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Abstract: Anisotropic diffusion is a common physical phenomenon aesicdbes processes where the diffusion of
some scalar quantity is directionally dependent. Anigotraliffusive processes are for instance Darcy’s flow for
porous media, large scale turbulence where turbulencesseaé anisotropic in size, and heat conduction and mo-
mentum dissipation in fusion plasmas. In fusion plasmaretleeextreme anisotropy due to the high temperature and
large magnetic field strength. This causes diffusive pmegsheat diffusion and energy/momentum loss due to vis-
cous friction, to effectively be aligned with the magnetieldilines. This alignment leads to different values for the
respective diffusive coefficients in the magnetic field dii@en and in the perpendicular direction, to the extent et
diffusion coefficients can be up ' times larger in the parallel direction than in the perpeuldicdirection. This
anisotropy puts stringent requirements on the numericghoos used to approximate the MHD-equations since any
misalignment of the grid may cause the perpendicular ddfuto be polluted by the numerical error in approximating
the parallel diffusion. Currently the common approach iapply magnetic field-aligned coordinates, an approach that
automatically takes care of the directionality of the diffie coefficients. This approach runs into problems in ttse ca
of crossing field lines, e.g., x-points and points wheredligmagnetic reconnection. It is therefore useful to canrsid
numerical schemes that are more tolerant to the misalighafe¢he grid with the magnetic field lines, both to improve
existing methods and to help open the possibility of apglyiegular non-aligned grids. To investigate this, several
discretization schemes are applied to the unsteady ansotneat diffusion equation on a cartesian grid. All method
presented are generic and carry over to any other anisotdiffision problem.
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INTRODUCTION

Numerically, high anisotropy in diffusion may lead to theustion where errors in the direction in which the
diffusion coefficient is largest, may significantly influenthe diffusion in the perpendicular direction. This may
necessitate either a high-order approximation in the icrof the largest coefficient value and/or a limitation on
the degree of anisotropy (see e.g. Sovinec éflal [1], Meial [2]).

Given the high level of anisotropy in tokamak plasmas, a rmigakapproximation may introduce large perpen-
dicular errors if the magnetic field direction is stronglysaligned with the grid. Here, misaligned means that
the directions of diffusion are not aligned with the gridd@m Difficulties that may arise with highly anisotropic

diffusion problems on non-aligned meshes are:

e significant numerical diffusion perpendicular to the magnkeld lines due to grid misalignment (see e.g.
Umansky et alllB]),

e non-positivity near high gradients (see e.g. Sharma &ijgl [4
e mesh locking, stagnation of convergence dependent ontesyigg(see e.g. BabuSka and Siii [5]) and
e convergence loss in case of variable diffusion tensor (gpeGinter et al[6]).

Itis possible to use a field-aligned coordinate system. hewdhis cannot be maintained throughout the plasma;
problems arise at x-points and in regions of highly fluctugtinagnetic field directions (for instance in case of
edge turbulence). To confidently perform simulations ofriteena which rely heavily on the resolution of the
perpendicular temperature gradient we must apply a schieaméstrobust in terms of accuracy in case of varying
anisotropy and misalignment.

Although anisotropic diffusion is a well studied problerme thumerical methods to approximate it are not fully
equipped to handle extremely anisotropic diffusion proigén case of a (sharply) varying diffusion tensor and/or
high gradients of the diffusion quantity.

The focus of this paper is on the order of convergence andehgepdicular numerical diffusion for problems
with extremely high levels of anisotropy. We present nomé&tiipolation-based schemes and compare these with
existing schemes.

PROBLEM DESCRIPTION

Anisotropic thermal diffusion is described by the follogimodel
oT
ot
whereT represents the temperatutethe unit direction vector of the field ling, some source term ard the
diffusion tensor. For a two-dimensional problem the diffnstensor is given by

unit direction vector: b = [cos a, sina]?,

D = Dybb+ D (Z — bb),

D— D”b%"‘DJ_b% (D” —Dl)blbg
(D” — DJ_)b]_bQ le% + D”bg ’

whereD| and D, represent the parallel and the perpendicular diffusiorfficeent respectively. We define, y

as the non-aligned coordinate system and as the aligned coordinate system, see figlire 1. The boundary
conditions are discussed per test case. The diffusion iequiatapproximated on a uniform cartesian grid, with
Ax = Ay = h.

