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1 Introduction

1.1 The correctness problem

An important field of research in computer science is the development of deductive
systems for proving formally that a program is correct.

With respect to the correctness problem the class of programming languages of an
imperative nature has enjoyed special attention in the literature. These languages pro-
vide an abstraction of the Von Newmann model of a computer. A computer according
to this model consists of essentially two units: a memory and a processor. The proces-
sor retrieves some information from the memory, performs some operations upon this
information and stores the result back into the memory. From an abstract point of
view the basic operations of a processor thus consist of reading from the memory and
writing to it. This view is reflected by the basic instruction of an imperative language,
Le., the assignment. Essentially such an assignment has the form z := e, where z is a
variable, and e an ezpression. The notion of a variable provides an abstraction from
the memory. The execution of an assi gnment instruction can be described as follows:
First, the expression e is “evaluated”, this evaluation can be viewed as an abstraction
from the sequence of actions consisting of

1. retrieving the required information from the memory, and

2. processing this new information.

Next the value of e is assigned to the variable #, which corresponds to storing the
result into the memory. Programs are constructed from assignments using operators
which describe the “flow of control”.

A consequence of the Von Neumann model is that with respect to imperative pro-
gramming languages we have a distinction between a program and its specification,
which tells what the program is supposed to achieve. Formally, such a specification
is a mathematical statement of a logic, for example, a first-order logic. This distinc-
tion then gives rise to the problem of how to prove formally that a program meets
(tmplements) a particular specification, or in other words, that the program is correct,

1.2 Hoare-style proof-systems

There have been developed several ways to reason about the correctness of a program.
The formalization of the reasoning about the correctness of a program first depends



upon the class of properties of a program one is interested in. The formal specification
of such a class consists in defining an appropriate semantics for the programming
language. Such a semantics describes the behaviour of a program which is of relevance
for determining whether a program satisfies a certain property.

An important notion of correctness is what is called the partial correctness ([Hol]) of
a program. This notion of correctness is based upon the interpretation of a program
as a state transformation, a state being an assignment of values to the variables of the
programming language. This concept of a state provides an abstraction of the memory
of the underlying machine. The state transformation associated with a program
then tells us, given an initial state, what the result will be of the execution of the
program. The partial correctness of a program specifies that whenever the execution
of a program starts in a state satisfying some property then upon termination a certain
property will hold. These properties of states are formulated usually in some kind of
first-order logic, they express some relation between the values of the variables of a
state.

Ctiven some assertion language to describe a state, the partial correctness of a program
§ is specified formally by a Hoare triple, i.e., a construct of the form

{p}S{q}

where p and g are formulas of the assertion language. Such a specification is inter-
preted as

every terminating execution of the program § starting from a state satis-
fying p will result in a state satisfying gq-

The assertion p is called the precondition, it describes the initial state, whilst the
assertion q is called the postcondition, it describes the final state.

To prove that a program S is correct then amounts to proving that a correctness
formula {p}S{g} is valid. Thus we are interested in a formal proof system for deriving
valid correctness formulas. Such a proof system will consist of some azioms, some
valid correctness formulas, and some rules, which enable one to derive new valid
correctness formulas from already established ones. More specifically, a rule will be

of the form
{pl}sl{‘h}v #2103 {Pn}sn{‘h}
{p}S{q}
Here the correctness formulas above the line are called the premises whilst the cor-
rectness formula under the line is called the conclusion of the rule. In general the
program S will be constructed from Sy, ..., Sn and the way it is constructed from
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these programs will be reflected in the way the assertions p and g are constructed in
the logic from py,...,pn, 41, - -+, o, respectively.

In general however we have to include also a rule to incorporate in the system infer-
ences about properties of states. Such a rule is called the consequence rule:

p=p, {p}S{n}, a1 = ¢
{p}S{q}
Here = should be interpreted as implication and the assertions of the rule as valid

assertions of the logic. So essentially we assume all the valid assertions given as
additional axioms of the system.

This formalization of the notion of correctness has been applied to a variety of pro-
gramming constructs (see, for example, [Ba)).

1.3 The proof-theory of a parallel object-oriented language

In this thesis we investigate the Hoare-style proof theory of an abstract version of
a parallel object-oriented language called POOL ([Am2]). The language POOL has
been designed by P. America at the Philips Research Laboratories in the context of
the Esprit project 415. The semantic foundations of the language POOL have been
studied in [AR]. In general, a parallel language like POOL provides an abstraction of
a parallel computer, i.e., a computer consisting of a network of processors, each with
its own local memory. The way in which the parallelism of the underlying computer
is represented in the language is described below.

The result of this investigation we present in the form of three papers:

1. A sound and complete proof system for a sequential version of POQL, P. Amer-
ica and F. de Boer.

2. A proof system for process-creation, P. America and F. de Boer. A version of
this paper appeared in the deliverable of the Esprit project 415 of the Working
Group on Semantics and Proof theory, D4, October 1988, and an extended
abstract of it appeared in TC2 Working Conference on Programming Concepts
and Methods, Sea Gallilee, Israel, 1990.

3. A proof system for the language POOL, F. de Boer. A version of this paper will
appear in Foundations of Object-Oriented Languages, J.W. de Bakker, W.P.
de Roever, and G. Rozenberg (editors), Lecture Notes in Computer Science,
and an extended abstract of it appeared in the proceedings of the seventeenth
International Colloquium on Automata, Languages and Programming (ICALP),
volume 443 of Lecture Notes in Computer Science, Warwick, England, 1990.
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In the first paper of this thesis we develop a proof theory for a sequential version
of the language POOL, the language SPOOL, generalizing the proof techniques for
sequential programming languages with recursive procedures. We use the language
SPOOL to focus on the object-oriented features of the language POOL.

In [AFR] a proof theory based on the formalism of Hoare triples has been developed
for a parallel language modeled after CSP ([Ho2]). In the second paper we generalize
this method to a parallel version of the language POOL, which we simply call P. To
focus on the parallelism present in POOL we introduced in the language P a CSP-like
communication mechanism, instead of the more complicated rendezvous mechanism

of POOL.

Finally, in the last paper, we formalize reasoning about the correctness of the ren-
dezvous mechanism of POOL. This formalization generalizes the axiomatization of
the Ada rendezvous [GR]. Combining this with the result obtained in the previous
paper we obtain a proof theory for an abstract version of POOL containing the main
programming constructs.

The systems described by the languages studied in this thesis consist of a collection
of objects. An object contains some private data stored in variables which are not
directly accessible to other objects. Objects can interact only by means of some
synchronous message passing mechanism. An interaction can be established between
objects which “know” each other. This means that part of the data stored in the
private memory of an object will contain references to other objects. These references
themselves can be communicated from one object to another. Objects are grouped
into classes, the behaviour of objects belonging to one class is described uniformly.
An object can create another object belonging to a particular class. A reference to
this newly created object is then added to the data of the “creator”. At the moment
of its creation this new object is only known by its creator, however the creator can
communicate a reference to this new object to other objects. As a consequence the
programming languages studied give rise to dynamically evolving systems of objects.

The parallelism of the languages of the chapters two and three is introduced by
allowing objects to have an activity of their own. When an object is created it
starts executing in parallel with the already existing objects. On the other hand, the
sequential version of POOL describes systems in which at every moment there is only
one object executing. This object can pass control to another object by sending it a
message. When the result of this message is returned control is passed back again to
the caller.

One of the main proof-theoretical issues is how to describe such a dynamically evolving
system of objects. We want to describe such systems at an abstraction level at least
as high as that of the programming language itself. That is we allow the assertion
language to speak about such a system in terms of only two operations on “pointers”:



e pointers can be checked for equality, and

o they can be “dereferenced”.

Given a pointer to an object the dereferencing mechanism allows to refer to the local
memory of that object.

Another important feature of the assertion language is that it only allows to speak
about eristing objects, objects which do not (vet) exist can not be referred to. As a
consequence the quantification ranging over objects belonging to a particular class,
introduced to be able to express interesting properties of the topology, is interpreted
as ranging over existing objects.

The abstraction level of the assertion language has some important consequences for
the proof-theory to be developed. First, it makes necessary to axiomatize the phe-
nomenon of aliasing, which is due to the existence of different expressions referring to
the same variable. In the absence of aliasing the assignment instruction is axiomatized
by

{ple/z]}z := e{p}

where ple/z] denotes the assertion obtained from p by substituting every occurrence of
z by the expression e. The validity of this axiom follows directly from the observation
that if a state satisfies the assertion p[e/z] then p will hold in the state resulting from
assigning the value of e to the variable 2. The substitution of the expression e for
the variable z in p actually computes as what is known as the weakest precondition
([Dij]) of the assignment x := e with respect to the postcondition p: ple/z] is implied
by every assertion ¢ such that {g}x := e{p} holds. This literal replacement of z by e,
however, does not work anymore if there occur in p expressions which are aliases of
the variable z. The phenomenon of aliasing to which the reasoning about dynamically
evolving systems gives rise can be considered as a particular case of the problem of
axiomatizing reasoning about datastructures like arrays and (pointers to) records. For
example, let me be a (pointer) variable referring to a record of type person containing
a field age. Consider the assignment of the integer 35 to the field age of the record
referred to by me. We want to compute the weakest precondition of this assignment
with respect to the postcondition other.age = 34, where other is another variable
referring to a record of type person. A simple literal replacement of the expression
me.age by 35 in the assertion other.age = 34 obviously does not work because it
does not take into account that the variables me and other might in fact refer to
the same record, in which case the weakest precondition should be false! Thus the
computation of the weakest precondition requires an additional test for equality: if
me = other then we perform the substitution of the integer expression 35 for the
expression other.age in the assertion other.age = 34, which yields indeed an assertion
equivalent to false. On the other hand if me # other then the expression other.age
refers to a different variable that me.age, in which case the weakest precondition is



the assertion other.age = 34 itself. Summarizing, as weakest precondition we obtain
the assertion: if other = me then 35 = 34 else other.age = 34, which is equivalent
to other # me A other.age = 34. A similar analysis applies to the reasoning about
dynamically evolving systems of objects as described by the language POOL and
about other datastructures like arrays. In this thesis a substitution mechanism is
defined which generalizes the above analysis.

Il

Another problem is the axiomatization of the creation of new objects. The problem
is that a straightforward axiomatization along the lines of the assignment axiom does
not work because in the state just before the creation of an object this object does not
exist, so we can not refer to it! However, as the only operations on pointer variables are
testing on equality and dereferencing, it is possible to define a substitution mechanism
which does compute the weakest precondition without using a reference to the newly
created object. Consider for example the case that a reference to the newly created
object is stored in the variable z of the creator. In the assertion describing the state
just after the creation z can occur essentially only in subformulas of the form z =y,
or in subexpresions of the form z.y, where the variable z is dereferenced. Now, in
the case that z is tested for equality, we can statically determine the outcome of this
test in the state just before the creation: = =y will evaluate in the new state to
false whenever the variable y is syntactically distinct from z because the value of y is
not affected by the creation of a new object and thus refers to an “old”, i.e., already
existing, object. Also the value of an expression like z.y can be predicted in advance
because the variables of a newly created object are initialized to the value nil, which
stands for undefined. Additionally the above analysis has to take into account that
the creation of an object changes the scope of the quantifiers.

Besides these problems of aliasing and object-creation, we have to axiomatize the
interaction between objects. Objects in SPOOL interact by means of a remote proce-
dure call. Each object has its own set of procedures (also called methods), which can
be called upon by other objects. When an object sends a request to another object
to execute a specified procedure it additionally provides the receiver of the call with
the actual parameters. During the execution of the requested procedure the caller is
suspended. The caller resumes its own activity upon reception of the result. The ax-
iomatization of such a call is based upon the axiomatization of recursive procedures
of sequential programming languages, the basic pattern of which can be described
as follows: let P be a procedure variable declared as the statement S. To derive a
correctness formula {p} P{q} about a call of P we have to derive the corresponding
correctness formula about S. But the simple rule

{p}S{q}
{p}P{q}

induces a circularity in case of occurrences of P in 5. This circularity is overcome
by requiring the derivation of {p}S{q} assuming, i.e., introducing as an additional



axiom, {p} P{q}. Formally this is rendered by the following rule

{p}P{q} F {p}S{q}
{r}P{q}

where the premise {p} P{g}  {p}${q} should be interpreted as “{p}S{q} is derivable
assuming as additional axiom {p}P{q}”. When the call to P is a remote procedure
call the above rule has additionally to take into account the phenomenon of the
“context-switch”, that is, in axiomatizing a call we have to switch explicitly from the
point of view of the caller to that of the callee.

The reasoning about the interaction between objects described by the parallel lan-
guages of the chapters two and three is based on the following proof method;

The local stage At this stage objects are specified in isolation, the interaction of
an object with its environment is described by means of assumptions, i.e., cor-
rectness formulas describing actions which depend upon the environment. At
this stage we use an assertion language which speaks only about the local state
of an object.

The intermediate stage This stage is usually called the cooperation test. It con-
sists of checking the mutual consistency of the assumptions introduced in the
previous stage. At this stage we have to reason about a system of objects;
the assertion language designed for this purpose, we call the global assertion
language.

The global stage At this stage we describe how the local specifications of the ob-
Jects can be combined into a specification of the main program. Also here the
global assertion language is used.

1.4 On the formal justification of the proof-theory of POOL

There are two important requirements one should like a proof system for correctness
of programs to satisfy. First, we want the system to be sound, that is, all the derivable
correctness formulas must be valid. To prove formally the soundness of a proof sys-
tem for program correctness we have to define formally the validity of a correctness
formula. To this end we have to define formally the semantics of a program. For
the parallel languages studied in this thesis we define the semantics of a program by
means of a transition system.

A transition system specifies an abstract machine for the execution of programs. A
configuration of such a machine consists of a program and a state. Its behaviour is



specified by a relation between configurations. Given a configuration, this relation
tells us what a possible next configuration is by selecting the first instruction and
executing it. The resulting configuration then consists of the part of the program still
to be executed and the updated state.

By means of a transition system we then define the state transformation associated
with a program.

For the semantic description of the sequential language SPOOL studied in the first
chapter a different approach is taken. Here the semantics of a program is defined in
a compositional way, that is, the semantics of a program is defined in terms of its
syntactical constituents. More precisely, the meaning of a program will be an ele-
ment of a mathematical domain, in our case a complete partial order. A semantical
description of the language then consists of associating with the programming con-
structs operators on this domain, such that the meaning of a compound program can
be obtained by applying the appropriate operator to the meanings of its syntactical
constituents. The mathematical structure of this domain will be used to describe the
semantics of programming constructs which give rise to infinite behaviour.

Given the semantics of the programming language we define the semantics of correct-
ness formulas in a formal way. The soundness of the proof system under consideration
then is established essentially by an inductive argument on the length of the deriva-
tion. First the axioms are shown to be valid, then we show that the rules preserve
validity, by proving the validity of the conclusion assuming the validity of the premises.

Another important requirement is completeness: Every valid correctness formula is
derivable. In this thesis we use two techniques for proving completeness.

To the proof system for the language SPOOL we apply the technique developed for
sequential imperative languages with recursive procedures. This technique is based
upon the expressibility of the strongest postcondition. We assume that there exists for
every statement S of the programming language and assertion p an assertion which
characterizes exactly the set of final states of executions of § starting from a state
satisfying p.

Civen this assumption we can define for every procedure a correctness forrmula which
describes its associated state-transformation. Such a formula is called a most general
correctness formula. An inductive argument shows then that every valid correct-
ness formula is derivable from these most general correctness formulas. As a special
case, using the proof rule for recursive procedures, we have the derivability of these
correctness formulas themselves, which then concludes the completeness proof.

Now the expressibility of the strongest postcondition usually follows from the fact that
we can express in the assertion language some kind of coding of finite computations.



However, due to the abstract nature of the assertion language we use, the expressibility
of the strongest postcondition requires a substantial generalization of the standard
techniques as described in [TZ].

For the parallel languages of the chapters two and three we generalize the technique
for proving the completeness of the proof system developed for CSP ([Ap]). This
technique is based upon the construction of a most general proof-outline for each class
definition. Such a proof-outline associates with each substatement § of a particular
class definition assertions pre(S) and post(S). The assertion pre(S) describes the set
of local states which characterize the internal data of an ob ject which is about to
execute S in some computation of the program. Analogously, the assertion post(S)
describes the set of local states which characterize the internal data of an object
which has just finished executing S in some computation of the program. The proof
of the existence of these assertions is also non-trivial due to the abstract nature of
the assertion language.

Then it is shown that these proof-outlines can be constructed by the axioms and rules
of the local proof system.

Furthermore, it is shown that these proof-outlines cooperate, in the sense that they
mutually validate the assertions post(5), with § a statement involving ob ject-creation,
or some communication.

The main idea of this cooperation test is the use of history variables, i.e., variables
which record for each object the sequence of its interactions with the environment.
These history variables are used to express the conditions under which different com-
putations can be merged into one computation. These conditions are described by an
assertion which is called the global invariant.

The use of these history variables can be explained as follows: Let S; and S» be two
statements involving some communication, say, S; describes a send action, whilst §,
describes its corresponding receive action. In the cooperation test we then have to
show that the communication between two objects a and 8, as described by 51 and
57 in a state in which the internal data of a is described by pre(51) and that of 8 by
pre(S,) will result in a state in which the internal data of « is described by post(S))
and that of § by post(S,).

Now the assertion pre(S;) tells us that there exists a final state of a partial com-
putation in which some object, with the same internal data as that of a, is about
to execute S;. Analogously, we have the existence of a computation in which some
object, with the same internal data as 8 is about to execute S,. However we want
to have a single computation in which at the same time there exists two objects,
one of which is about to execute S, and with the same internal data as that of a,
whilst the other is about to execute S5, and with the same internal data as that of



. Because then we have by definition of the assertions post(S;) and post(S2) that
after the communication between these two objects we have that their internal data
are described by post(S1), post(S2), respectively. From which we infer that also after
the communication between a and 3 the internal data of a is described by post(S51)
and that of 8 by post(S2).

The existence of such a single computation we derive from the assumption that the
global invariant holds. This assertion namely characterizes those states o for which
there exists a final state o' of a partial computation such that the local history of
each existing object of o equals that of a corresponding object of ¢’. If then there
exists in o an object a the internal data of which is characterized by pre(5:1), we
have that the local history of a in &, and that of its corresponding object in ¢,
equals that of an object which is about to execute §; in some computation. As the
sequence of interactions with its environment completely determines the behaviour of
an object (objects have no local non-determinism) we have that the local computation
of the object in &', which corresponds to a, of the partial computation of the main
program leading to the intermediate state o' equals the one of some object of the
partial computation of the main program which exists according to pre(S1). So we
have that the object in o' corresponding to a in & is about to execute S;. In the same
way we infer that in o' there exists an object corresponding to which is about to
execute Ss.

After the cooperation test is shown to be satisfied we combine the proof-outlines for
the different classes, into a most general correctness formula of the main program.
This correctness formula essentially describes the state transformation associated with
the program. By an application of the consequence rule it is shown that every valid
correctness formula of the main program is derivable from this most general correct-
ness formula.

1.5 Conclusion

This thesis discusses a proof theory of the parallel object-oriented language POOL.
The proof-theory is based on the pre /postcondition style of specifying the correctness
of a program. It formalizes reasoning about dynamically evolving pointer structures
at an abstraction level at least as high as that of the programming language itself.
The proof methodology developed extends and generalizes the ideas applied to the
proof theory of languages like CSP and Ada. This methodology, however, does not
satisfy the requirement of compositionality: in the proof system presented the rule
which allows the derivation of a specification of a program from specifications of
its syntactical constituents is in fact a meta-rule, i.e., it requires reasoning about
the derivability within the system. This is due to the fact that reasoning locally
about statements which depend upon the environment like input /output statements
is modeled by the introduction of assumptions about the behaviour of the environment
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which have to be shown to be mutually consistent at a later stage. In [ZREB] it is
shown how to obtain a compositional proof system by incorporating variables which
record for each process its history of interactions with the environment. Further
research consists of the development of a compositional proof system for the language
POOL by generalizing these ideas.

Another research topic worthwhile pursuing is extending the proof methodology to
other classes of properties than partial correctness. An important property is the
absence of deadlock. Deadlock occurs when every object of the system is suspended
because it tries to communicate to an object which is in its turn involved in establish-
ing a communication with another object. For languages like CSP the proof system
for partial correctness can be generalized for proving the absence of deadlock. This
generalization heavily depends on the observation that for a CSP program a deadlock
configuration can be statically identified and the number of them are finite. Using
the proof system for partial correctness a deadlock configuration can be characterized
by an assertion, the number of deadlock configurations being finite, proving absence
of deadlock then amounts to proving that no state satisfies the disjunction of these
assertions. The application of this methodology to prove the absence of deadlock of
programs written in POOL breaks down because there is no fixed number of deadlock
configurations and these configurations themselves cannot be in general identified in
a purely static manner.

The properties of partial correctness and absence of deadlock are instances of what
is known as the class of safety properties ([Lam]). The main characteristic of safety
properties is that they express that during a computation “nothing bad happens”.
Properties expressing eventualities, i.e.. that during a computation something is guar-
anteed to happen, like termination, are called liveness properties. Most of the inter-
esting properties of programs fall into one of these two classes. Proof systems for the
derivation of these classes of properties are in general based upon the formalization
of reasoning about the temporal behaviour of programs ([Pn]). The development of a
temporal logic for the language POOL constitutes another challenging research topic.

1.6 Related work

The theoretical foundations of object-oriented languages constitute a field of research
which still requires extensive exploration. Concerning the proof theory of parallel
object-oriented languages the only related work we are aware of is [Mel], where a
language similar to the abstract version of POOL studied in this thesis is tackled by
some trace-based reasoning. The problem of dynamic pointer structures, however, is
not dealt with explicitly.

In [Bo] there is developed a proof theory for a parallel language with process creation
which formalizes reasoning about dynamically evolving topologies in terms of some

11



coding mechanism of processes, thus generating a difference in the abstraction level
between the programming language and the assertion language.

As indicated above there still remains a lot to be done concerning the proof-theoretical
foundations of object-oriented languages. We believe that the results presented in this
thesis give a first insight into the proof-theoretical intricacies of the object-oriented
paradigm and should provide a solid basis for further research.
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1 Introduction

This document explores the possibilities of giving a Hoare-style proof system for a
language, called SPOOL, which is a sequential version of the language POOL [1].
SPOOL is an object-oriented language, just like POOL, but it is sequential, so that
we do not have to deal with the specific problems connected with parallelism (it turns
out that the other problems are already difficult enough).

The main aspect of SPOOL that is dealt with is the problem of how to reason about
pounter structures. In SPOOL, objects can be created at arbitrary points in a pro-
gram, references to them can be stored in variables and passed around as parameters
In messages. This implies that complicated and dynamically evolving structures of
references between objects can occur. We want to reason about these structures on
an abstraction level that is at least as high as that of the programming language. In
more detail, this means the following:

o The only operations on “pointers” (references to objects) are
Y op P

— testing for equality
— dereferencing (looking at the value of an instance variable of the referenced
object)

o In a given state of the system, it is only possible to mention the objects that
exist in that state. Objects that do not (yet) exist never play a role.

Strictly speaking, direct dereferencing is not even allowed in the programming lan-
guage, because each object only has access to its own instance variables. However, for
the time being we allow it in the assertion language. Otherwise, even more advanced
techniques would be necessary to reason about the correctness of a program.

The above restrictions have quite severe consequences for the proof system. The
limited set of operations on pointers implies that first-order logic is too weak to
express some interesting properties of pointer structures (for example, the fact that it
is possible to go from w to z by following a finite number of z-links). It is surely too
weak to apply the standard techniques in proofs of completeness of a proof system,
wh_ere arbitrarily long computation sequences are coded into a finite set of variables.

Therefore we have to extend our assertion language to make it more expressive. We
considered two approaches:

e Using recursively defined predicates, by which the above “interesting” properties
of pointer structures can be expressed quite easily. This approach is worked out
in [2].
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o Allowing the assertion language to reason about finite sequences of objects. In
this way the above properties can also be expressed (but not quite so elegantly).
This approach is studied in this report.

In section 2 we shall present the syntax of this language SPOOL. Then, in section 3
we shall give a denotational semantics for it. In section 4 we introduce an assertion
language, using quantification over finite sequences of objects, in which properties
of states in a computation can be formulated, and we formally define its semantics.
After that, in section 5, we present a Hoare-style proof system for SPOOL using
this assertion language. This proof system is proved to be sound with respect to
the denotational semantics. In section 6 we prove the completeness of the system.
Finally, in section T, some conclusions are drawn from the present work.

2 The language SPOOL

2.1 An informal introduction

The shortest description of the language SPOOL would be that it results from omit-
ting the body of each class in POOL-T [1]. The most important consequence of this is
that the parallelism, present in POOL-T, disappears. But let us try to give a short,
independent description of SPOOL.

The most important concept is the concept of an object. This is an entity containing
data and procedures (methods) acting on these data. The data are stored in variables,
which come in two kinds: instance variables, whose lifetime is the same as that of
the object they belong to, and temporary variables, which are local to a method and
last as long as the method is active. Variables can contain references to other objects
in the system (or even the object under consideration itself). The object a variable
refers to (its value) can be changed by an assignment. The value of a variable can
also be nil, which means that it refers to no object at all.

The variables of an object cannot be accessed directly by other objects. The only
way for objects to interact is by sending messages to each other. If an object sends
a message, it specifies the receiver, a method name, and possibly some parameter
objects. Then control is transferred from the sender object to the receiver. This
receiver then executes the specified method, using the parameters in the message.
Note that this method can, of course, access the instance variables of the receiver.
The method returns a result, an object, which is sent back to the sender. Then
control is transferred back to the sender which resumes its activities, possibly using
this result object.



19

The sender of a message is blocked until the result comes back, that is, it cannot
answer any message while it still has an outstanding message of its own. Therefore,
when an object sends a message to itself (directly or indirectly) this will lead to
abnormal termination of the program. This is an important difference with some
other object-oriented languages, like Smalltalk-80 [6].

Objects are grouped into classes. Objects in one class (the instances of the class)
share the same methods, so in a certain sense they share the same hehaviour. New
instances of a given class can be created at any time. There are two standard classes,
Int and Bool, of integers and booleans, respectively. They differ from the other classes
in that their instances already exist at the beginning of the execution of the program
and no new ones can be created. Moreover, some standard operations on these classes
are defined.

A program essentially consists of a number of class definitions, together with a state-
ment to be executed by an instance of a specific class. Usually, but not necessarily, this
instance is the only non-standard object that exists at the beginning of the program:
the others still have to he created.

2.2 The syntax

In order to describe the language SPOOL, which is strongly typed, we use typed
versions of all variables, expressions, etc. These types are indicated by subscripts
or superscripts in this language description. Often, when this typing information
is redundant, it is omitted. Of course, for a practical version of the language, a
syntactical variant, in which the type of each variable is indicated by a declaration, is
easier to use.

Assumption 2.1
We assume the following sets to be given:

e A set (' of class names, with typical element ¢ (this means that metavariables
like ¢, ¢, ¢1,. . . range over elements of the set (). We assume that Int, Bool ¢ C
and define the set C'*t = C U {Int, Bool} with typical element d.

¢ Foreachc € C'andd € C'* we assume a set IVary of instance variables of type d
in class ¢. By this we mean that such a variable may occur in the definition
of class ¢ and that its contents will be a reference to an object of type d. The
set [Varg will have as a typical element z§.

o For each d € C we assume a set TVary of temporary variables of type d, with
typical element 4.
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o We shall let the metavariable n range over elements of Z, the set of whole

numbers.
e For each ¢ € C and do, ...,d, € C* (n > 0) we assume a set MNameg, 4.
of method names of class ¢ with result type do and parameter types dy,...,dn.

The set MNamejy, 4 will havemg 4 asa typical element.

Now we can specify the syntax of our language. We start with the expressions:
Definition 2.2

For any ¢ € C and d € C* we define the set Exp§ of ezpressions of type d in class c,
with typical element e, as follows:

Blfi' = 6231 ifd = Bool

e5 u= zg
| ua
| nilg
| self ife=d
| true|false if d = Bool
| n if d = Int
|
|

£ [ 3 —
1ot T €2\t if d = Int
| efy < €2\nt if d = Bool

The intuitive meaning of these expressions will probably be clear from section 2.1,
Note that in the programming language we put a dot over the equal sign (=) to
distinguish it from the equality sign we use in the meta-language.

Definition 2.3
The set SEzp of expressions with possible side effect of type d in class ¢, with typical
element s3, is defined as follows:

SC - — ef

a = &g
| newy ifde C (i.e., d # Int,Bool)
| eol, ! mPy, g, (€1d,seng,) (220)

The first kind of side effect expression is a normal expression, which has no actual
side effect, of course. The second kind is the creation of a new object. This new
object will also be the value of the side effect expression. The third kind of side effect
expression specifies that a message is to be sent to the object that results from eg,
with method name m and with arguments (the objects resulting from) ey, ..., en-
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Definition 2.4
The set Stat® of statements in class c, with typical element S¢, is defined by:

. i C c
§¢ u= &g~ s§

Ug — 85

l

| sg
| 5753

| if eg,,) then 5§ [else S5 fi

|  while €Bool 40 5S¢ 0d

Again, the intuitive meaning of these statements will probably be clear. Note that a
side effect expression s may occur in the place of a statement. This means that s is
evaluated and then its value is discarded, so that only the side effect remains. If in
a conditional statement the else-part is absent, the statement is interpreted as if it
contained else nilj,;.

Definition 2.5
The set MethDefy . of method definitions of class ¢ with result type dy and pa-
rameter types dy,...,d, (with typical element H,...4,) is defined by:

P;o,,,,,du H= (uldn' » wund“) : §¢ I 8&0

Here we require that the u;4. are all different and that none of them occurs at the left
hand side of an assignment in $¢ (and that n > 0).

When an object is sent a message, the method named in the message is invoked as
follows: The variables uy, ..., u, (the parameters of the method) are given the values
specified in the message, all other temporary variables are initialized to nil, and then
the statement $ is executed. After that the expression e is evaluated and its value,
the result of the method, is sent back to the sender of the message, where it will be
the value of the send-expression that sent the message.

Definition 2.6
The set ClassDef;, .. of class definitions of class ¢ defining methods m, . . . y My,
with typical element Dy, ..m.,is defined by:

ELN. (mlfﬂ FE WG 0 Mg = fnd )

where we require that all the method names are different (and n > 0).

Definition 2.7
The set Um'tﬁ,{;"""“ of units with classes ¢q,...,¢c, defining methods my,..., my,

P "

with typical element Ugren s defined by:

reny Mg ?

(78 g b L 5 Dl SN o

My, My my ! N

where my,...,my = my,...,Mm,. We require that all the class names are different.
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Definition 2.8
Finally, the set Prog® of programs in class ¢, with typical element p°, is defined by:

pe 1= (Ugtytm,Je s 59)

Taen
Here we require that ¢ occurs in €1,...,¢n. (The symbol ‘| is part of the syntax, not
of the meta-syntax.)

The interpretation of such a program is that the statement S is executed by some
object of class ¢ (the root object) in the context of the declarations contained in the
unit U. In many cases (including the following example) we shall assume that at the
beginning of the execution this root object is the only existing non-standard cbject.

Example 2.9
The following program generates prime numbers using the sieve method of Eratos-
thenes. We assume the following symbols:

o The class name Sieve € C (abbreviated sometimes by c1) with instance variables
pE IVa-rf;.t and next € IVarg!, temporary variable g € TVar,, and method
name input € MNamezl Int*

11

o The class name Driver € C (abbreviated by ¢z) with instance variables i, bound €
IVarj?, and first € Var3.

Then this is the program:

(Sieve : (input <= (q) : if next = nil
then next « new;
pe—2q
else if qmod p #0
then next ! input(q)
fi
fi
1 self ),
Driver : ()
l
Driver : i « 2;
first «— new;
while i < bound
do first ! input(i);
i—1+1
od
)

Figure 1 represents the system in a certain stage of the execution of the program.



Driver

c Sieve Sieve Sieve
bound: G12) D) LHERD! PGED
first: (=) next: = next: (=) next:(_—)

Figure 1: Objects in the sieve program in a certain stage of the execution

3 Semantics

3.1 Domain definitions

Definition 3.1

We assume for every ¢ € € an infinite set O° of object names of class ¢, with typical
element 3°. We define P¢ to be the set of all finite subsets of O¢, with typical
element 7°. Furthermore we assume a function pick® : P¢ — O° that satisfies

Yz € PC: pick(n%) ¢ 7°. (3.1)

This function will be used to generate the name of a new object, whenever one is
created.

For the standard classes Int and Bool we define the sets of object names as follows:

Olnt - 7
oBool  _ B = {t,f}

(We shall not need functions pick!™ or pickBool)

Definition 3.2
For every set X we define the corresponding flat domain X | to be the set X U {L},
equipped with an ordering C defined by

tLy & z=1vVz=y.

Note that for every set X, X, is a complete partial order (cpo). Sometimes we shall
only consider the underlying set of this ordering, for example in definition 3.4.

Definition 3.3
We shall often use generalized Cartesian products of the form

[1 BG).

€A
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As usual, each element of this set is a function f with domain A such that f(i) € B(i)
for each i € A. We shall sometimes write f(;) for f(i)ifi € Aand f € [Tica B(i),
and also we sometimes write (f(2))ica for A(i € A).f(i). Finite products are special
cases: If A is of the form {L,...,n} we sometimes write B(1) x -+ x B(n).

Definition 3.4
We define the set © of states, with typical element o, as follows:

£ = [ pe x [1 (0° — 1vars — 0%) x II (TVars — 01)
€ e, d d

A little explanation is surely required here. A state o € 3 records the values of the
variables in the whole system at a certain point in the computation:

o Its first component oy gives for every class ¢ € C a finite set of objects o(1)(c) €
Pc. This set represents the objects that ezist in this state (i.e., they have already
been created).

e The second component d(3) records the values of the instance variables. More
concretely, ifc € C and d € C+ are class names, 3¢ € O° is an object of class c,
and z¢§ € [Varg is aninstance variable of type d in class ¢, then 0'(2)(c_d)(ﬁ“)(z§) €
04 is the value of the instance variable z§ of object <. If this value is L, this
means that the variable refers to no object. This is the situation for a variable
that has not been initialized, but it can also be achieved by assigning nil to it.

e The third component o(z) records the values of the temporary variables. More
concretely again, if d € C* is a class name and u4 € TVarg is a temporary
variable of type d, then 0(3)(4}{‘%] € O‘i is the value of the variable ug. Here
again, it is possible that the value of the variable is nil.

