arXiv:1403.1588v2 [quant-ph] 1 Jul 2014

Difficult instances of the counting problem for
2-quantum-SAT are very atypical

Niel de Beaudrap
beaudrap@cwi.nl
CWI, Science Park 123, 1098 XG Amsterdam, Netherlands

1 July 2014

Abstract

The problem2-quantum-satisfiability2-QSAT) is the generalisation of the 2-
CNF-SAT problem to quantum bits, and is equivalent to determiningtivér or not
a spin-1/2 Hamiltonian with two-body terms is frustratifsee. Similarly to the
classical problem#2-SAT, the counting problen#2-QSAT of determining the size
(i.e.the dimension) of the set of satisfying stategRscomplete. However, if we
consider random instances ##-QSAT in which constraints are sampled from the
Haar measure, intractible instances have measure zergpsment reason for this
is that almost all two-qubit constraints are entangled ciimore readily give rise
to long-range constraints.

We investigate under which conditions product constraafge give rise to ef-
ficiently solvable families o#2-QSAT instances. We consideéR-QSAT involving
only discrete distributions over tensor product operatedsich interpolates be-
tween classica¥2-SAT and #2-QSAT involving arbitrary product constraints. We
find that such instances @2-QSAT, defined on Erdés—Rényi graphs or bond-
percolated lattices, are asymptotically almost surelyieffitly solvable except to
the extent that they are biased to resemble monotone irestarf#2-SAT.

1 Introduction

Local spin Hamiltonians are simplified models for physicgdtems, in which the
system is approximated by finite-range interactions betwssticle sites in a fixed
network. We consider problems which involve the minimuneeigalue of two-body
Hamiltonians H = ZW_’U) ha , fOr projectorsh,, ,, acting on pairs of qubits.g. spin-
1/2 particles)u andv drawn from some se¥’. When each,, , is a projector onto
standard basis states, finding the minimum energy/af in effect MAX-2-SAT, or
the problem of finding an assignment to boolean variableghvhatisfies as many
constraints as possible, from a given list of constraintgains of bits. Minimum
eigenspace problems are therefore at |@dsthard in general, and are ev8iP-hard
to approximate to within a small percentage error [15]. E¥é&me minimum energy is
known, determining the degeneracy (the dimension of thestwenergy eigenspace) is
#P-hard in general, or as difficult as determining the numbeyatisfying solutions to
an instance 08-SAT [17]. Thus, such problems should be considered to be iratiest
barring major and unexpected advances in technique.

This article concerns the conditions under which comptitieglegeneracy of local
Hamiltonians on spin-1/2 particles is possible in polynalinime, as opposed to its
worst-case complexity of beirgP-hard. We make this question more precise below.
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1.1 Counting problems for frustration-free spin-1/2 Hamiltonians

A special case of interest afristration-freeHamiltonians, for which there are states
[1b) which minimize all of the terméy| h,, ,, |1} Simultaneously. Finding ground states
of such systems may still be hard, but one may at least cenifginct descriptions of
ground statese.g.by direct calculation of energy contributions from eachntér, ,,.
These models are therefore a potentially useful provingigofor analytical tech-
nigues in many-body theory. Indeed, there is a wide classicf $1amiltonians on
qubits, for which one may efficiently characterise the gbgtate manifold [5].

Bravyi [2] defines thequantum satisfiability problepor k-QSAT (for any fixed
k > 1), to be essentially the problem of determining whether a ianian consisting
of a sum of projectors, each acting non-trivially on at mbstpin-1/2 particles, is
frustration-free. Bravyi shows thatQsAT is efficiently solvable; by contras3;QSAT
may not have any efficient solutions, even if it were somehoows thatP = NP [9].

A natural problem for frustration-free systems is to defeanhe “degeneracy” of
their ground-state energy levels. Given a two-body spinHEmiltonianH as input,
let #2-QSAT denote the problem of computing the dimension of the sulesphstates
which minimizes the energy contributions of each interacterm of H independently.
We refer to this dimension as thalue of the instance o#2-QSAT. This value is
positive if and only ifH is frustration-free, and greater than onéfiis also degenerate.
The namer2-QSAT is chosen (see also Ref. [13]) in analogy to the prob4BAT of
counting the satisfying assignments to an instanc2-@&T . The dimension of the
ground-state manifold of a frustration-free spin-1/2 Higonian is simply the size of
a basis for the solution space: if the projectags, are all diagonal operators, this
problem is#2-SAT. Thus#2-QSAT may be construed as a counting problem in the
traditional sense.

While 2-sAT is efficiently solvable, the counting probletSAT is#P-complete [17],
i.e. polynomial-time equivalent to counting satisfying assigmts for instances of
3-CNF-SAT. As #2-QSAT generalizest2-SAT, the former problem is at least as hard
in the worst case. (Ji, Wei, and Zeng [13] show that in #2eQSAT € #P.) One may
ask if there are broad subfamilies##QSAT which are considerably easier th&h to
compute, and if so, whether such conditions can themsek/easily decided.

1.2 Entanglement and worst case vs. typical counting comptey

Though#2-QSAT is #P-complete, there is a sense in which “generic” instances of
#2-QSAT are easily solved. Fix any grapgh on n vertices. If we assign a qubit to
each vertex, and a tertn, , = |74, )(Mu,»| fOr each edgew € G, where|n, ) is
distributed according to the Haar measure, the resuinQSAT instance can be easily
solved (except with probability 0) from the structure®f[14, 3]. Specifically, if the
graph is a tree, th#2-QSAT instance has value + 1; if the graph has a single cycle, it
has value; and if it has two or more cycles, it has value zdre.{t is unsatisfiable, or
frustrated as a Hamiltonian).

The apparent reason for this is because a Haar-random|sgfateis almost cer-
tainly entangled. Following Refs. [2, 14, 5], i, , andh, ., project onto entangled
states|n,,) and|n, ), & single-spin state on determines the feasible single-spin
states at bothv andw similarly to an instance of classicalxOR-SAT, in which the
states of each interacting pair of bits strongly restrictheather. Typical instances of
2-QSAT thus have effective long-range constraints between quiititén any connected
component. As a result, any graph which is dense enough t@icomultiple cycles



almost certainly gives rise to an overconstrained instafi@QSAT, corresponding to
a frustrated Hamiltonian. This is in contrastX@NF-SAT formulae, which as instances
of 2-QSAT have constraints given by standard-basis vediars) = |e.) ® |e,) for
ew, €y € {0,1}. Such constraints on qubit-paifs, v} and{v, w} may fail to impose
any constraints between the next-nearest neighbour qulatedw. This is particu-
larly important in the monotone special casef®{SAT, which corresponds t#2-QSAT
instances in whicl,, ) = |00, , for all edgesuv (corresponding to the constraint
x4 V x,, on boolean strings € {0, 1}™), which is itself#P-complete [17].

1.3 The typical difficulty of #2-QSAT with product constraints

To obtain instances of2-QSAT which resist solution by polynomial-time algorithms,
there must be a substantial chance of obtaining tensor ptodastraints on each edge.
That this does not happen for Haar random constraints (aaiatalogue to uniformly
random constraints on pairs of bits) is a feature of quantdarination theory, but does
not shed much light on the range of difficulty#¥QSAT. We ask: which random graph
families, and which distributions of constraints, yieldfidult instances of#2-QSAT?
Specifically, if only product constraints are involved, wihis #2-QSAT likely to be
polynomial-time solvable?

We show, both for Erd6s—Rényi graphs and for bond-petedl@ctangular lattices
in two and three dimensions, that difficult instancestbRSAT are rare if we select
i.i.d. product constraints from a distribution which differs stamtially from mono-
tone constraints. In particular, on bond-percolateddasti we expect the value of any
#2-QSAT instance to be efficiently solvable almost surely; and fal&&~Rényi graphs,
the difficult-to-compute regime vanishes as the “monotityiiof the constraint distri-
bution decreases.

We may state our results more precisely, as follows. We satyatiproperty which
holdsasymptotically almost certainly (or sureli§ one which holds with probability
1 — O(1/poly(n)). Following the usual terminology associated with the statisan-
dom graphs, we often omit the word “asymptotically” in cootien with properties
which hold almost surely/certainly: statements aboutrdigcdistributions which are
“almost” certain or sure, are intended to be interpreteth@limit n — oo. Consider-
ing (families of) Hamiltonians on qubits, we say that a systemhighly disconnected
if its connected subsystems almost surely all have Sidegn); similarly, if it can
almost surely be decomposed into subsystems of(3{k&z ) which are independent
of one another (despite chains of intermediate interasjiome say that the system is
highly decoupled The following Lemma follows easily from the definitions dietse
terms: we discuss this in Section 2.4.