In tokamak fusion plasma simulations the diffusion coeffits are often taken as temperature-dependent. In
general the parallel and perpendicular diffusion coeffitieare assumed to be proportionallie/? and7~1/2
respectively, i.e., the anisotropy varies strongly witmperature.

FINITE DIFFERENCE SCHEMES

We limit the discussion to finite difference schemes. Givemi#orm grid this can be directly translated to a
finite volume approach. We consider several second-orderate finite difference schemes for the approximation
of model equation[{1). The first two schemes are describedlinté® et al[[6]. The difference between these
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Figure 1:Explanation of symbols

schemes lies in the treatment of the flux, particularly tleation of the flux. The new schemes, to be presented
here, aim to improve the accuracy of co-located schemesylyiag a stencil that lies on an approximation of the
field line. We use sub-indices y, s, n to denote the respective derivatives.

Asymmetric Finite Differences

The first finite difference scheme for heat diffusion we dgscis depicted in figurld 2. For a spatially constant
diffusion tensor this scheme reduces to the standard semaied scheme for diffusion. The label asymmetry is

q = —-D - VT V q o
. i,j+1 .z+1,]+1
i,j+1/2

i+1/2,j i+ 1,7
- M

Figure 2: Semi-staggered grid, asymmetric scheme, temper&ttigedefined on the full indices and the diffusion tendron the half-
indices

coined because of the different treatment of th@ersusy-differential in each point. The different treatment is a
direct result of taking the flux values int 3, j ands, j + 1,

ory  _Tin;-Ty
ox|. 1. o Az ’
i3,

8_T _ Tit1j41 +Tijyr —Tijj—1 —Tiga,j—1

W liy1 4Ay ’
or T+ Ty = Ticrgn — Tiay

8.73 i,j—&-% 4A.T ’
or _ T =T,

Y li j+4 Ay
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H. T oT oT oTr H
and similar formulas forg—z -3 By iy $|i’j7% , 3_@/’”—_;' For the heat conduction term we have
2> ’ 2
T
D oT oT
Ai+di = Hitsi | 5r -
2 2 a.’,r Z“F%J ay Z+%,j

In case of a co-located grid we use arithmetic averaginguiffusion tensor, so:

Dii1,; +D;

Finally, the diffusion follows from

V.q= (Q1)i+%7j - (ql)ifé,j " (QQ)i7j+% - (QZ)@J;%
Az Ay

Besides this semi-staggered grid approach wheaedD are defined on the half-indices- %,j andi, j + % we
also implement the scheme on a co-located grid wikeig defined at the same points as the temperature.

Symmetric Finite Differences

Another approach is taken by Giinter et @l [6], they use a sgtmoscheme (with a symmetric linear operator)
that is mimetic by maintaining the self-adjointness of tifedential operator. By maintaining the self-adjointaes
numerically the following integral identity still holds #te discrete level:

/ oV - qdV +/ q-VodV = ¢(q-n)dS,

14 14 oS

where ¢ is an arbitrary real-valued function in, y. The total energy of a system described by the diffusion
equation is given by = fV TdV. In absence of any surface and source terms this should Istacdn This

means tha% =0or [, V- (D-VT)dV = 0. If we take a constant value fgrwe find that

OE

QS/‘/V-qu:E—O,

and so energy is preserved exactly.
The approach goes as follows. First, the divergence terendetermined at the center points (see fifilire 3):

or _ Tivijrr + Tigay = Tija = Tij
Oz i+l 2Ax ’
or  Tijrr+ a1 —Tiva, — Ti
Iy it3.0+3 N 24y '

