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Abstract

We construct efficient data structures that are resilieairesg a constant fraction of adversarial noise.
Our model requires that the decoder answeostqueries correctly with high probability and for the re-
maining queries, the decoder with high probability eitheswmers correctly or declares “don’t know.”
Furthermore, if there is no noise on the data structure,stvansall queries correctly with high prob-
ability. Our model is the common generalization of an eworrecting data structure model proposed
recently by de Wolf, and the notion of “relaxed locally deabtk codes” developed in the PCP literature.

We measure the efficiency of a data structure in terms ddiitgth (the number of bits in its repre-
sentation), and query-answering time, measured by the auaibit-probesto the (possibly corrupted)
representation. We obtain results for the following twoadgttucture problems:

e (Membership) Store a subsgtof size at mosk from a universe of size such that membership
gueries can be answered efficiently, i.e., decide if a gilement from the universe is ifi.
We construct an error-correcting data structure for thidofgm with length nearly linear inlog n
that answers membership queries wilil) bit-probes. This nearly matches the asymptotically
optimal parameters for the noiseless case: ledythlogn) and one bit-probe, due to Buhrman,
Miltersen, Radhakrishnan, and Venkatesh.

e (Univariate polynomial evaluation) Store a univariateymamialg of degreeleg(g) < s over the
integers modula such that evaluation queries can be answered efficiemlygivaluate the output
of g on a given integer modulo.

We construct an error-correcting data structure for thidfgm with length nearly linear inlog n
that answers evaluation queries withlylog s - log”"(l) n bit-probes. This nearly matches the
parameters of the best-known noiseless constructionakdedlaya and Umans.
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1 Introduction

The area of data structures is one of the oldest and mostrfugrdal parts of computer science, in theory
as well as in practice. The underlying question is a timesspeadeoff: we are given a piece of data, and
we would like to store it in a short, space-efficient datacttie that allows us to quickly answer specific
gueries about the stored data. On one extreme, we can stadatdnas just a list of the correct answers to all
possible queries. This is extremely time-efficient (oneicamediately look up the correct answer without
doing any computation) but usually takes significantly mepace than the information-theoretic minimum.
At the other extreme, we can store a maximally compressesioveof the data. This method is extremely
space-efficient but not very time-efficient since one uguais to undo the whole compression first. A good
data structure sits somewhere in the middle: it does not wsdmore space than the information-theoretic
minimum, but it also stores the data in a structured way thablkes efficient query-answering.

It is reasonable to assume that most practical implementatf data storage are susceptiblendise
over time some of the information in the data structure magdseupted or erased by various accidental or
malicious causes. This buildup of errors may cause the tlatetigre to deteriorate so that most queries are
not answered correctly anymore. Accordingly, it is a ndttask to design data structures that are not only
efficient in space and time but also resilient against a iceaiamount ofadversarialnoise, where the noise
can be placed in positions that make decoding as difficulbasiple.

Ways to protect information and computation against noeeeteen well studied in the theory of
error-correcting codes and of fault-tolerant computatiorthe data structure literature, constructions under
often incomparable models have been designed to cope wih,rand we examine a few of these models.
Aumann and Bender [2] studied pointer-based data strigesureh as linked lists, stacks, and binary search
trees. In this model, errors (adversarial but detectabdepiowhenever all the pointers from a node are
lost. They measure the dependency between the number of @md the number of nodes that become
irretrievable, and designed a number of efficient data &iras where this dependency is reasonable.

Another model for studying data structures with noise isfthdty-memory RAM model, introduced
by Finocchi and lItaliano [10]. In a faulty-memory RAM, theaee O(1) memory cells that cannot be
corrupted by noise. Elsewhere, errors (adversarial andtantible) may occur at any time, even during the
decoding procedure. Many data structure problems have éemmined in this model, such as sortifig [8],
searchingl[D], priority queues [13] and dictionaries [Spwever, the number of errors that can be tolerated
is typically less than a linear portion of the size of the ingturthermore, correctness can only be guaranteed
for keys that are not affected by noise. For instance, foptiodlem of comparison-sorting onkeys, the
authors of[[8] designed a resilient sorting algorithm tiértates,/n log n keys being corrupted and ensures
that the set of uncorrupted keys remains sorted.

Recently, de Wolf([20] considered another model of resil@ata structures. The representation of the
data structure is viewed as a bit-string, from which a dempdgirocedure can read any particular set of
bits to answer a data query. The representation must be@tidetate a constant fractianof adversarial
noise in the bit—strirﬁ(but not inside the decoding procedure). His model germalihe usual noise-free
data structures (where= 0) as well as the so-called “locally decodable codes” (LD@d).[ Informally,
an LDC is an encoding that is tolerant of noise and allows destoding so that each message symbol
can be retrieved correctly with high probability. Using LB@&s building blocks, de Wolf constructed data
structures for several problems.

Unfortunately, de Wolf’'s model has the drawback that thenogittime-space tradeoffs are much worse
than in the noise-free model. The reason is that all knowrstcoctions of LDCs that maké&(1) bit-
probes[[22[17] have very poor encoding length (super-pahiabin the message length). In fact, the en-

1We only consider bit-flip-errors here, not erasures. Simaswres are easier to deal with than bit-flips, it sufficesesigh a
data structure dealing with bit-flip-errors.



coding length provably must be super-linear in the messaggth [14/ 16| 21]. As his model is a gener-
alization of LDCs, data structures cannot have a succimresentation that has length proportional to the
information-theoretic bound.

We thus ask: what is a clean model of data structures thatskdficient representatiorad has error-
correcting capabilities? Compared with the pointer-basedel and the faulty-memory RAM, de Wolf’s
model imposes a rather stringent requirement on decodiagryquery must be answered correctly with
high probability from the possibly corrupted encoding. WHhis requirement is crucial in the definition of
LDCs due to their connection to complexity theory and crgpaphy, for data structures it seems somewhat
restrictive.

In this paper, we consider a broader, more relaxed notiomrof-eorrecting for data structures. In our
model, for most queries, the decoder has to return the daarever with high probability. However, for
the few remaining queries, the decoder may claim ignorareedeclare the data item unrecoverable from
the (corrupted) data structure. Still, feveryquery, the answer is incorrect only with small probability.
In fact, just as de Wolf’s model is a generalization of LDCar model in this paper is a generalization
of the “relaxed” locally decodable codes (RLDCs) introdilid®y Ben-Sasson, Goldreich, Harsha, Sudan,
and Vadhan[]4]. They relax the usual definition of an LDC byuiggg the decoder to return the correct
answer ommostrather than all queries. For the remaining queries it isaglb to claim ignorance, i.e., to
output a special symboll*’ interpreted as “don’t know” or “unrecoverable.” As shown[#], relaxing the
LDC-definition like this allows for constructions of RLDCstiv O(1) bit-probes ofhearly linearlength.

