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Abstract

Network coding [1] is a technique to maximize communicatiates within
a network, in communication protocols for simultaneous tivpdrty transmis-
sion of information. Linear network codes are examples ahsprotocols in
which the local computations performed at the nodes in thear& are limited
to linear transformations of their input data (represergectlements of a ring,
such as the integers modud. The quantum linear network coding protocols of
Kobayashiet al. [17, 18] coherently simulate classical linear networkesdising
supplemental classical communication. We demonstratetiae protocols cor-
respond in a natural way to measurement-based quantum ¢atiops with graph
states over qudits [21, 4, 8] having a structure directlgtesl to the network.

1 Introduction

Network codind1] is a technique to maximize the rate at which a set@mirce nodes
can simultaneously transmit a set of independent messagesrtaintarget nodes
through a fixed network. For this purpose, it is sufficient ieegeach communica-
tion link enough bandwidth to accommodate multiple messdgebe transmitted at
once: however, less bandwidth may be required at each liokef allows nodes to
distribute information about the messages across the nletwb classic example is
the two-pair problemon the “butterfly network” (illustrated in Figure 1): rathibran
halve the bandwidth between two messages at an apparelenlecit in the network,
the internal nodes may perform simple local computationthermessages, to allow
the input data to be reconstructed at the targeitsear network codings the special
case in which the protocol only requires each node to comglitear transformation
of its inputs to achieve this goal.

We considerquantum network codingn which we perform similar tasks with
guantum states transmitted through noiseless quantunmetsart is immediately ap-
parent that some problems which can be sensibly posed fassidal” network coding
are impossible in general for quantum network coding. Fstaince, while a classical
network code allows for the each of the source nodes to eacheseopy of their inputs
to bothtargets in the butterfly network (see page 4), this is claastypossible for quan-
tum states due to the no-cloning theorem [24]. Other problesmich do not require
multiple copies of the input states to be re-created at tiygudsuch as the two-pairs
problem above) are still potentially unsolvable with fixespacity quantum channels
alone, even when the corresponding classical problem vaiska [15, 19]. However,
some of these problems become feasible for quantum statess thb network nodes
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Figure 1: Thebutterfly network with source

nodesS; and S, and target nodeg; and Tb. st _) e .
The two-pair problem on this network is féf !
to communicate their input to the targgt, and

simultaneously forS; to communicate their in-

put to the targef? , assuming that each edge can @ @

carry at most one message (represeptgdy a
single bit,0 or 1). The classic solution is fos1,
S2, andV; to duplicate their inputs, and fdr,
T1, andT> to compute the parity of their inputs, 52 _’ @ t2

in which case(ts, t2) = (s2, 51).

share prior entanglement [14], or if the capacities of thammnication links scale as
the logarithm of the number of target nodes [22].

Because classical information is easier to faithfully srait and transform than
guantum information, it is common to consider quantum prok®which also allow
classical communication, and where fewer restrictionsimgosed on the classical
than the quantum communication (see Ref. [20]). In a settihgreno restrictions
are imposed on classical communication, Kobayastal [17] describe a quantum
protocol for thek-pairs problem the problem in which each df source nodes wish
to communicate their input message to oné distinct target nodes. Their protocol is
in effect a coherent simulation of a classical linear nelwarde. More generally, for
any classical linear network code which performs some iivjedinear transformation
t = Ms of the input data, Ref. [17] yields a corresponding quantuotg@dure to
coherently simulate that network over for arbitrary supsifions of input data. We
call such a protocol a (classically assistgdipntum linear network code~or thek-
pairs problem, the protocols of Ref. [17] were subsequesktgnded in two different
ways by Ref. [18]: to restrict the classical communicatiothte same network as the
guantum communication (albeit with multiple rounds of coumitation, and sending
a single message backwards as well as forwards along eacghuwaiation link) and
to accommodate non-linear protocols as well.

In this article we show that classically assisted quanturedi network codes in
the style of Ref. [18] are in effect an instanceoofe-way measurement based quantum
computationMBQC) [21, 4, 8, 9]: a model of quantum computation in which one may
entangle an arbitrary input stalt¢) with a graph state, which is then subjected to a
sequence of measurements, leaving a final residual statdwbitains a transformed
statelU |¢) for some unitary transformatiéi/. Furthermore, the graph state used as a
resource is closely related structurally to the networldusehe coding protocol. This
demonstrates a link betwe&BQC and linear network coding, construed as distributed
models of computation, and suggests novel ways of intérngy@eheasurement-based
procedures. At the same time, this suggeseC as a unifying framework in which
to consider multi-party quantum networking protocols)uiing cryptographic appli-
cations formulated in the one-way model [3, 16] as well asdaad security proofs of
BB84 [23].

