuein,cx Eu~p[(T(v))(z)]
rather than for averages over given relaxed cost functisria aq. [2D0). However these distributional set-
tings are usually considered only when the number of aVailsdimples ensures that for everthe average
over random sample5 ", i) (T (vi))(z) is sufficiently close to the expectati@,~p[(T'(v))(z)] that the
distinction does not matter.

Lower bounds for planted CSPs: We now describe an instantiation of this approach using ideends
for constraint satisfaction problems established_in [F78ldman et al. @7] describe implications of their
lower bounds for convex relaxations using results from dimpneary version of this work (specifically
Cor.[5.1) and discuss their relationship to those for liftkgroject hierarchies (Sherali-Adams, Lovasz-
Schrijver, Lasserre) of canonical LP/SDP formulations.eXemplify this approach, we give further impli-
cations based on our results for the first-order methods.

Let Z = {—1,1}¢ be the set of assignments ddBoolean variables. A distributiona-CSP problem
is defined by a seD of distributions over Booleah-ary predicates. One way to obtain a distribution over
constraints is to first pick some assignmergnd then generate random constraints that are consistémt wi
z (or depend orx in some other predetermined way). In this way we can obtasmaly of distributions
D parameterized by a “planted” assignmeniTwo standard examples of such instances are Idn&AT
(e.q. [|2_;l|]) and the pseudorandom generator based on Goldreiotfmgal for one-way function

Associated with every family created in this way is a comipyfegarametenr- which, as shown nﬂﬂ?]
characterizes the SQ complexity of finding the planted assantz, or even distinguishing between a
distribution inD and a uniform distribution over the same typekery constraints. This is not crucial for
discussion here but, roughly, the parameter the largest value for which the generated distribution over
variables in the constraint {$ — 1)-wise independent. In particular, random and unifés{¥OR constraints
(consistent with an assignment) have complekityr he lower bound n'@?] can be (somewhat informally)
restated as follows.

Theorem 6.1([@]). LetD = {D.}.c (—1,13¢ be a set of “planted” distributions ovet-ary constraints of
complexityr and letUj, be the uniform distribution on (the samiepary constraints. Then any SQ algorithm
that, given access to a distributiob € D U {U} decides correctly whethed = D, or D = U}, needs
Q(t) calls to VSTA'Q' logt =) for anyt > 1.

Combining this with Theoreiin 6.10 we get the following gehstatement:

Theorem 6.2. LetD = {D.}..( 113« be a set of “planted” distributions ovek-ary constraints of com-
plexityr and letU;, be the uniform distribution on (the same)ary constraints. Assume that there exists a
mappingT that maps each constraiif to a convex functiorfo € F over some conveX -dimensional set

K such that for allz € {—1,1}%, mingex Ec~p.[fc(z )] < a_ andmingex Ec~u, [fo(2)] > ay. Then
for everyt > 1, Opt(IC, F,ay —a_) & Sta(VSTA'( Tog )™ =), Q(1)).

Note that in the context of convex minimization that we cdesihere it is more natural to think of the
relaxation as minimizing the number of unsatisfied constsafalthough if the objective function is linear
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then the claim also applies to maximization ov@:. We now instantiate this statement for solving the
k-SAT problem via a convex program in the cIaE%HP(BéV, 1) (see Sed]4). Lef, denote the set of all
k-clauses (OR of distinct variables or their negations). L&t be the uniform distribution ove?;.

Corollary 6.11. There exists a family of distributior8 = {D.}..(_; 134 overCy, such that the support of
D, is satisfied by with the following property: For every € [1, 2], if there exists a mappin@ : C, —
fﬁ)_Hp(B;,V, 1) such that for allz, min, gy Ec~p. [(T(C))(2)] < 0 andmin,e gy Ec~v, [(T(C))(2)] > @

thena = O ((d/ log(N))_k/z).