For any state o we introduce by convention that & y(at) = Z and (1)(Bool) = B.

Furthermore we write ot for O (1)(d)-

Definition 3.5

Note that in general it is possible that in a state the variables of an existing object refer
to an object that does not exist. If this is not the case and, additionally, the variables
of the non-existing objects are not initialized, we say that the state is consistent.
More precisely, we call a state & consistent if

e Vce CVB € e € C Vi € IVarS U(z)(c,:-){ﬁ‘){fil} € O.Ef')
o Ve CVu. € TVar. o()e)lue) € cr&'_?)

o Ve € C VB € 0°\ ol vd € CF Vg € IVarg Ty ea)(B)(zD) = L
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(Note that it would not make sense for either ¢ or ¢ to be Int or Bool.) We shall
occasionally use the shorthand OK(e) to indicate that ¢ is consistent.

Definition 3.6
We say that a state o’ extends a state o (notation o < ¢') if Ve € C (¢ C g'{®),

Definition 3.7

We shall make flexible use of the so-called variant notation, especially in connection
with states. The variant notation is a short way to express a new state that arises
when some component of an old state is modified. For example, if we write

o' = a{f1?/B", 25}

this means the following:

) = o
Tayea)P)(z) = B
0'{3}(:‘(;){,32)(-‘-") = O(2)(c,d)(B2)(2') ifz' # =
T(2)e.a)(B) = 0(2)(c.a)(B) if B # Ba
o ’ O-EZJ(c’.d") = O(2)(c'd") ife#cord #d

(3) = 0(3)

(This example also illustrates the usefulness of this notation.)

Definition 3.8
The set A° of contezts of class ¢, with typical element §¢, is defined as follows:

A= O x [] P

ef

The meaning of a context §° is as follows:

e The first component 6(‘1) € O° indicates the object that is currently executing
(the object denoted by self).

e The second component ‘Ffz) represents all the objects that are waiting for the
result of a message they have sent. This is because these objects become blocked,
that is, they cannot answer any message before they have received the result of
their outstanding message. If ¢’ € C is a class name, then 5{2)(2.) € P is the
set of blocked objects of class ¢'.

Definition 3.9
We say that a context §° agrees with a state o if
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° 5(‘1) € ol

° V¢! [ C 6?2)(0'} = U(‘-’)

We shall write the shorthand OK(c,§) to indicate that o is consistent and § agrees
with o.

Definition 3.10
The domain I’ of environments, with typical element 7, is defined as follows:

n
=z TI (MNameffD‘___ld" — (H O‘i") S A5 3, — (EJ_ X OT))

edo,..dn =1

An environment 7 records the meaning of the methods. More concretely, if ¢ €
C and dg,...,d, € CF are classes, m € MNameg, 4 1s a method name, § =
(Br,...,0.%) € [T, Odl" a row of objects (each possibly L), § € A® a context,
o € B, a state (again possibly 1), then 7(c_g)(m){,8}{6)(c) is a pair (o', Bp) € L1 X
O‘jf, with the intended meaning that if the method named by m is invoked with
parameters 3, in the context § (which indicates among others the object that executes
the method), and starting in the state o, then after the execution ¢’ will be the new
state and fo is the result of the message. Here (o', B0) = (L, 1) indicates abnormal
termination or divergence.

Definition 3.11
We call an environment v agreement-preserving if for every c, do, . . ., dn, for every mg,

n

for every §¢, for every o € I, and for every 3 = (,61'{‘,..‘,;5',.‘{“) € 1, o‘f‘) (note
that we consider only existing objects) we have that if OK(a,8) and (o',f%) =

Yed(M)(B)(8)(e) and o' # L then OK(¢'), o % o', and pho € o),

Note that the requirement is somewhat stronger than preservation of the agreement
between state and context. We require that the new state extends the old state and
that it is consistent. This automatically implies that the context & agrees with the
new state.

3.2 The semantic functions
Definition 3.12
The semantics of expressions is given by a function
£5: ExpG— A= Iy - 01,

which is defined as follows:
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&gleal(8)(L)

= sl (from now on we assume o # 1)
Eqlzgl(8)(e) = apyea)(d))(25)
Efd(O(e) = oyalu)
Eslnilg](8)(e) = L
Eqlself](6)(a) = & (only if ¢ = d)
Eqltrue](6)(a) = ¢t (only if d = Bool)
Eslfalse](8)(e) = f (only if d = Bool)
ES[n](8) (o) = n (only if d = Int)

Eilerg = e23l(6)(0) = t  if Efer](6)(0) = E5er](8) ()
= ¥ otherwise
(only if d = Bool)

1l if Eler](8)(a) = L or E5[e2](8)(0) = L
Egler](8)(o) + E50e2l(8)(e)  otherwise

Eqlerg + e23](8)(o)

(only if d = Int)

Eilery < e23]()(0) = L ifEG[e](6)(0) = L
or E5feal(8)() = L
=t i€ el(6)(0) < E5fea(6)(o)
= f otherwise

(only if d = Bool and d’ = Int)

Although most of these equations speak for themselves, we shall give some informal
explanation.

o The function £[e](8) is strict, that is, it will always yield L if it is applied to a
state o that is equal to L.

¢ The value of an instance variable is looked up in the second component of the
state 0. The first component of the context § indicates the currently active
object.

e The value of a temporary variable is looked up in the third component of the
state o.
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e The value of the expression nil is always L.
e The value of the expression self is the first component of the context 8.

e The Boolean constants true and false get the corresponding truth-values as their
value.

e Integer numbers are mapped to themselves. Note that at this point we are
confusing syntactic and semantic entities a little, but here this is harmless.

e The equal sign between expressions means that we test whether their values are
really the same objects. Note that thisis a kind of non-strict predicate, because
if both sides yield L, the result of the equality is nevertheless t.

o Addition is only defined for genuine integers: If one of the two sides yields L
the result is also L.

e The same is true for the relation <.

Definition 3.13
The semantics of expressions with possible side effect is given by the function

Zé:SE&':pfi—*I‘—f&c—iEJ_—*(EJ_XOi).

To a side effect expression s € SEzpj, an environment v € T, a context § € A, and a
state o € £, (the state before evaluation of the side effect expression), this function
assigns a pair (¢',3) € T X 04, consisting of the state o' after the evaluation and
the result 3 of this side effect expression. Here (¢',8) = (L, L) represents abnormal
termination or divergence. The function Z7 is defined as follows:

Z5[s51(7)(E)(L) = (L, L) (from now on we assume o # 1)
Z5[esl(7)(6)(o) = (o, E5lel(6) (o))

Z5[newa](7)(8)(e) = (¢, B)
where 8 = pickd(a(d))

o'{cr(d)U {ﬁ} / d}{L /ﬁ: xj’}d*eC"‘.:ﬁ”’“"ﬁl

note that d € C, i.e., d # Int, Bool

o.a‘

11
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Zileod g, a (13- end 1)) (e) = (o, 8%

where ‘130‘! = &5[eoS](8)(o)
3% = & legl(®)(e) (i=1,...,n)
(@89 = (L,1) iffe=1
(from now on we assume By # 1)
5 B (ﬂo",étz){%)m U {6}/ <} )

(0, 8%) = Yedds...an)(m)(Br,...,Ba)(E") (o)

Some explanation is appropriate here.

e Again, for any s, v, and &, Z[s](7)(6) is a strict function: if the starting state &
is L it delivers (L, 1).

o If an expression €5 occurs as a side effect expression, its result is computed using
the function £5 and the state is unchanged.

¢ The resulting object 3 of a new-expression is obtained by applying the func-
tion pick? to the set o(?) of existing objects of class d. By the property listed
in equation 3.1 on page 23, we know that we really get a new object. The new
state o' reflects the situation after the creation of this object. In its first com-
ponent O-El} the object 3 is added to the set of existing objects of class d, while
the other classes are unchanged (we use the variant notation to express this).
The explicit initialization of the instance variables to nil would be unnecessary
if we knew that o is consistent.

e [n order to evaluate a send-expression, first the destination object By and the
parameters 0y,..., 3, are computed (in the old state). Note that if the desti-
nation is L (i.e., nil), then the program will fail, which is represented by setting
(o/,8%) to (L, L). Otherwise a new context is created, in which the executing
object is the destination of the message, and in which the sending object is
added to the set of blocked objects (of the appropriate class). Then the mean-
ing of the method m is looked up in the environment v and, provided with the
parameters, the new context and the old state, it gives us the new state and the
result of the send-expression.

Definition 3.14
The semantics of statements is given by a function

SQISfoC—)F—*ﬂc—PElHEi,

which is defined as follows:
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SIS L) = L (from now on we assume & # 1)

Se[zg — sgl(7)(6)(a) = 0"
where (¢',8) = Z5[s51(v)(8) (o)
a” = o'{B/éu)z}

§ug — s3l(7)(8)(o) = o”
where (o/,8) = Z51z51()(8) (o)
o = o'{B/u}

5[s1(7)(8)(e) = (2[5 (1)(6)(@))n)
561515 S2(1)(8)(0) = SLS2D(1)(6) (SIS 1(V(E)(2))

S°[if e then Sy else 52 fij(y)(8)(e) = L ifg=1
S[S11(7)(8) o) B =t
S°[S:)(1)(8) (o) B =f

1l

Il

where g = E[e](8)(o)

S¢[while e do S od](y) = p®
where & : (A° = (2L — Z1)) —» (A" = (E1 — £.)) is defined as follows:

B(p)(8)(e) = L iffg=1
= @(6)SISI)(@E)e)) A=t
= o =1

where 8 = £[e](6)(a)

Here is some informal explanation:

e For any §, 7, and §, S[S](7)(8) is a strict function from £, to ¥y.

e If an assignment to an instance variable z is done, first the right hand side is
evaluated, resulting in a new state o’ (because of possible side effects), and an
object . Now the final state o' is constructed from ¢’ by modifying its second
component in such a way that the object 3 becomes the value of the variable z.

e For an assignment to a temporary variable, essentially the same thing is done,
except that the new value is stored away in the third component of the resulting
state g”.
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e If a side effect expression occurs at the place of a statement, it is evaluated
and its resulting object is ignored. Only the new state is kept (this is the first
component of the result of the evaluation).

e Sequential composition of statements is modelled by letting the second state-
ment act on the state that results from the first statement.

e For a conditional statement first the condition is evaluated. Depending on that
the first or the second clause is executed (or a failure is signalled).

* A while statement is modelled by taking the least fixed point of the operator &.
This operator takes its argument ¢ as an approximation of the meaning of the
while statement and maps it to a better approximation, obtained by unwinding
the loop one more time.

Definition 3.15
The semantics of method uefinitions is given by a function

39.....du : ﬂfethDefffmmldn —-I = (H Oj_‘) - A° =3 - (EJ_ X O‘j_")
1=1

which is defined by:
Mt (010100, ) 2 551 €5 1(0)B, .., Bue ) (8) (o) = (o, o)

where o' vomm L if §(1) € §z)yor o= L

= {o1),9(2), (z))  otherwise

Tayay(va) = Bi if d = d; and ug = uy,

fori=1,...,n

= L otherwise

o =SS5 (o)

g = €55, 1(5)(o")

a = =k ifo' = 1

]

(o1 0'{*2), o) ifo”#£ L

Again we give an informal explanation: The first thing to be checked when a method is
to be executed is whether the executing object is blocked, that is whether d(1) € d(2)(c)
or whether the starting state o is L. If this is the case the result of the method will be
the pair (1, L) (this will come out automatically if we set ¢’ to 1). Next we construct
a state o’ by initializing all temporary variables to L, except the formal parameters,
which are bound to the corresponding actual ones (that is, the variable uig, is set
to ﬁ;d‘]. In this modified state o’ we execute the statement S¢ of the method, which
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results in a new state o”. In this state we can evaluate the result expression eg ,
which gives us the object B . The state o' after the method execution is obtained
by restoring the temporary variables to their values before the method execution.

Definition 3.16
The semantics of class definitions is given by a function

e n ClassDef%,,  .m,— T — r

which is defined as follows:

Co e (i G oo Tng, & png (D)

Sy MU U [ g, - {MI 1) e )

This means that in the environment 7 the value associated with each method m in
the class definition is replaced by the value obtained from the corresponding method
definition. However, this method definition is still evaluated with respect to the old
environment 7. Note that the order of the replacements does not matter, because it
is required that all method names must be different.

Definition 3.17
The semantics of units is given by a function

€1, Cn . 1 4€L 4 Cn
USRS’ Hpgta e s, .~ T—-T

which is defined by:

Ut [Drih,s - D J(1) =

where 7' = ’Y{Cj/mj}fﬂ
(CoosCe) = pY
B¢l Gy = (e d)(mi)ia
" = C[[Dll]0"‘06[[Dn]](7{C}/mj}?=1)

€
(we suppose that m; = mjg_-‘ )-
1

The main point in this definition is the construction of an environment 7’ from the
least fixed point of the operator ¥. This operator ¥ takes as its argument a row
¢, .., ¢, of possible meanings of the methods defined in the unit. Assuming these
meanings for the corresponding methods, a new environment y" is determined from
the class definitions in the unit and from this environment the new meanings for the
previous methods are extracted, yielding the output of ¥. The least fixed point of ¥
therefore consists of the meanings of the methods defined in the unit, where for the
other methods the meanings recorded in 7 are assumed.



33

Because we require that all the class names (the ¢;) are different, each C[D;*] modifies
a different part of the environment 7{(,‘;/771_,‘};‘:1. Therefore the order in which they
are composed does not matter. We cannot simply take the least fixed point of C[D;]o

.0 C[D,] because we want to preserve the meanings of methods not defined in
Di,..., D,. This is important in the soundess of the recursion rule.

Definition 3.18
Finally we give the semantics of programs by defining a function

PC:Prog" =T - A° -8, -5,

as follows:
PUUR o, e S91(7) = S[ST(+)
where 4’ = U[U](v)

If every method used in the program is defined in the unit then the meaning is
independent of the environment 4. One could take the “empty” environment Yo,
defined by

Yo(c, d)(mG(B)(6°)(e) = (L, L)

(this is certainly agreement-preserving).

3.3 Remarks on the semantics

In the foregoing definition of the semantic functions that play a role in our language,
we have omitted some details. One of these details is the fact that all the functions
of which we need the least fixed point are indeed continuous.

Lemma 3.19
The function @, used in the semantics of while statements in definition 3.14, is con-
tinuous.

Proof
First of all it is easy to see that

® For every expression ej and for every context §°, the function E[e](§) is strict,
ie., that £[e](§)(L) = L.

e For every statement S¢, for every environment 7, and for every context 8¢, the
function S[S](7)(4) is also strict, i.e., S[S](y)(6)(L) = L.
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Now after a little calculation it becomes clear that this is all we need to ensure the
continuity of €, which moreover maps strict functions in A — (£, — X ) again to
strict functions (so its least fixed point will also be a strict function). o

Lemma 3.20
The function ¥, used in definition 3.17 to define the semantics of units, is continuous.

Proof
The proof of this lemma is somewhat more involved. It would proceed in the following
steps:

For any side effect expression s5, Z[s] is a continuous function from T’ to A® —
B~ (21 x 01).

e For any statement S¢, S[S] is a continuous function from ' to A¢ - £, — X,.

For any method definition ug 4 . M[y] is a continuous function from T' to
(1 o‘f)—*m-ﬂm—»(mxo‘jﬁ).

=1

For any class definition D%, C[D] is a continuous function fromT toT.

e Now we can prove that ¥ is a continuous function.

a

In retrospect we can change the domain assignments of several entities as follows
(where 5 stands for continuous functions and > for strict functions):

n

r= |J (MNamefio.‘_lldﬂ — (1’[ oi) R (zL X 0“;))
c.do,...,dn =1

£5: Ezp§ — A° — B 509

25: SExpy —» TS A — T, 5 (2L x 0%)

S¢:Statt =T SA X, 23,

M3y..dn MethDefg, 4. — 7T 5 (H Oi‘) N T (EJ_ X O‘i’)

i=1

: ClassDefr,,  .mn— T 5T

n

L N . L] - R <
Mﬂix,--‘-."';lk = Un!tmh-v-‘"mk 4 L=F

'P‘:ng"afiﬂf—rEL—’rEl

CC

LOCT RTRTLALY

Lemma 3.21
Now we come to the issues of consistent states and agreement between context and
state. We can make the following observations:
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o For any expression €5, for any state ¢ € £, and for any context § € A° such
(d)

that OK (o, 6), we have that £[e](6)(o) € o

e For any side effect expression s5, for any agreement-preserving environment -y,
for any state ¢ € I, and for any context § € A€ such that OK(a,46), we have
that if (¢/, 89) = Z[sl(7)(8)(¢) and o' # L then OK(0'), c < o' (therefore also
OK(a",6)), and 8% € (9.

e For any statement 5¢, for any agreement-preserving environment v, for any state
o € X, and for any context § € A® such that OK(a,6), if o' = S[S](7)(§)(o)
and ¢’ # L then OK(o') and o < o' (therefore also OK (o, §)).

e For any method definition g, ... d.» for any agreement-preserving environment 7,
for any state ¢ € I, for any context § € A° such that OK(a,8), and for any

row of (existing) objects 8 = (4,1,..., 8,9 € | a(ld‘) we have if (¢, f%) =
M[u](7)(B)(8)(e) and o' # L then OK ('), o < ¢’ (so0 also OK(d",5)), and
ﬂdu c a..'(fo]_

e For any class definition D and for any agreement-preserving environment v we
have that C[D](7) is again an agreement-preserving environment.

e For any unit U and for any agreement-preserving environment v we have that
U[U](7) is again an agreement-preserving environment.

e For any program p°, for any agreement-preserving environment v, for any state
o € &, and for any context §° such that OK (o, ), if o' = P[p](7)(6)(c) and
o' # L then OK(o') and o < o' (therefore also OK(d”, §)).

Proof
The proof consists of an easy induction on the structure of the syntactical object
under consideration. a

4 The assertion language and its semantics

In this section we shall develop a formalism for expressing certain properties of states,
and we shall give a semantics for it.

One element of this assertion language will be the introduction of logical variables.
These variables may not occur in the program, but only in the assertion language.
Therefore we are always sure that the value of a logical variable can never be changed
by a statement. Apart from a certain degree of cleanliness, this has the additional
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advantage that we can use logical variables to express the constancy of certain ex-
pressions (for example in the proof rule (MI) for message passing in definition 5.24).
Logical variables also serve as bound variables for quantifiers.

The set of expressions in the assertion language is larger than the set of programming
language expressions not only because it contains logical variables, but also because
it is allowed to refer to instance variables of other objects. Furthermore we include
conditional expressions in the assertion language because they are very convenient
(e.g., in the axiom (SAI}, see definitions 5.6 and 5.7).

In two respects our assertion language differs from the usual first-order predicate logic:
Firstly, the range of quantifiers is limited to the ezisting, non-nil objects in the current
state. With respect to the classes Int and Bool this only means that the range does
not include L. This does not affect essentially the expressive power of the assertion
language, but in most practical cases one wants to exclude L from the quantification,
so in these cases the assertions become shorter. For the other classes this restriction
means that we cannot talk about objects that have not yet been created, even if they
could be created in the future. This is done in order to satisfy the requirements on the
proof system stated in the introduction. Because of this the range of the quantifiers
can be different for different states. More in particular, a statement can change the
truth of an assertion even if none of the program variables accessed by the statement
occurs in the assertion, simply by creating an object and thereby changing the range
of a quantifier. (The idea of restricting the range of quantifiers was inspired by (8].)

Secondly, in order to strengthen the expressiveness of the logic, it is augmented with
quantification over finite sequences of objects. It is quite clear that this is necessary,
because simple first-order logic is not able to express certain interesting properties.

4.1 The assertion language

Definition 4.1

For each d € C't we introduce the symbol d* for the type of all finite sequences with
elements from d, we let C'* stand for the set {d*|d € C*}, and we use ¢, with typical
element a, for the union C'T U C*.

We define 0% to be the set of finite sequences with elements from OF (note that
the elements can also be 1). The empty sequence ¢ is also included in O¢". The
elements in a sequence are always numbered starting from 1. In order to simplify
some formulae we define O‘j_' to be the same as 0%, in deviation from definition 3.2.
In addition to 3%, we shall sometimes use a?’ to range over elements of (o

We have the following functions:
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o len® : 0% — Z returns the number of elements in the sequence,

o elt! 0% xZ - 01 extracts from the first argument the element numbered by
the second argument. If the second argument is “out of bounds” (less than 1 or
greater that the length of the first argument) then the result is L.

Assumption 4.2
We assume that for every a in C! we have a set LVar, of logical variables of type @,
with typical element z,,

Definition 4.3
We the set LEzpj of logical expressions of type a in class ¢, with typical element i,
as follows:

£ o= el ifae C*t
|z
[ g ifaec Ct
| if logg, then 15 else LS fi ifae C*
| 4§ =6; if a = Bool
| 0§, + b ifa = Int
| Ilfnt < !ant if a = Bool
[ 18] ifa=Intandde Ct
| hge b, ifae Ct

Note that the difference with the set Ezp§ of expressions in the programming language
is that in logical expressions we can use logical variables, refer to the instance variables
of other objects, and write conditional expressions. Furthermore, we extended the
domain of discourse by means of logical variables ranging over sequences and notations
to express the length of a sequence and the selection of an element from a sequence.
The selection operator ‘-’ can be distinguished from the dereferencing operator °." by
its higher vertical position on the line and by the type of its first argument.

Definition 4.4

The set Ass® of assertions in class ¢, with typical elements P¢ and @°, is defined by:
P u= !‘éool
| P
| -pe

|  Vz, P

| Jzz P2
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This definition is rather conventional.

Definition 4.5

Of course, we shall freely use the logical connectives A, V, and <, which we consider
as abbreviations of appropriate constructions with — and -. Furthermore we shall
use 15T as an abbreviation for 15 = nilg and ] for - 1§ = nilg.

Definition 4.6
Finally we define the set CorrF° of correctness formulae in class ¢, with typical
element F€, as follows:
Fe = P
| {P}ee{Q}

4.2 Semantics of assertions and correctness formulae

Definition 4.7
In order to be able to assign a semantics to logical expressions we first define the set Q0
of valuations, with typical element w, as follows:

Q = [ (LVara — O%).

(Remember that 0 = 0% if a € C*.) A valuation assigns a value to each logical
variable.

Definition 4.8
We call a valuation w compatible with a state o if

e Yc e CVz, € LVar, w[c){z) € anJ

o Ve € CVze € LVare- Yn € 2 elt(wiee)(2), 1) € ar(f)

Again an abbreviation is useful: we shall write OK (o, §,w) meaning that o is consis-
tent, § agrees with o, and w is compatible with o.

Lemma 4.9
Concerning the preservation of compatibility by statements and programs we have
the following properties:

¢ For any statement S¢, for any agreement-preserving environment 7, for any
state o € 8, for any context §¢ and for any valuation w such that OK(e,d,w)
we have if o' = S[S](7)(8)(¢) and ¢’ # L then 0K (o', 6,w).
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e For any program p°, for any agreement-preserving environment v, for any state
o € X, for any context §° and for any valuation w such that OK(o,8,w) we have
if ¢"= P[p](7)(6)(¢) and o’ # L then OK(d',6,w).

Proof
This is an easy consequence of lemma 3.21. o

Definition 4.10
We define the semantics of logical expressions by specifying the function
£§:LEwprfl—+Q—+Ac—rE—+0“i
as follows:
Liledl(w)(@) (o) = &5le](6)(o)
Lilzal(w)(8)(0) = way(2)
Lille . 2g)(w)(8)(e) = 1 iff=1
= o)) (B)(2G) otherwise
where 8¢ = L[ (w)(6)(e)

I

L3l logoo) then 1 else b fi](w)(8)(0) = L 8= 1
Lilhl(@)(6)(o)  ifp=t

Lill)w)(é) (o) ifp=f

11

where 3 = L3[l)(w)(8)(a)
La[hg = Lgl(w)(6)(e) t i LG[h](w)(8)(e) = LS [L](w)(8) (o)

= f otherwise
(only if d = Bool)

]

LG+ L3O 0) = L i L5[L])(w)(6)(0) = L
or L5[:](w)(8)(0) = L
[h1@)(#)(o) + LolL1(w)(6)(0)

otherwise

I

(only if d = Int)

L3lha < Ba)(w)(8)(o)

It
[

if £5[0](w)(8)(e) = L

or L5 [L](w)(6)(e) = L
=t L5 [L]W)6)(0) < L3 [L1w)(6)(0)
= ¥ otherwise

(only if d = Bool and d’ = Int)
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5 11511 (w)(8)(0) lent (L5 [1T(w)(8)(7))

L5[1 G - B J(w)(8)(0) elt?( L5, [1](w)(8)(0), Ly [l2](@)(@)(7)
These equations are just what one would expect, especially after having seen defini-
tion 3.12.

Il

Lemma 4.11

IfoeX,6€ A, andw € Q are such that OK (o, 8,w), then for every logical expression

| € LEzprS we have L[I](w)(d)(o) € a(d), and for every expression [ € LEzpri. we
d L d

have eltd(L[I](w)(6)(o),n) € crg_d), for every n.

Proof
Induction on the complexity of /. a

Definition 4.12
Now we can define the semantics of assertions in terms of the function
A‘:Ass‘-—»Q—’ﬁc—}EqB
as follows:
el J)@O)@) = b if Lgoqllw)(0)(@) = ¢
= f otherwise
A[-P](v)(w)()(o) = £ if A[P](v)(w)(6) (o) = ¢
= i otherwise
A[Vzg PJ(v)(w)(8)(o) = ¢ if for all 8 € o'?) we have
A[Pe](v)(w{B/z})(6)(e) = ¢
= f otherwise
A-[3zq PEY(0)w)(E)(o) = ¢ if there is a § € () such that
A[Pe(v)(w{B/2})(6) (o) =t
= £ otherwise
AVzge PYw)(6)(0) = t ifforallac 0% such that
Vn c Z elt(a,n) € a'(f) we have
AP (wia/2))(E)(0) = ¢

= f otherwise

if there is an o € O such that
Yn € Z elt(a,n) € cr(f] and
A[P(w{a/2})(8) (o) = ¢

= f otherwise

l
-

A[3zg- PY(w)(8)(7)
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A few remarks should be made here.,

e Note that the possible values of a boolean logical expression are t, f, and 1. If
such an expression is viewed as an assertion, only t and f remain. If viewed as
an expression it yields L, as an assertion it delivers f.

e It is very important to note that in assertions of the form Vzq P and Jz; P the
quantification ranges only over the ezisting, non-nil objects of the appropriate
type. In assertions of the form Vz, P and 3z, P (where a = d*, for some d € c)
the quantification ranges over sequences of existing objects, possibly nil.

Example 4.13
The formula

z
v ——w

from [7] can be expressed in our new assertion language in the following way:
sz-(z-l ZvAz-zZl=wAVR(0<nAR<|z|) = (z-n).z = z-(n+1))

Here n denotes a logical variable ranging over integers. This formula expresses that
the object w can be reached from v by a “z-path”.

Example 4.14
There are no logical expressions in the language to construct a sequence with one
specific element (a singleton). However, if we want to say that property P holds for
the singleton whose element is given by the logical expression I, we can do this as
follows:

Jzge [z] =1A2-1=1A P(2)

or equivalently:
Vza- (|2l Z1Az-121) = P(2).

A similar procedure is possible for the empty sequence and for the concatenation of
two sequences. Furthermore we can see whether two sequences are equal by checking
if they have the same lengths and whether their corresponding elements are equal.
(Direct ways of expressing the above things could be included in the assertion lan-
guage, but they would make the substitution operation [new/u] in definitions 5.13
and 5.15 much more complicated.)

Definition 4.15
Finally we define the notion of truth and wvalidity of correctness formulae.
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We say that a correctness formula of the form P¢ is true with respect to a
valuation w, a context 8¢, and a state o, written as w, §,0 |= P, if OK(o,6,w)
and

ATPI(w)(6)(0) = ¢

e We call a correctness formula of the form P¢ valid, written as |= P, if it is true
with respect to every w, 6, and o such that OK (o, 8,w).

A correctness formula of the form {P}p°{Q¢} is called true with respect to an
environment 7, a valuation w, a context 8%, and a state o, written as v,w, 8,0 [=
{P}p{Q}, f w,é,0 |= P implies that for the state o’ = P<[p](7)(§)(c) we have

J*;éj_::»w,ﬁ,a’I:Q.

We define a correctness formula of the form { P* }p°{Q°} to be valid with respect
to an environment v, written as ¥ = {P}p{Q}, if we have v,w, 8, 0= {P}p{Q}
for every w, 6, and o. We call such a correctness formula simply valid if it is
valid with respect to every environment.

5 The proof system

In this section we shall present a number of axioms and rules that can be used to
derive correctness formulae. For each axiom and rule we shall give its justification
by proving that it is valid. Note that axioms are correctness formulae so we have
already defined what validity means for them. We call a proof rule valid if for every
environment 9 the validity of the premisses of the rule with respect to y implies the
validity of the conclusion with respect to 7. The consequence of the validity of all the
axioms and rules will be that our proof system is sound, i.e., that if we can derive a
correctness formula (without any further assumptions), this correctness formula will
be valid. (There is one rule in the system that cannot be proved valid in isolation: the
recursion rule (MR) in definition 5.33. It will get a special treatment in the soundness
proof of the whole proof system (see theorem 5.40).)

5.1 Simple assignments

Definition 5.1
We shall call a statement a simple assignment if it is of the form z «— e or u « e (that
is, it uses the first form of a side effect expression: the one without a side effect).
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5.1.1 Simple assignment to a temporary variable

Definition 5.2
Our first axiom deals with the case that the target variable is a temporary variable:

{Pf[eg/ud]} (Ule: ug — €5) {P“} (SAT)

Here the notation Ple/u] means: P in which e is substituted for . We shall formalize
that notion in the next definition. (Note that this definition merely asserts that the
name (SAT) refers to the class of formulae of the form listed above.)

Definition 5.3
We shall define the substitution operation [e/u] first for logical expressions:

z lefu] = =z

u [efu]l = e

u [efu] = o ifu' #u

z [efu] = :

Lo [efu] = 1 if I = nil, self, true, false

n [efu] = n

Lzlefu] = (l[efu]).z

if lo then ) else I file/u] = if lo[e/u] then Li[e/u] else Iy]e/u] fi

(h = !'2)[6/11]
(b +12)[e/u]

(hile/u]) = (Lale/u))
(hfe/u]) + (L2[e/u])

1]

Il

(h < b)(e/u] (hfe/u]) < (L2fe/u])

12 [e/y] |[e/]]
(h-L)le/u] = (hle/u]-ble/u])

Now we define this substitution for assertions other than logical expressions:

(P = Q)e/u]l = (Ple/u]) > (Q[e/u))
(=P)  [e/u] = ~(Ple/u])
(V2 P) [e/u] = Vz(Ple/u])
(3z P) [e/u] = 3z (Ple/u))
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This definition can be summarized by saying that we can perform the substitution
[e/u] by replacing u by e everywhere in the expression or assertion at hand. However,
this will not be true for the notions of substitution that we will define in the sequel,
despite the fact that we use a very similar notation to indicate those substitutions.

In the following lemma we express the most important characteristic of the substitu-
tion [e/u]. Informally spoken, for any logical expression or assertion, the substituted
form has the same value in the state before the assignment as the unsubstituted form
has in the state after the assignment.

Lemma 5.4
Consider the assignment statement 14 — e5. Let v €T, 0 € T and § € A be

arbitrary, and let

o' = S[u — e](v)(8)(o)-

Then we have the following facts:

1. For every logical expression [g and every valuation w
Lie/ul(w)(8)(e) = LINW)() ().
2. For every assertion P¢, every valuation w

A[P(e/u)l(w)(8)(@) = A[PI(w)(8)(@").

Proof
First we observe that o' = Sfu « e](7)(6)(¢) means that o’ = o{B/u}, where

B = Elel(8)(o)-

Now we can prove the first part of the lemma by induction with respect to the structure
of I. The only interesting case occurs when [ = u so that I[efu] = e:

Lle)(w)(@)(o) = Elel(é)(o)
= @
= o(a)a)¥)
= E[)(8)(o")
= Llu](w)()()

After that we can prove the second part of the lemma by a straightforward induction
on the structure of P.

Of course, this lemma is easily extended to the case where instead of an assignment
statement we take a program in which the statement is a simple assignment to a
temporary variable:
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Corollary 5.5
The axiom (SAT) is valid, that is, for every environment 7 we have

T {P[e/u]} (Ule:u —e) {P}

O

Note that the corollary uses only one direction of the lemma. The two directions
together say that Ple/u] is the weakest precondition of the statement u «— e with
respect to the postcondition P.

