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Optimal control of end-user energy storage
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Abstract—An increasing number of retail energy markets show variations without having to adjust their consumption. kgjye
price fluctuations, providing users with the opportunity to buy  can be stored both by a dedicated battery, or by existinggéor

energy at lower than average prices. We propose to tempordsi  g,cy 55 the battery pack of an electric €ar [7] (residentiats)
store this inexpensive energy in a battery, and use it to saty back i8] (dat t
demand when energy prices are high, thus allowing users to or a backup power supply|[8] (data centers).

exploit the price variations without having to shift their demand In this paper, we address the problem of organizing energy
to the low-price periods. We study the battery control poligy that ~ storage purchases to minimize long-term energy costs under

yields the best performance, i.e., minimizes the total dismnted variable demands and prices. This problem involves degidin
costs. The optimal policy is shown to have a threshold struate, whether to satisfy demand directly from the grid or from the

and we derive these thresholds in a few special cases. The tcosb tt I to what | lto ch disch th
savings obtained from energy storage are demonstrated thrmh attery, as well as up o what level to charge or discharge the

extensive numerical experiments, and we offer various dirgtions  battery. The resulting optimization problem is complichby
for future research. the stochastic nature of price and demand and due to the fact

Index Terms—Battery storage, dynamic pricing, dynamic pro- that we aim to minimize th_e. long-term costs. We model the
gramming, energy storage, Markov decision processes, thsbold prOblem as a Markov Decision Process and show that there
policy. exists a two-threshold stationary cost-minimizing palMdhen
the battery level is below the lower threshold, the battery i
charged up to it, and the battery is discharged when above the
upper threshold. By comparing the costs incurred under this

Wholesale energy prices exhibit significant fluctuations dupolicy with the cost of satisfying all demand directly frotret
ing each day due to variations in demand and generatpid, we can show that energy storage may lead to significant
capacity. End users are traditionally not exposed to thesest savings.
fluctuations but pay a fixed retail energy price. Economists Residential energy storage has been studied for the case
have long argued to remove the fixed retail prices in favaf arbitrage, i.e., buying energy when it is inexpensive, and
of prices that change during the day. Sutynamic pricing selling it later to the grid for a higher pricgl[9]. This prebh
would better reflect the prices on the wholesale market ahes been studied assuming that prices are known in advance in
has been predicted to lead to lower demand peaks and ta finite horizon setting. These assumptions allow detesnini
lower and less volatile wholesale pridg [2]. Implementadio tic optimization problem formulations which can be solved
of dynamic pricing have been enabled by recent developmeunting linear programming techniques [10], [[11]. However,
in smart-grid technology such as smart meters. such approach does not take into account the stochasticity i

An example of an increasingly popular dynamic pricingrices and demands and does not allow for long-term cost
scheme is time-of-use pricing. Such pricing typically pd@s optimization. In [12] the authors consider the problem of
two or three price levels (e.g., ‘off-peak’, ‘mid-peak’ andenergy storage from the point of view of the grid operatod an
‘on-peak’) where the relevant level depends on the time pfopose a threshold policy that is shown to be asymptagicall
day. The price levels are determined well in advance and amgtimal as the size of the storage unit increases.
only changed once or twice per year. A second example ofA model similar to ours was used to investigate control
dynamic pricing is real-time pricing where the retail energof energy storage in the context afata centers[8]. The
price changes hourly or half-hourly and are based on the primodel in [8] assumes that the battery is fully efficient and
on the wholesale energy market. the proposed scheduling algorithm is a sub-optimal heayist

Dynamic pricing creates an opportunity for users such agose gap from optimality increases as storage size daseas
households and data centers to exploit the price fluctumtidn [13] this approach is extended to multiple data centers,
and reduce energy costs. However, doing so would requeach with different time-varying prices. In contrast [8]
users to shift their demands to low-price periods, and and [13], our model incorporates battery inefficiencies aed
practice users only show a minor shift in their demand iimvestigate the optimal scheduling policy.
response to changes in the energy pricés [8]-[6]. A possibleA related problem is optimal control of energy storage for
solution is to equip users with a battery that can be used f@newable energy. The two-price case is considered_ih [14],
energy storage; the battery can be charged when the enempjle the more general case is discussed[in [15] [16].
price is low and the stored energy can then be used when e case without transmission costs[in|[15] is closely eglat
price is high. This allows users to benefit from the energygeprito our setting, and a similar two-threshold policy is shown t

be optimal. In recent work[16], the authors consider a simil
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of [15] and [16] use a finite-horizon and infinite horizordiscuss various model refinements that can be made without
average criterion, respectively. The battery and price eteod fundamentally altering the results or the derivations.
differ slightly, and the work in[[16] accounts for dissipati In addition to satisfying the demand from the battery, we
losses, but does not allow state-dependent charging edmtstr also allow demand to be met directly from the grid, bypassing
In contrast to [[16], our approach incorporates periodicitthe battery. Letd; () denote the amount of energy purchased
which allows us to model daily fluctuations in price andlirectly from the grid in slott, A2(t) the amount of energy
demand. bought to charge the battery, ard(¢) the energy discharged

Our model is closely related to periodic-review, singkerit from the battery used towards satisfying demand, see Fifjure
inventory models, and the optimal policy mirrors the optima
ity of the base-stock policy for the backlog case. However, i Aq(t)
our case the demand is known before the purchasing decision,
and we require that all demand is met in the time slot that it N N
arises. In addition, the state description is continuond, tae Ay(t) As(t)
battery inefficiency fundamentally changes the structuré a Grid battery Home
analysis of the optimal policy.

