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Abstract

This thesis is an exposition of ideas and methods that help un-
derstanding the problem of minimizing a polynomial over a basic
closed semi-algebraic set. After the introduction of some the-
ory on mathematical tools such as sums of squares, nonnegative
polynomials and moment matrices, several Positivstellensatze are
considered. Positivstellensétze provide sums of squares represen-
tations of polynomials, positive on basic closed semi-algebraic
sets. Subsequently, semi-definite programming methods, in par-
ticular based on Putinar’s Postivstellensatz, are considered. In
order to use semi-definite programming, certain degree bounds
are set. These bounds give rise to a hierarchy of approximations
of the minimum of a polynomial, which will also be discussed.
Finally, some new results are given that are obtained by looking
at sums of squares representations of a positive polynomial when
minimizing over the unit hypercube .
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Introduction

In this thesis we are focusing on the following optimization problem: given
a polynomial p and a subset K of R", find

Pmin := Inf{p(x) : x € K}. (1)

Note that this problem becomes a linear program when p is a linear function
and K is a polytope. However, this problem is NP-hard in general. This can
be understood by the following examples where K = R".

Example 0.1. The partition problem asks whether, for a set of positive
integers ay, ..., a,, there exists a subset J C {1,...,n} such that

Sa= Y a

icJ ie{l,..n}\J

This problem can also be formulated as a polynomial minimization problem.
For this purpose we consider the following polynomial:

pi= (i ain) + i(Xf — 1)

=1

Let pin denote the minimum of p over R”. Now we have that p,,;, = 0 if
and only if there exist a partition of the set {as, ..., a,}. Note indeed that if
Pmin = 0, then D" | a;X; = 0and X; = £1 for ¢ € {1, ...,n}. Asis explained
in [6], the partition problem is an NP-complete problem.

Remark 0.2. Note that it does not matter whether we consider p over R,
[—1,1]" or {—1,1}" when checking whether the minimum of p equals 0. In
all cases the minimum of p equals 0 if and only if there is a partition of the

set {ay,...,a,}.



Example 0.3. A matrix M € R™" is said to be copositive if 7 Mz > 0 for
all z € R%,. Clearly, this is the same as checking whether p,,,;, > 0 for the
polynomial p := > or iy XPXFM;j, where p € R[Xq, ..., X,]. As is explained
in [23], testing whether a matrix is not copositive is an NP-complete problem.

Throughout this thesis, instead of looking at the infimum as in (1) we consider
the supremum
pmmzsup{)\GR:p—)\ZO on K}, (2)

which obviously gives the same value for p,,;,. We will study relaxations
of this problem, which are obtained by considering sums of squares repre-
sentations of positive polynomials. The representations are obtained when
K in (2) is a basic closed semi-algebraic set. We are going to use semi-
definite programming to find these representations and to create a hierarchy
of approximations for p,.;, as described in (2), where K is a basic closed
semi-algebraic set.

Outline of this thesis

The first chapter introduces some necessary preliminaries for the rest of the
thesis.

The second chapter mostly serves as an introduction to the set of sums of
squares polynomials and the set of nonnegative polynomials. We give an
exposition of the study of relationships between the two sets, initiated by
Hilbert. Then, in Theorem 2.8, it is stated that every nonnegative poly-
nomial can be approximated with an a priori fixed precision by a sum of
squares of polynomials. For this result Lasserre [12] received the Lagrange
Prize 2009.

The third chapter starts with an introduction to the concepts moment matri-
ces and moments sequences and explains the duality relation between sums of
squares and sequences whose moment matrix is positive semi-definite. Then
some more properties of moment matrices are given. Subsequently, in Theo-
rem 3.8 characterizations of moment sequences with a representing measure
on the hypercube are given. This chapter ends with the proof of Theorem
2.8 by Lasserre. This proof combines most of the theory of the third chapter.
In the fourth chapter we make the reader familiar with Positivstellensatze,
in particular with Putinar’s Positivstellensatz. Positivstellensatze give sum
of squares representations for polynomials that are positive on a basic closed



semi-algebraic set.

Then in the fifth chapter we discuss sequences of semi-definite programming
relaxations, in particular relaxations of Putinar’s Positivstellensatz. From
these approximations, approximation hierarchies are deduced. We will dis-
cuss under what conditions these hierarchies have finite convergence.

In the sixth chapter we consider minimization of the polynomial X;---X,
over the n-dimensional unit cube and give some new obtained results re-
garding sums of squares representations for the polynomial X; --- X, in the
quadratic module of the unit hypercube.

Notations

X is shorthand for the n-tuple of variables (Xj, ..., X,,).

We write R[X] for R[X7, ..., X,].

Further by = (1, ..., z,) € R" we indicate the vector x.

Moreover, for a polynomial f € R[X], f(x) denotes the result of evaluating
f at z.



Chapter 1

Preliminaries

In this chapter we introduce positive semi-definite matrices. We give several
characterizations of a matrix for being positive semi-definite. Subsequently
we introduce semi-definite programming and some of its duality theory rele-
vant for this thesis. The chapter is based on [16] and [17].

1.1 Positive semi-definite matrices

Let S™ denote the set of symmetric matrices in R®*™. The following theo-
rem is mostly based on the spectral decomposition theorem. This spectral
theorem states that any X € S™ has eigenvalues )y, ..., A\, and corresponding
eigenvectors vy, ..., v, that form an orthonormal system in R”. As a conse-
quence X can be written as X = Y _" \vvl .

Theorem 1.1. Let X € S™. The following assertions are equivalent.

(1) X is positive semi-definite (abbreviated as PSD). This is denoted by
X = 0. We use the following definition: X > 0 if 27Xz > 0 for all
x € R"™.

(2) The eigenvalues of X are nonnegative.

(3) X = LLT for some matrix L € R™* (for some k > 1). We call this
decomposition a Choleski decomposition of X.

(4) There exist vectors vy, ..., v, € R¥ (for some k > 1), such that X;; = v} v;
for all 7,5 € {1,...,n}. The matrix X is called the Gram matrix of the
vectors vy, ..., Up.



(5) All principal minors of X are nonnegative.

By S, we denote the cone of positive semi-definite matrices. To define its
dual cone we introduce the trace inner product of two matrices X,Y € R™*"

as follows: .
(X,Y) =) ) XYy (1.1)

i=1 j=1

The dual cone of SZ is given by
(Sl ={X€es": (X,Y)>0 forall Y €SI} (1.2)

Note that (SZ)* = SZ, since we have that

X, YY>0forall YesS' < ( X,) Nvovl ) >0 forall v, e R", )\, >0
< =0 %

S A(X,ov") >0 forall v €R", A >0
= vl Xv >0 for all veR”
< X = 0.

In other words the cone S is self-dual.

1.2 Semi-definite programming

Semi-definite programming is a generalization of linear programming. Whereas
one optimizes over RZ, in linear programming, one optimizes over S, in
semi-definite program_ming. Semi-definite programming is interestingg be-
cause there exist polynomial time algorithms to solve a semi-definite program
(abbreviated as sdp). A method that can be used to solve a semi-definite
program in polynomial time up to a fixed precision is the ellipsoid method
[19]. However in practice it turns out that this method is too time consum-
ing. Therefore, as an alternative method, the interior point method [34] is
often used.

Since semi-definite programming is a generalization of linear programming,
every linear program can be written as an sdp. To understand this, recall
that the standard primal form of a linear program is given by

min{c"z : a;z = b;,j € {1,...,m},x € R}, (1.3)

7



where ¢,a; € R" and b; € R. The standard primal form of an sdp is given
by
sup {(C, X) : (A1, X) = b1, ..., (A, X) = by, X =0}, (1.4)
X€S,
Here Ay, ..., A, C € S" and b; € R. So if we set C' = diag(cy, ..., ¢,) and
A; = diag((a)1, ..., (a;)n) in (1.4), we obtain (1.3).
We say that the sdp in (1.4) is feasible if the set

(X €S™: (A, X) = by, ooy (A, X) = by, X = 0} (1.5)

is non-empty. We say the sdp is strictly feasible if there exists an element
in the set described in (1.5, which is an element of the interior of the semi-
definite cone. The dual of (1.4) is given by

inf{Zyjbj :yl,...,ymGR,ZyjAj—CtO}. (1.6)

Jj=1 Jj=1

Feasibility and strict feasibility for the dual program are defined analogously.
We now state the following fundamental result on primal and dual sdp’s.

Theorem 1.2. Given a pair of primal and dual semi-definite programs as
above. Let p* be the supremum of the primal program and let d* be the
infimum of the dual program.

(i) (Weak duality). Suppose X is a feasible solution of the primal program
and y is a feasible solution of the dual program. Then

(€, X) <ty (1.7)
So p* < d*.

(ii) (Strong duality). If the primal sdp is bounded from above and strictly
feasible, then the dual sdp attains its infimum and there is no duality

gap.
If the dual sdp is bounded from below and strictly feasible, then the
primal sdp attains its supremum and there is no duality gap: p* = d*.

Proof. The proof of strong duality is omitted. See for example Chapter 3 of
[17]. The proof of weak duality is as follows:

D uibi = D4, X) 2 (C,X), (1)

8



where, in the last inequality, we have used the fact that ST, is self-dual and
that 37, y;A;—C = 0and X = 0 to see that <Z;n:1 y;A; — C, X> >0. O



Chapter 2

Sums of squares and
nonnegative polynomials

In this chapter we introduce the set of sums of squares and the set of non-
negative polynomials. We state that every nonnegative polynomial can be
written as a sum of squares of polynomials by adding an arbitrarily small
high degree perturbation to it. Further we show how the problem of checking
whether a polynomial is a sum of squares can be transformed to solving an
sdp. Moreover we give sufficient conditions, in terms of their coefficients, for
polynomials to be sums of squares of polynomials.

2.1 Preliminaries on polynomials

This section is based on [31] and Chapter 1 of [20].

Let R[X] denote the polynomial ring R[X7, ..., X,,] for short. A polynomial
p € R[X] can be written as p = ) poX“ for finitely many p, # 0, where
Pa ER = (aq,...,a,) € NYand X = X" ... X . So pis asum of finitely
many non-zero terms p,X“ for a € N*. The maximum value |a| = ) «a; for
which p, # 0 is the degree of p. A homogeneous polynomial or form is a
polynomial whose monomials all have the same degree.

For a nonnegative integer d, we denote by [X],; the vector consisting of all
monomials X7 --- X% of degree at most d. Moreover R[X]|, denotes the set
of polynomials in R[X] with degree d or smaller.

10



Remark 2.1. The dimension of R[X]; is (”;d). This can be understood as
follows. There are n variables and every monomial can have degree at most d.
The number of different possible monomials X7 - - - X with > . o < d (the
dimension) is the same as the number of ways to colour d out of n + d white
squares red, which is (”;d). To see that every monomial corresponds uniquely
to such a colouring we let the uncoloured squares represent X, ..., X,, from
left to right. Then the power of an X; equals the number of successive red
coloured squares at its right. For example for n = 3 and d = 2 (and w and
r representing a white and red squares, respectively) we have that wwrrw

represents X2 and rwwwr represents Xs.

For a polynomial p = ) p, X, the vector p = (p,) denotes the vector of
coefficients of p in the monomial basis. Let deg(p) = d. We denote by N7
the set of sequences a € N™ with |a| < d. We define s(n, d) := |N2| = ("19).
Now p can be rewritten as follows:

p=Y paX*=p"[Xla (2.1)

aeNY

We say a polynomial p € R[X] is positive semi-definite (abbreviated as psd)
if p(z) > 0 for all € R™ and p is positive if p(x) > 0 for all z € R". As an
exception, a form p is said to be positive if p > 0 for all x € R™ not equal to
the zero vector. Further, let P, 4 and denote the set of psd polynomials in
n variables of degree smaller than or equal to d and let Pnd denote the set
of psd forms in n variables of degree d. Note that P, , and Pnjd are closed
under addition and multiplication with positive scalars, so P, 4 and Pn,d are
convex cones. Further, if n and d are not specified, we use P and P to denote
the set of all psd polynomials and psd forms, respectively. We denote the
set of all psd forms and psd polynomials on some set K by P(K) and P(K),
respectively.

A polynomial p € R[X] is a sum of squares (abbreviated as sos) if p can
be written as a sum of squares of polynomials, i.e. p = Zle p? for some
p; € R[X] and k € N. Let &, 4 denote the subset of P, 4 of sos forms in n
variables of degree d. Let X, 4 denote the subset of P, 4 of sos polynomials in
n variables of degree smaller than or equal to d. Further, if n and d are not
specified, we let 3 and ¥ denote the set of all sos forms and sos polynomials,
respectively. The property of being psd and sos, turns out to be preserved
upon homogenization and dehomogenization. Before making that explicit we
state the following lemma.