Using RLDCs as building blocks, we construct error-coirgctata structures that are very efficient in
terms of time as well as space. Before we describe our rekiliss define our model formally. Firstdata
structure problems specified by a sdb of data itemsa set() of queries a setA of answersand a function
f:+ D x @ — A which specifies the correct answg(z, ¢) of queryq to data itemz. A data structure for
f is specified by four parametersthe number bit-probes, the fraction of noises an upper bound on the
error probability for each query, andan upper bound on the fraction of queriesjrthat are not answered
correctly with high probability (theX’ stands for “lost”).

Definition 1. Let f : D x @ — A be a data structure problem. Let> 0 be an integery € [0, 1],

e € [0,1/2], and X € [0,1]. We say thatf has a(t,, e, \)-data structureof length V if there exist an
encoder : D — {0, 1}N and a (randomized) decod®r with the following properties: for every € D

and everyw € {0,1}" at Hamming distancé\ (w, £(z)) < 6N,

1. D makes at most bit-probes taw,

2. Pr[D%(q) € {f(z,q), L}] > 1 —eforeveryq € Q,

3. the seG = {q : Pr[D"(q) = f(x,q)] > 1 — ¢} has size atleagl — \)|Q| (‘G’ stands for “good”),
4. ifw = E(x), thenG = Q.

HereD™(q) denotes the random variable which is the decoder’s outputmrisw andg. The notation
indicates that it accesses the two inputs in different wayste it has full access to the quegyit only has
bit-probe access (or “oracle access”) to the string

We say that &t, J, €, \)-data structure isrror-correcting or anerror-correcting data structurgf § > 0.
Setting\ = 0 recovers the original notion of error-correction in de WWothodel [20]. A(t, J, e, A)-relaxed
locally decodable code (RLDCYlefined in[[4], is an error-correcting data structure far thembership
function f : {0,1}" x[n] — {0,1}, wheref(z,i) = x;. A (t,,¢)-locally decodable code (LDCyefined
by Katz and Trevisari [14], is an RLDC with= 0.



Remark.For the data structure problems considered in this papedexoding procedures make omlgn-
adaptiveprobes, i.e., the positions of the probes are determineat alhce and sent simultaneously to the
oracle. For other data structure problems it may be natoralldécoding procedures to be adaptive. Thus,
we do not requiréD to be non-adaptive in Condition 1 of Definitidh 1.

1.1 Our results

We obtain efficient error-correcting data structures ferftillowing two data structure problems.

MEMBERSHIP: Consider a universg:] = {1,...,n} and some nonnegative integeK n. Given a set

S C [n] with at mosts elements, one would like to stor®in a compact representation that can answer
“membership queries” efficiently, i.e., given an index [n], determine whether or néte S. Formally

D ={S:5C [n],|S| <s},Q =[n],andA = {0,1}. The function Mem,, 4(S,7) is1if i € S and0
otherwise.

Since there are at Ieaé’g) subsets of the universe of size at meseach subset requiring a different
instantiation of the data structure, the information-tieéio lower bound on the space of any data structure
is at leastiog (;‘) ~ slogn bits@ An easy way to achieve this is to stosen sorted order. If each number
is stored in its ownog n-bit “cell,” this data structure takes cells, which isslogn bits. To answer a
membership query, one can do a binary search on the list &srdigte whether € S using aboutlog s
“cell-probes,” orlog s - log n bit-probes. The length of this data structure is essentightimal, but its
number of probes is not. Fredman, Komlés, and Szemerédidéddloped a famous hashing-based data
structure that has lengtf(s) cells (which isO(slogn) bits) and only needs eonstantnumber of cell-
probes (which isD(log n) bit-probes). Buhrman, Miltersen, Radhakrishnan, and sedh [[6] improved
upon this by designing a data structure of len@tls log n) bits that answers queries witimly one bit-probe
and a small error probability. This is simultaneously ogtiim terms of time (clearly one bit-probe cannot
be improved upon) and space (up to a constant factor).

None of the aforementioned data structures can toleratestaitt fraction of noise. To protect against
noise for this problem, de Wolf [20] constructed an errarecting data structure with = 0 using a lo-
cally decodable code (LDC). That construction answers negsfilip queries in bit-probes and has length
roughly L(s, t) log n, whereL(s, t) is the shortest length of an LDC encodirdits with bit-probe com-
plexity ¢. Currently, all known LDCs witht = O(1) haveL(s, t) super-polynomial irs [3]22,[7]. In fact,
L(s,t) must be super-linear for all constansee e.g[{14, 16, 21].

Under our present model of error-correction, we can coostruuch more efficient data structures with
error-correcting capability. First, it is not hard to shdwat by composing the BMRV data structuré [6]
with the error-correcting data structure foreM,, ,, (equivalently, an RLDC)[4], one can already obtain an
error-correcting data structure of length(s log n)!*7), wherer is an arbitrarily small constant. However,
following an approach taken in [20], we obtain a data stmectf lengthO(s!'*"71ogn), which is much
shorter than the aforementioned construction4f o(logn).

Theorem 1. For everye,n € (0, 1), there exist an integer > 0 and realr > 0, such that for alls and n,
and everys < 7, MEM,, ; has a(t, 6, ¢, - )-data structure of lengti® (s'*7 log n).

We will prove TheoreniI1 in Sectidd 2. Note that the size of thedysetG is at least» — 5. Hence
corrupting aj-fraction of the bits of the data structure may cause a degofdiilure for at most half of the
queriesi € S but not all. One may replace this factg)leasily by another constant (though the parameéters
andr will then change).

20ur logs are always to bage



POLYNOMIAL EVALUATION : LetZ, denote the set of integers modul@nds < n be some nonnegative
integer. Given a univariate polynomigle Z,,[ X| of degree at most, we would like to store in a compact
representation so that for each evaluation querg Z,, g(a) can be computed efficiently. Formally,
D ={g:g¢€Z,[X],deg(g) < s}, Q = Z,, andA = Z,, and the function is BLYEVAL ,, s(g,a) = g(a).

Since there are**! polynomials of degree at mostwith each polynomial requiring a different instan-
tiation of the data structure, the information-theoretiwér bound on the space of any data structure for this
problem is at leadbg(n**!) ~ slog n bits. Since each answer is an elemerngfand must be represented
by [logn]| + 1 bits, [log n| + 1 is the information-theoretic lower bound on the bit-probenplexity.

Consider the following two naive solutions. On one hand, cae simply record the evaluations @f
in a table withn entries, each withlogn| + 1 bits. The length of this data structure¥n logn) and
each query requires reading onliyg n| + 1 bits. On the other hand, can be stored as a table of its- 1
coefficients. This gives a data structure of length and twbe complexity(s + 1)(|logn]| + 1).