The remainder of the paper is structured as follows. Mgure 1. A graphical representation of the model.
Section[dl we introduce the model and describe the decision
variables. In Sectiof_lll we demonstrate the optimality of a We assume
threshold policy, and in Sectidn1V we derive some propsrtie
of the thresholds. Sectioh]V discusses various numerical A1(t), Aa(t), A3(t) 2 0, ©
examples and SectiohsIVI and VIl describe some directions fgnd require that all demand must be met, i.e.,
future research and provides concluding remarks, resgdgcti

D(t) = Ai(t) +nads(t). )

Il. MODEL The battery has state-dependent charging constrajrts and

Consider a user with certain energy requirements andA_a(b), so the amount of energy that can be charged to and
battery that can be used for energy storage. Time is slottééscharged from the battery is bounded as

«— D(t)

and we qlenote by3(t) the battery level (state of char_ge) in Ao(t) < A (b),  As(t) < Ag(b). (4)
kwWh at timet¢, t = 0,1,.... Let B represent the maximum _
battery level, and3 = [0, B] the range of all possible battery The battery level of the battery evolves according to
levels, so

' B(t+1) = B(t) + n.As(t) — As(t), 5

B(t) € B. (1) (t+1) = B(t) +ncA2(t) — As(t) (5)
i i and the energy costs in slotare given by

In each time slot some demand)(t) arises, and we may
purchase energy at a price @f(¢) per unit. The demand g(t) = (A1(t) + A2(t)) P(t). (6)

has some compact suppofl(t) < D, as does the price We are interested in the total discounted co t)at
P(t) € P. Both are bounded, and we denote Byand P Bls  g(t)a’,

h ! d d and on vel ~ with 0 < a < 1 the discount factor that represents value
the maximum demand and price, respectivelyZsg [0, D] reduction over time. The reason for considering discounted

andP C [pumin, P], With pmin the minimum price. l_=|nally, WE rather than average costs is to emphasize early decisions
de_note byM the set of _modulatmg states, that |_nﬂuence th§nd costs, in order to emulate the effect of reduced battery
price and demand transitions. For example the time of day&’ficiency over time. Note that the total discounted coses ar

the seasortl). h ¢ ib| lizati finite, since the per-slot costs are bounded. Our goal is now
Denote by - DxPxMt e set of possible realizationsy, o456 in each slot the, (¢), As(t) and As(t) that solve
of demand, price and modulating state, and for ang (2, c}he following optimization problem:

denote byl(x) andp(x) the corresponding price and deman

respectively. Demand and price may be correlated, and we . — '
denote byf,(y) the probability density function of moving mmE{;g(ﬂa }
from statex to statey in the next slot, for anye, y € Q. Lo
The battery may not be completely efficient, and its per- subject to : (1), @), @. @), @) (7)
formance is affected by the charging efficiengy € (0, 1] The infinite horizon problem belongs to a class of stochastic

and discharging efficiency,; € (0,1]. Energy purchased to optimization problems, which in general are difficult to\sal
charge the battery is reduced by a facjorand only a fraction A first step towards dealing with(}(7) is to see that it is
nq Of the discharged energy is converted into electricity.sThnever optimal to charge and discharge the battery in the
model is general and encompasses for example batteriesafe slot. This is intuitively clear, because charging and
electric vehicles, uninterrupted power supplies of dat#tars discharging the battery simultaneously corresponds ttrmgu
and batteries dedicated to end user storage. The model is mat{A5(¢), nqAs(t)} energy from the grid to the user, through
intended to capture all the subtleties of battery behawior ithe battery. Because of the battery inefficiency it is beradfic
each of these applications but rather the essential treedead instead circumvent the battery, and satisfy the demand
and phenomena that arise in practice. In Secfioh VI wdrectly from the grid.



It turns out that this observation significantly simplifiéet satisfied directly from the grid, while for high battery léve
optimization problem, by reducing the number of decisiodemand is (partially) satisfied from the battery. When the
variables. Specifically, in view of the restriction on sitaumle- battery level is between both thresholds, the battery ithaei

ous charging and discharging: charged nor discharged, and all demand is met from the grid.
In order to show that{9) indeed describes the structure of
Ai(t) = D(t) + (B(t +1) = B(t))nal(p(e+1)<B1)} the optimal policy, we require the following lemma.
Ay(t) = (B(t+1) = B{t))n. " Lput1)>B0)) Lemma 1:The cost functionJ,(b) is convex and non-
Az(t) = —(B(t +1) — B(t))nal{p+1)<Bt)}- increasing inb.

