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the corresponding two option pricing PDEs, we analyze the quality of the approximation.
To confirm the accuracy of the analysis, we solve the HHW PDE, its approximating PDE
as well as the PDE for the error, numerically, via a semi-discretization in space by a finite
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Error analysis

1. Introduction

Calibration of asset price models in finance is a relevant and intensive task. The open parameters in stochastic differential
equations (SDEs) governing the asset dynamics should be fitted in such a way that mathematically modeled and market
observed option prices match possibly well. This task is typically done on the basis of so-called plain-vanilla European
options, as these options include the market notion of the uncertainty in the future performance of assets, and their market
prices are liquidly available. Many option prices have to be determined within the process of iteratively fitting model with
market prices. Within the calibration process, highly efficient pricing of European options is thus mandatory.

Ideally an (semi-)analytic option price is available for the many calculations of the European option prices, but this is only
the case for the most basic asset price dynamics, like the Black-Scholes dynamics. Alternatively, accurate approximate option
values (or implied volatilities) by means of an asymptotic expansion can be used, see, for example, [7,13,17], but also here
the (parameter) range of applicability may still be limited. A class of highly efficient numerical pricing techniques, pricing
multiple options under different asset price dynamics, is the class of Fourier-based numerical integration. An exponent of
this class of techniques is the COS method [6], which is based on Fourier cosine expansions, and on the availability of the
characteristic function of the asset price dynamics. A characteristic function is easily derived, for example, for asset price
dynamics in the class of affine jump diffusions [2], but characteristic functions have also been derived for local volatility
models, based on approximations and asymptotic expansions, see [17].

Asset price models have become increasingly accurate in representing certain important features observed in market
asset price dynamics. One of these features is the implied volatility smile or skew, which is a reflection of the fact that
the market volatilities for options at different strike prices, for a single expiration date, are not constant. A smile can be
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observed in several different markets (equity, interest rate, FX, inflation and others). Stochastic volatility based asset price
processes, the focus of the present paper, are able to mathematically model this property accurately.

For products with a longer time to the expiration date, it also makes sense to adopt a mathematical model in which the
interest rate is modeled by a stochastic process, as in [9,11]. If we deal with financial products that are also sensitive to
the equity volatility smile, we end up with a system of SDEs, in which the asset price, the volatility and the interest rate
are state variables. We will consider here the Heston-Hull-White model, which may generate a smile pattern in the equity
implied volatility structure, but not in interest rates, and as such it is an accurate model for financial products that are not
sensitive to a skew pattern in the interest rates.

The resulting system of SDEs, with correlation coefficients connecting all processes, will generally not be an affine pro-
cess.

Option pricing is often done with the discounted expected payoff approach, which is nothing but a Green's function
integral which needs to be computed. The connection between the solution of the option pricing PDEs and the discounted
expected payoff lies in the Feynman-Kac theorem. In many cases in option pricing, we do not have the Green's function
(read, the conditional probability density function for the asset prices) available, but we do have its Fourier transform. This
Fourier transform is called the characteristic function, and the theory by Duffie, Pan and Singleton [2] shows that for affine
PDEs, i.e. PDEs with linear functions of the state variables in front of their partial derivatives, the characteristic function can
easily be determined. This derivation technique is related to classical theory regarding the use of the Laplace transform for
linear PDEs.

Unfortunately, for the full-scale Heston-Hull-White model, with a full matrix of correlations, a characteristic function is
not easily available, as the resulting pricing PDE is not of the affine form. In [10], however, an approximation to the full-scale
Heston-Hull-White model was derived, which belonged to the class of affine diffusions, and for which thus a characteristic
function could be derived. Calibration of the full-scale HHW asset model has then been performed by the approximate
model, and numerically it was observed in [10] that the difference between option prices computed by the approximate
HHW model (highly efficiently by the COS method [6]) and the full-scale HHW model (by means of Monte Carlo simulation)
was negligible small. However, these were mainly numerical experiments.

In the present paper we aim for a better theoretical understanding of the difference between the full-scale and the
approximate HHW models. We consider the corresponding option pricing PDEs, and apply classical PDE error analysis to
examine the quality of the approximation. In the case of the Heston-Hull-White model, the option pricing PDE will be three-
dimensional and an analytic option value is not available. We change measures, from the spot measure to the T-forward
measure, so that the pricing PDE reduces to a two-dimensional PDE to facilitate the analysis. A numerical treatment of
the two-dimensional PDE to confirm our error analysis is done by means of grid stretching and the ADI discretization, as
in [14,12]. Elements from probability theory, as well as PDE theory and numerical analysis, are employed here.

2. Problem description

We start with the derivations that lead to the option pricing PDE under the Heston-Hull-White (HHW) asset dynamics.
The HHW stochastic asset price process is governed by a stochastic interest rate, and a stochastic volatility. For financial
derivative products with a long time to expiration this model can be employed.

We assume a complete probability space (£2, F, (J) and finite time horizon [0, T]. £2 is the set of all possible realizations
of the stochastic economy between 0 and T. The information structure in this economy is represented by an augmented
filtration F; : t € [0, T] with Fr the sigma algebra of distinguishable events at time T, and () is the risk-neutral probability
measure on elements of F.

The model is defined, under the risk-neutral measure (), by the following system of SDEs:

dS(t)/S(t) = r(t) dt +/v(t) AW (1), S(0) > 0,
dv(t) = k(¥ — v(D)) dt + ¥V AW (t), v(0) >0, (2.1)
dr(t) =(0(t) — r(t)) dt + ndw2 (), r(0) > 0.

Here, S(t), v(t) and r(t)(t = 0) are the stock price process, instantaneous volatility and short-term rate of interest, respec-
tively. dW?(t). dw‘?m and dW}Q'(t) are three correlated standard Brownian motions, with the correlation structure here
given by:

dWx(t)de (t) = px.v dt.
dWy(t)dWi(t) = px.rdt, (2.2)
dw, (t)dW,(t) =0.