11



Lemma 2.2. Suppose p = p? + ... + p: for some non-zero p; € R[X] for some
integer £ > 1. Then

deg(p) =2 mzax{deg(pi)}. (2.2)

Proof. We write p; = pio+ ... +Diq,, where each p;; is a nonzero form of degree
j. We set d = max;{deg(p;)}. Since p;4 is non-zero for at least one index i
we obtain the result. O]

Lemma 2.3. For a polynomial p(Xy, ..., X,,) with even degree d and its ho-

mogenization p(Xg, X1, ..., X,,) = XIp(Xo, %, s ))g—g), the following holds.

(i) pis an sos if and only if p is an sos.

(ii) p > 0 on R™ if and only if p > 0 on R™.

d 2
Proof. (i) (=). If p = Zle p?, then p = Zle <X02pi (%, s f(—g)) for
p; with deg(p;) < g by Lemma 2.2, which clearly again is an sos, but
now an sos of forms of degree %l :

(<) Ifp=3"F 52 thenp = (1, Xy, ..., X)) = S0 51, X1, ..., X)2

(i) (=). If xy # 0, we use that p(zo, ..., x,) = xﬁp(i—;, ). I mg =0, we
use that p(0, z1, ..., ,) = lime o elp (£, ..., ),

(«<). If p > 0 then we use that p(zy,...,z,) = p(1,x1, ..., z,).
[

In the sequel we sometimes homogenize or dehomogenize a polynomial when
proving a psd or sos property.

Remark 2.4. The property of being positive is not preserved upon homog-
enization. For example f(z1,23) = 22 + (1 — x129)? > 0 for z1, 25 € R, but

f(xo, 1, 22) = 2323 + (23 — 172)? equals 0 at (1,0,0) and (0, 1,0).

2.2 Hilbert’s theorem

Clearly we have that the cone of homogeneous sums of squares polynomials
is contained in the cone of homogeneous psd polynomials, i.e. ¥ C P. So an
obvious question regarding the sets imd and Pn,d one might ask is whether
Spa = Png. In general it does not hold. However, for certain pairs (n, d)
equality holds. Hilbert has characterized all these pairs already in 1888 in
8].

12



Theorem 2.5. 3, ;= P, 4 if and only if n <2, or d = 2, or (n,d) = (3,4).

Proof. Below we will prove the cases n < 2 and d = 2. The proof for the
case (n,d) = (3,4) is harder. An elementary proof for this case is given by
Scheiderer and Pfister in [32].

(Case: n < 2). Let p € Py 4. We show that pis a sum of squares. For this pur-
pose we dehomogenize p to obtain a univariate polynomial p € R[X]. Since
we know that the complex zeros come in conjugate pairs, we can factorize p

as follows:
p=po [ [(X —a)" J]IX —a;)* + 03] (2.3)

J

J/

V Vv
real factorization complex factorization

Here po, ¢i, a;,b; € R, k;,[; € N. For the complex part of the factorization we
have used that

(X —(aj+b;i))(X = (a; —b;i)) = X?+aZ —2a; X +b} = (X —a;)>+b7. (2.4)

For the real part, we can deduce that k; is even for all 7, i.e. all real roots have
even multiplicity. For if we suppose that a real root a has odd multiplicity, we
see that p changes sign around a, which contradicts the positivity assumption.
Returning to (2.3), we see that p is a product of a square, the real part, and
a product of sums of two squares, the complex part. From the following
equation we derive that a sum of two squares times a sum of two squares
again is a sum of two squares:

(a® +b*)(c* + d*) = (ac — bd)* + (ad + bc)?, (2.5)

so the complex part as a whole can be written as one sum of two squares.
Concluding, the factorization of p can be written as a square times a sum
of two squares, so p can be written as a sum of two squares. By applying
Lemma 2.3, we conclude p is an sos.

(Case: (d = 2)). Since p a form, p can be written as

n n
p= Z Z a;; X;X; = XTAX, (2.6)
i=1 j=1
where X can be seen here as an (n x 1)—column vector. Further we may

assume that the matrix A := (q;;) is symmetric, since if a;; # aj;, we can

13



obtain p by redefining A as A := (aj;), where aj; := 424t Since by assump-

tion p > 0, we know by definition (Theorem 1.1(1)) that A is PSD. Moreover
by Theorem 1.1 we know A has a Choleski-decomposition and we can write
A= LLT where L is an (n x k)—matrix with real coefficients. Now we see
that p is sos, because of the following manipulation:

p=X"AX=X"LL"X = (L"X)"(L"X) = ||L" X||*. (2.7)
]

For all the other cases (n,d) with n > 3 and d > 6 and for the cases (n,d)
with n > 4 and d > 4, there are examples of forms that are nonnegative,
but not an sos. In 1967, Motzkin [22] discovered the first explicit example of
such a form for the case (n,d) = (3,6).

Example 2.6. [Motzkin’s example].
The form f(X,Y,Z) = Z° = 3X*Y?Z? + X*Y* + X*'V? is an clement of
P;6\YX36. In fact, Motzkin proved that the nonhomogeneous polynomial

fX,Y,1) =1 -3X2Y2 + X2Y* + XUY2 € Pyg\ Do (2.8)
The proof is given below.

Proof. To prove the nonnegativity of f(X,Y, 1), the geometric mean inequal-
ity for n = 3 (given in Corollary 2.15),

ZL‘1—|—I2+ZL‘3

3 > Yx1x9w3,  for my, 19,23 >0, (2.9)

can be used. We substitute z; = 1,25 = 2%y* and z3 = 2*y? and we imme-
diately get the result.
To prove that f(X,Y,1) can not be written as an sos, assume for contradic-
tion that f(X,Y,1) is an sos, i.e. f(X,Y,1) =3, f? for some polynomials
fi € RIX, Y] with deg(f;) < 3. Since f(X,Y, 1) contains no monomial of the
form

X6 ve X1 v X% y? (2.10)
we know that the f; do not contain monomials of the form

X3 Y3 X2 Y2 X,Y. (2.11)

Therefore all f; should be of the form a; + b; XY + ¢, X?Y + d; XY?, for
a;, b, ci,d; € R. However, since we can only obtain the monomial —3X?Y?

14
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Figure 2.1: Here CL and M indicate the Choi-Lam and Motzkin examples,
respectively. Further a blue coordinate means that Pn,d = E_]md and a red
coordinate means that there exists a form p € Pn,d\in,d- All coordinates
in the area n > 4,d > 4 and the area n > 3,d > 6 are red. Further, the
coordinates on the line d = 2 remain blue as n grows, and the coordinates
on the lines n = 1,n = 2 remain blue as d grows.

in f(X,Y,1) by squaring and then summing the b; XY, we see that we must

have —3 = >, b2, which gives a contradiction. Again using Lemma 2.3, we
see that f(X, Y, Z) € P3,6\E3,6- ]

The following example for (n,d) = (3,4) was considered and proved by Choi-
Lam [4] in 1977.
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Example 2.7. [The Choi-Lam example].

The polynomial g(W, XY, Z) = W + X?Y? + Y272 + Z?X? — AW XY Z
is an element of ]5474\2474. In fact, the Choi-Lam example was originally
nonhomogeneous and stated that

g, X,Y,Z) =1+ X*Y?+Y?Z? + Z?°X? —4XYZ € Py, \Spa.  (2.12)
The proof can be found in [4].

Now we show how the Choi-Lam and Motzkin examples are used to give a

counterexample for d > 6 and n > 3, or d > 4 and n > 4, where d is even

in both cases. For d > 6 and n > 3, note that for the non-homogeneous

polynomial f(X,Y,1) from the Motzkin example we have that

XY

7=, =

f( Z? Z?

(just substitute Z = 1 and apply Lemma 2.3). For d > 4 and n > 4,

note that for the non-homogeneous polynomial g(1, X,Y, Z) from the Choi-

Lam example we have that Wi (s, &>, Z) € Po.a\Zy.4 (again just substitute
W =1 and apply Lemma 2.3). Figure 2.2 summarizes the above results.

1) € Pug\Zna

2.3 How big is the gap between P and X7

It turns out that X is dense in P with respect to the [;—norm if we fix the
number of variables, but there are few polynomials in ¥ compared to P if
we let the number of variables grow. These two assertions are made more
precise by Theorem 2.8 and Theorem 2.9, respectively.

Theorem 2.8. [14] Let f be a polynomial in R[X] which is nonnegative on
[—1,1]™. For all € > 0 there exists an integer t, > 0 such that

f+e <1+ZX?> ey,
=1

for all t > t,.

Proof. Although this is a result about sums of squares, the proof makes
use of moment matrices, moments sequences and linear forms, which are all
concepts introduced in chapter 3. Therefore this proof is given at the end of
chapter 3. O]

16



So for a fixed n, every polynomial nonnegative on [—1, 1] can be approxi-
mated by an sos by adding a small high degree perturbation. The following
theorem shows that when n is unfixed, we get a different result.

Theorem 2.9. [2| There exist universal constants ¢, C' € R such that

N 1/D
(@72 < (VOI(P”,M)) < Onld-1/2 (2.13)

Proof. See [2] for a proof. O

Here D = (”+§j_1) — 1 is the dimension of the space in which ﬁnygd lives.

Further P, o4 is the cone Pn,d intersected with a hyperplane given by

{p: Jguor p(x)o(dx) = 1}, where o is the rotation invariant probability mea-
sure on S”~! and in’gd is the cone f)md intersected by the same hyperplane.
In fact, we are dealing with the cones X, o4 and P, o4 and check the quanti-
tative ratio between them, measured on a hyperplane intersecting the cones.

2.4 Checking whether a polynomial is an sos
by using semi-definite programming

Although ¥ is not dense in P for an unfixed number of variables, we are still
interested in finding out whether a given polynomial is an sos.

The claim is that checking whether a polynomial is an sos, can be refor-
mulated as an sdp. The following manipulation with p; € R[X]4 is helpful in
understanding this:

Zp? = [X]g(z p:p; )Xo = [X]QIX]a, (2.14)

where @ := > p,p!. Therefore @ is PSD (see Theorem 1.1), so there is
a one-to-one correspondence between PSD matrices and sos’s. Powers and
Wormann [36] worked out this idea of checking whether a polynomial is an
sos by using semi-definite programming. The following lemma is a result of
this.

17



Lemma 2.10. Let p € R[X]54. Then p is sos if and only if the set

{Qes ™ | Q=0, Y Qpy=pa, VYacN (2.15)
B,yeNy
Bty=a

is non-empty.

Unfortunately, the size of matrix () grows rapidly as the number of variables
and the degree grow. As explained in Remark 2.1, the number of rows of )
equals (”Zd). However, for specific examples one can often decrease the size
of @, by eliminating unnecessary elements of [X];. Consider the following

examples from [36].

Example 2.11. Let f = X* +2X2Y? +4X37Z + Z*. 1In this example we
want to check whether f is an sos. For this purpose we try to find a PSD
matrix @ such that f = [X]2Q[X],, where

X, = (1, X,Y,Z, XY, XZYZ X*Y? 7}

Firstly note that f is a form of degree 4. This means that f is an sos if and
only if f is an sos of forms of degree 2. We therefore can immediately remove
the monomials 1, X,Y, Z from [X],. Further since Y* is not a monomial in
f, Y2 can be removed as well. Similarly we can remove Y Z. Notice that
X27? can be written as a product of XZ and X Z, but also as a product of
X? and Z2. So the only elements of [X], that correspond to a nonzero row
and column are XY, X7, X2, Z2. So have obtained the following:

x2\T /10 2 A X2

xv)] (o2 o of[xy

F=1%xz1 12 0 —2x ol | xz (2.16)
7 xo o 1) \z

for some A € R. Now we want to find A. From (5) of definition 1.1, we
know that all principal minors of ) have to be nonnegative. So taking the
determinant of the submatrix indexed by {X?, Z?}, we get that |A| <1 and
taking the determinant of the submatrix indexed by {X? XZ} we get that
A < =2, so we have a contradiction. So f is not an sos by Lemma 2.10.