Lin general, the transformation which is performed on antisfate|v) is not necessarily a unitary trans-
formation, but rather some completely positive trace présg map® acting onpg = |¢)(|. However,
standard treatments of the one-way model describe how meFaents on graph states may be used to simu-
late the transformations performed by unitary circuitsialutby construction would transform the input state
[1) unitarily.



Figure 2: Anillustration of the trans- by by
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2 Preéiminaries

In this section, we present introductory remarks on clas$icear network coding, and
summarize the development of Refs. [17, 18]. We assume ifaityl with standard
models of quantum computation on qubits, as well as measmebased quantum
computation (see.g.Refs. [21, 4, 8, 9] for introductory references). We introdthe
notation and the definitions for the operators used overtgofidimensioni below.

2.1 Classical network coding

We model a communications network by a directed graph of conications links,
each of which can be used to transmit a single message from s@masage sét/. In
this article we suppose that’ consists of a cyclic ringZ, = Z/dZ. The messages
are sent between co-operative agents (represented by abttesdigraph) who may
perform some non-trivial transformation of the data theeiree from ingoing links. In
the context of linear network codes, the transformationfopmed by each node are
linear transformations, as represented in Figure 2. Thdtresthis computation is
then sent as output messages to other nodes. We restriefvas$o directed acyclic
networks, and assume that each node waits for all inputsit@drefore computing its
outputs.

The canonical network coding problems involve distribgtinformation from a
collection of sourcenodesS = {Si,Ss,...} to a collection oftarget nodesT =
{T1,Ts,...}, such as thenulticast problen{in which each sourcé&; must transmit
their data to every one of the targétg, and thek-pairs problem(in which each source
Sy, tries to send their message to a single taiget,, for some permutation € &,
of the indices). The source nod8s each have some piece of information, usually
represented as a single elemente Z, or vectors; € Z’. To put the source and
target nodes on an equal footing to the other network nodesuppose that the inputs
s; of the sources; are messages received from elsewherg.étorage devices owned
by the source nodes), and the outptitdo be computed by the targel§ are also
transmitted to somewhere, as depicted in Figure 1. A salui@linear network codes
simply assigns linear transformations to each node, in sueghy that the composite
transformation performs the correct redistribution oflihmessages.

We regard linear network coding as a distributed model of uatation, in which
linear transformations are decomposed into block matriedere each non-trivial
block is represented by a single node. Boy linear functionf — of which thek-
pairs and multicast problems are special cases — we constdeh transformations
the nodes may perform (if any) to compuyteFigure 3 presents the multicast problem
on the butterfly network in this form, to which one solutiorthie following assignment

2n the setting where messages represent elements of a felitesii’(p”) (seee.g.Ref. [13]), we may
replace each communication link withparallel communications links, representing element&Bfip")
asr-dimensional vectors ovesF (p) 2 Z,. In the case of linear network codes, this leads to no loss of
generality, as evergiF(p")-linear transformation of messages is alSGB(p)-linear transformation.
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Figure 3: The multicast problem on the butterfly networknfafated as a linear transformation
over the ringZ,. A solution by linear network coding decomposes this tramsftion as a
product of block matrices according to the network struetuy typical solution to this problem
is presented in Eqgn. (1).

of matrices to each node in the network:

Slszvgm, i=[1 1], Tl[_i (” TQ[(l) H (1)

2.2 Classically assisted quantum network coding

We now outline the constructions of Ref. [17], and also of.IRE3] in the special case
of linear coding protocols over the ririgy; of integers modulal, for protocols using
message qudits of dimensidn

Consider a nod& performing some coding operatign= Vx for x € Z and
y € ZJ' in a classical coding network. We may simulate this node kializing an
output registely = 0 € Z*, performing a bijective mappingk,y) — (x, y + Vx)
in the larger spac@f}*m, and then discarding the inpxt The bijective mapping can
be performed by elementary row transformationsmvhich in the quantum setting
may be performed by controlled-operations,

d—1

AX = le)cl; ® X, )

c=0

whereX |¢) = |¢ + 1 mod d) is an analogue of the unitary Pauli operatpron qubits.
Consider a generic nodé which accepts a collection of input qudiis, ..., a, as
input and produces output qudlts . . ., b,,,, coherently simulating the transformation
[X)ay--ap — |TX)p,.b,, - IN the construction of Ref. [17] for quantum linear codes,
V simulates this transformation by preparing the qudlits. . , b in the |0) state, and
performing the transformations