) ] The proof of Lemmdll relies on the fact that the total
Thus, the choice foB(t + 1) fixes A, (), Aa(t) and As(t), discounted costs can be viewed as the limit of finite-horizon
and [7T) reduces to a smg_le—va.nable decision problem. TR&-ounted costs, which may be shown to possess these
per-slot costs may be rewritten in terms B{t + 1) as properties by induction on the horizon. The proof can be bun
g(t) = (D) + (B(t + 1) — B(t)) Ty, ! in the appendix, along with the other proofs. _
Blt+1)— B -nPl(t We are now in position to state and prove our main result.
+(B(t+1) = B())"na)P(?), Theorem 1:The policy that solves the minimization prob-

with (z)* = max{x,0} and ()~ = —max{—x,0}. Note lem (@) is of the formg = 33 as in [9).
that [4) can be expressed B(t + 1) as By Lemmal[l we know that the right-hand side of the
_ _ Bellman equation[{8) in fact defines a convex optimization
—Aa(B(t)) < B(t +1) — B(t) < Ac(B(1))n.- problem, the solution of which can be found by finding the
B € Ug(b) for the which the subdifferentiad H,(3,b) has
IIl. THE STRUCTURE OF THE OPTIMAL POLICY the proper shape. The proof of Theoren 1 then relies on close
In this section we discuss how to choose in each slotspection of this subdifferential.
the value for3 = B(¢t + 1) that minimizes the total In case the battery is fully efficient, the charging threshol

discounted costs. To this end, we rewrite our model asaad discharging threshold are identical, as is shown in éx¢ n
Markov decision process. We denote By(b) the minimal corollary.
total discounted costs for a battery differentigl starting Corollary 1: Let n. = nq = 1, then the optimal policy is

from statex € Q, and battery leveb € B. Let v,(§) = asin[9), withg, = 5.
(d(x) + (6)tn; ' + (6) na)p(x) denote the immediate costs, In Section[VV] we present several model extensions under
Gz(B) = [ fz(y)Jy(B)dy and define which TheoreniIl remains valid.
yen The optimal policy [(B) is illustrated in Figurgl 2, which
Ha(B,b) = 72(8 — b) + aGa(B), shows3Z (b) plotted againsb. The diagonal segment in the

. _ middle corresponds t@%(b) = b, while the two horizontal
the_ total discounted costs glven t?at.tery levelstatex and .|ines represents the thresho|ﬂ§ and ﬁ;r The outer diag_
actions. Then the cost function satisfies the Bellman equatigghal segments represent the boundaries of the control space
Jo(b) = inf Ha(B,b) (8) Us(b)- Both horizontal lines coincide in the scenario with a
Ug (b completely efficient batteryngn. = 1).

with U, (b) the control set that contains all feasible decisions B
for B(t + 1). This set may be written as “ Ug (b) U ()

Uz (b) = (U (b), U (b)),

where U (b) = max{0,b — d(x),b — A4(b)} and U} (b) = S+
min{B, b+ A.(b)}.

It is readily verified that the infimum irL.18) can be attained
by a stationary optimal policy, see, e.d..][17, Proposidofi.
We shall demonstrate that this optimal policy specifies &mhe
statex € Q two battery threshold$,, 55 € B, 5, < 85 0B
such that the cost-minimizing choice for the battery lexglb)
is given by

max{B}, U;(b)}, b>p7, )

€T
b, otherwise. b

{ min{fz U (b)}, b <fy,

So if b < 3, then the optimal policy is to charge the battery,
gure 2.
as close to3, as the control set allows. f > 5, then the
battery should be discharged downap within the boundaries
of the control set. In casg, < b < B, it is optimal to IV. BATTERY LEVEL THRESHOLDS

neither charge nor discharge the battery. So if the bateagi|  In the previous section we have established the threshold-
is sufficiently low, the battery is charged, and all demand imased structure of the optimal polidyl (9). Analytically elet

The structure of the optimal poligj; as a function ob.



mining the thresholdg, and 8} is a difficult problem in to demonstrate the practical feasibility of the optimalippl
general, and in this section we present some structuraltsesand the extent of its cost savings under RTP and demand
and results for special cases. For simplicity, we limit elwss fluctuations that might arise in real life. We first describe
to the casejy = n. = 1, and denotel,, = 3, = ;. Similar the price and demand datasets used for the evaluation and
properties can be shown to hold for the inefficient case. then outline our low complexity implementation of the opaim

We first present sufficient conditions for the thresholds foolicy. We evaluate the cost savings of the optimal policy in

be equal to either O oB. scenarios of individual home storage units and shared gnerg
Proposition 1: Let x € Q. If for all by,b2 € B, by < be, storage.
y e
Jy(b1) — Jy(b2) < (b2 — bl)@, A. Price and demand datasets
«