Example 2.12. Consider the polynomial h = X?Y? + X2 +Y? + 1. Clearly
h is an sos. We now will try to find all possible sos decompositions of h.
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Note that as deduced in the latter example, we can assume that the only
monomials that might occur in [X], are XY, X,Y,1. So we can decompose

h as follows.
xY\T/1 0o 0 A /XY

X 0 1 =X 0 X
h Y 0O -=x 1 0 Y (2.17)
1 A0 0 1 1

for some A € R. We call the above matrix ). Note that the coefficients of @
indexed by (1, XY), (XY, 1),(X,Y) and (Y, X) are variables but sum up to
zero, since XY is not a monomial appearing in h.

Further it is easy to verify that the eigenvalues of Q are 1 and 1 — A2, both
with multiplicity two. Therefore @ is psd if and only if |A\| < 1. To obtain the
possible sos decompositions of @, we diagonalize @ and write Q = VDV,
where D =diag(1,1,1 — A% 1 — \?) and

1 0 00
0 1 00

V=10 \ 1 o (2.18)
A0 01

So we obtain that h = (XY + A\)? + (X — AY)? + (V1 — A\2y)? + (V1 — \2)2
As explained, for all A satisfying |[A| < 1, this is an sos.

In the next chapters, we will return to this idea of using semi-definite pro-
gramming to find an sos decomposition of a polynomial. Using semi-definite
programming in practice, means setting bounds on the degree of the mono-
mials in the sums of squares. In Chapters 5 and 6 we work out this principle.

2.5 Sufficient conditions for being a sum of
squares

Instead of solving an sdp to check whether a polynomial has an sos decompo-
sition, a method has been developed that uses the coefficients of a polynomial

to check a condition that, when satisfied, implies that the polynomial is an
sos. This condition is a sufficient condition, not a necessary.
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The following notation is used. For a polynomial f(X) = > _yn faX” of
degree 2d we define

Q(f) == {a € N": f. £ 01\{0, 2de,, .., 2de,, }, (2.19)

where e; = (0;1, ..., din ), where § is the Kronecker symbol. Further we define
A(f) :={a € Q(f) : foX“ is not a square in R[X]}. (2.20)

The following theorem shows that if the coefficients of a polynomial satisfy
certain conditions, then it is an sos. For the coeflicient foq, of de we also
write faq; for short.

Theorem 2.13. [21] Let f be a form of degree 2d. Then f is an sos if there
exist nonnegative numbers a,; € R, for a € A(f) and ¢ € {1,...,n}, such
that the following two assertions hold:

(1) Vo e A(f): (2d)*ag = f3'a®

(ll) fgdﬂ' Z ZaeA(f) Qq iy for i S {1, ,n}

a1

. an
a,l

Here a, = (aa,1, ) Gam), af i= ag)y -+ -agr, and a® == af' -+ apn.
The proof of this theorem uses the following result of Hurwitz ([9]) and

Reznick ([29] and [30]).

Theorem 2.14 (Hurwitz and Reznick). Let

p(X) = X" — 2dX{ - X,

i=1
where o = (v, ..., a,) € N || = 2d. Then p is an sos.

Proof. The proof will be done by induction on n. Recall that n is the number
of variables. For n = 1 we see that, since ay; = 2d, p = 0, which of course is an
sos. First we exclude n = 2 and assume n > 3. So we assume the theorem
holds for n — 1. We assume that all «; are non-zero since otherwise the
number of variables immediately reduces to n — 1. Further, we may assume
that «o;, o < d, for two coefficients of « indexed by j and k. We now write
a = (aq,...,a,) as a sum of two elements 3,7 € N such that o = v + 3,
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where §; = 0 and 7, = 0 (so v, = «j and S = ;) and |3| = |y| = d. The
following identity is a logical result of this decomposition of a.

(X7 = X7)? = X% —2XP X0 + X7 = X* —2X" + X7 (2.21)
With this identity we can deduce the following:

p(X) = Z ; X —2dX*
i=1
(XB _ X7)2 _ X2 _ x%

— zn: a0 X+ 2d 5

=1

— ZaiX2d _ d(&Qﬁ _i_KQ’y . (Xﬁ _X’y)2)
i=1

=Y BXM—dX* + > X —dXT) +d(X - X7)?
i=1 i=1

Since both v and § are (n — 1)-dimensional, we can use the induction hy-
pothesis to conclude that each of the last terms are sums of squares.

The theorem remains to be proven for the case n = 2. Therefore we need to
show that p(X1, X5) = ay X2+ X241 —2d X" X5 is an sos for a; +ay = 2d.
To show this, we consider p(1, X5) = a; + as X3? — 2dX5?. We want to show
that p(1,X5) > 0. For this purpose we calculate its derivative and set it
equal to 0.

P(1, X)) = 2das X2 — 2dap X521 = 0 (2.22)
So we have critical points at Xy = 0, X5 = 1 and, if ay is even, Xy = —1. We
see that we have a minimum at Xy = 1 and Xy = —1 (if ay is even), since

p(1, X5) > 0 for | X| > 1. Further we have a maximum at X3 = 0. So we can
conclude that p(1, X3) > 0. Now after applying Lemma 2.3 and Theorem
2.5, we can conclude that p(X;, X3) can be written as an sos. ]

Corollary 2.15. The following inequality, called the arithmetic-geometric
inequality, is a direct corollary of Theorem 2.14:

EraL < At T (2.23)
n

for x1,...,z, € R5( and any integer n > 1.
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Proof. If we set a = (1,...,1) and we substitute X; = {/z;, then p(X)
from Theorem 2.14 becomes Z?:l x; —nYry - Y, for x; € Rsy and since
p(X) > 0, we obtain (2.23) for even n. To see that it holds for all positive

integers note that for n odd we can make the following manipulations:

o/ o 2<2x1—|—...—|—2xn

1+ ...+,
”xl...xn: xl...gj — .

n= 2n n

[]

Here follows a corollary by Fidalgo and Kovacec [5] of Theorem 2.14, which
will an important step in the proof of Theorem 2.13.

Corollary 2.16. For a form p(X) = Y7 | ;X2 — X, such that o € N,
la| =2d, B; > 0 for i = 1,...,n and p > 0 if all «; even, the following three
assertions are equivalent:

(i) pis psd
(i) p* L of < 20> [T, B
(iii) p is sos.

Proof. Suppose that an «; is odd and g < 0, we can then make a change
of variables ¥; = X, and Y; = X for all j # 4. Then p will be replaced by
— . Therefore we can assume that 4 > 0. Now suppose pu = 0. Clearly
(1), (i7), (1ii) are true. So we only need to consider p > 0. Further, suppose
Bi = 0. Then since we assume that p > 0, (i7) is not satisfied and (i) will
not be satisfied if we set X; =1 for all j # i and we let X; — oo. Further,
suppose that o; = 0 for some 7, and o # 0 for j # i. If we set X; = 0, we
obtain a polynomial p’ in n— 1 variables of the form p(X) with all coefficients
of a positive. Since we will proof this below we assume the equivalence of the
assertions (1), (#7) and (i27) hold for p’. Now we obtain p(X) (with a; = 0)
from p’ by adding 8;X2¢. Clearly for this p(X) (with o; = 0), the assertions
(1), (i7) and (i7i) still are equivalent. Now in the rest of the proof, we assume
that o; >0, u > 0and §; >0 for alli € {1,...,n}.

(13i) = (i) is trivial. For (i) = (ii), we assume that p is psd. We set z as

follows:
- a 1/2d a, 1/2d Yol
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Now, after substitution, we get:

a 1/2d a, 1/2d n " oi/2d
p((a) (%) )‘?2“““}1(@)

where the last inequality proves (7).

Now we assume (i7). To prove (iii), we will apply a variable change to
get p(X) in a form on which we can apply Theorem 2.14. So we define
X; = (§)'2%, for i = 1,...,n. Further let pn, := p[[j, (5:)*/*. Now, after
raising both sides to the power 2d and multiplying by []\", % we apply our
assumption (i) on uy and see that py < 2d, ie. 1 < Z—(f. Now substituting
our new variables and using that 1 < Z—Cll, we can write the following:

p(X) =Y ¥ = Ya

i=1
_ ’2‘_;[2 aind(M— 1)+ > Y — 2dY°]
i=1 1 i=1

=Y (et = B+ a Loy - 2ay°
i=1

Since (ai(1 — £3) + a;5}) = a; we can apply Hurwitz-Reznick and conclude
that (i24) is implied by (7). O

Now we give the proof of Theorem 2.13 as an application of this last corollary.

Proof. Here we proof Theorem 2.13. Assume that that the a,; € R exist
satisfying the conditions (i) and (i7) of Theorem 2.13. We now combine the
implication (i) = (i77) of Corollary 2.16 and assertion (i) of Theorem 2.13
to obtain that > , U0 i X + fo X is an sos for each a € A. Taking the
sum over all a in A, we see that

i (Z aa,z‘) X4y fo X (2.25)

i=1 aEA aeA
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is an sos. Now we use assertion (i7) of Theorem 2.13 to see that

D X+ faXC
i=1

aEA

Here we use that a nonnegative constant times X?¢ added to an sos again
gives an sos. Now by the definition of A we know that for each o € Q\A we
have that f,X* is a square. Therefore f(X) is an sos. ]

A corollary of Theorem 2.13 is the following.

Corollary 2.17. [13] A polynomial f € R[X] of degree 2d is an sos if the
following two conditions hold.

2d—|a
(1) fo =2 nenrs |foc|%

(2) f2d,i > ZCXGA(f) |fa|% for all i € {1, ,n}

Proof. Let f € R[X] satisfy the conditions (1) and (2) of Corollary 2.17. The
idea of the proof is to apply Theorem 2.13 to its homogenization f(X, X).
For this purpose we choose a,; in such a way that the conditions (i) and (i7)
of Theorem 2.13 are satisfied.

So we apply Theorem 2.13 to the polynomial f(X, X,). For this purpose we
set ao,; = |fal5s for i = 1,...,n and we set aq,0 = ]fa\Zdz_dW for i = 0. Now we
can show condition (i7) of Theorem 2.13. For this purpose we need to show
that de,i > ZaeA ’ftﬂ%{ for ¢ € {17‘"vn} and f2d,0 = fo > ZaGA |fa|2d;Cl‘a|
for « = 0. These conditions are exactly the conditions of Corollary 2.17.
So only (i) of Theorem 2.13 needs to be shown. For this purpose we use

2d—|0¢‘ o .
o . 1 «
that ag 1= a, o 'a,Y ... agn, where i = 0,1,...,n. For the first power of a

in the latter identity, we used that oy = 2d — |a|. Now note the following
manipulation.

(2d)2a% = (2d)* <W)“—'a 11 ( % )ai

= (2d)*| fo*711(2d — |af)* 7| fol o (2d) 7
= | fal*a®(2d — |af)** 1.
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So (7) holds for each pair (2d — ||, ) € A(f), where a € A(f). So (i) and
(77) hold. Now we again apply Lemma 2.3 and we are done. ]

Example 2.18. Let f(z) = [[\_, zi+1+> 1 (22 — ;)2 * with even degree
n = 2d. The monomials corresponding to the indices of A(f) that are not
a square or have a negative coefficient are [[;_; z;, —a . =271 So the
first condition of Corollary 2.17 is verified since

fom1=04+ 4o 42 (2.26)
—_——

n times
The second condition clearly also is satisfied, since

1 n—1
Jaa, 50 " 24

(2.27)

for all ¢ € {1,...,n}. So by Corollary 2.17, f is an sos.
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Chapter 3

Moment matrices and moment
sequences

In this chapter we introduce moment sequences and moment matrices. More-
over we discuss the duality relation between sums of squares and moment
matrices and illustrate it with an example. Further we give a characteriza-
tion of bounded moment sequences that have a representing measure on the
hypercube. We finish this chapter with the proof of Theorem 2.8 (on the
approximation of nonnegative polynomials by sums of squares) from chapter
2, that combines most of the theory from this chapter.

3.1 Basic facts and definitions

In this thesis we consider Borel measures on R". Borel measures are implicitly
assumed to be positive. The support of a measure p, denoted by supp(u), is
the smallest closed set S C R™ for which p(R™\S) = 0. We also might say
that p is a measure supported by K C R™ if supp(pu) C K.

Let 41 be a measure on R™. For @ € N, the quantity y, := [ z*u(dz) is called
the moment of order «v of the measure p. By (ya)aene we denote the sequence
of moments of measure p. Moreover the truncated sequence (Y )aeny is the
sequence of moments up to order t. We say p is a representing measure for y
if y is the sequence of moments of the measure p. Here follows the definition
of a moment matrix:

Definition 3.1. Given a sequence (yq)aen» € RY", its moment matrix is the
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(infinite) matrix M (y) given by

M(y) == (Yarp)ap for o, € N (3.1)

For a truncated sequence (Y )aeny € RY¢ we consider the same definition for
its moment matrix M;(y), but now only indexed by N}. Further we define
the following sequence for g € R[X] and y € RY"

gy == M(y)g € R"", (3.2)

which is called shifted vector, with entry (gy)a = >_ 5 9sYa+p for a € N™.
In the following lemma we see that the moment matrix of a sequence that
has a representing measure is PSD.