AX Vi (ka>® |0>) = |zk) ® |Vj ezn) )

on the quditsy, andb;, for every indext < j < £andl < k < m in any order. For
standard basis states, the result is to transfeff0o) — |x) |V'x). This characterizes a



linear transformation
m /L
i Vi
Ov = | TTTT Ax.25, <la®|0>b) , (4)
j=1k=1

which is a unitary embedding for any transformation(An example of such a circuit
is illustrated in Figure 4.) If the qudits,, ..., a, where originally in standard basis
states, we could simply discard them; but if they are ifitialot in standard basis
states, they will become entangled with . . ., b,,,. To decouple them, we attempt to
project each of the qudits; to the|+) state by measurement,

4 = Z(0+ D+ +1d-1). (5)

Successfully doing so on a generic input stat® = »_ ux |x) would lead to the
sequence of transformations

) — D ux [¥)a |0 Dt [x)a [V

1 L
— = <(§3 |+>ak> ® zx:ux V)b - (6)

This mapping is of course non-unitary: projection optg must be performed as part
of a measurement onto some basis. Ref. [17] considers a reeasuot of the qudits;
in the Fourier basis,

d—1 d—1
1 TITT 1 ik
|wy) = Vi E e’ /d|3:> = F|r), whereF = 7 E e?mike/d |lz)(r|. (7)
=0

z,r=0

The operato#’ is thequantum Fourier transform ovet,;. We may attempt to simulate
projection of each qudit; onto|+) by Fourier basis measurements, where a result of
|wo) is a success, dsi) = |+). If we obtain resultéfwr])for r; # 0 instead of|+),

the post-measurement state is

4
<® |wr) ) ® Y uxe N/, (8)
k=1 x

up to normalization. IV is injective, the relative phase 27(* %)/ can be undone by
a suitable application of operations on the qudits, ..., b,,, whereZ is the unitary
generalization of:

d—1
Z = e g)(q|. 9
q=0

If V' is notinjective, then only certain vectarsf measurement outcomes can be imme-
diately corrected, resulting in a non-unitary CP map. Havekegardless of whether
some nodes in coding network perform non-invertible openat the relative phases
which accumulate on the entire state are linear functiorenTif the transformation
performed by the whole network is injective, the phases lwhave accumulated due to
the measurements can be undone if the target nodes havéesuffiformation about
the measurement outcomes.



The protocol of Ref. [17] solves thepairs problem: thus the transformation it per-
forms is indeed injective. Each node simply transmits theasurement outcomes to
each target node, which performs a suitable combinaticgh@berations to correct the
relative phases. Ref. [18] presents an alternative prbtoaghich the measurements
are deferred until after all quantum messages have beeresehin which the internal
nodes of the network do the majority of the phase correctiaagollows. Consider
a node which attempts to coherently simulate a transfoomdti: Z4 — Z7 in the
middle of a coding network which attempts to coherently dateia transformation
M : 77 — 77 onan input state)) = 3" ux [x). Suppose that we perform the sim-
ulation procedure above, but omitting the Fourier basissueaments. For some linear
mapsH and K, the state after the final quantum messages is in generaltangied
state of the forr

[9) = 3"t x)s © [Mx)7 @ (|KX)ar .00 @ [LEX)y .0, ) & [ HXrests (10)

where the factors in parentheses are the input and outpitsqadhe nodel. If the
quditsby, .. ., b, are measured in the Fourier basis by the nodes to which tkeeeat,
they yield some outcomes, ..., r,,, and the remaining qudits are transformed to

W) = > ux [x)s ® |[Mx)T @ (e*““-LKXW |Kx>a1,...,w) ® | Hx)rest, (11)

wherer is the vector of the outcomes. Let= L'r: we haver - Kx = r - LKx
by construction. If the nodes which perform these measunérsend the outcomes to
the nodeL, then L can undo the phases induced by measurement of the dydits
performing the operatiod™ := Z71 Z72 - - - Z;¢, which performs the mapping

2377250 | (K), (Kx), -+« (K), )

exp(% [Tl(KX)l 4+t Tg(Kx)gD | Kx)

— eQm’(‘r»Kx)/d |KX> ) (12)
Performing these corrections ¢#i’) then yields the state

[U7) = D ux [xX)s @ [MX)T ® |KX)ay,...ar @ |HXrest, (13)

which has fewer unmeasured qudits tHar, and no relative phases. This simulates
projecting the qudits,, . . ., b,, to the|+) state. By induction, if each node aside from
the source nodes (but including the target nodes) meaduwegésiiput qudits in the
Fourier basis, and communicates the outcomes backwandg #ieir incoming links

to the nodes which provided those qudits, those nodes caaatdor the effect of the
measurements. Eventually one obtains the state

[T) =3 " [x)s @ [Mx)r, (14)

3The final tensor factor is on the remaining nodes entangléd tvé sources, whose components in the
standard basis are again some linear transformations aftéinelard basis on the source nodes’ inputs; by
induction on the depth of the coding network, one may showkhand K are indeed linear transformations.



which is an entangled state of the (collective) inputs tosthérce nodes and the outputs
of the target nodes. If the source nodes measure their gudite Fourier basis, it
suffices for them to communicate the outcomes to target nadasch a way that the
outcomes can be corrected.