5.1.2 Simple assignment to an instance variable

Definition 5.6
In the case that the target variable of an assignment statement is an instance variable,
we use the following axiom:

{Pc[e§/3§]} (Ule : 25 — eg) { P} (SAI)

This looks very similar to our first axiom (SAT), but note that we have not yet defined
what substitution means if we substitute an expression for an instance variable instead
of a temporary variable. We shall do that now, and the difference will become clear
immediately:

Definition 5.7
The substitution operation [e/z] is defined as follows on logical expressions:

r [efz] = e

' [efz] = ' ife' £z

v [efz] = u

z [efz] = =z

I [efz] = 1 if I = nil, self, true, false
n [efz] = n

L.z [efz] = if ({[e/z]) = self then e else ({[e/z]). z fi

l.z'lefz] = (lle/z]).2 ifz'#z

if lo then [, else I file/z] = if Ig[e/z] then li[e/z] else L[e/z] fi
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(h = bL)e/z) = (hle/z]) = (I2[e/=])
(h +L)[e/z] = (Lle/z])+ (I2[e/z])
(h < b)e/z] = (hle/z]) < (I2[e/=])
1 lefz] = lle/z]|

(I - 12)[e/=] (Lle/z]- lz[e/x])

The definition is extended to assertions other than logical expressions in the same
way as before:

(P = Q)e/z] = (Plef=]) = (Qle/])
(~P) [e/z] = ~(Ple/z])

(Vz P) [e/z] = Vz (Ple/z])

(3: P) [efs] = 3z(Ple/z])

The most important aspect of this definition is certainly the conditional expression
that turns up when we are dealing with a logical expression of the form [.z. This
is necessary because a certain form of form of aliasing is possible: the situation that
different expressions refer to the same variable. In the case of [.z, it is possible
that, after substitution, | refers to the currently active object, so that [.z is the
same variable as z and should be substituted by e. It is also possible that, after
substitution, | does not refer to the currently executing object, and in this case no
substitution should take place. Since we cannot decide between these possibilities by
the form of the expression only, a conditional expression is constructed which decides
“dynamically”.

Lemma 5.8
Consider the assignment statement x§ — e3. Let 7y € I,oc € %,and § € A° be
arbitrary, and let

o' = S[z — el(7)(8)(0)-

Then we have the following facts:

1. For every logical expression Ig and every valuation w
Cle/=))(w)(8)(0) = LU (w)(E)(o)-
9. For every assertion P and every valuation w

A[Ple/z])(w)(8)(v) = ALPY)(8)(@)-
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Proof

Like in lemma 5.4 we first note that o' = o{B/6.),2} where 8 = £[e](6)(s). The
first part of the lemma is now proved by induction on the complexity of I. We shall
only deal with the most interesting case: ! = !'.z. The induction hypothesis tells
us that L[l'le/z]}(w)(8)(0) = L[I')(w)(8)(o'). Let us call this object Bg. Now if
Bo = §(1y then L[I'.z](w)(8)(¢") = o)) = B = L[e](w)(6)(s). Otherwise
we have L[I'. z](w)()(c') = 7(3)(Bo)(z) = L[(I[e/z]). z](w)(8)(c). So L[if lefz] =
self then e else (I'le/z]) . z fil(w)(6)(o) = L[V . z](w)(8)(o").

The rest of the lemma is proved in a way similar to lemma 5.4. a
Again we can extend this to programs instead of statements:

Corollary 5.9
The axiom (SAI) is valid, that is, for every environment 4 we have

7= {Ple/2]} (Ule: 2 — ) {P}.

a

Note that this corollary also uses only one direction of the corresponding lemma.
Again the two directions together say that Ple/z] is the weakest precondition of the
statement r — e with respect to the postcondition P.

5.2 Creating new objects
5.2.1 Assigning a new object to a temporary variable

Definition 5.10
For an assignment of the form u «— new we have a axiom similar to the previous two:

{P‘[newcr/uca]} {(Ule: ugr — newy) {Pc} (NT)

Again we still have to define what this notion of substitution looks like, but first we
shall define the substitution of an expression for a logical variable, because we shall
need that later:

Definition 5.11
We define the substitution operation [e/z] on logical expressions by:
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z [efz] ==

u [efz] = u

z [efz] = e

Z [efz] = 7 if 2/ #z

I [efz) =1 if I' = nil, self, true, false
n [efz] = n

I'.zlefz] = (Ilefz]).=

if o then Iy else I5 fie/z] = if Io[e/ 2] then l[e/z] else I[e/z] fi

(h = b)e/z] (hle/z]) = (l2[e/2])

1l

(b +1)[e/z] = (hle/2]) + (tale/2])
(L < L)le/2] = (hle/z]) < (l2le/2])
1 le/z] = e/l

/
(L - 12)[e/z] (1ie/z] - lale/z])

We extend this definition to assertions other than logical expressions as follows:

(P —Q)le/z] = (Ple/z]) — (Qle/=])

(~P) [e/2] = ~(Ple/z])

(Vz P) [efz] = Vz P

(Vz' P) [e/z] = V7 (Ple/z]) ifz! #z
(3z P) [efz] = 3z P

(32' P) [e/z] = 37 (Plefz]) if2' # 2

This definition can be summarized by observing that the substitution can be carried
out by replacing z by e everywhere except in the scope of a quantifier where z is
bound.

Lemma 5.12

Let 0 € £, § € AS, e € Exp§, and z € LVarg be arbitrary, and let 8 = E[e](6)(o).
Then we have

1. For all [ € LEzpS, and for all w € €
Llie/=])(w)(6)() = LI w{B/21)(E)(e):
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2. For all P € Ass®, for all w € Q:
A[Ple/z])(w)(8)(o) = A[PL(w{B/2})(6)(0).

Proof

A rather trivial induction on the complexity of [ and P. O
Now we can define the substitution [new./uc]. We shall do this first for logical expres-
sions. As with the notions of substitution used in the axioms for simple assignments,
we want the expression after substitution to have the same meaning in a state before
the assignment as the unsubstituted expression has in the state after the assignment.
However, in the case of a new-assignment, there are expressions for which this is not
possible, because they refer to the new object (in the new state) and there is no ex-
pression that could refer to that object in the old state, because it does not exist yet.
Therefore the result of the substitution must be left undefined in some cases.

However we will show that we are able to carry out the substitution. The idea
behind this is that in such an assertion the variable u referring to the new ohject
can essentially occur only in a context where either one of its instance variables is
referenced, or it is compared for equality with another expression. In both of these
cases we can predict the outcome without having to refer to the new object.

Definition 5.13
Here comes the formal definition of the substitution [new/u] for logical expressions:

z [new/u] = =

u [new/u] is undefined

wnew/u] = u ifu' #u

z [new/u] = =z

[ [new/u] = 1 if I = nil, self, true, false
nnew/u] = n

' znew/u] = .z

u .z[new/u] = nil

u' zfnew/u] = .z ifu' #u
z  .z[new/u] = z.z

I .z[new/u] = I.z if { = nil, self
L.z'. z[new/u] = (I.z'[new/u]).z

(if lo then Iy else I, fi. z)[new/u]

= if lo[new /u] then (; . z)[new/u] else (I, . z)[new/u] fi
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if Io then 1, else [ fi[new/u]

= if lo[new/u] then I;[new/u] else Iy[new/u] fi

if the substitutions of the subexpressions are all defined,

otherwise undefined

(!1 = Iz)[new/u] = (il[new/u]) =z (!g[new/u])

if neither [y nor Iy is u or of the formif ... fi

(Il = Ig)[new/u] = false

if either I; = u and [» is not u or of the form if ...

or I, = u and [, is not u or of the form if ... fi

(f; ﬁt'g)[new/u] = true

ifh:!'g:u

(if lo then Iy else I, fi = L) [new /]
= if lg[new/u]T

then (Igf)[ﬂew/u]

else if Io[new/u]
then (Il = Ig,)[new/u]
else (fg = Ig)[new/u]
fi

fi

(51 = if Io then I else I3 fi) [new/u]
= if Ip[new/u]T

then (11 1)[new/u]

else if Ip[new/u]
then (11 = !g)[new/u]
else (f1 = Iy )[new/u]
fi

fi

if 1 is not of the form if ... fi

fi
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(b + &) lnew/u] = (Llnew/u]) + (Ip[new/u])

(Iy < Iz)[new/u] = (I[new/u]) < (lz[new/u))

|| [new/u] = |I[new/u]|
(i - L) [new/u] = (Ii[new/u]) - (Iz[new /u])

Lemma 5.14
Let u € TVary withd € C (ie,d# Int, Bool).

1. For every logical expression ! we have that l[new/u] is defined if and only if { is
not of the form indicated by the following BNF definition:

lu == u
| if Iy then [u else {; fi

| if lp then Iy else [u fi

22.fc € 8,6 € A% we Q,and v € T are such that OK(a,6,w), and if o' =
S[u — new](7)(8)(c) then for every logical expression I such that l[new/u] is
defined we have

Ll rew/u])(w)(8)() = LI)(w)(6)(o).

Proof
The first part is easily proved by induction on the complexity of [. For the second
part we first observe that

o = 0'{0'(1}(4{) U {ﬁ} / d} {ﬂ / u}
where B = pick®(a(1)(), 50 B ¢ o(1)4y U {L} (see definitions 3.13 and 3.14).

Now we can prove our lemma by induction on the complexity of I. In several places
we need the information that OK (o, §,w) together with lemma 4.11 in order to prove
that the result of an intermediate logical expression is not equal to 8. Let us deal
with one representative case: / = 2. z. Then I[new/u] = = 2'. z. Now the induction
hypothesis tells us that L[z'](w)(8)(c) = L[z"](w)(8)(a"). If we put this equal to g’
then we know ' # 3 because lemma 4.11 tells us that B' € o(1)a)U {L}. Therefore
we have L[z'.2)(w)(8)(0) = o(2)(8')(z) = o/, (B')(z) = LIz'. z(w)(8)("). 0
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Definition 5.15
We extend the substitution operation [new/u] to assertions other than logical expres-
sions as follows (we assume that the type ofuisd e C):

(P — Q)lnew/u] = (Plnew/u]) — (Qlnew/u])

(+P)  [new/u] = ~(P[new/u])

(Vzq P) [new/u] = (Vz(P[new/u])) A (P[u/z][new/u])

(Vzg- P)[new/u] = (Y2 ¥z - |z| = |2] = (P[2', u/z][new/u]))

(Vzq P) [new/u] = (Yz( P[new /u])) ifa#d,d

(3z4 P) [new/u] = (3z(P[new/u])) V (P[u/ z][new/u])

(3zg+ P) [new/u] = (32 3zg e lz] = |2f| A (P[2', u/z][new/u]))

(32 P) [new/u] = (3z( P[new /u])) ifa#d,d
Here we choose for z’ the first variable from LVarg,ql® that does not occur in P.
The idea is that z and z' together code a sequence of objects in the state after the
new-statement. At the places where z' yields t the value of the coded sequence is the
newly created object. Where 2’ yields f the value of the coded sequence is the same
as the value of z and where z' delivers L the coded sequences also yields L.

We still have to define the substitution operation [2',u/z] and we shall do that now:

Definition 5.16
Let d € C, u € TVary, z € LVarg:, and z/ € LVarggygy. For logical expressions we
define the operation [z',u/z] as follows:

e [#',ufz] = e
z [2',u/z] is undefined
2 [l = 2 if 27 # 2
l.z [ufz] = (U u/2]).=
S I ER TR B
H [, ufz] = |l[',u/z]| ifl#z

(z-1) [, uf2] = if 2! (Ip[2, uf z]) then u else z - (o[, u/2]) fi
(I - ) u/2] = (L]2',u/2]) - (L[ u/2]) ifly #z

if lg then I else I3 fi [z, u/z] =
if (lo[z',u/z]) then (l[z', 1/ z]) else (I2[2',u/z]) fi
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Ul = fg}[:’,ﬂ/l’]
(h + L)', u/z]

(h[=',u/2]) = (L[, u/z)
(h[='u/2]) + (B[, u/2])

il

(b <h)[su/z] = (L, u/z]) < (L[, u/2])

][z, u/z]
(L - L), u/z]

|4[=", u/z]|
(L[ ufz]- L[ ufz])

Il

We extend this definition to assertions other than logical expressions as follows:
(P = Q) u/z] = (P[,u/2]) - (Q[', u/2))
(=P) [ u/z] = ~(P[', u/z])
(V2 P) [2',u/z] = (Vz P)

(V2" P) [,u/2] = (V2" (P[:/, u/2])) it 4 2
(32 P) [2',u/z] = (3 P)
(d2". P} [2\5)2] = (3" (Pl2',u/z])) if 2" # 2

Lemma 5.17
Let u, z, 2’ be as in definition 5.16. Let 0 € £, § € Af, w e, and take a = wa+y(2),

o' = Wgool')(2'), B = (3)(a)(u). Suppose that len(a) = 1enBo°! (o). Define o ¢
04" to be the sequence that satisfies (for all n € Z):

len(a") = len(a)

eltfa,n) = 3 if elt{a’,n) = ¢
elt(a”,n) = elt(a,n) if elt(a’,n) = f
elt(a”,n) = L if elt(a’,n) = L

and take w’ = w{a"/z}.

Then we have:

L. For every | € LExpr{ such that [ # z:
L3 w/ ] N(w)(8)() = LEH(W)(8)(0)-
2. For every P € Ass® such that 2’ does not occur in P:

AP u/2])(w)(8)(0) = A°[P](w')(6)(0).
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Proof

The proof consists of a quite easy induction on the complexity of I and P respectively.
Of course, the only interesting case is when [ is of the form z - [,. Note that the
condition on z' is necessary to exclude assertions of the form ¥z' Por 3z' P. O

Lemma 5.18
Let 0 € B, § € A¢, w € Q such that OK(o,8,w). Let de C,u€ TVarg,y €T and
define o' = S[u «— new](7)(6)(¢). Then for every assertion P € Ass® we have

A[Plnew /ul)(w)(8)(e) = A[PY(@)(6)(o").

Proof

Again we use induction on the complexity of P. The only case which is not yet clear
from the first approach is quantification over seq(uences, so let us consider the case
where P = Vg Q. Take B = f4(c@), so that o) = ¢{® U {8} and B = o13))(®);
and let z' be the first variable from LVargge that does not occur in Q.

Now suppose that
Al(Vza- Q)[new/ul]J(w)(é)(o) = t.
We shall prove that
AlVze Ql(w)(8)(0") =t

<o we have to show that for every a” € 0% such that elt(a",n) € cr’ﬂ'_ﬂ foralln € Z,
it is the case that A[Q](w{a"/z})(8)(¢") = t. If we have such an o, we can define
a€ 0% and o' € 0Bool" a5 follows:

len(a) = len(a’) = len(a”)
elt(a,n) 15 elt(a’, n)
elt(a,n) = eli(a”,n), elt(a’,n)

t if elt(a”,n) =8
f if1<n<len(a”)
and elt(a”,n) # 0

il

Now because
A[[‘V'zgc‘v’z’Bool.M = |2 - Q[z',u/z][new/u]]l(w){ﬁ](o) =t

and because « and o have equal length and do not have elements outside J(f) and

U[J_BOOI) respectively, we know that

A[Q[#, uf z)[new/u])(w{a/zHo'[Z})(6)(e) = t.
The induction hypothesis then tells us that

A[Q[Z u/2l)(w{a/zH [Z})(8)(e) = t.
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Finally we can apply lemma 5.17 and use the fact that z’ does not occur in @, to see
that

AlQ)(w{a"/z})(8)(a") = t.

To prove that A[Vzg. Q(w)(8)(¢’) = t implies Al(Vza- Q)[new/u]](w)(6)(e) = t
involves reasoning in the other direction, in particular to find a suitable a” for each
pair a, o' that satisfies certain conditions. We omit further details. O

Again we extend this result to the case of programs:

Corollary 5.19
The axiom (NT) is valid, that is, for every environment 7 we have

7 E {P[new/u]} (Ule : w — new) {P}

O
5.2.2  Assigning a new object to an instance variable
Definition 5.20
If our assignment is of the form z « new we have the following axiom:
{P‘[newcr/z;ﬁ,]} (Ule : 2% — new,) {P‘} (NI)

Fortunately, after having worked through the previous subsection, this new axiom is
simple to define and to prove valid.

Definition 5.21
The substitution operation [new, /2] is defined by:
Plnew /28] = Plug [25] [newa /uq]
where uo is a temporary variable that does not occur in P. (It is easy to see that

this definition does not depend on the actual u used.)

Lemma 5.22
Let ¢ € £, € A° and w € (2 be such that OK(o,6,w). Let y €T, de C,z € IVarg,
and define o' = S[z «— new](y)(6)(c). Then for every assertion P® we have

w,0,0 |= Plnew/z] < w,é,¢'|= P.

Proof
Choose some u € TVary which does not occur in P, so that we have P[new/z] =
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Plu/z)[new/u]. Let ¢ = Slu — new;z — u](7)(8)(c). We have by lemma 5.8 and
lemma 5.18 that w, 8,0 |= Plu/z][new/u] = w,é, a"|= P.

Now if § = pick?(a(?)) then we have o' = o{B/6u), =} and o" = a{B/u}{B/6n) =}
so that o = o'{B/u}. Because u does not occur in P we have w,6,0¢' = P
w,8,0" |= P, and the result of the lemma follows. O

Corollary 5.23
The axiom (NI) is valid, that is, for every environment y we have

7= {P[new/r]} (Ule: z — new) {P}

5.3 Sending messages

In this subsection we present some proof rules for verifying the third kind of assign-
ments: the ones where a message is sent and the result stored in the variable on the
left hand side. We start with a rule for a non-recursive method and later on we show
how to deal with recursion.

Definition 5.24
For the statement z «— eglm(e1,...,en), wWhere & € IVary, m € MNameg, . 4,
eo € Ezpt and e; € Expg, for i = 1,...,n, we have the following proof rule:

[P A Ny v = nil (U] s){@<le/m},  QUE/self, Allf/2 — Belr/z]
{P[E/se'lf, ﬁ][f/i]}(Ulc 2 — eglm(er, .. .,eﬂ]){R}

(MI)

where § € Stat® and e € E:cpﬁ'a are the statement and expression occurring in the def-
inition of the method m in the unit U, u1, ..., Un are its formal parameters, v1,-. -, Vk
is a row of temporary variables that are not formal parameters (k > 0), 7 is a logical
variable of type dg that does not occur in R, f is an arbitrary row of expressions (not
logical expressions) in class ¢, and % is a row of logical variables, mutually different
and different from r, such that the type of each z; is the same as the type of the
corresponding f;. Furthermore, [&/self, @] stands for a simultaneous substitution hav-
ing the “components” [egfselfl,[elfull,...,[en/un] (a formal definition will follow).
We require that no temporary variables other than the formal parameters i, ..., Un
occur in P or Q.

We still have to define precisely what [&/self, ii) means, but before doing that let us
give some informal explanation of the above rule. When a statement as above is
executed, several things happen. First, control is transferred from the sender of the
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message to the receiver (context switching). The formal parameters of the receiver
are initialized with the values of the expressions that form the actual parameters of
the message and the other temporary variables are initialized to nil. Then the body S
of the method is executed. After that the result expression e is evaluated, control is
returned to the sender, the temporary variables are restored, and the result object is
assigned to the variable z.

The first thing, the context switching, is represented by the substitution [ep/self]. A
little more precisely, an assertion P as seen from the receiver’s viewpoint is equivalent
to Pleg/self] from the viewpoint of the sender. Note that this substitution also changes
the class of the assertion: Pleg/self] € Ass® whereas P € Ass®. Now the passing
of the parameters is simply represented by the substitution [ v B oyl
Therefore after the parameters have been transferred to the receiver, P from the
receiver’s viewpoint corresponds to P[é/self, @] as seen by the sender. (Note that we
really need simultaneous substitution here, because u; might occur in an e with j < ¢,
but it should not be substituted again.) In reasoning about the body of the method
we may also use the information that temporary variables that are not parameters
are Initialized to nil.

The second thing to note is the way the result is passed back. Here the logical
variable r plays an important role. This is best understood by imagining after the
body S of the method the statement r «— ¢ (which is syntactically illegal, however,
because r is a logical variable). In the sending object one could imagine the (equally
illegal) statement z « r. Now if the body S terminates in a state where Q@e/7] holds
(a premiss of the rule) then after this “virtual” statement r — e we would have a
situation in which @ holds. Otherwise stated, the assertion @ describes the situation
after executing the method body, in which the result is represented by the logical
variable r, everything seen from the viewpoint of the receiver. Now if we context-
switch this @ to the sender’s side, and if it implies R[r/z], then we know that after
assigning the result to the variable z (our second imaginary assignment = «— r), the
assertion R will hold.

Now we come to the role of f and . We know that during the evaluation of the
method the sending object becomes blocked, that is, it cannot answer any incoming
messages. Therefore its instance variables will not change in the meantime. The
temporary variables will be restored after the method is executed, so these will also
be unchanged and finally the symbol self will retain its meaning over the call. All
the expressions in class ¢ (and in particular the fi) are built from these expressions
plus some inherently constant expressions and therefore their value will not change
during the call. However, the method can change the variables of other objects and
new objects can be created, so that the properties of these unchanged expressions
can change. In order to be able to make use of the fact that the expressions f are
constant during the call, the rule offers the possibility to replace them temporarily by
the logical variables Z, which are automatically constant. So, in reasoning from the
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receiver’s viewpoint (in the rule this applies to the assertions P and Q) the value of the
expression f; is represented by z;, and in context switching f; comes in again by the
substitution [f/Z]. Note that the constancy of f is guaranteed up to the point where
the result of the method is assigned to z, and that = may occur in f;, so that it is
possible to make use of the fact that z remains unchanged right up to the assignment
of the result.

Definition 5.25
Now we define formally the substitution operation [e/self]. First we do this for logical
expressions:

z [efself] =e.z
u [e/self] =u

z [efself] =z
self[e/self] = e
1 [efself] =1 if { = nil, true, false, n

I.z[e/self] = (I[e/self]).z
if I then 1, else I, file/self] = if lo[e/self] then l;[e/self] else Iy[e/self] fi

(I, = by)[e/self]
(I + 12)[e/self]

(I1[e/self]) = (l2[e/self])
(Ih[e/self]) + (Iz[e/self])

Il

(I; < Iy)[e/self] (I)[e/self]) < (Ia[e/self])

11

|1|[e/self]
(1y - I2)(e/self]

|U[e/self]|
(I1[e/self] - I5[e/self])

I

Now we extend this to assertions other than logical expressions:
(P — Q)le/self] = (Ple/self]) — (Qle/self])
(~P)  [efself] = -(Plefself])
(VzP) [efself] = Yz( P[e/self])
(3zP) [e/self] = 3z(Ple/self])

Lemma 5.26
Let o € £, 6 € A%, e € Ezpl:, and define B¢ = E[e](6)(o). Let &' € A®' be such that

El) = f3. Then we have
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L. For every logical expression z'f; and every valuation w
LUNw)(8") (@) = LU[e/self])(w)(8) (o).
2. For every assertion P° and every valuation w

A[PY(w)(6') (o) = A[Ple/self]](w)(5)(o).

Proof
An easy induction on the complexity of { and P. a

Definition 5.27

Although the intention of simultaneous substitution is probably clear to the reader,
we give its definition for the case in which we really need it here, for completeness’
sake. Let é = eq,...,e, and @& = uy,...,u,. Then we define:

z [é/self, @] =eg.2
u; [é/self, @] = e; fori=1,...,n
u [Efself, 1] =u ifud¢ {ur,...,u.}

z [gfself,u] =z
self[e/self, @] = eq
1 [efself,a] =1 if I = nil, true, false, n

L. z[e/self, ] = (l[e/self,q]).z
iflo thenly elsels fi[é/self, @] = if I[é/self, @] then [ [&/self, ] else ly[é/self, @) fi

(h = b)[e/self, ] = (L]efself,a]) = (Io[e/self, 7))
(L + b)[e/self,a] = (4[e/self,a]) + (o[&/self, @])

(I1 < Iy)[e/self, 4] (h(e/self,a]) < (I,[e/self, @)

[1|[e/self, q] = |l[e/self, q]|
(b b)e/self, a] = (4[e/self, @ - I[e/self, u])

Now we extend this to assertions other than logical expressions:
(P — Q)[e/self, ] = (P[e/self,a]) — (Q[e/self,a])
(=P)  [E/self, @] = —~(P[&/self, q])
(VzP)  [é/self, u] =Vz(P[&/self,u])
(3zP)  [e/self,a] = 3z(P[e/self,q])
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Ty T2 Iy T2 Ty T2 Ty ZI2
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Figure 2: The situation before and after sending the message (example 5.29)

Of course we also have a corresponding lemma:

Lemma 5.28

Let s € 2,8 € A° and ¢; € Expy, for i = 0,...,n (with dg € C). Define B; =
E[e:)(6)(o)- Let &' € A% be such that 6,y = Bo and let ¢’ = o{B;/w:}%.,. Then we
have

1. For every logical expression f§° and every valuation w
LUN(w)(#)(0") = LU/ self, w)(w)(E)(7).

2. For every assertion Pde and every valuation w

A[P)(w)(8') (") = A[P[g/self, @ll(w)(é)(@)-

Proof
Again a quite simple induction on the complexity of [ and P. o

Example 5.29

Let us illustrate the use of the rule (MI) by a small example. Consider the unit
U =c:(m<« (u):21 « ug | z2) and the program p = (Ule: 21 — m!m(z2)). We
want to show

{ul Loy =2 Aouy = self}p{m T =T AT = U .rz}

So let us apply the rule (MI) with the following choices:
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P = 2=z A-self = 2,

Q@ = 2y =ZugAr=zyA-self =z,

R = w.ey=z3Az) S uy. 2y

k=0 (we shall use no v;)

i = z (represented by z; in P and Q)
fa = self (represented by z; in P and Q)

First notice that Plu;, z,/self, upl(zy1,self/z1, 25] = uy .2y = £y A ~uy = self so that
the result of the rule is precisely what we want.

For the first premiss we have to prove
{zl = z; A -self = Zz}(U’C 12y — HU>{'-‘.!1 = 1ug ATy = 29 A —self = zz}.

This is easily done with the axiom (SAI) and the rule of consequence (which will be
introduced in definition 5.39).

With respect to the second premiss, we have

Q[ur, z2/self, ug)[z1, self [ z,, z) = w2y 2 AT = Uy zp Ay = self
Rlr/z4] = ifuy Zself then relseu; .21 fi =29 A7 = .2,

It is quite clear that the first implies the second, and we can use this implication as
an axiom (see definition 5.38).

Lemma 5.30
The proof rule (MI) is valid.

Proof

Consider the rule as listed in definition 5.24. Let 7 € T and suppose that the premisses
are valid with respect to y. We shall prove that the conclusion is valid with respect
toy. Solet o € £, § € A, and w € Q be such that o, 6,w = Plé/self, u][f/z]. Let
7' =U[U](7) and let o’ = P[{Ulc: z — eglm(ey, .. en))(7)8)(e). So o' = S[z —
eo'm(e, ..., en)l(7')(8)(c). We have to prove ¢’,§,w = R.

il

Let o' w{:‘:ﬂf;]](ﬁ)(a)/z;}z-‘;ll‘ Then lemma 5.12 gives us 0,6,w’ |= P[/self, .
Let 8; = &[ei}(6)(o) for i = 0,...,n and suppose that Bo # L and By ¢ b(2)(c)
(otherwise we would have that ¢/ = L and the result would be trivial). Define
& = <ﬁﬂ, 6(2){6(2)(¢) U {5(1)}/6}) and oy = {0’(1),0(2), 0’1(3)) where (<51 (3)(!1_.)(11,,;) = ﬁ,‘
and oy (gyq)(ua) = L if u ¢ {u,.. . un}. Now because of lemma 5.28 and the fact
that temporary variables other than the u; may not occur in P, we have 0y, §',w’ |= P.
We also know that 01,8 ,w' |= v; Z nilfori = 1,...,k so o, 6w = Pl\/‘\f‘:l v = nil.
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0, 6,w = Ple/self, u)[f/z] = 0,64 Ple/self,a] = o, 8w EP

I
02,8, = Qle/r]
4
o" 8wy |= Qlefself, ul[f/2] < " 6w = Qle/self, @] <= 02,8, wFQ
]
o, 8,w |E R[r/2]
’
g, b,u F R
4
. f,wkER

Figure 3: The structure of the proof of lemma 5.30.

Now because of the construction of ¥’ in definition 3.17 we know that ¥/(c',d)(m) =
M[(@) : S T el(y") so we can refer directly to the method definition of m in U to
see what 7/(c/,d)(m) does. So let us take o3 = PIU| : $)}(7)(8')(01), then o2 =
S[SI(Y')(8")(o1). Assume that oz # L, otherwise we have ¢’ = L and we are ready.
The validity of the first premiss with respect to y tells us that a», 8,0’ |= Q[e/r]. Let
B = E[e](8')(02), w1 = w{B/r}, and w} = w'{B/r}. Then because of lemma 5.12 we
have 03,8, w] E Q.

Let 0" = (02(1), O2(2)> o(3)) (we restore the temporary variables). Now we appeal to
the reader’s understanding of the semantics of the language to see that the method
destination eg, the actual parameters ey,...,€n and the expressions f are unchanged
in ¢’ in comparison with o. Otherwise stated, Ele;](8)(o) = E[e](é)(c") and the
same for fi. (Of course, this can also be proved formally.) Then we know from
lemma 5.28 that ¢”,8,w! |= Q[&/self, @] and from lemma 5.12 together with the ob-

servation that w] = wy {Eﬁf;]l[é){a)/zi}lgl we get a, 0, w1 Q[e/self, ][ F/ ).

From the second premiss we can conclude that o", 8,1 I= R[r/z]. Now for the final
state o we know that o' = ¢"{f/6(),z}, so lemma 5.8 tells us that o', 8,un F R.
Finally, because r does not occur in R, we have ¢, §,w = R. a

Definition 5.31

For the statement u «— eg!m(eq,...,en), where u € TVarg,, m € MNameﬁL ‘‘‘‘‘ 25
eo € EzpS and e; € Expy, for i = 1,...,n, we have the proof rule (MT) which
is identical to the rule (MI) introduced in definition 5.24, except that the instance

variable z is replaced everywhere by the temporary variable u.
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Lemma 5.32
The proof rule (MT) is valid.

Proof
This can be proved by a slight adaptation of the proof of lemma 5.30. a

Now we come to the issues of how to handle recursive and even mutually recursive
methods. For this we use an adapted version of the classical recursion rule (see for
example [3]). The classical rule goes as follows (in the notation of [3]):

{r} P{q} + {p}So{q}
{p}P{q}

The idea i< to prove (the operator expresses provability) the correctness of the body
(So) from the assumption that the procedure call (P) itself satisfies its specification.
If that has been done we can conclude the correctness of the procedure call without
assumptions. The validity of this rule can be proved as follows: the meaning of the
procedure call is the limit of a increasing sequence starting with L, in which every
element is obtained from the previous one by assuming the previous as the meaning
of the procedure call and calculating the meaning of the body from that. From the
premiss of the rule we can prove that every element in the sequence satisfies the
specification and by a continuity argument we conclude that the procedure call itself
satisfies the specification.

There are several remarks to be made. One is that in proving the premiss of the
rule we may not make use of the declaration of P, because otherwise we are not sure
that the implication also holds for the intermediate elements in the approximating
sequence. The second remark is that if we have a non-recursive rule like our rules (MI)
and (MT), then we could change the conclusion of the recursion rule into {p}S{q},
from which we could infer {p} P{g} by the non-recursive rule. We do that in our proof
system to be able to use the outcome of the recursion rule for different values of the
parameters. Finally it is clear how to extend the rule to several, mutually recursive
procedures.

Definition 5.33
For mutually recursive methods my, ..., m, we have the following rule:

A-F“%l:-’-:-'{;'n Fl:'--anJ_F{:'--:F;

- (MR)

where
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F, = {Pfi[éi/self,Ei]{fi/_;i]}{U_lCi LT *—}Efy!mi(ﬂ'is---refmi}){Rf‘}
Fl = {P‘.c" AN Y= nil}(U'lci : 5;){Qf‘{£:‘/"i]}

Qi[&/self, @][fi/Z] — Rilri/2:]
£Ry A Ny o} = ith(Oleq = S { @ fer/ml}

@', i, and e; are as they occur in the definition of m; in U/

> e
o

z; are instance or temporary variables
U~ results from U by deleting the definitions of my,...,Mn
P, Qi, R, fi, 7, 0", ki, and 7; are just like in definition 5.24

We cannot prove the validity of this proof rule on its own, because it depends on what
the other rules can prove (the operator - occurs in the premiss).

5.4 Other axioms and rules

Finally in this subsection we shall list the remaining axioms and rules of our proof
system. They will deal with the more ordinary statements and therefore they are not
very new (most of them can already be found in [4]).

Definition 5.34
For a side effect expression s§ functioning as a statement we have the following rule:

{P}Ule s ua = s){Q°}
{PHwle: s{e}

where ug is a temporary variable not occurring in P or Q.

(ES)

Definition 5.35
For the sequential composition of statements we have the following proof rule:

(phisn{e}  {ajwisn{ry
(SC)
[P}1suis){ R}

Definition 5.36
For the conditional statement we have this rule:

(P nego}WIsnfes}  {Fon ~ej(ispiec)

{P}{Ulif e then 5, else 52 fi){Q} (C)
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Definition 5.37
For the while loop we have the following rule:

{P* A e (U159 { P}

(W)
{P}(U|while e do § od){P A e}
Definition 5.38
For every valid (see definition 4.15) assertion P° we have the axiom:
P (TR)
Definition 5.39
Finally, we have the so-called rule of consequence:
PP—P  {PYUle: Q) Q5 — s -

{Piwie: ){e:}

Theorem 5.40

The proof system consisting of the axioms (SAT), (SAI), (NT), (NI), and (TR), plus
the rules (MI), (MT), (MR), (ES), (SC), (C), (W), and (RC) is sound, that is, for
every row of correctness formulae Fy, ..., F, and for every environment v we have if

Fl,.A.,FnFFgand7|:F,-f0rz'=1,..A,nthen-,fF=FD.

Proof

For all rules except (MR) the validity can be proved individually. For some we have
already done that, for the others it is very easy. The rest of the proof runs by induction
on the length of the proof of Fy from F,..., F,. The only interesting case occurs if
the last rule applied is (MR). From now on let us use the notation of definition 5.33
and forget about the old Fy,..., F,.

In the premiss of the rule (MR) we first have F, .. ., F,, and these are valid because
the only way to get them is by using the axiom (TR). The second premiss says
that Fy,...,F, & F{,..., F;. This must be provable by a shorter proof than our
current one so the induction hypothesis says that for every environment 7 such that
7kE A,..., F, wealsohave that y |= F{, ..., F}. Let us take a particular y and define
7" = U[U](v). Now 7" is the limit of an increasing sequence 73,71, ... where 74 =
n
T

7’{)\5 AE e (L, 1) / m,—} _ and 7, is obtained from ¥/ by calculating and filling
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in the meanings of the method definitions of my, ..., mn. Furthermore we observe
that for every i and for every m € {mq, ..., m, } we have that UIT- (1) (m) = ¥i(m)
because m is not defined in U ™.

