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SUMMARY

We develop a method for solving stochastic control problems under one-dimensional Lévy processes. The
method is based on the dynamic programming principle and a Fourier cosine expansion method. Local
errors in the vicinity of the domain boundaries may disrupt the algorithm. For efficient computation of
matrix—vector products with Hankel and Toeplitz structures, we use a fast Fourier transform algorithm. An
extensive error analysis provides new insights based on which we develop an extrapolation method to deal
with the propagation of local errors. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Stochastic optimization can be defined as the optimization of a certain objective function, where
an underlying state process is subject to random perturbations. The class of optimization problems
can be subdivided into several different types, such as optimal stopping problems or impulse con-
trol problems ([1]). In this paper, we focus on stochastic control problems, in which the controller
may influence the drift and diffusion terms of the underlying stochastic process. One can derive
a partial differential equation (PDE), to be precise the Hamilton—-Jacobi-Bellman (HJB) equation,
corresponding to the problem. However, we will use a method based on the dynamic programming
principle and solve the problem backwards in time on a fixed time grid.

In financial mathematics, the price of an option can often be formulated as a stochastic optimiza-
tion problem. In the last decades, financial mathematics has contributed significantly to the theory
and the improvement of the numerical methods to solve these problems. The techniques employed
are closely related to those in the field of real option problems ([2]), encountered in economics, for
example. These can also be represented by stochastic optimization problems.

In [3], an option pricing method for European options, based on Fourier cosine series expansions,
was developed. This method was called the COS method, and it was extended in [4] to pricing
Bermudan, barrier, and American options, and to pricing swing options, which are frequently used in
energy markets, in [5]. We will generalize this Fourier cosine technique to solving stochastic control
problems, in which the state process can be controlled. In the backward recursion of the algorithm,
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ON THE COS METHOD FOR STOCHASTIC CONTROL PROBLEMS 599

we deal with special matrix structures, namely Hankel and Toeplitz matrices. Matrix—vector prod-
ucts can then be computed efficiently by applying a fast Fourier transform (FFT) algorithm, as the
resulting matrices are then embedded in a circulant matrix form. Our work builds on both [3] and
[4], but it differs on essential points for the accurate treatment of stochastic control problems.

In the resulting method, we need to determine the optimal control law for all possible state values.
For that purpose, the value function must be accurately represented in the entire computational
domain. It is known, however, that Fourier cosine expansions may be inaccurate near spatial bound-
aries, particularly outside the expansion interval. We give a detailed insight into the source of these
local errors and their evolution. On the basis of this, we propose an extrapolation technique near the
domain boundaries as an accurate solution technique in this context.

We test the method by solving two stochastic control problems of practical interest. The first one
is the valuation of an option under uncertain volatility, which was solved in [6] and [7] by fully
implicit discretization methods for the corresponding nonlinear PDE. In contrast, the COS method
will be based on the dynamic programming principle.

The second problem we discuss is a consumption-portfolio problem from economics. The model
used is a simplified version of the well-known portfolio-selection problem, which is originally for-
mulated and studied by Merton [8]. Here, an agent allocates his wealth to investments in risky or
risk-free assets, and to consumption. The objective is to maximize the expected lifetime utility, by
choosing consumption.

The outline of this paper is as follows. We start with the concepts and notation of stochastic
control problems under multi-dimensional state processes. Then, in Section 3, a method based on
the dynamic programming principle and the COS formula is derived for solving stochastic control
problems with a one-dimensional underlying Lévy process. Section 4 provides an extensive error
analysis and a way to solve possible propagating errors in the backward recursion. With this, the
error converges exponentially in the number of terms in the series expansions for smooth density
functions. The two practical examples come up in Section 5. Besides, we demonstrate the alge-
braic convergence for non-smooth densities. Finally, a conclusion and our main contributions are
presented in Section 6.

2. STOCHASTIC CONTROL PROBLEMS

We consider the problem class of finite horizon stochastic control problems, where the objective
function is optimized over a given finite domain. We start with the notation of control problems and
some definitions, based on [1]. The numerical method that we will develop relies on the dynamic
programming principle, which is explained in Section 2.2.

2.1. Problem description

Let (22, F,P) be a probability space, T > 0 a finite terminal time, F = (Fy)o<s<7 a filtration
satisfying the usual conditions, and W a d-dimensional Brownian motion on the filtered probabil-
ity space (€2, F,IF, IP). The controlled state process X; is valued in R” and satisfies the stochastic
differential equation

dXs = b(s, Xy, a5)ds + a(s, X, as)dW,, X, given. 2.1)

The process here is a controlled diffusion process, which we use in this section for ease of notation
and to stay in line with [1]. Later on, we will work with the class of Lévy processes.

The control process & = (o5 )o<s<7 18 progressively measurable with respect to F and is valued
in the control set A, a subset of R®. In the class of stochastic optimization problems that we discuss
here, the state process is influenced by the control process, &, whose value is determined at any time
t in the basis of the available information.

The measurable functions b : [0,T] x R” x A — R" and o : [0,T] x R” x A — R™*4 gatisfy
uniform Lipschitz conditions in A. Let A denote the set of control processes e that satisfy a square
integrability condition. With this notation, an element & € A is a process over time, with values in
set A. With the aforementioned conditions on b and o, for all @ € A and for any starting condition
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(t,x) € [0,T] x R", a unique strong solution to equation (2.1) starting from x at s = ¢ exists, which
is denoted by { X!*,t 6 s 6 T} ([1]). The dependence of X!~ on the control process & is omitted
for notational convenience.
We assume that f: [0, T]xR"xA — Rand g : R" — Rx'ue two measurable functions that satisfy
a lower boundedness or a linear growth condition and E tT [ f(s, XE* ag)|ds < oo, Va € A.
The gain function on the finite horizon is defined as

IIZT #

n | | |
J(t,x,a) =E e P fos XY g ds 4 e P T XEY (2.2)
t

forall (z,x) € [0,7] x R" and @ € A. The function f is a so-called running profit function and g
is a terminal reward function. p > 0 is a discount rate, which is common in economic and finan-
cial problems. The objective of the finite horizon problem is to maximize the gain function over all
admissible controls in 4. We also introduce the so-called value function

v(t,x):=sup J(f,x,a). (2.3)
EA

For an initial state (,x) € [0,7) x R", we say that ™ € A is an optimal control j v(,x) |=
J(t,x,a*). A control process & is called a Markovian control if it has the form ey = a s, X!* for
some measurable functiona : [0, T] x R" — A ([1]).

The notion of stochastic control problems can easily be extended with the concepts of optimal
stopping or impulse control ([9]). Then the controller does not (only) have the disposal of a control
process a to optimize his objective, but he or she can determine the terminal time or can add extra
impulses to the state process.

2.2. Dynamic programming principle

An important principle in the theory of stochastic control is Bellman’s optimality principle, also
called the dynamic programming principle ([1]). It means that if one has taken an optimal control
path until some arbitrary observation time 6, then, given this information, it remains optimal to use
it after that observation time. The dynamic programming principle is stated as follows:

Result 2.1 (Dynamic programming principle (finite horizon) [1])
Let (¢,x) € [0, T] x R". Then we have
Zs . | .-
v(t,x)=sup E e_"("_’)f s, X ey ds + e POy p, X(;’x , 2.4
EA t

for any stopping time 6 € [t, T]. (6 is a stopping time if {6 <t} € F;, Vt € [0,T]; in other words,
it should be possible to decide whether or not {6 < ¢} has occurred on the basis of the knowledge

of F;.

By the dynamic programming principle, one can split the optimization problem into two parts.
An optimal control may be obtained by first searching for an optimal control from a time € given
the state value X;™; in other words, compute v 6, X;* . Then, the quantity

n
7 #
’ —p(s—1) B l —p(B—t) . t.x
E e PETDf s XY oy ds +e7” v B,Xo'
t

is maximized over all controls on [f,#]. We will use this principle to set up a numerical approach
for stochastic control problems in Section 3.
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Remark 2.1

By the dynamic programming principle, one can derive the well-known HJB equation correspond-
ing to problem (2.3); see [1]. This second-order nonlinear PDE is the infinitesimal version of the
dynamic programming principle and reads

d
- a—;}(r,x) + pu(t,x) —sup[L(t,x) + f(t,x,a)] =0, V(t,x) €[0,T)xR", (2.5)
acA
with differential operator of second order
a I m 5 |
LY%(t,x) =b(x,a)- Dyv(t,x) + Etr oo'(x,a)Div(t,x) , (2.6)

where 00”(x,a) is an n x n matrix with components (00”);;(x,a) = P ,‘f=l oik (x,a)o i (x, a).
L2 is called the infinitesimal generator associated to the diffusion X; with constant control a. The
vector D, denotes the gradient of a function, and matrix D2 consists of its second derivatives. The
terminal condition is v(7', x) = g(x), Vx € R”, resulting from the definition of the value function.