For arbitrary linear transformationd, direct communication among target nodes
or between the source and the target nodes may be requiredache relative phases
induced by measurement. If the source nodes measure thdits gund collectively
obtain a vectos of outcomes, the resulting state on the remaining qudits is

|\Ij(n+1)> _ Zuxef%ri(sx)/d |MX>T. (15)

If M has a left-inverset, and we letB = AT, it suffices for the sources to somehow
communicate; := ), Bjs to the target nod& which is responsible for producing
the messagg;. This would allowI to perform aZ% correction and undo the relative
phase on th¢™ output qudit. Specifically, if the sources collectively amumicater =

Bs to the targets, who collectively perform the phase openattsy = Z7' Z;7> - - - on
the target qudits, the resulting state is

|\I,(n+2)> _ Zuxe%\'i[o‘-(k[x)fsx]/d |Mx)r — Zuerﬂ-i[sT(A]W—]l)x]/d|MX>T

S [ M) (16)

There are special cases where the amount of communicatiired outside of the
network can be bounded. In particular, for theairs problem wheré/ is a per-
mutation matrix (so thatM —!)T = M), it suffices to perform the classical linear
coding protocol on the vecterto transmitoc = Ms to the target nodes. In this case,
all classical communications may be restricted to the saeteark as the quantum
communications — albeit using each communication link anceverse, for the mea-
surements of the qudits involved in the intermediate messalylore generally, if\/

is injective and there is a block-diagonal matBxwhere the blocks act on collections
of messages held by individual target nodes) suchtha3 M = 1, the sources may
communicatel/s to the targets, allowing the target nodes to compute B Ms and
use this to govern phase corrections.

3 Classically assisted quantum linear coding
ISone-way MBQC

We now show how any coherent linear coding protocol, as destin Section 2.2,
is in essence a measurement computation in the one-way maddhe graph states
of the MBQC procedures constructed in this way are easily derived fimencbding
network itself: allocate two entangled qudits at either ehelach communications link
in the network (one for the node on either side of the link)thwiurther entangling
operations between the qudits corresponding to the inapiimiks and the outgoing
links. The corrections are the same as for the coherentgaoditwork, albeit with some
supplemental corrections arising from the way that A} operations are simulated.
If we follow the protocol of Ref. [17], the corrections aré @éferred to the end of the
procedure, as in standard treatments of measurement-t@sgaitation.
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Figure 4: Equivalent ways to decompose a unitary transféema/y which prepares a single
message qudit, for a single-row matfix= v . The left-hand circuit represents the decompo-
sition of Egn. (4). Variables; below operations denote the power to which the circuit djmra

is raised. Multi-row coding transformatioé may be simulated by several such circuits, acting
on different target qudits.

Again, we assume familiarity with the measurement basedainede Refs. [21, 7,
4, 9] for references applicable to qubits (similar resuitd aonstructions apply over
arbitrary qudits).

3.1 MBQC simulation of a single coding node

The main element of the correspondence between quantuan lveéwork coding and
MBQC is the observation thatX operations differ by only a Fourier transform from a
controlled-phase operation,

d—1
AZ = (1@ P)AX(1®FT) =) | e Z¢ (17)
c=0

which are the diagonal operations used to construct thengl@aent structures in
measurement-based computation. This means that theirejecapsly used to per-
form the coding at each node may be straightforwardly regores in terms of prepar-
ing the staté+) = F'|0) for each output qudii; to be sent, performing the entangling
operationAZ"3* between each input qudif, and each output qudit, and then acting
onb; with a Fourier transform, as represented in Figure 4.

Note that the inverse Fourier transform acting on the outpessage qudit may
be simulated by a Fourier basis measurement by introduciothar auxiliary qudit,
using a standarMBQC construction. Consider a quditin an arbitrary pure state
[y = Zi;é u, |z). We may introduce a qudit prepared in the state-), and entangle
them using a\Z" operation, obtaining the state

|\Ij>vw = AZI;w W’)v |+>w . (18)

We then measure in the Fourier basis, obtaining a statg ), and perform the opera-
tion X =" onw. We may use the stabilizer formalism (s=g.Ref. [10]) to succinctly
verify how this sequence of transformations, consideredRasnaps, transforrX’ and