Now for 74 we have quite trivially that 7 |= Fi,..., F}, (the send-expression never
terminates). Furthermore from v; |= Fj we can get to 7!,1 = Fj by an argument
analogous to that in lemma 5.30. ;From the validity of the second premiss we can

then conclude that v/, | Fjfor j =1,...,7. By induction we get 7} |= Fi,..., Fy
for every i, so by continuity we get in particular 4" |= F{. And this in turn implies
¥ |= B |

6 Completeness

6.1 Introduction

We prove in this section that every valid correctness formula about an arbitrary closed
program is derivable from the proof system based on the assertion language with
quantification over finite sequences of objects. To this end we use enhanced versions of
the standard techniques for proving completeness. These techniques are based on the
expressibility of the strongest postcondition, or, alternatively, the weakest precondition.
Using the assertion language with quantification over finite sequences of objects we
know how to express the strongest postcondition. However, we conjecture that we
cannot in general express the strongest postcondition or the weakest precondition
within the assertion language with recursive predicates. We think this is due to the
inexpressibility within this assertion language of the notion of finiteness.

In order to get a complete proof system, however, we have to modify the rules (MI),
(MT), and (MR) so that we can reason about deadlock behaviour. Regardless of the
assertion language we use these rules are incomplete. Consider the following example:

Example 6.1
Let p = (Ulc : = « self!m()) be closed and m() < nil T nil occur in U. We obvi-

ously have |= {true}p{false}‘ But we do not have the derivability of this correctness
formula. For otherwise there would exist assertions P,Q and R such that:

Lo F{PAAv = nilh(Ule: nil) { Q[nil/r! }

2: & Q[self /self][f/ 2] — R[r/z]
3. = true — Plself /self][f/2] and |= R — false
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-for some sequence of expressions f, sequence of corresponding logical variables Z and
logical variable r of the same type as the instance variable z. Now, as |= R — false,
we have [= R[r/z] — false. So from clause 2 it then follows that = Q[self /self][f/z] —
false. Furthermore we have = Q[self/self] < Q so we infer |= Q[f/Z] — false. From
clause 1 in turn it is not difficult to deduce that = P — Q[nil/r] (use 5N TVar(P, Q) =
0 and the truth of the correctness formula of clause 1). So we have = P[f/z] —
Q[nil/7][f/Z]. Note next that = Q[f/z] — false implies |= Qnil/r][f/z] — false, from
which we infer that |= P[f/z] — false, which in turn, using |= P[self/self] < P, would
imply by clause 3 |= true — false. We thus have reached a contradiction. So we

conclude that {true}p{false}.

Note that adding the conjunct —(self = eo) to the precondition of the conclusion of
the rules (MI) and (MT) does not solve the general case of longer cycles in the calling
chain.

To reason about deadlock in the proof system based on the assertion language contain-
ing quantification over finite sequences we introduce a collection of logical variables
with special roles.

Definition 6.2
We fix for each class name ¢ a logical variable b, € LVar.«. Furthermore we define
BVar = {b.: ce C}.

We will interpret the variable b, as denoting a sequence of all the blocked objects of
class c. Formally, we redefine the notion OK(o,b,w) as follows:

Definition 6.3
For arbitrary o, §,w we define OK (o, 6,w) iff o is consistent, § agrees with o, w is
compatible with o and for an arbitrary ¢ we have

6(2)(,_.) ={a: dne N(elt(be,n) = a # 1)}

So we have OK (0,4, w) if additionally b,, for an arbitrary ¢, consists precisely of all
the blocked objects of class c. Note that we have thus introduced in the assertion
language a means to refer to the second component of a context. Given this fixed
interpretation we do not allow the variable b, to be quantified. It is a straightforward
exercise to check that under this definition of OK (0,4, w) the soundness proofs given
still hold.

Next we modify the rule (MI) as follows:

Definition 6.4
For the statement z « eo!m(ey,...,e,), where z € IVarg, , m € MNameg, ., ,
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eo € ExpS and e; € Ezpg, fori=1,...,n, we have the following proof rule:

{ P A Ny i = il A ~(self € ber) {(U e’ 5){Qc’[e/r]}, Q' — Re[r/z)
{P‘}(U|c 1T e eo!m(el,...,en)){R}

where P' = P[e/self, @][F/Z][bc o (self)/bc], Q" = Q[é/self, @[ f/Z)[be o (self)/bc], S €
Stat® and e € Erpff; are the statement and expression occurring in the definition
of the method m in the unit U, u,...,u, are its formal parameters, v1,..., Uk is
a row of temporary variables that are not formal parameters (k > 0), r is a logical
variable of type do that does not occur in R, f is an arbitrary row of expressions (not
logical expressions) in class ¢, and Z is a row of logical variables, mutually different
and different from r, such that the type of each z is the same as the type of the
corresponding f;. We require that no temporary variables other than the formal
parameters ui, ..., U, occur in P or Q. The boolean expression /; € I, abbreviates
Ji(l; = ly - i), where i is some fresh logical integer variable. P[b. o (self)/b.], for an
arbitrary assertion P, equals the assertion

(MI)

3z(Pz/bc) A |z] = [be] + 1 AVi(i < be| = 21 = be i) A(z- 2| = self))

where z € LVarc,i € LVar,, are some fresh variables.

The idea of this substitution [b, o (self)/b.] can be explained roughly as follows: Oc-
currences of the variable b, in the assertions P¢ and Q¢, which describe the input
state and the output state of the receiver of the method call, denote the set of blocked
objects of class ¢ belonging to those states. When we want to describe the input state
and the output state of the receiver from the point of view of the sender we have to
take into account that this set of blocked objects can now be viewed as the set of
blocked objects of class ¢ belonging to the input state and the output state of the
sender of the method call plus the sender itself.

The rules (MT) and (MR) are modified accordingly. The soundness proofs of these
new versions of (MI) and (MT) are straightforward modifications of the proofs of the
soundness of the original ones (in the proof of 5.30 the substitution [b o (self)/b.] can
be considered simply as part of the simultaneous substitution [f/Z]). The proof of the
soundness of the new version of (MR), assuming the soundness of the new versions of
(MI) and (MT), does not need to be modified.

We note that with respect to the proof system based on the assertion language con-
taining recursive predicates this proof method does not apply. To incorporate some
reasoning mechanism about deadlock behaviour in this system one could add to it
some notion of auxiliary variables, which can be used to code the relevant control
information.

It will appear to be technically convenient to introduce another modification of the
rule (MR). This modification consists simply of replacing every occurrence of U™ in
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this rule by U itself. We denote the resulting rule by (NMR). The main difference
between the rules (NMR) and (MR) is that the rule (NMR) allows nested applications
to some method name. However, in appendix A it is shown that a proof using the
rule (NMR) can be transformed into a proof using (MR), and vice versa.

To be able to prove completeness we have to add the following rules to the proof system
(based on the assertion language containing quantification over finite sequences).

Definition 6.5
Conjunction rule:

{Fr}ef{as}  {ps}efas) e
{Pen ps}o{Qs ngs)
Definition 6.6
Elimination rule 1:
(e -

{szP': v P[nil/Zd]}Pc{Qc}

where 23 ¢ LVar(Q°)U BVar. Due to the interpretation of the quantifiers as ranging
only over existing objects we have to express explicitly that the precondition also
holds when the value of the quantified variable is undefined (nil).

Definition 6.7
Elimination rule 2:

Arperfe} (ER2)
Garofe]

where a — d*, for some d, and z, # LVar(Q°) U BVar.

Definition 6.8
Initialization rule 1:

(rrfer) -
{Pe1/ ol }oe{ Q<}
where z and [ are of the same type, and 2 ¢ LVar(Q°)U BVar.

Definition 6.9
Initialization rule 2:

g () 15
{Pettr}o{oc}

where u and [ are of the same type and u ¢ TVar(p, Q).
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Definition 6.10
Substitution rule:

(e} .
{Pelz'/}o{Qel2/21}

where 2, z are logical variables of the same type, and z ¢ BVar.

The soundness of these new rules is a straightforward exercise. We illustrate the
necessity of the condition z ¢ BVar by the following example:

Example 6.11
Let p = (U]¢' : y — z!m()). By the new definition of OK(e,§,w) we have, assuming
the type of the variable z to be c,

E {.7: € bc}p{false},

where z € b, abbreviates the assertion 3i(z = b.-i). If we would allow the initialization
of the variable b,, or allow it to be substituted, we could derive from this formula by
an application of the rule (SR) or (IR1) the following:

{z € z}p{false}.

Applying next the elimination rule (ER2), assuming z ¢ BVar, then gives us the
derivability of the formula:

{Elz(-.r € z]}p{false}.

Finally, we apply the consequence rule:

{irue}pffale}.

But this last formula is not valid in general!

Finally, for technical convenience we would like to assume that the sets C, IVar, and
TVar are finite. This assumption can be justified as follows: Let C' be a finite subset
of C, and IVar' be a finite subset of U4 IVar§, where ¢ ranges over C’, and d ranges
over the set ¢'* = C'U {Int, Bool}. Next we fix the temporary integer variables u,u’,
and for every d € C't the temporary variables re4, rel;. Let 7e denote a sequence
of these variables. Now let TVar' be a finite subset of |Jy TVary (again, d ranging
over C'*), such that 7 C TVar'. Given these sets ¢’,IVar', and TVar' we have the
following definition.

Definition 6.12

We define an expression IS to be restricted ifc e C,a=dd, withdE¢€ crr,
IVar(I5) C IVar', and TVar(l3) C TVar'. We define an assertion P¢ to be restricted
iff ¢ € C' and every expression occurring in P€ is restricted. We call a program
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p = (Ulc : §) restricted iff ¢ € C', every expression occurring in p is restricted,
u,u’ ¢ TVar(p), and, finally, the temporary variables req, rel; are only allowed in the
main statement § itself, where § = re; — syor § = rey « 54, with TVar(s)nre = 0.

A correctness formula {P}p{@} is called restricted iff P,Q, and p are restricted.

We will prove that an arbitrary valid restricted correctness formula is derivable by a
derivation in which there occur only restricted correctness formulae. Such a derivation
we call restricted too. The extra variables 7e are used in applications of the rules
(W) and (ES): The variables rey, re/; are used to store temporarily the result of the
execution of a statement sy; the variables u,u' are needed to express the invariant
of a while statement. However applications of the consequence rule in a restricted
derivation are based on a different notion of validity of assertions and correctness
formulae. This new notion of validity consists of restricting all the semantic entities
to the sets C’, IVar', and TVar'. As an example of the restriction of a semantic entity
we define that of a state.

Definition 6.13
We define the restriction of a state o, which we denote by o |, to be an element of

Bi=JIPx JI (0°=1varf—o0t)x [ (Tvar)— 09)
ceC! ceC' deC't deC'+

such that

o o () = e ce ¢,
* o | (a)(z) = o(a)(z), a€ O, forc € €', and = € IVar',

o 7| (u)=o(u),u€ TVar'.

In a similar way we have corresponding restricted versions of all our semantic entities.
We have the following lemma, which states that the meaning of a restricted program
depends only on those parts of a state specified by the sets C/, I'Var', and TVar'.

Lemma 6.14
For an arbitrary restricted program p, and o, o', 8,7 such that

L. ol = g'e) ¢ ¢ C'.
2. o(a) = o'(a), fora € O°, c € C".
3. g(a) =d'(a), fora € O°\ o9, cecC".

4. o(a)(z) = o'(a)(z), for a € o), c € €', 2 ¢ IVar'.
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5. o’(a)(z) = L, for a € )\ ol c € C', z & IVar'.
6. a(u) = o'(u), u ¢ TVar'

we have
o' = Plel(7)(8)(o) iff o' L= P'[pl(y L)(6 L)(o 1),

where P',v |, and § | denote the restricted versions of P, v, and §, respectively. (Here
o(a) denotes the local state of a and o(a)(z), z an instance variable, denotes the
value of the variable z of the object a, finally, o(u), u a temporary variable, denotes
the value of u in state 0.)

The first condition above states that ¢ and ¢’ agree with respect to the existing objects
of class ¢, ¢ € C'. The second condition states that o and o' agree with respect to
the local states of objects belonging to a class ¢, ¢  C'. That the states o and a'
agree with respect to the local states of objects belonging to a class ¢, ¢ € C', which
do not exist in o', is expressed by the third clause. The fourth clause states that o
and ¢’ agree with respect to the variables not belonging to IVar' of objects of a class
¢, ¢ € C', which exist in 0. The fifth clause then states that the value of a variable
not belonging to IVar' of an object of a class ¢, ¢ € C’, which exist in o' but does
not exist in &, is undefined in the state o'. The last clause states that ¢ and o' agree
with respect to the temporary variables not belonging to TVar'. These conditions
are necessary to prove that if o' | = P'[p](y 1)(8 1)(c |) then o' = P[p](7)(é)(c).

Proof
Induction on the structure of the program p. a

By the following two lemmas we have that applications of the consequence rule occur-
ring in a restricted derivation also apply with respect to the original notion of validity,
thus justifying our assumption of the finiteness of the sets C, I'Var, and TVar. These
lemmas state that the truth of a restricted assertion and that of a correctness formula
only depend on those parts of a state specified by the sets ¢!, IVar', and TVar'.

Lemma 6.15
For an arbitrary restricted assertion P, and o, §,w such that OK(o,6,w) we have

gialw |: Pc iff o -L!S l)w “= Pc)

where w |€ [[, LVar, — 04, with a ranging over the set {d,d* : d € C't}, and
w | (2) = w(z).

Proof
Straightforward induction on the structure of P¢. m|

Furthermore we have



Lemma 6.16
Let o,8,w such that OK(e,d,w). We have for an arbitrary restricted correctness

formula { P}p{Q}
.60l {P}p{Q}iff s 1,6 Lw il {P}e{Q}.

Proof
Straightforward, using lemnmas 6.14 and 6.15. O

So in the sequel we may assume the sets C, I[Var, and TVar to be finite. Further,
we assume given a set of temporary variables 7e as defined above. A program p from
now on will denote, when not stated otherwise, a program such that the temporary
variables re, re’ are allowed to occur in it only in assignments re « s, re’ « s, with
re,re’ & TVar(s), and u,u’ ¢ TVar(p). This concludes our discussion concerning the
justification of the assumption of the finiteness of the sets C, IVar, and T Var.

6.2 The strongest postcondition

To be able to prove completeness we first have to analyze the notion of a strongest
postcondition and its expressibility in the assertion language. As noted already in
the introduction, the expressibility of the strongest postcondition in the assertion
language with recursive predicates is still an open problem and so is the completeness
of the proof system based on this assertion language.

For the analysis of the notion of a strongest postcondition we need some definitions
and a theorem. We start with the following definition:

Definition 6.17
An object-space isomorphism (osi) is a family of functions f = (f%)4cc+, where f4 €
04 — 01 is a bijection, f4(1) = L and f9, for d = Int, Bool, is the identity mapping.

Given an osi f we next define the isomorphic image of an arbitrary state.

Definition 6.18
Given an ost f we define for an arbitrary state o the state f(o) as follows:

e For every c: f(o)l©) = fo(al9).

o For every c,d,a%, 25 fo)(a)(zs) = fUa(f(a))(z5)), where the osi f~!
denotes the inverse of f: f~' = ((f4)~V)q.
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o For every d, ug: f(o)(ua) = f4(o(ua)).

Here f°(X), for some X C O°, denotes the set {f°(a): a € X}.

The following theorem essentially expresses that states which are isomorphic cannot
be distinguished by the assertion language.

Theorem 6.19
Let f be an osi and o, §,w be such that OK (o,8,w). Then for every logical expression
IS and assertion P¢ we have:

o fLUN(@)(6)(0)) = LUN(F@)(F(8)(f(2)),
o A[P)(w)(8)(0) = ALPI(f(@)(F(8))(f(2))-

where f(8)1) = f(§1))
f(&)yeny = fcf(é(z)(c:)], for an arbitrary ¢’, and

f(@)(za) = fAw(z2)), (F© ({oas- s am)) = (fHea)s - fAan)))-

Proof
Straightforward induction on the structure of IS, P°. We only treat the case | = 25

CLzl(F@)F(B) (@) = @) FE)() = Fo(6w)2) = FUL[)w)(8)(e))
O

We are now sufficiently prepared to analyze the notion of a strongest postcondition.
Given a program p°¢ and an assertion P¢, we denote by sp(p°, P¢) the set of final
states of executions of p° starting from a state satisfying P®. An assertion, defining
this set of states sp(p¢, P¢) is called the strongest postcondition of P¢ with respect to
p¢. As established by the previous theorem, the set of states defined by an arbitrary
assertion is closed under isomorphism. However, in general, given a program p° and
an assertion P¢, the set of states sp(p®, P) is not closed under isomorphism. Consider
the following example:

Example 6.20

Take p° = (Ulc : = +— new), with p¢ closed, and o,0,8 such that a9 = {a,B},
ol9) = {a}, §1) = a and o' = Pp1(7)(6)(c). Let P¢ = true. So we have that
pick®({a}) = B. Let f be an arbitrary osi such that pick®({f(a)}) # f°(B) and
picke({f5(8)}) # f(a). So we have that F(o)©) = {f(a), f5(B)}. Now suppose
that there is a op such that f(o') = P[pN(¥)(f(6))(f(o0)). Then we would have
cr((,c) = {f(a)} or or[(,c) = {f°(8)}, but both cases lead to a contradiction. Therefore
such a oo does not exist and f(a') & sp(p°, true).
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This discrepancy between the assertion language and the semantics of the program-
ming language is solved by closing this set sp(p®, P°) under isomorphism. Of course
it is not immediately clear that this will work! We will see later that we indeed
encounter some difficulties in the completeness proof due to this. These difficulties
require some additional reasoning not present in the standard completeness proofs.
The following theorem states the existence of an assertion defining the closure under
isomorphism of the set sp(p, P¢).

Theorem 6.21

Let p° be closed (not necessarily restricted), BVar C L C LVar (L finite), P¢
such that LVar(P¢) C L. Then there exists an assertion SP%(p, P°) such that
LVar(SPg(p, P°)) C L and for 0,4, w such that OK(o,§,w) we have:

a,6,w = SPL(p, P°)

iff there exist an osi f and a state o such that:

° f(o) = Plpl(y)(6')(a0), 7 arbitrary,
s g, 8 W' |= P,

where §' = f(§) and w’ = f(w) | L. Here we define

flu(z)) z€l
i z € (LVarnlJy LVarg) \ L
€ z € (LVarnlYy LVarg) \ L.

(flw) ] L)(2)

Note that in the above theorem we cannot take f(w), where f(w)(z) = f(w(z)), for
w’. This would require that f(w) and oq are compatible, which cannot be expressed
by our assertion language. For suppose there exists an a € ¢(¢'), for some ¢!, such
that f'(a) ¢ O'(()c’). Let zo € L, it then follows that o,d,w{a/zs} = SP%(p, P),
but on the other hand it is not the case that f(w{a/z+}) and oy are compatible, so
we do not have ag,8’, f(w{a/z.}) | P°. Note that the above argument essentially
boils down to the fact that we cannot describe by one assertion the values of infinitely
many logical variables. Thus we have to specify a finite set of logical variables L such
that the restriction of f(w) to this set L is compatible with ay.

Proof
See appendix B. m|

The following two lernmas together state the correctness of our definition of the notion
of strongest postcondition.
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Lemma 6.22
For an arbitrary BVar C L C LVar (L finite), closed program p¢ and assertion P*
such that LVar(P¢) C L, we have

= {P}o{sP5lo, PO)}-

Proof

Let o, 0", 8,w (o,0' # L) be such that OK(0,6,w), 0’ = P<[p°1(7)(8)(c) (y arbitrary),
and ¢,8,w |= P¢. We have that ¢',6,w |= SPS(p, P°), for take for the ost f the family
of identity mappings, for oo the state o, and note that because LVar(P¢) C L we
have o,8,w' |= P°, where w’ =w | L. O

Lemma 6.23
For an arbitrary closed program p°, assertions P¢,Q¢, BVar C L C LVar (L finite)
such that LVar(P¢,Q°) C L we have

= {P‘}p‘{Q‘} implies |= SP5(p%, P) — Q°.

Proof
Assume = {P}p{Q} and let o, 8, w such that OK(c,8,w) and 0,6,w |= SP(p°, P°).
So there exist an ost f and a state o such that:

e () = PLA)(7)()(00), 7 abitrary.
e 0,0, W' = PS.

where §' = f(8) and v’ = f(w) | L. From I {Pc}pc{Q“} we then infer that
f(o), 8, w' = Q°. By LVar(Q®) C L we have f(o),8', f(w) |= Q. So by theorem 6.19
we conclude o, §,w |= Q°. |

6.3 Freezing the initial state

An essential notion of the standard technique for proving completeness consists of
what is called freezing the initial state. To explain this notion, let, only in this para-
graph, p denote a program of some simple procedural language (like the ones treated
in [3] or [10]) and ¢,0' denote some simple functions assigning values to program
variables. Let  denote the set of program variables occurring in p, 2 denote a corre-
sponding sequence of logical variables and # = 7 abbreviate \;(#; = z;). Furthermore
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let SP(p,Z = Z) be an assertion describing the set of final states resulting from exe-
cutions of p starting in a state satisfying £ = Z. In the standard completeness proof
an important consequence of the definition of the notion of strongest postcondition is
that the assertion SP(p,Z = Z) in the following sense describes the graph of p:

o If the execution of p starting from the state o results in the state o then
SP(p,z = z) holds in o' when the logical variable z; is interpreted as o(z;), the
value of z; in o.

e If SP(p,z = z) holds in a state o', assuming the logical variable z; to be inter-
preted as some value d;, then there exists an execution of p starting from the
state o'{d;/z;}; which results in o'.

Note that the logical variables  are used to “freeze” the initial state.

Now one of the problems in applying the standard techniques for proving completeness
to our proof system consists of how to store a state in a finite set of logical variables. A
simple assertion like Z = 7 does not make sense, because a variable z can be evaluated
only with respect to some object. To be able to construct an assertion which expresses
how a state is stored in the logical environment we introduce some special logical
variables. First we fix for each class name ¢ the logical variables cr., bl. € LVar,..
Every existing object belonging to class c is supposed to be a member of the sequence
denoted by cr.. For convenience, we also include nil in cr.. The sequence denoted
by bl. on the other hand is supposed to contain all the blocked objects belonging to
class ¢. Furthermore for each instance variable zg we fix a logical variable iv, € LVary.
and, finally, for each temporary variable 1y we fix a logical variable tv, € LVary. The
sequence denoted by iv., ¢ € [Var®, will store the value of the variable z for every
existing object belonging to class ¢ in the following way: Every existing object of
class ¢ occurs at least once in the sequence denoted by cr.. Now the ith element of
the sequence iv, is the value of the variable z in the object that is the ith element of
the sequence cr.. The value of tv,, u € TVar, just equals that of u.

All these newly introduced logical variables we assume to be distinct. We let st
denote a particular sequence (without repetitions) of these logical variables. Now we
are ready to define formally the assertion tnit, which expresses that the current state
is represented by st. In other words, init is our analogue of the assertion z = z.

Definition 6.24
We define the assertion init as follows:
tinit = A_er.-1=nil A Vzedi(ze = cro i) A
AcVi(Aerve((ere-i) .2 = dv, -1)) A
Averv(u = tvy,) A
Acl(be = bl.)
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where IVS = UgIVary, TV = Ua TVary, and the logical variable i is supposed
to range over the integers. Note that in our assertion language we do not have
equality between logical expressions of type d*, for an arbitrary d. However, these
equalities can easily be expressed in the assertion language: If I, and l5 are two logical
expressions ranging over sequences, then I; = [, can be expressed as Vi(ly -1 = k- i),
where i is some logical integer variable. Furthermore we remark that for every class
name ¢ we have init € Ass®.

In the following two definitions we define a transformation of a logical expression and
an assertion such that the transformed versions only refer to the logical environment.
Expressions referring to the state will be translated into expressions which refer to
the corresponding part of the logical environment st used to reflect the state. The
problem such a transformat ion poses can be best explained by the following example:

Example 6.25

Suppose we want to transform the expression consisting of the instance variable z.
This expression denotes the value of z with respect to the object denoted by the
expression self. But to look up this value in the logical environment one has to know
where the object denoted by self occurs in the sequence denoted by cre, assuming T €
IVarS, for some d. However, this cannot be determined statically! Note also that we
cannot force the existing objects of a class, say class c, to occur in a particular order in
the sequence denoted by c7e. Our solution to this problem consists essentially of using
a second logical expression, of type Bool, to describe under which conditions the first
expression correctly translates the original one. We will also need a number of logical
variables that range over integers, more precisely, over indices in the sequences cT..
In our example above, the expression z is then translated into the triple ({i},self =
¢re - 1, iUy - i), where i is some logical integer variable. This is interpreted as follows:
Whenever the variable i takes such a value that the Boolean expression self = cre -1
is true, then the expression ivg 1 takes the desired value.

The analogue of these transformations in the standard completeness proof is the
substitution [Z/Z], where Z is the part of the logical environment which is used to
store the part of the state as specified by Z.

Definition 6.26
We define 1£[5t] = (i, 11Bool» I2a) for an arbitrary logical expression Ig by induction
on the structure of [5. Let € denote the empty sequence. We treat the following cases:

o z5[st] = ((3), self = cre - 1,2z - i)
where i is some fresh logical integer variable (it does not occur in st).

o uyst] = (e, true, tvy)
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o [[st] = (e, true,l)
where { = nil, self, true, false, n, or z.

. (Ef'mg)[§t1 = (E_O (j>|!l AIZ = CE{‘ '.fl ?.vz J)
where [ .[st] = (7,0;,1;) and j ¢ 7.

o (h+b)[st] = (G0, Al th) Lol o E B
where 0, [st] = (i1, h,,ly;), Lo[5t] = (3a,lay, ba,), 3 = 7, 0], J is some sequence
of fresh logical integer variables of the same length as s, f, = lo,[i/i], and
152 = ;22 [J/z?]

o (if lythen I; else I3 fi)[st] = (3, I, A lle Al ,if [, then Iézeife I, fi) o
where 1’1 [S_ﬂ = (El; lil ) 112 ), 12 [‘!‘]T = (fz, Igl y [22 }, !3'—3-1-[ = (i3, {31 ) 132 ), 2 = 3‘1 ng o
73, j2 and Jja are mutually disjoint sequences of fresh logical variables of the same
length as i, and 3, respectively, L, = by [72/%a], 1y, = b, [72/%,], Ly, = l3,[J3/73],
and Iy, = I3,[js/73].

o (h-b)[st] = (G0, Al 1, - 1) i -
where i [st] = (i), 1y,,1,), lo[st] = (Z2,02,,02,), i = 37 0],  is some sequence
of fresh logical integer variables of the same length as 7, Iy, = 15,[j/15], and
Iég = !22[-!'/!2]

o (h=0)[st] = (G by, Aly, 1y = 1)
where L[st] = (iy, 11, 1,), l[st] = (i2,12,,12,), i = 7y 0], ] is some sequence
of fresh logical integer variables of the same length as 7o, ly, = I,[j/i2), and
ly, = U, [J /2]

Note that in I$[st] = (i,11,1,), the expression I; describes where the relevant existing
objects, with respect to the evaluation of I3, are stored in that part of the logical
environment as specified by cr., ¢ € . An object is said to be of relevance with
respect to the evaluation of an expression if it requires the values of some variables of
this object. The expression I, then uses this information to select the relevant values
in that part of the logical environment where the values of the variables of the existing
objects are stored.

Example 6.27
Consider the expression z.z.y, where z ¢ LVar., x € IVarS,. We have

(zz.y)[st] = ((i,j) 2= cre-iNiv, i = crer - g, iy - §)
where i and j are distinct logical integer variables.

Definition 6.28
Next we define the transformation P¢ [st] for an arbitrary assertion P¢ by induction
on the structure of P°. We treat the following cases:
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o lg L5t = Fi(h A L2)

where !"Bool[s_ﬂ = (1,1l l2)-
° (P] A Pg)LgtJ = P]_i_glj A PgLS—tJ,

o (V2o P)|5t] = V2 P|st],
where a = d,d*, d = Int, Bool.

o (V2. P)|st] = Vzelzc € cre — P|st|).

o (VzoP)[st] = Vza(2za C €Te — P|st|),
where a = ¢*.

o (3z,P)|st] = 3z, P|st],
where a = d, d*, d = Int, Bool.

o (32.P)|st] = Jz(ze € cre A P|st|).

e (3z,P)|st] = Fza(za € cTe A Plst]),
where a = ¢*.

Here {; € [, abbreviates Ji(ly = b -i)and I} C I, abbreviates Vi(l; - € l5). Note
that, although nil € crc, the quantification in (VzcP) |st] and (3z.P)|st] excludes nil,
because quantification always excludes nil.

The following theorem states that the above transformation as applied to assertions
preserves truth. It can be seen as an analogue of the substitution lemma of first-order
predicate logic.

Theorem 6.29
Let P be an arbitrary assertion. Furthermore let @, §,w such that OK(c,§,w) and
o,8,w |= init. Then:

o, 6wz PCiff 0,6,w = Pe|st).

Proof

The proof proceeds by induction on the structure of P°. The case that P°¢ equals
B0l 18 treated as follows: We prove that for every logical expression I there ex-
ists a sequence of integers 7 such that o, §,w{a/i} = I and that for all such 7 we
have L[IE](w)(8)(o) = L[la](w{7/i}){(c), where I¢[st] = (3, l,l2). This is proved by
induction on the structure of Ig. a
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6.4 Invariance

In this section we formulate a syntactic criterion for an assertion to be invariant over
the execution of an arbitrary program. First we note that not allowing program
variables to occur in an assertion does not guarantee this invariance property! This
is due to the restriction of the range of the quantifiers to existing objects. Consider
the following example:

Example 6.30

Let P denote the assertion 32Vz'(z = z'), where z,z' € LVar, for some class name c.
This assertion P expresses that there exists precisely one object of class ¢. Let p° =
(U]z — new), U arbitrary and = € IVarS. Then it is not the case that = {P}p"{P},
because there exist two objects of class ¢ in the output state.

However, the standard technique to prove completeness relies heavily on the invariance
of assertions in which no program variables occur. To be able to apply this technique
we define the notion of quantification-restricted assertions.

Definition 6.31
We define an assertion P° to be quantification-restricted if

Pe o= ‘éool

| Az B Ny P
where a = d,d*, d = Int, Bool
| Jze(zc € zeo A PF)
| Fzee(zer C 2le A P9)
| V(2 € 2ee — PF)
| Vzee(zee € 2l — P¥)

Here we assume the variables z.. and z/. to be distinct and the assertion P at the
right-hand side of the symbol ::= to be quantification-restricted.

An important property of such a quantification-restricted assertion is that its truth
is not affected by the creation of new objects:

Lemma 6.32
For every quantification-restricted assertion P and every variable v such that v ¢
IVar(P)U TVar(P) we have |= P & Plnew/v].

Proof
Induction on the complexity of P. We treat the representative case of P = Jz.(z. €
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ze» A @), assuming the type of the variable v to be ¢: Now Plnew/v] = Jz(z. €
zee A Qnew/v]) V (v € zeo A Q[v/z])[new/v]. But as (v € ze+)[new/v] can be easily
seen to be equivalent to false the second disjunct will be equivalent to false too.
Furthermore we have by the induction hypothesis that Q[new/v] is equivalent to Q.
Putting these observations together gives us the equivalence of P and P[new/v]. The
case P = Vz(zc € ' — Q) is treated analogously. The cases of P = Jz-(ze- C©
zlo A Q),Vzee(2er € zt. — Q) are slightly more complex due to the complexity of
the substitution operations involved, but the reasoning pattern is basically the same.

8]

A consequence of this lemma is the following invariance property of quantification-
restricted assertions:

Theorem 6.33
Let p¢ = (Ulc: S) be closed and P° be a quantification-restricted assertion such that

IVar(P¢) N [Var(p®) = 0 and TVar(P)N TVar(p®) = 0. Then: F {P"‘}p“{P“}.

Proof
The proof proceeds by induction on the complexity of §. We consider the case of
§ =v— eglm(er,...,en): Let M be the smallest set such that

e pE M,

o if p = (U] 1 v — egtm/(eq, ..., )) € M
then p; = (Uci : vi « ehlmi(el,...,€,,)) € M,
where v; «— eblm(el,...,e}.) or eilm;(el, ... €} ) occurs in §', S’ being the
body of the method m'. In the latter case we have v; = rey,, assuming d; to be
the type of the result expression of m;.

Let M = {p1,..-,Pk} P = P1, assuming the following notational conventions: p; =
(Ue; vy « ehtmi(el, ... eh.)) € M and mi(ui, ..., ul) < Si T e occurs in U,
i =1,...,k Furthermore, & denotes the sequence €i,...,eh, and @' the sequence
uhie .,u:'l,.. Next we introduce for every class name c a new variable z-. We let
= denote a sequence (without repetitions) of these variables and b denote the cor-
responding sequence of the variables b. € BVar. Finally we put for i = 1,...,A:
F, = {P’}p;{P’}, where P’ = P¢[2/b][z./self], z. being a new variable.

Now we have that

Fi,....Fok {P'HUle:: s){P'}

(¢! being the type of eh). This is established by induction on the complexity of ;.
The only slightly less straightforward case of §; = v «— new is taken care by the
previous lemma.
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Putting P;, Q;, R; = P' and introducing some logical variable r; ¢ LVar(P") (of the
same type as the variable v;), i = 1,...,k, and observing that P'[&" [self, @'][b,, o
(self)/b.;} = P’ we infer by (NMR) that:

F {P’}(ch‘; : 51){P’}.
Next we put P;,Q, = P’ and Ry = P°[Z/b]. We have that:
|= Pi[e!/self, @'][self / 2, ][be, o (self)/be,] — Pez/b]

and
= Q1[e"/self, a'|[self / z, ][b., o (self) /b, ] — Ry[ry/v1].