Lemma 3.2. If y € R is the sequence of moments of a measure j, then
Mi(y) = 0.

Proof. For a polynomial p € R[X], the following holds:

P'M(y)P= > PaPpYasrs
o,BENY

= > b [ 2l

o,BENY

~ [ plautan) 20

The above three equalities are due to the definition of moment matrices, the
definition of moment sequences and the definition of a polynomial, respec-
tively. O]

To a sequence ¥ = (Yo )aenn corresponds a linear form L on the polynomial
ring R[X]. This linear form is defined as L : R[.X]| — R such that X® — y,
and L(1) = 1. So we see that L(}_, foX) =", fala-

Lemma 3.3. Let ¥ = (Ya)aenr and L be its associated linear form. Then
for f € R[X] we have
L(f?) = M(y)f. (3.3)

So L > 0 on X if and only if M(y) > 0.

27



Proof.

L(f) =1L (Z fafﬁxa+ﬂ> =" fufsvars = M@yE  (34)
a,fB a,B

]

3.2 Duality relations

In this section we treat duality between the set of sequences whose moment
matrices are PSD and sums of squares. Moreover we explain that the set of
nonnegative polymials has the of moment sequences as dual set.

We introduce the following definitions: For an R-vector space A, its dual
vector space A* consists of all linear maps L : A — R. Further, for a cone
B C A, its dual cone is defined as

B*:={Le€ A" : L(b) >0 for all b € B}. (3.5)

Note that when we consider the semi-definite cone, its dual described in
(1.2) can be obtained from equation (3.5). From the definition in (3.5) we
can obtain the duals of the cones P and X by setting A = R[X]. We obtain
the following:

P*={L e (RX])": L(p) >0 for all pe P} (3.6)
and
¥ ={L e (R[X])*: L(p*) > 0 for all p € RIX]}. (3.7)

Now let us consider the definitions of the cone of moment sequences and the
cone of sequences whose moment matrix is PSD, respectively:

M := {y € RY" : y has a representing measure} (3.8)

and
Myo:={y € R"" : M(y) = 0}. (3.9)

Recall that every linear form corresponds to a sequence (Y, )aenn. SO We see
as a direct consequence of Lemma 3.3 that ¥* = M.

The following theorem shows the equivalence between a sequence having a
representing measure on a set K and the corresponding linear form being
positive for all polynomials nonnegative on K.
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Theorem 3.4. [7][Haviland’s theorem| Let K be a closed subset in R™. The
following two assertions are equivalent for a linear form L € R[X]|*:

(i) L(p) > 0 for any polynomial p € R[X] such that p > 0 on K.

(ii) There exists a measure p on K such that L(p) = [, p(x)u(dzx) for all
p e R

Proof. For a proof see section 4.6 of [16]. O

Clearly, from Theorem 3.4 we can deduce that P* = M. In Proposition 4.9
of [16], the full proof that P and M are duals and that ¥ and My are duals
is given. Recall that > C P and note that by Lemma 3.2, we have that
M C My,. Now we are able to give an overview of the above duality and
inclusion relations:

P——3%
duals duals
-

M—5 M.,

3.2.1 Duality example

In this subsection we give an example of a duality pair, in which the cones ¥
and M- are involved. Let deg(f) = 2t. We will consider the following sdp’s
and show that they are duals:

supfAeR: f—AeX} (3.10)

and
inf{> " fava : vo = 1, My(y) = 0}. (3.11)

The main step in showing the duality is to rewrite the program in (3.10) in
standard form as described in (1.4). We do this as follows. By Lemma 2.10
we know f — A € ¥ if and only is there exists a PSD matrix X € S5 such
that

> Xgy=(f—Na VaeNg, (3.12)
B,yeENY
BHy=a
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Here (f — \),, indicates the coefficient of the monomial X* of the polynomial
f — A. So we can already rewrite (3.10) as

sup{A € R: X =0, Z Xy = (f —A)q forall a € N5, }. (3.13)
ByyeNy
Bty=a

However, we want to rewrite these equations described in (3.12) by using
matrix inner products (as in the standard form is done). For this purpose
we define the matrix A, as follows:

(Ad)s = { PR e } ,forall a € NI, and 8,y € N (3.14)

So we can rewrite the equations in (3.12) as:
(Ag, X) = fo— A if a=0 and (A,, X) = f, else. (3.15)

In order to write A as an inner product of matrices, we let C' be the matrix
in S5O+ given by

c {O it (a,B) # (s(n,t)+1,s
a,f — —_ +

1 if (o, f) (3.16)

Moreover, let X € 55O+ Now by setting

Xs(n,t)-i—l,s(n,t)—i—l = A

we obtain that (C;, X) = X. Finally, in order to formulate (3.10) in standard
form we define the following matrix of order s(n,t) + 1:

— (Ao .
Aa_( : 1) if a=0 (3.17)
and p
~ Llo
A, = ( 010 ) else. (3.18)

Now, the standard form of our program described in (3.10) is given as follows:

sup{(C, X) : X = 0,(A,, X) = f, forall a e Ny, }. (3.19)
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As explained in section 1.2 of Chapter 1, its dual is given by:

inf{ Z fala Z Yady — C =0} (3.20)

a€ENG, a€Ng,

Since L(1) = 1 by definition, we have that yo = L(X°) = L(1) = 1. Further,
it is very important to note that we have defined A, such that

Mt(y> = Z YaAa.
a€eNG,

By combining these last two remarks we see that the program described in
program (3.20) is exactly equal to the dual described in (3.11).

3.3 Basic properties of moment matrices

In this section we give some basic properties of moment matrices. First we
show two technical lemmas in which upper bounds of certain coefficients of
moment matrices are obtained. From these lemmas we obtain a corollary,
which shows that if M;(y) > 0, all entries y, can be bounded in terms of the
Yo that correspond to the monomials 1 and X?*.

We use the following notation:

T := Max{Y(2k,0,...0)s > Y(0,...02k) } = MAX Yok, for 0 <k <t. (3.21)
So To = Yo-
Lemma 3.5. Assume M;(y) = 0 in the univariate case (n = 1). Then

yor < max{7y, 7} for 0 < k <.

Proof. The proof will be by induction on t. For t = 0 we use that 75 = yp.
Further for ¢ = 1 we use that 71 > y5. Now assuming the lemma holds for
t — 1 where t > 1, this means that yg, ..., yu—2 < max{yo, y_2}. Firstly
we assume Yo > Yor_o. The result yo, ...,y < max{yo,ys} easily follows.
Secondly we assume that yo < ya_o. Since the M;(y) = 0, we deduce from
the submatrix of M;(y) indexed by {«, 5} that

yi+5 < Y2aY28- (3.22)
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We can use this, the assumption yy < y9:_2 and the induction hypothesis
to obtain the following (in)equalities: y3,_ 5 = Y7, o < Yor—ayor < Yor_olor.
From this we can deduce that yo; o < y9¢, which leads to the same conclusion
that yo, ..., y2r < max{yo, Yz} O

Lemma 3.6. Let M;(y) = 0. Then yo, < 74 for all |a| =k < t.

Proof. In the univariate case it is obvious, since yor, = 7. Before we state
the induction hypothesis, we check it for n = 2. Therefore we define

$ 1= Max Yaq.
la|=k

Assume this maximum is attained at yo,+. Since af +aj = k, clearly we have

that 2a] > k < 205 < k. Now, without loss of generality we can assume

that 2a > k. So, in order to apply the inequality described in (3.22) we

make the following rewriting:

207 = (k,0) + (207 — k, 20a3)
= (k,0) + (2] — k + 2k — 2(a] + a3), 203)

Applying inequality (3.22), we get: Y3, < Y(2k,0)Y(2h—das dag)- SNCE 5° = Y3,
and 5 > Y(2k—da3.4a) (definition s) and y(ar0) < 7 (definition 7), this means
that s? < s7,. We thus can conclude that s < 73, since 1, is a diagonal
element of M,(y) and therefore nonnegative. So we have finished the proof
for n = 2.

Now we assume n > 3 and we assume that Lemma 3.6 holds for n — 1. In
other words we assume that ys, < 7 if |a| = k and a; = 0 for some i. Now,
without loss of generality we assume that 1 < a3 < as < ... < «,, and we
consider the following sequences:

2

Pyp— / Pyp—
c— 1, Y, - } g oeey Uy o ) ) - 9 y ey U ).
v = (21,0, az+as—ay, ay, ..., a,) and 7y (0,201, az+a;—ag, ay, ..., )

Note that the assumed ordering is needed here, since v and 4" can not have
negative entries. However a different ordering could be handled with likewise.
We clearly have |y| = |7| = |a| = k and v ++' = 2a. Since 7, = v = 0,
we can apply the induction hypothesis and see that v, y2 < 73, Hence, we
see that ys, =32, < Yayy2y < 732, which implies that o, < 7. O

We now combine the two above lemmas to get to the following corollary.
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Corollary 3.7. Assume M;(y) = 0. Then |y,| < maxo<r<: 7 = max{r, ¢}
for all |a| < 2t.

Proof. From Lemma 3.5 we can deduce that yarp,..0) < max {7y, 7 }, since
Yor = L(X%) = L(X%XO e 'XO) = Y(2k,0,...,0)-
This means that 7, < max{ry, 7z} and so we obtain that

maX Ty = max{7, 7} =: 7. (3.23)

Moreover, by Lemma 3.6 we get that ys, < 7 for |a| < t. Now consider a
sequence v such that |y| < 2t. We can obviously write v = a + 3, where
la, 8] <t for some «, 3 € N™. This enables us to write: yg < Yoalos < T2
So we see that |y,| < 7. O

3.4 Characterizing bounded moment sequences
with a representing measure on the hy-
percube

Recall the duality and inclusion relations of the sets M, My, and P as
explained in Section 3.2 . Whereas in chapter two Theorem 2.8 deals with the
sets > and P, the theorem treated in this section deals with the discrepancy
between the sets M and My,. It states that if a certain bound on the
coefficients v, of a PSD moment matrix M (y) in terms of « can be set, then
the sequence y, supported by the hypercube, has a representing measure.

Theorem 3.8. [1] Let y € RNV C € Ry and K := [-C, C]". We now have
equivalence for the following two assertions:

(i) y has a representing measure supported by the set K.

(i) M(y) = 0 and there exists a constant Cy > 0 such that |y,| < CoCle!
for all @ € N™.

First we prove (ii) = (i). For this direction, we need the following two
lemmas:

Lemma 3.9. Assume M(y) = 0 and |y,| < CoC*! for all a € N™ for some
constants Cy, C' > 0. Then |y.| < yoCle! for all a € N™.
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Proof. First assume that yo = 0. Since M(y) = 0 we know that the row
(and column) of M(y) starting from yy only contains zero’s. Since this row
contains all entries of y, we deduce that all elements in the sequence y are
equal to zero. Further yy > 0 because M(y) = 0. So we may assume that
Yo > 0. Now we rescale the sequence and assume that o = 1. What remains
to be shown is that |y.| < C*l for all a € N™.

Ya  Y2u
by {1, a}. Next, we use this to show by induction on k that |y,| < (yara)
for any k£ > 1.
Namely for k& = 1, we get |ya| < (y24) Then after taking squares on
both sides, which is possible because both sides are positive, we obtain the
inequality y2 < ys,. Assuming that our hypothesis is right for &k, we see that
(yors1a) 2 > ((Yara) 2 )22 = (yora)/?" > |yal, and this small induc-
tion proof is done.

: . 1 ya ) . . .
First, note that y? < ys,, since ( J ) is the submatrix of M indexed

1/2%

1/2

As assumed in Lemma 3.9 we have that |y.| < CoC'®l. When we substitute
2% for o in this inequality, we obtain |yqr,| < CoC?* el By combining this
with |ya] < (yora)Y?, we obtain |y.| < (CoC?le)1/2" — C’é/sz"a'. Now,
after letting k go to infinity, we obtain |y,| < C'°l as desired. ]

Lemma 3.10. If ¢ > 0 and K = [-C,C]", then
S={yeRY | yo=1,M(y) =0, |y.| <C" Va e N"} (3.24)
is a convex set whose extreme points are the vectors ¢, = (2%)aene for x € K.