The parameters k and A control the speed of mean reversion of the volatility and the interest rate, respectively, 1 represents
the interest rate volatility, y the volatility of the v(t)-process, v and #(t) are the long-run mean of the volatility and the
interest rate process, respectively. Without loss of generality, we assume here that the correlation between the volatility and
the interest rate process is equal to zero. If 2k > Y2, we refer to this condition as the Feller condition (being satisfied). The
square-root process for the variance in (2.1) precludes negative values for v(t), and if v(t) reaches zero it can subsequently
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become positive. The Feller condition guarantees that v(t) stays positive; otherwise, it may reach zero. The Feller condition
is difficult to satisfy in practice. One often finds 2k v <« y? from market data, in which case the left tail of the variance
density grows fast in value. This has, however, no impact on the pricing methods when dealing with European options.

Our interest is to price, under the risk-free measure () associated to the bank account as numéraire, a European equity
option, V(t, S, v,r), defined as:

1
— Qf —— Fi
V(t,S,v.r)=B()E (B(T)H(T.S)| t). (2.3)

where H(T,S) represents a contingent claim (because we focus on efficient calibration, function H(T,S) is assumed to be
a basic put or a call option),

H(T.S) = max(S — K., 0), for a call option, o
"7 | max(K — 5,0), fora putoption. )

Further, B(t) is the money-savings account, given by B(t) = exp( f[;r(s)ds), T is the expiration date of the option, and the
aim is to determine the value of the option, for example, at t =tg = 0.

By the non-arbitrage assumptions, one can derive the corresponding HHW PDE which defines the value of a European-
style option:

av av v 1,3V 1 2, V.1 ,9%V
0=—+4rS— KV—V— Q) —r)— 4+ -vS"— + = — 4+ -n"—
ar TTogs Tl ) +A0® )a T e T Ve TR e
Sa2v Vv ald 2.5
TPy VS o+ o) aSor (2.5)

with t € [0, T), and spatial coordinates {S,v,r} € [0, +00) x [0, +00) x (—00, +00). Of course, we will solve the discrete
version of the PDE on a finite domain.

As the final condition we have V(T,S, v,r) = H(T, S).

Boundary conditions at S = 0 are essentially the same ones as used when dealing with the well-known Black-Scholes
equation, i.e., for a call option

Vit,.S=0,v.r =0

We prescribe the boundary condition at v = 0 for PDE (2.5) by substituting v = 0 in the original PDE. This boundary
condition has been examined in this context in [4]. Furthermore,

avi(t,S.v,n
— =0
av
for v — +o0. For extreme values of the spot interest rate, we use
av(,S,v.r
wvis.vn _ g
ar

for the boundary condition at r — #oco. See [12] for details. PDE (2.5) is three-dimensional and it is nontrivial to solve it
analytically.

It is however well known that a second-order linear PDE with constants or linear functions of independent variables in
front of the derivatives can be solved highly efficiently by means of, for example, the Laplace transform. We call linear PDEs
with linear functions of the independent variables in front of their derivatives affine PDEs, as in |2]|. Affine PDEs originate
from the application of [t6's lemma to a system of (asset pricing) SDEs from the class of affine jump diffusions. For this class
of stochastic models we can derive the characteristic function, which is the Fourier transform of the conditional probability
density function. By means of the Feynman-Kac theorem we can solve affine PDEs by computation of a discounted expected
payoff.

The HHW stochastic system is not in the class of affine diffusions, because not all the terms in front of the derivatives
in PDE (2.5) are of the affine form. Therefore, we cannot use the standard techniques from [2] to derive the corresponding
characteristic function. Clearly the problem would be solved by setting the correlation between the stock and the interest
rate to zero, however, a nonzero correlation between these processes is of main interest.

2.1. The HHW model under the T-forward measure
In order to reduce the complexity, it is convenient to switch between two pricing measures, i.e. we focus on the forward
stock price, F(t), defined by:

S(t)

F(t) = PC.T)

(2.6)
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with P(t, T) the zero-coupon bond (ZCB), expiring at time T, which pays 1 unit of currency at time T. By switching from
the domestic, risk-neutral measure, Q, to the T-forward measure, Q7, discounting will be decoupled' from the expectation
operator, i.e.,

V(t.S,v)=P(t, T)E"(max(F(T) — K, 0)|7), (2.7)

where independent variable r does not appear as an argument anymore. In order to determine the dynamics of the forward
F(t) in (2.6), we apply Itd's formula,

ds(t) SO
P(t,T) P2(t,T)
The process for the forward stock, F(t), is a martingale under the T-forward measure and therefore we won't encounter
any dt-terms in its dynamics (2.8), for details see [19]. The SDE of F(t) will consist only of the volatility terms of S(t)
and P(t,T). In expression (2.8) the dynamics for P(t, T) are present. Since the short rate process is driven here by the
Hull-White model, the dynamics for the ZCB are given by:

dP(t, T)

P(t,T)

where B, (t, T) := 1 (e=*T~" — 1). By combining Egs. (2.6), (2.8) and (2.9), we find:

dF(t) = dP(t, T). (2.8)

=r(t)dt + nB,(t. T)dW (1), (2.9)

dF(©)/F(t) =/ v()dW] — nB(t, T)dW],

(2.10)
dv(t) =k (¥ — v(t)dt + y/v(t)dW (1),
with dW[ () dW(t) = pg , dt and dW] () dW] (t) = pf . dt.
Based on non-arbitrage arguments the following Fokker-Planck forward PDE can be derived:
av 12, v (1 2 a’v
——= —V)— 4 = F Bi(t, T)— B.(t, T
Tl V) +2y — + (2v+2n P& T) = pr Bt TIVV ) 2
az
Fv . 211
+orvyFvo—s (211)

Also in PDE formulation (2.11) not all terms are of the affine form, as it contains the non-affine factor pf 9B, (t. T)/v, with
a nonzero correlation. The same is true after making a log-transformation, which is the common transformation to reach an
affine system of SDEs.

Still we cannot use standard techniques from [2] to find the corresponding characteristic function.