We emulate residential RTP data with historical hourly
spot prices of the Ontario energy markét][18]. Although
Ty(b1) — Jy(b2) > (by — bl)P(m)’ Ontario currently does_not use RTP, t_he spot prices provide_'
Q a reasonable RTP estimate. The residential demand data is
then 3, = B. synthetically generated using the tool in][19]. This toctsia
This result can for example be used to show that= high-resolution model of domestic electricity usage based
0 in certain special cases, as is described in the followifg@tterns of home occupancy and appliance usage, weather con

thenS, = 0. If for all by,bs € B, by < ba, y €0

proposition. ditions and characteristics of all major appliances comignon
Proposition 2: Let € Q and denotep,,i, = min,cpp, found in the domestic environment.

then g, = 0 if either: In our approach, the optimal thresholds can be dynamically

(i) p(x) = P; determined using empirical distributions of historicatprand

(i)) Pmin > 0 anda < puin/P. demand data for each time slot of the day. The smallest time

Proposition[ R states that if the price is very high, or thelot is determined by the coarsest granularity betweerepric
discount factor is sufficiently low, it is optimal not to cigaer and demand data. In our experiments, we have hourly price
the battery at all, and to try to satisfy the demand from tH#ata and 1-minute demand data, therefore we use time slots
battery as much as possible. of one hour. We also use a training window of one month.

In case that the state transitions are i.i.fl, & f) or if We found that this window size is long enough to provide
the transition probabilities are determined by the priceelle adequate characterization of the distribution of each tedur
(fe = [p(=)), the thresholdg, depend on the price only andthe day, and short enough to use the optimal thresholds for
are independent from the demand and modulating state.dn tiie prices and demands that appear in the next window.
case, write3; = f3,(»). We can show that for i.i.d. prices, the For concise presentation, we show results for a representa-

thresholds are decreasing in the price level. tive scenario where a home of four occupants equipped with a
Proposition 3: Assume that the prices and demands akttery receives hourly prices from the Ontario energy miark
i.i.d. across time, the, ) is decreasing in. during January and February 2011.

The monotonicity observed in Propositidn 3 is very intuitiv~ Figure [3(@) plots the average, minimum and maximum
but does not extend to Markovian prices. The reason is thurly price in Ontario during January 2011. we observe one
threshold values are partially determined by the evolutibn active phase with multiple price peaks between 9 a.m. and 10
the price: even for a low price it might be beneficial to set B.m., and a low price at night. Note that the energy prices are
low threshold, if the price in the next slot is even lower. Budower at night and display multiple peaks per day. Figurg]3(b
an example is presented below. For ease of presentation sklws that the February prices follow a similar trend.
use a discrete probability distributighin this example, noting - e

that similar examples can be constructed using continuous| .

transition probabilities. SD\J—\/—\ " / \
Example 1:Consider an example with four price levels 20% ZO@

pi =i, = 1,...,4. We assume thatr > 3/4, B = 1 ) .

and D = 1, and we choose the following price transition

probabilities:

fi) = f13) =1/2, fo(1) = f5(4) = fa(2) = 1.
. - - ~ Figure 3. Hourly average, minimum and maximum Ontario spafket
The corresponding thresholds afe = 53 = 1 and 3, = brices (Ontario, 2011 dataset).

B4 = 0, which are clearly not monotone. The derivation of

0 4 § 12 15 20 imethow 0 4 8 12 16 20

(a) January (b) February

time (hour)

these thresholds is presented in Apperdix G. We first determine the empirical distribution of the January
2011 Ontario hourly energy prices and demand data. The
V. NUMERICAL EVALUATION empirical price (demand) distribution for each hour of the

In this section we evaluate the operation of the optimdhy is computed by dividing the number of observations of
energy storage management poli€y (9) in residential enw-specific price (demand) level by the total number (31) of
ronments and real-time pricing (RTP) scenarios. Our goal abservations. These distributions are used to determiee th



thresholds of the optimal policy. Then, we use the Februasrei‘/'ings o

2011 prices and demands to emulate the operation of thé
optimal policy and compute the resulting electricity cost. 30
25

B. Implementation

Analytical determination of the optimal thresholds is poss
ble for special cases but is difficult in general (see Se@@n
Instead, we compute the thresholds numerically using yolic 10
iteration. Since policy iteration can be computationally i 5
tensive in practice, we have reduced the complexity of our
implementation as follows. First, we discretize the statece
by rpunding the demand data .and energy stqrage level ti((_:;)ure 4. Energy cost savings of optimal storage (over naggnstorage)
multiples of 0.5 kWh, and the price data to multiples of 5 CES_ battery size (Ontario, February 2011 dataset).
Second, we use the hour of the day as the modulating state
and assume that prices and demand are independent from hour
to hour (but not necessarily identically distributed). $hthe policy works, we show in Figuld 5 the thresholds as a function
optimal thresholds depend on price realization and the bburof time, for two price levels (15 ct and 25 ct). We observe that
the day, but are independent of the demand realization. Tihe thresholds peak early in the morning when the price is low
modulating variableM could also be used to differentiateMoreover, the lower 15 ct price level yields lower thresisold
between different days and months and to take into accowttall hours, in accordance with Propositioh 3. Due to low
weather conditions. Such detailed state description wow@mand and several consecutive hours with low prices, the
likely yield higher cost savings as it would allow more aader 15 ct threshold drops to zero at 11 p.m., and increases again
price and demand predictions. On the other hand, it migitte next hour.
generate too large a state space for policy iteration to be
feasible. The following experiments demonstrate that gisifreshold (kWh)
our simple choice of the modulating state yields very high 14}
cost savings.