Lemma 1. Instances 0#2-QSAT which are highly disconnected, frustrated, or highly
decoupled areeasy(solvable in timeO(poly n) on e.g.a deterministic Turing ma-
chine).

We consider constraint models interpolating between nmyex#2-SAT on one hand,
and continuous probability density functions of produahstoaints on the other. For
f>=1letq=(q,q,...,qr) be adistribution ory distinct single-qubit statelgy; ),
laz), ..., |ay), used to generate constraings ) = |a,) ® o), Where the factors are
independently sampled fromp For exampleq = (1,0,0,...) for monotone2-SAT,
andq = (3, 1,0,...) for uniformly-randon®-sar. If q = (1/f,1/f,...,1/f,0,...),
we have||q|lz = |ldllc = 1/f, which approache8 as f — oo; this limiting dis-



tribution is precisely that of single-qubit constraintoskn from the Haar measute.
Vector norms ofq thus measure how monotone the random constraints typiasdly
LetQ: =1 |qlf3, and letQs =1 — [|qf| .

Theorem 2 (Erdés—Rényi models)ror an Erdds—Renyi graph om vertices withm =
~n edges, instances é2-QSAT with v < % are almost certainly highly disconnected,
and instances with > ﬁ are almost certainly frustrated; while #yQ .. —In(2v) >

1, frustration-free instances are almost certainly highgcdupled.

— thus, in theq — 0 limit, a phase of typically “difficult” problems exists onfgr
1

m/n~ 3.
Theorem 3 (Bond-percolated lattice models)et d € {2,3}, and consider ad-
dimensional square or cubic lattice anvertices: a segment of the rectangular grid

Z x Z of dimension® (y/n) x O(y/n), or of the cubic gridZ x Z x Z with dimensions
O(/n) x O(¥/n) x O(/n), in which edges are present between nearest neighbours in-
dependently with some probabiljty Letp. denote the critical percolation probability,

at which there asymptotically almost surely exists a corepbaf size&(n). For bond-
percolated vertices withn edges, i)~ is bounded away fror, there is a transition

at - € O(n~Y/7) from being almost certainly highly disconnected and fratitm-

free to being almost certainly frustrated. If we conditiamfeustration-free instances,

we find instead that instances for which the percolation phility is subcritical (that

is whenZ7- < p.) are almost certainly highly disconnected, while instanfg which

() is greater than some constapi, < 1 (which depends od) are almost certainly
highly decoupled.

— thus, a typical instance is almost surely solvable in poiyial-time even forq
which deviates from monotonicity by only a finite amount.

The above results suggest that the only difficult instaneg-@SAT must be spe-
cially constructed to resemble monotone instance®2e$AT. Specifically: (a) hard
instances o#2-QSAT are atypical, angb) the reason for this does not have to do with
entangled constraints, but rather that an instane2-QfSAT is only likely to be difficult
if its constraints are not very diverse and it is relativglaisely constrained.

Structure of this article. Section 2 contains preliminary definitions and discussion,
including techniques to infer long-range constraints,dort solutions to instances of
#2-QSAT, and types of easily solved instancesfQSAT. Section 3 presents the con-
ditions under which#2-QSAT is easily solvable for instances whose interaction graphs
are generated according to either the Erd6s—Rényildigtoin or percolated rectangu-
lar/cubic lattice models. In Section 4 we suggest some wayshich this work might

be extended.

2 Preliminaries

We considersimple graphscontaining no parallel edges or single-vertex loops. We
denote the state-space of a generic qubity= C2, and space of a particular quhit

by H.. For the sake of brevity we occasionally neglect error tenigh are decreas-
ing in n: for instance, we writef (n) ~ g(n) whenf(n) = g(n)[1 £ o(1)] (which is

1As g contains no information about the stafes;), we are glossing over how well-defined the limit
q — 0is. We do not consider this here, but propose ttaf|ay) | <1 —Q(1/f) for all j # k should be
sufficient to maintain a promise gap between the grouné-sta¢rgy level and excited energy levels.



an equivalence relation) antin) > g(n) when f(n) > g(n)[1 + o(1)] (which is a
guasi-order).

While 2-QSAT allows for a broader range of constraints, in this articlecamsider
only HamiltoniansH = Y h,, ., whereh, ,, is a rank-1 projector o> @ C? and the
sum ranges over pairs of verticés, v} which are adjacent in some graph (usually a
typical graph from a given probability distribution on greg). It should be easy to see
by extending the results below that instance2-QISAT whose constraints correspond
to projectors of rank2 or more will only increase the probability that the instance
is efficiently solvable, by reason of the emergence of lcemge constraints on the
marginals of satisfying states.

For each rank-1 projectdr, ,,, we consider the state,, ,) € H,, ® H, such that

hu,v = |77u,v><77u,'u| & lV\{u,v} . (1)

For H frustration-free, the operatdn,, ., | is a constraint on any ground-state of H:
for p,.., the density operator df)) on {u, v}, we have(n,, | pu.» = 0 by hypothesis.
Thus, as with the classical decision probl2®AT, we describe instances 2QSAT by
a list of local “forbidden” configuration&,, ,,| : C*> — C on pairs of qubits;, v € V
(implicitly taking the tensor product with the identity oft ather qubits) for a global
state to avoid.

2.1 Constraint induction

Let [T~) « |01) — |10) be the singlet state. Following Ref. [2], given constraints
(Muw!, (Mw.w| fOr w # w which both act on a qubit € V, we may infer a further
implicit constraint(,, .,|, such that(7, .| pu,.. = 0 whenever bothn,, | pu,, = 0
and(n, | pvw = 0 hold:

Gl % [l © (o] [Lu® [07) @ 1,]. @)

We may renormaliséy,, .,| SO that(7,, .|7..») = 1, provided that the operator is non-
zero. We may induce further implicit constraints recurlsivEor two operatorsn,, ,|
and (n,..,|, Wwe may write the operator obtained via Eqn. (2) @y | * (7w|. Itis
easy to show that the binary operatet fs associative, so that

(ol * (oo el % [l @ 0] @ ]| [La @ [97) 097 @1, (3)

and so forth for longer chains, so that we may Witg .| = (.| * (Pow| * - - *
(ny,-| for an operator acting ofw, z} induced by a chain of constraints from the input
instance oR-QSAT. This is similar, in the classical setting, to computing transitive
closure of the implication graph defined by Aspvall, Plassl @arjan [1], in which case
we may find multiple constraints between a pair of variablégtv tightly constrain
their values. SimilarI}/, in the more general quantum sgftime may obtain multiple
constraints(nﬁf%| , <nffv| , ... which may allow us to represent their joint state-space as
a two-dimensional subspaée< H,, ® H.,, allowing us to reduce the number of qubits
involved in the problem by a renormalisation step [5] withaffecting the dimension
of the space of satisfying statgs).

With respect to the operations™ of induction of constraints, there are two sig-
nificantly different constraint types: product constrait, ,| = (o] ® (8], and
entangled constraints which do not factor in this manneris immediate that for



(Muwl = (Muwl| * (Mw.w|, the constrain{s, .,| is a product constraint if eithé¥,, ,,| or
(Nw,w! is; and that7,, .,| = 0 only if both (1, »| = (| ® (a;| and{(ny | = (| @ (cv|
satisfy|a;) o |ag). When this occurs, the marginal statewo€annot indirectly con-
strain the marginal o, or vice-versa, through the interaction with by settingv
to the statda;) in the kernel of(a;|, we extend any marginal ofu,w} to one on
{u, v, w} which satisfies the constraints, ,,| and(n, .,|.

2.2 Randomly generated instances GR-QSAT

A “random instance” o#2-QSAT is a sample from a probability distribution over in-
stances 0f2-QSAT, generally with a fixed numbet of qubits andm of constraints.
We consider a generation process in which one first genesatmsdom graph, either
by selecting a fixed number of edges from the set of all possible pairs of edges (the
Erd6s—Fenyi graph modé¢] or by considering a subgraph of some lattice in which each
lattice-edge is included with a probabilipysuch that the expected number of edges
is m, associating a qubit to each vertex of the graph. At each edde the random
graph, we assign an operatoy, ,| : C* — C according to some probability distribu-
tion, representing two-body constraints on the qubits.