Proof. For the proof of the convexity of S, only the positive semi-definite
condition is non-trivial, but after noting that

MMz + (1= Ny) =AM(z)+ (1 — A\ M(y) (3.25)

for A € (0,1) and =,y € S, this is also easy.

Now we will prove that the extreme points of S are indeed the vectors (,. So
assume ¥ is an extreme point of S. Fix ag € N”. In order to prove that y is
indeed equal to a vector (, we will show the following property of y:

Yotao = Yala, Vo € N™ (3.26)

First we continue with the rest of the proof. Later we prove (3.26). We
can set = (¥(1.,0,..0)s - Y(0,..0,1))- Since y € S, we have |z;| < C, hence
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x € K. Further, since we know (3.26) is true for all oy € N, we see that

Yo = Y(ar,....,on) = Yarer " " Yane, = y?ll’(],m’o) s y(owo’l) = 2% for all «. So we
see that y = (, and that every y corresponds to a unique vector (,.

It remains to show that equation (3.26) holds. The idea is that we create two
elements in S, for which (3.26) holds, such that y is a convex combination of
these elements. This would imply that y is one of them since y is assumed to
be an extreme point. First we define the sequence y((f) = Clooly 4 €y ta, for
a € N" and € € {£1}. Subsequently, we apply Lemma 3.9 to this sequence.
So we see that \ygf)] < Clol(1 4 e)Cl, for all o € N*, where we use the
definition of y(© and the fact that y is an element of S. Secondly we will
show that M (y) = 0, i.e. for all p € R[X] we have that

P'MYp=>"ppyl >0 (3.27)
vy

To show this, we fix p € R[.X] and we define a new sequence
2= M(y9)vec(p?) e RV
: _ (¢)

with z, = 2%7/ PP Yy
coefficient vector of p? . Clearly we are done if 2y > 0. Now combining the
fact that g is an element of S (so |y,| < C'*) and some standard absolute
value properties, we see that |z,| < (3, |p7p7/\0‘7‘+|7 el va e N,
Furthermore we see that by definition (see equation (3.2) in Section 3.3)
z = M(y)vec(p?) := gy for ¢ = p>. Now using elementary arithmetic on
moment matrices (see Section 4.1.4 of [16]), we come to the following:

, for @ € N" and where vec(p?) denotes the

a"M(z)q = q" M(p*y)q = vec(pg)" M (y)vec(pg) > 0 Vg € R[X], (3.28)

where the last inequality holds because M(y) = 0. So M(z) »= 0, which
implies that zy > 0. Hence M (y©) = 0. Now we again can apply Lemma
3.9 and conclude that || < 449 Cll for all a.

We are now able to prove equation (3.26). Firstly, if we assume that y[(f) =0
for some e € {£1}, then y© = 0 (since M(y9) = 0). Then, if we set
a = (0,...,0) in the definition of y((f), we get that 0 = Clooly £y, and hence
Yo = Ya, = 0 and we are done.

Now we assume that y[(f) > 0 for € € {£}. Then we have that % belongs to S

0
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for both € = 1 and € = —1, since all properties of the set S are easily verified
(e) (€) el (e)
because |ya’| < yp ' C'*l. Furthermore the sequences y'“ are constructed such
that @ 1)
Yo y(l) Yo y(fl)

2(J|aol 20|a0|

(3.29)

. L . & -1)
So y is a convex combination of the points % and L—; € S (note that
Yo Yo
e N o
2Ceol 2Clao\

= 1). Since we assumed that y is an extreme point of S, y is
. (1) (-1)
equal to one of them, i.e. y = %5 or y = £—;. Now we are done because
Yo Yo
_ Cloolygteyatag
ya - C‘a()‘-l,-eyao
some basic algebra we obtain (3.26). O

and after multiplication by Cl®l 4 ey, on both sides and

Here follows the rest of the proof of Theorem 3.8 for the part (i7) = (i). First
assume that M(y) = 0 and |y,| < CoC®l for all @ € N™ for some Cy. We
will prove that y has a representing measure supported by K. The idea is to
show that y € S. Then we make use of the fact that the extreme points of
S have a representing measure and the Krein-Milman Theorem to conclude
that y has a representing measure.

Suppose yg = 0. Then we have that y = 0 for which the zero measure can be
the representing measure, so we are done. So we may assume that yo = 1 (else
we rescale 7). By Lemma 3.9 we know that |y,| < yoC!°! for all « € N*. So y
belongs to S (as described in (3.24)). Recall that the extreme points of S are
{¢ : z € [-C,C]"}. Knowing these extreme points, we can use the Krein-
Milman theorem, which implies that S is equal to the closure of the convex
hull of the extreme points of S. So we deduce that y is an element of closure
of the convex hull of the extreme points of S. So y = lim;_,. ¥, where y is
an element of the convex hull of the extreme points of S . All these elements
y®, which are sequences itself, are linear combinations of sequences that have
a representing measure and therefore also have a representing measure. Now
we want to show that the limit y of this sequence (y¥);>o of sequences has a
representing measure. By Theorem 3.4, showing that y has representing mea-
sure is the same as showing that ) pay, > 0 for all polynomials p € R[X]
such that p > 0 on K. Since all y@ have a representing measure, we know
by the above theorem that ) paygf ) >0 for any polynomial p € R[X] such
that p > 0 on K for all 1 =1,2,.... Now We can take the limit and get the
following;: hm > paya => .Pa hml_>OO ya = >, PaYa > 0, where the last
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inequality holds since the limit can not be negative if all the elements in the
sequence converging to it are nonnegative.

Now we show (i) = (i7) for Theorem 3.8. So we assume that y has a repre-
senting measure supported by K. In order to show that the infinite matrix
M (y) is positive semi-definite, we need to show that M;(y) > 0 for all integers
t > 1 (by definition). This follows immediately from Lemma 3.2. Further,
since K = [=C,C], |z;| < C for all i. Therefore |y,| < [, [2*|p(dz) <
p(K)C and the proof of Theorem 3.8 is finished.
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3.5 Density result for sos polynomials - Proof
of Theorem 2.8

Recall that Theorem 2.8 is given as follows:

Theorem 2.8. Let f be a polynomial in R[X] which is nonnegative on
[—1,1]™. For all € > 0 there exists an integer ¢y > 0 such that

f+e <1+ZX?> €y,
=1

for all t > t,.

Firstly we would like to note that Lasserre has won the Lagrange prize 2009
(http://www.mathopt.org/?nav=lagrange_2009), because of this result. The
fact that the proof makes use of a large scala of different tools such as semi-
definite programming, duality theory, convexity theory, moment theory and
more, makes it a beautiful proof. Here follows a rough sketch of the proof:
The goal is to prove that f+e(1+ > | X?") is an sos. For this purpose we
have formulated the sdp in (3.32) below, which computes the largest value
—d; for —d; € (—00,0] depending on ¢ for which f+d;(1+ ;" ; X?) is an sos.
By obtaining the dual formulation €}, as described in (3.31) below, of d; and
showing that there is no duality gap, it can be shown that f+e(1+>." | X?)
is an sos as long as € > ¢€;. Finally, since it can be shown that lim; ,. €, =0
it we obtain an sos for every € > 0.

The following proposition is the main body of the proof of Theorem 2.8. In
this proposition we use the following notation:

O, =1+>» X (3.30)

i=1

Proposition 3.11. Given a polynomial f € R[X], consider the following
program:
e = inf{f'y | M,(y) =0, y"O, <1} (3.31)

for an integer ¢ > [deg(f)/2]. Now the following three assertions hold:
(i) —oo < ¢ <0 and the infimum of (3.31) is attained.

(ii) For e > 0 we have the following equivalence: f+€0; is ansos < € > —e;.
In particular: f is an sos < € = 0.
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(iii) If f is nonnegative on [—1,1]", then lim; o, € = 0.

Proof. Here we prove (i). Since y = 0 is a solution to (3.31), we see the
feasible region of (3.31) is non-empty. Furthermore, assume y is a feasible
solution of (3.31). Then, because yo,y(210,..0), ---» Y(0,...0,2¢) are diagonal el-
ements of M;(y) and because their sum is less or equal then 1 (from the
constraint of (3.31)), we know that 0 < ¥, ¥2t0....0), - Y(0,...02) < 1. Now
by using Corollary 3.7, we deduce that |y,| < 1 for all a. Therefore we know
that the feasible region of (3.31) is bounded. So the infimum is attained and
—oo0 < ¢ <0.

Here we prove (ii). First we will show that the dual of €/ is given by:

d; =sup{—X\: f+ \O; is an sos}. (3.32)
A>0
The main step in showing this, is to write €; in standard form as described
in (1.6). For this purpose we write 1 —y7@®; =1 — yo — > Yote;- Moreover
note again that M;(y) = 3, < Aa¥a, Where A, is defined as in (3.14), so
A, has order s(n,t). In order to obtain the right standard form constraints,
we define the following matrix of order s(n,t) + 1:

A, = ( /éa _01 ) if oe{0,2e,...,2e,} (3.33)
and A
- o0
Ay = ( 0 To ) else. (3.34)

Further we set C' = —C, where C' is described in (3.16). Now € can be
written as the following standard form:

inf{ Z fala : Z yaﬁa — C" = 0}. (3.35)
la] <2t laf <2t

Its dual is L L
sup{(C", X) : X =0, (A, X) = f, for all a}, (3.36)

where X € S5m9+1 Let us set )?S(n,t)ﬂys(n’t)ﬂ = \. Note that the constraint
(Aa, X)) = f, of the program described in (3.36) can be rewritten as follows:

<< /éa & ) 75(;> = fa+ A if a€{0,2te,...,2te,} (3.37)
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<< %a 0 ) 55> = f, else. (3.38)

Let X € S*(™). We can rewrite (3.36) now as follows:

sup{—=A: X = 0,(f — AOy)o = Z X, for all a}. (3.39)

>

From Lemma 2.10 we know that f — AO, is an sos if and only if there exists
an X € S such that X = 0 and that (f — \©,), = > piy—a Xpy for all
a. So now it should be clear that the dual of €; can be given by

d; :=sup{—X : f+ AO; is an sos}. (3.40)

A>0

Further we see that (3.31) is strictly feasible, because we can pick a sequence
of moments of a measure that has positive density all over R", where the
moments up to order 2t are finite. Then after rescaling (if necessary) we ob-
tain a moment sequence such that y?©, < 1. So we obtain a strictly feasible
solution.

Since (3.32) is also bounded from above, we use strong duality (see The-
orem 1.2) and conclude that (3.32) attains its supremum and there is no
duality gap (¢f = d;). Now note the following equivalence: f + €0, is an
sos & —e < df = €, (i.e. € > —¢f). Here the direction '<’ is trivial.
For the direction '=" we note that —e; + ¢ = € for some ¢ € R>(. Hence
f+€e0; = f+ (—€ + ¢)O; which clearly is an sos since ©; and f — /0, are
sums of squares.

Here we prove (i7i). First note that, from (i), we know that ¢ < 0

for all integers ¢ > 0. So we only need to show that lim; ,.e; > 0. The
idea is to take a subsequence of (€});>o and then to show that this sequence
only has one accumulation point which is larger than or equal to 0. We
start by assuming y*) is the optimal solution for (3.31). From the proof
of (i) we know that y® € [~1,1]"%. Now we complete y® to the element
7% = (y®,0,...,0) € [-1,1]Y" and we consider the sequence (§®);>o. Since
[—1, 1" is compact, we know this sequence has a converging subsequence
(7)), which converges to some limit y* € [—1,1]N". To this limit we want
to apply Theorem 3.8. Therefore first note that the there is coordinate-wise
convergence to y*, i.e. &Y — yr as | — oo. Since M, (y) = 0 (sine we
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assumed that y® is the optimal solution for (3.31)) for all [ > 0, we know
that M (y*) = 0. Moreover, recall that y € [—1,1]N". So we can deduce from
Theorem 3.8 that y* has a representing measure x on [—1, 1]N". In particular,
we see that fly* = f[fl,l]" f(z)p(dz). By assumption, we know that f > 0
on [—1,1]", so fTy* > 0. Now we see that lim; ., ¢;, > 0. Therefore we can
conclude that €} also converges to 0 as t — oo.