We evaluate the optimal policy for a fully efficient battery
(na = n. = 1) and no charging constraintsi{(b) = A4(b) =
oo) thus obtaining an upper bound on the potential cost
savings of energy storage. We implement the policy itenatio
algorithm in Matlab; each slot in the policy iteration alglbm
corresponds to one hour. For the above parameters and a
discount factora = 0.99, a laptop PC with a quad-core ‘
2.2 GHz Intel processor and 8 GB RAM typically requires T3 5 7 9 11 13 15 17 19 21 23 lme (hour)
approximately 5 min to compute the optimal thresholds.

20

15

ize (KWh
4 6 8 10 12 1a 1p Paterysize (kWh

N A OO

) Figure 5. Optimal thresholds vs hour of day, for 15 ct/kWha¢k) and

C. Energy savings 25 ct/kWh (gray) price levels.

Figure[4 shows the relative energy savings of the optimal
policy over the setting without storage, as a function of the Figure [6 shows the average amount of energy bought,
battery sizeB.,.x. Three important observations are in placelotted against the hour of the day, with optimal energyegier
First, the savings increase with battery size to up to 38%lack line) and without storage (gray line). We observe tha
which is significant. Second, the savings reach their maximustorage allows users to purchase energy early in the morning
at Bnax = 16 (kWh); increasing battery size beyond this poirihen the price is low, while users without storage are forced
does not increase savings, as the optimal policy will ndizeti to buy energy during peak hours, at higher prices.
any battery capacity beyond 16 kWh. This saturation point
can be explained by the fact that the value of stored enemgy Resource pooling

decreases over time due to the discounting of the costs an\ aiternative to energy storage for individual households
the cyclic price and demand levels. Third, the size of a BiCig 14 ool storage capacity: rather than individual usechea
hybrid vehicle battery pack is in the order of 16 kWH [7]p5ing a small battery, further cost savings might be acftev
This suggests that car battery packs are well-suited forehork'gg, multiple users sharing a single large battery. Figdre 7
energy storage since their size corresponds to the amou”EBanares the case of users each with a 16 kWh battery
storage required by the optimal energy storage policy. 5 the case of a shared x n kWh battery. We use the tool
. ) from [19] to generate distinct demand data for each indizidu
D. Structure of the optimal policy home user. In the scenario with storage but without pooling,
In the remainder of this section we consider a battery wigtach home has its own storage, and each set of demand
capacity of 16 kWh. To illustrate how the optimal storagdata corresponds to one energy storage unit. In this case,



bought (kWh) a certain fraction of battery-equipped users could appéy th

optimal control policy[(P) to shift their demand from peak to
off-peak hours. Assessing the impact of such an approach is
an interesting topic of future research.

The model can be extended in several directions to cover
a broader variety of applications, and more realistic Ipatte
models. Below we briefly describe three such extensions.

A. Battery replacement costs

In order to assess the cost effectiveness of energy storage,
1 3 5 7 9 11 13 15 17 19 21 23 time (hour)  one ha_s to incc_)rpqrate_ battery repl_acemen_t costfs._DetETgnin
the optimal policy in this case requires solving a joint peoi

of battery dimensioning and energy storage management for
cost minimization or battery lifetime maximization. Sneall
batteries are cheaper but, as shown in Figdre 4, they may
provide less opportunity to exploit price fluctuations. The
the thresholds are computed for each individual user. In tRetimal size of the battery will most likely depends on the
shared storage scenario, the aggregate demand data of ##Pread and volatility of energy prices and may differ betwee
homes is input to the shared storage unit. Since this seendergy markets [20].

only has a single storage unit (of sizén), we only have  As a first-order approximation of the battery replacement
to compute the optimal thresholds once. Figllre 7 compai@@sts, we may assume that the battery breaks down after
the aggregate monthly costs without storage (black), geora® geometric number of operations (charging/dischargiag),
without poo“ng (gray) and Storage with poo"ng (b'ue) m which pOint the ba.ttery needs replacement at cest®nder

Figure 6. The average amount of energy bought, with (black) without
(gray) storage.

against the number of users. these assumptions, the analysis presented in this papetyar

holds, with some minor modifications. Assuming that battery
costs (ct) lifetime has mear /g, the immediate costs can be rewritten

35000+ as

30000} 12(0) = (d(x) + () 71" + (8) "na)p(x) + 4C1520

25000} This new cost function is convex everywhere butdin= 0,
and Lemmdl and Theoremh 1 must be modified accordingly.

20000f

B. Self-discharge and varying efficiency

We may extend the battery model by including the effects
of self-discharge and time-varying efficiency. That is, rgve
time slot we assume that some fractignof the stored
energy dissipates, and the storage evolutidn (5) is modified
| accordingly:

2 users 3 users 4 users B(t+1) = £B(t) + ne(t) As(t) — As(2).