Next, the diffusion tensor is applied to obtain the heat flux

oT

or
=DV, Qirg g = Dirg iy <%

" ay

T
k)
i+g.0+3

where the diffusion tensor is taken as the arithmetic medheofour surrounding points, so

i+5.0+3

_ Dit1,+1 +Diy1,j + D41 + Dy 5

Dit1j+1 1
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Figure 3:staggered grid, symmetric scheme, temperafuie defined on the full indices and the diffusion tenfon the half-indices

Finally, the divergence is taken over the heat flux

(@)iy1 o2+ @)z — (@)1 jpr — (@)1
2Ax

+(q2)i+%,j+% (22)i-g 441 —(@2)imy -1 —(@2)iry -1

2Ay '

V.q=

Two cases are considered, a fully staggered grid whenedD are defined on the half-indicés- %,j + % and a
co-located grid wher® is defined at the same points as the temperature.

Aligned Finite Differences

The idea is that differencing along the field line yields apragimation less prone to large false perpendicular
diffusion. To do this we have to use interpolation to find tlaéues of7” andD on the field line. The field line
itself is approximated, by tracing. In the current impleitagion, the interpolation of’, b andD is done on a
co-located grid. In the following section we will considery as local coordinates where the origin is located in
the stencil point, j. By applying the product rule and some vector identities ae \erite the diffusion equation
in parts:

V-(D-VT)=A; + As + A3 + Ay, 2

where the parts are given by

field line curvature: A; = — (D —D.)V-by (by -VT),
field strength variation: A; = (D —D1)V-b(b-VT),
temperature diffusion: A3 = Dybb : VVT + D b b, : VVT,
diffusion variation: A4 = (b-VT)(b-VD))+ (b -VT)(by-VD]).

Rewriting this ins, n-coordinates yields
A1 =— (D) - D1)NT,,
A =(D) — D1 )STs,

Az =D Tss + D1 Ty,
Ay =D Ts+ D1, Ty,

3)

where
S = —bgbln + blbgn, N = —blbgs + bgbls.

So we can write
V- (D-VI)=V-(Dy(b-VT)b)+V-(Di(by-VT)by),
V- (Dy(b-VT)b) = D (=NT,, + ST, + Tss) + Dy T,
V- (DL(bL . VT)bL) =D, (NT,L — ST, + Tnn) =+ DlnTn-



Note thatS = «,, andN = —ay.

Bram van Es, Barry Koren and Hugo de Blank

When applying the equations of magnetohydrodynamics tteaufusion plasmas, an assumption often made is
that the temperature is diffused instantaneously alongjetkline. This means that the variation of the tempera-
ture in the direction of the field line is zero, i.b., VT = 0, Ts = 0. So in that case our set of equations can be

reduced to

A, =D, NT,,
Ay =0,

Az =D, Ty,

Ay =D, T,.

Here, we stick to the more general form with the parts give@yWe continue by applying an aligned stencil to
approximate equatiofl(2) i n-coordinates. The stencil pointsl, u, d, c are given in figur&l4.

i,]

T’Z7Dl

+1 i1, +1
9
14+ 1,7
—— ¢
T4, Dg
@

Figure 4:Locally transformed grids-point stencil

The values at the locationsi, u, d are determined by bi-quadratic interpolation:

v(z,y) = clx2y2 + 62:r2y + 63y2x + sz’ + C5y2 + cexy + crx + csy + co, x,y € [—h, hl, (4)

wherev can represerit’, by, b2, D or D . For convenience we assume that we have a uniform Cartesn g
with Az = Ay = h. Then, forT', the coefficients, ... ¢g follow fromf]

C1 h4 h3 —h3 h2 h2 —h2 —h h 1 Tifl’j+1
C2 h4 h3 h3 h2 h2 h2 h h 1 Ti+17j+1
C3 h4 —h3 —h3 h2 h2 h2 —-h —h 1 Tifl’jfl
C4 h4 —h3 h3 h2 h2 —h2 h —-h 1 Ti+1,j—1
s | =viT, V= 0 0 0 A2 0 0 -h 0 1 [, T=]| Ti_y1, ,
Cg 0 0 0 h2 0 0 h 0 1 Ti+17j
Cr 0 0 0 0 h2 0 0 h 1 Ti7j+1
Cs 0 0 0 0 h2 0 0 —h 1 Tz}jfl
Co 0 0 0 0 0 0 0 0 1 T ;
The matrixV contains the polynomial terms for each node, see figure 4cdéfficients:;, - - - , ¢ are now given