We would like to also consider instances#f@fQSAT which are guaranteed to have
a non-zero value, corresponding to a distribution on twdybfoustration-free Hamil-
tonians. This requires a subtler random generation praeedior a model of random
graphs é.g.either an Erd6s—Rényi model or a percolated lattice moeed select a
random order for the edge-set of the graph. Adding theseseskpientially to graph,
we assign a constraint to each, restricting the choice oétcaint so that the result-
ing instance oR-QSAT is satisfiable. In any continuous distribution (such as tharH
measure), any non-trivial restriction of the constraint@ldypically will be to a set of
measure zero; the notion of restriction we intend is limit as 0, of the Haar measure
conditioned on being within anrneighbourhood (in the Euclidean norm @n) of the
valid choices of constraint. (For instance, if only a finié af constraints avoid making
the instance unsatisfiable, such a restriction yields thf@wum distribution over those
constraints.) For the Haar measure, as well as for the ptanustraint model of our
article, there is always a choice of constraint for whichittstance is satisfiable at each
step: this is easy to show in the Haar random case by a minensgh of Ref. [14],
and can be established for the constraint model of thislantithout difficulty (see
e.g.the beginning of Section 3).

2.3 Remarks on the counting complexity of instances Gf2-QSAT

Given a randomly generated instance#®fQSAT, we ask: with what probability is
it a “difficult” instance? Our notion of “difficulty” is defing relative to some fixed
algorithm A: a family of instances for whickl can successfully compute the answer
in polynomial time are “easy”, and families for which has no such upper bound
are “difficult”. Such statements depend on the state of thénatombinatorics: an
improved analysis of random graphs may show that some farhiprmerly “difficult”
instances happen to be solvable Ayin polynomial time. If one accepts standard
complexity-theoretic assumptions suchRs# NP, there are families of instances
of 2-QSAT which are inherently “easy” or “difficult” for any algorithimplemented
e.g.on Turing machines. The aim of this article is to establishrius on the extent of
any such “difficult” regime for certain distributions @2-QSAT.



An instance oR-QSAT is monotonéf there is a statén,) € C? such thatn,, ,| =
(ap] ® (| for eachuv € E(G). This is equivalent to there being a local unitary
operatotV such thatn, .| (U ®U) = (00| for all uv € E(G): the classical monotone
instances of2-SAT are a special case in which we may tdkdo be the identity. As
monotone#2-SAT is #P-complete [17], it follows tha#2-QSAT is at leas#P-hard. Ji,
Wei, and Zeng [13] show thaR-QSAT is also contained isP, by a simple transforma-
tion of instances o#2-QSAT which preserves the solution space and puts the interaction
graph into a standard form.

Even monotone instances #2-QSAT may have structural properties which may
render it “easy”. For instance, instances whose interagi@phsG have bounded
tree-width[16] (see Ref. [6] for an introductory reference) may be edlin poly(n)
time 2 albeit with a constant factor which grows exponentiallytwthe tree-width [8].
This algorithm is useful in particular for tree graphs or weated graphs which have
a single cycle, which respectively have tree-widtAnd2. Conversely, instances of
#2-SAT which are not monotone may still be “difficult”: for a fixed giaG, if we
assign a uniformly random clause to eaech € E(G), represented in the format
of constraint operators for an instance#afQSAT as one of the operators, | €
{(00], (01], (10|, (11|} then the non-trivial constraints arising between pairsitsf b
by the induction procedure of Eqn. (2) only extend over paftexpected lengti® (1)
in G. Then only for sets of nodes where the constraints arevelgtilense can there be
a chance of giving rise to long-range constraints of ordesike of a given connected
component: this is necessary to impose enough structuldaman instance g-SAT
substantially different in complexity from a monotone arste om ™) variables.

2.4 Three types of easily solved cases#f-QSAT

We now remark on the simple observations presented in Lemithésiwill allow us to
reduce the task of proving that instance#bQSAT are easy, to showing that they fall
into one of three structural classes of Hamiltoniarfrustrated highly disconnected
or highly decouplegin the senses described preceding Lemma 1.

Following Chvatal and Reed [4] concerning phase transgitinrthe satisfiability of
random instances &f-CNF-SAT, one may obtain results concerning random classical
#2-SAT on Erd6s—Rényi graphs withvertices andn clauses. Specifically, an instance
of 2-sAT with density”* > 1 is almost certainly unsatisfiable, and so by definition has
value zero as an instance #f-SAT; and this can be determined in polynomial time
by detecting certain unsatisfiable substructures. Simdararks apply fofrustrated
instances o#2-QSAT: if one can efficiently determine that it is frustrated, thidfices
to show that it has value zero.

As for easily solvable instances 62-SAT with positive values, if2 < 1, the
underlying graph is almost certainly composed of compaefsizeO(logn) hav-
ing at most one cycle. One can solve each such componentyngrolal time using
brute-force techniques (testing all possible assignmfemteach component); using
dynamic programming and taking advantage of the existehadree decomposition
for the component, one can even solve them in time linearercimponent size (up
to a logarithmic factor due to handling vertex labels for agir of sizen). These rep-
resent adisconnectedegime in randon#2-SAT; and again, similar techniques apply

2The approach here, for instances having tree-width at most 0, is essentially to use dynamic pro-
gramming to count the partially-satisfying solutions fach of 2 possible assignments (in some local
basis) for each qubit indexed by a vertex in a tree-decortipnsiA more complete description can be found
in [8].



for #2-QSAT if we can establish that the components scal®ésg n), and/or have
treewidth bounded by a constant as we have described atidkienlsuffices to multi-
ply the#2-QSAT values for each component together: for random graph m¢slett as
the ones we consider) where small components dominatenthyde done efficiently,
e.g.using an algorithm which we describe in Appendix A.

Finally, we may considenighly decouplednstances, in which a subsystem which
is contiguous nevertheless decomposes into independesystems of siz€&(logn).
These may arise in instances which have been constructeditodtration-free, due to
the proliferation of qubits whose states are “fixed” by theginstraints. When a qubit
2 can only occupy a unigue state in a satisfying state, we tefihis as thdixed state
of the qubitx (which we denot¢z@w>). As we add constraints to a satisfiable instance
of 2-QSAT, there are at least two ways in which an added constraintrearase the
number of qubits with fixed states:

(i) either by adding a constraifi. ,| between some qubit, and a qubity which
already has a fixed state such thiat,, | (1, ® |¢,)) # O,

(ii) or by adding a constraint which closes a chain of conssatirting and ending
atz, which is only satisfiable by a single state, ).

Any constraint(n, ,| acting on a qubit: with a fixed state will either be satisfied by
]%) regardless of the state of or will serve to fix the state of. Thus, interactions
between qubits with fixed states wittonfixed qubits will, by construction, fail to
give rise to any long-range constraints between qubitsowittixed states. If there
are enough qubits with fixed states, these may then effégcpagtition the set ohon
fixed qubits into independent subsystems; if these submgstee of sizeD(logn),
the system is thehighly decoupled Thus, to solve an instance #2-QSAT, it also
suffices to identify enough fixed qubits to partition the r@mdar into systems whose
degeneracy may be efficiently computed.

Our result is to show how in two different random graph mogdfsrandom in-
stances oR-QSAT with enough diversity in the constraints to differ subsiaiyt from
monotone instances, there is (at most) a narrow range inhwthie density of con-
straints may give rise to instances which are neither higlsigonnected, nor frustrated,
nor highly decoupled almost surely.

3 Discrete probabilistic models

We consider a constraint model ofdependent factor distributionsn which con-
straints are product operatdkg| ® (3| for somei.i.d. single-qubit operator§y| , (3] :

C? — C distributed over some set of operatéta | , (as|, ..., (af|} forsomef > 1,
where (o;| % (ag| for j # k. Given an edge which represents a product con-
straint, the probability of obtaining.. .| = (ax|, ® (a;l, is given bygq;, where

a = (g1, g2, --., qr) is a fixed probability distribution. Throughout the follavg,

we suppose that > ¢; > ¢2 > -+ > ¢y > 0, so that there is some probability of
obtaining non-monotone instances2e)SAT.

Independent factor distributions have convenient feattwe analysis. Following
Ref. [13], the ground-state manifold for an instance2a§SAT having only product
constraints has a basis consisting of product states. étantire, non-zero induced
constraints(n,, | * (n,..| range over the same two-qubit operators as the individual
edge-constraints themselves (albeit with a different ability distribution tharg® q).