7 as these generate an operator basis for single-qudis sthige will suffice to show
how it transformgy) , to F'T 1)) ,,. Specifically, we wish to see how the group of Pauli
operators whiclstabilizethe statei(e., at each point in time, those Pauli operators for
which the state is a1-eigenvector) transforms, for states eand/orw. We use the
following facts:



e We writew = exp(25!) € C as a minor abuse of notation: it is easy to verify
that X |w,) = w” |w,). In particular,|+) is the uniquet1-eigenvector ofX up
to scalar factors.

e Measuringuv in the Fourier basis is equivalent to measuring the eigtasiaf
X, obtaining some statev,.): the post-measurement state is then stabilized by
w~"X,, as well as by operators (but only those operators) whichncota with
X, and stabilized the pre-measurement state.

e ConjugatingX, by AZ!  yieldsX,Z} , and similarly conjugating(,, by AZ.,.,
yields Z! X,,. As they are diagonal, conjugatirfty, or Z,, by AZ,,, has no ef-
fect. Conjugating byX " transformsZ! tow~"ZT, and leaves\,, unchanged.

We may then describe the sequence of transformationgpnas follows: for any
scalarg € C, the operatop X, transforms as follows:

(6X0)

PP, (6, Xo)
T

S (X, 2L, Z1X L)
MO (BX, ZE, WX = (wTTX,) @ (pw” Zh)
(W™ Xo) @ (92]) . (19a)

-
X" corr.

so that these operations transfop,, +— ¢Z} ;

)1

and similarly,

(620) PRI oz X)) D 67, ZEX) = (67, 6X.)
X, meas. <w"'XU, ¢7Xw>
X, " corr.

(W Xy) @ (9Xw) (19b)

so that we obtaipZz, — ¢X,,. Similarly, for any Weyl operato¥V, ; [10, Defini-
tion I1], the operatogplV, ;, acting onv will be transformed to a Wey! operatgii_,,
on w; the calculation is straightforward. This implies.f( [10, Eqn. 17]) that aside
from the teleportation from to w, the effect is an inverse Fourier transform of the
state.

Thus, we may simulate the coding procedure of a n@das described in Sec-
tion 2.2 as follows. Provided a collection of incoming gsdit, . . . , a;, we may pre-
pare output qudits, . . ., b,, by:

1. preparing output message qudits. . ., b,, and auxiliary qudit®’, ... b, in
the statg-+);

2. entangling the qudits; andb’; by aAZ' operation, and performingZ"i* oper-
ations between each pair of quditsandb’;

3. measuring each qudit in the Fourier basis, obtaining some outcomeand
performing anX ~"7 operation on the corresponding output qudit

This describes &BQC procedure with inputs and outputs which we may illustrate by
a geometry(in the terminology of Ref. [9, 7]) specifying the input andtput qubits.
Figure 5 presents geometries for the partial coding operaterformed byy as in
Figure 4, and for the entire operation of a single coding n@u=uding the eventual
measurement of the input qubits): input qudits have arravisting inwards, and out-
put qudits have arrows pointing outwards.



Figure 5: Geometries afiBQC procedures for a single —0—
node performing a transformatiori : Z5 — ZT' of ag
the standard basis. Incoming/outgoing message qudits_’.
are represented by blue circles; auxiliary qudits by black

squares(a) The geometry associated to coding a single Vi p b,
message qudit, simulating the right-hand circuit of Fig- N | J .J_,
ure 4. Edges are labeled by their “weightis&. the nec- ag 5 -
essary power of\Z in the procedure. As the qudits, —0—
remain unmeasured, these are depicted as being outputs (@)
as well as inputs of this proceduria) The geometry as-
sociated to the entire operation of a coding node, includ- ai
ing measurement of the incoming message qudits. Edge> —_ b} b1
weights between the qudits, anda; depend on the cod- _)% .17_1._)
ing operation being simulated: if the coding operation A -2 ‘b2
being performed is sparse, many of these edge weights_). -1
will be zero (corresponding to edges which should be . : :
ohmitted er:jtirely). Only the qudits; form the output of : .b;n ' by
this procedure. a | —_—

p _).p/ -1 ®

(b)

3.2 MBQC geometriesto simulate entire network coding protocols

In the diagrammatic convention of this article, compositid MBQC procedures may
be represented by contracting the arrows between the sutpaarlier procedures and
the inputs of later ones. FofBQC procedures to simulate the linear network codes,
composing the geometries associated to each node yielgauits graph with a struc-
ture closely related to that of the coding network itself.e8fically, one associates
a qudit for the output qudits of the coding network, as welfasach incoming and
outgoing message qudit at each node (with qudits at the mg¢joks being the “auxil-
iary” qudits described above), and connecting them by artiipgraph corresponding
to the non-zero coefficientg;;, of the coding node. The edges of the coding network
are replaced byindirectededges with weights-1, corresponding to the entangling
operations between the outgoing message qudits (whiclithex the inputs for some
other node, or the outputs of the entire network). The dimeality of the communica-
tion links are represented by the order of the measurement@mection operations,
as well as the classical communication involved in the atiwa subroutine.