Zsimilarly for by, ba, D), D1
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\4 i (T- C_ Tij— _ Tio1, _ Tiy1,4 o Tij+1 + Tio1,-1 i Tit1,5—1 I Tit1,511 i Ti 1,541
- h4 1,] I

2 2 2 2 4 4 4 4

1
cy = (2T;5-1 — 2T j41 + Tic1 j1 + Tig1 41 — Tica,j-1 — Tit1,5-1)

4h3
1
cf = e (2T, — 2T41 5 + Tig1 -1 + Tig1 541 — Tic1,j-1 — Tim1j41)
1 1
¢f =55 Ty — 2T+ Tivrj), ¢ =55 (Tijo1 — 2T+ Tijia)
2h 2h
1
cy = el (Tic1,j—1 + Tiva, 41 — Tiv1,—1 — Tic1,41)
Vo Tit1,; —Tic1,j Vo Tij+1—Tij—
i 2h T8 2h ’
Cg =T,

where the superscript denotesV andermonde. Note that the coefficients,, . .. cg are all approximations of
differential terms in point, j,

c1 = tToayy + O(h?), ¢z = %Tzzy +O(h?), c3= %Tyyr + O(h?),
¢4 = 3 Tea + O(h?), s = 5 yy + O(h?), g =Tuy + O(h?),
=T, + O(h?), cg =Ty + O(h?).

For comparison purposes we change the coefficients thaseptl,, T, 7., andT,, to involve more nodes to
approximate the respective differentials,

i = # (Tic1,j41 + Tic1j—1 — 2T -1 + 2T51,5 — 4T3 5 + 2Ti11,5 — 275 i1 + Tigr 1 + Tir 1)
g = 8/112( im1j+1 + Tic1j—1 — 251 + 2T j—1 — 4T + 2T jo1 — 2Ti41 5 + Tig1,j41 + Tig1,5-1)
i = 8ih (2Tit1,5 + Tivr g1+ Tigrj—1 = 2Ti1j — Tic1 jr1 — Tica 1)

= 3 2T j+1 + Tic1 41 + D141 — 205 j—1 — Ticrjim1 — Tigr,-1) -

This is equivalent to

cf—(’4—|— 12/12 c‘g— 5—|— 12/12 c?— 7—|— 32/12 c‘g— 8—|— 22h2

where the superscriff denotes symmetric. The reasoning is that the Vandermoneféiaients represent the
asymmetric scheme for spatially constant diffusion terasat likewise the symmetric coefficients represent the
mimetic (or symmetric) scheme for a spatially constantudifin tensor. These are consistent approximations of
the differential terms. However, when using these coefiisian the bi-quadratic interpolation they do not exactly
yield all nodal values for the given locations.

The locations of, [, u, d are based on the field line, a first estimate is to apply a sstgein the direction of the
field line. With s the coordinate in field line direction,the coordinate normal to it and withs andAn the steps

in both directions, the locations then become

(xrayr) = (bl,bg)AS, (xhyl) = (_b17 —bg)AS,
(xu,yu) = (—bg,bl)An, (xd,yd) = (bQ, —bl)An.

Now we apply these coordinatdd (5) to construct discretersels ins, n-coordinates for the individual parts
Al,AQ,Ag andA4.