We therefore define an approximation to PDE (2.11) for a highly efficient computation of an approximate solution. A possi-
bility to approximate the PDE by an affine PDE is to replace the non-affine term /v in (2.11) by a time-dependent function,
@ (t,v(0)). In detail, we project /v(f) onto its expectation, ET (/v(t)|Fo), which gives us the following, approximating,
pricing PDE, for which we denote the solution by v,

LA 3V+1 2 82‘7+F2 L T By (t, T)®(t, v (0 2V
——=Kk(V—V)— + -y V— —V+ - ,T) — , Vv —
o =K =Vt syTvas 5V + 3 Br(t.T) = pr.rBr(t.T) 0) )5
9V
F—— 212
+PrvyVEo (212)

with the same boundary and final conditions as (2.11).
We will analyze the following two closed-form expressions for the expectation of the square-root process, @(t, v(0)) =

ET (V)| Fo).

1. By [3] and simplifications as in [15], a closed-form expression for ET (/v(f)|Fp) can be determined, see [10]:

oo
1 k ( +k)
@ (t,v(0) =ET (Vv(t)|Fo) = V2c(t)e D23 " —(w(t —2z 213
(t, v(0)) (VV(OIF0) = v2c(t) kgk!(()/) reTh (213)
with
_l 21 okt _ 4kv _ 4k v(0)e—Kt
c(t) =¥ (1—e™), d—_,,z’ w(t)——yz(l_e_“). (214)

and Gamma function I'(z) = [y t*"'e~" dt. Note that t =0 is a singular point for this function.

! Which is different from formulation (2.3).
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2. The expectation for the square root process in (2.13) is not of a trivial form, and therefore we propose a simple approx-
imation as well.
A simplified closed-form approximation for ET(/v(t)|Fp) is given by, see [10],

@ (t. v(0)) = ET (/v(t)| Fo) ~  + Be ™5, (215)

with

o= 0—)8/—’(, B=\v(0)—a, &=-log(B7'(A(1)-a)),

dc(t)

—_— 216
2(d + w(t)) ( )

At) = \/ c(t)(@(t) —1) +dc(t) +

where c(t), d and w(t) are as presented in Eq. (2.14).

2.2. The Fourier Cosine Method (COS) for European options

With a deterministic function @(t, v(0)) the approximate pricing PDE under the log transform is of the affine form, so
that highly efficient pricing techniques can be applied to solve the PDE. We can determine the characteristic function of an
affine process. With the characteristic function available one can apply pricing techniques within the discounted expected
payoff formulation. The density and its characteristic function, f(y|x) and ¢(u,x) form a Fourier pair,

. 1 .
w(u,x)=/e'”"f(yIX)dy. fylx) = E/e"”yw(u.mdu, (217)
R R

which are the forward and inverse Fourier integrals, respectively.
The Fourier cosine pricing method, named the COS method [6], is based on the risk-neutral option valuation formula
(discounted expected payoff approach):

oo

V(to,x,V)=e"A’/ V(T,y.v)f(ylx)dy, (218)

—o0

where V(tg,x,v) is the present option value, as in (2.7), r the interest rate, At =T —tp and x, y can be any monotone
function of the underlying asset at initial time tp and the expiration date T. Function V(T, y, v), which equals the payoff
function, is known, but the conditional density function, f(y|x) in (2.18), typically is not.

This integral formulation resembles the Green's function integral. The characteristic function serves as the Fourier trans-
form of the Green's function, so that it makes sense to solve affine PDEs in the Fourier domain. This can be done highly
efficiently by means of the Fast Fourier Transform or by means of Fourier expansions. The availability of the characteristic
function can be interpreted as follows: For many affine diffusion processes, we do not have an explicit formulation of the
Green's function available, but the Fourier transform of the Green's function, i.e. the characteristic function, is known.

We approximate the conditional density function on a truncated domain, by a truncated Fourier cosine expansion, which
recovers the conditional density function from its characteristic function (see [6]) as follows:

2 =

Re(q;( k .x) exp (—i akr ))cos (kny_a). (219)
b—ak=0 b—a b—a b—a

with ¢(u, x) the characteristic function of f(y|x); a, b determine a truncated domain and Re means taking the real part of
the argument. The prime at the sum symbol indicates that the first term in the expansion is multiplied by one-half. The
size of the truncated domain can be determined with the help of the cumulants [6].2

Replacing f(y|x) by its approximation (2.19) in Eq. (2.18) and interchanging integration and summation gives the COS
formula for computing the values of European options:

N -

fylx =~

N-1

4 k i a
Vitg.x,v)=e "% Re(w(b ”a,x)e"“”n)Pk, (2.20)
k=0

2 For example so that | fp f(ylx)dy — ‘/: f(ylx) dy| < TOL.
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b
2 y—a
Pk—m/V(T.y, V)Cos(k”m)dy.
a

are the Fourier cosine coefficients of V (T, y, v), that are available in closed form for several payoff functions, like for plain
vanilla puts and calls, but also for example for discontinuous payoffs like for digital options.

It was found by analysis in [6], that, with integration interval [a, b] chosen sufficiently wide, the series truncation error
dominates the overall error. For conditional density functions f(y|x) € C™((a,b) C ), the method converges exponentially.
Option pricing by means of formula (2.20) is highly efficient. This way PDE (2.12) can be solved in milliseconds.

2.3. Properties of covariance matrix

A proper numerical treatment of PDEs (2.11) or (2.12) requires that the corresponding instantaneous covariance matrix
should be positive definite.

It is well known that a matrix A is positive definite when all its sub-matrices have a positive determinant, known as
Sylvester’s criterion.

Since we deal with a 2 x 2 covariance matrix, after the change to the T-forward measure, one determinant needs to be
positive det(A) > 0, next to the upper left matrix element, i.e. for (2.11),

A F2(t)(3v(t) + 5n°B2(t. T) — pr.Br(t. T)V/V{D))  5prvy v F(D)
3PEVY VO F(D) 5v2v(t) '

By basic manipulations, we find det(A) >0 <

1 1 1 1
5y2v(t)F2(t)(§v(t) +50°BF . T) — pr.nBrt, T)\/v(t)) = PRV OF (0 > 0.