Thus applying (MI) (or (MT)) gives us that:
- {Pf[z/EJ}pf{Pf[z/B]}.

Finally an application of the substitution rule gives us the derivability of the correct-
ness formula {P‘}p‘{P‘}. w]

6.5 Most general correctness formulae

Now we are able to prove that for an arbitrary p¢ = (Ulc : v — eolm(eq,...,m,))
the correctness formula {init}p"{.S’P}l(p",init}}, for some L C LVar, is a most
general one in the sense that an arbitrary valid correctness formula can be de-
rived from the proof system which results from adding these correctness formulae
as additional axioms. Completeness then follows by establishing the derivability of
{init}p‘{SP},(p", im't)}, for an arbitrary p¢ = (Ulc: v — eglm(ey, ..., m,)).

But first we need to introduce some new logical variables corresponding to those of st.
This is necessary because the variables of st have a fixed interpretation as specified by
the assertion init. But every valid correctness formula in which variables of st occeur,
implicitly provides these variables with some possibly different interpretation. To
avoid a clash between these different interpretations we must temporarily substitute
in the correctness formula, of which we want to establish its derivabili ty, every variable
of st by some corresponding new variable.

So we introduce for each ¢ fresh logical variables cri., b1, € LVar... For each
instance variable z € IVary we introduce the fresh logical variable wl, € LVarg.,
and with each temporary variable u € TVary we associate the fresh logical variable
tvly, € LVary. We assume again that all these newly introduced logical variables are
distinct. We let st/ denote a sequence (without repetitions) of these variables. We
can thus assume that st N s = 0.
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Furthermore we introduce for every temporary variable re4 (defined in the introduc-
tion to justify the assumption of the finiteness of the sets C, [Var, and TVar) a fresh
logical variable lreq. Let [re denote a sequence of these logical variables. We will use
the variable /re when applying the rule (ES): Applications of this rule will make use
of the variable re to store temporarily the result of the expression s. Therefore we
have to substitute occurrences of re in the precondition and the postcondition by the
corresponding variable lre. We will see later how to restore the original precondition
and postcondition after such an application of the rule (ES).

We start with the following lemma stating the derivability of valid correctness formu-
lae about simple assignments.

Lemma 6.34
For an arbitrary program p = (Ulc: v « €) we have

- {P)ofer)mpts - (}ofe)

Proof

Let v = u, u some temporary variable. (The case of v being an instance variable is
treated similarly.) By lemma 5.4 (note that we actually mean here the corresponding
lemma for the proof system based on the assertion language with quantification over

sequences) and the assumption that |= {Pc}p{Q} it follows that |= P¢ — Q°[e/u]. So
an application of the axiom (SAT) and the consequence rule gives us the derivability
of the correctness formula {P‘:}p{Q}‘ a

We have a similar lemmma for the creation of new objects:

Lemma 6.35
For an arbitrary program p = (Ulc : v « new) we have

(el imptes - {o{o}

Proof
Let v = u, u some temporary variable. (The case of v being an instance variable is

treated similarly.) By lemma 5.18 and the assumption that |= {Pc}p{Q} it follows
that |= P¢ — Q°[new/v]. So an application of the axiom (NT) and the consequence
rule gives us the derivability of the correctness formula {P"}p{Q}. O

Next we have the following lemma stating the derivability of an arbitrary valid cor-
rectness formula about sending messages:
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Lemma 6.36 ; i
Let p = (Ulc : v «— eg!m(ey,...,e,)) be a closed program. Furthermore let PEQs
and BVar C L C LVar (L finite) such that LVar(P,Q) C L\ st1, and st U stf C L.

Then:
= {Pc}p{Q"} implies {init}p{SPi(p, im't)} = {Pc}p{Q°}.

Proof
Let P' = P[sil/st] and Q' = Q[st1/st]. Furthermore we introduce the following
abbreviation: P” = P’|st|. We start with the assumption:

{init}p{ 5P (p, init)}.

By theorem 6.33 (note that P" is quantification-restricted, IVar(P") = 0, and T Var( P") =
0) we have the derivability of the following formula:

(Pl
Applying the conjunction rule gives us:

{P" A init}p{P” A SP5(p, init) }.

We next prove that [= P” A SP(p, init) — Q':
Let 0,6,w |= P" A SP{(p, init). So there exist a state o and an osi f such that

 f(o) = P[pl(7)(8")(e0), 7 arbitrary,

o 0p, 8 W' = init,

where §' = f(8) and v’ = f(w) | L.

By theorem 6.19 we have that f(o), f(§), f(w) = P". It is not difficult to check
that LVar(P") C L, so we have f(c),8',w’ |= P"”. Furthermore we have that =
{ﬂP”}p{—'P"} (by theoremn 6.33 we have - {ﬁP“}p{—-P”}, so the truth of the above
correctness formula follows from the soundness of the proof system). It follows that
o0,8',w" = P". By theorem 6.29, note that o, §',w’ |= init, we then infer ag, §',w’ |=
P'. By the soundness of the substitution rule (SR) we have that = {P}p{Q} implies

the truth of the correctness formula {P’}p{Q'}. So we infer that f(c),8,w' = Q.

But as LVar(Q') C L we have f(o), 4, f(w) = Q'. Finally an application of theorem
6.19 gives us the desired result 0,6, w = Q'.
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Now we return to our main argument. By the consequence rule we thus infer:

{P" A init}p{Q'}A

Next we apply the initialization rule (IR1):
{(P" A init}[ﬁ/ﬁ;]}p{Q’},

where @ is a sequence of all the temporary variables and fv denotes the corresponding
sequence of logical variables tv,, u € . Now we use the elimination rule (ER2):

{EI.-:_’{P” A im'!)[ﬁ/ﬁv]}p{Q'},

where z' is a sequence of the logical variables {cre, bl 1 ¢ € C}and {iv.: z € IVar}.
Note that instead of initializing the variables fv we could also eliminate them by rule
(ER1). However, applying the rule (ER1) would require some additional notational
machinery in order to deal with the extra case of nil.

Next we prove |= P' — 3z/(P" A init)[a/ fv]: Let 0,6, w be such that OK(c,d,w) and
o,8,w = P'. It is not difficult to see that there exists an w' such that w' differs from
w only with respect to the variables of st and o, 6,w' |= init. As LVar(P')Nst = D we
have ¢, 8,w' |= P'. Applying theorem 6.29 then gives us o, §,w' |= P'|st]. For every
temporary variable u we have a(g)(u) = w'(tvy), so we infer 7, 8,w’ |= (P" Ainit)[a/Tv].
So we conclude o, 8,w |= 32/(P" A init)[@/tv].

We thus have by the consequence rule:

{P}e{e}
Finally an application of the substitution rule finishes the proof. Note that since
LVar(P¢,Q°) N st = 0, we have that P'(st/si1] = P¢ and Q'[st/stl] = Q°, so we get

(¢}ofe)

a

We next have lemmas 6.38 and 6.39 stating the derivability of valid correctness formu-
lae about statements S = s, where s is a side-effect expression. In these two leminas
we make use of the following lemma:

Lemma 6.37
Let p = (Ulc:s) and p' = (Ulc: re s) be restricted programs (see definition 6.12).
We then have for arbitrary assertions P and @ that

= {P}p{Q} impies = {P}riQ},
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where P’ = P[lre/re] and Q' = Q[lre/re].

Proof

Let 0,6,w |= P' and o' = P[p'](7)(6)(¢). We have that o' = o"{B/re}, with
(e",8) = Z[s](v)(8)(a), v' = U[U](7). As re € TVar(s) (p being restricted) we
have (01,8) = Z[s](y")(8)(a0), with oy = ¢"{w(lre)/re} and oy = o{w(lre)/re}).
This being intuitively clear we feel justified in stating it without a proof. Now,
as 0,8,w |= P’ we have that 0g,8,w |= P. So from |= {P}p{Q} we then infer
o1,8,w |= Q, or, equivalently, o”,§,w |= Q'. Finally, as re ¢ TVar(Q'), we conclude
that ¢',6,w |= Q". o

Lemma 6.38
Let p = (U|c : s), where s = e, new. Furthermore let P, Q such that LVar(P,Q)Nlre =

0 Then = {P}o{Q} implies - {P}p{q}.

Proof
Let P' = P[lre/re] and Q' = Q[lre/re|, where lre and re are of the same type as the

expression s. By lemma 6.37 we have |= {P'}p'{Q’}, where p’ = (Ulc: re — s). By
lemma 6.34, in case s = e, and lemma 6.35, if s = new, we then have

- {Pfe)
- {)ofe)

Furthermore we have |= {h‘e = r‘e}(UIc :re’ — 3){!1'9 = re}. So again by lemmas
6.34 and 6.35 we have

So by rule (ES) it follows that

F {t"re = re}(U|c: re' — 3){£re = re}.
Applying again the rule (ES) then gives
F {Ir‘e = 7'e}p{£re = -re}.
Next we apply the conjunction rule
+ {Ere =reA F'}p{lre = re A Q’}.

Now |= (lre = re AQ') — Q and |= P — (3lre P" v P"[nil/lre]), where P" = Ire =
re A P'. (Note that Ire ¢ LVar(P).) So applying first the consequence rule for Q, then
the elimination rule (ER1) (note that lre ¢ LVar(Q)), and finally the consequence
rule for P, gives us the derivability of

- {Pye{e}.
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m]

We have a similar lemma for valid correctness formulae about a program p of the
form (U|c : eqlm(er, - .-, €a)}-

Lemma 6.39
Let p = (Ule : eo'm(ey,...,en)) be a closed program. Furthermore let P,Q, and
BVar C L C LVar (L finite) such that LVar(P,Q) € L\ (st1Ulre), stUst1U lre C L.
Then we have

= {P}o{Q) implies {init}'{sPue',init)} - {P}o{@},

where p' = (Ulc : req — eo!m(ey, ... ,€n)), assuming the type of the result expression
of m to be d.
Proof

Let P’ = P[lrea/req] and Q' = Q[lrea/rea]. An application of lemma 6.37 gives us
= {P’}p’{Q’} (remember that p is assumed to be restricted). By lemma 6.36 we

have
{inith'{ SPL(p', init)} {P}e{@}-
Applying next the rule (ES) gives us
{init}p’{SPL(p, init) } {P’}p{Q’}.
By theorem 6.33 (observe that req ¢ TVar(p)) we have the derivability of the formula
- {ireq = red}p{tred = req).
So by an application of the conjunction rule we have
{init}p{SPL(p. init) } 1= { P' A lreq = rea}p{ Q' A lreq = rea}.

Now we have [= (Q' A lreq = req) — Q. Furthermore for P" = P'Alreg = req we have
= P — (3lreqP" v P"[nil/lreg]) (note that lreq ¢ LVar(P)). So first applying the
consequence rule for @, then the elimination rule (ER1) (note that lreg ¢ LVar(Q)),
and finally the consequence rule for P finishes the proof. O

Next we have the following main theorem of this section stating the derivability of an
arbitrary valid correctness formula using as additional axioms the correctness formulae
of the form {init}p{SPL[p, init)}, where p = (U]c: v «— eg!m(er, ..., en)).

Theorem 6.40
Let p = (Ulc: §) be a closed program. Furthermore let P¢,Q¢, and BVar C L C LVar
(L finite) such that LVar(P,Q°) C L\ (st U Ire), st U st1 Ulre C L. Then:

= {P}p{@°} impties Ay, Fu - {P}o{Q7},
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where F; = {init}p;{SPF (pi, init)}, pi = (Ule; : v; — s;), with s;,..., s, being all
the send-expressions occurring in § such that v; « s; occurs in S or v; = rey, and s;
occurs as a statement in S. Here d; is assumed to be the type of s;.

Proof
The proof proceeds by induction on the complexity of S.

S = v — s: Depending on the structure of s, by one of the lemmas 6.34, 6.35, 6.36.
§ = s: Depending on the structure of s, by one of the lemmas 6.38, 6.39.

Si= 51;52: _
Let L™ = L\ (st1 U lre). We have by lemma 6.22

= {P}or{SP- (o1, P},

and

= {8PL- (o1, P)}p2{ SPL- (02, SPL- (o1, P}
where p; = (U|c: S;). By the induction hypothesis we have
iy, b {P<}pi{SPL- (1, P)},
and

Fiyos Fu b {SPo-(p1, P) }pa{ SPL-(p2, SPL-(p1, P¥)) .

It thus suffices to prove that |= SPp-(ps, SPr-(p1, P°)) — Q°: An application of
the rule for sequential composition (SC) and the consequence rule then gives us the
desired result.

So suppose that ¢,8,w |= SP-(ps, SP1-(p1, P°)), with OK(o,6,w). By theorem

6.21 there exist a state o and an os: f such that

e f(o) = Plp2l(7)(8')(a0), 7 arbitrary,
e ga‘ar,w’ i: SPL—(!’I:PC},

where §' = f(§) and v’ = f(w) | L~.
Now a¢, 8", w' |= SPr-(p1, P¢) in turn implies that there exist a state oy and an osi g
such that

o g(oo) = Plp](7)(8")(a}), 7 arbitrary,
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. Ja'éﬂ, wi‘! |: PC‘

where 8" = ¢(6") and w" = g(w') | L™.

To relate these computations of p; and pa we apply corollary C.8 of appendix C:
There exists an ost h such that h® | o‘},cl =g°| tréc), for every c, and h(f(a)) =
Plp21(7)(9(8))(g(0)), where 7 is arbitrary.

Since g(8') = &" it follows that h(f(o)) = Plp](7)(6")(a5), with v arbitrary. So by
o, 6%, |= P and |= { P}p{Q¢} we infer h(f(0)), 8", w" | Q°.

Now note that OK(og,8'). So we have h(ﬁfl)) = g‘(rﬁil]) = 5{'1] and h{é{z]{c)) =
9(6(2)0)) = 8(3)(cy» for every c. Thus we infer that § = h(8') = h(f(8)). Moreover
for z € L~ we have h(f(w(z))) = h(w'(2)) = g(w'(z)) = w"(z). Note that the
second identity is justified by OK(o9,8’,w’). So by theorem 6.19 and the fact that
LVar(Q°) C L~ we conclude o, §,wl= Q°.

S =if ...fi: Straightforward.

S = while e do 5 od:

In order to deal with this case we construct a loop invariant R as follows. Let L™ =
L\ (st1U Ire) and Lt = L~ U{zy, zy }, where z, and z,s are some new logical integer
variables. We define P! = P[z,, zw/u,u'] and Q' = Q[zu, 2w /u, ] Let p' = (Ulc:
while e A u < ' do Si;u — u+ 1 od). Furthermore let R’ = SPp+(p,P'ANu =0)
and define R = 3z R'[z, z/u,u/], where z € LVary is a new variable. Note that
LVar(R) C L*. Furthermore we have [= {P’}p{Q’} (note that u,u’ ¢ TVar(p), p

being restricted).

We have = P/ — R:

Let o, 8w |= P', with OK(c,8,w). We prove that for w' = w{0/z} we have 7,8,w’ |=
R'[z,z/u,v/]. Now 0,6, |= Rz, z/u, o] iff ¢',6,w |= R' by a straightforward
extension of lemma 5.4 (note that z ¢ Ezp), where o' = ¢{0,0/u,u'} (note that
z ¢ LVar(R')). Because u,u’ ¢ TVar(P') we have ¢/, 6,w |= P’ A v = 0. Furthermore
it is easy to see that o' = P[p'](7)(8)(¢"), with y arbitrary. Finally, as LVar(P') C LT
we have by theorem 6.21 ¢',8,w = R".

Next we prove |= R A —e — Q"

Let o,6,w |= R A —e. Solet a € N such that o', 8,w = R', where o' = o{a,afu, v}
So there exist f, g such that

o f(c') = Plp'](7)(8")(a0), 7 arbitrary,

o gg,8 W= P Au=0,
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where §' = f(§) and W' = f(w) | L*. Now u,u’ ¢ TVar(e) so o,6,w |= —e implies
a',8,w |= —e. By theorem 6.19 we have f(o'),d’, f(w) |= ~e. So from LVar(e) = 0
it follows that f(c'),é’,w’ |= —e. From this it is not difficult to derive that f(¢') =
Plel(7)(é')(a5), where of = oo{a, a/u,u'}. Now as u,u’ ¢ TVar(P') it follows that
op. 8", w' |= P'. So by |= {P’}p{Q'} we have f(¢'),8',w' = Q'. By LVar(Q') C L*
and theorem 6.19 we have ¢',6,w |= Q'. So that from u,u' € TVar(Q') we finally
conclude o, 8, w |= Q"

Finally, we have |= {R A e}pl{R}, where p; = (U|c: 51):

Let 09,8, w |= R A e, with OK(09,6,w), and o1 = P[p;](7)(8)(c0), with 7 arbitrary.
Let € N such that o,6,w |= R', where 0 = go{a,a/u,u'}. So there exist f,o
such that

* f(oo) = Plp'l(7)(6") (@), 7 arbitrary,

o g, WP AuU=0,

where §' = f(8) and o' = f(w) | LT.

So we have the following situation:

o8 % f(op)

Here 0,6 % ¢’ should be interpreted as o' = Plel(y)(é)(e), v arbitrary. We have
05.8,w |= e because u,u’ ¢ TVar(e). So by theorem 6.19 and LVar(e) = § we
infer f(0p),8",w' |= e. Now let of = o1{a,a/u,v'}. It then follows that o] =
Ple1[(7)(8)(0f). We now have the following situation:

P
00e6 £ Ty

m
b8 = o

a8 2 f(dh)

An application of corollary C.8 then gives us an osi g such that g° | o"E,cJ =f1 o-'gc)
for every ¢, and g(o7) = P[p1](71)(g(8))(f(oh)), with 4 arbitrary. Note that from
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OK (o}, 8) it then follows that g(8) = f(4) = §'. Finally, we thus have reached the
following situation:
0’0,5 E-&- (5]

l |
oh s B g
l l
0,8 % flop), 8 2 g(ol)
Now it follows that for o = o{a + 1/u'} and o3 = g(o7){a+ 1, a+ 1/y, u'} we have
o3 = PIp'](7)(6")(a2), with v arbitrary. (Of course this can be proved formally, but
as the intuition behind a formal proof is quite obvious, the main idea being simply
that the temporary variable u counts the number of loops, we think we are justified in
omitting such a proof.) Now ¢,8',w' |= P', u,u' ¢ TVar(P'), so 3,8 ,w' |= P', from
which in turn it follows by lemma 6.22 that o3,8',w’ |= R'. So we infer g(ay), 8", W' =
R. Now LVar(R) C L* and for z € L* we have g(w(z)) = flw(z)) = W'(2) (the
first identity follows from OK(cg,w)) so we have g(a}), 8", g(w) |= R. It follows by an
application of theorem 6.19 that o},8,w |= R. Finally, as we have u,u’ & TVar(R)
we conclude a1,8,w = R.

Now by = {R A e}pl{R} it follows that |= {R” A e}pl{R”} (note that w,u’ ¢
TVar(p1)), where R” = R[u,u'/zy, zu]. As LVar(R") C L~ we can apply the induc-
tion hypothesis:

Brssyas b RY /\e}pl{R”}‘

By theorem 6.33 we have
u’}pl{zu Zuhzy = u*}.

Furthermore we have = (R" Az, = uAzy = u') - Rand B — (R A 2y =
UA 2y = w24, 2ur/u, @] (note that u,u' ¢ TVar(R)). So applying the conjunction
rule, the consequence rule for the postcondition, the initialization rule (IR2), and the
consequence rule for the precondition gives us

B, ... F.F {RAe}pl{R}.

From an application of the rule (W) and the consequence rule, using the truth of the
implications P’ — R and R A —e — Q', it then follows that:

Fi,...,F. b {P’}p{Q’}.

Now again by an application of theorem 6.33 and the conjunction rule we have

I

F{zuiul\zup

F1,..‘,Fnl—{P’Azu:'u/\zu: iu'}p{Q’A:uiuA Zu iu'}.

We have |= (Q' A zy = uAzpy =) - Q and E P = (PAzy = uhzy =
u')[u, ¥/ zy, zw]. So applying first the consequence rule for @, then the initialization
rule (IR1), and finally the consequence rule for P gives us the desired result. O
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6.6 The context switch

In this subsection we prove the derivability of the correctness formula {init}p{SP‘L(p, z'm't}},
for p = (Ule : v «— eglm(eq,...,e,)) closed and BVar C L C LVar such that

st U st Ulre C L. From now on until the end of this section unless stated otherwise

we assume p and L to be fixed. We want to apply the rule (NMR) and theorem 6.40.

To apply the rule (NMR) we need the following definition:

Definition 6.41
Let M be the smallest set such that

s pc M,

o if p' = (Ule' : v' e eflm'(e],...,e})) € M
then p; = (Ule; : v; — ehlmy(el, ... ,c;‘.)) EM,
where v; « eglm;(e],...,e,.) or eflm(el, ..., €} ) occurs in S’ as a statement
(in this latter case we have v; = req,, assuming d; to be the type of the result
expression of m;), §' being the body of the method m'.

Let M = {p1,...,pr}, p = p1, assuming the following notational conventions: pi =
(Ule; : v; eé!mg(ei,“.,e;i)) € M, and m;(ui,...,uii] < S; 1 e; occurs in U,
i = 1,...,k. We let & denote the sequence eg,...,e;i. Furthermore let @ be a
sequence of all the temporary variables, and let the formal parameters of the method
m; be denoted by @*.

We start with a sketch of the proof strategy. To apply theorem 6.40 and the rule
(NMR) we have to define assertions P;,Q;, 7 = 1,...,k, such that LVar(P;,Q;) C
L\ (st1 U lre), and

F{PA A\ v = il A self ¢ b 1(U |l S:){Qiles/ri]}, (6.1)
where &' = @\ @ and ¢! is the type of e},
= init — Pi[& [self, @[g"/Z"][be; o (self)/b.,] (6.2)
and _ S
FE Qile/self, @'|[g"/ '] [b; o (self) [be,] — SP(ps, init)[rifvi], (6.3)

for some sequence of expressions §' and corresponding sequence of logical variables
Z'. Here r; for ¢ = 1,...,k is a logical variable of the same type as v;. By 6.1 an
application of theorem 6.40 then gives us

F,....F-{PA A\w} = nil A self ¢ bet J(Uel : $:){Qles/ra}
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where
Fl = {init}pg{SPcL‘(p;, init)}.

Furthermore by an application of the consequence rule, using (6.2), we have F; - F}
where

F; = { P& [self, &)[g"/ 2')(be, o (self) /bci]}pg{SP‘E(p,-, init)}‘

So we have

Byoon Iyl {P,' A /\v; = nil A self ¢ bc:}(U|CE : S,‘){Q;[E,‘/T;]}.

An application of (NMR) plus (MI) or (MT) and the consequence rule, using (6.2)
and (6.3), then concludes the proof.

We start with the considering equations (6.2) and (6.3): We define a substitution
which neutralizes the context switch. To do so we first introduce some new logical
variables.

Definition 6.42

We associate with u € # a new logical variable tvZ, of the same type and with
each ¢ € C a new logical variable id.. We define TwZ to be the sequence of logical
variables tv2, corresponding to the sequence . Finally let id', i =1,...,k, denote
the sequence consisting of the variable id., followed by the elements of tv2.

We have the following lemma about the neutralizing capacity of the substitution
[id’ /self, @] with respect to the context switch:

Lemma 6.43
For any 7 € {1,...,k} and every assertion P € Ass® we have
Pei{id’ fself, @[ fself, @] = P%[id [self, .
Proof
Straightforward induction on the complexity of P%. a

Note that the substitution [id' /self, @] transforms the assertion P into an assertion
in Ass® for arbitrary c. Furthermore it is easy to see that if LVar(P)nid =0
then = P% & Pe[id’ [self, @[ f/7d'], where f denotes the sequence consisting of the
expression self followed by the elements of #. Note that in general we do not have
that P is syntactically equal to Peifid’ /self, @[ f/1d'], as is shown by the following
example:
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Example 6.44 ) .
Take for P** = z = 2.y, where z ¢ id'. We have P%i[id' /self, @] = id.,.z = z.y and
(ide.x = z.y)[f/id'] = self.z = z 3.

Next we consider the substitution [b,, o (self)/b..]. Tt is not difficult to see that for
every assertion P we have

= (PSi[ble, /be,] A b, = bl o (self))[be, o (self)/bs,] — P,

But note that we do not have the other way around! However, as |= init — bl = b,
we do have

= init — ((init[ble, /be,] A bey = ble, o (self))[be, o (self)/b..]).

To summarize the argument above we introduce the following definition:

Definition 6.45
For any i € {1,...,k} and any assertion P € Ass% we define its reverse contezt swiich
R(P) as follows:

R(P) = (P [ble; /be;] A be; = bl o {self))[id /self, @]

We have the following lemma about this reverse context switch:

Lemma 6.46
For any i € {L,...,k} and every assertion P € Ass we have

= R(P%)[&/self, @][f/id'|[be; o (self}/bs,] — P.
and if |= P% — b, = bl then

= P — R(P%)[& /self, ][ f/id'][be, o (self)/b.,]).
Here f = self, .

Proof
Clear from the above. O

So at this stage candidates for P;,Q;, i = 1,...,k, satisfying equations (6.2) and (6.3)
are the assertions R(init) and R{SP7 (pi, init)[r;/v;]), i = 1,..., k. We now proceed
by analyzing equation (6.1). Suppose we are given that for some P and @ we have
= {P}p;{Q}. In general we do not have

E {R(P) A /\v} = il A self & b (U]} S {R(Q"ei/ni1},
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where Q' = Q[r;/v;]. This is because it is possible that the object executing S; is not
the object which is sent the message and furthermore nothing is said about the values
of the formal parameters. So we add to R(P) the information self = e}[id' /self, ]
and u} = ej[zﬁ'/self, @, j = 1,...,n;. We have the following lemma:

Lemma 6.47
b (f = (ei[id’/self, @]))[e"/self, @ F/id']
where f' = self, @' and f = self,@.

Proof
Easy. O

Note that from lemma 6.46 and lemma 6.47 it follows that for every P¢ such that
= PS — b, = bl;; we have

=P — (R(PYANS = (ei[id’ self, &])) (&' /self, @[ F/ id|[be, o (self) /be,]-
7

Now we are ready for the following lemma which shows how to transform a valid
correctness formula about sending a message into a valid formula about the execution
of the hody of the message by the receiver:

Lemma 6.48
For any i € {1,...,k} and every P,Q € Ass® such that |= {P}pi{Q} we have

e { P A A} = il Aself ¢ bey J(UIc} : $:{Q'les/ml},

7

where P! = R(P)AA; f} = (ef}[f&ii/self.ﬁ]) and Q' = R(Q[r;/vi]), with r; a fresh
logical variable of the same type as v;. Here o = @\ @'.

Proof

Let o,6,w |= P' A A; vi = nil A self ¢ b, for @,8,w such that OK(o,§,w), and
o' = P[(U|c: : S:)](7)(8)(e), with y arbitrary and # %L,

We define o7 = o{w(tv2.)/u}uea and &(;) = w(ide,), 6{2}@:) = §(3)(c) for every c.

It follows from lemma 5.28 that oy, 8", w |= Pble; /be;] A be, = ble, o (self).

Diext we define §” as follows: 6{’1) = 6{1)‘ 5{3}(55) = 5.{2)(“] \ {w(id,)}, and 5;{2}(61 -
6{2)KC) for any ¢ # c;. Furthermore we put wy = w{w(bl,)/bc;}. It then follows that
OK(a1,6",w) and 07,8",wy |= P.
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a,éwl|= P a',b,w = Q'lei/ri]
I ft
ay1,8',w = Plbl. /b, ] A b, = bl o (self) o' 8 w3 |= Q[bl,, rifbe,, vi] A b, = bl o (self)
) fr
,6"w = P = 03,8 w1 = Q

Figure 4: The structure of the proof of lemma 6.48.

Let on the other hand o” = ¢'{w(tv2,)/u}uea and

a"{B/v;}) ifv; € TVar
T =
YT epretid.) e ibee TV

where 8 = E[e;](8)(¢’) (remember that e; is the result expression of the method
m;). Now from o,6,w = A; f; = (ej—[i&l/self,ﬂ]) it follows from lemma 5.28 that
81y = L[eg[ed /self, l)(w)(8)(0) = LIep)(w)(8")(o1) and o(g)(u) = L]ej](w)(6")(an).
Furthermore from o,6,w |= self & by it in turn follows that &1y & §(3)(1). Now
putting this together with the assumption that ¢ = P[{U]c! : §;)](7)(8)(o), using
,6,w [= A; v} = nil, enables one to infer that o = P[p:J(7){(6")(01).

Furthermore we are given that |= {P}pi{Q} so from oq,6",w; = P and oy =
Plpil(7)(8")(o1) we infer that oy,6",wy = Q. Now let wy = w;{8/r;}. It then
follows by lemma 5.8 that ¢",6,ws = Q[r;/v;]. Next we note that as ws(b.) =
wi(be;) = w(bl,,) we have 0", 8" w3 = Q[r;, bl,, [vi, b,], where wy = w{B/r;}.

From ¢,4,w |= R(P) we infer that w(b.,;) = w(bl;;) o {w(id.,)). But w(id,) = 5{1) s0
we have ", 8',ws |= Q[ry, bl [vi, be;] A b, = bl o (self).

Now an application of lemma 5.28 gives us ¢',6,ws |= R(Q[r;/v;]). From this in turn
it follows that o', §,w = Q’[e;/7;]. ]

Now we want to apply lemma 6.48 taking init for P and SP{(p;, init) for Q. Note
that by lemma 6.22 we ha_ve I= {z’nit}p;{SP'E(p,—, im’t)}. Now taking for P; the asser-
tion R(init) A A; fi = (&[2/self,u]) and for Q; the assertion R(SPE (p;, tnit)[r:/v;])
we have by lemma 6.46 and lemma 6.47 that equations (6.2) and (6.3) are satis-
fied. However since in the assertions P; and (; new logical variables occur which are
not contained in L, we must apply theorem 6.40 for F; = {z‘nit}p;{SP%(pg, z'nz't)},
where It = LU {id. : c€ C}U {t2, : u € @}. But to apply the rule (NMR)
we then have to take for Q; the assertion R(SP, (p;, init)[r;/v;]). An application
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of (NMR) and (MI) or (MT) would then give us the derivability of the correctness
formula {init}p{SPE+ (p, z'nil)}. However, as |= SP$.(p, init) — SP%(p, init) (use
LVar(init) C L C LT), we have by an application of the consequence rule the deriv-
ability of {init}p{SP%(p, init) }.

But there is one problem we did not discuss yet. As st1 U lre C LVar(SPF, (pi, init))
we can not apply theorem 6.40! This problem is solved as follows: First we define
L~ = L* \ (st1 U Ire). Next we define the following abbreviation:

Definition 6.49
Let Subs(lre, stl,cr) abbreviate the assertion:

/\(crlc CercAbll, CceroAlre, € cre A /\ /\ wly CergA /\ tvl, € cr.).
c del xEIVar; ue TVar,

The assertion S-ubs(!?e, stl,¢r) states that all the objects which are denoted by a
variable of Ire or stf, or which occur in a sequence denoted by some variable of st
are stored in the corresponding variable of ¢r. We have the following proposition:

Proposition 6.50 )
Let P; = R(init) AA; fi= (ej[ﬂ‘/self, a]), Q7 = R(SPF_(ps, init)[ri/vi]) and 0 =
R(5P§+(pi, init)[r;fv;]). We have

= P; A Subs(lre, st1,¢ér) & P;

and )
|= Q7 [ei/ri] A Subs(lre, st1,ér) — QF [eifr:).

Proof
The first assertion follows immediately from the fact that the assertion init (and so

the assertion R(init)) implies the assertion Vz.(z € cr.), for every c.

Now we prove the second assertion. Let o,8,w |= Q [ei/mi] A Subs(lre, st1, ¢r). For
w1 = w{&[e:](8)(e)/ri}, we then have o, §,wi = Q7 A Subs(lre, st1,ér).

Next we define o' = o{wi(tw2,)/u}uca, and &y = wl(lzfdcl.), (ayey = 92)(0); for
every c. It then follows by lemma 5.28 that: o', 8", wy |= SPY_(pi, init)[r;, bl [vi, be, ] A
be, = bl., o (self) A Subs(lre, st1, cr).

For wy = wi{wi(bl;)/be;} and 6{’1) = 5{1), for ¢ # ¢ 6(”2}(C] = 5'2}(e}, otherwise:
5{'2)&) = 8(ay(e) \ 5;1), we have @', 8", wy | SPG_(pi, init)[ri/vi] A Subs(lre, st1, ér).
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Next, let

o' {wy(r;)/v;} if v; € TVar.

It follows that ¢”,8",ws = SP‘E_{p,', init) A Subs(lre, st1, ¢r).

. )8yl if v € TV
a_ﬂz{o‘{wg[?)/(l)z} if v; € I'Var

So by theorem 6.21 there exist f and op such that:

o f(a") = Plpl(7)(f(6"))(o0), with v arbitrary,
* 0o, f(§"),w' = init,

where w' = f(ws) | L=. Let oy = f(¢"). Now by theorem 6.19 we have that
a1, f(8"), f(ws) |= Subs(lre, st1,cr). So from {cr.: ¢ € C'} C L~ and the compati-
bility of w’ and ¢ we then infer the compatibility of f(w,) | Lt and 0. Let w" =
f(wa) | L*. We have that oo, f(8"),w” |= init, so we have ¢, § ,w, |= SP{.(pi, init).
From this it follows, by “reversing” the part of the above argument which led to the
statement 0", §",wy |= SPY_(p;, init), that ¢,6,w |= Q] [e;/7y]. m|

Now we are ready for the following theorem.

Theorem 6.51
Let the program p = (Ulc : v «— eglm(ey,...,€e,)) be closed and let BVar C L C LVar
such that st U st/ U lre C L. Then we have

- {init}p{SPi(p,éni!}‘

Proof
Let P; = R(init) A A; fj = (ej[i_d‘/self, u]), Q7 = R(SPF_(pi, nit)[r;/v;]) and Q] =
R(SP, (pi, init)[r;/v;]). Now by lemma 6.22 we get

= {init}p,—{SPE-(Pi,init)}
So we have, by lemma 6.48,

= {Pg A /\ vj— = nil A self ¢ bc:_}(Ulc:- - 5{){(2;[8,'/?‘;}.