As an example, we illustrate this construction in Figure 6gdmcedure for the
two-pair problem performing awAp operation on two qudite(g.in which we use the
coding operation§; = So =V =[1 1 ]Tandvl =T =T =[-1-1]).

As every measurement involved is performed in the Fourigsisii@quivalently: the
eigenbasis of th& operator), the only information which this graphical reqmetation
omits are the order in which the measurements occur, andotineation procedures,
which we consider next.

3.3 Measurement and communication of outcomes

The corrections required to usé measurements to simulate projection optd may
be performed in two natural ways, corresponding to the patoof Refs. [17] and [18]
respectively.

10
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Figure 6: Construction of &BQC geometry for a procedure simulating a coding protocol for
the 2-pair problem on(a) the butterfly network, shown with message qudits for eachnecom
nication link. (b) The graph obtained by substituting each coding node, wihgfometry for
the correspondin@/BQC procedure. This is derived by adding vertices for “auxyfagudits
(black squares) for each output message qudit, and asegciich “auxiliary—output” pair to
an outbound network link. Edges represent powersbperations, which are used for single-
qudit teleportation along the network links. The input amtipoit message qudits of the linear
code become the source and target subsystems ofge procedure(c) The same geometry,
presented in grid formatior(d) The geometry of BQC procedure €.f. Ref. [5, Figure 7]) for
the sSwAP operation.

3.3.1 Freeclassical communication

In a setting as in Ref. [17] where classical communicatidngs, all corrections may
be deferred to the target nodes of the coding network, whiepgre the output qudits.
This is a natural approach for simulating the network coda B8QC procedure: in
measurement-based computation, it is conventional tolaten@P maps in such a way
that the output qudits are the only qudits on which unitargrextion operations are
performed. As in Ref. [17], successful projection onto [thé state (or a “0” outcome
of a X measurement) is the ideal case; it then suffices to determoiwehe errors (or
byproduct operation@ the terminology of Ref. [21]) propagate to the output gsidi
in order to correct them. We describe this in terms of commation directly to the
targets, as well as some amount of communication within tlténg network.

When simulating the coding procedure at each node usindjaydudits, measur-
ing those auxiliary qudits introduces an additional sowfcerror: if the correction is
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not immediately performed on the outgoing message qudiis,induces additional
phase errors. Commuting akib*j’” operation past an entangling operati!nﬁbU;é;,
wherec] is an auxiliary qudit for a subsequent node performing a rgdiperation
U, yields an error operatioKljj"Zc_;"U”. The operation?(ljj" does not affect the out-
come of the measurement oy as the states,.) are eigenvectors of. The Z error
on ¢; induced by postponing the correction bnis significant, but we may account
for this error by classical post-processing of the measargmesult’ on ¢} itself. Let
7 = rU,; for the sake of brevity: becauséZ " «= w"Z~"X, we may account for
an uncorrected ~" operation or; by performing anX measurement, obtaining some
outcomery,, and then subtracting from that outcome to obtain an adjusted outcome
r’ = r{ — 7 for future corrections.

More generally¢c; will accumulate uncorrected errors arising from the uncor-
rected X errors on each of the input messages on which it depends.osetmput
qubitsb; have errorsX ~"7 associated with them, these collectively induce an error

Z*(TlUi1+T2Ui2+m) — g7—&7Ur (20)

onc;. We may simulate this correction after tlemeasurement by subtracting=
é; - Ur from the measurement outcomfg yieldingr’ = r;, — &, - Ur. By propagating
the results of the auxiliary qudit measurements forwardupgh the coding network,
subsequent coding nodes may locally adapt the measurentenhees in order to sim-
ulate the correction of errors on their own auxiliary qudittowing the target nodes to
perform the necessary corrections on the output qudits of the network. Alterneliy
all of the results may be transmitted directly to the targeles, which can simulate
this sequential adaptation of measurement outcomes thease

For a coding network performing an injective transformatid : Z; — Zi,
the phase errors induced by measurement of the message maditbe corrected in
the manner described in Ref. [17]. Without loss of generalite may suppose that
the agents at each network coding node prepare their ayxdiad message qudits,
and all nodes except the target nodes communicate theioiogtgnessages to their
recipients. Afterwards, they measure their auxiliary roaesome order consistent
with the topological ordering of the network, and similacynmunicate the outcomes
forward, allowing subsequent nodes to adjust their auyillmeasurement outcomes,
and allowing target nodes to perform whatcorrections are necessary on the output
gudits. The remaining measurement operations and clhssessages are identical
to those of Ref. [17], in which it does not matter if nodes $mait outgoing message
gudits before they measure incoming message qudits.