A natural question is whether one can construct a data gteittat is optimal both in terms of space
and time, i.e., has lengt(slogn) and answers queries with(log n) bit-probes. No such constructions
are known to exist. However, some lower bounds are knownentbaker cell-probe model, where each
cell is a sequence dfiogn| + 1 bits. For instance, as noted [n [18], any data structure>@mryNOMIAL
EVALUATION that storeg)(s?) cells (O(s? log n) bits) requires reading at lea®ts) cells €2(s log n) bits).
Moreover, by[[17], iflog n > slog s and the data structure is constrained to stété) cells, then its query
complexity isQ2(s) cells. This implies that the second trivial constructiorsaéed above is essentially
optimal in the cell-probe model.

Recently, Kedlaya and Umaris [15] obtained a data structulength s**+7 log'°(") », (wherer is an
arbitrarily small constant) and answers evaluation gsesigh O (polylog s - log! ™ o(1) n) bit-probes. These
parameters exhibit the best tradeoff betweeandn so far. Whens = n" for some0 < n < 1, the data
structure of Kedlaya and Umaris [15] is much superior to tiveatrsolution: its length is nearly optimal,
and the query complexity drops fropoly n to only polylog n bit-probes.

Here we construct an error-correcting data structure fermpiilynomial evaluation problem that works
even in the presence of adversarial noise, with length ndiaar in slogn and bit-probe complexity
O(polylog s - log! o n). Formally:

Theorem 2. For everye, \,n € (0,1), there exists € (0, 1) such that for all positive integers < n, for
all § < 7, the data structure problefRoLY EVAL ,, , has a(O(polylog s-log' (! n), §, &, A)-data structure
of lengthO((slog n)!*7).

Remark.We note that Theorefd 2 easily holds whee= (log n)o(l). As we discussed previously, one can
just store a table of the + 1 coefficients ofg. To make this error-correcting, encode the entire table by a
standard error-correcting code. This has length and bit@romplexityO(slogn) = O(log1+o(1) n).

1.2 Our techniques

At a high level, for both data structure problems we build comstructions by composing a relaxed locally
decodable code with an appropriate noiseless data steudfuihe underlying probe-accessing scheme in a
noiseless data structure is “pseudorandom,” then thelesisdata structure can be made error-correcting by
appropriate compositions with other data structures. Bygerandom, we mean that if a query is chosen
uniformly at random from@, then the positions of the probes selected also “behave’thsy are chosen
uniformly at random. Such property allows us to analyze therd¢olerance of our constructions.

More specifically, for thenEMBERSHIP problem we build upon the noiseless data structure of Buhrma
et al. [6]. While de WoIf[[20] combined this with LDCs to get atiher long data structure with = 0, we
will combine it here with RLDCs to get nearly optimal lengtlittnsmall (but non-zero). In order to bound



A in our new construction, we make use of the fact that[the §@istruction is a bipartitexpander graph
as explained below after Theorér 4. This property wasn'teden [20]. The left side of the expander
represents the set of queries, and a neighborhood of a qauézft ode) represents the set of possible bit-
probes that can be chosen to answer this query. The expamsiparty of the graph essentially implies that
for a random query, the distribution of a bit-probe choseartswer this query is close to unifotinThis
property allows us to construct an efficient, error-coirectiata structure for this problem.

For the polynomial evaluation problem, we rely upon the @leiss data structure of Kedlaya and
Umans [15], which has a decoding procedure that uses theseuaotive algorithm from the Chinese Re-
mainder Theorem. The property that we need is the simpleHactif « is chosen uniformly at random from
Zy, then for anym < n, a modulom is uniformly distributed irZ,,,. This implies that for a random evalu-
ation pointa, the distribution of certain tuples of cell-probes usedrteveer this evaluation point is close to
uniform. This observation allows us to construct an effigierror-correcting data structure for polynomial
evaluation. Our construction follows the non-error-cofirgg one of[15] fairly closely; the main new ingre-
dient is to add redundancy to their Chinese Remainder-basshstruction by using more primes, which
gives us the error-correcting features we need.

Time-complexity of decoding and encoding. So far we have used the number of bit-probes as a proxy
for the actual time the decoder needs for query-answerings i§ fairly standard, and usually justified
by the fact that the actual time complexity of decoding is meich worse than its number of bit-probes.
This is also the case for our constructions. M&@MBERSHIP, it can be shown that the decoder uggd)
probes andolylog(n) time (as do the RLDCs of [4]). FG*fOLYNOMIAL EVALUATION , the decoder uses
polylog(s) log1+°(1)(n) probes angolylog(sn) time.

The efficiency ofencoding i.e., the “pre-processing” of the data into the form of aadsitucture, for
both our error-correcting data structur@EMBERSHIP and POLYNOMIAL EVALUATION depends on the
efficiency of encoding of the RLDC constructions fin [4]. Tiesot addressed explicitly there, and needs
further study.

2 The MEMBERSHIP problem

In this section we construct a data structure for the merhijgoblem Mewm,, ;. First we describe some
of the building blocks that we need to prove Theofém 1. Ourlfiasic building block is the relaxed locally
decodable code of Ben-Sasson et/al. [4] with nearly lineagtle Using our terminology, we can restate
their result as follows:

Theorem 3(BGHSYV [4]). For everye € (0,1/2) andn > 0, there exist an integer > 0 and realsc > 0
andr > 0, such that for every, and everyy < 7, the membership probleMEewm,, ,, has a(t, J, ¢, ¢d)-data
structure forMEewm,, ,, of lengthO(n'+7).

Note that by picking the error-ratga sufficiently small constant, one can set= ¢j (the fraction of
unrecoverable queries) to be very clos@to
The other building block that we need is the following onel@ data structure of Buhrman et al. [6].

Theorem 4(BMRV [B]). For everys € (0,1/2) and for every positive integess< n, there is an1,0, ¢, 0)-

data structure foMEM,, , of lengthm = 1% slog n bits.

3We remark that this is different from the notion of smoothatiing in the LDC literature, which requires that for evéired
query, each bit-probe by itself is chosen with probabiliyse to uniform (though not independent of the other bityps).



Properties of the BMRV encodin@he encoding can be represented as a bipartite gfaph( L, R, F)
with |L| = n left vertices andR| = m right vertices, and regular left degrée= 1"%. G is an expander
graph: for each se C L with |S| < 2s, its neighborhood’(S) satisfiesI'(S)| > (1 — 5) |S|d. For each
assignment of bits to the left vertices with at mesines, the encoding specifies an assignment of bits to the
right vertices. In other words, eache {0,1}" of weight|z| < s corresponds to an assignment to the left
vertices, and the-bit encoding ofr corresponds to an assignment to the right vertices.