As with Haar-random models, when we wish to consider onlgoanfrustration-free
Hamiltonians, we must specially select the constraints ¢éetnthat restriction. We
construct the random graph in the same manner as descril8stiion 2.2, this time
restricting the choice of constraints according to the @oordof not giving rise to a
frustrated i.e. an unsatisfiable) instance BfQSAT. Frustration can only arise if both
qubits on which the constraint are each restricted to somedfistate to satisfy the
earlier constraints placed on it: a “non-frustrating” ateobf constraint can then be
made simply by having it be satisfied by one of the two fixecdestat

We may consider how likely long-range constraints (as diesdrin Section 2.1)
are for such a constraint model. Le§, 2, € V(G) be two vertices connected by a
pathP = xzox - - - x4 in the interaction graph of a random instance»fQSAT. We
may consider what constraints may exist on the joint statg @ndzx, by virtue of the
inducted constrairtp = (Nyq 2, |*(Nwy 20 |* * *Nzpy 2, |- ONE May show by induction
thatCp is non-zero if and only if 7z, , .z, | * (N2, .,zs. .| 7 0 for eachindex < h < ¢
of internal vertices of the path. For each sughwe have(n., , o, | * (12,201 | =
0 if and only if (1, , .| = (| ® (o] and (ny, , 2,| = (ox| @ (| for some

j # k. Because the right-factor dfy,, , .,| and the left-factor of(r,, .,.,| are
independently distributed, this occurs with probability
! 1
Q2 = 1—al3 = > ¢(1—g) < 1-% 4)
j=1

with equality if and only ifq is uniform. Note thaty, > 0, where the lower bound
is the infimum asy — (1,0,0,...). As the probabilities of having identical factors at
each vertex are independent, we then have

-1
Prlcy #0] = I1G - lal) = @57 (5)

Thus,Cp is non-zero and proportional tav,| ® (a;| with probability ¢, q; Q5" for
eachl < h,j < f, and equal to zero with probability — ngl. Because the long-
range constraints which involve a particular vertex asié-pointare not independent
of one another, it may be useful in some cases to bound thiEpility from below by
Q'S whereQo, = 1—||q||~, where||q|| = ¢1 is an upper bound on the probability
that the single-qubit operatofs; | , (ax| with which two different constraints act an
are the same.

3.1 Erdés—Renyi interaction graphs

The attenuation of the probability of long-range constiahescribed in Egn. (5) is
similar to what occurs in uniformly randofasAT. For Erdés—Rényi interaction graphs
onn vertices andn edges — a distribution on labelled graphs which may be sainple
by listing each of the(g) potential edges in a random order, and selecting the first
m edges for inclusion — this motivates an analysis which feficlosely to that of
Chvatal and Reed [4], adapting it for counting problems anihtolve more general
constraint distributions. We show that, except for a “diffiphase” in the regimé <

o< ﬁ, arandom instance @R-QSAT is almost certainly either highly disconnected

or frustrated, according to wheth&r is below or above the boundaries of the difficult

phase. In particular, the difficult phase shrinks to a bandesb width at”* ~ %



Figure 1: Example of a
“figure eight” graph on
2¢ — 1 vertices, for = 8.
By Eqn. (7), the probability
of such a graph describing a
frustrated figure-eight sub-
system scales a3(Q3").

s@2 — 1. In the special case of frustration-free instances, thigdbexpands to
<z

3 < 7 < 55 (1+ ) for some smalb which vanishes ag.. — 1; this band also
converges to> ~ % as@., — 1. Thus in the “completely non-monotonic” limit
q — 0, #2-QSAT is always easy; and there is a substantial band of instanb&hw
may be difficult to solve only if the constraint distributishows a corresponding bias
towards a small, finite number of constraints.

= Q

3.1.1 The highly disconnected phase in Eiils—Renyi models

Whether or not we restrict to frustration-free instanceg-QfSAT, the existence of a
highly disconnected regime in instance2afSAT on Erdés—Rényi graphs follows
directly from the random graph model itself. Fgr < % almost certainlyG contains
only components of siz€(log n), and almost certainly contains no components having
more than one cycle [7]. Any instance BRSAT on such a graph will thus be highly
disconnected, regardless of the constraint distribufi@m.our results on Erdés—Rényi
models, it thus suffices to establish upper bounds on th@eatany difficult phase.

3.1.2 The frustrated phase in unconditional Erdds—Renyi models

For a random graph witln € Q(n) edges, we adapt the analysis of Chvatal and
Reed [4, Theorem 4] to consider the probability that the giamponent contains a
“frustrated figure eight” (corresponding to a “snake” in Rd{): a subsystenX such
that

(i) Its interaction graph containsfegure eight graphwhich we define as a pair
of cycles X1 = xozy -+ wy—120 and Xy = mpmpsq - - - T2p—122¢ Of the same
length, wherexy = x;, = x2¢, and whereX; and X, intersect only at the vertex
xo = x¢. (See Fig. 1 for an example.) There may be additional edgasemting
vertex-pairse;x;, (though these will typically be unlikely), andl = X; U X»
may be connected to other vertices.

(ii) For each0 < j < 2¢, the constraintinwwm\ = (B;| ® (| satisfy (v;| #
(Bj+l-

(i) We have{(Bo, (ve—1]} N {(B¢|, (12e-1|} = @, so that the constraints imposed
by X; and X5 on their common spir, are not simultaneously satisfiable.

The cyclesX; and X, are either “alternating loops” or “quasi-alternating Isbm the
terminology of Ref. [13], and impose constraints anis which cannot be simulta-
neously satisfied. Thus a frustrated figure eight is unsaliefiby construction. We
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consider the probability of lrge frustrated figure-eight arising in a random instance
of 2-QSAT with constraints given by an independent factor distrifmutiwhich in par-
ticular implies that it is part of the largest contiguous sggiem of the Hamiltonian.

In a system with a figure-eight subgraph, the probability:9f 1 | # (8| is simply
Q- for each of the? — 2 sitesz; of the two cycles, excluding the shared verigx=
x¢ = x2¢. The conditions at the node, where we requiré€sy| = (ve—1| # (Be| =
(~v2¢—1], occur with a probabilityQcrux Which also depends only o (By a routine
calculation, one may show that

Qorux = th([% quqk} + [Z @y Qij])

j.k#h i£h kg {hi}

=1—4/lal3 + 2]l + 4llall3 - 3llalli - (6)

ThenQerux — 1 asq — 0, andQcrx € O(1) for ||q|l bounded away front.) Given
a fixed figure-eight graplX’ on 2¢ — 1 vertices, the probability that it gives rise to a
frustratedfigure-eight system is then

Pr| X a frustrated subsyst%m: 22 Qerux- (7)

Let m = ~n for some constany > 0. Using a second moment probabilistic argu-
ment, adapting the proof of Ref. [4, Theorem 4], we show thatlargest contiguous
subsystem almost certainly contains a frustrated figuttat sigjlong asy > 7

Let ¢, denote the number of frustrated figure eight subsystents on 2/ — 1
vertices. The meaR(p,) over all random graphs on vertices andn edges can be
evaluated by considering all sefsof 2¢ — 1 vertices, and summing the probability
of S being such figure eight subsystem for all such subsets. Wenaite use of the
equality

n!
(n—1)!

which holds fort € o(n),? ignoring a relative error term aP (1) using the notation
defined at the beginning of Section 2. By considerindghe number of ways that we
may choose the common verteit) the number of distinguishable ways that we may
construct two cycles oaAvertices (built in either order) which incorporate the coamm
node, {ii) the number of ways of allocating the remaining edges afeimy built X,
and {v) the probability thatX is a frustrated figure eight given that it is present in the
random graph, we may obtain

~ ntexp(—a(n,t)), where a(n,t) := t+(n—t+%)1 ( __) (8)

(5)—20+1
E _ 202 nil;(fn-1 -1l |2 n—2/¢ /11 <m—2€+1>
(pe) = Q3 chux'§ 3l (=0 |5 0—1 (£ —1)! W

Qo <2Q2m>2£_1 exp(—a(n, 20—1)+a((3),2¢— 1)) | @)

8Q2 n exp (a(m, 20 — 1))

For ¢ € o(n'/?), we haven(n, 20 — 1) € o(1 ) then we can easily show that > 0
with non-zero probability, provided that = (1 +Q(3))n.

3This may be easily recovered using Stirling’s approxinmatio
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Next, we show thatp, almost surely doesn’t differ substantially from its mean.
Define a random variablex € {0, 1} such thatpx = 1 for instances oR-QSAT
whose constraint subgraph contains a frustrated figuite-eig a given subgrapk .
We compareE(px)? againstE(pxpy), where X = zgxy -+ x90_120 andyY =
Yoy1 - - - Yy20—1Yyo are both figure-eight graphs @i — 1 vertices, but which may have
vertices and edges in common. By definition, we h¥ue(p,) = E(p?7) — E(pr)?.
We have

E(pe) = ZPr[th = 1], E(gp%) = ZPr[goxgoy = 1], (20)

XY

where we sum over all possible figure-eight subgrah¥™ on 2¢ — 1 vertices se-
lected fromn vertices. We show thd(¢?) ~ E(¢,)?, which implies thatVar(p,) €
o(E(pe)?).