(5)

Consistency Analysis

The following analysis holds for both the symmetric and tlamdermonde coefficients, the superscripts of the
coefficients will denote the variable to which they apply. Mnark that although the accuracy requirement holds
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for the sumA; + As + A3z + A4, we choose to impose it QA , 42,43 and.A4 individually.
For the approximation afl, we have the following expression:

D||r_DHlTT_Tl+DLu_DLdTu_Td (6)
2As 2As 2An 2An

To verify that this scheme approximates pditsecond-order accurately we substitute the interpolatiootfons
in equation[(b) and we collect the coefficients:

Ay =

1 D D
()’”I-Ordel’24A52 (67 oy —21) + cg " (yr — yl)) (c?(a:r —x) + ch(yT — yl)) ,

1
7 (7 (@ —2a) + e (= ya) ) (F (@ = 2) + F (v — )

1 D D
15’5-0rder:4A52 (07 oy —21) + cg " (yr — yl)) cy (22 —af) +ck (v2—vP) +ct (@eyr —my)),
1
L (o () b P ) (6 (02— 22) o (02— 08) e (o ).

where the superscripts of the interpolation coefficienggasent the variable to which the interpolation applies.
Now the0t"-order expression must be equaldq and thel**-order expression must be zero. The requirements
that can be distilled from this are

(wr —a1)? = 4bTAS?,  (yr —yr)? = 4b3AS, (20 — 21)(yr — Y1) = 4b1baAs?,

(ry — )% = 4b3AN2,  (yu — ya)? = 403An2, (14 — 24)(Yu — ya) = —4b1baAn?,

x%u - xl27d =0, y%u - yl2d =0, TrulYrau — L1,dYl,d = 0.

This holds for the locations given by equati@h (5). It appehat the first-order terml, can be approximated
with second-order accuracy.

For the second-order terms. iy we apply the following finite difference formula

T, —2T.+ 1T T, —2T.+ Ty
As? + s An? ' (7)

Substituting the interpolation values in equatign (7) aokecting terms by order i gives

As = D)

D
—15‘5—0rder:A—S”2 (c?(xr + ) + cg(yr + yl)) + A—L (c?(xu +xq) + cST(yu + yd)) ,

D
Ot’l-order:A—S”2 (cf (22 +yP) + 2 (Y2 + 7)) + c§ (zryr + 1im1))

+ An2 (c:‘f(xz + ) + 5 (vi +y3) + & (Tuyu + «Tdyd)) 5

D
n2

D
1*t-order5 (cz (#7yr + 2y) + e (yrwr + yim))
t X2 (3 (@hyu + 23ya) + & (vowu + yiza)) |

where the—1°t- and1°t-order term should be zero, and tbié-order terms should be equalty. This gives the
following requirements

Ty + 21,4 =0, Yrou + Y10 =0, T2 Yru + T gYa =0, Trulp, + Trayig = 0,
Toyr + 21y = 20102 AS?, Y2 + yl? =203As%, 2%+ 9512 = 203 As2,
TyYu + Taya = —2b1b2An?, Y2 +y2 = 2b3An?, 22 4 22 = 2b3An?.

These requirements are fulfilled by the location set desdrby [3).
We also apply centered differencing for the first-order &ermAs:

ba, —bzd) T, — T

b, —b
5 by 2As (8)

2An 2An

Az = (D) - D1) (—bz
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Substituting the interpolation values in equatign (8) anlkecting terms by order i gives

Dy —D
t%mmnﬂyzi[emﬂhum@x%—ww+cww?+m£ﬂwu—wﬂ&Rm—xo+£wfﬂmy

1St-0rder:— L by A (x2 — 22) 4+ P (s — yd) + B (Tuyu — :rdyd)] [C? (zr — x1) + ca (yr — yl)] +

4A5An
Dy -Dy
4A5An
Dy -Dy
4A5An
Dy -
4AsAn

After substitution of the location set we have that ti&-order terms are equal td, and thel**-order terms are

zero.
Finally we apply centered differencing for the first-ordenms in.A; to obtain the approximation

ba, — by, b1, — by, > Ty —1Tq

2As +02 2As 2An

L b, [c 2(22 — 23) + 2 (y2 — y3) + B2 (Tuyu — l’dyd):| [C?(ﬂcr —x) + s (yr — yz)} -
[c —x7) et (YR — 7)) + cb (wryr — Izyz)] [cl%l (2w — xa) + &' (Yu — yd)} +

b [ (02— a) e (2 o) + e e — )] [ e — ) + 2 — )]

(9)

A1 =— (D - Dy) (—b1

Substituting the interpolation values in equatigh (9) aoitecting terms by order in gives