For eachi € [n] we writeT'; := I'({i}) to denote the set of neighbors ©f A crucial property of the
encoding functiorfy,,,,, is that for everyr of weight|x| < s, for eachi € [n], if y = Epmro(z) € {0, 1}™
thenPrjcr,[z; = y;] > 1 — . Hence the decoder for this data structure can just probedona index
j € T'; and return the resulting bi;. Note that this construction is not error-correcting af sithce|T’; |
errors in the data structure suffice to erase all informaioout thei-th bit of the encoded. O

As we mentioned in the Sectign 1.1, by combining the BMRV elimg with the data structure for
MEM,, , from Theoren B, one easily obtains &f(1),4,e,0(d))-data structure for Mm,, ; of length
O((slogn)'*). However, we can give an even more efficient, error-comgctata structure of length
O(s'*t"1logn). Our improvement follows an approach taken in de Wolf [20}jck we now describe. For
avectorz € {0,1}" with |z| < s, consider a BMRV structure encodir?gn bits intom bits. Now, from
Section 2.3 in[[20], the following “balls and bins estimate’known:

Proposition 5(From [20]). For every positive integers < n, the BMRV bipartite graply = ([20n], [m], E)
for MEMyg,, s With error parameterl—l0 has the following property: there exists a partition [@f] into
b = 10log(20n) disjoint setsB, .. ., By, of 103s vertices each, such that for eacke [n], there are at least
b setsB, satisfying|T'; N By| = 1.

Propositior b suggests the following encoding and decopingedures. To encode we rearrange the
m bits of &, (x) into ©(log n) disjoint blocks ofO(s) bits each, according to the partition guaranteed
by Propositiorf 5. Then for each block, encode these bits thigherror-correcting data structure (RLDC)
from TheoreniB. Given a received word to decode € [n], pick a blockB;, at random. With probability
at Ieasti, I'; N By = {j} for somej. Run the RLDC decoder to decode tfx¢h bit of the k-th block of
w. Since most blocks don’t have much higher error-rate tharatrerage (which is at mo§j, with high
probability we recovety,,,, (x);, which equalse; with high probability. Finally, we will argue that most
gueries do not receive a blank symhols an answer, using the expansion property of the BMRV engodi
structure. We now proceed with a formal proof of Theofém 1.

Proof of Theorerhl1We only construct an error-correcting data structure witioreprobability 0.49. By
a standard amplification technique we can reduce the erotrapility to any other positive constant (i.e.,
repeat the decodép(log(1/¢)) times).

By Theorem[#, there exists an encodgy,,, for an (1,0, 1—10,0)—data structure for the membership
problem MEMsy, s of lengthm = 10*slog(20n). Lets’ = 103s. By TheoreniB, for every; > 0,
for somet = O(1), and sufficiently smalb, MEM,  has an(t, 10°6, 135, O(0))-data structure of length
s" = O(s''1). Let Epgnsy aNdDygns, be its encoder and decoder, respectively.

Encoding. LetBy,..., B, be a partition ofm| as guaranteed by Propositioh 5. For a string {0,1}",
we abuse notation and write = wp, - - - wp, to denote the string obtained fromby applying the permu-
tation on[m] according to the partitio®, . .., B,. In other wordswp, is the concatenation ab; where
i € By. We now describe the encoding process.

Encoder€: on inputz € {0,1}", |z| < s,

1. Lety = Eppro (201™) and writey = yp, ... yp, .



2. Output the concatenatid(z) = Eyghsn (YB,) - - - Ebghso (UB,)-
The length of€(z) is N = b - O(s") = O(s' T logn).

Decoding. Given a stringw € {0,1}", we writew = w® ... w®, where fork € [b], w*) denotes the
S”'bit Stl’ing ws”-(k—1)+1 oWt e
DecoderD: on inputi and with oracle access to a stringe {0, 1}N ,

1. Pick a randonk € [b].

2. If |I'; N Bg| # 1, then output a random bit.
Else, letl’; N B, = {j}. Run and output the answer given by the decddgy..(j), with oracle
access to the’-bit stringw®) .

Analysis. Fix 2 € D andw € {0,1}" such thatA(w, £(z)) < 6N, whered is less than some small
constantr to be specified later. We now verify the four conditions of Diion[d. For Conditionl, note
that the number of probes the deco@makes is the number of probes the decdlgy,s, makes, which
is at mostt, a fixed integer.

We now examine ConditioR. Fix i € [n]. By Markov’s inequality, for a randorh € [b], the probability
that the relative Hamming distance betwe®(ys, ) andw®) is greater thari0°§ is at mostl0=>. If k is
chosen such that the fraction of errorsuiff) is at most10°5 andT’; N B, = {4}, then with probability at
least0.99, Dygps, OUtpULsy; OF L. Let 5 > i be the fraction of € [b] such thatl’; N Bi| = 1. Then
1 ﬁﬁ 1

Pr[D(i) € {zi, L}] > (1= B)5 + By 5 — 15 > 0624 (1)

To prove Conditior3, we need the expansion property of the BMRV structure, ataggd after The-

orem[4. Fork € [b], defineG;, C By, so thatj € G, if Pr [D}j;fiv(j) = yj} > 0.99. In other words G,
consists of indices in block;, that are answered correctly B,,5,s, with high probability. By Theorernl3,
if the fraction of errors inw®) is at most10°§, then|Gy| > (1 — ¢d)|By| for some fixed constant Set
A = Ugep Br\Gr., Since we showed above that fofla— 10~?)-fraction of & € [b], the fractional number
of errors inw(®) is at mostl0°§, we havel A| < cdm + 10~°m.

Recall that the BMRV expander has left degiee 10log(20n). Taked small enough thatd| < 4—103d;
this determines the value ofof the theorem. We need to show that for any such smallisetost queries
i € [n] are answered correctly with probability at least 0.51. ffiseis to show that for most most of the
setl’; falls outside ofA. To this end, letB(A) = {i € [n] : [T; N A| > %}. We show that if4 is small then
B(A) is small.

Claim 6. For everyA C [m] with |A| < £2, it is the case thatB(A)| < 5.

Proof. Suppose, by way of contradiction, th@t A) contains a sell of sizes/2. W is a set of left vertices
in the underlying expander gragh and sincgW| < 2s, we must have

(W) > (1 _ 2—10> dw|.