Consider the probability that a given subgrapbnt edges occurs as a subgraph
of G. Accounting for how we can distributeedges among the first elements of a
random sequence of edges, we have

~ (%)texp(a((g),t) - a('yn,t)) . (12)

We suppose thdte o(n'/2), so thatf (20+3(¢)) ~ (2v/nPH@ for §(¢) € £0(0),
again using:*(V:Y) ~ 1 fort € o(N'/?). For figure-eight subgraphs,Y on2/ — 1
vertices each, writ@(X,Y) := Pr[pxpy = 1| X UY C G] for the probability of
the frustration conditions o UY. Thenif|E(X) N E(Y)| =1,

Pr[(pxgay = 1} = Pr[XUYQG}@(X,Y) = fAL-DB(X,Y).  (12)

For X fixed, define®;(X) to be the sum 0Pr[<pxgpy = 1] over all figure-eight sub-
graphsY” of the same size, for whiclE/(X) N E(Y')| = 7 as abovei(e. the probability
of obtaining two frustrated figure-eight subsystems whittkrisect in this way, one of
which is X'). The probability of having any pair of isomorphic frustdtfigure eight
subgraphs, of which one i¥, is then given byp (X) := )", ®;(X).

We may show that for a fixed, the contribution of,(X) is the only significant
contribution to?(X'). Note that if none of the edges &fandY” overlap, the frustration
conditions forX and forY are completely independent, eveXifandY” share vertices:
that is, ®(X,Y) = [Q3' 2 Cruxf in this case. We can then upper boubgl( X)
roughly by removing the restriction dn that X A Y have no edges. Léty,_; denote
the number of possible frustrated figure eight graph&n 1 vertices selected from
n vertices: then

Bo(X) < Y fAOB(X,Y) ~ Fao (27/n)" Q4 1Q% . (13a)
Y

For all otherd < i < 2¢, we consider the numbé¥ (i, j) of figure-eight subgraphg
on2/¢ — 1 vertices, for whichX A Y hasi edges and vertices, and consider an upper
bound®(i, j) for the frustration probabilitie® (X, Y") for all such subgraphg. Then
we have

@,(X) < 3 NS — )0, ]) (13b)
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for ¢ > 0. We bound the parametedss, j) and N (7, j) by considering bounds on
the frustration conditions holding at each siteXnU Y, and by considering how the
number of components iIX AY affects bothN (4, j) and the probability of all the
local frustration conditions holding.

Local frustration conditions. If X andY intersect at all, the probabilities of the
frustration conditions holding for any shared vertex oriffeds from what it would be
independently forX and forY if they also share edges. For instancey jif= y;, for
J.k ¢ {0,¢,2¢}, ande, j, e, j+1 ¢ E(Y), then the frustration conditions fo¥ and
for Y atz; are independent of one another and obtain with probalgjigyas if z;
andy;, were actually distinct vertices. Similarly, if; = y;, for 5,k ¢ {0,¢,2¢}, and
exj,exj+1 € E(Y), then the frustration conditions are identical and theaipbivith
probability@s. The mostinteresting cases are for the “crux” verticeandy,, and for
the “junction” vertices of degregin X UY arising fromz; = yy, for j, k ¢ {0, ¢,2¢}.

¢ Vertices inXUY of degree3 correspond to vertices; = yy, for j, k ¢ {0, ¢,2¢},
where one of the edges ; or e, ;11 is equal to one of the edgeg . Orey r11.
To satisfy the frustration conditions, the common edgeXoand Y which is
adjacent tox; must act onz; differently from the remaining two edges, but
the other two edges may act an in either distinct or identical ways to each
other. Routine calculation shows that the probability & titcurring iSQjunct :=
lal3 — [lall.

e The probability that the frustration conditions f&r holds atx,, whenx, = v
for some0 < k < 2¢, may be somewhat complicated if some of the edges of
Y incident toy, overlap some of the edg€, 1, €z, €5 041, €x,2¢} INCident
to x,. Similar remarks apply to the other crux vertgx As there are at most
two crux vertices inX U Y, we may ultimately subsume the probability that
these conditions hold at, or aty, as a constant factor, and simply bound the
probability from above byt.

Vertex types and simultaneous frustration. The probability ofX andY both being
frustrated depends on the number of junction vertices, eettices, and other vertices
in X UY, which are closely related to the nhumber of components. righig the
observation made with respect to the probability of frugtraconditions holding at
the crux vertices, we adopt an approach of avoiding casgsinaby sweeping various
scalar factors under the rug when they depend only on a aanstianber of vertices.
To do so, we define a scalar factofwhich we do not explicitly calculate) to bound
from above any contributions by constant factors in theotegicases.

In most cases, the components6fA Y (if it is non-empty) will consist of paths,
and possibly one non-path tree component in the casethaty, (with at least three
of the edges ofX andY overlapping at that vertex). In rare caséSA Y may have
a component which contains an entire cycle, or indeed twtesyi€ X = Y. In the
typical case wher& AY is cycle-free, the number of components will be the diffeeen
j — i; Otherwise, X A Y has one or two cycles, so thatithas-i+1o0rj —i+ 2
components. In any case, the number of components-is + O(1). We may then
make the following remarks concerning vertices of diffétgpes:

e As we note aboveX U Y has at most(1) distinct crux vertices, for which
frustration conditions occur with constant probabilitgaedless of the number
of edges ofX andY which overlap at those vertices.
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e The number of junction vertices is minimized when each camepoofX AY is a
path segment, with each component having two junctionecestat its endpoints;
the largest number of junction vertices a component may isdeerr, in the case
that the the two crux vertices coincide so that one compawiekitA Y has four
leaf nodes. (Three junction nodes are possible as well ifvileecrux nodes
coincide, but where only three of the edgesdfand ofY coincide.) Thus the
number of junction vertices &(; — ¢) + O(1) in all cases.

e The frustration conditions elsewhere are governed by gadgs-meeting at some
vertex, where either both edges are commoitandY or both belong to one
figure-eight graphX andY (the same one), but not to both. Considering the
edgesrory, r122, €tc.in sequence and pairing each with the one that follows
it, we may count these edge-pairs by considering those edges; for which
x;+1 IS not a junction or crux vertex. The number of edgeXinvhich meet at
non-junction, non-crux vertices & — 2(j — i) — O(1), and similarly forY"; and
the number of such edgesM A Y isi — 2(j — i) — O(1), yielding a total of
40—2(j —i) —i+0(1).

Thus for0 < 7 < 2¢ we have

40—i Q]unct 2-1)

B(X,Y) < cQi ~== (14a)
Q2

for some constantdepending only on the probability distributigqof constraint prob-

abilities. Fori = 2¢, we haveX =Y andj = 2¢ — 1: then following Eqgn. (7) we may

explicitly evaluate

(X, X) = Prlpx = 1| X €G] = Qeux@3' > (14b)

Ways to overlap ati: edges.Following the analysis of Ref. [4], we may bound, j)

by considering upper bounds or) the number of ways a fixed shape for the graph
X A'Y could be mapped injectively intd and intoY, (ii) the number of ways that
the components ok A Y could be arranged into the vertex-ordenofand (i) the
number vertices which may belong¥o~ (X AY’). The number of subgraphissuch
that X A'Y hasi edges and vertices can then be bounded by

20+2 1\’ . .
Ny(i, j 4 0(j — i)l 2i—ip2t-i-1
i) < 4y, 50 ,) -
< 40(20 + 2)M =D+ 9i—i p20—j—1 (15a)

in the casd) < i < £, and

20+2 1\’ . .
Ny(i, j 4 0(j — i)t p2tmi—t
ind) < 4y, 50 ) -
< 80(20 + 2)H =D+ 9i—i p20—j—1 (15b)

for 0 < i < 2¢ more generally. If for the sake of brevity we defifie= 2(2¢ + 2)*/n,
we then have
QNP2 if 0 < i </,

o ) 15c¢c
AONT—HIR2E—1 i 0 g < 20, (15¢)
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Again, we haveX =Y if i = 2/, so thatV,(2¢, j) = 1.