" _order:— % [(bzcbl —b1c?)(zr — 1) + (b2cg! — bicd?) (yr — yz)] [C7T(:ru —xq) + & (yu — yd)} 7
1"-order:- 4A An AR [C ? (a7 = af) + e (u7 — i) + o6 (xeyr — wzyz)} [Cz(wu —z4) + g (Yu — yd)] +
ZA)LHASAn b2 [C Hah = i)+ cs (yr — i) + ot (ryr — xzyz)] [C;F(x —@a) + ¢ ( ]
IA)LHAsAn b [C —a3) + ¢ (Yn — ya) + ¢ (Tuyu — Idyd)] [CI;Q (zr — 1) + 2 (yr — 01) ]
%bz [C4T(xi —x3) + s (yi — yd) + G (Tuu — Idyd)] [c?l (@ —2) + S (g — i ]

After substitution of the location sdfl(5) we have that@feorder terms are equal td; and thel**-order terms

are zero.
We call this methodiligned Vandermonde or aligned symmetric depending on the coefficients. In practice we
decreasé\s and An with increasing anisotropy, and we may simply and safelg tak = An.

Curvature Terms

The aligned schemes presented before assume that theatirdoes not change up to the interpolation points
r,l,u,d. Now we consider a numerical treatment of the tebmsb,, , b2, , b2, based on field line curvature. First
we write the terms as

blS = Tgs, bln = Ynn, bQS = Yss; b2n = —Tnpn-
This leads to the following equations fr V:
S = _b2ynn - blxnna 5 N = _blyss + bess-

The curvature terms can be approximated by

Ty + 2] _Yrtu Tyt g _ YutYd (10)

Tgs = A82 ) yss — A82 ) Tnn = W, ynn - An2 9

where the positions, [, u, d are not to be confused with the positions we used for the edigitencil depicted in
figure[4. We are now explicitly looking for curvature. Givem iterpolation function fob; andb, within the
stencil area we can apply tracing to find subsequent pointsgd\from the center point to the interpolation points
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r,1,u,d by applying the (second-order accurate) modified Eulerrsehi@ieun):

tangential direction:
Xy = Xp—1 £ As"b(zr—1,Yr-1)

1 «
Xp =Xp—1 £ §A8* (b(zr—1,yx—1) +b(z},y5)), k=1,---K,

normal direction:

XZ = Xk—1 + An*bL(xk—la yk—l)
1
Xp = Xp—1 = §An* (bi(zr—1,y5-1) + br(zk,4)), k=1, K,

where K is the number of substeps, and whete = yo = 0 (see figurdl). The valueds = K As* and
An = K An* are used in equatiof{]L0).

Figure 5:Approximate track of field line

Repeatedly stepping sy n-direction and applying the interpolation bfincreases the computational cost. The
benefit though is that we can easily control the accuracy witith we follow the field line, simply by changing
the number of tracing steps.

Still note that the approach to more accurately deterr§im€ can only improve the accuracy gf; and.A,.

Exact Differentiation after Interpolation

We can also find a direct approximation of the various spdgaivatives involved in the anisotropic diffusion
operator, by writing the interpolation functidd (4) in tesrof s, n and by taking the appropriate derivatives of this
rewritten function. Then, the interpolation functions ferandb, need to be applied to find the final form of the
approximation. We use the non-conservative form

T, = D”vz;—i—DJ_U,:fn—l—USD”vZ—i—vfivg—|— (D) —Dy.) (SUZ —Nv?;),

where the terms withy represent the derivatives of the bi-quadratic interpotafunctions for the quantities
denoted by the superscript, i.e” is the interpolation function for the temperature. The {foster differentials
are written as

. vl +oProl = (cI'by + Cgbg)(C?” by + cSD” bo) 4 (—cLby + ¢Lby) (=P L by + B+ by).
The diffusive terms are given by
DH’UZ; + Dle:n = 2DH (C4b% + C5b§ + Cgblbg) +2D (C4b§ + C5b% — Cgblbg) ,

and the curvature-dependentterms by
1 1 1 1
(D” — DL) (SU? — N’U};) = 2D|| |:C7 <b16$1 + 5[)1022 + 5[)20;1) + cg <b26§2 + ibgcgl + §b10l%2):| +

1 1 1 1
2DJ_ |:C7 (bgclf — 5[)10;2 — §b20l8)1) + cg (blcgl — 5[)2021 — 5b10$2):| .
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The geometric term is recursive sinkg b, depend onc, y whereas the latter depend én b,. We call these
methodsnterp. Vandermonde or interp. symmetric, depending on the coefficients that are used.