By construction, each vertex W has at mostlg—od neighbors outsidel. Thus, we can bound the size of



(W) from above as follows

POV)| < 1A+ W]
< %ds—i—%dm/\
= W]+ W
1
= (1 L)aw
This is a contradiction. Hence no suih exists andB(A4)| < 3. O

DefineG' = [n]\B(A) and notice thatG| > n — 5. It remains to show that each queryc G is

answered correctly with probability 0.51. To this end, we have

Pr[D(i) =L] < Pr[D probes a block with noise-rate 10°5] +
Pr[D probes g € A] + Pr[D(i) =L: D probes g ¢ A]
1 1

1
< —+—+4+— A11.
- 105+10+100<O

Combining with Eq.[(lL), for alf € G we have
Pr[D(i) = z;] = Pr[D(i) € {z;, L}] — Pr[D(i) =L] > 0.51.

Finally, Condition4 follows from the corresponding condition of the data stuvetfor MEM,, j,. O

3 ThePOLYNOMIAL EVALUATION problem

In this section we prove Theorem 2. Given a polynomialf degrees overZ,, our goal is to write down

a data structure of length roughly lineardiog n so that for eacl € Z,,, g(a) can be computed with ap-
proximatelypolylog s - log n bit-probes. Our data structure is built on the work of Kedlapnd Umans [15].

Since we cannot quite use their construction as a blackexirst give a high-level overview of our proof,
motivating each of the proof ingredients that we need.

Encoding based on reduced polynomials: The most naive construction, by recordig@:) for eacha €
Z.,,, has lengthh log n and answers an evaluation query wlitlg » bit-probes. As explained i [15], one can
reduce the length by using the Chinese Remainder Theorem)(GRP; is a collection of distinct primes,
then a nonnegative integer < Hpe p, Pis uniquely specified by (and can be reconstructed effigidrain)
the valuegm]|,, for eachp € P;, where[m], denotesn mod p.

Consider the valug(a) overZ, which can be bounded above h§*2, for a € Z,. Let P; consist of the
firstlog(n®*2) primes. For eachp € P, compute the reduced polynomig) := g mod p and write down
gp(b) for eachb € Z,. Consider the data structure that simply concatenatesviilaagion table of every
reduced polynomial. This data structure has len@ih(max,cp, p)'+°(1), which iss?+o() log?+oM) 1, by
the Prime Number Theorem (see Hadt 12 in Appedlix B). Notegjlaa < [ ], p, p. Soto computég(a)]n,
it suffices to apply CRT to reconstrugta) overZ from the valuesg(a)], = g,([al,) for eachp € P;. The
number of bit-probes isP; | log (max,e p, p), which iss'+o() Jog!+o(L) 5,



Error-correction with reduced polynomials: The above CRT-based construction has terrible parameters,
but it serves as an important building block from which we chtain a data structure with better parameters.
For now, we explain how the above CRT-based encoding can de sraor-correcting. One can protect the
bits of the evaluation tables of each reduced polynomialrbRBDC as provided by Theoreph 3. However,
the evaluation tables can have non-binary alphabets, anelgln just one “entry” of an evaluation table
can destroy the decoding process. To remedy this, one careficede each entry by a standard error-
correcting code and then encode the concatenation of athtiiles by an RLDC. This is encapsulated in
LemmalY, which can be viewed as a version of Thedrém 3 ovebimary alphabet. We prove this in
AppendixA.

Lemma7. Letf : D x Q — {0,1}" be a data structure problem. For everyn, A € (0,1), there exists
7 € (0,1) such that for every < 7, f has an(O(1), §, ¢, \)-data structure of lengti®((£|Q])**").

To apply Lemmadl7, leD be the set of degreepolynomials overZ,,, Q be the set of all evaluation
points of all the reduced polynomials @{each specified by a pait, p)), and the data structure problefn
outputs evaluations of some reduced polynomigj.of

By itself, Lemmd¥ cannot guarantee resilience againsendisorder to apply the CRT to reconstruct
g(a), all the valueq[g(a)], : p € P} must be correct, which is not guaranteed by Lerhima 7. To fix s
add redundancy, taking a larger set of primes than necessdhgat the reconstruction via CRT can be made
error-correcting. Specifically, we apply a Chinese Renm&iritbde, or CRT code for short, to the encoding
process.

K
Definition 2 (CRT code) Letp; < p2 < ... < py be distinct primesK < N, andT = [] p;- The
=1

Chinese Remainder Code (CRT codeath basisp,...,px and rate% over message spa@e- encodes
m € Zg as((m|p,, [Mlpy, - [M]py)-

Remark.By CRT, for distinctim, ms € Zp, their encodings agree on at mdst— 1 coordinates. Hence
the Chinese Remainder Code with basis< ... < py and rate% has distanceV — K + 1.

It is known that good families of CRT code exist and that ugigiecoding algorithms for CRT codes
(see e.g.,[[12]) can correct up to almost half of the distasfdfie code. The following statement can be
easily derived from known facts, and we include a proof in épgix[B.

Theorem 8. For every positive integef’, there exists a se® consisting of distinct primes, with (1P| =
O(logT), and (2)¥p € P,logT < p < 500log T', such that a CRT code with basisand message space

Zr has rate}, and can correct up to &; — O(57e-7))-fraction of errors.

We apply Theorerhi]8 to a message space of sfZé to obtain a set of prime®; with the properties
described above. Note that these primes are all within ataonhfactor of one another, and in particular,
the evaluation table of each reduced polynomial has the samgéh, up to a constant factor. This fact and
LemmdT will ensure that our CRT-based encoding is errarecting.

Reducing the bit-probe complexity: We now explain how to reduce the bit-probe complexity of the
CRT-based encoding, using an idea frdml [15]. Weite= d™, whered = log® s, m = CIL()gglf)gs’ and

C > 1is a sufficiently large constant. Consider the following titinear extension map, ., : Z,[X| —
Zn[Xo, - .., Xm—1] that sends a univariate polynomial of degree at mdst anm-variate polynomial of

degree less thaih in each variable. For everye [s], write ; = Z;.”:_Ol i;d’ in based. Definei,,, which
sendsX’ to X{° - - X/»~* and extends multilinearly t@, [ X].




To simplify our notation, we writg to denote the multivariate polynomial; ,,(g). For everya € Z,,
defined € Z™ to be([a],, [an, [a¥]n, - .., [a?" '],). Note that for every € Z,,, g(a) = §(a) (modn).
Now the trick is to observe that the total degree of the méidr polynomial is less than the degree of the
univariate polynomial, and hence its maximal value over the integers is much reduoeparticular, for
everya € Z, the valuey,,,(g)(a) over the integers is bounded abovedyyn @+t

We now work with the reduced polynomials &ffor our encoding. Lef’; be the collection of primes
guaranteed by Theorefh 8 whéh = d™n?™*!. Forp € Py, let gp denoteg mod p anda, denote the
point ([a],, [a%],, . .., [a®" '],). Consider the data structure that concatenates the eieaitiable ofg, for
eachp € P,. For eachu € Z,, to computey(a), it suffices to comput@(a) overZ, which by Theoreni8
can be reconstructed (even with noise) from the{ggta,) : p € P }.