Stochastic control problems may be solved by the use of PDE methods to the corresponding HIB
equation. We refer to [10] and [7] for numerical discretization methods. Then, issues about con-
vergence to the correct viscosity solution arise. The viscosity solution concept was introduced by
PL. Lions ([11]). We refer to [12] for a general introduction to viscosity solutions and some general
uniqueness and existence results. As we use the dynamic programming approach, we will not go
into details about this.

3. COS METHOD FOR STOCHASTIC CONTROL PROBLEMS

In this section, we set up a general method to solve stochastic control problems under a one-
dimensional* Lévy process, X;, for which the characteristic function is known. A Lévy process
has stationary, independent increments and is right continuous with left limits. For an extensive
overview of Lévy processes, we refer to [13].

This class contains the constant coefficient jump-diffusion processes. The method is based on the
dynamic programming principle and uses the so-called COS formula, which was developed in [3]
for pricing European options. It results in a recursive algorithm based on the FFT algorithm. We
will explain the COS formula in Section 3.1. We start here with the discrete-time framework of the
solution method.

Initial time is denoted by tg, and 7 is the terminal time. We take a fixed equidistant grid of control
timestg <t} <ty <--- <tm =T, with At := ;41 — t;y, and a bounded set of possible control
values A C RY. As a discrete approximation, we assume that the control processes are constant
during the time intervals [f,,, t;,+1]. At each control time f,,, with m < M, one can choose a control
value from the set A, which influences the stochastic process during the time interval [t,,, t+41].
This value is denoted by «;,, where the subscript refers to the control time. The choice may depend
on the current value of the state process. With this notation, bold faced e denotes a control process,
and «,, denotes a single control value.

Remark 3.1
For diffusion processes, as in (2.1), the stochastic process evolves according to the following
dynamics:

dXs = b(s, X, am)ds + o (s, Xy, apm)dWs, for s € [tm,tm+1]- 3.1)

In the examples in Section 5, we will use processes of this form, to be precise, geometric Brownian
motions (GBMs). Their log-transformed dynamics belong to the class of Lévy processes, which we
consider from now on.

*Extension of the methodology to higher dimensional state processes is part of forthcoming research.
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The value function reads .
Zr [ ] [ [ T
v(t,x) ;= max E e P f s, XP g ds + e PT-1g X;."r . (3.2)
EA t

A C A denotes the set of all possible control paths {om M 2}, where @y, is valued in the control
set A. The terminal condition is v(7,y) = g(y). We deal with a discrete-time stochastic control
problem, with M control times. Convergence of the numerical solution to the solution of the original
problem (2.3) is achieved by increasing the number of time steps (value of M). General convergence
results for discrete-time problems to their continuous versions can be found in [14-16].

The dynamic programming principle now gives

&« O
V(tm—1,X) = max [REm* ¥ e P50 f(s, Xg, tm—1)ds + e PP 0 (tm, Xy,,)
m. 1 €4 Ime 1 :
fm O
= max e PSR X[ f(s, X, otm—1)]ds + e PATE™ X [0 (ty, Xp,)]
ame 1€A tme 1
(3.3)

*
For ease of notation, we use the form E**[X;] instead of E X! . The second equality in (3.3)
holds by Fubini’s theorem. We denote the first term in the maximization operator, that is, the time
integral, by F(t,,—1,x, 0, ) and call it the profit function. We presume that this function is known
analytically, or can be approximated using, for example,

F(tm—1.x,0m—1) 2 At f(tm—1, X, tm—1), (3.4)

or a trapezoidal rule for the time integral, combined with a COS formula or quadrature rule to
estimate the expectation. The expectation in the second term, which we call the continuation value,
is denoted by ¢(#,,,—1, X, ¢t;p,—1)- SO, we use the notation

V(tm—1,X) = o max [F(tm—1,X,0m—1) + ¢(tm—1. X, m—1)] . (3.5)

3.1. Fourier cosine expansion formula (COS formula)

Next, we explain the method of choice to approximate the continuation value, in the backward
recursion,

¢ ¢
C(tmat,x,0) =€ PAE v(ty, Xt )| Xt,,. , = x with control value oy = a. (3.6)

e assume a contingpus transitional density, which is denoted by |p(_v|x,a). In other words,

A P|x,a)dy = P X, € A|X;,, , = x, control value &, =« ¥ Borel subsets A € R. We
omit the dependence on At for notational convenience. We rewrite
Z
Cltm-1.x.@) =€ P2 Uty y) p(y|x, )dy. (3.7)
R

The numerical method is based on series expansions of the value function at the next time level
and the density function, as we will show in the following approximation. The resulting equation
is called the COS formula, because of the use of Fourier-cosine series expansions. Fourier series
expansions and their convergence properties have been discussed in [17]. We assume that the inte-
grand decays to zero as y — oo, which is usual in the control problems we work on. Because
of that, we can truncate the infinite integration range to some interval [a,b] C R without loosing
significant accuracy. This gives the approximation
Zy

e1(tmer., x,: [a, b]) = e PP! V(tm, y)p(¥|x, a)dy. (3.8)

a
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The notation ¢; is used for the different approximations of ¢ and keeps track of the numerical errors
that set in from each step, which are discussed in Section 4.1. Next, we replace the density function
and the value function by their Fourier cosine series expansions on [a, b], that is,

y(—l’ ¢ V—d o
py|x, ) ~ Py (x,a) cos kfr'b . (3.9
k=0
U(tm, y) & Vi (tm) cos krr'b s (3.10)
k=0 —a
with series coefficients { P}~ and { Vi }7_, given by
Z, A O
Pr(x,a):= 5 p(y|x,a)cos k- dy
—a _
2 z b * y—a©
and Vi (ty):= —— V(tm,v)cos k- dy, (3.11)
b—a , b—a

respectively. Parseval’s theorem and truncation of the series summations gives us the approximation
—1
b—a X,

c2(tm-1, %, [a,B]. N) = — e "M Pe(x, o) Vie(tm). (3.12)
k=0

X
"in (3.12) indicates that the first term in the summation is weighted by one half. The coefficients
Py (x,a) can now be approximated as follows:
O

Pk(x,a)zb— p(y|x,a)cos kﬂ"’:z dy

R > v v
2 R k]T * —ikﬂbL
b—a ¥ b—a®

Re(-) denotes taking the real part of the input argument. ¢ (-|x, @) is the conditional characteristic
function of X, , given X; ,, = x and a1 = «. The density function of a stochastic process
is usually not known, but often its characteristic function is known (see [3, 18]). For Lévy
processes, the characteristic function can be represented by the Lévy—Khintchine formula ([13]), and
there holds

= O (x,a). (3.13)

@ulx, ) = (|0, @)e"™ := Pievy (u|a)e™. (3.14)
Inserting these equations in (3.12) gives us the COS formula for approximation of ¢ (t,,—1,x,a):
C(tm—1,x,a; [a,b), N) := c3(tm—1, x,; [a,b], N)

11 9 9 km { 7
= (’_pAt Re Plevy m eikﬂﬁz a Vk(rm )- (3.15)
k=0

Because the terms Vj(#,,) are independent of x, we can calculate the continuation value for many
values of x simultaneously.
The value function is now approximated by
U(tm—1.X) := N ma)éA [F(tm—1.X.@m—1) + C(tm—1. X, 0tm—1)] - (3.16)
me+ 1
Remark 3.2 (Density function)
Conditions for the existence of a continuous density are given in [13]. We have the following
normalizing property:
Zy Zy
p(ylx,a)dy = p(ylx,a)dy, (3.17)

a a
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where p denotes the approximation of the density function by the Fourier cosine series with N
terms, equation (3.9). The integral equals one for sufficiently wide interv% [a, b]. There holds
IN—

N-1
lima;—o p(y|x,a) = §(x). The absolute value of p(y|x,«) is bounded by o | Dy (x, )| 6

% but goes to the true value if N goes to infinity. So, if At decreases, we need to increase N to
have the same accuracy.

3.2. Recursion formula for coefficients Vi,

The algorithm for solving stochastic control problems is based on the recursive recovery of the
coefficients Vg, starting with the coefficients at the terminal time:
Zy . O

Viltm ) = ——  o(T,y)cos kni—2 dy, (3.18)
b—a b

a —d

for which we assume that an analytic solution is available. This is the case for, among others, expo-
nential and polynomial terminal reward functions. These coefficients are used for the approximation
of the continuation value at ime fpm —1.