Now we can prove Theorem 2.8. Let ¢ > 0. From (iii) from Proposition
3.11 we know that lim; . € = 0. So there exists a ty € N such that € > —e
for all t > t5. Then from (i) from proposition 3.11 , we now know that
f + €O, is an sos. ]
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Chapter 4

Positivstellensatze

In this chapter we start by showing the relation between classical algebraic
geometry and real algebraic geometry. Further, we introduce quadratic mod-
ules and preorderings. Then, after these preliminaries, we are able to state
several Positivstellensatze.

Where classical algebraic geometry deals with zeros of polynomial equations
as subsets of C", real algebraic geometry deals with subsets of R"™ defined
by polynomial equations and inequalities. These subsets are called semi-
algebraic sets. A basic closed semi-algebraic set K is given by

K={zeR":¢,>0,...,9m > 0}, (4.1)

where ¢1(), ..., gm(z) € R[X]. Throughout we set gy = 1.

(Classical and real algebraic geometry both deal with Stellensatze. In classical
algebraic geometry, Nullstellensitze are considered. The first Nullstellensatz
was discovered by Hilbert and was given as follows:

Theorem 4.1. [Hilbert’s Nullstellensatz] For p, g1, ..., gm € R[X] we have
that

p=0on {z€C":g(2)=0,...,gm(z) =0} & p* = Zujgj, (4.2)
j=1

for some u; € R[X] and k € N.

A corrolary of Theorem 4.3, also referred to as the strong Nullstellensatz,
is the weak Nullstellensatz. The weak Nullstellensatz characterizes when a
system of polynomials has no roots in common.

42



Corollary 4.2 (The weak Nullstellensatz). For g, ..., ¢, € R[X] and the
ideal I C R[X] generated by (g1, ..., gm), we have the following:

{xeC":gi(x)=0,....gm(z) =0} =0 1= Zujgj for some u; € R[X].
j=1

Proof. («<). Suppose {z € C": g1(z) =0, ..., gm(x) = 0} is not empty, then
there exists an x € C" such that 0 =37 | u;g; # 1 for all u; € R[X].

(=). We apply Theorem 4.3 for the constant polynomial p = 1. The result
immediately follows. O

The Real Nullstellensatz, the real variant of Hilbert’s Nullstellensatz, is given
as follows:

Theorem 4.3. [The Real Nullstellensatz] For g1, ..., g, € R[.X] we have that
p=0on {z €R":g(x) =0,...,9m(z) =0} & p* + 5= ZUjgj, (4.3)
j=1
for some u; € R[X], s € ¥ and k € N.

Analogously as for Hilbert’s Nullstellensatz, a certificate for the nonexistence
of a real solution to a system of polynomial equations can be derived.

Corollary 4.4. For ¢y, ..., g, € R[.X] we have that
{r eR":g1(x) =0,...,gm(x) =0} =0

if and only if
—1=s5+ Z u;g;
j=1

for some u; € R[X],s € ¥.
Proof. The proof is analogous to the proof of Corollary 4.2. O

Remark 4.5. Considering Hilbert’s Nullstellensatz, we see that checking
whether p* equals sum Z?Zl u;jg;, amounts to solving a linear program af-
ter setting bounds on the degree of the u;. The constraints from this li-
near program are obtained by equating the coefficients of p* with the co-
efficients of Z?Zl ujg;. However, in The Real Nullstellensatz there is an
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sos polynomial s involved. Finding s and the w; now amounts to solving
an SDP. For this purpose, we again set a degree bound on the w;. Since
deg(s) = deg(3_7_, u;g; —p?*), we can find an integer d such that s € R[X],.
So we have to try to find a PSD matrix @ such that s = [X];Q[X]4, such
that p** +s =37 u;g;.

The analogue of a Nullstellensatz in real algebraic geometry is a Positivstel-
lensatz. This is a result of the following form:

p>0 on K:p:Zsjgj (4.4)
J

for s; € ¥ and g; as in (4.1) and (possibly) a condition on K.

Before formulating Krivine’s Positivstellensatz, we introduce the following
terminology following [20].

Let R be a commutative ring in which 2 is a unit.

Definition 4.6. A preordering of R is a subset T' of R that satisfies the
following properties: T +T CT,T-T C T and f? € T for all f € R.

For example, the preordering of R[X] generated by g = (g1, ..., ¢n) (With the
g1, -, gm € R[X]) is given by

T(g) = ¢ so+ Z $197 S0, 85 €% ¢, (4.5)
JCA{1,....m}

where g; = [[;c; 9;-
Remark 4.7. Note that there are 2" different subsets of {1,...,n}. So there

can be involved up to 2" sos polynomials in an element of T(g).

Theorem 4.8. [11][Krivine’s Positivstellensatz,1964]. For K as in (4.1) and
p € R[X], the following assertions hold.

(i) p>0on K < pf =1+ h for some f,h € T(g).

(ii) p>0on K < pf = p?* + h for some f,h € T(g) and k € N.
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(iii) p=0 on K & —p?* € T(g) for some k € N.
(iv) K=0< —1€T(g).
Proof. For a proof see Chapter 2 of [20]. O

Note that T(g) C P(K). These sets are not equal in general. Consider the
following example.

Example 4.9. Let B={r € R: g = (1—2*)® > 0} and p = 1— X?2. Clearly
p=(1—2%) >0on B. Now, assume for contradiction that p € T(g). Then

1—X?=s50+s5(1—X?%?3

for some sg, s; € ¥. Then, since both 1 — X2 and (1 — X?)? can be divided by
1— X2, also sq can be divided by 1 — X?2. Since sy € 3, this would mean that
(1—X?)? also divides so. However, now (1—X?)? divides so+s;(1—X?)3, but
clearly it does not divide 1— X2, so we have a contradiction. Hence p € P(B)
and p ¢ T((1 — X?)?). However, note that pg = p*, which supports (ii) of
Theorem 4.8.

Schmiidgen discovered the following Positivstellensatz, which gives a repre-
sentation result for positive polynomials on compact sets. This has been a
very important improvement on (i) of Theorem 4.8, since it gives a denomi-
nator free representation of a polynomial.

Theorem 4.10. [33|[Schmiidgen’s Positivstellensatz,1991] Assume that K
from (4.1) is compact. Then the following implication holds:

p(z) >0 forall x € K = p e T(g). (4.6)

We will not prove this theorem here. However, we would like to mention
that Schmiidgen’s Positivstellensatz can be given as a direct application of a
representation theorem (Theorem 5.4.4 of [20]), by using the following result
of Wormann.

Theorem 4.11. [35] For T(g) as in (4.5) and K as in (4.1), the following
holds.
T(g) is Archimedean if and only if K is compact. (4.7)

Proof. We postpone the proof to the end of this chapter. n
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Although Schmiidgen’s Positivstellensatz clearly is an improvement on () of
Theorem 4.8, there still are 2" unknown sos polynomials in the representation
of p. So for semi-definite programming purposes an improvement is needed.
Putinar has found such an improvement on Schmudgen’s Positivstellensatz
by setting a stronger condition on K. He proved that, under this stronger
condition, there is a representation of p with only n + 1 unknown sos poly-
nomials. We introduce the following terminology.

Definition 4.12. A quadratic module of a ring R is a subset M of R with
the following properties:

M+MCMYMCM and 1€ M. (4.8)

For example, a quadratic module can be given by

M(g) = {30 - Zsjgj ts;€X for je {0,1,...,m}} , (4.9)

j=1
where g = (g1, ..., gim)-

Remark 4.13. [20] For a quadratic module M C R, M N—M is an ideal. To
see thislet / = MN—M. Then I +1 C I. Further —(MN—-M)=MnN-M,
so I = —I. Further 0 € I, since 0 € R. Moreover a?] C [ for all a € R, since
a’M C M and a?>(—M) C —M. Now assuming that 2 is a unit in A, we see
that al C I for any a € A, since

al = ((“‘2”)2— (“;1)2) = (‘“;1)21— (agl)zfg], (4.10)

where we use that —(%+)?] C —I = I for the last inclusion.

Proposition 4.14. The following conditions on a quadratic module M(g)
are equivalent.

(1) There exists an h € M(g) such that {x € R™ : h(x) > 0} is compact.

(2) There exists an N € N such that N — > | X2 € M(g).

(3) For all f € R[.X], there exist an N € N such that N + f € M(g) and
N — f e M(g).
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Proof. (3) = (2) is clear. For (2) = (1), recall that in R™ a set is compact if
and only if it is closed and bounded. Clearly, the set

{reR":N-> a7 >0}
=1

satisfies both of these conditions. For (1) = (3), consider a polynomial
f € R[X] and note that the set K = {z € R" : h(z) > 0} is bounded.
Now, since f is a polynomial and thus a continuous function, there exists
a natural number N € N such that —N < f(z) < N on the compact
set K. So N+ f,N — f > 0 on K. Now by Theorem 4.10 we see that
N+ f,N—f € T(h). To conclude, note that T'(h) C M(g), since h € M(g).
Therefore N + f, N — f € M(g). O

Definition 4.15. We say that M(g) is Archimedean if (1),(2) or (3) of
Proposition 4.14 is satisfied.

Example 4.16. Consider the set K = {x € R" : z; > 0,> ", z; < 1}. We
will show that the quadratic module QM = M(X7, ..., X,,, 1 = > | X;) that
corresponds to K is Archimedean. For this end we show that condition (2)
of definition 4.15 holds, i.e. that there exists an N € N such that

N — Zn:XE € QM.
=1

We pick N = n and show that n — " X? € QM. Note the following
manipulations.

n— Zx; => (1-X))=> (1-X;)(1+X;)

)

_ Z (1 *'QXZ' ;1 ;Xi>(1 — X))+ X;)

(.

-~

=Y %(1 — X))+ %(1 + X))

Now note that 1 — X; = (1 — 2. X;) + >, X; € QM. So, since also
1+ X, € QM, we are done.
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Putinar discovered the following Positivstellensatz, using this Archimedean
property.

Theorem 4.17. [28][Putinar’s Positivstellensatz, 1993]. Assume that the
quadratic module M(g) as in (4.9) is Archimedean, then the following im-
plication holds:

p(z) >0 for all x € K = p € M(g). (4.11)

Proof. For a proof see Chapter 13 of [16]. ]

One could wonder whether every compact set K corresponds to an Archimedean
quadratic module M(g). The answer is no. However, constructing such an
example is not trivial. The first explicit counterexample with this property
was given by Jacobi and Prestel [10].

Example 4.18 (Jacobi-Prestel example). Consider the semi-algebraic set
with ¢ = X — %, G = X — %,gnﬂ =1-11-, X

Clearly S is closed and bounded and thus compact. Now we construct a
quadratic module H € R[X] with the following properties:

(i) H contains g1, ..., gni1-
(i) k— ", X2 ¢ H for all .

If we can construct such a quadratic module, which clearly is non-Archimedean
because of property (ii), we see that the quadratic module M(g) correspon-
ding to S also is non-Archimedean. This can be understood by consider-
ing (1) of Proposition 4.14 as definition for the Archimedean property for a
quadratic module.

We are going to construct a quadratic module satisfying the above properties.
For this purpose we consider the group I' := Z" ordered lexicographically.
Now for f € R[X], f # 0, we define the 'degree’ §(f) of f as the largest
k = (ki,...,k,) with respect to the lexicographic order, of which the corre-
sponding monomial X* = X ... X*» has a non-zero coefficient in f. Fur-
thermore, we define the 'leading coefficient’ a(f) of f as the coefficient of the
monomial X°¥) in f. Now we pick for H the set that contains {0} and all
f € R[X] such that it satisfies one of the following two properties:
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1) 6(f) #(1,...,1) mod 2I" and a(f) > 0.
2) 6(f)=(1,...,1) mod 2T and a(f) < 0.

Clearly gy, ..., g, satisfy 1) since their ’leading coefficient’ is 1 and g, sat-
isfies 2), since its leading coefficient is —1. Furthermore, note that (ii) is
satisfied since it can be seen that there does not exist an integer k£ such that
k=" X? e H, sincealk—>" | X?) <0and §(k—>1" , X2) #(1,...,1)
mod 2I".

Remark 4.19. Here follow two more notes on Archimedean quadratic mod-
ules and their corresponding compact sets.

(1) The set K to which an Archimedean quadratic module M(g) corresponds
is compact. As M(g) is Archimedean, there exists namely a positive
integer N such that N—>"" | X2 € M(g). So this means that ||z||* < N
for all x € K, hence K is compact.

(2) If K is compact, it is contained in a ball of radius N for some number
N € N. Hence, we may add the (redundant) inequality N — . X; >0
to the description of K. Now the corresponding quadratic module is
Archimedean. So we see that the Archimedean property does not only
depend on K, but also on the inequality description of K.