Since the maximum value df is at mostT; = d™n%"t! (whereas the maximum value gfis at
most d™n?"*1), the number of primes we now use is significantly less. Tiffiscévely reduces the
bit-probe complexity. In particular, each evaluation quean be answered witlP;| - max,cp, logp =
(dmlog n)**+°(1) bit-probes, which by our choice @fandm is equal topolylog s - log! ™) n. However,
thelengthof this encoding is still far from the information-theowlly optimal s logn bits. We shall ex-
plain how to reduce the length, but since encoding with dindéar reduced polynomials introduces potential
complications in error-correction, we first explain how tcamvent these complications.

Error-correction with reduced multivariate polynomials:  There are two complications that arise from
encoding with reduced multivariate polynomials. The fissthat not all the points in the evaluation tables
are used in the reconstructive CRT algorithm. Leniina 7 ondrapniees that most of the entries of the table
can be decoded, not all of them. So if the entries that areingbd reconstruction via CRT are not decoded
by LemmdY, then the whole decoding procedure fails.

More specifically, to reconstrugt(a) overZ,, it suffices to query the poirit, in the evaluation table
of g, for eachp € Py. Typically the se{a, : a € Z,} will be much smaller thaiZ;?, so not all the
points inZ;" are used. To circumvent this issue, we only store the quentpthat are used in the CRT
reconstruction. LeB? = {a, : a € Z,}. For eaclp € P, the encoding only stores the evaluatiorgpft
the pointsB? instead of the entire domaify*. The disadvantage of computing the evaluation at the points
in B? is that the encoding stage takes time proportional.td/e thus give up on encoding efficiency (which
was one of the main goals of Kedlaya and Umans) in order tcegixee error-correction.

The second complication is that the sizes of the evaluatibies may no longer be within a constant
factor of each other. (This is true even if the evaluatiomfstome from all ofZ;".) If one of the tables
has length significantly longer than the others, then a eohé$taction of noise may completely corrupt the
entries of all the other small tables, rendering decodiagGRT impossible. This potential problem is easy
to fix; we apply a repetition code to each evaluation tabléhabadll the tables have equal length.

Reducing the length: Now we explain how to reduce the length of the data structoineetrly s log n,
along the lines of Kedlaya and Umarns|[15]. To reduce the kenge need to reduce the magnitude of
the primes used by the CRT reconstruction. We can effegti@ehieve that by applying the CRT twice.
Instead of storing the evaluation tablegf we apply CRT again and store evaluation tables of the retiuce
polynomials ofg, instead. Whenever an entry gf is needed, we can apply the CRT reconstruction to the
reduced polynomials af,.

Note that forp; € P;, the maximum value ofj,, (over the integers rather than med is at most
Ty = dmpcllm“. Now apply Theorerhl8 witli, the size of the message space to obtain a collection of primes
P,. Recall that each; € P; is at mostO(dm logn). So eactps € Py is at mostO((dm)'°M) log log n),
which also bounds the cardinality &% from above.
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For each query, the number of bit-probes made is at MiQ$t>| max,,cp, log p2, Which is at most

(dm)*+eW log' o) n. Recall that by our choicé = log® s andm = z15%—, we havedm = CI,OEJZE;S.

Thus, the bit-probe complexity isolylog s - log' () .

Next we bound the length of the encoding. Recall that by tihear& following Theoreni]2, we may
assume without loss of generality that= Q(log® n) for some0 < ¢ < 1. This impliesloglogn =
O(log s). Then for eaclpy € Ps,

P < (O ((dm)1+o(1) log logn))m < (dm)(+o)m goto(l) < Gl+&+o(1)

Now, by Lemm4d7, the length of the encoding is nearly lineaA}| P»| maxy,cp, ph* log p2, which is at
mostpolylog s - log' () i - max,,c p, p'. Putting everything together, the length of the encodingeirly
linear inslog n. We now proceed with a formal proof.

Proof of Theorerh]l2We only construct an error-correcting data structure withreprobability s = %. By
a standard amplification technique (i.©(log(1/¢)) repetitions) we can reduce the error probability to any
other positive constant. We now give a formal descriptiothefencoding and decoding algorithms.

Encoding: Apply TheoreniB withl’ = d”n%"+! to obtain a collection of prime®;. Apply TheoreniB
with 7' = d™ (maxpep, p)¥™+1 to obtain a collection of primeBs. Setp,,., = mMaxp,ep, P2

Now, for eachp; € Py, po € P, define a collection of evaluation poini’'7? = {a,, ,, : a € Z,}.
Fix a univariate polynomialy € Z,[z] of degree at most. For everyp; € Pi, ps € P, view each
evaluation of the reduced multivariate polynomig| ,,, as a bit-string of length exactljiog pyq.|. Let

L .
L = maxy, cp, pep, |BPVP?| and for eactp, € P, py € P, setrP1P2 = {WW . Define fP1-P2 to be

the concatenation of’2 copies of the stringg(q))qcpr1.»2. Define the stringf = (fP1P2),, cp, prcp, -
We want to apply LemmB] 7 to protect the strifigwhich we can sinceg/ may be viewed as a data
structure problem, as follows. The set of data-items is ¢h@Epolynomialsy as above. The set of queries

Qis U BPrP2 x [rP1P2], The answer to queryyPt P2, iP1:P2) is theiP1P2-th copy 0f gy, p, (¢"F?).
p1E€P1,p2eP?
Fix A € (0,1). By LemmdY, for every) > 0, there existsy € (0,1) such that for every < 7, the

data structure problem correspondingftbas a(O(1og pmaz), 6,270, A32736)-data structure. Lefy, Dy
be its encoder and decoder, respectively. Finally, thedingmf the polynomial is simply

E(g) = &(f)
Note that the length of (g) is at most(| Py || | max,,e p, p5* log p2)t ", which as we computed earlier

is bounded above b§((slogn)*+¢) for some arbitrarily small constagt

Decoding: We may assume, without loss of generality, that the CRT daxdbg.; from Theorend]7 outputs
1 when more than @%-fraction of its inputs are erasures (i.¢. symbols).
The decodeD, with inputa € Z,, and oracle access to, does the following:

1. Computei = (a,a?,...,a?" ") € Z™ , and for everyp; € Py, p» € P, compute the reduced
evaluation pointsi,, ;..

2. Forevenp, € Py, py € P, pickj € [rP1-P2] uniformly at random and run the decodeg with oracle
access tav to obtain the answer@?,(,‘f?p2 = Do(p, ps, J)-

3. For every; € Py obtainv(”) = D,y <<”§Cf)m> P > '
’ p2El2
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4. Outputv(®) = D, <<v§ff)> . >
piEf1

Analysis: Fix a polynomialg with degree at most. Fix a bit-stringw at relative Hamming distance at
mosté from £(g), whered is at mostr,. We proceed to verify that the above encoding and decoditigfysa
the conditions of Definitiofl1.