The rest of the paper can be adjusted in a similar fashion, and
all results and derivations continue to hold. The cése 1
= 7. corresponds to the present model.

150001

10000¢

5000¢

Figure 7. The effect of resource pooling.

We observed similar performance by running the san?@dnc(t)
experiment with artificially time-shifting the demands bése C. Local energy generation

users to be negatively correlated (results not shown for X ) )
brevity). This can be explained by the fact that the prices Another straightforward extension of our model is to assume

are the same for all users. Thus, irrespective of the size (Bt the end user itself generates some energy. This energy
the battery, the behavior of the optimal policy is primarilyS €ither used to satisfy demand, is sold back to the grid or

influenced by the common pricing signal, eliminating thatored in the battery. This extension allows us to model for
potential benefits of pooling. example wind energy farms, where energy storage can be used

to successfully incorporate the increasing amount of redésv

energy into the grid. Our results then extend to describe an

optimal policy for the joint decision on buying, selling and
Our model is a first step on energy storage managemstdring (renewable) energy.

and focuses on a single user that utilizes storage to mirimiz In order to make these adjustments, we must reinterpret

its own costs. The ideas and results can also be appliedit) as the demand minus the amount of energy generated

multi-user settings where the objective is to minimize thie g in a slot, and remove the constrairis (2) that state thdt),

peak load. For example, in a scenario with a large populatiof,(t) and A3(t) are non-negative.

VI. EXTENSIONS& OUTLOOK



VIlI. CONCLUSIONS Thus, g* € (U, (b),Ut (b)) is a minimizer iff 0 €

g‘y{m(ﬁ*,b), while g* = U (b) and g* = USf(b) are

In this paper we studied the control of end-user energy’=\” ) ;
storage under price fluctuations. We derived the structisleso Minimizers iff there exists somg € 9H,(5",b) such that
cost-minimizing storage policy, which turns out to be a denp9 = 0 @andg < 0, respectively. _
threshold-based polici(9). We described the behavioregeh | € subdifferentials ofi, and G, are given by

thresholds for some special cases, and showed by means of a nap(x), 0 <0,
numerical study that energy storage can lead to significant Oz(0) =< [nap(x),n tp(x)], §=0,
cost savings. We discussed various model extensions and neip(x), 0 >0,

generalizations that would broaden the scope of this workyq
without fundamentally altering the results.

aG:c(ﬁ) = [U;(ﬁ), O'aJcr (5)]7

for some—oco < o, (8) < o} (8) < 0. The subdifferential of
H, can then be written as (cf_[21, Theorem 23.8]):

0Hz(5,b)

APPENDIX
A. Proof of Lemméll
Proof: Let J,.,(b) denote the minimaln-step dis-

 coste o o battor vl [nap() + a0y (8), nap(@) + 003 (B), B <b,
Egltjr}i n(cﬁ(?sbt)s :stizt(lgg_ ;)())T_ Ztgien?g) an?jtt(e;gn (%\ge: = { [nap(x) + aoy (8),n: ' p(x) + aoy (B)], B =0,
f fa (’y)Jy,n(ﬁ)dy, then J,., (b) saiisfies ' [nElp(iB) +ao, (ﬁ)anc_lp(fﬂ) +aci(B)], B >0

yeQ Consequentlyp* = U, (b) is optimal if

nap(x) + aog (B7) > 0.
Let 8* € (Ug (b),b), thenpg* is optimal if
nap(x) + aog (8%) < 0 < nap(x) + aoy (5%).

Jon(b) = min Hon1(5,0) (10)

BEUL (b

These finite-horizon costs converge asy,—,oc Jz.n = Ja.
cf. [17, Proposition 4.4]. Thus, in order to show that is
;:r:)arltv;ﬁsarr]lgldrlsofr:)rln;[zajng, is suffices to show by |nduct|(lnet 8% — b, then3* is optimal if

This statement trivially holds for. = 0, since J o = 0. nap(z) + aoy (%) <0 < n. 'p(x) + ac) (B%).
Now let n € IN, and assume that, ,_; iS convex and non- Let 8* € (b, U (b)), then* is optimal if
increasing. The operator on the right-hand sidd_of (10) @n b T '
identified as the infimal convolution operator, which pressr e 'p(e) + oy (8%) <0 < 'p(x) + ot (5%).
convexity [21, Theorem 5.4]. We have th@t, ,,—1 is convex Finally, let 3* = U (b), thens* is optimal if
by the induction hypothesis, and since it can be readilyfieeki .
that v,, is convex as well, SO i, ,,. nap(x) + aog (8%) < 0.