Suppose that € o(n'/*), so thatA € o(1). We may then use the above remarks
to bound®,(X) for i > 0. For0 < i < ¢, the graphX A Y has no cycles, so that
i+ 1< j<2¢—1; we may then bound

20—1

Oi(X) < Y N(i, /)@, 4)f (4 — i)
j=i+1
j—i+1, 20— 40—i qunct 20) 40—i
< Z 20N n Qs <—Q2 > (27/71)
j=it1

20—1
. _ 21 a2 VT
_ 2C£An2€—zQ421271 (2,7/71)48 g Z (M)

2
j=i+1 Q3
(AQ? 1
< 2clAn~% (27Q2)4f—1< '“”°‘> ( - )
Q% 1- AQjQLJnCtQ2 2
2cQ? :
~ (%22’;”“) A2 (29Q0) (16a)
2

For¢ < i < 2¢,we mayonlybound < j < 2¢ — 1, andfori = 2/we havej = 2¢( — 1 =
1 — 1; we may then obtain similar bounds

®;(X) < dclAn~2 (29Qo )" for ¢ <i < 2, (16b)
D20(X) ~ Qenn@3 ™ (29Qa) fori = 20, (16c)

Expanding the formulas fob;(X) for : > 0 and eliding the constant factors, we may
obtain

-1 20—1
B(X) = @o(X) + n~*(27Q2)"O <A2 D (27Q2) T HAY (29Qs)
i=1 =L

+ f*(mg—”)- (17)

For¢ € w(1), the asymptotic expression of the previous equation is dedrfrom
above byO(A?), provided thapoly (¢)(2v7Q2) =) C o(1). For the latter to hold, it
suffices thaRyQ2 — 1 € w(¢~'log(¢)). We then obtain the upper bound

B(X) = Bo(X) + o(m?w?f(zy@z)“). (18)

We may show tha® (X ) = ®o(X)[1 + o(1)]: using Egn. (8), we may estimate

R ] Ty

n227 1 (19)



so that we have

2
chux

8Q3

whereas by € o(n'/?) andA € ©(¢*/n) C o(n~5/?) we have

Bo(X) < Farr (29/n)" QU Q20 = ( )n”l(mz)“, (20)

O(eA*n=*(21Q2)") € o(n *1(21Q2)"). (21)

We then haveb(X) ~ ®,(X) as promised. Thus we haB¢?) ~ E(p¢)?, so that
Var(¢e) € o(E(¢c)?). By Chebyshev’s inequality, the probability that varies from
its mean byw(Var(yy)) is zero; then in particulap, is almost surely greater than
provided thaiE(p,) > 1.

Frustrated subsystems may be efficiently detected whenateepresent, as fol-
lows. For each vertex € V(G), constraint-paif({ay|, («;]), and¢ > 1, we may
enumerate the number of alternating paths (in the termgyotd Ref. [13]) of length
¢ which begin an end at whose first constraint is of the fora,| ® (| and whose
final constraint is of the formg| ® («;|. We may do so by traversing all alternating
paths starting at by a breadth-first search, and noting at each step whetheeistep
we may reach a visited vertex which could be used to closetamating path back to
2. Any one such path represents an alternating or quasiatiag loop ate. If for any
£ > 1 there are two such loops with inconsistent constraints) the constraints at
are unsatisfiable. Exploring all of the alternating patlosrfrc for any one constraint
pair ({as] , (¢;]) can be done in tim&(m); doing so for all constraint-pairs and all
x € V(G) can be done in timé&(nmf?2). The frustrated pair of constraints may not
represent a frustrated figure eigbtd.if the alternating paths starting and ending:at
are of different lengths), but nevertheless serve to gethiit the instance Gf2-QSAT
is frustrated, and are present for all frustrated instances

Thus form > %n for positives € w(n~'/?log(n)), an instance oR-QSAT
constructed oii~ selected according to the Erd6s—Rényi distribution bélfrustrated
almost surely, due to the presence of multiple frustrataddigeight subsystems of size
O(poly(n)). Furthermore, one may determine that such frustratiorst éxipolyno-
mial time, when they are present.

3.1.3 The highly decoupled phase in frustration-free Eréds—Renyi models

In constructing frustration-free instances BHSAT from a discrete distribution, we
may suppose that constraints are repeatedly sampled fomeae constraint until we
obtain one which does not render the instance unsatistfableonstraint which on the
first “try” would have resulted in a frustrated instance, vedl a would-befrustration.
We may then consider the structures in the Hamiltonian whichld havearisen, had
we taken the constraint which was first selected for any attéyn, and thus speak
counterfactually of such features as “would-be” frustidigure-eight subsystems.

In frustrated figure-eight subsystems = X; U X, the common qubit:, has
conflicting constraints imposed on it by the two cyclés and X5. If we condition
on frustration-free instances, this becomesoaild-befrustrated figure-eight. AX is
being constructed, one of the cycles (without loss of gditgr&’;) must be completed
before the other: this is either a loop or quasi-alterndtiog atz (in the terminology
of Ref. [13]). A quasi-alternating loop atfixes the state aof, which by construction
do not by themselves satisfy the constraints imposed oy X,. Similar remarks
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apply whenX; is an alternating loop, which allows two possible singléitstates for

2 which on their own satisfy the constraints imposed®y. In the case thak; is an
alternating loopz may be in one of two statég?) or |!) in a product with the rest
of X1, in which case all of the other spins &f, are in a product statg?) or |®!)
(respectively) determined by that state, or it may be enézhgith the rest of the loop
in some superpositiong|1/2)[®Y) + uq|wl)|®L). In either case, the marginal of any
satisfying state om is a mixture ofi1/0) or |¢)!), neither of which on their own satisfy
the constraints imposed by, onz. Then in any case, upon the completion of the cycle
X, the states of all qubits iXs which are accessible fromat that time are uniquely
fixed. Each subsequent edgeX$ which connects more qubits to also fixes the
state of those qubits. This means in particular that eveeyobthel qubitsv € V(X>)
have fixed state{aﬁ@. We call such a subsystem of fixed qubitf@ensubsystem.
Thus, a would-be frustrated figure-eight@h— 1 qubits contains an (actually) frozen
cycle of¢ qubits.

The analysis of the preceding section concerning frustfégare-eight subsystems
X = X; U X, can be used to demonstrate the the existence of a “frozef, cora
subgraph of the giant component which itself contd¥{s) vertices. The growth of
this frozen core will gradually start to obstruct long-rargpnstraints within the giant
component, until eventually it renders tH2QSAT problem highly decoupled.

To describe the growth of large frozen subsystems in frtistrédree Erd6s—Rényi
models, we consider a random graph model for qubits with fetatles. Define a
directed grapht’ defined by the-QSAT instance consisting of frozen subsystems, in-
cluding only vertices representing qubits with fixed statesd with arcst — y for
qubits connected by constrairtg, ,,| such that(n, , | (|¢.) ® 1) # 0T. We call this
digraph thefrozen subgraplbf G.

We may establish lower bounds on the growthfofn terms of an Erdés—Rényi
graphU, where edges aff belong toE (U) independently with some probabiliey <
@, and where all edges &f are covered by arcs df. We considef)o = 1 — ||q]| co»
and letp.. = mQ/(5). We then letU be an Erdés—Rényi graph having,, ~
(5)p- edges: we treat this as a subgraph of the Erd6s—Rényatien graphG,*
including each edge af with probability@... Consider a random colouring V' —
{1,2,..., f}, inwhichPr[c(z) = j] = ¢;. For a given qubit: which has a fixed state
|e(z)), and a newly added edgey € E(G), the probability that: — y is an arc of
the frozen subgraph’is 1 — .,y > Q- From an initial setS of fixed qubits, we
then simulate the construction 6fas follows:

1. For each newly included vertexc V(F') orz € S, assign its colout(z);

2. For each neighbouy of z in G: If xy € U, includex — y in F'; otherwise
includez — y in F with probability (¢1 — g.(»))/¢1; otherwise exclude it.

3. Repeat the above until all € S have been traversed, and no new vertices have
been included irf.

This construction reproduces the probability distribotid arcs in’, with the random
colouring of the vertex(y) taking the place of the action of constraifis | = (6], ®
(te(y)| Which fixes the state of the qubjt

4We may simulate randomly sampling over graphs witledges, by considering graphs in which edges
are preseniti.d. with probabilityp = m/(g) — the/n variance in the number of edges is smaller than the
scales at which phase transitions such as the emergence gifitit component occur.
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From the above, we may show that the largest (weakly condectanponent of
F grows at least as quickly as that of the Erd('is—R’enyi glaptavingme ~ mQ
edges. In particular, if> > v, for v, = 2Q , thenU has a giant connected

component(U); if any vertices oY) are in F, then the entire component?) is

a subgraph of’. As we have noted, there are frozen cycles (arising from d«bel
frustrated figure eights) of sizec poly(n) for (1 +¢)/2Q2 < = < 7. and almost
surely a constant fraction of these vertices are subsumed i), which has size
O(n). Then for™ > ~,, the giant component df/ is almost surely contained in
some weakly-connected componenfofThusF almost surely contains a frozen core
') for v > v, which is at least as large &$V).