Next we consider the coefficients that are used to approximate the continuation value at time
tm—1, for m 6 M — 1. The value function, equation (3.5), at time t,, appears in the terms Vi (t,),
and we need to find an optimal control law for all state values y € [a, b]. We propose two techniques
for this:

o First, suppose that the set A of possible control values is finite, 4 = {a',....a?,... . aX},

where K is a finite number and «; € R®. Then it may be possible to determine sub-domains
Dl c [a, b], so that for each y € DY itis optimal to choose control al at control time t,,. The
subscript of aj, indicates the time level and the superscript the control value. This approach
will be applied to the problem in Section 5.1.

o If this procedure cannot be applied, or in case the control set A is a continuous range, then
the interval [a, b] is divided into sub-intervals, which span the interval [a, b]. They are denoted
by D qg=1,2,..., K, where X is a finite number. On each sub-interval, DI . we determine
the optimal control, ajy,, for the time interval [t,,, t,y+1]. We here assume that the control value
is constant over the spatial sub-interval. With many sub-intervals, this approximation may be
sufficiently accurate. This approach will be used in the application in Section 5.2.

In both approaches, we split the integral for the definition of Vi into different parts:
7 u | o

y—a
Vk(r,,,)=b— F tm,y,al cos kn'b dy
—a DY, —a

IR "k "'“od
¢ ly,y,a, COS K- y
b—a pa oM b—a

| X m |
= Uk tm, DI + Cr tm, DL, | (m#M). (3.19)

q=1 q=1

X
[

Here assume that the terms Uy, are known analytically,®
Z 22 ¢ f O

V—d
Ur(tm,21,22,a) = h—a F(tm,y,a)cos kﬂb—a dy, (3.21)
z1

¥This is the case for, amongst others, exponential and polynomial functions F . If these terms are not known analytically,
they can be approximated by numerical integration rules or discrete Fourier cosine transforms. Approximation (3.4)
results in
Z . . y—a o)
At f(t,,y.a)cos kn—b dy. (3.20)
—a

—a \

Uit 21, 20.@) = b

Copyright © 2013 John Wiley & Sons, Ltd. Numer: Linear Algebra Appl. 2013; 20:598-625
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where 2 and z, denote the boundaries of interval Dy} In practical applications, these terms may be
independent of time. The coefficients Ci at time #,, can be approximated by using the coefficients
Vi from the next time level, as we will explain shortly. This results in a backward recursion of the
coefficients V.

For approximation of the value function at time ty —», we need the coefficients Vi (tm —1). We
will use the approximated values, ¢(fy —y, ¥, @), to approximate the terms Cy (fy —1,21,22,«). This

approximation is then denoted by Cy(fm —1.,21.22.¢) and results in the coefficients

A )4( | q q | )(( -, B q q !
Vie(tm —1) 1= U tm —1.Dy _j 0y —; + Cr tm —1.Dy _y.ay _; - (3.22)
q=1 g=1

On the integrands of terms ék, we can apply again the Fourier cosine series expansion by inserting
equation (3.15):

. 2z * y—a©
Ci(tm —1,21,22,) = h—a ¢(tm -1, y,@) cos knﬁ dy
z
0 1 > . ‘f !
= ¢ PARe @ Plevy bjTa Vi(tm )'Mk.j(:l’zl)A* 3.23)
j=0

where the elements of matrix M(z 1, 2») are given by

Z * O
2 22 .. +a ) —
My j(z1,22) == —— ITES cos k24 dy. (3.24)
b—a 4 b—ua
Finally, we end up with the vector form
. X m | X (I |
Vitm )= U tm 1,0 oy, + e Re M Df, | W, (3.25)
g=1 g=1
where
2> . * v | = |
_ . T
wl = (VL with w? =g bJTa by Vilm), wi= e Olafy y Vol ). (326)

The parameters of the matrices M are the boundary values of their respective integration ranges.

For the other coefficients, Vi (f,,), 1 6 m 6 M — 2, the approximations &(f,, v, o) and Vi (tp1)
will be used to approximate the terms Cy(tm, 21,22, ). The same arguments give the following
numerical approximation of the Fourier cosine coefficients at time 7,,:

R X m X, m m |
Vitw)= U tn.Dlal + e Re M DI W | m=1,.... M -2, (3.27)

g=1 g=1

where

> v
. . _ . . i T - . ] m L
Wl = {1} with @Y =¢ ,)’Ta*,‘i. Viltmer), g = ¢ Olafy Voltm+1) (3.28)
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An additional error is introduced because the coefficients are approximated using the approxi-
mated elements V(#,,+1). We will examine this evolving error in Sections 4.2 and 4.3 and propose
a more accurate approximation for the Fourier coefficients Vi (t,,).

3.3. Algorithm

The matrix—vector products Mw in the terms C can be computed by a Fourier-based algorithm, as
stated in the next result:

Result 3.1 (Efficient computation of ¢ (tm, 21,22, ) [4])
The matrix—vector product M(z;, 22)w can be computed in O(N log, N) operations, with the help
of the FFT algorithm.

The key insight of this efficient computation is the equality
.. O
i
M.j(z1.22) = —— My i(z2,22) + My j(21,22) (3.29)
*
where matrix M€ is a Hankel matrix and M* a Toeplitz matrix M/, =M | .  and M}, =
O oJ =1, i.j

s atrices c 5 e 1 . ST atrix Q ~ p 3
M7 41 - The matrices My ; and M ; can be found in [4]. The special matrix structure enables

us to use the FFT algorithm for the matrix—vector products ([4]). If a process does not possess
the property in equation (3.14), the FFT algorithm cannot be employed in a straightforward way
(see [5]). .

We can recover the terms Vi (¢),) recursively, starting with Vi (fm ). The algorithm to solve the
discrete-time stochastic control problem (3.2) backwards in time then reads

Algorithm 1

(COS method for stochastic control problems)
Initialization:

Calculate coefficients Vi.(t o) for k= 0,1,..., N —1.
Main loop to recover V(t,,,): Form =M —1to1:

e Determine the sub-domains D¢

m

for which the optimal control value is af,,
determine the optimal control values o, for given sub-domains DZ

m m*

o Compute V(t,,), equation (3.27), with the help of the FFT algorithm.

or

Final step: .
Compute ©(tq, zo) by inserting V. (¢,) into equation (3.15).

The computational complexity of the algorithm is O (MK N log, N), as we need to compute
M time steps, and K sub-intervals. The computation time also depends on the efficiency of the
optimization method to find the optimal control arf,.

Remark 3.3
We elaborate on the differences between using the COS method for pricing Bermudan and bar-
rier options and for solving stochastic control problems. In Algorithm 1, we search for an optimal
control law for all state values y in the computational domain [a, b]. For this, the numerical continu-
ation values need to be accurate over the entire interval. Significant errors may arise, however, in the
vicinity of the boundaries and propagate backwards in time, as we will show in Sections 4.1 and 5.2.
In Section 4.2, aremedy for this problem will be proposed. When pricing barrier and Bermudan call
options, as in [4], one only searches for the early exercise points, where the continuation value
equals the payoff. For this task, interval [a, b] can be chosen large so that the early exercise points
are not close to the interval boundaries and the boundary errors do not affect the resulting price.
Another difference in applying the COS method to stochastic control problems is the dependency
of the characteristic function on the control values. As this function is evaluated often during the
optimization procedure, it may be time consuming.
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4. ERROR ANALYSIS AND EXTRAPOLATION TECHNIQUE

In this section, we analyze the error of the COS method for stochastic control problems and base
our analysis on [3,4] and [19]. Errors are introduced by the COS formula and by evolution through
time via the coefficients Vi and a possibly incorrect control ee. We start with the local error where
backward recursion of the approximated terms, I7k, and control are not taken into account, in
Section 4.1. In the financial context, this corresponds to a European option with an uncontrolled
asset price process. We give an example in which the COS formula is inaccurate in the vicin-
ity of a domain boundary (Section 4.1.1). This may give difficulties with the recursive recovery
of the Fourier cosine coefficients Vi (f,,). In Section 4.2, we propose an improved approximation
for Vi (f,,), which is more accurate than Vk (tm) from (3.27). Finally, the propagating error in the
backward recursion is studied and bounded.

4.1. Local error COS formula

We define the local error of the COS formula for the continuation value by
€cos(tm—1,x,a; [a,b],N) := c(ty-1,x, ) — Ctm—1, X, la,b],N). 4.1)
This notation includes the parameters used for the approximations, namely [a, b] and N . The error

max  |ecos(tm—1, X, tm—1; [a,b], N)| (4.2)
Qe 1EA

bounds the absolute error of the approximated value function v(t,,—1, x), assuming that the correct
optimal control law has been chosen and that the function F(t,,—1,x,«) is known analytically, or
can be approximated sufficiently accurate.