Conditions 1 and 4 are easily verified. For Condition 1, obxséhat for eactp; € Py, ps € P, Dy
makes at mosP (log py,q.) bit-probes. S@ makes at mosO (| Py || Pz|log pmaz) bit-probes, which as we
calculated earlier is at mopblylog s - log' () .

For Condition 4, note that sincB, decodes correctly when no noise is preseu.{;‘fzp2 is equal to
Gpy.p2(Gpy po ). By our choice of P, and P, after two applications of the Chinese Remainder Theorem,
it is easy to see thdP outputsv = g(a), which equalgj(a).

Now we verify Condition 2. Fix. € Z,,. We want to show that with oracle accessitowith probability
at Ieast%, the decodeD on inputa outputs eitheg(a) or L. Form € P, U (P, x P,), we say that a point

o\ isincorrectif v\” ¢ {g, (@), L}.

By Lemma7, for eachy; € P, andp, € P, véﬁ”?m is incorrect with probability at most—19. Now fix
p1 € P;. On expectation (over the decoder’s randomness), at mstlafraction of the points in the set
{v},‘f?m : p2 € Py} are incorrect. By Markov’s inequality, with probability last1 — 2-°, the fraction of
points in the se{ul),, : p» € P>} that are incorrect is at mosk. If the fraction of blank symbols in the
set{v},‘f?m Ypocp, is at Ieast1—16, thenD,,, outputs_L, which is acceptable. Otherwise, the fraction of errors
and erasures (i.el, symbols) in the sefv'”), : p» € Py} is at mosti. By TheoreniB, the decod@.
will output an incorrecmﬁ”) with probability at mos2~6. Thus, on expectation, at mosea®-fraction of
the points in{v,(,‘f) : p1 € P} are incorrect. By Markov’s inequality again, with probityilat least3, at
most a;x-fraction of the points ifv” : p; € P} are incorrect, which by Theorefm 8 implies tHay is
either L or g(a). This establishes Condition 2.

We now proceed to prove Condition 3. We show the existencesef@ C Z,, such thatG| > (1 —\)n
and for eachu € G, we havePr[D(a) = g(a)] > 2. Our proof relies on the following observation: for any
p1 € Prandpy € Py, if a € Z, is chosen uniformly at random, then the evaluation pajnt,, is like a
uniformly chosen element € BP1'P2, This observation implies that if a few entries in the evibratables

of the multivariate reduced polynomials are corruptedn thoe mosta € Z,,, the output of the decodé&p
on inputa remains unaffected. We now formalize this observation.

Claim 9. Fix p; € Py, p2 € P, and a pointy € BP*"P2, Then

4
Pr |a =g < —.
ae%n [am,pz q] < 2

Proof. For any pair of positive integers. < n, the number of integers im| congruent to a fixed integer
modm is at most|Z | + 1 and at least 2 | — 1. Note that ifa, b € Z,, with a = b mod m, then for any

n
m
integeri, ' = b* mod m. Thus,d,, = by,.
It is not hard to see that for a fixed € BP*, the number of integers € Z,, such thata,, = ¢; is at

most L%J + 1. Furthermore, for a fixed, € BP*P2, the number of points ii3?* that are congruent t@,
modp, is at mostbj—;J +1. Thus, for a fixedy € BP1P2, the number of integers € Z,, such that,, ,, = ¢

is at most( Lpﬂlj + 1> Q%J + 1> , Which is at mostlpi2 sincen > p; > po. O
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Now, for everyp; € P, andpy, € P», we say that a queryg, j) € BPVP2 x [rP1P2] s bad if the
probability thatDy' (¢, j) # G, ps)(¢) is greater tharz=1°. By Lemmal7, the fraction of bad queries in
Upy pp BP1P2 X [rPLP2] is at mostyg := A32730. We say that a tuple of primég,, p2) € P, x P, is badif
more than &' \o A\~ !-fraction of queries in3?1:P2 x [rP1P2] are bad (belowgoodalways denotes not bad.)
By averaging, the fraction of bad tuplés;, p2) is at mos2 1)\

For a fixed good tuplép:, p2), we say that an inde®* 2 is badif more than &~ !! \-fraction of queries
in the copyBP1P2 x {iP1P2} are bad. Sincépi,ps) is good, by averaging, at most2&2 Ao\ ~2-fraction
of [rP1P2] are bad. Recall that in Step 2 of the decot@ierthe indices{;jP*?2 : p; € Py,ps € P} are
chosen uniformly at random. So on expectation, the set afesd j 2 : (p;, p2) is good has at most a
222\gA~2-fraction of bad indices. By Markov’s inequality, with prakility at least, the fraction of bad
indices in the sef;jP1P2 : (p1, p2) is good; is at mos2?> \oA~2. We condition on this event occurring and
fix the indices;jP1-P2 for eachp, € Py, p2 € Ps.

Fix a good tuple(pi,p2) and a good index?**2. By Claim[9, for a uniformly randomu € Z,,
the query(ay, ,,, j7*72) is bad with probability at mos2—?\. By linearity of expectation, for a random
a € Zy, the expected fraction of bad queries in theSet= {(a,, ,,, j7*7?) : p1 € P1,p2 € P} is at most
271N + 22500272 4+ 279, which is at mosR 8\ by definition of \y. Thus, by Markov’s inequality, for a
randoma € Z,,, with probability at least — ), the fraction of bad queries in the st is at mos2—8. By
linearity of expectation, there exists some suliset Z,, with |G| > (1 — \)n such that for every. € G,
the fraction of bad queries ifi® is at mos2—8.

Now fix a € G. By definition, the fraction of bad queries #f is at mos2~—%, and furthermore, each of
the good queries i$® is incorrect with probability at most—'°. So on expectation, the fraction of errors
and erasures i8“ is at mos2~® + 2710, By Markov's inequality, with probability at least, the fraction

of errors and erasures in the gef”,, : p; € Py, ps € P2} is at mos2~5 + 27, which is at most:. We
condition on this event occurring. By averaging, for morartla%—fraction of the prime9; € P, the set

{Uz(;:?pz :p2 € Py} has at mosg-fraction of errors and erasures, which can be correctettdZRT decoder

D.r+. Thus, after Step 3 of the decodBy; the set{vﬁ,‘f)} has at most %—fraction of errors and erasures,
which again will be corrected by the CRT decodr.,. Hence, by the union bound, the two events that we
conditioned on earlier occur simultaneously with prokigbit least3, andD(a) will output g(a). O

4 Conclusion and future work

We presented a relaxation of the notion of error-correctiata structures recently proposed(in/[20]. While
the earlier definition does not allow data structures thatbath error-correcting and efficient in time and
space (unless an unexpected breakthrough happens foacbpsbbe LDCs), our new definition allows
us to construct efficient, error-correcting data structfor both theMEMBERSHIP and thePOLYNOMIAL
EVALUATION problems. This opens up many directions: what other datectsitres can be made error-
correcting?