This lower bound excludes embeddings in exponentially (ﬂgyl.2d1/4) dimension for which the value
of the program for unsatisfiable instances differs from toasatisfiable instances by more th&n®/* (note
that the range of functions i ()Y, 1) can be as large gs-1, 1] so this is a normalized additive gap).

lI-ll»

For comparison, in the original problem the the values céé¢hsvo types of instances ar@nd~ 1 — 2%,
In particular, this implies that the integrality gaplig(1 — 27%) — o(1) (which is optimal).
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A Uniform convexity, uniform smoothness and consequences
A space(E, || - ||) is r-uniformly convex if there exists constait< § < 1 such that for alle,y € E

[z + yll" + [l — yll"

l]l" +dllyl" < 5

(21)

From classical inequalities (see, e.@, [6]) it is knownt Lfgafor 1 < p < oo is r-uniformly convex for
r = max{2, p}. Furthermore,

e Whenp = 1, the function¥(z) = Wl)_n”xui(d) (with p(d) = 1 + 1/1Ind) is 2-uniformly convex
w.r.t. || -

15

e Whenl < p < 2, the function¥ (z) = mﬂxug is 2-uniformly convex w.r.t| - |,;

e When2 < p < oo, the function¥(z) = 2’;%2\|x||§ is p-uniformly convex w.r.t.|| - ||,.
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By duality, a Banach spadd”, |- ||) beingr-uniformly convex is equivalent to the dual spdé¢, ||-||.)
beings-uniformly smooth, wheré /r + 1/s = 1. This means there exists a constént- 1 such that for all
w,z € E*

[lw + 2]l + [lw — 2|2
2

In the case o?g space we obtain that its du@ is s-uniformly smooth fors = min{2, ¢}. Furthermore,
whenl < ¢ < 2 the norm|| - ||, satisfies[(2R) withs = ¢ andC' = 1; when2 < ¢ < oo, the norm|| - ||,
satisfies[(2R) withs = 2 andC' = ¢ — 1. Finally, observe that fof?, we can use the equivalent notM| g (a),
with ¢(d) = Ind + 1:

= < Jwlls + Cll=]% (22)

[2]loo < [lllq@) < €ll2 oo,

and this equivalent norm satisfi€s]22) with= 2 andC' = ¢(d) — 1 = Ind, that grows only moderately
with dimension.

B Sample complexity of mean estimation

The following is a standard analysis based on Rademacheplegity and uniform convexity (see, e.g.,
[|1_1|]). Let (E,| - ||) be anr-uniformly convex space. We are interested in the conveger the empirical
mean to the true mean in the dual norm (to the one we optimjzéBinObservatio_3]1 this is sufficient to
bound the error of optimization using the empirical estenaftthe gradient oiC = B .

Let (wj)?:1 be i.i.d. samples of a random variablewith meanw, and letw™ = %2?21 w’ be the
empirical mean estimator. Notice that

[w" — @], =sup (W" — @, z)|.
e

Let (o—]) , be i.i.d. Rademacher random variables (independefwo§,). By a standard symmetrization
argument We have

sup< ZW] >—wx> < 2 E supZaij

Wl, SWN xelC T1,.. 70'nw1 LW e =1

For simplicity, we will denotg|K|| = sup,x ||z| the|| - || radius ofKC. Now by the Fenchel inequality

s

1
su Za wja: < inf E — su :E’"—l—— ZO‘
015 7U7L ZEE’IZC) _ ! A0 O1;.-,0n TA p H || J
E3
. 1 r
< inf E — K]
A>001,...,0n—1 rA
S S
oy [ o] [ o - o
Jj=1 * J=1 *
1 o [l
< pf B GG (o] el e
seeyOn— le

*
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where the last inequality holds from tkeuniform smoothness df£*, || - ||.). Proceeding inductively we

obtain
O\~ 1 n
r 7S
;r;fo{ Il + Z w712 }

K™= tn
O/ (325 IIwllz)

1/s
I~
1/s s
ZU] wl,z)| < —/C / Su}IéHxH (nz; Wj*> :
J:

By simply upper boundlng the quantity abovedy 0, we get a sample complexity bound for achieving
e accuracy in expectatiom, = [C"/* /"], whereC' > 1 is any constant satisfying (22). For the stand@d
setup, i.e., wheréE, || - ||) = (R4, || - ||,,), by the parameters of uniform convexity and uniform smoetisn
provided in AppendiX’A, we obtain the following bounds on gdencomplexity:

EUJW.Z

It is a straightforward computation to obtain the optimai

sup
T15-- ,O'n xE/C

7z» Which gives an upper

bound

sup
01, 70'n zelC

(i) Forp =1, we haver = s = 2 andC = Ind, by using the equivalent nortp- ||,,.4). This implies that

n=0 (12—2d> samples suffice.

q_
2

. o 1 ,
(i) For1 < p <2,we haver = s =2andC = q — 1. This implies that, = [ w samples suffice.

(i) For 2 < p < oo, we haver = p, s = gandC = 1. This implies that, = [g—pw samples suffice.

C Proof of Corollary 4.7]

Note that by Proposition 4.5 in order to obtainapptimal solution to a non-smooth convex optimization
problem it suffices to choosg= ¢/2, andT = [r2"L{Dy(K)/c"]. Sincek C B,(R), to satisfy [9) it is
sufficient to have for ally € B,(R),

(VE(z) = g(z),y) <n/2.
Maximizing the left hand side op, we get a sufficient conditionf| VF (z) — g(x)||;R < n/2. We can
satisfy this condition by solving the mean estimation peabin ¢,-norm with errorn/[2LoR] = ¢/[4Lo R]
(recall thatf(-,w) is Lo Lipschitz w.r.t. || - ||,,). Next, using the uniformly convex functions féy from
Appendix(4, together with the bound on the number of quertesexror for the mean estimation problems
in £,-norm from Sectiof 3]1, we obtain that the total number ofiggeand the type of queries we need for
stochastic optimization in the non-smodtsetup are:

2Ind
e p = 1: We haver = 2 andDy(K) = ¢ 2n R?. As a consequnce, solving the convex program

2
amounts to using | d - Lol Ind | queries to STA = .
3 4LQR

e 1l <p< 2 Wehaver = 2andDy(K) =

R?. As a consequence, solving the convex

2(p—1)

2
program amounts to using <dlogd- o i 1 <L2—R> ) queries to STAT<Q <m>>
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e p=2: We haver = 2 and Dy (K) = R?. As a consequence, solving the convex program amounts to

_ LoR\? _ 5
usingO (d- | — queriesto STAT Q [ —— ) ).
3 L()R

p—2
RP. As a consequence, solving the convex

e 2 < p < oo: We may choose = p, Dy (K) =

p
. L P . 4LgR1 P
program amounts to using <d10gd . 222 (LR> > queries to VSTAT<<%W> >

™

O

D Proof of Corollary

Similarly as in AppendiX'C, given € I, we can obtairy(x) by mean estimation problem #)-norm with
errore /[12Lo R] (notice we have chosep= ¢/6).

Now, by Propositio 418, in order to obtain amptimal solution it suffices to run the accelerated method
forT = [\/ZLqu,(IC)/EW iterations, each of them requiririgas defined above. By using tBeuniformly
convex functions for,,, with 1 < p < 2, from AppendixA, together with the bound on the number of
queries and error for the mean estimation problem&,inorm from Sectio 311, we obtain that the total
number of queries and the type of queries we need for stoctmstmization in the smooth,-setup is:

2Ind
e p = 1: We haver = 2 andDy(K) = ¢ 2n R?. As a consequnce, solving the convex program

amountstousing | d-1/Ind LR ueries to STA =
9 g 12LOR .

1
2(p—1)

2
program amounts to using (dlogd- (pi 0 . L1€R ) queries to STAT<Q (W))

e p=2: We haver = 2 and Dy (K) = R?. As a consequence, solving the convex program amounts to

2
usingO | d - LR queries to STAT Q2 £ )).
9 LOR

e 1l <p< 2 Wehaver = 2andDy(K) = R?. As a consequence, solving the convex
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