We first assume that the terms Vi (#,,) are exact. An upper bound for the error of the European
option pricing COS formula with respect to the truncation range and the convergence rate, in depen-
dence of N, has been derived in [3]. Errors are introduced in three steps; we discuss them one after
the other:

1. The integration range truncation error:

€1(tm—1,x,a;[a, b)) = ('(tm_lzx,a) —¢1(tm—1,x,a;[a, b))

= e PM U(tm, ¥) p(y|x,@)dy. (4.3)
R \[a.b]

If v(tm,y)p(y|x,a) is sufficiently small outside the interval [a, b], then the error €; can be
ignored.
2. The series truncation error on [a, b]:

€2(tm—1,x,a:[a,b),N) : = ¢y (tm—1, X, @; [a,b]) — c2(tm—1, X, @ [a,b],N)

bh— X
= 2T b a) Vi (t). (4.4)

2
k=N

The convergence rate of Fourier cosine series depends on the properties of the approxi-
mated functions in the expansion interval. Information about different convergence types can
be found in [17]. With the theory in [17], we find that the error converges exponentially for
density functions in the class C®([a,b]). A density function with discontinuity in one of its
derivatives results in an algebraic convergence.
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3. The error related to approximating Py (x,a) by @k (x, ) (equation (3.13)):

€3(tm—1,x,; [a,b], N) := ca(tm—1,x,a;[a,b],N) — c3(tm—1,x,c;a,b], N)

b —d _pAtlx_l’
=—e (Pr(x, @) — Pp(x,)) Vi (tm)
Z k=021x 1 3
— *
= —e PAI 4 cos kn2i—< Vie(tm)> p(y|x,a)dy
R\la.b] 4 _, b—a
Z
=—e PN B(tm. ) p(y|x.)dy. 4.5)
R \[a.b]

Remark 4.1

Note that the Fourier cosine series expansions in Section 3.1 are defined for y € [a, b], whereas
here the function ¥ (t,,, y) is evaluated on R\[a,b]. Here we denote by function ©(ty,,y), for
vy € R\[a,b], the symmetric extension of the Fourier cosine series expansion outside the expansion
interval. This value will usually be different from v(#,,, y), even if N tends to infinity.

The integration range truncation error, €, enters by truncation of the infinite domain to the finite
domain [a, b]. Conversely, error €3 is due to replacing the finite domain by an infinite domain in
equation (3.13). The third error ‘compensates’, completely or partly, for the first error. Addition of
both errors gives

y4

€1(tm—1, X, [a,b]) + €3(tm-1, X, @; [a,b], N) = e™*2 [v(tm, y) = V(tm. )] p(y|x, c)dy.
R\[a.b]
(4.6)

So, error €; + €3 results from using e U(t, y) instead of the true discounted value function
e PA Y (t, v). We can write the local error of the COS formula as

—pAt

ecos(tm—1.x,a:[a,b).N) = €1 (tm—1.x,a:[a,b]) + €2 (tm—1. x,c; [a, b], N)
+ €3(tm—1, x,a; [a,b],N).

If, for given x, the integration interval [a, b] is chosen sufficiently wide, then the series truncation
error €2 dominates the overall local error. This implies that for smooth density functions the local
error converges exponentially to zero; otherwise, it goes algebraically.

For a given interval [a, b], the local error may however be large if x is in the vicinity of the domain
boundaries, resulting from error €; + €3. We will show this by an example in the next section. A
local error may propagate via the backward recursion for a stochastic control problem.

4.1.1. Significant error in the vicinity of the boundaries. Here, an example of a large error close to
the spatial boundaries is presented, when we use the COS formula to price a European call option.

In the financial setting, the asset price at time ¢ is denoted by S; and the strike price by K. We
model the asset price by a GBM. The payoff of a call option at terminal time, 7", with log-asset price
vy =log(St), is given by the function

gy) = -K)*, @7
where (z) := max(z, 0). Fourier cosine series expansion gives the approximation
—1
. X * y-a®
g(y;la,b),N) = Vi cos kn‘b , (4.8)
k=0 @
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in which
Zb * v—ao 2
Vi = —— g(y)cos km- dy = —— (yx(log K,b,a,b) — Ky (log K,b,a,b)),
b—a , b—a b—a
(a 6 log K 6 b). (4.9)

The analytic solution of the functions y; and ¥} can be found in Appendix A. The risk-neutral
option pricing formula ([20]) reads

Z
v(to,x) = e AERF[o(T, X7)] = e L8Py, 4.10)

where X = log Sy is the log-asset price process, r is the risk-neutral interest rate and At := T —1o.1
The problem considered is a simplified, reduced version of stochastic control problem (2.3). The
COS formula yields

X1 2> 2 v v
D(to, x: [a,b],N):= e~ ™8 Re  @levy 7 _ﬂa Pts T I A
2=° z
= A g(y)p(y|x)dy + e A1 g(y)p(y|x)dy — ea(to, x; [a, b], N).

[a.b] R\[a.b]

4.11)

We take N sufficiently large, so that error €5 can be neglected. This equation shows that a significant
error is introduced if g(y)p(y|x) is not close to g(y)p(y|x) outside the expansion interval [a, b],
which is the case in the example to follow.

For the call option under GBM, an analytic solution is available, that is, the Black—Scholes
price, so that the numerical option value can be compared with the exact solution. The following
parameters are used for the tests in this section:

K =100, S = 100 (xo ~ 4.6), r =0.1, ¢ =0, T = 0.1, 0 = 0.25, [a, b] = [3.82, 5.40], N = 21°,

(4.12)
The parameters and the interval [a,b] are adopted from [3]. Log-asset price, x, is varied, and the
results are shown in Figure 1. In the left-side plot, function g(y), the series expansion, and its exten-
sion outside [a, b], which is symmetric in @ and b, are presented. Function g(y) resembles the true
payoff function well at the left-hand side of «, as the function is constant there. Hence, no error is
introduced in the vicinity of that boundary. However, at the right side of b, a difference between
the two functions is observed, which gives a significant error €; + €3 in the computational domain
at that boundary. This is shown in the right-side plot, where the exact Black—Scholes price and the
COS approximation are presented.

The numerical option value for initial log-asset price, xo, is highly accurate, with an error
less than 10~'4. However, inaccuracies at some place in the domain [a, b] may seriously affect
the backward recursion of the Fourier coefficients, Vi (), when a stochastic control problem is
solved recursively.

4.2. Extrapolation method

The coefficients Vi (f,,) are recovered recursively, backwards in time. In that case, the local error,

€cos, described in the previous section, may propagate through time. Here, we propose a tech-

nique to deal with this issue. In Section 4.3, we prove that the error of the approximated Fourier

coefficients converges exponentially in N, for probability density functions in the class C*°([a, b)).
Recall that the approximated Fourier cosine coefficients at time f,,—; are given by

Z b [ 0 * o
~ . X—d
Vi(tm—1) = max [F(tm—1.X,0m—1) + ¢(tm—1. X, @m—-1)] cos km dx.
b—a 4 om.1€4 —a
INote that there is no control process land no running profit function in this test.
Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2013; 20:598-625

DOI: 10.1002/nla



610 M. J. RUITER, C. W. OOSTERLEE AND R. F. T. AALBERS
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Figure 1. Example of a significant error, €; + €3, close to one of the boundaries.

From this definition, it follows that inaccurate numerical continuation values at time #,,—; may affect
the choice of the optimal control value and the coefficients, which in turn affect the continuation
value at time t,,—», and so on.

The idea to deal with the propagating error is to determine the area in which inaccurate approx-
imate values from the COS method occur. In this area, we employ an extrapolation technique to
compute a value with improved accuracy, using the accurate numerical continuation values from the
neighboring region.

In practical applications, it may be possible to determine the area in which ¢(t,,_;, x, &) is inac-
curate, assuming that coefficients Vj (t,,) are exact. The density function, together with the value
function, gives the desired information. For instance, suppose we can calculate a value x*, so that
the continuation value is well approximated for x € [x*,b] and is inaccurate for x € [a,x*].
The continuation function ¢(fpy,—1,x,a), on [a,x*], can then be approximated by an extrapolation
technique. For this, we employ a second-order Taylor expansion in x*:

N * ~ * * 1, * *
('ex(fm_l,.\”,a):=('(fm_1,.\' »a)+('x(fm—l~x ,a)(x—.\' )+§('xx(rm—ls-’f ,(x)(x—x )2~ (4-13)

The derivatives can easily be computed in this setting as

> >
= L X! ke {e,.k,,xb.u: ikn
a b—

!
-~ *
Cx Ip—1,X ,a =¢ Re  @levy h—a

Vic(tm), (4.14)
k=0

|
. n I A*_l’ 9kﬂi‘/ ~kaa9ikﬂ/2
Cxx tmr.x"a =e”” ! Re  @revy h—a e hea h—a Vie (tm). (4.15)
k=0

We denote the extrapolated continuation value by

*(ty—1,x,), forx €la,x*],
C(ty—1.X,0) := N (4.16)
Ctm—1, X, @), for x € [x*, b].