NUMERICAL RESULTS

In this section we show numerical results for four test caesll test caseb- VT is zero. This foreknowledge

is not used though; the general expressidnsAs, A3 and.A, according to[[B) are used. We define the anisotropy
as

D,y
whereD, is one by default.
Constant Angle of Misalignment
As an initial test we consider a simple steady diffusion peob The imposed exact solution reads:
T(z,y) = xy [sin (7rz) sin (7y)]*, =z,y € [0,1],

wheres is large and the angle of misalignments set to a constant value. The solution simulates a temperat
peak. Computational results for this test case are givegimei.

symmetric, G. etal symmetric, G. etal

:2: asymmetric —6— asymmetric

interp. Vandermonde

interp. symmetric
aligned Vandermonde
" aligned symmetric "

5
L

5
T
L

10° 10°
symmetric, G. et al —— symmetric, G. etal
:2: asymmetric —©— asymmetric
interp. Vandermonde
interp. symmetric
aligned Vandermonde
aligned symmetric
107 1 107 B
s e
107 1 1071 B
10° 3 2 1 10° 3 2
10 10 10 10 10 10"
h h

Figure 6:Error e for test cases with constant angles of misalignmens 10, ¢ = 109, at varying mesh width, toper = 5°, bottom:
a = 30°, left: co-located, right: staggered. In the plots for thelamated schemes all symmetric schemes overlap and likedasall
asymmetric schemes.

The error norm is defined by )
|T - T|maw
|T|maz ’

€xo —
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whereT is the approximate temperature. It is clear from the figuat tihe symmetric schemes conserve the order
of accuracy independent of the anisotropy and angle of mgisalent. The co-located schemes are only slightly
less accurate than the staggered. For larger values, thenasyic schemes are less than second-order convergent
on coarse grids, but they regain second-order convergeniieay grids.

Varying Angle of Misalignment

Again the problem is considered on a square domain, thisdeseribed by-0.5 < =,y < 0.5. The following
steady-state solution is assumed on the domain

T(z,y) =1~ (@® +y%)*2.

The direction in which the parallel diffusion acts is given b

1 —y
=7 ‘“)

Note that bothV - b andb - VT are zero. This implies that the terdy, comes into play only due to numerical
errors. TermA, is exactly zero sinc& D), VD are zero. Test case 2 stresses tednsand A3, with added
contribution due to numerical errors in tetds.

10 T 107
symmetric, G. et al. symmetric, G. et al.

:2: asymmetric, G et al. —O— asymmetric, G. et al.

interp. Vandermonde

107 interp. symmetric
aligned Vandermonde
aligned symmetric

107 10° 10 107 107 107

h h
10° 10°
o o’ o—co-6—6-0—6—6—=5

symmetric, G. et al.

:2: asymmetric, G. et al.
10°L interp. Vandermonde | 10°L 4
interp. symmetric
aligned Vandermonde symmetric, G. et al
aligned symmetric —©— asymmetric, G. et al.
6 -6
05 - 1 05 = 1
10 10 10 10 10 10
h h

Figure T:Error e for test cases with varying misalignment, left: co-locatéght: staggered, top; = 103, bottom:¢ = 10°

In figureld, we study the accuracy of the various schemes fmatvisotropic cases, one being extremely anisotropic,
¢ = 10°. The main observation to be made from figllre 7 is that for theemely anisotropic = 10° case only

the aligned symmetric scheme and the interpolated symersthieme preserve their second-order of accuracy.
All other schemes fail completely; they are all inconsisfenthec = 10° test case.
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A detail to be observed from figuEé 7 is that for extremely Higlrels of anisotropy the staggered, symmetric
scheme of Glinter at al shows a wiggle in the error convergéltus is caused by the fact that this scheme becomes
less well-conditioned with increasing resolution. Giirgeal [4] had problems with number representation for
a fourth-order mimetic finite difference scheme. They resdlthis by increasing the number representation
accuracy. Further, it can be shown that the analytical protddecomes ill-posed far — oo (see Degond et al
[B1).