Let by,b2 € B, b1 < by, then in order to establish thd; ,, Denote
is non-increasing, we need to show thigt,, (b1) > Jg n(b2). — = 4 >
Denote byg; the choice fors he achieves the minimum Bi ={se [O’]?] ' nilp(m)+aaf(ﬂ) > 0},
in (I0). We distinguish two cases: (B (b1) € U, (bs); and B, ., ={B€[0,B] : n. p(x)+ac, (8) <0},
(i) Bz(b1) < Ug (be). In case (i): B, ={B€0,B] : nap(x) + act(B) >0},
Jon(b2) < Han1(85(b1), b2) By, ={B€0,B] : nap(x) +aoy (8) <0},  (11)
=72(85(b1) — b2) + oG n_1(85(b1)) and define
< Y2(By(b1) —b1) + Gz p—1(By(b1)) = Jon(b1), 8- — min By, if By, # 0,
o ) La B, otherwise,
by the fact thaty, is increasing. B- i B 0
In case (ii) we have by the induction hypothesis By, =4 aXPra ! 227 0,
d 0, otherwise,
Jz,n(bQ) < Hm,nfl(U; (b2)5b2) + H_nnBi’_m? if Bim 7§ @,
= Yo (—d(x)) + Hgpn—1(Ug (b2)) Lz B, otherwise,
< Va(Bz(b1) = b1) + Han-1(B5(b1)) = Ja,n(b1), g = max By, if By, #0,
22700, otherwise.

completing the proof.

Sinces,, ando; are non-decreasing (due to the fact that

B. Proof of Theorerfl1 is convex and non-increasing), we have th@;m < 5;@ <

. . B < B g
Proof: Since~, and ., are convex, so ig1,, and [8) Then, for anyB; € [Br ., Ba,] and Bt € [Bf ., B4 .], the
can be recognized as a convex optimization problem. Thl&,ncy @) is optimal. ’ ' ' ' -

B* € Ug(b) is a global minimizer if and only if there exists
some subgradient € OH,(5*,b) such that for all3 € U, (b),

g(B* =) >0.

Remark 1:Note that the proof of Theorefd 1 describes a
continuum of optimal policies, since any choice fa[
1810 B30 @NdBE € BT, A3 ,] defines a solution td17).



C. Proof of Corollary[1

Proof: In casen. = na = 1, we see tha{f, ., 3, .| =
181 4 B3], and the result readily follows. m

D. Proof of Propositiof L
Proof: We have that3, = 0 if for all 8 € U,(0),
Hy(0,0) < Hg(,0)
& d(z)p(z) — (d(z) + B)p(x)
va | )20 - 4(9) <0
yeN

& a fo(y) (Jy
ye

This holds if J,(b1) —
y e .

(0) = Jy(B)) < Bp().

Ty(b2) < (b2 —b1)22) for all by < by,

In order to verify that3, = B, we need to show that for

all B € Ug(B),

H.(B,B) < Hy(B,B)
& d(x)p(x) — (d(z) + (B - 5))p(z)

ol
ta / fo(w) (Jy(B) — Jy(8)) <0
ye

salf fo(y)(Jy(B) = Jy(B)) = (B — B)p(z).
This holds if Jy (b1) — Jy (b2) > (bo — b1) 22 for all by < b,
y € . [ |

E. Proof of Propositiof 12

Proof: We will show that for allby, b, € B, b1 < by and

x €€,

Jo(b1) — Jz(b2) < (by — b1)P

It then readily follows that in both cases (i) and (ii), thesfir

condition of Propositiofi]1 is satisfied.

(12)

F. Proof of Propositiori 3

Proof: For i.i.d. prices we see that the future prices do
not depend on the current state, i€, = G. Consequently,
we have that the subdifferential @i is also independent
of x, and we writedG(8) = [0~ (B),0"(8)]. Now, the
sets By, B ., B;, and By, in (@) only depend one
throughp(x), and are non-increasing p(x) due to the non-
decreasingness ef~ ando™. Thus, the thresholds are non-

increasing inp(x) as well. [ |

G. Details of Examplg]1l

We denote bye, the state such that(z;) =i, i =1,...,4.
First, observe that in this example the control set does not
depend on the battery level, aritj,(b) = 3. Consequently,
forallyeQ,0<b <by <B,

Jy(b1) — Jy(b2) = (b2 — b1)p(y).

By Propositiol®2 we know thaf; = 0. In order to show
thats, =1, B2 = 0 and 33 = 1, we need to demonstrate that
(cf. PropositiorIL):

1 1

zpi(1=B)p/ey,
Jacl (0) - J:cl (B) < p26/a7
Jw4(ﬂ) - Jw4(1) > p3(1 - ﬂ)/a,

respectively.
By (13,

Uy (8) = Ty (1) +

=20-p8)=1-p)/a,
which corresponds td_(14). Fgk, we have
Ja,(0) = Ja, (B) = B < Bp2/a,
which satisfies[{1l5). Finally, we see that algal (16) is satisfi

(13)

Jas (1))

In order to show thaf{12) holds, we apply the finite horizosince
framework presented in the proof of Lemrbd 1, and use

induction on the horizom. First, it is readily seen that

Tu0(b1) = Juo(ba) = 0 < (by — by) P
Now assume that
Jzn-1(b1) = Jzn—1(b2) < (b2 — by) P
Then
Jan(b1) — Jm,n(b2)
= ((Bz(b1) = b1) = (By(b2) — ba))p(x)
o f Qf:c(y)( w1 (B (1)) = Tyt (83 (02)) dy

< ((Ba(by) — by) —

_ b2 )
+ By (b2) — -

Bz (b1)) = (b2 — b1)P,

completing the proof. [ |

Jai(B) = J2i(1) = (1 = B)pa = (1 = B)ps /e

REFERENCES

[1] P. Van de Ven, N. Hegde, L. Massoulie, and T. Salonidi®ptimal
control of residential energy storage under price fluctuest’ in Proc.
of IARIA ENERGY Venice, Italy, May 22-27 2011.