The local error of the COS formula with extrapolation technique is denoted by

gCOS(’m—lax- a: [a,b], N) = (.(tm—lsxaa) —E(tm—la-’f,ai [aa b]a N)a (4'17)

'The methodology mentioned can also be applied if the approximated continuation value is inaccurate in a certain area

[x ', 5].
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and we have
€cos(tm—1.x,a;[a,b],N) = O((x —x*)?), for x € [a,x*]. (4.18)

We use continuation value ¢ to determine the optimal control law and to approximate the terms
C by
_ Z Z2 * V—a O
Cr(tm—1,21,22,Q) i= —— c(tm—1.y.a)cos km—— dy. (4.19)
b—a —a
The corresponding Fourier coefficients are denoted by Vi (t,_1).
Suppose the interval [z1,z2] C [a,b] can be divided into [z1,x*] and [x*,z>]. Then the
corresponding Fourier cosine coefficients read

Zx! * y—a©
Cr(tm-1.21.22. @) = —— c®*(tm—1,x*, &) cos km—— dy
b—a 0 b—a 1
1 2> . {
_ ’ T
+ePARe@ gy b]Ta Viltm)- My j (x*,22)A,  (4.20)
j=0

where the analytic solution to the first part can be found in Appendix B. The extrapolation technique
can be improved by using a higher-order Taylor expansion. In that case, a similar approach can
be applied.

Remark 4.2
If we know that the continuation value should be of exponential form, which is sometimes the
case for the type of problems we are interested in, it may be more accurate to use an exponential
extrapolation to approximate function ¢ (fy,;—1,x, @) on [a, x*] as follows:
. I
M (tm—1,x,a) = C(tm—1,x*,a)exp w(y—x*) , for x€l[a,x*], 4.21)
with
Cxltm—t1, X%,
w = M 4.22)
C(tm—1.x*, )

We will also use this form in an example in Section 5.2.

4.3. Error propagation in the backward recursion

In this section, we study the error of the Fourier cosine coefficients in the backward recursion. We
start with the algorithm without the extrapolation technique and define

ek(tms 21, 22, @) := Ck(tm, 21,22, @) — Ck (tm, 21, 22, @). (4.23)
The terms Uy, are assumed to be exact, so that the error in the Fourier coefficients is given by

. X
sk(rm) = Vk (tm) - Vk(rm) = sk(rm» Dgpa?n)- (4.24)
g=1
We assume that an accurate, true control law, which is an optimistic assumption if the continuation
value is inaccurate, is found, which is denoted by o,y . Here the dependency on the state value is
omitted. The error may be larger in case of incorrect control values.
At time lattice M — 1, we have

Z 22 A4 y—a O
ek(tm —1.21,22.0) = —— (c(tm -1, y,@) = C(tm 1.y, @))cos km- dy
b—a b—a
2 2z * y—a®
= — €cos(tm —1,v,a@)cos km- dy. (4.25)
b—a —a
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Here we omit the dependency of the error on the interval [a, b] and N. Coefficients Vi (tm ) are
assumed to be known analytically, so that the only error introduced by the COS formula is the local
error, €cos- This error may be significant close to the domain boundaries ¢ and b. We end up with

2 [ ] | * y—a©

2 . y
b—a . €cos IM —1,y.0y _; cos km . dy. (4.26)

ex(tm —1) =

Note that the terms & (fm —1) are the Fourier cosine coefficients of the local error at time fy —; on
the expansion interval [a, b].

For the approximation of ¢(fm —2, x, @), the COS formula with coefficients I7k(tM —1) 1s used.
The approximated value is denoted by ¢ (ftm —2., x, @). The use of the approximations I7k (tm —1) in
equation (3.27) gives rise to an additional error in Ck (tm —2,21,22,Q):

z Z2 ¢ @]

_ y—a
er(tm —2,21, 22, @) = h—a (c(tm —2, v ) —C(ty —2, ¥, @)) cOS kﬂ'bTa dy, (4.27)
21

with ¢ obtained by inserting Vi (tm 1) in the COS formula:

X1 2> 2 i v
Tm 2. 7. @) = 'Re @y bJTa ITEE Vi 1)
j=0
X1 2> 2> v
_ ’ jm .._yea
=¢ P Re gy & B (Vi o) —e5(m 1)
j=0

1 2> . */ v
' T .._yea
=il 27,0 = Re gy - D i), @29)
j=0

The error in the coefficients Cy can now be separated into two parts:

2 z 22 R
ek(tm =2, 21, 22.@) = B (c(tm —2, ¥, @) —c(tm —2,y, @)
. y—a
+ ¢(tm —2,y,@) —c(tm —2, y,)) cos ka—— dy
7 b—a
22 * oy —-a©
= b_ (ecos(tm —2,y,a) + €(tm —2, y,@))cos kn—— dy, (4.29)
—a b—a
where
1 > 2> ‘./ v
et —2.y.0) =e P2 "Re @y b’fa RS £(tm 1) (4.30)

j=0

€ resembles the COS formula (3.15), now with Fourier coefficients ¢ (fm —1). For sufficiently
large value of N, we find

Z
€(tm 2. y,a) = e P! ecos(tm —1,2,ay _y) p(z|y,a)dz
[lZ’]
+ ePA! écos(tm —1.2, oy _1)p(z|y, @)dz
R\[a.b]
~ e—pAtIEtM . Z.y[ECOS(tM —letM N 1*‘1;4 _1)], (4.31)

where €cos is the Fourier cosine expansion of the local error. So,
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c(tm —2, v, @) —C(tm—1,y,) ~ €cos(tm -2, V,; La, b],N)

¢
+(’_pAtIEt" "2V ecos(tm —l-XtM . l,a,t, 1) - (4.32)
The recursive algorithm gives
b o * l —pAtpity, .y * .V_ao
Sk(fm)%b_a (ecos tm.y,a, +e Em: [Gcos(fm+1,erCl,am_H)])COS kﬁm dy.
a
(4.33)

The first part of the error is due to the use of the COS formula at time #,,. The possible propaga-
tion of errors from time level 7,41 causes the second part to appear. The value of the expectation
depends on the drift and diffusion of the stochastic process.”* A clarifying example is provided in
Section 5.2.1. It is not possible to bound the error £ (,,) by increasing the number of terms in the
Fourier series expansions, NV, as the error €; + €3 remains. The propagation of the error may give
rise to incorrect results of the algorithm.

Next we discuss the error convergence if we employ the extrapolation methodology from
Section 4.2. The error in the terms Cy, is redefined by

ex(tms 21,22,@) = C(tm, 21, 22, @) — Cr(tm. 21, 22.@) (4.34)
and
; X = |
ex(tm) = Vi(tm) = Vi(tm) = &k tm. DL, al . (4.35)
g=1
Result 4.1

With a sufficiently accurate extrapolation technique, with [a, b] C R chosen sufficiently wide and
a probability density function f in C®°([a,b]), error &k (t,,) converges exponentially in N for

16 m6 M—1.

The proof of this result is similar to that for pricing Bermudan options, which can be found in
[4]. The difference is that we explained how errors in the vicinity of the boundaries may propagate.
Note that error €; + €3 has now been reduced by using an extrapolation technique. It can also be
proved that if the local error converges algebraically, then so does €.

5. EXAMPLES

In this section, we apply Algorithm 1 to two different stochastic control problems. In the first exam-
ple in Section 5.1, we calculate the price of a butterfly option under uncertain volatility. Because
we are dealing with zero option values at both boundaries, interval [a, b] can be chosen sufficiently
large, and extrapolation of the continuation value is not required for accuracy. In Section 5.1.1,
special attention is given to the algebraic convergence for non-smooth density functions.

The second example, Section 5.2, deals with an optimal consumption-portfolio problem, with
which we can demonstrate the impact of a significant error near the spatial boundaries, and its prop-
agation. The continuous-time variant of this stochastic control problem admits an analytic solution.
This problem is thus instructive as we can show the propagation of a local error and the improvement
by extrapolation of the continuation value.