Because the qubits in the frozen core cannot mediate naattibng-range con-
straints between non-fixed qubits, and do not contributdéovilue of thet2-QSAT
instance, they in effect play no role in the solution and maydmoved. Lety = 2
By Ref. [7, Theorem 9b], the subgraph’’) contains(1 — 5=5-£(7Qw0))n + o(n)
vertices, where

kkfl
§(p) =D =5 (2pe0)" (22)

k>1

and where—g( ) expresses (almost surely and upotd) error) the fraction of ver-
tices which are contained in tree components in an ErdésyRjraph withon edges.
Following Ref. [7, Theorem 4b], the functigh: [0,c00) — [0, 1] has the property that
£(p)e¢(P) = 2pe=2¢. We may show that for any super-critical edge-dengity %
there is a sub-critical edge-densjiy:= %E(p) < % such that the distribution of the
sizes of tree-components for the edge-densiti@sdp are the same up to a normaliza-
tion factor®> Thus deleting the giant component from the Erd6s—Réraplymwith den-
sity p gives rise to a graph indistinguishable from an Erd6syiRgmaph with density,
albeit on~ L g( )n vertices. More generally, deleting the subgr&ph) from the graph

Gyields a graph indistinguishable from an Erd6s—Rényphran QWng(yQoo)n ver-
tices, with edge-density given by

£(1Qx) 1
Qzﬁ] = 36(1Qw0) + e E(1Qx)?  (23)

where the first term accounts for the densityof. TY), and the second term accounts
for the contribution of edges< E(G) ~. E(U) which are also not incident ©(V).

As the frozen cord (") D T'(Y) grows, the subgraph af that remains after re-
movingI'¥) becomes more sparse, and eventually becomes highly disctath That
is to say, the instance with the frozen subsystems inclusléighly decoupled. Note
that£(p) = 2p for p € [0, 1], achlevmg a maximum of and then decreasing for
p > 3. Itfollows thaty = v for yQ < 3, achieving a maximum af/2Q.. and then
subsequently bounded by

5 = 1e(1Qu) +7(1 — Q@[

< 3] €000 < 2Boéh0x)
< ,-yeg('YQoo)e_Q'YQoo g 761_2’)/@00. (24)

X

SConsider a randomly selected tree comporérand letr, (t) = ﬁtt 2(2pe~2P)t. The probability
P,(t) that T has sizet, when selecting tree-components from the Erdés—Réraptgmwith pn edges, is
thenP,(t) ~ 7,(t)/5,7,(k) by Ref. [7, Eqn. 2.22]. Frong := %5(;)) and Ref. [7, Eqn. 4.4] we may
immediately see thal, (t) = P;(t) for all t. As all but an insignificant number of vertices are contaiimed
either the giant component or in trees, the two distribtion graphs are indistinguishable.
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If 29Qo —In(2v) > 1, we then havé < 1. Inthis casez ~ I'Y) becomes subcritical
and thus highly disconnected; the same is then tru@ ef (/)

Thus for~ sufficiently large, frustration-free instances#2£QSAT almost surely
contain a frozen core pervasive enough to cause the problém highly decoupled.
It is easy to show that such a frozen core can be easily ddieasewell, using the
same techniques as described in the preceding sectiorugirdted figure-eights. We
may detect the existence of alternating and quasi-alteghétops at each vertexin
the graph, and then consider the constraintsc@and its neighbours to discover an
initial set of frozen spins. Following this, using a single&dth-first traversal, we may
discover the entire frozen subgraph and its largest comma@mparticular. Discovering
the frozen core is therefore possible in polynomial timegsitandard techniques.

3.2 Bond-percolated lattice graphs

The analysis for rando-QSAT is much simpler for bond-percolated square or cubic
lattices. In this graph model, we take vertices labelleuegita, b) € {0,1,..., L—1}>

or (a,b,c) € {0,1,...,L — 1}3, and connect each pair of vertices which differ by
in a single co-ordinate, independently with some probigbili We letd denote the
dimension of the lattice, let = L¢ be the number of vertices and ~ dpn be the
expected number of edges.

The analysis of phase transitions in the difficulty#0fQSAT for independent fac-
tor constraints is simpler for percolated lattices tharBatés—Rényi graphs, as cycles
arise in the percolated lattice much more easily and as thed®f each vertex is nec-
essarily bounded. Furthermore, we only expect the largesponents to grow with
if p is greater than a “percolation threshola’ [10],° in which case the largest com-
ponent is unique and scales@én). For#2-QSAT with independent factor constraints,
this allows one to show:

e #2-QSAT is almost certainly efficiently solvable for any valuegfas there are
overlapping phases of frustrated and highly disconnecisthmnces, occurring
respectively fop € w(n='/7) andp < p. € O(1);

o For frustration-free instances ##-QSAT, provided tha) o := 1 — ||q]|cc > Pe,
there is a transition directly from highly disconnectedamees forp < p. to
highly decoupled instances fpr> p., due to the emergence of frozen subgraph
whose components decouple the system into small non-atiegecomponents
(in a way which is similar to, but more straightforward th#re analogous phe-
nomenon in models on Erd6s—Rényi graphs.)

In this Section we outline these results in enough detaildacate how the results may
be shown more completely. Furthermore, results which améagiin quality could also
be shown for any lattice model, depending in practise onlyhersize of the smallest
cycles and the percolation threshgldof the lattice.

3.2.1 Critical thresholds for unconditional percolated latice models

If each edge in @-dimensional rectangular lattice (fdre {2,3}) is present indepen-
dently with probabilityp € o(1), then the first components with cycles to emergg as

8For dz, we havep. = %; for d = 3, we havep. ~ 0.24881; c.f. Ref [10]. N.B. Ford = 3 it is not
yet known whether there exists an infinite component whenp.; this is known not to occur fod = 2 or
d > 19, and the same is conjectured fbe= 3 [10, Section 9.4].
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increases are the ones with the fewest edges. That is, ifttability of there being a
componentirG which is isomorphic to a graphis (1), thenG will contain infinitely
many isomorphic copies of any componghfor which |E(g')| < |E(g)|. The first
components with cycles to emerge are therefore individyadhee facets of the lattice,
which are almost surely absent fo= o(n~1/%), and present in infinite abundance for
p € wn=4.

The smallest subgraph of a rectangular lattice which coataio cycles is domino
graph as pictured in Fig. 2, which has seven edges. These arddheamost cer-
tainly absent forp € o(n~/7), and almost certainly abundantly present forc
w(n=Y7). It is not difficult to show that each of these has a constaobaibility of
being afrustrated domino a system similar to a frustrated-figure eight in which the
constraints give rise to unsatisfiable restrictions on thgef the two central qubits.
Consider the three independent paths between the centtaegeof a domino sub-
graph (also depicted in Fig. 2). Given that each edge reptesenon-zero constraint
(which happens with constant probability), the two outeéhpan the domino each give
rise to a non-zero path constraint with probabili}y = (1 — ||q||3)?. With some
probability, the three path constraints will act on eachhdirt endpoints in a differ-
ent way from the others. This remains true even for clas#isthnces of2-SAT, if
the constraint-operators are chosen from a probabilityidigion over a distribution
on {{00|, (01], (10|, (11]} in which each element occurs with probability1), each
such domino is unsatisfiable with constant probability, inickh case the entire in-
stance of#2-SAT which contains it has value zero. (This would occur, foranse, for
an independent factor distributian= (g1, ¢2) in which (a;1] = (0] and{az| = (1],
whereq; andgs are both bounded away from zero.) Thus, there is a phasétivares
p € ©(n~/7) from almost certain satisfiability to almost certain unsfbility, due
to the probable emergence of frustrated dominoes, of wiiiehetare almost surely
infinitely many oncey € w(n=/7).

The components in a bond-percolated latticezfoe O(n~'/7) almost certainly
have sizeD(1): specifically, they will almost surely have seven verticeiewer. Thus
the complexity of computing2-QSAT is almost surely governed by that of multiplying
O(n) “small” integers. A simple algorithm to do so is described\ppendix A. Thus,
#2-QSAT is almost surely easy fgy increasing up to, and even through, the phase
transition atp € ©(n~'/7); afterwards, of course, the value is almost surely zero.
Difficult instances of#2-QSAT on percolated lattices are thus either ones which are
asymptotically monotone — that is, for whi€h, decreases with — or ones which
almost surely never occur. Similar phenomena will occurdiay lattice model, with
a phase transition at € ©(n~'/#), whereg is the number of edges in the smallest
subgraph having more than one cycle.

3.2.2 Critical thresholds for frustration-free percolated lattice models

To obtain interesting instances#¥-SAT or #2-QSAT on a percolated rectangular lattice,
we must condition on models which are frustration-free. e, forp less than the
percolation probability., almost surely the resulting graggh contains only compo-
nents of sizex(f(n)) for any f € w(1).” This implies that fop < p., it again suffices
to compute the values e2-QSAT for each component individualfso that#2-QSAT is

"Ford = 2 (for whichp. = %) ord = 3 (for whichp. ~ 0.24881), the distribution of component sizes
decreases geometrically (for< p.) [10, Section 6.3], and almost surely no infinite componeusts.