Dividing both sides by y2v(t)F2(t) gives us

1 1
27O - X, T) — privv(t) >0,
where x(t.T) = —(5n?B2(t. T) — $pr.mB(t. T)J/V(D)). Since v(t) > 0 and B,(t,T) <0, it is easy to see that y(t,T) is

always non-positive.
Finally, we find:

1
2v(t)(l —pE,) > x(t,T). (2.21)

Clearly, the left-hand side of the above inequality is positive for |pg | <1 and v(t) > 0, whereas x (t,T) is always non-
positive for the conditions described before.
By the same procedure as above, we can get the following condition for the approximate HHW PDE (2.12),

1

Zv(t)(] —pt,) > AE.T), (2.22)
where A(t,T) = —(Jn?B(t.T) — S pr B, (t, T)®(t, v(0))). Since @(t,v(0)) = ET (/V(D)|Fo) > 0, A(t.T) is always non-
positive. Therefore, we obtain a similar result as for the full-scale HHW PDE (2.11), which means that the approximations
made do not pose any difficulty regarding the properties of the covariance matrix.

3. Error analysis

We now perform error analysis to gain insight between the differences in the solutions V and V of respectively the
full-scale (2.11) and approximate HHW PDE (2.12). We start with a heuristic qualitative statement.

3.1 Error analysis - stochastic approach

The factors multiplying the second-order partial derivatives in the pricing PDE correspond to the terms from the instan-
taneous covariance matrix of the underlying stochastic model.
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For the log-forward, x(t) = log F(t), with variance process v(t) as in (2.11), the corresponding option pricing PDE reads:

v G V) +1 5 32v+ 1V+1 282(¢. T Bt T)ﬁ) 9%V 3V)
8t zy 2 2” r ’ pF.TT’ rit, 3X2 ax
32v
+pl-',v)/Vm. (3.1)

The associated instantaneous covariance matrix for state vector X(t) = [x(t), v(t)]T is thus given by:

v(t) +n2B2(t. T) — 2pp B (t, T)YV)  pr vy v(t) ] 52)

dXx(t)dx)" = 5
PEvY V(L) yev()

With the projection /v(t) ~ET(/v(f)|Fo) we need to analyze the error due to this approximation. If the variance of the
square-root process, Var(,/v(t)|Fp) equals zero then obviously /v(t) = ET (\/v(t)| Fo).
Variance Var(+/v(t)|Fp) is given by:

Var(y/v(0)| Fo) =ET (v(t)| Fo) — (ET (Vv (O] Fo))’ (33)
=c®)(d + 1) - (E"(Vv©)|F0))%, (3.4)

where c(t), d and w(t) are given in (2.14). Since the second moment in Eq. (3.3) is always positive, bounds for variance
WVar(4/v(t)|Fo) are given by:

0 < Var(y/v(t)|Fo) < c(t)(d + w(t)) =v — ve ™  + v(0)e ™" (3.5)

The upper bound for the variance is thus based on the values of v(0), v and mean reversion parameter .

When we consider v = v(0) (which is often the case in practice) the upper bound for the variance equals v, so that for
small values of v higher accuracy is expected.

In the limit t — oo, we have, by 3], that:

14+d
T (VYO Fo) = vZeO r‘( )’,F.<_1.9._ﬂ), (3.6)
2

22 2

where 1F1(a; b; z) is a confluent hyper-geometric function. Since lim;—.~ @(t) =0, and lim;—~ c(t) = yz/(4x). the variance
in the limit equals:

. r(e) 1d w(o)))
tlrronar(\/V(t))=C(00)(d+w(oo))— V' 2c(o0) rd) 1Fi| —5 3T Ty

7 .
5 2 2
o y? ( (‘“’))
=V - —
2K r(z)
With a closer look at the non-affine first element of the covariance matrix in (3.2), ie. v(t) + nzB,z(t,T) —
2pp B (t, T)/v(t), we find that, for t — T, the term B.(t, T) converges to zero, and the last term, 2pf 9B, (t, T)/v(t),
therefore contributes only for 0 <t < T. On the other hand, the variance of /v(t) is smallest for small values of ¢, as

for t — 0, /v(t) — /v(0). These observations indicate that the projection of the non-affine term onto the expectation is
expected to provide a highly satisfactory approximation.

3.2. PDE error analysis

In this section we turn to classical PDE error analysis, to also make some quantitative statements about the approxima-
tion errors encountered. The PDEs in (2.11) and (2.12) can be written, in shorthand notation, as follows:

av
T3 + LV =0,
av.t7 3.7)
— 4+ L,V =0,
%t + L
with the corresponding operators Ly, as in (2.11) and Ly, as in (2.12). Again, V is the solution from the full-scale HHW PDE,
whereas V is the solution from the approximating PDE (which can be determined highly efficiently by the COS method).
Both PDEs are accompanied by the same boundary and final conditions. For the error, e:=V — V, we find:

de ~
§+L1V—L2V=O, (3.8)
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which can be re-written as:

de ~ ~

§+L1V—(L|V+(L2—L1)V)=0, (3.9)
and we arrive at the following equation:

a o~

3—:+L1e=(L2—L1)V, (3.10)

subject to homogeneous boundary and final conditions. Notice that the right-hand side of the equation serves as a source
term.
In fact, the following two PDEs can be used for error analysis purposes:

de

— 4+ Le=(L2—-L1)V,
Jat

de (3.11)
— 4+ Lie=(L,—Ly)V.
3t+ 16 = (L3 1)

Remark 1 (Existence of a strong solution). It is easy to see that the variable-coefficient PDE operators governing (3.7) and
(3.11) can be written in the form [5,8]:

1 . azu+c 9%u e a%u e 92u +b3u au
2\ F2 T 2 Fay T gvaE ¢ P2 av ot

where u =u(t, F, v) represents V, V and e in Eqgs. (3.7) and (3.11), respectively, c;j = c;j(t, F, v)(i, j=1,2) and b =b(t. F, v)
are the corresponding variable coefficients. We suppose that the operator L is uniformly parabolic, i.e. there exists a positive
constant p such that

Lu= (3.12)