For the sake of completeness, we sketch an inductive apptodbe” correction
protocol of the target nodes in this setting. Lebe a left-inverse of\/, and consider
an input stateq)) to the coding network, expressed as

W) = D uxlx) = > uayl|Ay). (21)
erdy y€E€img(M)

The state obtained after performing the preparation ananglement phases of the
MBQC procedure, and after performing the auxiliary qudit measwents andX cor-
rections on the output qudits, is exactly a state of the fardn. (10), of the form

|U) = ZuAy |Ay)s @ [MAy)t @ [HAY rest

yE€img(M)
=) uay |Ay)s ® ly)T ® [ HAY)rest (22)

y€E€img(M)
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for some linear mapg{. (The latter equality holds because for apyy= Mx, we
haveM Ay = M AMx = y.) Indeed, the distinction between the input qugitand
the other non-target qudits is unimportant: we may substmaditear mapA on the
standard basis of” and the mapd A on the standard basis of the other qudits into a
map

HA

(23)

where the upper rows correspond to indiceS,iand the lower rows to the other non-
output qudits. We may then write

U) = D uayly)r® |Ky)oT - (24)
y€img(M)

We may isolate any non-output qudite Q \ 7. LetQ’ = Q ~ {u}, and consider

another decomposition
Ku,
K = o (25)

where the upper row corresponds to the index for the quditd contains a row-vector
k, , andK’ corresponds to all of the other non-output qudits; we may thece more
re-write
|\Ij> = Z UAy |Y>T |’4“u' y>u ® |K/Y>Q’\T- (26)
y€img(M)
Measuringu in the Fourier basis and obtaining the outcomthe resulting state on the
remaining qudits is

W) = > wayw ") |y)r [Ky)ar, (27)
y€img(M)

following Eqn. (11). If the outcome is transmitted to the target nodes, and who
know the value ok, they may simply compute := r«, and collectively perform
Z° = Z{'Z? --- onthe qudits off, thereby obtaining

O) = Y uay ly)r [K'y)oT, (28)
y€img(M)

which is again a state of the same form as in Eqn. (10), on owerfqudits. By
induction, we may measure each of the quditQ efT in any order (or simultaneously),
and transmit them to the target nodes, which then make theppateZ corrections
to obtain the state

WY = 3" uayly)r = Y ux |Mx)7. (29)

y€img(M) x€ZY

In summary, provided free classical communication to thgatis and within the coding
network, all measurements may be performed simultaneowdly the results of the
measurement of incoming messages being transmittedlglitethe targets to perform
Z corrections on the output qudits. Measurement resultseaditixiliary qudits may be
communicated along the coding network, and used to adaptticemes of subsequent
measurements, culminating in measurement informatiofulgethe target nodes to
performX corrections on the output qudits.
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3.3.2 Constrained classical communication

In the setting of Ref. [18], we attempt to reduce the amountasfsical communication
which takes place outside of the network (but allowing mgssdo pass in either direc-
tion). To this end, we allow the source nodes and the inteiaedodes of the network
to performZ corrections. The way in which these corrections are peréorfollows
from (&) the description of howK corrections may be simulated in the setting of “free”
classical communication, as this already can be performédwith communication
within the coding network; an¢b) the phase correction procedure of Ref. [18] which
was outlined in Section 2.2. These corrections may be peddras follows:

¢ All auxiliary qudits may be measured simultaneously, arartbutcomes prop-
agated forward through the network, as in the previous aectAlternatively,
one may instead perfortd correction operations for the auxiliary qudits at each
node: this imposes an order on the measurement of the awdjiadits which
is consistent with the topological order of the network, Isatteach node may
use the measurement outcomes for preceding auxiliary gjudiien correcting
its own auxiliary qudits.

e The measurement of each node’s incoming message quditbmpstformed in
an order opposite to the topological order of the coding netywin order to allow
the node which sent each message qudit to perform the negesseections
involving its own incoming message qudits.

From this, one may derive schedules for measuring each uitie network, and for
communicating classical messages forward or backwardigfrthe network to allow
the necessary or Z corrections.

For the correction of phases induced by measurement of the gubits of the
source, following As in Section 2.2, whether the corredianising from the mea-
surement of the input qudits managed by the source nodesecaorbected without
communicating outside of the network, may depend on thestoamation which the
network performs. For any linear transformatibhfor which M "TBM = 1 for some
block-diagonalB acting on blocks of qudits held by target nodese-g.for permu-
tation matricesM — classical network coding of of the outcomes of measurirg th
inputs of the source nodes will suffice.