Finally, in figure[® we make a more extensive study of the bisinanf the different schemes at varying
anisotropy. Here, it appears again the better performahciminterpolated symmetric scheme and aligned
symmetric scheme; their errors do not increase at incrgasiisotropy. For the following two test cases we will
only proceed with the schemes that appear to be consisteigumelT.

symmetric, G. et al symmetric, G. et al

asymmetric —©— asymmetric
o interp. Vandermonde o

10 ¢ interp. symmetric 3 10 ¢
aligned Vandermonde
aligned symmetric

10" 10" ~ A )

© €
W 107 4 4 ’; W 107}

Figure 8:e..-error norm versus the anisotropyor = 0.01

Perpendicular Numerical Diffusion
Sovinec et all[ll] devised a test to directly compare the nigakly computed perpendicular diffusion to the

exact perpendicular diffusion. This test case is also ctamed by Ginter et dl[6] and Sharma efal [4]. The exact
solution and the forcing function are given by

T = Di% f=2n%p, = cos(nx)cos(ry), wx,y € [—-0.5,0.5].
1
The error in the perpendicular diffusion is given by
|T(Oa 0)71 - DL|

We use homogeneous Dirichlet boundary conditions. The fie&s are tangential to the contours of constant

temperature, i.e.
b L ( Yy ) :
Jerrup\ v

Numerical results, given in FiguEel9a, show second-ordeuracy for all three schemes. However for this test
case we also see some anisotropy dependence of the acaemfiguré Ib.
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10 10"

T T T T T T
10° | 4
10" ¢ g ¥
10* | 1
symmetric, G. et al., staggered
symmetric, G. et al., staggered 0L —V— interp. symmetric
10° b —V— interp. symmetric q =3 aligned symmetric

—H— aligned symmetric

[T

10"

109
107t 4

/ 10°
10" 1

O

10’6 10’4 L L L L L
10° 107 107 10° 10° 10° 10° 10° 10 10"
h 3
(a) varyingh, ¢ = 10° (b) varyings, h = 0.01

Figure 9:Error in perpendicular diffusionf’~! — 1|, ¢ = 10°

Tilted Elliptic Temperature Distributions

So far, we have used forcing functions which are spatialiysyetric. Now we will apply a forcing function
that gives the solution for a tilted elliptic temperaturstdbution. This distribution has no symmetry axes aligned
with the coordinate axes. The tilted elliptic distributibas no rotating field lines, basically the field lines go in
the same general direction. The exact solution is given by

1 _
T(z,y) =1+ (az +by)(a® + y*)*?, b= —== ( Ty ) ., x,y €[—0.5,0.5].
Jrzemz \ T

From the numerical results given in figlirtd 10 we see that edktlschemes considered have good accuracy behav-
ior.

107

T T T
symmetric, G. et al, staggered symmetric, G. et al., staggered
:& interp. symmetric :g: interp. symmetric
aligned symmetric

aligned symmetric

W 10 W8 107

)
C w W '

10°F
1076 -3 ‘72 -1 1075 0 ‘5 ‘10 15
10 10 10 10 10 10 10
h S
(@) varyingh, ¢ = 10° (b) varyings, h = 0.01
Figure 10:e. behaviora = 25,b = —75
CONCLUSION

We have presented a new finite difference approach for pmabigith strong anisotropic diffusion. The ap-
proach uses the concept of following the field line within siencil area, to obtain the differencing points that are
finally used in the discretization. For the test cases censit] the approach works well in maintaining the order
of convergence independent of the level of anisotropy.
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