2
n2ER < Y kg <pllEl, £ eR
i.j=1

Furthermore, from the expressions of the coefficients in Eqs. (2.11) and (2.12), we can see that these coefficients are bounded
and Holder continuous. Consider the problem

ILu:f. in Sy =[0, T] x R%,
u(T,F,v)=g, on R2.
Here, L is the parabolic operator in Eq. (3.12),

(3.13)

| max(F(T) —K,0), foracalloption,
| max (K — F(T),0), fora put option,

in Eq. (3.7), ¢ =0 in Eq. (3.11), and f represents the second term in both equations (with f =0 in (3.7)). Clearly, for
all cases, ¢ is continuous on S, locally Lipschitz continuous and for every bounded open set O, O C St, there exists a
constant C such that

32(,0 32<p 32<p azrp 2 2
il — — 4 Epy— | =C in 0, R<,
(Enan thagos g o Ezzavz) 51 in0, §e

in the sense of distributions

0%y %y %y 0%y
(fllf‘ﬂm +E12/¢m +§21/‘Pm +§22/ W)?QHZ/W
0 0 0 0

0

for all £ e R and v € C5°(0) with ¢ = 0. Under suitable additional assumptions, the existence and uniqueness of solution
can be obtained following the techniques in [18,1].
Based on the form in (3.10), multiplying both sides by e, and integration over domain £2, gives us:

d ~

/e£d9+/eL.ed9=/e(L2—L.)Vd9. (3.14)
2 2 2

Integration by parts, as follows,

9
/e,—ecuz:12 e2do =
at

1d,
2

2
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inserted in Eq. (3.14), results in:
2dt ||e||L2(m feL,ed.Q +[e(L2—L1)V ds. (3.16)
Q Q
The V-ellipticity of the form [, eLieds2 [16], following from the Lax-Friedrich (also known as the Poincaré) inequality,
gives
2 _. 2
/eLled.Q Bafe de _.allelle(m. (317)
Q Q
which implies unique solvability of the problem. Inserting this result in (3.16) results in
1d -
2dr lellf2 gy < —allel?2 g, + /e(Lz —Lyvde. (318)
Q
We further have:
1d
2 ol g +allel, g < f e(l, — L)V d@2
Q
lel 2@y || (L2 = L)V 12 (319)
or,
d
||e||1_2(_()) tallellz2g) < "(LZ LV ||L2(r2) (3.20)
We then apply Gronwall’s lemma, ie
d ~
a(eﬂ"||e||Lz(m) < || (La — LV et (3.21)
Integrating both sides gives:
t
llell 2 (8) = llell2(q) (0) < f I(La = L)V | 2 €% ds. (322)
0
Since the error e, at initial point t = 0, vanishes, we have
t
lelli2(e) < f (L2 = L)V 1o € ds
< 1(1 —e ) sup Ly — L)V | 12gq
o 5€(0.t)
1
<auw (L2 = L)V | 2 )
We focus on the norm ||(L; — LI)V"LZ(Q)- and find the following perturbation of the operator
~ a2V
(L = L)V = Fpp.mBr &, D(@(t,v(0) = V) 75 (3.23)
We can asses the appropriate norm:
Ly — L)V = |pr, B (t, T)| | F3 (/v — @t 082‘7
|2 = L)V 12 ) = [PrrnBe(t. D[ FA(VV = (£ v(0) S o
9V
< [prmBr(t, )| g [VV = @ (8, v(0)|| - : (3.24)
aF Lz(.Q)
2v
(3.25)

LZ(.Q))

Then, we have
1
0.t)
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This latter inequality bound gives an accurate representation of the parameters and functions that have an impact on
the error made when solving for V, as an approximation for V. The errors between V and V can be bounded by the above
inequality for large values of v, which is illustrated in Fig. 2 in Section 5. This is because the values of %‘Q are very small
for large v-values, which is also presented in Fig. 2.

4. Numerical validation of the error analysis

In this section, we will solve numerically, by means of the ADI finite difference method, the HHW PDE (2.11), its approx-
imating PDE (2.12) and the PDE for the error e, to confirm the error analysis from the previous section.

4.1. ADI finite difference method and grid stretching

The discretization and solution techniques follow very closely the detailed description of ADI in [12].

PDE (2.11) and its approximating PDE (2.12) are semi-discretized on a nonuniform Cartesian spatial grid, as described
below (see, however, also [12]).

In the F-direction, we define a nonuniform mesh by placing relatively many grid points in a prescribed interval
[Flefts Fright] € [0, Fmax], which contains the strike price, K. In the interval [Fjef, Fright], the parameters &yin =&p < & <
oo < Epyp = Emax are given by

F Fmax — Fyi Fright — F
fmin =arcsinh (——% ) g = £+ arcsinh m—gm) fig = 0t et (41)
d] d] d]
where integer M =1 and parameter dy > 0. It is clear that &, <0 < & < &max-
Then, the grid points 0= Fy < Fy < --- < Fyy = Fax are defined via the following transformation

Flefe + dy sinh (&), Emin <& <0,
Fi={ Fiere +dh&i, 0 <& <&y, (4.2)
Fright + d1sinh(§; — &ine),  &int <& < Emax.

Parameter dy governs the fraction of points that lie in the interval [Fjef, Frignt]. It is natural to place relatively many mesh
grids in this interval, as F = K is of practical relevance, and it alleviates numerical difficulties due to the discontinuous
derivative of the payoff function at F = K. The F;-grid points are uniform in [Fief. Frigne] and nonuniform at other places.

In the v-direction, we also define a nonuniform mesh, as in [14]. With integer N = 1 and parameter d, > 0, the parame-
ters 1g <1y <--- <1y are then given by ;= j-An (0< j<N), An= %arcsinh(%‘f), and 0=vg <V <-< VN < Vmnax
are defined by

vj =dpsinh(n;), 0<j<N.

Parameter d; controls the number of grid points v; in the vicinity of v = 0. We should place relatively many grid points
near v =0, because PDE (2.11) and its approximation (2.12) become convection-dominated PDEs in the v-direction, when
v—0.