5.1. Butterfly option under uncertain volatility

The model we use for pricing a butterfly options under uncertain volatility is based on the problem
described in [7]. The setting of this problem is the financial option market. The dynamics of the
asset price is assumed to evolve according to either a GBM,

dSs = rSds + asSgdWs, S given (5.1)

**A large error €qq at the left-hand side of the computational domain may ‘disappear’ by a large positive drift. It may
travel through the domain for other drift terms.
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or Merton’s jump-diffusion process,
dSs = (r — Ak)Ssds + e SsdWs + (e/ — 1)Ssdgs, So given (5.2)

Here k := E[e” — 1], r is the risk-neutral interest rate, and gy is an Fy-adapted Poisson process with
intensity A. The jumps J are normally distributed with mean p¢; and standard deviation 0.

(ee5)o<s<7 1s an uncertain volatility process, which is valued in the interval [a‘,a*], and r is the
risk-neutral interest rate. We consider the worst-case scenario for an investor with a long position in
a European-style option. Then, the value function reads

v(t.5) = inf J(t.S.@) = inf Ele”" " g (S7)]. (5.3)

where g(-) is the payoff function of a butterfly option at terminal time 7", which is given by

>

v
Ki+ Ky, T
g(S)=(S—Kknt—2 s 1tt2

5 +(S — K", (5.4)
for certain strike prices K; and K. The pricing problem is now formulated as a stochastic control
problem, whereby the process e is the control process, with values in A = [@~, a™]. Note that
there is no running profit function included in this problem formulation but only a terminal reward
function.

Contrary to the problem in equation (2.3), the infimum over gain functions J(-) is taken. However,
similar theory and solution algorithms can be developed for minimization problems.

Remark 5.1
The corresponding HIB equations read

L O
% ¢, 8)+ruie, S i s s+ L2220 ) =0, va.s €[0,T)xR
T a. bl ’ - s L] - Ao k] - , k] ’ x bl
at rut,5)=_ min S35 2% 5 52 ) ) *
(5.5)
under GBM and
dv
——(t,S)+rv(,S)=
at ° ;
o]
i 0522 05y + La2s2 0 5y 4 AR, e s
ae{g}n:r] (r — Ak) ﬁ(" )+§d W(L )+ AE[v(t,e” S) —v(t,S)]
V(t,S) e [0.T) x Ry, (5.6)
under the jump-diffusion process, which yields
ifng‘;GO = takea = a™,
(5.7)

.aZv i -
1fm>0 = takea = a".

This allows us to restrict the set of possible control values to A = {a~, @*}. We see that the control
. e . 2
value, that is, the volatility, is a function of the Greek I' = gT‘é

The same PDE as (5.5) is derived for a transaction costs model in [21].

As before, we consider an equidistant time grid, 7o, ¢, ...,tm = T, with At 1= t,, — t,,—1. In the
numerical approximation, a constant volatility «,, € {&~,a™} is applied within the time intervals
[tm. tm1]-
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We switch to the log-asset price process Xy = log S, so for s € [tm, tm+1],

1
dXs = (r — 5oz,z,,)ds- + amdWs, under GBM, (5.8)
1
dXy = (r — Ak — 501;2;.)(15 + amdWs + Jdgs, under jump-diffusion. (5.9)
We use here the dynamic programming principle to determine
¢ ¢
V(tm-1,x) =  min € PME v(tm, Xiy)| Xep, | = X, Cmet
ay. 1€{a’ aC}
T [ ] ¢
=min ¢ (ty—1,X,a¢" ), ¢ tm_l,.r,a+ s (5.10)

with continuation value

¢

L
C(tm-1.x,0) = € PAE v(tm, X)) Xep, | =X, 0oy =

N1 2> 2 v
A / km { ko X2 .
A~ e PRI Re  @revy — e ova Vi(ty) := ¢(tm—1.x,a).  (5.11)
k=0 a4
The characteristic functions depend on the volatility & and read
2> 2 v ! v
Prevy(U|) =exp iu r— 5(12 At — EuzazAt . under GBM, (5.12)
2> 2 v
Plevy(U|e) =exp iu r— Ak — 5012 At
1 v
—EuzazAt AAr(ew(ing u—jutof)-1) under jump-diffusion (5.13)

Algorithm 1 is used to solve the pricing problem. The coefficients at the terminal time are
known analytically

Z b . )*—ao
Vie(tm ) = = g(e”) cos kn'b_ dy
2 a." ’ 2 K+ K v
Il — yk(log Ky, b,a,b)—2yr log R > 2 b.a,b + yk(log K>,b,a,b)
Ki+K

—Kii(log Ki.b.a.b) + (Ki + K)Yie log ——=—".b.a.b
O

+ KoY (log Ko, b,a,b)

(a 6 log Ky,log K> 6 b) (5.14)

see Appendix A for the analytic solution to the functions y; and V. For the other time levels, the
Fourier coefficients are approximated by

A 74 b ¢ ¢ ¢ y—a o

Vi(tm) = ——  min é(tm, v, ), é(tm, v, @) cos km—— dy (5.15)

b—a , ’ ’ b—a -

It is worth mentioning that we do not need to use the extrapolated value Vi, with function ¢, from
Section 4.2. The reason for this is that the value function converges to zero if the log-asset price goes
to plus or minus infinity. So, for sufficiently large intervals [a, b], the value function on time lattice
m+1 1s almost zero outside the expansion interval. Then, by assuming that N is chosen sufficiently
large, the function (41, X) is also accurate outside [a, b], and the local error of the COS formula
at time t,, is small for all y € [a,b]. Because of this, extrapolation for the continuation value is
not necessary.
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Table I. Results butterfly option pricing model.

(a) GBM. (b) CPU times (s). (c) Jump-diffusion.
M N1400 600 800 1000 1200

M | o(to.x0) 60 029 035 043 0351 038 M | o(to. xo)

60 23178 120 0.50 061 0.74 086 1.05 60 2.2859

120 2.3078 240 097 1.18 1.38 1.63 1.84 120 2.2760

240 2.3027 480 1.92 233 273 319 358 240 2.2710

480 2.3002 960 385 467 539 629 713 480 2.2685

960 2.2990 960 2.2672
Rich.extr. | 2.2977 Rich.extr. | 2.2660

We can divide the integration interval [a, b] into sub-domains D, and D;!, for which the optimal
control values at control time t,,, are a;,, and &}, respectively:

. Z . | ¢ R O
Vie(tm) = a . C tms ¥, @y cOS kmi— dy
Dz a
2 . + | ¢ y—a o
+ b—a o ¢ tm,y,Q,, cOs knb—a dy
N R R
'=Ck tm,Dpa,, + Cr tm,D,,,,, . (5.16)
Inserting the COS formula results in the following recursive formula for the coefficients Cy:
n z 22 ¢ VvV —a O
Cx(tm, 21,22, 00) = —— C(tm, y,a)cos k- dy
b—ua 2 b—a 1
X1 > jn ‘J
~e PAMRe@ gy ek Y (tm+1) M j (21, 22)A. (5.17)
j=0

In the numerical experiment, we use the following model parameters:
T=025r=0.1,K =9, K, =110, S =100, «~ =0.15and a«™ =0.25 (5.18)
and for the jumps,
A =0.01, uy = —0.90,and oy = 0.45. (5.19)

For the integration interval under GBM, we take [a,b] = [log70,log 130], similar as in [6]. For
the problem with jump-diffusion, we need larger computation domain and [a, b] = [log 10, log 200]
suffices.

Geometric Brownian motion

In Table I(a,b), results for different values of M and N are shown. The option values have con-
verged in N up to nine decimal places, for N > 400. Increasing the number of control times, M,
gives convergence to the true option value. Rich.extr. denotes the extrapolated value by means of a
four-point Richardson extrapolation scheme. The results are highly satisfactory and match the prices
in [6,7,22]. The computation time is linear in M and O(N log, N) in the number of terms in the
Fourier cosine series expansions. In Result 4.1, we deduced an exponentially converging error in N,
assuming that the correct control law was found. In practice, we may however find incorrect control
values for small values of N, and the convergence result therefore holds for sufficiently large N.

Jump-diffusion

Table I(c) presents the results for the option pricing problem where the underlying asset price
is a jump-diffusion. The only difference compared with the GBM is the usage of another char-
acteristic function and a different computational domain size. Again, the COS method performs
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highly satisfactorily. This demonstrates the applicability of the COS method for the broad class of
Lévy processes. In Section 5.2, we only use GBM, as this provides an analytic solution, and we
focus on the extrapolation method.

Remark 5.2 (Convergence in M)

We approximate the continuous-time stochastic control problem (2.3) by its discrete-time variant
(3.2), with a piecewise constant control policy over time. Convergence to the continuous solution
is obtained by increasing the number of time steps, M, and, if desired, by a Richardson extrapola-
tion method in M ([4]). The option values converge monotonically in M. We also performed tests
pricing bull split-strike combo options (bull) and digital call options, under uncertain volatility. The
butterfly and bull option prices converge with order 1 in M, whereas the digital call converges with
order 1/2. Most probably the properties of the payoff function give rise to different convergence
rates. However, more research is needed to understand this behavior.