An application of theorem 6.40 then gives us (note that the restrictions on the logical
variables are satisfied)

By B {Pin A\l = nil Aself ¢ by [(Ule} : $){Q5 [es/mi]},

J
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where
F! = {init}ypi{ SPG: (0, init) }.

Now by lemma 6.46 and lemma 6.47 an application of the consequence rule gives us
F;  F] where

F; = { Pe'/self, @[ f/ id|[be, o (self) /b poi{ SPG4 (pis init) }.
So we have

Fiy iy b B A\ = il A self by J{Ue} : S;){Q;[e;/r,ﬁ]}.

By theorem 6.33 we have
- {Subs(l;e, sti, c"r)}(U|c; § Sg}{Subs(l;e, sii, c'r)}.
So by the conjunction rule we infer

{P,' A ;v = nil Aself ¢ b A Subs(lre, stl, c‘-r)}
Biocsonnlom (Ulch: S3)
{Qi_[ei/r;] A Subs(lre, stl, c'r)}.

By proposition 6.50 an application of the consequence rule gives us

Fiyooo P b { P A \0) = nil A self ¢ b WU} S {QF lei/ il

We now can apply rule (NMR), making use of lemma 6.46, yielding the derivability
of the correctness formula:

{pl AN\ v} = il A self ¢ by HUet : Sl){Qf[elfrl]}.

Applying next (MI) or (MT) gives us the derivability of

{ P[!fself, @) F/2)[bey © (self)/be, ) o1 { SPL+ (1, init) }.
So an application of the consequence rule (the assertion init by lemma 6.46 implies
the precondition, and |= SPp+(p1, init) — SPL(p, init)) gives us the desired result
(note that py = p by definition)

F {mu}p{SPg[p, init) }.

We conclude with the completeness theorem:



101

Theorem 6.52
Let p° = (Ulc: §) be a closed program. We have for an arbitrary correctness formula

(ot

- {Poe{ s + {)orfa).

Proof

Let P’ and Q' result from substituting for every variable of st and lre a corresponding
new variable (new with respect to the sets LVm'(PC,Q"'],s-t,sfl,if;e). Let L C LVar
(L finite) be such that BVar C L, LVar(P',Q') C L and st U si1 U Ire C L. By the
soundness of the substitution rule we have = {P’}pc{Q'}, so applying theorem 6.40
gives us

BBy - { Pl

where F; = {init}p;{SPY (pi, init)}, p; = (Ulc; : v; ~— eflmy(el, ..., el )) and eblm;(el, . .

i = 1,...,n, are all the send-expressions occurring in S, and if such an expression
eé,!m;(e’i, .. .,ef“.) occurs in § as a statement we have that v; = reg,, assuming d; to
be the type of the result expression of m;. By theorem 6.51 we have the derivability
of F;, so we infer that | {P’}pc{Q"}‘ Finally an application of the substitution rule

gives us the derivability of {P‘}p‘{Qc}. O

7 Conclusions

In the previous sections we have given a proof system for SPOOL that fulfills the
requirements we have listed in the introduction:

o The only possible operations on object references (pointers) are testing for equal-
ity and dereferencing.

* In each state of the system only the existing objects play a role in assertions
about that state.

In fact, we have given even {wo proof systems fulfilling these requirements: one with
recursively defined predicates and one with the ability to reason about finite sequences
of objects.

The technique which we have given for computing the weakest precondition for an
assignment with respect to a given postcondition, a generalized version of substitu-
tion, seems very powerful. Especially the fact that is possible to do this for a new

sy B
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assignment, in the situation that it is not possible to mention the newly created object
in the state before the statement, is a little bit surprising.

The proof rule for message passing, incorporating the passing of parameters and
result, context switching, and the constancy of the variables of the sending object, is

a very complex rule.

It seems to work fine for our proof system, but its properties

have not yet been studied extensively enough. It would be interesting to see whether
the several things that are handled in one rule could be dealt with by a number of
different, simpler rules.

We have proved completeness for the proof system based on the assertion language

containing quantifica

tion over finite sequences using the standard techniques (see [3],-

for example). But how to apply these techniques to the proof system based on recur-

sive predicates remai

ns an open problem.

Therefore we must conclude that there is still some work to be done on these issues.
In addition, in the present proof systems the protection properties of object are not
reflected very well. While in the programming language it is not possible for one object
to access the internal details (variables) of another one, in the assertion language this

is allowed. In order

to improve this it might be necessary to develop a system in

which an object presents some abstract view of its behaviour to the outside world.
Perhaps techniques developed to deal with abstract data types are useful here.

Finally it is clear that the work on SPOOL is meant as a preparation for the study
of POOL, the parallel language. In the following two chapters of this thesis we show

how to combine a sy

stem like the one presented here with the known techniques for

reasoning about parallel programs.
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A A generalisation of the rule (MR)

In this section we show that in the recursion rule (MR), as introduced in definition 5.33
and adapted in definition 6.4, we can replace U~ by U itself, thus allowing nested
applications of (MR) to the same methods. Let (NMR) denote the recursion rule
resulting from (MR) by replacing all occurrences of U~ by U/. Furthermore let | -
denote the derivability using (NMR) (- denotes derivability using (MR)). We have
the following theorem:

Theorem A.1
For every correctness formula F' we have |- F iff - F.

Proof

=: We prove that if Fy,..., F,|F F then Fy,..., F, F F by induction on the length
of the derivation. We treat the case that the last rule applied is (NMR). So let the
following be an instance of (NMR):

F,...F, R, .., F|-F, . . F
Fy

where F{ = F. Let U be the unit occurring in this application of (NMR). We may
assume without loss of generality that all the methods declared by U are specified by
one of the F;. (Otherwise, let {py, ..., px}, where p; = (Ulc; : v; eplmiel, ... el)),
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be all the send statements occurring in U. Now simply add to F,. .., Fy fori =
pewoy By Gi= {true}pg{true}, and note that

Giy.-.,Gr F {true}(U[c:- : S,-){true}

where c! is the type of e, and §; denotes the body of m;.) We shall prove by induction
on the number of applications of (NMR) in the derivation Fy,...,FalF Fi .o F!
that for some Hi,...,Hi, Hi,---s His H!,...,Hj such that for 1 < i<k

H! H;
H;
is an instance of (MI) or (MT), we have:

By B B ey B b B B Bl

where, for G = {P}(U|c ; S}{Q}, G denotes {P}(Eh: : S){Q}, E being the empty
unit. Having proved this we apply (MR) thus yielding - Fi(= F). Here we go:

Induction basis: Assume that no application of (NMR) occurs in the derivation
Fi,....,FlF Fl,..., F'. So we have that By Fat ™ Flsap F!, where -~ denotes
derivability from + without (MR). It is not difficult to see that it suffices to prove by
induction on the length of the derivation that for an arbitrary correctness formula G
if Fy,..., Fot~ G then for some Hy,..., He, Hi, ..., He, Hi,..., Hj we have

Fls---;pnagla'--ygk‘_ ng{,---:HL:
where fori = 1,...,k
H! H;
H;
is an instance of (MI) or (MT). We treat the only interesting case that the last rule
applied is an instance of (MI) or (MT). So suppose Fy,...,Fa b~ G',G, where
¢ G
G
is an instance of (MI) or (MT). Now by the induction hypothesis we know that for
some Hq,..., He,H1,o ooy His H ey Hi
F];--‘-,Fn,ﬂh---,gk]— Gdlﬂ—{v--sﬁ;u

such that fori =1,...,k

s an instance of (MI) or (MT). Now let Hiy1 = G, Hipy = G, and Hy, = G'. We
then have that
Fla---anles-'-rEkﬁ-l = G!'H{v""ﬁ;c-i‘l'
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Induction step: Let fori =1,...,m

LG GGG, LG
Gi'

be all the applications of (NMR) in the derivation Fi,..., F,|F F{,..., F! such that
Fi,..,F,GY, ... ,GMFF!,... F.

By the same induction argument as used in the basis step above we have for some
Hy,...,Hy, Hy,...,Hy, H{,...,H| (such that for: = 1,...,k

H
H;

is an instance of (MI) or (MT)) that
Pi,...,FoHyyoo B, GY, GV = R P HLL ... HY,

where = denotes derivability from F minus the rules (MR), (MI), and (MT). Now,
applying the induction hypothesis gives us fori = 1,...,m: H{, e e Hi, L H,’;‘_,
Hi, .‘.,ch‘,' such that

f

HvesGhas By B - G G BT
Now it follows by a straightforward induction on the length of the derivation
Figevoy By Higess B GF 3 ig OV ES Blyvisy By B oo HE
that
FulJGulUrit FulJgivuUHi
i i i i

where

o F={F,....,Fo1}, Fopi=H;,i=1,.. .k,
6 PPl 3 Bl = HLG =000y
o G:={G},....,GL},1<i<m,

. g;:{éi‘,”_,éf“r}‘l < 55.7“!

H,‘——-{I_f{,...,f?f;‘,},lﬁiﬁm,

o Hi={H{,.. Hi'},1<i<m.

<=: This is proved in a similar way as the other direction. ]
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B Expressibility

In this section we show how to formulate the assertion SPS(p°, P°) in our assertion
language, for an arbitrary closed program p¢, BVar C L C LVar (L finite), such that
LVar(P¢) C LVar.

As in section 6 we assume the sets C, I'Var, and TVar to be finite.

B.1 Coding mappings

Assumption B.1
We assume the existence of the following coding mappings:

e For every instance variable or temporary variable v € ITVar we have [v] € N,
and for an arbitrary program p we have [p] € N.

o Foreveryde CT,[Js € 0¢ — N denotes an injection such that [L]g = 0. In
addition, we assume that the function [t is surjective.

o For every state o € ¥ such that OK(o), [¢] € N.

o For every context §° € A% [§°] € N.

Furthermore we assume that the mappings []j5; and [JBool are definable in our as-
sertion language. That is, we regard the following function symbols as abbreviations
for assertions that are expressible in our assertion language:

e Ic(n) = m (mnemonic: integer coding) iff [n]jny = m.
e Bc(b) = m (mnemonic: Boolean coding) iff [blggol = M-
o Id(n) = m (mnemonic: integer decoding) iff [m]|n = 1
To be precise, with the first assumption above we mean that there is an assertion

Ie(z1) = za2, where 7 and z, are integer logical variables, such that for every ¢ €
T,§ € A,w € Q with OK (g, §,w) we have

o,6,wl= Ie(z1) = 22 iff [w(z1)]jnt = w(z2)-

In fact from now on for every ¢ € C and a € O we identify [a)c with a. So we
assume O° C N.

In the same say we assume the following predicates and functions to be expressible
in our assertion language:
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e E(n,m) (mnemomic: exists) iff there exist a ¢ € £ and a € ¢(¢) such that
[a]c = n and [o] = m.

e A°(n) = m (mnemonic: active) iff there exists a § € A such that [§] = » and
[6(1))c = m.

e B¢(n,m) (mnemonic: blocked) iff there exist a § € A and an a € d(2)(c) such
that [a). = n and [§] = m.

e Valg(k,l,m) = n (mnemonic: value) iff there exist ¢ € £, a € ¢(9), and 25 €
IVary such that [a]. = k, [25] = [, [¢] = m, and [o(a)(z5)]a = n.

e Valg(l,m) = n iff there exist a ¢ € £ and a ug € TVary such that [ug] = I,
[0] = m, and [o(ug)]s = n.

o T°(n,m,l, k) (mnemonic: transforms) iff there exist a closed p € Prog®,§ € A€,
and o,0’ € T such that OK(o,8), [p] = n, [6] = m, [o] = [, [¢'] = k, and
o' = P[p](7)(6)(o) (where 7 is arbitrary).

The above assumptions may appear quite implausible at first sight, but they can be
justified by Church’s Thesis, which states that every function or relation that can be
effectively calculated is recursive, together with the (mathematical) fact that every
recursive function is representable in the standard Peano theory of natural numbers
and therefore it is certainly definable in our assertion language. (For a discussion of
these issues, see [5] or [9].)

B.2 Arithmetizing Truth

To express the strongest postcondition we have to arithmetize the truth of an assertion
in a state. More precisely, we will define a translation which transforms an arbitrary
assertion into an assertion in which no instance variables or temporary variables occur.
The idea of this translation is similar to the one given in the definitions 6.26 and 6.28.
But instead of transforming an assertion into an assertion referring to a sequence
of logical variables used to store the state, we now transform it into an assertion
referring to the code of a state. This is necessary to be able to use the predicates of
assumption B.1, in particular the predicate 7.

To get started we introduce some new variables: Let i denote a sequence of some
variables by € LVar.., ¢ € C. We shall use these variables to store the essential
parts of the bijections that constitute an osi (see definition 6.17). The way in which
this is done will be made precise in definition B.3, but here we can already explain
how the bij can be used as a kind of decoding tables. To that end we assume that we
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have a certain state o such that for every ¢ € C and a € O

a ifa€ol®

elt(,ﬁ‘ [a]c] =

1 otherwise.

where 3 € O is the value of bij° in a certain w. So every existing object of class ¢
occurs in the sequence denoted by bij¢ at a position which equals its code number. It
is important to note that we cannot express this property of the sequence denoted by
bij in the assertion language: There exists no assertion P(bij°) such that for every
o, §,w with OK (o, §,w) we have o, §,w |= P(bij®) precisely if the ahove property holds.
This is because at the level of the assertion language objects simply are not integers.
Fortunately we shall not need the expressibility of exactly this property, but only of
this property modulo an osi. This is the subject of section B.3.

Definition B.2

Let 2%, z° be some logical integer variables. We assume that the value of 27 equals
the code [o] of some state ¢, and that the value of == equals [a]. for some a € oo,
:For every logical expression I5 we define 15[2%, z7] as a triple (i, LBool® lafnt)s where
7 denotes a sequence of logical integer variables, and I; and I are logical expressions.
Note that we do not define this transformation for logical expressions of type d* with
d € C*. The idea behind this transformation 15[ 2%, 27 = (i,11,12) can be described
as follows: The expression [; is constructed such that it is only true if the variables i
contain the code numbers of certain objects that are relevant for the evaluation of {3.
To do this, I; can consult the variables bij as a translation table from code numbers
to actual objects. Using this information, I is a translation of g such that every
operation on objects described by I§ is translated into a corresponding arithmetical
operation on code numbers.

Here is the formal definition:

o 25[2%,27] = (€, true, Valg(z" k,z7%)),
where k = [z§] and ¢ is the empty sequence.

o ug[z%,27] = (e, true, Valg(k, z7)),
where k = [ug).

o nil[2%,27] = (€, true, 0).
o self[z%,27] = (¢, true, =%).

o 1[z%,27] = (e true, Be(l)),
where [ = true, false.

o n[z%,27] = (e true, [nljnt)-
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2t [ 2%, 27] = (e, true, Ic(z)qy),
ZBool[ 2%, 27] = (€, true, Be(zpgo))-

ze[2%,27] = ({(i),if z. = nil then ¢ = O else byy° - i = z fi, 7).

(85 25) [, 2] = (3, b, Val§ (I, k, =),
where k = [25] and I5[2%,27] = (3,01, 2)-

(""Int' !Int” —| = (i II:I‘:(zlnt Id(IQ))):
(!Bool* - flnt)fz z7] = (i, l1, Be(lgogr - 1d(12))),
where {j,,[2%,27] = (i, 11, 2).

]

(1as - {|"t)[z“,z = (1o (j), s Nif Ige - Id(l3) = nil then j = 0 else bij?
lge - Id(13) f1,7),
where d € C, I|4[2%,2°] = (i,11,12) and j is a fresh integer logical variable.

(h+ L)%,z = (i, L, A I, Ie(Hd(l,) + Id(!éz))) S

where /;[2%,27] = (il‘lll,flz)g Ip[2*,27] = (22,02,,2,), 1 = 51 ©j, J is some
sequence of new logical integer variables of the same length as i, l, = Iy, [j /2],
and Iy, = by, [j /7).

if I then [ else I3 fi[z%, 27] = (3,1}, Al A 15_1 ,if 11, then I else I fi)
where [ [2%,27] = {%1,31,,31,) Ip[2* '—ﬂ (22,12, 12,), I3[ 2%, 27 = (i3, 13, 13,),
i=1,0]jp0 J3 j2 and ja are sequences of new Ioglcal variables of the same

length as i, i3, respectively, such that i;, j, and 73 are mutually disjoint,
b, = I, [J2/32], b, = 13,[J2/%2), I3, = I3,[Ja/33], and 8, = I3,[Fa/13).

(h =h)[=%,27] = (1,h, A ly, flzﬁég) ) o

where [;[z%,29] = [tl,lil,fh), [2%,2°] = (32, 12,,0a,), T = i1 0j, 7 is some
sequence of new logical integer varlables of the same length as i,, 15, = 1, [j/7,],
and !23 [z,[]/lg]

we define for every assertion P¢ its transformation P¢|z®,z7].

Booll2%:27] = Ji(l Al = Bc(true)),
where I5_ | [z%,27] = (3,11, k).

(P A Pg}[z“,z"_] = P|2%,27| A Py 2%, 2°].

(325 P)| 2%, = 3z, P| 2%, 27|
for a = Int, Bool Int*, Bool”.

(324P)| 2%, 2% = Jz4(z4 € bij? A P|2%,27])
for every d € C. Here z4 € bij¥ abbreviates Ji zg = bij? - i (cf. definition 6.28),

(3240 P)[2%, 2| = Jzge(za0 C bij? A P| 27, 27])
for every d € C. Here z4- C bij¥ abbreviates Vi zge - € bij? (cf. definition 6.28).
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o (V2 P)|2%,27] = W P27
for a = Int, Bool, Int*, Bool*.

o (Vz4P)|2%,2°] = Vzd(zd € bijd — P|z%,7°])
for every d € C.

o (Vzg: P)|2%,27] = Vzge (24 C b3 — P[2%,2°])
for every d € C.

In this transformation we assume that the quantified variables are distinct from any of
the variables of bij. Note that the result of this transformation applied to an arbitrary
assertion is a quantiﬁcation-restricted assertiomn.

To describe the semantics of this transformation we need the following definition.

Definition B.3
Let w € Q,0 € %, and let f be an osi (see definition 6.17). Then we write
Code(w, o, f) iff for every c € C' we have :

. a'{f) = {elt(3°",n) : n € N}
e for all @ € o) and for all n € N we have

elt(3° ,n) = a iff fe(alpha) = n

where B¢ = w(bij®).

We write Coder(w,a, f) if Code(w,a, f) and additionally for every ¢ € C' we have

o w(z) € w(bij®) for every z € Ln LVar,

o w(z) C w(bij®) for every z € Ln LVarc

In a sense Code(w, o, f) can be interpreted as saying that w(bij¢) codes the restriction
of the osi f to the existing objects of 7.

Now we are ready for the following semantical interpretation of the transformation
described above.

Theorem B.4
Assume to be given the states o, o' o such that ¢ < ¢” and an osi f such that
F(o®) = o for every ¢ € C. Furthermore let w € Q and § € A® be such that
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OK(w,6,0") and Coder(w,o, f), where BVar C L C LVar. Then for every assertion
P¢ such that LVar(P°) C L and LVar(P°) N bij = @ we have

o\ & W' P iff " 6,w{n,m/:% 27} = P =%, 27,

where §' = f(8),w' = f(w) | L, n = [f(6(1))le; m = [¢'], and z*, 27 are new logical
integer variables.

Proof
Induction on the complexity of P¢. The case P = IcBooI is treated as follows. For
every logical expression I such that LVar(l5) C L and LVar(l5) N i = 0 we prove,
by induction on the complexity of I5, the following: Let 5]z, 27] = (3,11, 13) where
= - i,- Then there exists a unique sequence of natural numbers k = koo kg
such that

Ll (w{k,n,m/7, 2%, 27 })(8)(0") = ¢

and for this k¥ we have

[CLENN 8N ) = LIL)(w{k,n,m[3,2%,27})(8)(").

B.3 Expressing the coding relationship

In this section we show how to express in the assertion language the relationship
between a state and its code number. In definition B.6 we shall define the assertion
Bij(=7), which expresses, as accurately as possible, that the current state is coded by
the value of =7 and that the logical variables bij form a correct decoding table. How-
ever, it is only possible to express this up to isomorfism, as we shall see in lemma B.7.

Definition B.5
First we define the following auxiliary assertions:

° Cfint(r"n}:, 2% 3:) j Ie((bg5° _._‘.ia) ‘:fnt)ci Va{fﬂt(zc:- k,:—:"z, )
Clj'Boc'nl["‘gBC\u:vl’z :27) = Ie((byy© - = )"?Bool) = Vﬂ'fsod(-? ok, 27),

where k = [z].

o CIy(25,z%,27) =
((bzj€ - 2%) . 2§ = nil — Val§(z%,k,2%) = 0)A
(b - 2%) . 2 # nil — Yp((bij - ). 25 = bij? - p — Val§(=*, k, 2%) = p)),
where d € C and k = [z5)]

. CTInt(“lnt‘ ) = Ic(”‘fnt) = Vaﬁnt(k,z”},
CTBool(UBool 27) = Ie(uggel) = Valgool(k, %),

where & = [u].
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e CTd[udvza) =
(ug = nil — Vala(k, z%) = 0)A
(ug £ nil = Vp(bij? - p = ug — Vala(k,27) = p)),
where d € C and k = [ud]

Definition B.6
Next we define the assertion Bij(z”), where 2% is some logical integer variable, as
follows.

Bij(z) = A Vzi(bye i=2)A
A Vi(E<(3, 27) « bif® i # nil) A
A Vi (bij® i # nil = Ag Aservarg CI3(z,5,27)) A
A AueTvars CTalw,27)

The first conjunct states that for every ¢ the sequence denoted by bij¢ stores each
existing object of class ¢ exactly once. The second conjunct then can be interpreted as
stating that every existing object of class ¢ occurs in the sequence denoted by bij® at
a position which equals the code of some object that exists in the state coded by z7.
The third conjunct relates the local state of every existing object with the one of its
corresponding code. Finally, the fourth conjunct relates the values of the temporary
variables with their coded versions.

In the following lemma we show how this assertion Bij(z) can be used to describe the
isomorphism between two states.

Lemma B.7
Let ,w, f such that OK(w, o), Code(w, o, f) and w(z) = [¢].
Then:

o, 8,w |= Bij(2) iff f(o) = a,

for an arbitrary & such that OK(o,d,w).

Proof
Straightforward. a

B.4 Expressing the strongest postcodition

Finally we are ready for the theorem stating the expressibility of the strongest post-
condition.
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Theorem B.8

Let p° be closed, BVar C L C LVar, P such that LVar(P°) C L and b5j N L = 0.
Then: SP(p, P7) = 3bij, ..., bij°, 21, 23, 23(Q) (assuming C = {ey,...,¢4}),
where @ = A‘-SPSE' Qp, and

Ql = T([ch 21, 22, Z3)s
Q2 = Bij(z),
o (3 = bij®- A%(z)) = self,

Q4 = A Vi(B(i, 1) & bij® -1 € b.),

Qs = E[zc]-,. ey Zet, Al_(_ps"l By,
where
Rl = Ac('zf' ; bt)c)

Ry= AVI(E(i,2) o ze- -1 £ nil)
R3 = AC(A.‘.;EL(Z; € ‘z"-") A A::_EL(Z:" g :C']}
Ry = P°|z,2'|[2/bi], A%(21)/ 2, 22/ 2]

where l;, € Iy, for a = d*, abbreviates the assertion Vi(ly, -i = nil Vi, -i = g - 1),

and Z denotes a sequence zz, ..., z.» of fresh logical variables.
1 n

The quantification 3645, ..., bij°" will correspond to the phrase (in theorem 6.21)
“there exists an osi f”. The variables z;, z;, z3 will correspond to &, 09, and f(o),
respectively. The conjunction A;¢;<q Q; then expresses f(a) = P[p](7)(6')(e0). Fi-
nally, the assertion 5 expresses gq, 8’,w’ |= P, where w' = f(w) | L. Let us look into
this more closely. The conjunction R; A R, states that the variable Lyl 1<,
stores all the existing objects of oo (of class ¢;) at a position which equals its code.
The assertion Rj then states that w’ is compatible with ¢p. Finally, the assertion Ry
expresses that og,8',w' |= P.

Proof
Let 0,8,w |= SPE(p°, P°). So there exists fori = 1,...,n, o; € O%, and 51,082,083 €
N such that ¢, 6,0’ |= Q, where o' = w{a;/bij};{B1, B2, B3/ 21, 22, 23}

As 0,6,w" |= Q; there exists g, 01,4’ such that oy = Ple1(v)(6" ) e0), 7 arbitrary,
and [§'] = By, [oq] = B2, [01] = Ba.

Now let f be an osi such that for a € o(%) we have: f(a) = 3 iff elt(w'(bij%), B) = a.
(Note that as o,8,w’ |= Q2 we have that for @ € (%) there exists some 8 € N
such that elf(a;, ) = «, furthermore we have E%(, ;) so f € ar{c").] So we have
Code(w', 7, f) and by lemma B.7 we infer f(o) = a;.
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From o, §,w' = Q3 it follows that 5{1) = f(ém). Furthermore from ¢,8,w’ = Q4 it
follows that 6{2}(.:) = {fé(a) : a € w(b;)}. Note that OK (w,8,0) so we infer that
&' = f(8).

Finally, we have 0,6,w' |= Q5. So there exists for 1 = 1,...,n, ai € o, W' =
w’{aﬁ/zc‘e}‘- such that o,8,w” | Ajcjca B Let &' such that, for an arbitrary c,
@ = f1°(ol?). Tt then follows that o' X ¢ and by 0,6,0" = Aicjcs R we
have Coder(w", o', f), where w” = w{al/bij },-{6{1), B2/ z,2'}. Furthermore we have
0,6, w" |= P¢|z,2'], so we have by theorem B.4: ao,6, @ | P¢, where @ = f(w"') |
L = f(w) | L. This finishes one part of the proof.

On the other hand, let o, ao, §,w, f such that:

e f(0) = PLN(1)()(00), 7 acbitrary.
e ap, 8 W' = PC.

where §' = f(§) and w' = f(w) | L.

Let By = [8'], B2 = [o0], B3 = [f(o)] and o; € o¢, for i = 1,...,n (assuming
C = {c1,...1¢n}), such that elt(a;,m) = a(# L) iff a € ole) and fo(a) = m.
Furthermore let w" = w{a;/bij% }i{B1, B2, Ba/ 21, 22, z3}.

Now f(o) = PLp](7)(8')(o0) so we have o, 5w = Q1.

We have Code(w”, o, f), and w"(z3) = [f(@)], so by lemma B.7 we have ¢,0,w" |= (2.
From &' = f(§), OK(o,8,w) and OK (a0,8") it easily follows that o,8,w" = Q3 A Q4.
Let, for i = 1,...,n, a} be a subsequence of a;, such that or[(,c‘) ={a: elt(a,a) #

L}. Furthermore let w"' = w'{a,/zes }p- Now from o being a subsequence of a; it
immediately follows that o, 8,0 |= Ry.

From géci) = {a € 0% : elt{aj,a) # L} it in turn follows that o, §,w" = Ra.
Furthermore we have that oo and w' are compatible, and w' = flw) | L= fw") | L,
from which it follows that: o, 8, w™ | Ra.

Finally, let o' be such that for an arbitrary ¢ we have ¢'(¢) = f'lc(arg")) and @ =
w”’{a:-/bijc‘};{6;1],}’32/:,2'}. We then have that Coder(@,d’, f) and o' = o. So from
0o, 8", w' = P and o' = f(@) | L applying theorem B.4 it follows that 0,6, =
Pe|z,2']. So we infer that ¢, 8, w" |= Ra.

Summerizing we conclude that: o,8,w |= SPL(p", Pe). o
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C A closure property of the semantics

In this appendix we prove a closure property of the semantics with respect to object-
space isomorphisms. To get started it it turns out to be convenient to have the
following definition.

Definition C.1
Let ,Gf‘ - ,ﬂﬁ" be some sequence of ohjects. We define OK(,@‘:‘ o ,ﬁs" ,6,0) iff
OK (8,0) and additionally 8; € o%), i = 1,...,n.

Definition C.2
For

e Fe ( - 0‘1‘) - A" 5, — (E_i_ XOT‘),for some ¢, n,dy,...,d,,

e GEA - E, — (EJ_ XO‘f_),for some ¢, d,

e He A°—> X, — E,, for some c,
we define

e CI(F)iff for an arbitrary ﬁg", L .,,@ﬁ“,é, o,0d’, f such that OK(f1,-..,8,6,0):
if f(ﬁl! £33 'hsn)(‘s)(‘g) = (U;vﬁﬂ)

then there exists an osi g such that f¢ | ¢{9) = g¢ | ¢{°), for an arbitrary ¢, and

FFH(B1) - - @B F(O)F(2) = (9(c”), 9% (Bo)),

o CI(G) iff for an arbitrary 3,4, 0,0, f such that OK(§,0):
if G(8)(0) = (o', B)
then there exists an osi g such that f¢ | ¢{) = g¢ | ¢{9), for an arbitrary ¢, and

G(£(8))(f(a)) = (9('), g%(B)),

¢ CI(H) iff for an arbitrary §, ¢, ¢, f such that OK(§,0):
if H((6)(e) =o'
then there exists an osi g such that f¢ | ¢{9) = ¢¢ | ¢{°), for an arbitrary c, and

H(f(8))(f(a)) = g(a").

(Here | denotes the restriction operator.)

Now we are ready to analyse this closure property denoted by CI. We start with the
following lemma which states that the meaning of an arbitrary expression s € SEzp
satisfies this property assuming it holds for the meaning assigned to an arbitrary
method:
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Lemma C.3
Let v be an environment such that for an arbitrary method name m we have Cl(y(m)).
Then for every expression s € SEzp we have ClU(Z[s](7))-

Proof
The proof proceeds by induction on the complexity of s:

s = e: Note that we have by theorem 6.21 £[e](8)(0) = Ele](f(8))(f(a)) for an
arbitrary §, o such that OK(8,0).

s = newg: Let Z[news](7)(6)(0) = (¢',B). So we have pick?(c?) = 8. Let g’ =
pick(d)(f(or)(d)] and g be an osi such that f° | ol) = g¢ | (%), for an arbitrary c, and
g4(8) = B'. Tt follows that Z[newa](7)(f(8))(f()) = (9(c"),8").

s = eglm(ey,...,en): Let fori=0,...,n E[el(8)(e) = Bi (OK(8,0)) and
1(m)(B, - > B )(8) ) = (o', B), where

6{1) = ﬁl]
5{2)(‘:;) = 5(3}((::){6(2)(,:!} U 5(1)/(:"} eli=ng
Sayen = daxen ¢ #e

assuming s € SEzpg, for some d.

As we have Cl(y(m)) it follows that y(m)(f(B1), - -» F(Ba)(f(ED(f(2)) = (g(c"),9(B)),

for some osi g such that g¢ | (e} = f¢ | o9, ¢ arbitrary. (Note that by lemma 3.21
and OK (8, o) we have OK(B1,. .-, Bn, §',7).) By theorem 6.21 we have Ele:](F((f(a)) =
£(8;). Furthermore we have

F(8") 1y = £(Bo)
F8)2yen = £ (Bayen) L FE (Bgayen) Y fa/ey ¢ =c¢
F(5)2yen = € Biayen) e# o

So we conclude E[s(v)(F(§))(f(2)) = {9("), 9(8))- 0

Next we prove the closure property ¢! for the meaning assigned to statements assum-
ing it holds for the one assigned to expressions.

Lemma C.4
Let 7 be an agreement-preserving environment such that for an arbitrary s € SEzp
we have CI(Z[s](7)). Then we have CI(S[S](7)) for an arbitrary § € Stat.

Proof
The proof proceeds by induction on the complexity of S. We treat the following cases:
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S5 = z5 « 55 Let S[S](y)(8)(¢) = ¢” (OK(8,0)) and f be some osi. So we have
Z[s](7)(8)(e) = (o', B) such that " = o¢'{B/é(1),2z}. By Cl(Z[s](7)) it then follows
that there exists an osi g such that ¢¢ | o(® = f¢ | o{®), for an arbitrary ¢, and
Z[sI(r)(f(8))(f()) = (a(a'),g(B)). Now g(a") = g(o'){g*(8)/g°(§1),x}, s0 we
conclude S[SY(y)(f(8))(f(7)) = g(a”)-

S = 81;53: Let S[S)(v)(6)(e) = &' (OK(8,0)) and f be some osi. So there ex-
ists a ¢ such that S[S;](7)(8)(¢) = ¢" and S[S2](y)(8)(¢") = ¢'. By the in-
duction hypothesis we have for some ost g such that g¢ | ol = fe | ¢! for an
arbitrary ¢ and S[S:]{(y)(F(8))(f(c)) = g(¢"). Another application of the induc-
tion hypothesis gives us an osi h such that k¢ | ¢"(¢) = ¢¢ | ¢"(9), for an arbi-
trary ¢, and S[S2](7)(g(8))(g(¢")) = h(c'). Putting these applications of the in-
duction hypothesis together gives us k¢ | ol?) = f | {9, for an arbitrary ¢, and
SISTNF(E)(f(e)) = h(c'). (Note that by lemma 3.21 ¢ < ¢" and, as OK(§,a),
f(8) = g(é)-)

S = while e do S, od: Let S[S](7)(§)(c) = ¢'. So we have ud(§)(c) = &', where
$ is as defined in definition 3.14. Now it suffices to prove that for an arbitrary ¢ €
A€ — (81 — T ) such that Cl(yp) we have Cl(®(p)). So assume for some ¢ we have
Cl(p). Let ®(p)(0)(e) = o' (OK(4,0) and f be some osi. We consider the case that
Ele](8)(o) = t. By theorem 6.21 we then have E[e]( f(4))(f(c)) = t. Furthermore we
have ¢(8, S[S1](7)(6)(¢)) = o'. Let S[S1](7)(8)(e) = ¢”, by the induction hypothesis
it then follows that for some osi g we have g¢ | o(9) = f° | ¢(9), for an arbitrary ¢, and
SIS1J(¥)(f(8))(f(a)) = g(¢”). By assumption there exists also an osi k such that
he | o) = g¢ | ¢"(9), for an arbitrary ¢, and ¢(g(8), g(c")) = h(c'). Putting this
together gives us h*(a(?)) = f¢(o{°)) for an arbitrary c and (¢)(F(8))(f(o)) = h(c").
(Note that by lemma 3.21 ¢ < ¢" and, as OK (6,0}, f(§) = g(8).) m}

We proceed with the following lemma which states the closure property of the meaning
of class definitions assuming it holds for the meaning of statements:

Lemma C.5
Let 4 be an agreement-preserving environment such that CI(S[S[(v)) for an arbitrary
statement 5. Then we have for every method name m defined by D CI{(C[D](y)(m))

for an arbitrary class definition D.