[2] S. Borenstein, “The long-run efficiency of real-time @ity pricing,”
The Energy Journalvol. 26, no. 3, pp. 93-116, 2005.

[3] M. Albadi and E. El-Saadany, “A summary of demand resgois
electricity markets,’Electric Power Systems Researaol. 78, no. 11,
pp. 1989-1996, 2008.

[4] H. Alicott, “Rethinking real-time electricity pricin Resource and
Energy Economigsvol. 33, no. 4, pp. 820-842, 2011.

[5] G. Barbose and C. Goldman, “A survey of utility experienwith real
time pricing,” Berkeley National Laboratory, Tech. Rep. NB-54238,
2004.

[6] M. Lijesen, “The real-time price elasticity of electitis” Energy Eco-
nomics vol. 29, no. 2, pp. 249-258, 2007.

[7] S. Peterson, J. Whitacre, and J. Apt, “The economics ofguplug-in
hybrid electric battery packs for grid storagégurnal of Power Sources
vol. 195, no. 8, pp. 2377-2384, 2010.



(8]

El

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

R. Urgaonkar, B. Urgaonkar, M. Neely, and A. Sivasubraiaa, “Op-
timal power cost management using stored energy in datarsghin
Proc. of ACM SIGMETRICSSan Jose, CA, June 7-11 2011, pp. 221
232.

F. Graves, T. Jenkins, and D. Murphy, “Opportunities faectricity
storage in deregulating market3he Electricity Journalvol. 12, no. 8,
pp. 46-56, 1999.

K. Ahlert and C. Van Dinther, “Sensitivity analysis ofie economic
benefits from electricity storage at the end consumer feurelProc.
of IEEE Bucharest Power Tech Conferep&ucharest, Romania, June
28-July 2 2009.

W. Hu, Z. Chen, and B. Bak-Jensen, “Optimal operatioatsgy of bat-
tery energy storage system to real-time electricity pnc®énmark,” in
Proc. of IEEE Power and Energy Society General MeetManeapolis,
MN, July 25-29 2010.

I. Koutsopoulos, V. Hatzi, and L. Tassiulas, “Optimaleggy storage
control policies for the smart power grid,” iroc. of IEEE SmartGrid-
Comm Brussels, Belgium, October 17-20 2011, pp. 475-480.

Y. Guo, Z. Ding, Y. Fang, and D. Wu, “Cutting down elecity cost
in internet data centers by using energy storage,Pmc. of IEEE
GLOBECOM Houston, TX, December 5-9 2011.

P. Harsha and M. Dahleh, “Optimal sizing of energy serafor
efficient integration of renewable energy,” Rroc. of CDG Orlando,
FL, December 12-15 2011.

Y. Zhou, A. Scheller-Wolf, N. Secomandi, and S. Smithahaging
wind-based electricity generation with storage and trassion capac-
ity,” Tepper Working Paper, Tech. Rep. 2011-E36, 2011.

P. Harsha and M. Dahleh, “Optimal management and sigingnergy
storage under dynamic pricing for the efficient integratiafrrenewable
energy,” 2011, submitted.

D. Bertsekas and S. Shrev@tochastic Optimal Control: The Discrete-
Time Case2nd ed. Athena Scientific, 1996.

Independent Electricity System Operator. Opera-
tor. (2012) Electricity prices. [Online]. Available:
http://www.ieso.ca/imoweb/marketdata/hoeplasp

I. Richardson, M. Thomson, D. Infield, and C. CliffordD6mestic
electricity use: A high-resolution energy demand modEliergy and
Buildings vol. 42, no. 10, pp. 1878-1887, 2010.

Y. Li and P. Flynn, “Electricity deregulation, spot pe patterns and
demand-side managemerhergy vol. 31, no. 6-7, pp. 908-922, 2006.
R. Rockafellar,Convex Analysis2nd ed. Princeton University Press,
1972.


http://www.ieso.ca/imoweb/marketdata/hoep.asp

	I Introduction
	II Model
	III The structure of the optimal policy
	IV Battery level thresholds
	V Numerical evaluation
	V-A Price and demand datasets
	V-B Implementation
	V-C Energy savings
	V-D Structure of the optimal policy
	V-E Resource pooling

	VI Extensions & Outlook
	VI-A Battery replacement costs
	VI-B Self-discharge and varying efficiency
	VI-C Local energy generation

	VII Conclusions
	Appendix
	A Proof of Lemma 1
	B Proof of Theorem 1
	C Proof of Corollary 1
	D Proof of Proposition 1
	E Proof of Proposition 2
	F Proof of Proposition 3
	G Details of Example 1

	References