Remark 5.3 (PDE methods)

The COS method converges exponentially in N to the solution of the discrete-time control prob-
lem (3.2). On the other hand, the PDE methods in [6,7,22] solve the continuous-time problem and
employ space and time grids, with step sizes AS and At, respectively. The fully implicit discretiza-
tion schemes in [7,22] converge unconditionally to the viscosity solution of the corresponding PDE,
as AS, At — 0. With the COS method, the time dimension is dealt with separately from the spatial
direction, which gives more freedom in choosing the number of time steps.

5.1.1. Non-smooth density function If both the payoff and density function are non-smooth, then
we obtain algebraic convergence in N; see Section 4.1. We will demonstrate this by an example
with the discontinuous density function

1
p(ylx)=x+ z—tl[y_;,y.;.;], (5.20)
where 1 denotes the indicator function. The corresponding characteristic function reads
eiu( o e—iu;
‘Ple\'y(u) = T (5.21)

Other examples of non-smooth densities are truncated or step densities and the transitional density
function of a variance gamma process for certain set parameters (see [3]). Density recovery gives
the approximation

. L * y—a O
p(y|x) = Dy (x) cos kn'b (5.22)
k=0 n
The option pricing problem simplifies to pricing a European butt%rﬂy option
m,
(tg, x) = B0 ¢TI0 g o X1 = o=P(T=10)  4(o¥) p(y|x)dy, (5.23)
R
with g(-) as in (5.4) and corresponding COS formula
b—a X,
(to, x:[a, b],N) = Te"‘T"U’ O (x) Vi (T). (5.24)

k=0
We take ¢ = 0.2. First, we analyze the convergence of the coefficients @ (x) and Vi (7). The
results in Figure 2 show algebraic decay with ®; ~ O(k~!) and V; ~ O(k~2). Next, we price the
butterfly option under the uniform density function. The true solution is given by
Z X
0+¢

|
v(to, xp) = e " T—t0) — g(e¥)dy. (5.25)
2¢ xp—¢

Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2013; 20:598-625
DOI: 10.1002/nla



618 M. . RUITER, C. W. OOSTERLEE AND R. F. T. AALBERS

10' 10° 10’ 10' 10°
k

102}y e
Y \ s
10 IFU{‘ hn'ypfym[

10°®

€Ccos

108

10-10

12 i t
o 10* 10? 10° 10*
N

Figure 3. Algebraic convergence €cos.

If we choose the interval [a,b] sufficiently wide, then the local error of the COS formula can be
bounded by (see Section 4.1)

b—a Xoe
ecos(to.x: [a,b], N) ~ Te_'(r_"’) Oy (X) Vi (T). (5.26)
k=N

We find that the option price error is of order O(N ), which is confirmed by Figure 3. Although
the slower algebraical convergence, we obtain very accurate values for N sufficiently large.

5.2. Optimal consumption path

The second example we discuss is a simplified version of Merton’s optimal consumption-portfolio
problem [8]. Here, an agent consumes a proportion of his wealth and invests the remaining part
in assets, with rate of return, y, and fixed volatility, 0. The dynamics of the invested capital are
given by

dK; = puKsds + o K dWs. (5.27)

Let a5 Z; denote the amount of wealth consumed at time s, with e the control process, and wealth
Z . Taking into account equation (5.27) and consumption gives

Zs
?(IKS — oy Zgds

5

dZ;

=(u—oay)Zsds + o Z;dW;. (5.28)
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Figure 4. Optimal control law & (7).

The agent chooses his consumption to maximize his expected discounted utility of consumption over
a finite time horizon with terminal time 7". The optimal consumption problem can be represented
by the stochastic control problem
n Z T #
v(t,z) = max E' < e P D U(asZs)ds + e P T DU(Zy) (5.29)
t

where z is the current wealth level and p > 0 is the utility discount rate [23].

The utility function, U (-), measures the utility gain of consumption a5 Z;. We presume a constant
relative risk aversion utility function

U(C)=C"/y. y61,y#0. (5.30)

The exact solution to this continuous-time control problem can be found by the corresponding HIB
equation and the verification theorem ([1,24])

-> iy
u(t,z) = w:y with b(t) = 1+ (v—1Dexpv(t—T)) ’ 5.31)
14

v
[ | |
wherev = p—yu— %y(y —1)a? /(1 —y). The optimal consumption law is then given by
a*(1) = b)Y, (5.32)

Note that this optimal control process is independent of current wealth level, z. For the tests in this
section, we choose the following set of parameters:

T =100, p=0.03, y = -3, Zy = 100, x = 0.04, 0 = 0.1. (5.33)

Figure 4 shows the optimal control law. At the terminal time, 7, the remaining wealth is assumed
to be completely consumed. On the basis of economic arguments, the control process a* (1) goes to
one if the time approaches the terminal time. At earlier time levels, the control process has reached
a steady state.

For the numerical approach, we employ an equidistant grid of control times, fo, t1,...,tm =T,
with At := t;, — tm—1. At each control time, t,,, one can choose a constant fraction of wealth,
om € A = [0,1], which is consumed during the time interval [tm,fm+1]."" We switch to the
log-wealth process, X = log Z, so

1 v
dX; = p—am— 502 ds +odW;, for s€ [tmtmi1]- (5.34)

TFor this problem, the true optimal control values are in the set A = [0, 1]. A wider control set only makes the difficulties
that we describe here even more severe.
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We rewrite the value function as
"
Z, #

n | ", |
v(t,x) = maxE"* e PEU age®s ds4ePT DU X (5.35)
EA t

where x is the current log-wealth level. A C A denotes the set of all possible control paths

{am },",",;0‘, where «@,, is valued in the control set A. The dynamic programming principle gives

us

o« O
t X " —p(s—t) u X I —pAt
V(tm—1,X) = max [E™m* D e’ U am—re”s ds+e " v(tm, Xy,y)
am. 1 €4 tme 1
= max [F(X-am—l) + ('(fm—ls-\’- am—l)] - (5‘36)
Qme 1€EA

For the time-independent profit function, we find

> v
a’ 1 1
F(x.a) = — (2@ _1)e?* with E(@)=—p+ —a—=02 +=y%2% (537
(x, ) ys(a)( ) fl@)=—p+y 3 57
Applying the COS formula yields
IR v
; _ o [ZR gy
C(tm—1,x,0) =e Re Plevy b e ba Vie(tm), (5.38)
k=0 —a
where the characteristic function is given by
2> 2 v v
_ : 1, 155
Qlevy(Uula) =exp iu p—a 20 At 20 u“At . (5.39)

We use Algorithm 1 to solve the discrete-time stochastic control problem (5.35). The coefficients
attime ty read
) %o * y—a© 2 1
Viltm )= ——  e¥?/ycos km dy = —— — yk(ay.by,ay, by), (5.40)
b b—a b—ay?

- a

with the analytic function yx in Appendix A.

We divide the interval [a, b] into 200 equally sized sub-intervals Dy}, and approximate the opti-
mal control value for the midpoint of each sub-interval, assuming that this value is an accurate
approximation for the entire sub-interval.

The terms Uy are time independent and known analytically:

ZZz * ),_aO
Uk(:l»zz,a)=m F(_V,CY)COS kﬂ'b_a dy
21
@ mt@ 2
= -1 ——xk(z1y,22v7,ay,by). 5.41
VE@ © g MKy, 22y, ay y) (5.41)

The coefficients C‘k are recovered by the coefficients 171( from the next time level and the FFT
algorithm, as explained in Section 3.2.

We first show in Section 5.2.1 how the local error of the COS formula propagates backwards
in time. Then the extrapolation methodology from Section 4.2 is applied to improve the solution
(in Section 5.2.2). The following parameters are used for the tests in the next subsections:

[a,b] =[-2, 8], N =2, M = 100. (5.42)
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Figure 5. The propagation of local errors ([a, b] = [-2, 8]).

5.2.1. Example of a propagating error. Here, we show how local errors propagate when we do not
apply extrapolation. Parameter N is chosen sufficiently large, so that error €; can be neglected.
From the error analysis in Section 4.1, it follows that

Z Z

¢(tm -1, x,a; [a, b], N) = e™PA! v(tm . y) p(y|x,a)dy+ePA! U(tm , ¥)p(y|x,)dy.
[a.b] R\[a.b] (5.43)

Function v(ty , y) resembles v(tm ,y) on [a,b] for sufficiently large values of N. However, the
approximated continuation value is inaccurate when error €; + €3 in (4.6) is large. The inaccu-
racy of ¢(tm —1, X, ) may give rise to a propagating error. First of all, it may result in an incorrect
control value from the maximization operator in (3.16). Second, an inaccurate value function and
coefficients I}k (tm —1) give rise to inaccurate numerical continuation values at time fy —». This is
demonstrated by four plots in Figure 5.