8As the components all have essentially constant size, thist done for each component@t{log n)
time, dominated merely by the time required to process theldeof vertices.
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Figure 2: {Top:) An isolated “domino” subgraph of a ' :
square lattice. Dashed lines indicate missing edges inci-. g

dent to the subgraph. A domino subgraph in a 3D lattice @
may also occur with the two cycles meeting at a right.. S
angle. Bottom) lllustration of the three independent d; €7 [}
paths between the central qubits of a domino subgraph. '

If the constraints acting olvdo so with different tensor

factors(a|, (¢/|, (] : C* — C and similarly for the 'e @’

constraints(s|, (8’|, (8”| : C* — C acting one, and c

the path-constraints are all non-zero, then these form an

infeasible system of constraints on the states afide.  d f
e” e e

Similar remarks apply for any pair of qubits connected
by more than two independent paths.

almost surely efficiently solvable so long as< p.. It thus suffices for us to consider
the regimep > p..

We may proceed similarly to the analysis of the giant compobire frustration-
free Erd6s—Rényi models in Section 3.1.3. Would-be faistl subsystems — such as
frustrated figure-eights on seven vertices (consistingvofdquare cells intersecting at
one qubit) or would-be frustrated dominoes — will arise inatance fop € O(1).
Each one gives rise to several qubits with fixed states, wdociribute to the presence
of a non-empty frozen subgragh If there is a giant componeit®), then there are
almost certainly would-be frustrated subsystems insideédtask to what extent these
give rise to frozen subsystems which decouple).

As with the Erd6s—Rényi case, we may @t. = 1 — |q|/- be a lower bound
on the probability that any two constraints coinciding auditgive rise to a non-zero
constraint on a path of length two, such that we may treatthss independent events
even for various pairs of constraints meeting acting ondmeesqubit. For instance, the
probability that any domino subgraph is a would-be-frustialomino is at leasp? .
For any qubitz € V (F'), the probability that some neighboyin G is also subsumed
into V(F) is also at leasf)~,. We may then consider a percolated lattice mddéh
which edges are present with probabilipy., and any such component which contains
a frozen seed gives rise to a component in the frozen subdfaph

When does the frozen cofé?) decouple an instance 62-QSAT? That is: when
doesG ~. V(T'F)) decompose as a collection of small components? This retathe
problem, wheri/ has a giant component"), of whether the complement &%) in
the complete (square or cubic) lattice has any infinite camepts (in the limith, — o).
For bothd € {2, 3}, there exists a threshofg, < 1 [11] such that the complement
of I'(Y) in the lattice decomposes into components of finite size when > pfin.°
Consider the cas@., > p.:

o If p = 1 (that is, G is simply the entireO(n)-vertex square or cubic lattice
segment), then by constructieh~ U is a collection of small components. As
I'(Y) is almost surely subsumed by a frozen cbf€) of qubits with fixed states,
which do not contribute to the value of th-QSAT instance. As the complete

9A simple duality argument shows thag, = p. = 2 for d = 2[11]. Ford = 3, only know the more
general resulp. < psin < 1is currently known. While no numerical results are knownuhg,, for d = 3,
the growth of infinite clusters in each planar cross-seatibtie cubic lattice suggests that, is closer to
1 — pc than tol.
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lattice with T(*") removed consists of components of finite size, the resulting
instance o#2-QSAT is highly decoupled.

e If p < 1, then we may model the resultifgQSAT instance on the percolated
lattice by reducing from the previous case (in which theanse is highly de-
coupled), and removing each constraint in the completiedattith probability
1 — p: doing so does not make the instance any less decoupled.

Thus, forQ.. > piin (Which occurs foi|q||.. below some constant), there is a phase
transition for random frustration-free instances#»fQSAT from highly disconnected
instances to highly decoupled instances. This means thdt£02, difficult instances
of #2-QSAT are only likely if the constraint model is “at least as mom@bas some
distribution of classica#2-SAT constraints; ford = 3, a bias towards monotonicity
which would be substantial even f&-SAT is necessary to obtain difficult instandés.

As a final remark, note that even in the case that < psin, there is a chance that
frozen subsystems will decouple the largest compoiéfit into small subsystems.
Any domino-shaped subsystemIf~) has a finite probability of containing a frozen
cycle, which can be treated in the giant component as hodethwahe removed from
(%) with some finite probabilityl — Psge > 0. Using results on mixed site- and
bond-percolation [12], ifPsep < p., the giant componeri(<) still decouples into
small subsystems whose degeneracy may be efficiently cetipute do not present
any quantitative results fap., < p., but mention this to indicate that it likely that
#2-QSAT may remain easy even for some valdgs < p., for reasons similar to what
we have shown fof) ., > p..

4 Open questions

The results of this article may allow for some improvememtbjch would further
bound any “difficult” regime in random distributions #-QSAT on random graphs.

e For frustration-free instance§)., = min;(1 — ¢;) is used as a percolation
probability on an existing random graph, to obtain lowerrmtgion the transition
to a highly decoupled phase; where@s = E;[1 — ¢;] is used for potentially
frustrated models (where we taRe[;j] = ¢;). Can we replace bounds involving
Qo With tighter bounds involving),?

o If we remove the condition of frustration-freeness fréPrQSAT altogether, we
are left with the problem of computing the degeneracy of ttoeigd-state man-
ifold of a potentially frustrated Hamiltonian. Physicatuition suggests that
this is typically “1”, but as with#2-QSAT, the classical problem of determining
how many boolean strings satisfy a maximum number of coins¢régs a hard
problem in general. Under what conditions is it provablyye@mscompute the
ground-state degeneracy of random local Hamiltonians?
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10This implies, for instance, that uniformly rando#-SAT on bond-percolated cubic lattices is almost
surely efficiently solvable whether or not we condition otis$ebility.
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A An effective technique for multiplying together long
lists of mostly small numbers

The value of an instance @2-QSAT is at most2”. We may decompose the value of
an instance of2-QSAT as a product of the values of each connected component. In
the easily solved instances which arise either when theaatien graph is highly dis-
connected, or when a large frozen subsystem decouples tmétbtdian into small
independent subsystems, the valuesbRSAT for these instances ©(logn). One
might then show that simply multiplying together these ealean be performed in
polynomial time, by accounting for the increase in size efititegers involved in the
multiplication as more and more factors are included in tloglpct. Rather than anal-
yse the growth of the product in an iterative multiplicatagorithm, we will show a
different algorithm, by which the complexity of evaluatitiys product is asymptoti-
cally no greater than multiplying two-digit numbers.

By sorting the non-giant components@fin order of size (we assume only non-
giant components henceforth), we may construct a binaeystneh that

e The leaves represent sets, each of which contains an individmponent and
having a stored2-QSAT value of one more than the component size;

e Each node which is not a leaf represents the union of the $etsnoponents
represented by its child nodes, and stores the product gf2tksAT values of
its children;

e The#2-QSAT values of the children of any node are either similar in sizg.(lif-
fering by a factor of at most), or the degeneracy of one of them is constant
(e.g.at most3).

We start by pairing the largest component with the secorgeitrcomponent; in the
case that the second-largest component is less than haifzenef the largest, we first
pair it together with a small componerd.§.isolated vertices), and pair the largest
component with the parent to these two nodes. We continuiasiyrfor the next two
largest components, using the smallest components to ewapefor differences in
the size of the degeneracies of subtrees. (Because the¢¥ayecomponents in the
Erdds—Rényi graph for any number of edgesthe components of constant size must
dominate, and the smallest ones will occur most frequerstlg eesult of the reduced
probability of being merged with other components. For bpadcolated lattices, the
distribution of component sizes is monotone decreasingrigibbond-percolation prob-
ability p, so again small components dominate.) The degeneracy sbtienode of
the tree then is the degeneracy of the Hamiltonian.

The number of bits required to represent the degeneracychatleeel in the tree
either remains about constant, or decreases by a fact®y wfth each level down
from the parent node. Due to the domination by component®$tant size, there
will be ©(n) leaves on either side of the tree, so that it will have depflogn);
most subtrees will be balanced. Thus there will be approtém#® (log ) rounds of
(in principle parallelisable) multiplications, where tHe round from the final one is
between numbers of size/2¢, and each round involves abokft multiplications in
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total. For any given multiplication algorithm running inree timeO(n<) (e.g.where
d = 2 for the usual straightforward algorithm taught in schoolgg can recursively

evaluate the value of the enti#®-QSAT instance, corresponding to the root node of the
tree, in time

O(logn) g Oogn) (1—d) O((1—d) logn)
t (N _ t-d), d _ |2 —2 d d
Z 9 (?) — ZQ( Ind = [ 500 n® € O(n%). (25)
t=1 t=1
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