Proof

Let 4 = C[D](y) and f be some osi. Now let the method name m be defined by
D, say m is declared as pg =, . We have v(m) = Mug, .. 1(7). Let pg 4 =
(w1,---,u) = S T e. Moreover let
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M[(u,-- Lup):9Te (7}(1611- --:ﬁk)(é](a‘) — (o.m‘ )

where o' = {0'(1),0'(2),0'E3))
0'E3)(u) = B if u=u
= 1 otherwise
o = SISING)E)
B = ElElO)")
= (o)

Note that we assume o # L and §(;) not to be blocked. If one of these do hold we have
o' = | from which follows that ¢/, 3 = L. By the assumption about y we have for
some osi g g¢ | o€ = f° | &'(¢), for every arbitrary ¢, and SeIST()(f(8)(f(e") =
g(c"). (Note that OK(f1,- ... Bk, §,0) implies OK(8,¢').) As a'®) = () for an
arbitrary ¢ we have g(ot)) = F(o!)) for an arbitrary c. By theorem 6.21 we have

9(8) = €[el(g(6))(g(a"))- (Note that as ¥ is agreement-preserving we have by lemma
3.91 ¢ < o, and so OK(4,0").) Putting this together gives us

M(ury. o) : S TelDFB)s - FBNF(EN(F(0)) = (g(a™), 9(B)).

O

In the next lemma we prove that the meaning of units satisfies the closure property
cl.

Lemma C.6

Let U = Dy, ..., D, be an unit such that every method occurring in it is defined by
it. Then for every method name m we have Cl(y'(m)), where U[U](v0) = 7" and 70
is the “empty” environment defined by

70(B)(6)(e) = (L, L).

Proof

We have 7' = |; 7i, 7o being the “empty” environment and C[D1]o:--oC[Dal(7i) =
Yi+1- We prove by induction that Cl(yi(m)), m arbitrary. From this it is not difficult
to prove that CI(y'(m)).

i = 0: Evident.

i = j + 1: By the induction hypothesis we have Cl(v;(m)). Furthermore by lemma
3.91 we know that 7; is agreement-preserving. From this follows by applying the
lemmas C.3, C.4 and C.5 that Cl(7i+1(m)). (Note that lemma C.5 can be applied
only for method names defined by U, but as we have 7i(m) = +o(m), for i € N and
m not defined by U this suffices.) m}
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We conclude this appendix with the following theorem which states the closure prop-
erty of the meaning assigned to closed programs:

Theorem C.7
For an arbitrary closed program p = (Ulc : §), environment 4 we have CI(P[p](7)).

Proof

First note that as p is a closed program we have P[p](y) = P[p](70). We have by
definition 3.18 that Pp](y0) = S[S](7), where ¥’ = U[U](70). By lemma C.6 we
have CI(y'(m)) for every method name m. So applying the lemmas C.3 and C.4 gives
us CI(S[S](7'). (Note that by lemma 3.21 ¥’ is agreement- preserving.) O

Corollary C.8
For an arbitrary closed program p, o,0”, 6, f such that o' = [p](7)(8)(c) there exists
an osi g such that g° | o(®) = £ | o) and g(o") = [o](7)(f(6))(/(<)).
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1 Introduction

The goal of this paper is to develop a formal system for reasoning about the correctness
of a certain class of parallel programs. We shall consider programs written in a
programming language, which we simply call P. The language P is a simplified
relative of POOL, a parallel object-oriented language [Am2]. POOL makes use of
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the structuring mechanisms of object-oriented programming [Mey], integrated with
concepts for expressing concurrency: processes and communication.

A program of our language P describes the behaviour of a whole system in terms
of its constituents, objects. These objects have the following important properties:
Tirst of all, each object has an independent activity of its own: a local process that
proceeds in parallel with all the other objects in the system. Second, new objects
can be created at any point in the program. The identity of such a new object is
at first only known to itself and its creator, but from there it can be passed on to
other objects in the system. Note that this also means that the number of processes
executing in parallel may increase during the evolution of the system.

Objects possess some internal data, which they store in variables. The value of a vari-
able is either an element of a predefined data type (Int or Bool), or it is a reference
to another object. The variables of one object are not accessible to other objects.
The objects can interact only by sending messages. A message is transferred syn-
chronously from the sender to the receiver. It contains exactly one value; this can be
an integer or a boolean, or it can be a reference to an object. (This is the only essential
difference between P and POOL: in POOL communication proceeds by a rendezvous
mechanism, where a method, a kind of procedure, is invoked in the receiving object
in response to a message.) Thus we see that a system described by a program in
the language P consists of a dynamically evolving collection of objects, which are all
executing in parallel, and which know each other by maintaining and passing around
references. This means that the communication structure of the processes is deter-
mined dynamically, without any regular structure imposed on it a priori. This is in
contrast to the static structure (a fixed number of processes, communicating with
statically determined partners) in [AFR] and the tree-like structure in [ZREB].

One of the main proof theoretical problems of such an object-oriented language is
how to reason about dynamically evolving pointer structures. We want to reason
about these structures on an abstraction level that is at least as high as that of the
programming language. In more detail, this means the following:

o The only operations on ‘pointers’ (references to objects) are

— testing for equality
— dereferencing (looking at the value of an instance variable of the referenced
object)

e In a given state of the system, it is only possible to mention the objects that
exist in that state. Objects that have not (yet) been created do not play a role.

Strictly speaking, direct dereferencing is not even allowed in the programming lan-
guage, because each object has access to its own instance variables only. However, for
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the time being we allow it in the assertion language. Otherwise, even more advanced
techniques would be necessary to reason about the correctness of a program (see, e.g,
[Am3]). Nevertheless, the proof system presented in this paper formalizes reasoning
about dynamically evolving pointer structures at a more appropriate abstraction level
than the system developed in [Bo] where those structures are described in terms of
some particular coding of the objects.

The above restrictions have quite severe consequences for the proof system. The
limited set of operations on pointers implies that first-order logic is too weak to express
some interesting properties of pointer structures. Therefore we have to extend our
assertion language to make it more expressive. We will do so by allowing the assertion
Janguage to reason about finite sequences of objects. (This is not uncommon in proof
systems dealing with more data types than integers only [TZ].) Furthermore we have
to define some special substitution operations to model aliasing and the creation of
new objects.

To deal with parallelism, the proof theory we shall develop uses the concepts of
cooperation test, global invariant, bracketed section, and auciliary variables. These
concepts have been developed in the proof theory of CSP [AFR], and have been
applied to quite a variety of concurrent programming languages [HR]. Described very
briefly, this proof method applied to our language consists of the following elements:

o A local stage. Here we deal with all statements that do not involve communica-
tion or object creation. These statements are proved correct with respect to pre-
and postconditions in the usual manner of sequential programs [Apl, Ba, Hol].
At this stage, we use assumptions to describe the behaviour of the communi-
cation and creation statements. These will be verified in the next stage. In
this local stage, a local assertion language is used, which only talks about the
current object in isolation.

o An intermediate stage. In this stage the above assumptions about communi-
cation and creation statements are verified. Here a global assertion language is
used, which reasons about all the objects in the system. For each creation state-
ment and for each pair of possibly communicating send and receive statements
it is verified that the specification used in the local proof system is consistent
with the global behaviour.

o A global stage. Here some properties of the system as a whole can be derived
from a kind of standard specification that arises from the intermediate stage.
Again the global assertion language is used.

‘We have proved that the proof system is sound and complete with respect to a formally
defined semantics. Soundness means that everything that can be proved using the
proof system is indeed true in the semantics. On the other hand, completeness means
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that every true property of a program that can be expressed using our assertion
language can also be proved formally in the proof system. Due to the abstraction
level of the assertion language we had to modify considerably the standard techniques
for proving completeness.

Qur paper is organized as follows: In the following section we describe the program-
ming language P. In section 3 we define two assertion languages, the local one and
the global one. Then, in section 4 we describe the proof system. Section 5 presents an
example of a correctness proof for a nontrivial program. Section 6 presents the seman-
tics of the programming language, of the assertion languages, and of the correctness
formulas. In section 7 we prove the soundness of the proof system and in section 8 we
prove completeness. The expressibility of the assertion languages is studied in section
9. Finally, in section 10 we draw some conclusions.

2 The programming language

In this section we define the programming language P of which we shall study the
proof theory. This language is related to CSP [Ho2], in that it describes a number of
processes that communicate synchronously by transmitting values to each other, but
it has the additional possibility of dynamically creating processes and manipulating
references to processes. It can also be compared to Smalltalk [GR], since it describes
a dynamically evolving collection of objects where each has its own private data, but
in P each object is provided with an autonomous local process and it communicates
with other objects simply by exchanging a value instead of invoking a method.

A system, the result of executing a program written in P, consists of objects. On the
one hand these objects have the properties of processes, that is, each of them has an
internal activity, which runs in parallel with all the other objects in the system. On
the other hand, objects are in some way like data records: they contain some internal
data, and they have the ability to act on these data. An important characteristic
of the objects in the language P is that they can be created dynamically: Whenever
required during the execution of a program, a new object can be called into existence.

An object stores its internal data in variables (also called instance variables to dis-
tinguish them from the other kinds of variables that we shall need in the assertion
language). A variable can contain a reference to an object, which can be another
object, or possibly the object under consideration itself. Alternatively, it can contain
an element of a standard, built-in data type, of which our language P contains only
integers and booleans. The contents of a variable can be changed by an assignment
statement. The variables of one object cannot be accessed directly by other objects.
They can only be read and changed by the object to which they belong.
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Interaction between objects takes place by sending messages. The language P uses a
synchronous communication mechanism, that is, the sender and receiver of a message
perform the communication at the same time; the one that reaches its communication
statement first will wait for its partner. The sender of a message must always specify
the receiver explicitly. The receiver however, has the possibility of mentioning the
sender that it wants to communicate with, but it can also omit the indication of its
communication partner, in which case it is willing to communicate with any sender
that sends a message of the correct type. A message consists of a data value, which
is transferred from the sender to the receiver. This data value can be a reference to
an object or it can be an integer or boolean.

In order to describe by a program the unbounded number of objects in a system, we
group them into classes. All objects in one class (the instances of that class) have
the same structure of variables (each object has its own private variables, but the
variables of all instances of a class have the same names and types) and they execute
identical local processes. In this way a class can be considered as a blueprint for
creating new instances.

Let us now give a formal definition of the language P. We assume as given a set C
of class names, with typical element ¢. By this we mean that symbols like ¢, ¢, ¢1,
etc. will range over the set C of class names. (Appendix A.1 gives an overview of the
sets used in this paper, together with their typical elements.) The set C U {Int, Bool}
of data types, with typical element d, we denote by CT. Here Int and Bool denote
the types of the integers and booleans, respectively. For each ¢ € C and d € ct
we assume IVar§ to be the set of instance variables of type d in class ¢, with typical
elements z and y5. Such a variable z occurs in each object of class ¢ and it can
refer to objects of type d only. We assume that I VarGn I Varﬁl, = () whenever ¢ # ¢’
or d # d'. In cases where no confusion arises we omit the subscripts and superscripts.

Definition 2.1

We define the set BapS of expressions of type d in class ¢, with typical element ej.
Such an expression €5 can be evaluated by an object of class c and the object to which
it refers will be of type d.
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These expressions are defined as follows:

eg u= o
self ifd=-c¢

nil

n if d = Int

|

I

| true|false  if d = Bool
|

| e;fnt + ezfnt if d = Int

| el =e5 if d = Bool

An expression e will be evaluated by a certain object a of class ¢. An expression
of the form z denotes the value of the variable z that belongs to the object a. The
expression self denotes the object « itself. The expression nil denotes no object at
all. It can be used for every type, including Int and Bool. The symbols true and
false stand for the corresponding values of type Bool. Every integer n can occur as
an expression of type Int; it simply denotes itself. We assume that the standard
arithmetic and comparison operations on integers are available, but we list only the
operator ‘+’. We assume that all these operations result in nil whenever an error
occurs (e.g., division by zero or nil as an operand). Finally, for every type we have a
test for equality. The expression e; = e, evaluates to true whenever e; and e, denote
the same object (or both denote no object, viz. nil). Note that in the programming
language we put a dot over the equality sign (=) to distinguish it from the equality
sign we use in the metalanguage.

Definition 2.2
We next define the set Stat® of statements in class ¢, with typical element §°¢. These
statements can be executed by an object of class c.

Statements can be of the following forms:
8% = wiji=e
z5 := newy if d # Int, Bool
z5le§

o {=4
o ?yd

S1; 5%

|

[

l

| w3
[

| if e, then S§ else S5 fi
|

while €Rool do S°¢ od
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A statement S¢ can be executed by an object of class c. The object executes the
assignment statement z := e by first evaluating the expression e at the right-hand
side and then storing the result in its own variable z. The execution of the new-
statement z := newgy by the object a consists of creating a new object 3 of class d and
making the variable z of the creator a refer to it. The instance variables of the new
object B are initialized to nil and B will immediately start executing its local process.

It is not possible to create new elements of the standard data types Int and Bool.

A statement z¢!e§ is called an oulpui statement and statements like z¢, 7y5 and 7yg are
called input statements. Together they are called I/O statements. The execution of
an output statement z15'ej by an object a is always synchronized with the execution
of a corresponding input statement zzf?yg or ?yf; by another object 3. Such a pair
of input and output statements are said to correspond if all the following conditions
are satisfied:

o The variable z; of the sending object o should refer to the receiving object 8
(therefore necessarily the type of the variable z; coincides with the class ¢’ of 8).

o If the input statement to be executed is of the form zgf ?yjl , then the variable z
of the receiving object 8 should refer to the sending object o (again, this means
that the type of the variable z; coincides with the class ¢ of a).

o The type d of the expression ej in the output statements should coincide with
the type of the destination variable y3 in the input statement.

If an object tries to execute a I/O statement, but no other object is trying to exe-
cute a corresponding statement yet, it must wait until such a communication partner
appears. If two objects are ready to execute corresponding I/O statements, the com-
munication may take place. This means that the value of the expression € in the
sending object a is assigned to the destination variable y in the receiving object 8.
When an object is ready to execute an input statement 7y there may be several
objects ready to execute a corresponding output statement. One of them is chosen
non-deterministically.

Statements are built up from these atomic statements by means of sequential com-
position, denoted by the semicolon ¢.) the conditional construct if-then-else-fi and the
iterative construct while-do-od. The meaning of these constructs we shall assume to
be known.
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Definition 2.3
Finally we define the set Prog of programs, with typical element p, as follows:

pii= e STy nyony — S5 1 557)
Here we require that all the class names c¢y,...,¢, are different. Furthermore we
require for every variable 5 occurring in p that its type d is among ¢y, . . ., ¢,, Int, Bool
and that in every new-statement z := newy the type d of the newly created object is
among ¢y, ...,Cp-1-

The first part of a program consists of a finite number of class definitions ¢; «
Si, which determine the local processes of the instances of the classes e1,...,cn_1.
Whenever a new object of class ¢; is created, it will begin to execute the corresponding
statement 5;. The second part specifies the local process S, of the root class ¢,,. The
execution of a program starts with the creation of a single instance of this root class,
the root object, which begins executing the statement S,,. This root object can create
other objects in order to establish parallelism. Due to the above restriction on the
types of new-statements, the root object will always be the only instance of its class.

An example program

We illustrate the programming language by giving a program that generates the
prime numbers up to a certain constant n. The program uses the sieve method of
Eratosthenes. It consists of two classes. The class G (for ‘generator’) describes the
behaviour of the root object, which consists of generating the natural numbers from
2 to n and sending them to an object of the other class P. The objects of the class P
(for ‘prime sieve’) essentially form a chain of filters. Each of these ob jects remembers
the first number it is sent; this will always be a prime. From the numbers it receives
subsequently, it will simply discard the ones that are divisible by its local prime
number, and it will send the others to the next P object in the chain.

The class G makes use of two instance variables: f (for ‘first’) of type P and c (for
‘count’) of type Int (note that n is not an instance variable but an integer constant).
The class P has three instance variables: m (‘my prime’) and b (‘buffer’) of type Int
and | (‘link’) of type P. Here is the complete program:
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(P « ™m;
if m# nil
then | := new;
?b;
while b # nil
do if m /b then I!b; fi;
b
od;
11b
fi
f :=new; c:=2;
while c < ndoflc; c:=c+1od;

£ nil)

3 The assertion language

In this section we define two different assertion languages. An assertion describes the
state of (a part of) the system at one specific point during its execution. The first
assertion language describes the internal staie of a single object. This is called the
local assertion language. It will be used in the local proof system. The other one, the
global assertion language, describes a whole system of objects. It will be used in the
intermediate and global proof systems.

3.1 The local assertion language

Tirst we introduce a new kind of variables: For d = Int, Bool, let LogVar, be an infinite
set of logical variables of type d, with typical element zy. We assume that these sets
are disjoint from the other sets of syntactic entities. Logical variables do not occur
in a program, but only in assertions.

Definition 3.1
The set LEzp§ of local expressions of type d in class ¢, with typical element I3, is
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defined as follows:

true | false  if d = Bool

I5 u= z4
| s
| self ifd=c¢
| nil
| =n if d = Int
I
]

hig + 15, ifd=Int

] Ij E; = Iz;; ifd = BOOI

Definition 3.2
The set LAss® of local assertions in class ¢, with typical element p¢, is defined as

follows:
(-3 a9 i IC

P Bool
[ -pf

| pfAPS

| 3zap° (d=Bool,Int)

We shall regard other logical connectives (V,—,Y) as abbreviations for combinations
of the above ones.

An example of a local assertion is
S(b = nil) - Vi(2 <iAi<m - -(i | b)),

which we might abbreviate to b # nil » Vi(2 <i<m — 3 A b). Here i is a logical
variable of type Int. (Most of our examples will be in the context of the program at
the end of section 2.)

Local expressions 15 and local assertions P° are evaluated with respect to the local
state of an object of class ¢, determining the values of its instance variables, plus a
logical environment, which assigns values to the logical variables. Therefore they talk
about this single object in isolation. It is important to note that we allow only logical
variables ranging over integers and booleans to occur in local expressions, so that
only quantification over integers and booleans is possible, (By the way, the value nil
is not included in the range of quantifications.) As we shall see below, quantification
over other types would require knowledge of the set of existing objects, which is not
available locally.
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3.2 The global assertion language

Next we define the global assertion language. Since in the global assertion language
we also want to quantify over objects of any classc € C +, we now need for every ¢ € C
a new set LogVar, of logical variables of type ¢, with typical element z. To be able to
describe interesting properties of pointer structures we also introduce logical variables
ranging over finite sequences of objects. To do so we first introduce for every d € C*
the type d* of finite sequences of objects of type d. We define C* = {d* :d € ct}
and take ¢ = C* U C*, with typical element a. Now in addition we assume for
every d € CT the set LogVar . of logical variables of type d*, which range over finite
sequences of elements of type d. Therefore we now have a set LogVar, of logical
variables of type a for every a € ct.

Definition 3.3
The set GEzp, of global expressions of type a, with typical element gq, is defined as
follows:

ge U= Za

nil

|

| = if a = Int

| true | false if a = Bool
| gezg ifa=d

| lgal if a = Int

| gde : 9Int ifa=d

| g1pp T 921 if a = Int

| if gBool then g1, else g2q fi
| 914 = 924 if @ = Bool

A global expression is evaluated with respect to a complete system of objects plus a
logical environment. A complete system of objects consists of a set of existing objects
together with their local states. For sequence types the expression nil denotes the
empty sequence. The expression ¢.z denotes the value of the variable z of the object
denoted by g. Note that in this global assertion language we must explicitly specify
the object of which we want to access the internal data. |g| denotes the length of
the sequence denoted by g. The expression g; : g2 denotes the nth element of the
sequence denoted by g1, where n is the value of gp (if g2 is less than 1 or greater than
|g1], the result is nil.) The conditional expression if go then g; else ga fi is introduced
to facilitate the handling of aliasing (see definition 4.3). If the condition is nil, then
the result of the conditional expression is nil, too.
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Definition 3.4
The set GAss of global assertions, with typical element P, is defined as follows:

P = gBool
| -P
| PAP
| 3z, P

Again, other logical connectives are regarded as abbreviations.

Quantification over (sequences of ) integers and booleans is interpreted as usual. How-
ever, quantification over (sequences of) objects of some class ¢ is interpreted as ranging
only over the exisiing objects of that class, i.e., the objects that have been created
up to the current point in the execution of the program. For example, the assertion
Jz. true is false in some state iff there are no objects of class ¢ in this state. More
interestingly, the assertion

Vpdse(s:1=gfAs:|s|=pAVi(l<i<|s]| = (s:2)l=5:(2+1)))

expresses that every object of class P is a member of the I|-linked chain that starts
with g.f (where g is the generator object).

Next we define a transformation of a local expression or assertion to a global one. This
transformation will be used to verify the assumptions made in the local proof system
about the I/0 and new-statements. These assumptions are formulated in the local
language. As the reasoning in the cooperation test uses the global assertion language
we have to transform these assumptions from the local language to the global one.

Definition 3.5

Given a local expression I and a global expression g. we define a global expression
I3 | gc. This expression denotes the result of evaluating the local expression [ in the
object denoted by the global expression g. The definition proceeds by induction on
the complexity of the local expression {:

Ilg = ul if I = z, nil, n, true, false
zlg = gz

self | g = g

(h+h)lg = (Wlg)+(21l9)

(h=k)lg = (hlg)=(lg)
For a local assertion p° we define the global assertion p° | g. as follows:
(-p)lg = (-ply)
(AP Ly (Prlg)A(p2lyg)
(3zp) 1 g 3z(p | 9)

I
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As an example, note that (b # nil — Vi(2 < i <m — 2 /| b)) | p is equal to
p.b#nil - Vi(2<i<pm—1[pb).

3.3 Correctness formulas

In this section we define how we specify an object and a complete system of objects,
using the formalism of Hoare triples. We start with the specification of an object.

Definition 3.6
We define a local correciness formula to be of the following form:

{r°}5°{¢°}-

Here the assertion p is called the precondition and the assertion g is called the posicon-
dition. The meaning of such a correctness formula is described informally as follows:

Every terminating execution of S by an object of class ¢ starting from a
state satisfying p will end in a state satisfying g.

As said before, reasoning about the local correctness of an object will be done rel-
ative to assumptions concerning those parts of its local process that depend on the
environment. These parts are called bracketed sections:

Definition 3.7

A bracketed section is a construct of the form (S§; 5¢; 55), where S¢ denotes an I/O
statement or a new-statement, and in §; and 53 neither I/O statements nor new-
statements occur (note that §; and S, can each be composed of several statements
by means of sequential compositions, conditionals, or loops). Furthermore, if §=
z := new then the variable z must not occur at the left-hand side of an assignment
occurring in $;. The additional condition on the variable ¢, which is used to store the
identity of the new object, is to ensure that after the execution of the corresponding
bracketed section this new object is still referred to by the variable z.

Next we define intermediate correctness formulas, which describe the behaviour of an
object executing a bracketed section containing a new-statement or a communication
between two objects.
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Definition 3.8
An intermediate correciness formula can have one of the following two forms:

o {P}Hz,5°){Q}, where § is a local statement or a bracketed section containing
a new-statement.

o {P}(2¢,,57") || (22,>55%){Q}, where z and 2z’ are distinct logical variables and
(51) and (5,) are bracketed sections that contain I/O statements.

The logical variables z, z,, and z, in the above constructs denote the objects that
are considered to be executing the corresponding statements. More precisely, the
meaning of the intermediate correctness formula {P}(z, §){Q} is as follows:

Every terminating execution of the bracketed section § by the object
denoted by the logical variable z starting in a (global) state satisfying P
ends in a (global) state satisfying Q.

The meaning of the second form of intermediate correctness formula, {P}(z, 51) ||
(2, 52){Q}, can be described as follows:

ELvery terminating parallel execution of the bracketed section S; by the
object denoted by the logical variable z and of S, by the object denoted
by 2’ starting in a (global) state satisfying P will end in a (global) state
satisfying Q.

Finally, we have global correctness formulas, which describe a complete system:

Definition 3.9
A global correctness formula is of the form

{Pc 1 zc}Pc{Q}

The variable z in such a global correctness formula denotes the root object. Initially
this root object is the only existing object, so it is sufficient for the precondition of
a complete system to describe only its local state. We obtain such a precondition by
transforming some local assertion p to a global one. On the other hand, the final state
of an execution of a complete system is described by an arbitrary global assertion. The
meaning of the global correctness formula {p | z}p{Q} can be rendered as follows:

If the execution of the program p starts with a root object denoted by z
that satisfies the local assertion p and no other objects, and if moreover
this execution terminates, then the final state will satisfy the global asser-
tion @.
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4 The proof system

The proof system we present consists of three levels. The first level, called the local
proof system, allows us to reason about the correctness of a single object. Testing the
assumptions that are introduced at this first level to deal with I/O statements and
new-statements, is done at the second level, which is called the intermediate proof
system. The third level, the global proof system, formalizes the reasoning about a
complete system.

4.1 The local proof system

The proof system for local correctness formulas is similar to the usual system for
sequential programs.

Definition 4.1
The local proof system consists of the following axiom and rules:

Assignment:
{ple/=]}z := e{p} (LASS)

Sequential composition:

{p}$:{r}, {r}S2{a}
{p}51; S2{q} (LSC)
Conditional: D, Tkl w
521145, pAera21q
{p}if € then Sy else S5 fi{g} (LCOND)
Iteration: M-
€5o1p
{p}while e do S od{p A e} (LIT)
Consequence: oSt
p—p1, {p1pSimt, @ — 4
{p}S{q} (LCR)

Reasoning about new-statements and I/O statements is done by introducing assump-
tions about them, where assumptions have the form of local correctness formulas.

The substitution operation [e/z] occurring in the above assignment axiom is the
ordinary substitution, i.e., literal replacement of every occurrence of the variable = by
the expression e. This works because at this level we have no aliasing, i.e., it is not
possible that different local expressions denote the same variable. In the intermediate
and global proof systems we shall have to take special measures to deal with aliasing.
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4.2 The intermediate proof system

In this section we present the proof system for intermediate correctness formulas.

4.2.1 The assignment axiom

Definition 4.2
The assignment axiom in the intermediate proof system has the form

{Ple | 2/z2]}(z, 2 = e}{P} (1ASS)
where z € IVarg, e € Ezp§, z € LogVar_, and P € GAss.

First note that we have to transform the expression e to the global expression e | z
and substitute this latter expression for z.z because we consider the execution of the
assignment z := e by the object denoted by z. Furthermore we have to pay special
attention to the substitution [e | z/z.z] because the usual substitution does not take
into account that there are many different global expressions that may denote the
same variable z.z. This problem is solved by the following definition.

Definition 4.3

Given a global expression g4, a logical variable z, and an instance variable z5, we
define for any global expression g’ the substitution ¢'[g/z.z] by induction on the
complexity of g’ as follows.

g'lg/z.z] = g if g’ = 2', n, nil, self, true, false
(9"v)lg/z=] = glg/z=ly ify#=

(¢'-z)lg/z.2) = if g'[g/z.z] = zthen gelse g'[g/z.2].z fi

(91 = g2)lg/z.2] = (gilg/z.2]) = (galg/2.2])

The omitted cases are defined directly from the application of the substitution to the
subexpressions, like the last one. This substitution operation is generalized to global
assertions in a straightforward manner, with the notation P[g/z.z].

As an example, consider the postcondition Vi(1 < i < |s| — (s : ).z = 4) for the
statement z := y + 1, executed by the object. denoted by z. The precondition given
by the axiom (IASS) is

Vi(l<i<|s| »ifs:i=2zthen z.y+ lelse (s:4). fi =q).
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The best way to justify definition 4.3 is by comparing it to the ordinary substitution
[e/z], which is used in the local assignment axiom (LASS). The essential property
of this substitution is that the substituted expression, evaluated in the state before
the assignment, has the same value as the original expression in the state after the
assignment. Quasi-formally, we could write this as

[1fe/=]1(e) = [(e")

where o' is the state that results from executing the assignment z := € in the state o.
We could say that the substitution is a way of predicting the value that an expression
or assertion will have after performing an assignment.

Tt is easy to prove that the substitution operation defined in definition 4.3 has exactly
the same property:

[¢'lg/z-2])(e) = [¢'](c")

and
ol Plg/zz] <= o P

where ¢ is the state that results from o by changing the value of the variable = in the
object denoted by z to the value [g](o) that results from evaluating the expression g
in the state o.

The most important aspect of this substitution is certainly the conditional expression
that turns up when we are dealing with an expression of the form g'.z. This is
necessary because a certain form of aliasing is possible: After the assignment it may
be the case that g’ refers to the same object as the logical variable z, so that ¢'.x is
the same variable as z.z, which has the value [g](7). It is also possible that, after the
assignment, g’ does not refer to the object denoted by z, so that the value of g'.z does
not change. Since we can not decide between these possibilities by the form of the
expression only, a conditional expression is constructed which decides dynamically.

The notation [./.] may seem overloaded now, but it is always possible to determine
the required operation from the form of the arguments (see appendix A.2).

4.2.2 The creation of new objects

Definition 4.4
We describe the new-statement by the following axiom of the intermediate proof
system:

{P[Z[z.z][new/2']}(z, = := new){P} (NEW)

where z € IVarS, d € C, z € LogVar,, 2' € LogVary, 2 # z', P € GAss, and z' does
not occur in P.
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This axiom reflects the fact that we can view the execution of the statement z := new
as consisting of two steps: first the new object is created and temporarily stored in
the logical variable 2/, and then the value of this logical variable 2’ is assigned to the
instance variable z of the object denoted by z. The second step is dealt with by the
substitution [2'/z.z] of definition 4.3, which takes care of all possible complications
of aliasing.

For the creation of a new object we have to define another substitution operation
[new/z]. This is complicated by the fact that the newly created object does not
exist in the state just before its creation, so that in this state we can not refer to
it. Fortunately, we do need this substitution for all possible global expressions, but
primarily for assertions, and in an assertion the logical variable z can essentially
occur in only two contexts: either one of its instance variables is referenced, or it
is compared for equality with another expression. In both cases we can predict the
outcome without having to refer to the new object.

Definition 4.5
Let d € C and z € LogVar,. For certain global expressions g we define g[new/z] by
induction on the complexity of g. We only list the interesting cases.

2'[new/z] = ifz' £z

z[new [ z] is undefined

g[new/z] = g if g = m, nil, self, true, false
(2'.z)[new/z] = = if2' # 2

(z.2)[new/z] = il

(g9.y-2z)[new/z] = (g.y)[new/z].z

(91 = g2)[new/z] = gy[new/z] = ga[new/z] if g1,92 # z,if ... fi

(g1 = z)[new/z] = false if g1 #£ 2,if ... fi

(z = gs)[new/z] = false if go £ z,if ... fi

(z = z)[new/z] = true

Here we have ignored the conditional expressions (these can be removed before substi-
tuting). In all the other cases not listed above, the substitution [new/z] can be applied
to an expression by applying it to the constituent expressions. In this way g[new/z]
is defined for all global expressions g except for z itself (and for certain conditional
expressions). Again it is rather easy to prove that this substitution has the desired
property:
[glnew/z][(o) = [g](<”)

where o’ can be obtained from o by creating a new object (with all its variables
initialized to nil) and storing it in the variable z.
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Definition 4.6
We define P[new/z] by induction on the complexity of the global assertion P.

IBool[NeW/ 2] as in definition 4.5

(P)newfz] = ~(Plnew/z])

(Py A Py)[new/z;] = (Pi[new/zc] A P;[new/z])

(3zoP)[new/z] = 3z (P[new/z.]) ifa#ec
(32 P)rewfz] = 3z(Plen/z)V (Pla/zlnen/z]) iz # 2

(3zes P)[new/z] = Fzee I2g001* (12| = 128001*| A PlzBool*s Ze[ zes | [new/ z])

Here we assume that zg,.p+ does not occur in P. The substitution [2Bool* » 2/ 2+ ] Will
be defined in definition 4.7.

The case of quantification over the type ¢ of the newly created object can be explained
as follows: Remember that we interpret the result of the substitution in a state in
which the object denoted by z does not yet exist. In the first part 3z'(P[new/z]) of
the substituted formula the bound variable z’ thus ranges over all the old objects. In
the second part the object to be created is dealt with separately. This is done by first
substituting z for z' (expressing that the quantified variable z' takes the same value as
the variable z) and then applying the substitution [new/z] (note that simply applying
[new/z'] does not give the right result in the case that z occurs in P). Together the
two parts of the substituted formula express quantification over the whole range of
existing objects in the new state.

Let us consider, for example, the statement z := new, to be executed by the object
indicated by the logical variable z, and the given postcondition

Vou(v.z # nil > v.y = 1).