Here we prove Wormann’s result as stated in Theorem 4.11.

Proof. First note that every preordering is a quadratic module. Therefore
Definition 4.15 also applies for preorderings.

(=). This direction has already been proved in (1) of remark 4.19. For the
other direction (<), we show that condition (2) of definition 4.15 holds. So
we assume that K is compact. Then there exists an integer £ > 1, such that
k—>7" X?>0on K. Now we can apply (1) of Theorem 4.8 to deduce
that there exist p, ¢ € T(g) such that

(k=Y X)p=1+q. (4.13)
i=1
Multiplication by k — >""" | X? yields that
L+q)k—> X)) =plk—Y_ X}’ € T(g)
i=1 i=1
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We define a new preordering 7" in R[X] corresponding to
K ={zreR":g(x)>0,...,9m(x) >0,k — fo > 0}.
i=1

Now since k — Y " | X7 € T', we know by (2) of definition 4.15 that 7" is
Archimedean. So by (3) of Definition 4.15, we know that for each a € R[X]
there exists an integer m > 1 such that m 4+ a € T". So we know that for
some t1,1y € T(g) we can write m+a = t;+ (k— >, X?)t2. Now by using
this, we can obtain that

(m+a)(1+q) =t(1+q) +plk—> X7)t, € T(g). (4.14)
i=1
If we substitute —q for a in the last equation, we can deduce that
(m—q)(1+q) € T(g).

So moreover (2 —¢)*+(m—q)(1+¢) € T(g). We multiply the latter element
of T(g) by k and add (1+¢)(k—>_1, X?) and ¢ > ;" ;, X?, both elements of
T(g), to obtain:

m 2 <
E(S+1) - XPeT(). 4.15
F 1) X e (1.15)
After again using (2) of Definition 4.15, we are done. O
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Chapter 5

Semi-definite approximation
hierarchies

In this chapter we consider semi-definite programming relaxations of Puti-
nar’s Positivstellensatz, constructed for the optimization problem described
in (5.3) below. By setting different bounds on the sos polynomials in a
quadratic module, a hierarchy of semi-definite relaxations is obtained. We
discuss under which conditions this hierarchy converges in finitely many
steps. Moreover, we consider an alternative semi-definite approximation hi-
erarchy when considering unconstrained optimization.

In this chapter we turn to the following optimization problem:
where
K={z€R":gi(x) 20,..., gn(z) = 0} (5.2)

and f, g1(z), ..., gm(x) € R[X]. Throughout we have set gy = 1. Recall that
by P(K) we denote the set of nonnegative polynomials on K. Often, the
problem of (5.1) is reformulated as

AeR

Recall that Putinar’s Positivstellensatz claimed that if a polynomial f is
positive on the set K and M (g) is Archimedean, then f € M(g). To use this
we define the following parameter:

Spur =sup{X: f =X e M(g)}. (5.4)

AER
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Note that fpu: < fimin and that equality holds if M(g) is Archimedean. If we
want to use semi-definite programming to check whether a polynomial is an
element of M(g), we need to set bounds on the degree of the sums of squares
in M (g). For this purpose we define the truncated quadratic module:

Moy (g) = {Zgjsj 155 € X, deg(sjg;) <2t (j =0, ...,m)} ) (5.5)

Jj=0

The corresponding obtained parameter is given by
Jyie = supfA: f = X € Ma(g)}. (5.6)

Clearly flﬁf}t < fput < fmin for all t € N. By increasing the bounds on the

sos polynomials in M(g), a hierarchy f;f}t < f,ﬁf;” < f;f;” < o < foin
is constructed. In general, the hierarchy of semi-definite relaxations of f,in,
introduced by Lasserre [15], is referred to as Lasserre’s hierarchy. It should be
mentioned that these semi-definite relaxations can also be constructed for the
dual formulation of (5.4), in which moment sequences are involved. However,
in this thesis we will only consider sos relaxations. Note the following result

showing asymptotic convergence of the sos bounds to the infimum of f over
K.

Lemma 5.1. Assume that M(g) is Archimedean. Then f;;)t = finin as
t — o0.

Proof. Let € > 0. Then f — f;m +€>0on K. Since M(g) is Archimedean,
we know by Putinar’s Positivstellensatz that f — fi., +€ € M(g). Moreover
there exists a t € N, such that f — f;, + € € My (g). Combining this and

the definition of ff) we know that f,., —€ < f,ﬁf}t. So if t — oo, this holds

ut

for all € > 0. Therefore f;f)t — Pimin &S T — 00. O

5.1 Finite convergence

As we have seen in the latter lemma, we have asymptotic convergence for the
hierarchy of sos relaxations constructed for f,,;,. It turns out there is finite
convergence under certain conditions.
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5.1.1 Finite real variety

In this subsection we consider the following optimization problem:

AeR
where K = {x € R" : ¢1(x) > 0,...,gm, = 0,hi(x) = ... = hy,(z) = 0}.

Here g, hi, f € R[X] for j € {1,...,m1} and ¢ € {1,...,my}. Before we
formulate Lasserre’s hierarchy for this optimization problem, we introduce
some notation.

Let h = (hq, ..., hm,). Then h generates the ideal hiR[X] + ... + h,,,R[X].
Furthermore, for optimization purposes, we define the truncated ideal of h as

This is called the 2k-th truncated ideal generated by h. Further we define
the real variety of h as

Ve(h) ={z € R" : hy(z) =0, ..., Ay, () = 0}. (5.9)

Lasserre’s hierarchy constructed for the problem in (5.7) is the sequence
(fr)k>1 of the following sos relaxations

fe=max{y: f—v=0+0,0€ (h)a, o€ Mu(g)} (5.10)

Here k is called the relaxation order. Note that indeed ¢ + o > 0 on K for
¢ € (h)or and o € Mo (g). Next, we will show that if Vg(h) is finite, then fj
converges to f:, in finitely many steps.

Theorem 5.2. [24] Let f, g1, ..., gmy, P1, - him, € R[X]. Let fi be the opti-
mal value of the sdp given in (5.10) and f,,;, be the optimal value of (5.7).
Then if the real variety Vi(h) is finite, then fr = fi.:, for a large enough k.

For the proof we use the following lemma.

Lemma 5.3. Let p,q € R[X]. Further let I C R[X] be an ideal such that
p? + g € I for an integer [ > 0. Then

se(t) == 1+t + ct” (5.11)

+)2=1. Furthermore for all € > 0 we have

is an sos for all ¢ > ¢y := 4 (1 — 5

20
that
p+e— (es. (g) +cet™g) = —ce! A (P 4+ q) € I (5.12)
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Proof. We will prove that s. described in Lemma 5.3 is nonnegative over R
when ¢ satisfies the condition described in Lemma 5.3. Then, since s, is a
univariate polynomial, we can use Theorem 2.5 in combination with Lemma
2.3 to see that s.(t) is an sos. The last statement of the lemma follows by an
easy manipulation.

In order to show that s. is nonnegative, we use the fact that the second
derivative of s. is positive to see that s. is convex. So since s.(t) contains
a positive point (for t = 0 for example), we only need to show that the
minimum is nonnegative. Note that s,(t) = 1+ 2lct? ! and that the unique

-1

real critical point is & := (5;;) 1. So to find the minimum of s, we substitute

1
% in s, and obtain sc(k) = 14 (=% (1 — 5;)). From this we can deduce
that s.(k) > 0 if and only if ¢ > ¢o. As explained this implies that s. is an
sos. Further note that:

1-21

p+e—(esc(p/e) +ce 7q)

21
=pte— (6(1+§+c<§> )+ ce' )
pte—e—p—cd M — e Pg— _e 2 4 ).

Since p?' + ¢ € I and —ce! 7% € R[X], we are done. O

Proof. Here we prove Theorem 5.2. We will make use of the Real Nullstel-
lensatz (Theorem 4.3) and Lemma 5.3.
Since we have assumed that Vg (h) is finite, we can write Vg (h) = {uq, ..., un},
for uy,...,uy € R™. Next, we will consider some interpolation polynomials
¢; € R[X] for i = 1,..., N, which attain the following values on the real
variety of h:

[0 i#,
Further we define a; € R[X] as

" { Ul ofuind g 625 () ~ fuin < 0. (5.14)

Note that if f(u;) — fimin < 0, then there exists an index j; € {1, ..., m1} such
that gj,(u;) is negative, since f,;, is the smallest value that f attains on K.
So a; is nonnegative on K.

Now, for N; large enough we see that a; € My, (g), since a; is either an
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element of X (for the case f(u;) — fimin > 0) or a; is of the form Xg;, (for the
case f(u;) — fmin <0).
Hence we have that oy := a; + ... + ay € My, (g). Next, we define

Now note that the Real Nullsellensatz (Theorem 4.3) is applicable to f since
f=0on Vi(h) (NB. 01(u;) = f(t;) — fmin), i.e. f vanishes on Vi(h). The
Real Nullstellensatz implies that there exists an integer [ > 0 and an sos
polynomial oy € R[X] such that f2 + o, € (h).

Let ¢ > 0 be a constant that satisfies the condition in Lemma 5.3, when
applied to p = f, ¢ = 05 and [ = (h). Further for a constant € > 0 we define

o = ese(f/e) + ce Py + oy (5.16)

Note that, by Lemma 5.3, we know that s.(f/e) is an sos. Therefore we
see that o, € My, (g) for all € > 0. Subsequently we define the following
polynomial using Lemma 5.3:

beim et 01— 00 = —cd A 1 ) (5.17)

Note that ¢. € (h) because of Lemma 5.3. This means that there exists an
Ny > 0 such that ¢, € (h)an, for all ¢ > 0. Now note that the following
holds:

f = (fomin — €) = ¢e + 0c. (5.18)

Finally, we define N3 := max{Ny, Na}. So we see that o, € Mo(g) and
¢e € (h)g for all £ > N3 and for all € > 0. To conclude, note that

fk:ndl)ax{f_ﬁb_g} > max{f — ¢c — O} > frnin — €

for all € > 0. So fr > fmin for & > N3, but fi < fn for all £ and hence
fr = fmin for all & > N3. O

5.1.2 Generic finite convergence

In [25], Nie states that the hierarchy of relaxations as described in (5.10) has
finite convergence on an Archimedean set K if three optimality conditions
on g = (g1, ., 9m,) and h = (hq, ..., hyp,) from nonlinear programming the-
ory are satisfied for every global minimizer. These conditions are called the
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constrained qualification, strict complementarity and second order sufficiency
condition. Nie moreover proves that these optimality conditions hold on a
Zariski-open set. This means that Lasserre’s hierarchy has finite convergence
generically. Below we introduce the above mentioned conditions.

We are still considering the minimization problem from (5.7). Let u be a
local minimizer of (5.7). We call the set of active inequality constraints
J(u) = {1 < j <my:gj(u) =0} and write J(u) = {j1, ..., Jr}. We say that
the constraint qualification condition holds at u if the following condition is
satisfied:

if the gradients Vhy(u),..., Vhp, (v), Vg, (u), ..., Vgj.(u) are linearly inde-
pendent, then there exist Lagrange multipliers Ay, .., Ay, fi1, -+, fim, such that
the following equalities and inequalities are satisfied:

VI() =3 AiVhi(w) + 3 p;Vg;(u)

,ulgl<u> == UmaGma (u) =0
H1 Z 07 “eey Himg Z 0.
If we furthermore have that

1+ gl(“) > 07 ooy Mg +gz > 07 (519)

then the strict complementarity condition holds at u.
Corresponding to the Lagrange multipliers we define the Lagrange function:

L(z) = f(z) = Y Nha(z) = > pig;(x). (5.20)
i=1 JE€J(u)

Further by G(z), we denote the Jacobian of the active constraining polyno-
mials:

G(x) = [Vhi(z) -+ Vhy(z) Vg, () - Vg, (z)]. (5.21)

By G(u)* we denote the null space of G(u). Now we say that the second
order sufficiency condition holds at u if

vIV2L(u)v >0 for all 0# v e Gu)'. (5.22)
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5.2 Unconstrained minimization

Another development focuses on unconstrained minimization. Recall that
this problem is formulated as follows: find

Prmin = Inélﬂgnp(x). (5.23)
Firstly, we assume that deg(p) = 2d, since p;, = —oo if deg(f) is odd.

Further recall that pgzt is given as in equation (5.6) by

Pl = sup{X : p— X € My(g)}. (5.24)

Since there are no constraints, we get that

p;fzt = p;i?t < Pmin for all t > d.