The finite difference discretization employed on the stretched grid is relatively standard. Let V : R — R be a function
on a mesh {x;,y;}.i=0,1,....M,j=0,1,...,N, with mesh widths Ax; =x; —xj_1, Ayj=y;— yj_1. We employ the
following well-known finite difference schemes to approximate the first and second derivatives of V at the point (x;, y;):

dV(t,xi, yi)
37;"’1 %a_2V(t,X,'_2,yj) +oa_V(t,xi_1, yi)+ aoV(t,X,',yj), (4.3)
dV(t,xi,vi)
37,"”’ ~ BV (. Xio1. ¥)) + BoV (6. xi, yj) + BV (L. Xisr. ¥). (44)
av(t.xi, yj)
" VoVt xi,yj) + iVt xit1, ¥j) + 2 V(L Xiv2, ¥j), (4.5)
PVt xi, Vi)
Tz'yl x5Vt xi—1, yj) + 8V (t, X, ¥j) + 0 V(L Xig1, Yj), (4.6)
where
AX; —AXj_1 — AX; AXj_1 + 2Ax;
oa_y= s @ |1=— o) =—,
AXxi—1(Axi—1 + AXx;) AXj—1AX; AXi (AXj—1 + AXj)
fy= —AXjt1 fo = AXip1 — AX; - AX;
T Axi(Ax + AXit1)’ T AXiAXip ' AXi+1(AX; + Axiyr)'
" —2AXj 41 — AXiy2 _ AXip1 + AXiy —AXijqq

- . 1= N - N
AXi+1(AXit1 + AXi2) AXi+1AXi42 AXit2 (AXip1 + AXiy2)
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2 -2 2

b= 0g = ——, & = .
AXi(AX; + AXit1) AXi AXi 1 AXijp1(AX; + AXiy1)

Here, Eqs. (4.4) and (4.6) are the central schemes, whereas Eqs. (4.3) and (4.5) represent the backward and forward schemes,

2 "
respectively. The mixed derivative, %{;‘;y’) can be approximated by successive application of the scheme (4.4) in x- and

y-directions, resulting in a nine-point discretization.

Remark 2. The PDE discretization for the approximation V will only differ with respect to the square-root term, i.e. in the
discretization for V we will have

JVi— ®(nAt, v(0)), j=0,...N,n=0,....,L,

where function @ (nAt, v(0)) is defined in (2.13), v(0) is the initial variance and At = T/L. In the sub-domain v > v,

backward scheme (4.3) is applied for ‘1‘: which alleviates spurious oscillations in the finite difference solution when y is
small.

4.2. Details of boundary and final conditions

In the numerical experiments to follow, we will consider a European put option, for which we get the following set of
final and boundary conditions:

V(T,F(T), v(T))=max(K — F(T),0),

and
av
ViFzo=K,  Vl]p=Fpy =0, i =0,
MV | yey i
whereas for v =0 we employ:
GV v 252 22V
+ +2n BZ(t, T)F 3F2 =0. (4.7)

This is the equation resulting when v tends to zero in the PDE. Here, the term % is approximated by the forward scheme

(4.5) [12], and for the time discretization we will consider the alternating direction implicit (ADI) method in Section 4.4.
With AF;=Fiy 1 —F; (i=0,....M—1), AFM=AFy-1, Avj=Vj,1 —V(j=0.....N—1), Avy = Avy_1, these final
and boundary conditions give us the following discretization:
v{j=max(K—iAFi,0), i=0,....M, j=0,....N,
Voj=K. j=0,....N.n=0,....L—1,
Vij=0, j=0,...,.N,n=0,....L-1,
Vl.'fN= V,.’fN_I, i=0,...,.M,n=0,...,L—-1.

4.3. The PDE for the error

By combining the full-scale HHW option pricing PDE (2.11) and its approximating PDE (2.12) and defining e .=V — v,
we obtain the following PDE for error e:

de a%e a%e 2 202 3%
%= =K(V— V)—+ 2y +p”F”"aFa +F (2v+2n By (t, T) — pr.rBi(t, T)n«/_)”2
5 ERY
+ F2pp B (t, T)(@(t, v(0)) — ﬁ)ﬁ. (4.8)
The final and boundary conditions of the error PDE (4.8) are given by e(T, F(T), v(T)) =0, and,

de |

elr=0=0, e|F=Fp. =0, —_ =0,
av V=Vmax

and for v =0 we employ here:

_de de 1.5, , 9% 2 a2V
—+— 4+ =By (t,T)F " — =— FnB:(t, T)®(t,v(0))—
KV oot =+ S Br (G T F o = —pp FnBr(t, D@ (8, v(0) =



154 S. Guo et al. / Applied Numerical Mathematics 72 (2013) 143-159

Table 1
Sets of parameters used in the experiments. Parameters for the asset process are defined as follows, Set 1 [20] (Feller condition is satisfied), and Set 2
(Feller condition is not satisfied). Maturity T is chosen to 1 year and strike K = 1.

Parameter K v y PE.v A n PE.x Vo
Set 1 25 0.06 0.5 -0.1 15 0.05 0.4 0.1
Set 2 0.6067 0.0707 0.5 —0.7571 0.01 0.005 0.3 0.1

Its discretization is essentially the same as that of boundary condition (4.7).
These final and boundary conditions give us the following discretization:

ef;=0, i=0,....M, j=0,....N,
e’(‘lj=0’ j:o,,.‘,N, n=0,‘..,’._1,
e'A'AJ,:O, j=0,....,N,n=0,...,L—1,

ely=e€ly . i=0,...M n=0_.L-1

4.4. Time discretization and ADI scheme

After discretizing PDE (2.11), its approximating PDE (2.12) or the error PDE, we are left with the following final value
problem for a system of ordinary differential equations (ODEs):

Vi) = Ap(t) Vy(t) + gy (0), Vi(T) = Vr. (4.9)

Here, Vj(t) is an unknown vector composed of the approximations of the option values at the spatial grid points, Vj(T)
is obtained by the final conditions, A,(t), 0 <t < T is a given real square matrix, and g,(t) is a given real vector that is
obtained from the boundary conditions.