3.4 Overview of the MBQC construction

The above construction rests on the fact that the protoc8ledf [17] is unaffected
if the measurements are deferred until each node sends d@sages. (The protocol
of Ref. [18] in fact requires this modification.) The resultdning so causes these
protocolsto give rise to large distributed entangled staia which local measurements
are performed to simulate projection onto the state. In this sense, these protocols
are literally quantum computation by measurements; thefications described in this
Section — namely, replacement &KX operations by\Z operations, introduction and
measurement of auxiliary qudits in order to make the previoodification possible,
and communication of the results of measuring auxiliaryitgud- are straightforward
modifications which demonstrate that they are effectivelyputations in the one-way
MBQC model of Refs. [21, 7].

The MBQC procedures which result from these transformations hawepeoable
complexity to the original protocols of Refs. [17, 18], @iffng essentially only in the
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various operations performed on the auxiliary qudits, att agthe communication
and transformation of their measurement outcomes. Foriago@twork withk input
messaged, output messages, andinternal communication links, the total number of
qudits involved in theuBQC procedure is easily verified to liet+ 2¢ 4+ 2m, following
Section 3.2. The number of entangling operations involee@éch node (disregarding
exponents) is simply the same as the numbetX¥foperations involved in simulating
Uy, plus twice the out-degree (involved in entangling the baryi and outgoing mes-
sage qudits for the node). Thus there are exaxtly + ¢) more entangling operations,
in the form of AZ operations, in th&BQC protocol than there arkX operations in the
original presentation of the protocols in Refs. [17, 18]efihare also exactB(m + ¢)
additional classical messages sent inMB®RC protocol, either directly to the targets
or entirely within the network, again as a result of meagutire auxiliary qudits.

4 Open questions

In this article, we have illustrated the way in which claaflicassisted quantum linear
network coding oveZ, as described by Kobayaséi al. [17, 18] is in effect an in-
stance of measurement-based computation in the one-waglifdd 7], in particular
using measurements only in the Fourier basis (the eigenbétsie X cyclic shift oper-
ator ond-dimensional qudits). While not explicitly presented asratance ofvBQC,
the differences between the protocols of Refs. [17, 18] amelway measurement-
based procedures are straightforward, and involve no antist differences ire.g.the
amount of classical communication required. We may ask tatwktent these results
(particularly the bounds on classical communication algsif the network) hold for
classically assistedon-linearquantum codes as well.

While theMBQC model is sometimes described as a distributed model of compu
tation, little emphasis has been placed on the communitatist ofMBQC compu-
tation. A common presentatior.g.as in Refs. [3, 2]) is that measurement results
are recorded by an effectively delocalized classical @bnivhich receives messages
containing measurement outcomes from one or more agenthwianage individual
gudits, and which responds with instructions of how to penfeubsequent measure-
ments. Bounding the communication requirements @BacC procedure, to eliminate
the need of a delocalised control center, may be necessagaline the reduction in
the computational depth offMaBQC procedure (one of the theoretical selling points of
theMBQC model [21]).

As network coding subsumes constant-depth distributechatettion, we may in-
terpret these results as recommending measurement-lmampdi@tion as a framework
for analyzing multiparty communication protocols, as weeéhauggested in the intro-
duction. We may also consider this as an alternative meagygaybaching the problem
of assigning semantics to measurement-based computaipnsblem of some inter-
est in models of quantum computation [7, 9, 12, 6]. Speclficahather than interpret-
ing a measurement-based procedure as a quantum circuisevite potentially exotic
features (such as closed time-like curves [6]), we may im&tipieces of measurement-
based computations as coherently simulating transfoomsitof the standard basis on
several qudits at once. Such simple semantics is likely ewepuseful to any pro-
gramme to find novel ways of using measurement-based cotigués a medium in
which to develop algorithms (see Ref. [11]).

As a final open question, we ask whether a converse to ourtsdsulld, the form
of a classical simulation algorithm for certain measuretfsed computations by

15



linear network codes. This article shows that (a cohereahtyum simulation of) a
classical linear network code is in effect a measuremesedb@rocedure which per-
forms only X -eigenbasis measurements, on a graph state with similartste to the
coding network. This is a special case of an efficiently satable class of compu-
tations: the unitary transformations realized BWBQC procedures performing only
Pauli-eigenbasis measurements @liford group operationg which can be simu-
latede.g.on standard basis states by linear transformations on & cirgy [10]. This
raises the question: is there a sense in whisdBQC procedure on a grapfd, which
implements unitary a transformation using only measuresiara Pauli eigenbasis (or
only the X -eigenbasis) and Pauli corrections, can be “locally” seted by a classical
linear code — in such a way that the expectation value of asgisfable on a single
given qudit can be evaluated from information available @@esponding target node
— on a network similar t@=?
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