The upper-left plot presents the terminal reward function, the Fourier cosine expansion, and its
extension outside the expansion interval, which is symmetric in ¢« = —2 and different from the
correct terminal reward function at the left-hand side of a. In the lower-left plot, the continuation
value is shown for two control values, @ = 0.7 and @ = 1.0. The exact optimal control value for
the discrete-time stochastic control problem at time /m —; is am —1 & 0.7. It is independent of the
current log-wealth level. From Figure 5, it is clear that significant errors occur in the vicinity of the
left-side domain boundary.

The addition of the profit function gives us the graphs in the upper-right plot. As the value func-
tion at time fy —; is defined by the maximization operator over all am —; € A, inaccurate control
values will be determined, at least for x < —1. Because of this, the approximated value function
will be too high. The lower-left plot shows the continuation values at time fm —» for two different
control values. The local error at time level M — 1 has propagated, and in addition, errors from
the COS formula occur in the vicinity of the boundary. The correct optimal control value equals
am —2 ~ 0.4, and again, incorrect control values will be determined by the maximization operator,
if extrapolation is not used here.

The solution for all time steps gives rise to the optimal control values in Figure 6(a). The correct
control law should be independent of x, which is clearly not the case.
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Figure 6. Optimal control laws.

5.2.2. Improvement by extrapolation. We use the extrapolation technique from Section 4.2 to deal
with the propagating error.
The function p(y|x,«) represents a normal density function of a random variable with

distribution
2> 1 v v
N x4+ p—a— 502 At, oV At . (5.44)
We can presume that the continuation value is well approximated on [x*, 5], with
> v
1
x*i=a— y—a—EUZ At + 50V At. (5.45)

The terminal reward function, the density, and profit functions are all of exponential form. Therefore,
we approximate ¢ (fy—1,X,a) on [a, x*] by employing an exponential extrapolation technique:**

[ | | | |
M tp_1,X,@) :=C ty_1,x*a exp w(y —x*) , for x € [a,x*], (5.46)

with

Cx (tm—1, X%, )

w— (5.47)

(? (tm—la -\'*, a) )
As proposed in Section 4.2, we will use the improved continuation value, ¢(#,—1,x, ), to find the
optimal control values and to approximate the coefficients Cy (f,—1,21,22,@). Suppose the interval
[z1.22] C [a,b] can be divided into [z1,x*] and [x*, z2]. Then the corresponding Fourier cosine
coefficients read
Z .
- x ! o B N It y—a o
Cr(tm—1,21,22.,0) = —— b1, X, cos km- dy

21

X1 2> . */ -
+ e—pAtRc@ Plevy % Vj(fm) . Mk.j x*, Z2 A ) (5.48)

7=0
where
Z . .
2 ! ex = * I y—a o
¢ tp—1, X, cos km dy
b—a b—a
- . pwx "'m . |
e ¢ tm—1. X", Ik W21, wx*, wa,wh . (5.49)
b — a w
*Note that polynomial extrapolation will also work well here.
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Figure 7. Extrapolation of the continuation value (F = x ).

Table II. Results for different values of M (N = 210).

M 10 25 50 100 150 200 Rich.extr.
U(to,x0) —0.8843 —0.8548 —0.8459 —0.8430 —0.8424 —0.8422 —0.8420

Figure 7 shows the values x* and the improved continuation values for ¢ = 0.7 and ¢ = 1.0. The
values are accurate, even in the vicinity of boundary ¢ = —2, and the correct optimal control values
will be determined; see Figure 6(b) for the complete result.

The exact solution to the continuous-time stochastic control problem is v(fp, xo) = —0.8419.
For the discrete-time variant, we find 0(tg, xo) = —0.8430. Table II shows the value function for
different numbers of control times, M. They converge to the true value. We can conclude that the
procedure with exponential extrapolation works highly satisfactorily.

Remark 5.4

The dynamics of the invested capital, equation (5.27), can easily be extended to a jump-diffusion
process. Then no analytic solution to the stochastic control problem is available, but we can apply
the COS method, as the characteristic function of a jump-diffusion process is known analytically,
with the extrapolation technique.

6. CONCLUSION

In this paper, we presented a general approach for solving stochastic control problems under a one-
dimensional Lévy process. The method relies on the dynamic programming principle and the COS
formula ([3]), which is based on Fourier cosine series expansions. A recursive algorithm has been
defined on the basis of the recursive recovery of the series coefficients. With the use of an FFT algo-
rithm, we reach a computational complexity of order O (N log, N), per time step, where N denotes
the number of terms in the series expansions.

We provided an extensive error analysis, with which we acquired knowledge about the origin and
evolution of errors. We demonstrated how significant errors of the COS formula in the vicinity of
domain boundaries may arise and how they may propagate backwards in time. This understanding
enabled us to improve the method by introducing an extrapolation method for the area in which
the COS formula may give inaccurate continuation values. Extrapolation by Taylor expansion or
by exponential extrapolation can easily be applied as the derivatives of approximated continuation
values can be computed easily on the basis of the COS formula. An exponentially converging error,
in NV, is found for a sufficiently accurate extrapolation method, [a, b] C R sufficiently wide, and a
probability density function in the class C*°([a,b]). A density function with discontinuity in one of
its derivatives results in an algebraic convergence.
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In [4], the COS method has been employed for pricing Bermudan and barrier options. A differ-
ence in using the COS method for stochastic control problems is the dependence of the characteristic
function of the stochastic process on the control value, which may be time consuming. Besides, we
need to determine the optimal control law from a finite or continuous control set, for the entire
spatial domain. Therefore, the approximated value function needs to be accurate over the complete
spatial domain, which is not always the case when using the COS formula. These difficulties have
been solved by the extrapolation technique.

We tested our numerical method by two examples, a butterfly option under uncertain volatility
and an optimal consumption-portfolio problem. The COS method for stochastic control problems
performed highly satisfactory.

Many other problems from finance and the real options context can be represented as a stochastic
control problem. This makes our methodology applicable to various practical problems.

APPENDIX A: FUNCTIONS yx AND v

The functions yg an% Y are given by
*

22 Vy—a ZZZ ¢ r_ao
1k(21.22.a,b) = e cos km—— dy and ¥y(21.22,a,b) = cos k- dy
z b—a 21 b—a
(A.1)
and admit the following analytic solutions (for example with Maple 14):
| ¢ 'z—ao * ; —ao
Xk(zl,ZZ,a,b)=—o:q cos krr”b_a e*2 —cos km= — el
I+ 3%
O . o O
k 22— km . 21—
+ﬁ sin km bz—aa ezz—ﬁsm km bl—: sl (A.2)
O orszs Lnrzze Yo ok 20
V(21,20 a.b) = sin kxS —sin kn5—r T, for # 0, (A3)
22 — 21, fork = 0.

APPENDIX B: ESTIMATION OF COEFFICIENTS WITH EXTRAPOLATION

Suppose
ex ~. * I A u * | * 1 A u * | *\2
M (tp—1.X,0) :=C ty—1, X", +Cx bp—1, X", (Xx—Xx )+§cM tm—1. X", (x—x™)%. (B.1)
Then
2 Zzz ex. * l ¢ _\"—ao
c tp—1. X", cos km dy
b—a N b—a
2 A. * I ~ u * I* l~ * u * zr/
= mlﬂk(m,:z,a,b) ¢ tp—1,X",& —Cx bp—1,X ,& X +§c‘xx(tm-|,x o) X
n N R N I, |
+m$k(:l-:2;a-b) Cx(tm—1.X",a) —=Cxx tm—1,X @ X
2 - 1. N
+ 5 5k (21:22:4.0) S xxtm1. X7, @), (B.2)
with Zz2 . o
&k (z1.22.a,b) = y cos kﬂ',‘) dy
1 —da
b—a h e b4 —ao ¢ :.—ao
= —— cos km (b—a)—cos km (b—a)
(km)? b — b=a,
. s .. b5
+kmsin km Zo—kmsin km Z1 (B.3)
b—a b—a
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and
- ZZZ . y_aO
£k (21,22.a,b) = yzcos knm dy
Z1 -
b—ah ¢ ;z—ao ¢ :l—ao
=2——5 —kmnza(b—a)cos kn +kmzi(b—a)cos km
(g) b—a b_a
1 Y ¢ 22-a0
+ (b—a)?—~(knzy)* sin krx=2
2 b—a
> v/ »

20.

*
1 21—
— (b-a?=(knz)* sin knb‘ a

—da
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