For the time discretization and solution of (4.9), we consider the splitting scheme of alternating direction implicit type,
see also [12]. Matrix Ap(t) is decomposed into three matrices, Ap(t) = Ag + Aq(t) + Az, where Ag represents the finite
difference discretization of all mixed derivatives originating from the discrete PDE (2.11), or its approximation (2.12), A{(t)
and A; are composed of the finite difference discretizations of the spatial derivatives in the F- and v-directions, respectively
(both matrices Aq(t) and A, are tridiagonal). Vector g(t) is decomposed analogously to Ay (t), i.e. g(t) =go+ g1(t) + £.

We will apply the first-order accurate Douglas scheme to solve the ODEs, as follows. With L > 1, t, =nAt (n=L,L —
1,...,1,0), At = % Ag, =g(ty—1) — g(ty), and ¥ > 0 a given real parameter, the Douglas scheme reads:

Yo=Vy + At(An(tn) Va + g(tn)). (4.10)
Y1="Yo+0AtAy (Y] — Vy), (411)
Y2 = Y1 +0At(A1(ta—1)Y2 — Ar(tn) Vi + Agn), (412)
Va1=Ya, (413)

which generates the successive approximations, Vp, to the solutions V (ta, Fi, vj).

Matrix Ag representing the mixed derivatives is treated in an explicit form, see (4.10) in the above scheme. The matrices
A1(t) and Az, representing the F- and v-direction derivatives, respectively, are treated in an implicit form as expressed
in (411) and (4.12). Because these latter steps generate tridiagonal matrices, we can solve these systems by a basic LU
factorization in optimal complexity.

5. Numerical results

In this section, we present some numerical tests with the ADI scheme to solve PDE (2.11), its approximating PDE (2.12)
and the error PDE (4.8). A comparison between the results obtained by the ADI scheme and COS method is also given.

We perform numerical experiments where different parameter sets are considered. In the experiments, we have chosen
a basis domain with Fp,x = 3, viax = 2, so that (F,v) € [0,3] x [0, 2], with Fp = K = 1. We will vary the domain size in
one of the numerical experiments.

For the numerical discretization we have used # = % Fle =0.8, Frignn=12,d1=2,d; = 2]%' see Eq. (4.2), and the sets
of SDE parameters given in Table 1. To validate our numerical schemes, we first compare the solution, V, of the approximate
HHW PDE (2.12) by the ADI scheme with the numerical solution for the same PDE by means of the COS method. Table 2
presents this error in two different norms, for the four test cases, where the Feller condition is satisfied, and where the
Feller condition is not satisfied. For the results in the table, the max-error is defined as

s

m',achos(to. Fi, vo) — Vani(to, Fi, vo)
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The errors between the ADI and COS methods, at v = vg, when the Feller condition is satisfied (Results 1) and not satisfied (Results 2), with parameters in
Set 1 and Set 2 in Table 1, respectively.

Result # grid points of Ffv/t L-error max-error point (F;) of max-error v at Fi
1 30/30/10 0.0035 0.0049 1.0333 0.0892
60/60/20 0.0017 0.0024 1.0333 0.0918
2 30/30/10 0.0050 0.0050 1.1730 0.0604
60/60/20 0.0025 0.0024 1.1498 0.0672
1F 1F,
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Fig. 1. Comparison between the ADI and COS method for V. Plot (a): Test case 1 (Feller condition is satisfied), T = 1; Plot (b): Test case 2 (Feller condition is
not satisfied), T = 1; Plot (c): Test case 1, T = 2; Plot (d): Test case 2, T = 2. Plot (e): Test case 1 with vg =0.15, T = 1. Plot (f): Test case 2 with vg =0.15,
T = 1. The parameters are in Table 1.
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Fig. 2. Comparison of solutions from the full-scale and approximate HHW PDE; (a): values of error PDE via ADI scheme (Set 1); (b): values of error PDE via

ADI scheme (Set 2); (c): values of V — % (Set 1); (d): values of V — % (Set 2); (e): values of Vyp (Set 1); (f): values of ‘7[:'—' (Set 2). The parameters are in
lable 1.
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Table 3
The effect of parameter variations for pg ¢, 1, A, Fmnax and vg on the |V — V| via Approximation | with parameters in Set 1 in Table 1.
1 PEr 04 0.04 0.004
V=V 5.4759 x 10—# 5.5650 x 107> 5.5746 x 10~°
2 n 0.5 0.05 0.005
\v—-vi 0.0045 5.4759 x 1074 5.5770 x 10~
3 A 15 0.15 0.015
[v-v| 5.4759 x 10~* 0.0058 0.0060
4 Fmax ~ 3 4 1
V=V 5.4759 x 10—# 5.4159 x 10~# 5.0480 x 10~#
5 Vo 0.1 0.01 0.001
(= 5.4759 x 10—* 6.2149 x 10~# 7.0032 x 10~#

and the Ly-error is defined as

M 3
~ ~ 2
I:E AFi(Vcos(to. Fi. vo) — Vapi(to, Fi, vo)) ] .
i=0

because we can use the COS method in a straightforward way to compute the option values for one variance value, vo = v(0)
only.

The maximum errors in Table 2 are sufficiently small, compared to the option values at the grid points for which the
maximum is achieved, so that we can consider our numerical implementation to be correct (after several of these checks).
The convergence of the PDE solution to the COS solution is also observed in Table 2. Doubling the number of grid points
reduces the (L- and max-) errors by a factor two.

Fig. 1 presents the difference between the two V-solutions, for a fixed value of v and two different maturities T (T = 1
and T = 2) graphically. From this figure, we can see that the approximation is also accurate for a longer maturity and other
values of vg.

Remark 3. The cost of the ADI time-stepping FD method increases with the number of time-steps, because it is based
on a discretization in time. When dealing with European options, time-stepping is not needed in the discounted expected
payoff approach. This appears an advantage in terms of CPU time of Fourier techniques whenever they are applicable. PDE
techniques are however advantageous in terms of their general applicability (as there is no need for approximations).