The problem of computingank within a sparse ordered set is a good target. Suppose we\a @i
universeln|, some nonnegative integer< n, and a subset C [n] of size at mosk. The rank problem is
to storeS compactly so that on inpute [n], the valuegl{j € S : j < i}| can be computed efficiently. For
easy information-theoretic reasons, any data structurthi® problem needs length at leds{s log n) and
makes(2(log s) bit-probes for each query. = O(logn), one can trivially obtain an error-correcting data
structure of optimal lengtl® (s logn) with O(log® n) bit-probes, which is only quadratically worse than
optimal: write downS' as a string ok log n bits, encode it with a good error-correcting code, and rbad t
entire encoding when an index is queried. However, it maydssiple to do something smarter and more
involved. We leave the construction of near-optimal eoarrecting data structures for rank with small
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(as well as for related problems suchpesdecessqras challenging open problems.
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A Non-binary answer set

We prove Lemma&]7, a version of Theor@€in 3 when the answed sstnon-binary. We first encode the
¢|Q|-bit string (f(z. q)),c by an RLDC, and use the decoder of the RLDC to recover eacheof Hiits

of f(xz,q). Now it is possible that for each € @, the decoder outputs some blank symhal$or some
of the bits of f(x, ¢), and no query could be answered correctly. To circumvest the first encode each
¢-bit string f(z, ¢) with a good error-correcting code, then encode the entinegsby the RLDC. Now if
the decoder does not output too many errors or blank syminotsm@ the bits of the error-correcting code
for f(x,q), we can recover it. We need a family of error-correcting sodéh the following property, see

e.g. page6s in [19].

Fact 10. For everyd € (0,1/2) there existsR € (0,1) such that for alln, there exists a binary linear
code of block length, information lengthRn, Hamming distancén, such that the code can correct from
e errors ands erasures, as long & + s < én.

Proof of Lemmal7 We only construct an error-correcting data structure withreprobabilitye = %. By a
standard amplification technique (i.€(log(1/<)) repetitions) we can reduce the error probability to any
other positive constant. Let.. : {0,1} — {0, 1}’3/ be an asymptotically good binary error-correcting
code (from Fadi10), witl’ = O(¢) and relative distancé, and decodeD,... By Theoreni B, there exist
co, o > 0 such that for every < 7, there is dO(1), 4, 55, cod)-relaxed locally decodable code (RLDC).
Let & andD, denote its encoder and decoder, respectively.
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Encoding. We construct a data structure fpras follows. Define the encodér: D — {0,1}", where
N =0((t-|Q)"""), as

E(2) = & ({Eeeel /(2 0)) Dgeq) -

Decoding. Without loss of generality, we may impose an ordering on #ié€)sand identify eacly € @
with an integer inQ)].
The decodeD, with inputq € @ and oracle access to € {0, 1}N, does the following:

1. Foreachy € [¢'], letr; = DY ((¢ — 1)¢' +j) and setr = 71 ...rp € {0,1, L}

2. If the number of blank symbols in r is at Ieast%', then outputL. Else, outpuDe..(r).

Analysis. Fix z € D andw € {0,1}" such thatA(w, £(x)) < 6N, andd < 7, wherer is the minimum
of 7, and )\2‘6c51. We need to argue that the above encoding and decoding esatisé four conditions
of Definition[d. For Conditionl, since D, makesO(1) bit-probes andD runs this¢’ times, D makes
O({") = O(?) bit-probes intow.

We now showD satisfies Conditior2. Fix ¢ € Q. We want to showPr[D¥(q) € {f(z,q), L}] > 2.
By TheoreniB, for eacli € [¢'], with probability at mos%, r; = f(x,q); ® 1. So on expectation, for at
most ag5-fraction of the indiceg, r; = f(z,¢); © 1. By Markov's inequality, with probability at least,
the number of indiceg such that; = f(z,q); ®1is at most%. If the number ofL. symbols inr is at least
%’ thenD outputsL, so assume the number dfsymbols is less thaé’. Those_’s are viewed as erasures
in the codeword,...(f(z,q)). Since&.. has relative distancé, by Fac{10D.,.. will correct these errors
and erasures and outpfitz, q).

For Condition3, we show there exists a large sub&etf ¢’s satisfyingPr[D*(¢) = f(z,q)] > 3. Let
Y = (Eece f(,9)) ) 4eq» Which is al’|Q|-bit string. Call an index in y badif Pr[Dy (i) = yi] < A% By
Theoreni B, at most@d-fraction of the indices iy are bad. We say that a queyye @ is badif more than
a 6i4-fraction of the bits inf...(f(z,q)) are bad. By averaging, the fraction of bad querie®irs at most
64cp0, which is at most\ by our choice ofr. We defineGG to be the set of € @ that are not bad. Clearly
Gl > (1-N)QL.

Fix ¢ € G. On expectation (over the decoder's randomness), thedraof indices inr such that
rj # f(z,q); is at mostg; + 5. Hence by Markov's inequality, with probability at leaktthe fraction of
indices inr such that; # f(z,q); is at mostl%. Thus, by Fadid0D....(r) will recover from these errors
and erasures and outpfitz, q).

Finally, Condition4 follows since the paif&y, Do) satisfies Condition 4, finishing the proof. O

B CRT codes

In this section we explain how Theordm 8 follows from knowat$a In [12], Goldreich, Ron, and Sudan
designed a unique decoding algorithm for CRT code.

Theorem 11 (from [12]). Given a CRT Code with basjs < ... < py and rate K/N, there exists a
polynomial-time algorithm that can correct upfgg%(N — K) errors.

By choosing the primes appropriately, we can establish fiéme®. In particular, the following well-
known estimate, essentially a consequence of the Prime Biufbeorem, is useful. See for instance
Theorem 4.7 in[[11] for more details.

Fact 12. For an integer? > 0, the/th prime (denotedy) satisfies%élogé < qe < 13llog¥.
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Proof of Theorerfil8Let K = | =127 | andg, denote the-th prime. By FadiIRqx > §K log K > log T

log T’
andgsx_1 < 39K log 3K < 5001og T'. Also, notice thal[2X-" ¢; > ¢/ > (log T)®eios™ = T. Thus, by
Definition[2, the CRT code with basig; < ... < 21 < ... < g3x—1 and message spafe-, has rate

at mosty; = 5. Lastly, by Theorerfi 1, the code can correct a fracion O( 515z 7) of errors. O
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