Moreover poim = p,(;ft if and only if p — Py, is an sos. So it seems a natural
idea to transform the unconstrained problem into a constrained problem.
Nie, Demmel and Sturmfels proposed in [26] to make use of the gradient
ideal defined as follows:

ra op op
7 d:(_ _> (5.25)

0xy 0%y,

Recall that if x is global minimizer of p over R", then all derivatives of p
vanish at x. Using this, the latter authors proposed to turn the problem of
(5.23) into the following problem: find

Pmin = min  p(z). (5.26)

eV (1§

Note that we need to assume that p has a minimum. Consider for example
p= X2+ (1 - X,X5)2 Then ppi, = 0, but minerR(Igmd)p(x) = 1 since
Ve(Ig7e) = {0}.

So in the obtained constrained case we would like to look at a hierarchy
of approximations. However, VR([gmd) does not satisfy the Archimedean
property so we can not apply Lemma 5.1. Yet, asymptotic convergence
holds and sometimes even finite convergence holds. This is proven in [26]
and based on the following theorem.
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Theorem 5.4. [26] If p(z) > 0 for all € Vg(I7"*?), then p is an sos modulo
grad

its gradient ideal I7"“.

So in an analogous manner as Lasserre’s hierarchy was formulated for a
minimization problem using Putinar’s Positivstellensatz, a hierarchy can be
formulated for approximation of p,,;, using Theorem 5.4 by setting bounds
on the sos. In [3] it is shown that, if the minimum of a polynomial is attained,
there is a hierarchy of relaxation problems which involve the gradient ideal
for which there always is finite convergence.
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Chapter 6

Sums of squares representations
for optimization over the unit
hypercube

A basic idea in order to find the errors that are made when considering
Putinar type semi-definite relaxations, is to relate the truncated quadratic
module M, (g) and the truncated preordering 7, (¢g) (defined in (6.2) below),
where g = (g1, ..., gn) is the set of polynomials describing the unit hypercube.
Therefore, in this chapter we will consider the polynomial X; - - X,, € T,,(g)
and we try to find the smallest constant C,, such that X; --- X,,+C,, € M, (g).
This chapter is based on the final remarks of [18].

Let g = (g1, ..., gm) for g; € R[X]. Further gy = 1. Recall that the truncated
quadratic module is given by:

My (g) = {Zgjsj cs; €%, deg(s;jg;) <2t } : (6.1)
j=0
Similarly, the truncated preordering is given by
T2t(g) = Z $597 - deg(SJgJ) < 2t7 80,87 € b)) ) (62>
JC{1,...m}

where g; = [];c; 9;-
In this chapter we consider optimization over the n-dimensional unit cube,
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given by
UQ={zeR" 2, —23>0,.., 2, — 22 > 0}. (6.3)

Note that as explained in Remark 0.2, optimization over the unit hypercube
in general is a hard problem.

Let My (g) and Ty (g) be the truncated quadratic module and truncated
preordering corresponding to the unit cube, respectively, where we have set
g= (X1 —X?, ..., X,, — X?). Clearly we have that M;(g) C Ty(g). However
the reverse inclusion does not hold, since the monomial Hle X; does not
belong to M(g) for 1 < k < n. We prove this in the following lemma:

Lemma 6.1. [\, X; ¢ M(g) for 1 < k <n.

Proof. Suppose there exist g, 01, ...,0, € ¥ such that

X1 Xy =09+ Y 0i(X; — X7). (6.4)

i=1

Let low(f) denote the smallest degree of all non-zero monomials of a polyno-
mial f. Clearly o contains no constant term. Therefore low(cy) > 2. This
implies that low(o;) > 1 and thus that low(o;) > 2 for all i € {1,...,n}.
Subsequently, this implies that low(og) > 3. Since 0 is an sos, this means
that low(op) > 4, which implies that low(o;) > 3, which implies low(o;) > 4
and so on until we have that low(cg) = n or low(o;) = n — 2. Suppose
low(og) = n. This would imply that o; = 0 for ¢ € {1,...,n}, which

would mean that oy = Xj---X, which gives a contradiction. Suppose
low(o;) = n — 2. As above explained this means that low(og) = n, so
we are done. O

In this chapter we are interested in finding the smallest real constant C), for
n even such that the following holds:

X1 X+ C € My(g). (6.5)

Already in [18] it is proved that (6.5) holds for C,, < 1. The argument is that
[T,z + 1+ > (22 — x;)2?? is an sos, as we have explained in example
2.18. So for this case s; = 2 2 for i € {1,....,n} and oy = 0. In [18] it is
moreover conjectured that €, = m In Lemma 6.3 below, we give an
analytic proof of this conjecture for the case n = 2. First note that looking

for the smallest real constant C,, such that equation (6.5) is satisfied, is the
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same as looking for — fft) from equation (5.6) when setting f = X;--- X,

and setting M, (g) = M,(9):
£12) =supfA: f=X € Mu(g)} = —inf{=X: Xy X+ A € My(g)} = —Ch.

P
Since the degrees in M, (g) are bounded we can compute C,, with a semi-
definite program in which n + 1 PSD matrices corresponding to oy, ..., o,, are
involved. The following result shows that if there is a solution for (6.5) then
there also is a symmetric solution. This means that instead of n+ 1, we only
have to find two PSD matrices.

Lemma 6.2. Let S,, denote the symmetrical group that acts on the poly-
nomial ring in n variables by permuting the variables. Let 71, € S, such
that 7, (f(X1,.... X)) = f(X;, Xo, ..o, Xj1, X1, Xji1, ..., Xp,) for a polyno-
mial f € R[X]. The claim is the following: if there exist oy, ..., 0, such
that

n
Xi-o Xp+Co=00+ Y 0i(Xi — X7) (6.6)
i=1
holds for some real constant C,, > 0, then there exist another solution given
by 0y, ..., 0,, such that 7;(0) = 0} and oy is invariant under S,

Proof. Note that
p=Xi1- Xy +Co=00+ > oi(X;— X7) (6.7)

i=1

is invariant under S,,. For 7 € S,, and f € R[X] we now have:

p=7mp=Tm0oy+ Z 70 ( Xy — Xi(i)). (6.8)
i=1
If we sum over all 7 € S,, we obtain:

nlp = Z oo + Z Z 70§ ( Xy — X2i)- (6.9)
™ T 1=1

So let us set o) = > _mo,. Clearly of is invariant under S,,. Further we

write
Z ZWUZ’(XW') ~Xaw) = E E (Xn(iy — X270,
T o=l i=1
=3 (X - XD)
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where we have set

¢j= > mo;for j=1,.n (6.10)

i,mm(i)=j

Now the claim is that ¢; = 7,;¢; for j € {1,...,n}. To see this note the
following:

7’1j¢1 = E T1;7005

i,mm(i)=1

z: /
= ieors

i, (1) =7
= ¢j7

where we have set 7’ = 7y;7. Here we have used that when 7 (i) = 1 we have
that 7T/(7;) = le(l) = ] ]

By this result we are able to prove analytically that Cy = %.
Lemma 6.3. (', = %.

Proof. We want to solve Cy out of the following equation:
XlXQ + CQ = 0p + 0'1(X1 — X12) + O'Q(XQ — XQQ),

where 0g, 01,09 € ¥. We use Lemma 2.10 to rewrite the equation as follows:

1IN " fa b ¢ 1
X1X2+02— Xl b d e X1 +01(X1—X12)+0'2(X2—X22),
X5 c e f Xo
a b c
where | b d e | = 0and a,b,c,d e, f € R. Further deg(oy),deg(o2) = 0,
c e f

SO 01,09 are constants. Since we know from Lemma 6.2 that there is a
solution such that oy, 09 are equal under symmetry, we we can pick o; = 05.
We equate the coefficients of the monomials in the equation above to get that

a=C,20=—01,2c=—01,d=01,2¢ =1 and f = 0;. Now we can obtain:
1 r 02 —%O’l —%O’l 1

XlXQ—l—CnI Xl —%0’1 01 % X1 —|—0'1(X1—X12)—|—0'1(X2—X22)
Xo —301 3 o1 Xo
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Since the principal minors of

1
A

—%01 011 )

—301 ) 01

are nonnegative, we get that o1 > % and that Cy; > }101. So we see that

Cy > %. Now the following identity concludes the proof:

1 1 1\? 1 1
X1X2+§:§(X1+X2—§) +§(X1—X12)+§(X2—X22)-

]

As already stated in [18], we can compute that C; < i and that Cy < 4—18
using the programs MATLAB, in which the modelling language of YALMIP
is integrated. In the Appendix we give two programs that compute Cy. In
one of them we use Lemma 6.2. The program that uses this result is slightly
faster than the program that did not do this, as expected.

Further, we also have tried to compute Cs. However, the sizes of the matrices
corresponding to the sos polynomials then become 165 x 165, which is equal
to precisely (833), as is explained in Remark 2.1. These sizes were to big for
a standard computer to deal with. Clearly, also the significance of Lemma
6.2 rapidly reduces as the number of variables grows.

Concluding, we can say that the conjecture that C,, = m is not proven
yet. However, the result we presented in Lemma 6.2 on the symmetry of the
solutions of (6.5) is a small step in the right direction for an analytical proof

of the conjecture.
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Appendix

Computation of an upper bound for C}

With the following MATLAB programs in which the YALMIP modelling
language is integrated, we compute an upper bound for Cy. Recall that this
is the smallest value C, such that

X Xyu+Cy € M4(g) (611)

holds, where g = (g1, ..., g4) and g; = X; — X?. The programs below look for
the smallest value (in the program called "lower’) Cy, such that it can find sos
decompositions for og, 01, ..., 04. For the search of these sos decompositions
YALMIP is used. Both programs below obtained Cy < 0.0417 =~ i. In the
following program we have not used the idea of Lemma 6.2.

%» Here we define the decision variables. By ’lower’ we denote C_4.
sdpvar x1 x2 x3 x4 lower;

p4=x1*x2*x3*%x4;

g=[x1-x1"2;%2-%x2"2; x3-x372; x4-x4"2];

% Here we define 4 polynomials in the variables
% x1,...,x4 with degree at most 2.

[s1, cl]=polynomial([x1 x2 x3 x4],2);
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[s2, c2]=polynomial ([x1 x2 x3 x4],2);

[s3, c3]=polynomial([x1 x2 x3 x4],2);

[s4, c4]=polynomial ([x1 x2 x3 x4],2);

%Here we define the constraints for the function below.
F=[sos(p4+ lower - [sl s2 s3 s4]x*g), sos(sl), sos(s2), sos(s3), sos(s4)];

JWe use the function solvesos that has the following form:
%[sol,m,B] = solvesos(Constraints,Objective,options,decisionvariables)

solvesos(F, lower, [],[cl;c2;c3;c4;lower]);

Below we show the program that uses Lemma 6.2 to compute an upper bound

for C4 .

%First we define decision variables.
sdpvar x1 x2 x3 x4 lower;
p4=x1*x2*x3%x4;

g=[x1-x1"2;x2-%x2"2; x3-x372; x4-x4"2];

%» The commands below generate a vector of

% monomials in variables x1,...,x4 up to degree 1.

% The number 1, indicates the maximum degree these monomials.
vi=monolist([x1 x2 x3 x4],1);

v2=monolist ([x2 x1 x3 x4],1);

v3=monolist([x3 x2 x1 x4],1);

vd=monolist([x4 x2 x3 x1],1);

% Here we generate a matrix of variables.
H=sdpvar (length(vl));
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% Here use the symmetrical properties of
% the sums of squares si,...,s4.
sl=v1’*Hx*xv1;

s2=v2’ *xHxv2;

s3=v3’ *xH*xv3;

s4=v4’ xHxv4,;

%» We have the following constraints:
F=[sos(p4+ lower - [sl s2 s3 s4]lx*g), sos(sl)];

% The function below computes ’lower’ and computes
% the PSD matrix Q such that s_i=v_i*Q*v_i.
[sol,v,Q]l=solvesos(F, lower,[],H);

% In the remaining lines of the program we

% check whether we have found the correct matrix Q.
SS1=v1’*Q{2}*v1;

SS2=v27 *Q{2}*v2;

SS3=v3’ *Q{2}*v3;

SS4=v4’ *xQ{2}*v4;

% The command clean(x,le-6) checks whether x is in a neighbourhood
% of le-6 of 0. So in fact we just substitute our results in the

% equation and check whether it holds.

clean(p4+0.0417-[SS1 SS2 SS3 SS4]*g-v{1}’*Q{1}*v{1},1e-6)
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