As a next step, to confirm the error analysis in Section 3.2, with @(t, v(0)) the approximation in Eqgs. (2.13) and (2.14)
(Approximation I), we compute the option values of V (by the full-scale HHW PDE), and V (by the approximate HHW PDE),
and we subtract the solution vectors to obtain V — V, as depicted in Fig. 2. Furthermore, we solve the error PDE for e, and
we also display the second derivative Vg which plays a prominent role in the error analysis. The values of Vgr are computed
via the finite difference method. Fig. 2 shows that for both cases of the Feller condition satisfied and not satisfied in Table 1,
the solution, V, originating from the approximate HHW PDE agrees very well with the solution V, of the full-scale HHW
PDE. The results for t = 0 are displayed. In Fig. 2 we observe that both quantities, V — V as well as e, exhibit an error
peak at the position F = K, v = 0. This peak corresponds to the peak appearing in the second derivative Vg, which is in
agreement with the error analysis in Section 3.2, The size of this peak is however very moderate. In addition, we can see
from plots (a) and (b) in Fig. 2 that e is very small at v = v, compared to the values at v = 0, which means that the
error (3.25) can also be bounded for a very large v. In particular, the values of Vg are very small, which is depicted in plots
(e) and (f).

We then check quantitatively the influence of the parameters pg ., 1, A, Fnax and vg on the error V — V. We do this
by varying each parameter value from Table 1. The results for the error are displayed in Tables 3 and 4 for Set 1 and Set 2,
respectively. The norm |V — V|| in these two tables is defined as

! M N

1 ~ 2
- [V(to, Fi,vj) = V(to. Fi,vj)]",
J (M+1)(N+1) ,g',_;,

and the numbers of grid points chosen for this experiment are M = N =30, L =10.

From Table 3 (Feller condition satisfied), we can see that the parameters prr and 7 have a pronounced, linear effect on
the values of |V — V|. This is in agreement with the error analysis bound in (3.24). Other parameters do not affect the
error ||V — V|| significantly. However, we can see that, when A decreases, the errors become slightly bigger. When Fpax
increases, the errors become slightly smaller.

The results in Table 4 (Feller condition not satisfied) also show that decreasing the values of pg,, n and v leads to a
decrease of |V — V|, whereas the parameters A and Fy,y have the opposite effects on |V — V||. These two tables serve
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Table 4
The effect of parameter variations for pf r, 0, A, Fmax and vp on the |V — "7|| via Approximation | with parameters in Set 2 in Table 1.
1 PEr 0.3 0.03 0.003
|V =Vv| 1.4750 x 10~4 1.4904 x 1073 1.4920 x 1075
2 n 0.5 0.05 0.005
v =v| 0.0082 0.0013 1.4750 x 104
3 A 0.1 0.01 0.001
v =v| 1.4290 x 10~* 14750 x 1074 14797 x 107*
4 Fax - 3 4 11
|V =V| 1.4750 x 10~4 1.4408 x 10~# 13467 x 1074
5 Vo 0.1 0.01 0.001
|V =V| 1.4750 x 10~4 1.0608 x 10~° 1.1571 x 1074
Table 5

The effect of the parameters «, v, ¥, and vo on the max|E; — E;. The parameters are pr, = —03, A =11, n=0.05, pg, =03, (1): v=06, y =03,
vog=0.1;(2),k =15y =04, vg=02;(3), k=21, v=056, vg=0.3; 4), k =25,v=05, y =06.

1 K 0.02 0.2 2

max |E; — Ey| 0.0026 0.0012 0.0224

max |V, — V| 1.8389 x 107 1.9593 x 10~° 36407 x 0~*
2 v 0.005 0.05 0.5

max |E; — Ey| 0.0129 0.0056 0.0045

max |V, — Vy| 1.3312 x 10~# 9.4293 x 10~° 72739 x10°°
3 ¥ 03 0.9 15

max |E; — Ey| 0.0044 9.49695 x 10~* 00116

max |V, — V| 7.0735 x 1073 5.2387 x 1076 12100 x 107#
4 Vo 0.006 0.06 0.6

max |E; — Ey| 0.0532 0.0243 8.4550 x 104

max |V, — V| 0.0039 3.6451 x 1074 12388 x 10~°

as a numerical confirmation of the error analysis leading to (3.24). Highest errors values are observed for large values of
parameter 7). It should be noted, however, that »-values larger than 0.1 are exceptional in financial applications.

As a next step we will compare the accuracy of the two approximations presented for @(t, v(0)) in Section 2.1, i.e.
Approximation I (2.13), and Approximation II (2.15). Fig. 3 shows the expectations obtained by Approximation I and Approx-
imation II and the corresponding values of the difference Vi — Vy (recall that t = 0 is a singular point for Approximation I)
for the parameters in Sets 1 and 2. _ _

It is observed that for both cases of the Feller condition satisfied and not satisfied, the errors between V| and Vy are
very small. We have further seen that when the errors between Approximation I and Approximation II get smaller, then the
errors between V; and Vy also decrease.

Parameter values are now varied and Table 5 shows that, in the numerical tests performed, from a certain «-value the
value of max |E; — Eyj| increases when k increases (while for some x-values the error decreases). We see a similar effect of
parameter y. The values of max|E; — Ey| decrease when v increases, and parameter vo has a similar effect.

6. Conclusion

In this paper, we studied for European plain vanilla options the difference between the HHW PDE and an approximating
PDE. Classical PDE error analysis theory was applied to analyze the quality of the approximation and an error PDE was
obtained. The effect of financial parameters pg, 1), A, Fnax and v on the errors in the solutions has been determined in
this analysis. Numerical experiments confirmed that the error between the solutions originating for the full-scale Heston-
Hull-White PDE and its approximation PDE are reasonably small. The numerical results showed that pr, and n have an
effect on the error, whereas other parameters did not show any significant effect. The error in the option values obtained
was however not exceeding the size 10~4. In addition, we compared two different approximations for the expectation and
its effect on the values of the option value from the approximate HHW PDE.
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Fig. 3. Plots (a) and (c): The expectations obtained by Approximation | and Il with varying time t; (b) and (d): the corresponding option errors V. - Vn.

The parameters are (a) and (b), Set 1; (c) and (d), Set 2.
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