In order to determine the corresponding precondition given by the axiom (NEW), we
first apply the substitution [2'/z.z], which leads to

Yu(if v = z then z' else v.z fi # nil - vy = 1).
We can remove the conditional expression by taking the equivalent assertion
Vo((v=zAZ Znil)V (v#zAvz Enil) vy = 1).
Now to this we apply the substitution [new/z'], resulting in
Vo((v=zAtrue) V(v £ zAvz # nil) = vy = 1)
A ((false A true) V (true A nil Z nil) — nil = 1),
which can be simplified to

Yo(v = zVvz #nil > vy =1).
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For quantification about sequences of objects of class ¢, we need a slightly more
elaborate mechanism. The sequences over which we quantify in the old state cannot
contain the new object as an element. Therefore we use two sequence variables z.. and
ZBgol* to code one sequence of objects in the new state. The idea of the substitution
operation [zg e, Zc/ Zc+] is that at the places where zg,+ yields true, the value of the
coded sequence is the newly created object, here denoted by the variable z.. Where
ZRool* Yields false, the value of the coded sequence is the same as the value of z.
and where zg,,+ delivers nil the sequence also yields nil. This is formalized in the
following definition.

Definition 4.7
For certain global expressions g we define g[zg,*, 2/ 2] as follows (again we list
only the interesting cases):

Ze* [2Bool" > Ze/ Zev] is undefined
z{zBool' 3 zc/zc'] = Z if z 7& Zee
9[zBoots 7c/ 2c*] = g if g = n, nil, self, true, false
(9-2)[zBool"» Ze/ ze*] = g[2Bool*s e/ 2z ] =
{zc' : g)[zBool'i zf‘-‘/ZC'] = if ZBool” * (g[zBoo[' ’ zc/Zc‘D
then z,
else ze+ : (9[2ools 2/ 2c])
fi
(91 : 92)[2Bool*s Ze/ 2] = g1]2Bool*s 2/ 2c*] : 92[2Bo0l* > Zc/ Ze*] if g1 # ze»
Uzﬂ'J)[ZBool': ze[ zer] = |ze|

|g[zBoo|'s Zc/ch:” if g 96 Ze*

{lg[)[zBool') ze[ zce]

The generalization of the above to other global expressions and to global assertions
is straightforward.

Again we have the desired property:
o |= Plnew/z] <= o' P

where o can be obtained from o by creating a new object (with all its variables
initialized to nil) and storing it in the variable z.

We illustrate the last definition by another example of the use of axiom (NEW).
Again we take the statement z := new executed by the object in z, but this time
the postcondition is 3sVp Ji(s : i = p). Applying the substitution [2'/2.z] leaves this
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assertion unchanged, so we can directly apply the substitution [new/z']. We calculate
in the following few steps:

(Bsz Ji(s:i= p))[new/z’]
= 35 Fbgoorr Is] = b A (Yp3i(s i = p))1b, #/s][new/ ]
= ds3b|s| = [8] A (Vp Ji(if b : i then 2’ else s : i fi = p)) [new/z']
=3s3b|s| = [b] A (foli[b:a'/\z' ip)v(-wb:s'/\s:iip))[new/z']
= Js3b|s| = | AVpIi((b:infalse) v (b:ins:i ip))

A Fi(b : i Atrue) V (-b : i A false)
= 35 30(Js| = [l AVpTi(b:ins:i=p)ATi(b: z'])

Here = denotes semantic equivalence, which means that the assertions on both sides
will have the same truth value in every environment. (By the way, in any state that
can occur in the execution of a P program, the above assertions will be true, since
there is only a finite number of objects of any class.)

4.2.3 Communication

Now we define an axiom and some rules which together describe the communication
between objects.

Definition 4.8

Let Sy € Stat® be of the form z?y or 7y and Sz = z'le € Stat® such that z € IVarg,
el Varf, and the variable y is of the same type as the expression e. Such a pair
of I/O statements are said to match. Furthermore let z € LogVar, and z' € LogVar,
be two distinct variables and let P be a global assertion. Then the following is an
instance of the communication axiom:

{Ple | 2'/2y]}(z,51) || (<, 52){P} (COMM)

Note that the communication is described by a substitution that expresses the assign-
ment of e | z' to z.y (definition 4.3).

The following two rules show how one can use the information about the relationship
between the receiver and the sender which must hold for the communication to take
place, that is, the sender must refer to the receiver, and if the receiver executes an
input statement of the form z?y, it must refer to the sender.
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Definition 4.9

Let z7y, 7y € Stat® and z'le € Stat® be such that both input statements match with
the output statement. Furthermore let z € LogVar, and z' € LogVar. be two distinct
variables. Then we have the following two rules:

{PAzz =2 A2 #Fnil A2’ =z Az #nil A R} (z,27) || (',2"e){Q}

{P}Hz,2t) [ (', 2"e){Q} (SR1)

and
{PA2Z2' = zAz#nil AR}z M) || (Z,2"€){Q}

{P}z ) || (#,2"1e){Q}

where R = (z # 2') if ¢ = ¢’ and R = true otherwise.

(SR2)

The following rule describes the independent parallel execution of two objects.

Definition 4.10
Suppose that $; € Stat® and S, € Stat®’ do not contain any I/O or new-statements.
Furthermore let z € LogVar, and z’' € LogVar. be two distinct variables. Then we
have the following rule:

!
{P}(z,51) || (2, 52){Q}
Note that this rule models the fact that the parallel execution of two local compu-
tations can be sequentialized. The next rule takes care of the case where the two
bracketed sections do contain I/O statements.

Definition 4.11

Let (S51;5;52) € Stat® and (S7;5'; 53) € Stat® be two bracketed sections containing
I/O statements. Furthermore let z € LogVar, and 2’ € LogVar, be two distinct
variables. Then we have the rule

(P} 81) | (&, Si){Pi}, {Pi}(z, 8) [l (2, 8){@1},  {@1}(=, 52) | (<, 85){Q}
{P}(z, 5138 82) || («/, 51; 5% $3){Q}

(PAR2)

Finally, the intermediate proof system contains rules for sequential composition (ISC),
the conditional statement (ICOND), the iterative construct (IIT), and a consequence
rule (ICR). These are straightforward modifications of the corresponding rules of the
local proof system, so we only give the iteration rule as an example.

Definition 4.12
Let while £ do 5 od € Stat® and z € LogVar,. Then we have the following rule:

{PAel 2}z 5){Q}
{P}(z,while e do S od){P A —e | z}

(IIT)
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4.3 The global proof system

In this section we describe the global proof system. Two bracketed sections containing
I/O statements are said to maich if the corresponding I/O statements match. A
program p is said to be bracketed if every I/O statement and new-statement occurs in
a bracketed section. An assumption is defined to be a local correctness assertion about
a bracketed section. Given a set A of assumptions, the construct A + {p°}5°{¢°}
denotes the derivability of the local correctness formula {p°}5°{¢°} from the local
proof system using the assumptions of A as additional axioms. Now we are ready to
define the notion of the cooperation test:

Definition 4.13

Let p= {c1 « S,..,n-1 & Gen-1 ; §¢n) be bracketed. Furthermore, for each k,
1 < k < m, let A°* denote a set of local correctness formulas about the bracketed
sections occurring in S such that A% - {p* }§+{g°*}. Finally, let I be some global
assertion, which we shall call the global invariant. Now we say that the cooperation
test holds, notation Coop(A®,..., A, I, p), if the following conditions are fulfilled:

1. The invariant I does not contain any instance variable that occurs at the left-
hand side of an assignment outside a bracketed section.

2. Let (5;) and {S>) be two matching bracketed sections such that {p1}$1{@1} €
A% and {p2}S2{g:} € A%, where 1 < i <n-1,1< j < n. Furthermore let
z € LogVar,, and z' € LogVar,, be two new distinct variables. Then we require

F{IAp LzAps L2}z 80 || (28T Aa LzA g L2

3. Let (S) be a bracketed section containing the new-statement z := new,; such
that {p1}S{q1} € A%. Furthermore let z € LogVar,, be a new variable. Then
we require that

F{IAp L2}z SH{IAq L zA % | z.z}.
4, Let z., be anew variable. Then the following assertion should hold:

P | 2o, AVZL (20, = Zea) A N (Vz false) - I.

1<i<n

The syntactic restriction in clause 1 on occurrences of variables in the global invari-
ant I implies the invariance of this assertion over those parts of the program that are
not contained in a bracketed section. The clauses 2 and 3 imply, among others, the
invariance of the global invariant over the bracketed sections.
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This global invariant expresses some invariant properties of the global states arising
during a computation of p. These properties are invariant in the sense that they
hold whenever the program counter of every existing object is at a location outside a
bracketed section. The above method to prove the invariance of the global invariant is
based on the following semantical property of bracketed sections: Every computation
of p can be rearranged such that at every time there is at most one object executing
a bracketed section containing a new-statement, and an object is allowed to enter a
bracketed section containing a I/O statement only if there is at most one other object
executing a bracketed section.

Clause 2 establishes the cooperation between two arbitrary matching assumptions,
where two assumptions are said to match if their corresponding bracketed sections
contain matching I/O statements. Note that since there exists only one object of
class ¢,, the root object, we do not have to apply the cooperation test between two
matching assumptions of the set A,

Clause 3 discharges assumptions about bracketed sections containing new-statements.
Additionally the truth of the precondition of the local process of the new object is
established. Note that by definition of a bracketed section we know that the variable =
of the new-statement cannot occur as the left-hand side of an assignment after the
new-statement. Therefore it refers to the newly created object immediately after the
execution of such a bracketed section.

Clause 4 establishes the truth of the global invariant in the initial state. Note that
the assertion Vz. false expresses that there exist no objects of class ¢. The assertion
Yzl (2 = z,) expresses that there exists precisely one object of class c,.

In the following definitions, let p = (¢1 «— S,...,cpq — S1 : §°).

Definition 4.14
The program rule of the global proof system has the following form:

Coop(A®,..., A I,p) A {pr}Se{g:} 1<k <m

{pon Lz }p{I A g™ | 2., A /\155<n Vze, q% | 2}
Note that in the conclusion of the program rule (PR) we take as precondition the
precondition of the local process of the root object because initially only this object
exists. The postcondition consists of a conjunction of the global invariant, the asser-
tion ¢°* | z., expressing that the final local state of the root object is characterized

by the local assertion ¢**, and the assertions Vz ¢ | z.,, which express that the
final local state of every object of class ¢; is characterized by the local assertion ¢%.

(PR)

Definition 4.15
We have the following consequence rule for programs:

P o (5 L }pl@), Q1o O
71 7. 30(@7 S




146

Definition 4.16
Furthermore, we have a rule for augziliary variables: For a given program p and a
(global) postcondition @, let Auz be a set of instance variables such that

o for any assignment z := e occurring in p we have that [ Var(e)N Auz # { implies
that z € Auz,

e the variables of the set Auz do not occur as tests in conditionals or loops of p,

o [Var(Q)N Auz = 0.

Let p' be the program that can be obtained from p by deleting all assignments to
variables belonging to the set Auz. Then we have the following rule:

{P}o{Q)
(P1e{Q) CHEER)

The rule for auxiliary variables can be explained as follows: To be able to prove some
properties of a program p' it may be necessary to add a number of extra variables and
statements to do some bookkeeping. If these additions satisfy the above conditions,
we are sure that they do not influence the flow of control of the program, and therefore
they can be deleted after the proof of the enlarged program p is completed.

Definition 4.17
Next we have a substitution rule to remove instance variables from preconditions:

{p* | z.,}p{Q}
{(p=~[l/]) | 2. }P{Q}

provided the instance variable z does not occur in p or Q. In practice, this rule is
mainly used for auxiliary variables.

(51)

Definition 4.18
The following substitution rule removes logical variables from the precondition:

{pc" -L zcn}P{Q}
TG 2]) & 20301 @) 2)

provided the logical variable z does not oceur in Q.
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Definition 4.19
Finally, the following rule makes explicit the knowledge that in the initial state all
instance variables are nil:

(ot Az = nil) | 2. }p{Q}
5 1 7 301Q) {NED)

where z € |J, IVari".

5 An example proof

As an illustration of the proof system we shall now formally prove a property of the
program listed at the end of section 2. We want to prove that exactly the primes up
to n are generated. This amounts to proving the postcondition

Vi( Prime(i) At < n & dpp.m = i) (5.1)

Here 7 and p are logical variables ranging over integers and objects of class P, respec-
tively. The predicate Prime holds for an integer if and only if it is a (positive) prime
number.

To establish this postcondition we first introduce an auxiliary variable v (for ‘valid’)
of type Bool in class P, which indicates that the value stored in the variable b is valid.
The variable v is false precisely from the moment that the object sends the value of
its b variable to its neighbour until the moment that it receives a new value for the
variable b. Now we take a global invariant I which is the conjunction of the following
assertions:

Iz Vp(p.m # nil » Prime(p.m))

I: VpVp'(p.m # nil > (p'.m = neztpr(p.m) — p.| = p'))

Iy: Vp¥p'(pb < p'.b— pm>p'.m)

Iy: VpVp'(pm=p'.m—-p=p)

Is: VgVi(Prime(i) Ai < g.c — Ip(p.m =iV pb = 7))

Ie: Vg Vp((p.m # nil = 2< p.m < g.c)A(p.b#nil > 2 < pb < g.c)
Ir: Vp¥p'(p.m#nil Ap'b Znil Ap'.v — p.m < p'.b)

Ig: Vp(p.m # nil A p.b # nil = p.m < p.b)

In the above definition g is a logical variable of type G, so it will always denote the
root object. The function neztpr applied to an integer gives the next prime number.

The assertion I, expresses that successive primes are stored in successive P ob jects in
the chain. Assertion I3 states that the prime candidates flow through the chain in their
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natural order. Assertion I states that each prime number is uniquely represented.
Next, assertion I5 states that all the prime numbers among the candidates sent are
represented or being processed. On the other hand assertion Jg essentially expresses
that all the numbers which occur in the chain have been sent by the generator. Finally,
I; and Iy says thata candidate is always greater than any prime number already found:
I, states this globally, but only if the variable b containing the candidate is marked
as valid by the flag v, and Ig expresses it locally.

The easiest way to represent the outcome of the local proof system is by means of a
proof outline. This consists of an expanded version of the program: the statements
concerning auxiliary variables are added, the bracketed sections are indicated by angle
brackets, and the assertions that play a role in the local proof are inserted at the proper
places, surrounded by braces. The proof outline for our example program is given in
figure 1.

Now we have to check the assumptions of the cooperation test. Here we shall deal
with one pair of I/O statements and one new-statement. We first treat the following
case:

{I Ao L rAgs L s}(r,?m)| (s, I1b; v:= false){I A vy L 7 A (V) | s} (5.2)

Here s and 7 are logical variables of type P denoting the sender and the receiver.

We prove (5.2) using the rule (PAR2). The following nontrivial premisses are needed:
{IAY; Lr}(s,vi="false){TAgy T A (=v) | s} (5.3)
(I Ao L7 Aths L sH(r,2m) || (s, 11B){T A% L7} (5-4)

Tn order to prove (5.3), by the rule (IASS) and the consequence rule, we must show
that the postcondition, after applying the substitution [false/s.v], is implied by the

cecondition. Now it is clear that I;-Ig, Is, and ¢y | 7 are not changed by this
substitution, so they are subsumed by the precondition. For the other parts we first
calculate as follows:

((—v) | $)[false/s.v]

Il

(—s.v)[false/s.v]

—if 8 = s then false else s.v fi

Il

= true
Finally, we observe that I7[false/s.v] is the formula
YpVp'(p.m # nil A p'.b # nil Aif p’ = s then false else pvfi = p.m < p'.b)

and this is clearly implied by I7.
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(P « {dho:1=nilAm =nil Ab=nil}
(?m); {31 :1 = nil A b = nil}
if m #Z nil
then {I = nil}
(I := new); {true}
(?b; v := true);
{a:vA(b#Znl -Vi2<i<m—i[fb))};

while b # nil
do{vAVi(2<i<m—1i[fb)}
ifm fb
then {3 :vAVi(2<i<m—1 fb)}
(I!b; v := false)
fi; {-v}
(?b; v := true) {¢,}
od; {b = nil}
(1'b) {b = nil}
fi {b = nil}
{true}
{f := new; c:=2); {2 < c <max(2,n+ 1)}
whilec < n
do {2 <c<n}
(flgger=c+1)
od; {c =max(2,n+ 1)}
{fnil}

{c = max(2,n+1)})

Figure 1: The proof outline for our example program
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By the rule (SR2) and the axiom (COMM) the proof of the second premiss (5.4)
amounts to establishing the truth of the formula

IAYolrAYslsAsl=r—(TAd 1 7)[s.b/r.m].
Here we only show the following part of this:
TAdolrAdslsnsl=r— Lfsb/rm].
Now I[s.b/r.m] is the formula
Vp(if p = 7 then s.b else p.m fi # nil — Prime(if p = 7 then s.b else p.m fi)),
which is equivalent to
vp((p # r — p-m # nil — Prime(p.m)) A (p =7 — (s.b # nil — Prime(s.b))).

For p # r we have that p.m # nil » Prime(p.m) is implied by I;. For p = 7 we have
to show that T Ao | 7 A | s A sl = r implies Prime(s.b). Here the main point
is that there exist no primes between s.m and s.b. For suppose that i is the least
prime such that s.m < @ < s.b. Now by Is and g there exists a p' such that p.m =1
or p'.b = 4. If p'.m = i then it follows by I, that s.| = p'. But, as 8. = 7 we have
p' = 7, s0 p’.m = nil, which contradicts p'.m = i. Suppose now that p'.b = i. We then
have that p’.b < s.b, so by I it follows that p'.m > s.m. But since p'.m is a prime
by I, and i is the least prime greater than s.m, it follows that p'.m > i = p'.b, which
contradicts Is. Therefore there can be no primes between s.m and s.b and then 3 | s
implies that s.b is a prime number.

As another example of an assumption for the cooperation test, we consider the fol-
lowing new-statement:

{IA(1 2 nil) | 2}(z,1 = new){T At | 21},

Here z is a logical variable ranging over objects of class P. By the axiom (NEW) the
proof of this correctness formula amounts to proving the validity of

IA(=nil)lz—=(TA%l z1)[2'/ z\][new/2"],

where 2 is another new logical variable of type P. We only show that IA(I=nil) ]z
implies Ip[z'/z.1][new/2]. Now I[2'/z.l] is the formula

VpVp'(p.m £ nil = p'.m = nezipr(p.m) — if p = z then 2 else pl fi = p').
This is equivalent to

Yp¥p'(p.m # nil — p'.m = neztpr(p.m) — (pz=z— Z=pYA(p#z—-pl= 7).
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To this formula we apply the substitution [new/z’], which gives us

VpVp'(p.m # nil - p'.m = nestpr(p.m) — (p = z — false) A (p £ z — p.| = ?))
AVp(p.m # nil — nil = neatpr(p.m) — (p = z — true) A (p £ z — false))
AVP'(nil £ nil = p'.m = nezipr(nil) — (false — false) A (true — nil = ?'))

A (nil # nil — nil = nestpr(nil) — (false — true) A (true — false))

Note that the first conjunct corresponds to interpreting p and p’ as ranging over the
old objects. The second conjunct results from interpreting p' as the new object, the
third from interpreting p as the new object, and the last from taking both p and p’ as
the new object. All conjuncts but the first are trivially true, and we can get the first
conjunct from I, if we can show that Yp¥p'(p.m # nil — p'.m = nestpr(p.m) — p # z).
Let p # nil, p’ # nil, p.m £ nil, p'.m = nezipr(p.m), and p = z. By I, we derive that
z.| = p’. But this contradicts the precondition z.I = nil.

The other parts of the cooperation test can be dealt with in the same way as the
above ones. After that the program rule (PR) can be applied, with the following
result:

{true}p{I A g.c = max(2,n+ 1) A Vpp.b = nil}

Here p' is the program with the auxiliary variable v, but by applying the auxiliary
variable rule (AUX) the same result can also be obtained for the original program p.
It is easy to see that the above postcondition implies the desired assertion 5.1, so the
latter can be obtained by the consequence rule (PCR).

6 Semantics

In this section we define in a formal way the semantics of the programming language
and the assertion languages. First, in section 6.1, we deal with the assertion languages
on their own. Then, in section 6.2, we give a formal semantics to the programming
language, making use of transition systems. Finally, section 6.3 formally defines the
notion of truth of a correctness formula.

6.1 Semantics of the assertion langunages

For every type a € C1, we shall let Q% denote the set of objects of type a, with typical
element a®. To be precise, we define O!" = Z and QBo°l — B, whereas for every
class ¢ € C we just take for O° an arbitrary infinite set. With Oi we shall denote
o‘u {1}, where 1 is a special element not in 0, which will stand for ‘undefined’,
among others the value of the expression nil. Now for every type d € Ct we let 04"
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denote the set of all finite sequences of elements from O‘j_ and we take 04 = O,
This means that sequences can contain 1 as a component, but a sequence can never be
L itself (as an expression of a sequence type, nil just stands for the empty sequence).

Definition 6.1
We shall often use generalized Cartesian products of the form

11 BG).
i€A
As usual, the elements of this set are the functions f with domain A such that
f(3) € B(i) for every i € A.

Definition 6.2
Given a function f € A — B,a € A,and b € B, we use the variant notation f{v/a}
to denote the function in A — B that satisfies

ifa =a

F(b/a}(a) = { ’

f(a") otherwise.

Definition 6.3
The set LState® of local staies of class ¢, with typical element 0°, is defined by

LState® = O° x [[(IVarg — 04).
d

A local state 8¢ describes in detail the situation of a single object of class c at a certain
moment during program execution. The first component determines the identity of
the object and the values of the instance variables are given by the second component.

It will turn out to be convenient to define the function ¢ € [[qIVarg — Oi such
that w¢(z) = L, for every z € Ug I Var,. Note that this function ¥/ gives the values
of the variables of a newly created object: these are all initialized to nil.

Definition 6.4
The set GState of global states, with typical element o, is defined as follows:

GState = ([] P4 x I[(0° — [](7varg — 01))
d d

c

where P¢, for every ¢ € C, denotes the set of finite subsets of O¢, and for d = Int, Bool
we define P? = {O4}.
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A global state describes the situation of a complete system of objects at a certain
moment during program execution. The first component specifies for each class the
set of exisfing objects of that class, that is, the set of objects that have been created
up to this point in the execution of the program. Relative to some global state o an
object o € O% can be said to exist if a € 9(1)(d)- For the built-in data types we have
for every global state ¢ that T(1y(int) = Z and (1)(Bool) = B. Note that L ¢ o(1)(d)
for every d € CT. The second component of a global state specifies for each object
the values of its instance variables.

We introduce the following abbreviations: (1)) Wwill be abbreviated to o), and

oy {1} to U(fJ . Whenever it is clear from the context that a € O¢°, we abbre-
viate o(z)()(@) by o(a). Furthermore, for any variable z € IVar§, we abbreviate
0(2)(c,q)(@)(z), the value of the variable z of the object a, by o(a)(z).

Definition 6.5
We now define the set LEnv of logical environments, with typical element w, by

LEnv = H(LogVara — 07).

A logical environment assigns values to logical variables. We abbreviate w(,)(za)
to w(zg).

Definition 6.6
The following semantic functions are defined in a straightforward manner. We omit
most of the detail and only give the most important cases:

1. The function £5 € Ezpg — LState® — O9 assigns a value £[e](4) to the expres-
sion €5 in the local state 6°.

2. The function £ € LEzpG — LEnv — LState® — OF assigns a value L[I](w)(8)
to the local expression 1§ in the logical environment w and the local state ¢,

3. The function G, € GBzp, — LEnv — GSlate — 0% assigns a value G[g](w)(o)
to the global expression g, in the logical environment w and the global state o.

4. The function A® € LAss® — LEnv — LState® — B assigns a value Afp](w)(8)
to the local assertion p° in the logical environment w and the local state §°.
Here the following cases are special:

true if L]IJ(w)() = true

el = { false if L[1])(w)(0) = false or L[IJ(w)(8) = L
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true if there is an o € 09 such that A[p](w{c/z})(d) = true
false otherwise

A[3za p](w)(0) = {

Note that in the latter case d = Int or d = Bool and that the range of quantifi-
cation does not include L.

5. The function A € GAss — LEnv — GState - B assigns a value A[P](w)(o)
to the global assertion P in the logical environment w and the global state o.
The following cases are special:

true if L][g](w)(o) = true

AlgBooll(@)(7) = { false if L[g](w)(o) = false or Llg)(w)(e) = L

true if there is an a? € o{?@) such that A[P](w{e/z})(o) = true

false otherwise

A[3zq P](w)(e) = {

Note that here d can be any type in ¢+t and that the quantification ranges
over o(@, the set of ezisiing objects of type d (which does not include L).

true if there is an at’ € 07" such
that a(n) € o'(f] forallne N
and A[P](w{a/z})(c) = true

false otherwise

A[3z4e P](w)(o) =

For sequence types, quantification ranges over those sequences of which every
element is either L or an existing object.

The values Gga](w)(o) of the global expression gq and A[g](w)(e) of the global
assertion P are in fact only meaningful for those w and o that are consistent and
compatible:

Definition 6.7
We define the global state o to be consistent, for which we use the notation OK (o)
iff

1 Ve e CVa € @ Vd e C Ve € IVar§ o(a)(z) € ot
9. Ve e CVB € 0°\ ol Vd € C* ¥z € IVarf o(B)(z) = L

In other words, the value in o of a variable of an existing object is either L or an
existing object itself, and the variables of non-existing objects are uninitialized.
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Furthermore we define the logical environment w to be compatible with the global
state o, with the notation OK(w,¢), iff OK (o) and, additionally,

Vd € CVz € LogVaryw(z) € o\

and
Vd € CVz € LogVarz. Ya € N w(z)(n) € O'T].

In other words, w assigns to every logical variable z; of a simple type the value L
or an existing object, and to every sequence variable z4+ a sequence of which each
element is an existing object or equals L.

6.2 The transition system

We will describe the internal behaviour of an object by means of a transition system.
A local configuration we define to be a pair (5¢,6°). The set of local configurations
is denoted by LConf. Let Rec = {< a,8 >,< a,8,7 > a,8 € .05, 7 €
Uz 04 Yu{e}. A pair < o, > is called an activation record. It records the information
that the object @ created 8. A triple < a, 8,7 > is called a communication record.
It records the information that the object 4 is sent by « to B. € will denote a
transition which is due to a local computation. We define for every r € Rec a transition
relation —»"C LConf x LConf. To facilitate the semantics we introduce the auxiliary
statement F, the empty statement, to denote termination.

Definition 6.8
We define

° (zd‘ = eq,0) 2 (B, 9’),
let 8 = (a, s), then &' = (o, s{E[eq] (8)/z}).

o (zq:=new,8) -<=8> (E §'),
let 8 = (a, s), then ¢ = {a, s{f/z4}) and B € O4.

o (z.leq, 0) —=<=B7> (B 9),
let 8 = (@, s), then 8 = s(z) # L and v = E]ey] (9).

(254, 8) —»=SRr> (B, 0);
let § = (B, s}, then 0' = (B, s{7/ya}) and 7 € O¢.

(zyq,8) —<oBr> (E,8,
let § = (3, s), then &' = (B, s{7/y4}), @ = s(z.) # L, and v € OF.

(S,0) —= (8, f).
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(E; S,8) —< (S,9).

(51!9) -" (52!9’)
(51 5,0) =" (52 5,0)

(if egool then Sy else S fi, 8) —¢ (51,9),
if SHEBOOH] [9) = true.

s (if egool then 51 else Sz fi,8) —< (S5z,0),
if g[leBoolﬂ (0) = false.

o (while egyo) do S od,8) —° (5;while eggql do S od,?),
if £]egooll () = true.

o (while eggol do S od,0) —° (E,0),
if E]egooll (8) = false.

Note that locally the value which is received when executing an input statement is
chosen arbitrarily, the same holds for the identity of the object created by the exe-
cution of a new-statement. We define |, ="= TC(U,cg. —")- Here the operation
T'C denotes the transitive closure which composes additionally the communication
records and activation records into a history h, a sequence of communication records
and activation records.

Next we describe the behaviour of several objects working in parallel. The local
behaviour of the objects we shall derive from the local transition system as described
above. But at this level we have the necessary information to select the right choices.

We define an intermediate configuration to be a tuple (o, (i, 5;")i), where a; € ale),
assuming all the a; to be distinct. The set of intermediate configurations will be
denoted by IConf We define —"C IConf X IConf as follows (note that we use the
same notation as for the local transition relation, however this will cause no harm):

Definition 6.9
We define

® (S35 6,) -° (S;,ﬂz)
(o, (s, 5:)i) = (o', (0, 57)s)
where 0; = (a;,0(;)),

Si = S i#]

= §! otherwise,

1

and UEIJ — 0’(1), O’Ez) = U{z}{&/ﬂ!j}, With 92 — (Clj,&).
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(85,61) =<28> (81,0,)
(o, (e, $:)i) =<2 (o7, (s, S1):)
where 0 = (a;, a(a;)),
Sf = 8 444
= 5! otherwise,
and # € 0%\o{?), a1y = oy{e U {8}/d}, and 92y = o(2){s/a;{v/B}, with
32 = (aj-,s).

(S3,01) =7 (57,62), (Sk,01) =" (51, 95)
(o, (e, Si)i) -7 (o, (e, S1):)
where ¢, = (a,-,o-(aj)), b = (ak,o'(a-’f)): j#k and r=< aj, g,y >, ' =<
G, o, 7 >, with v € U; OF and o, = @, L, furthermore we have
S: = 5 "7’4é J:k
S i=4,k,
and 0,y = o(y), 0(3) = o(2){s1/a;}{sz/x}, with 8 = (a;, s;) and 8, = {ak, $2).

The first rule above selects one object and its local state and uses the local transition
system to derive one local step of this object. The second rule selects an object which
is about to create a new object. The variables of this new object are initialized to
nil. The local state of the creator is modified according to the local transition system.
Note that knowing the set of existing objects we can now indeed select a new object.
The third rule finally selects two objects which are ready to communicate with each
other. Note that 7/ =< 1,ax,v > models the possibility that oy executes an input
statement of the form 7y.

We define |J;, == TC(U,erec =), again using the same notation as for the tran-
sitive closure of the local transition relation, from the context however jt should be
clear which one is meant.

To describe the behaviour of a complete system we introduce the notion of a global
configuration: a pair (X,0), where X € II. O° — Stat®, and a transition relation
—"C GConf x GConf. We note again that we do not notationally distinguish be-
tween the different transition relations, from the context however it will be clear which
one is meant. The set of all global configurations we denote by GConf. We will ab-
breviate in the sequel X (c)(a), for a € O°, by X(c). The idea is that X (a) denotes
the statement to be executed by a.

Definition 6.10
We have the following rule

(Ua (01'1 X(al']]%') sl (afi (O:,', S::']‘}
(Xra) =" (X o’)
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where a; € o) (all the a; distinct) and X' = X{S5 [ai}i.

This rule selects some finite set of objects which execute in parallel according to the
previous transition system.

We define Uy —="= TC(U,epec —")- We proceed with the following definition which
characterizes the set of initial and final global configurations of a given program p:

Definition 6.11
Let p = (U : §¢=), with U = e1 « S7'5-.y6n1 < §é»!. TFurthermore let X €
[1, O¢ — Stat®. We define

Init,(X)iff

s X(a)=5{"¢¢€ Lo snenaf ol E O
s X(a)=E, a€ 0% cd {c1,...,¢cn}-

We define for a state o such that OK(o):
Init, (o) iff

[ ] O'(CJ :@ CE{CI:"')cn—l}

={a} c=cp, forsomea € ocn

e o(a)(z)=1,fora € oles) and z € IVard.

We next define Init,((X,c))iff Init,(X) and Init (o). Finally, we define
Finﬂ.lp((X, U))i_ﬂ‘X(a] = E,C;’ € {cl,_ N _,cn}’ fora € a.(ci).

The predicate Init,(Final,) characterizes the set of initial (final) configurations of
0. Note that the value of a variable z¢ of the root-object, ¢ € {c1,.--1Cn}, is
undefined initially. This follows for ¢ # ¢, from the fact that we consider omnly
consistent states and that initially only the root-object exists (with respect to the
classes c1,...,Cn)- But the consistency of the initial state would also allow the value
of a variable z € IVarg® to be the root-object itself. However, as it will appear to be
convenient with respect to the formulation of some rules which formalize reasoning
about the initial state, we define the initial state to be completely specified by the
variables ranging over the standard objects.

Now we are able to define the meaning of the following programming constructs: 5,
(2e: %Y, (2eis S7°) || (255 S57) and p.



159

Definition 6.12
We define
S[S°1(65) = {05 : for some h (S¢,65) - (E, 65)}

Definition 6.13 ‘

We define T[(z, 5%)](w)(o1) = 0ifnot OK (w, 1), and Tq(zes S5 || (25, 55)(w)(o) =
0 if not OK(w,01) or w(z;) = w(z;)- So assume from now on that OK (w,ay), fur-
thermore that w(z.) = a, w(z;) = a;, and w(2';) = ol

I[(z, S)(w)(e1) = {o2 : for some h (o1, (e, §)) =" (02, (e, E))}

Assuming furthermore that a; # 04;;:

Il(ze;, 57) | ('c;5 52 (w) (o) =
{02 : for some h (o3, (ai, 55°), (e}, $57)) = (2, (e, E), (e, E))}

Definition 6.14
The semantics of programs is defined as follows:

Plpl(o1) = {o2 : for some h (X1,01) =" (X3,02)}
where Initg((X1,01)) and Finalg((X2, 02)).

Note that P[p](¢) = @ if it is not the case that Init,(o).

6.3 Truth of correctness formulas

In this section we define formally the truth of the local, intermediate, and global cor-
rectness formulas, respectively. First we define the truth of local correctness formulas.

Definition 6.15
We define

E {p°}5{q°} iff Yw, 01,0, € S[S°](61) : 61,0 =D = 65,w = ¢°.

Next we define the truth of intermediate correctness formulas.
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Definition 6.16
‘We define

= {P}(z, S){Q} iff
Yw, 01,02 € I[(ze, 59)](w)(01) : o1,w|F P = o3,w E Q.

And

E {P}(z, 5%) I (z,c,;s SCj){Q} iff
Vw, 01,02 € I[(2e;, 5%) || (2'¢;> S9)](w)(e1) : o1,w | P = 02,0 = Q.

Finally, we define the truth of global correctness formulas.

Definition 6.17
We define

l: {P}P{Q} iff Vw, 01,02 € P[P]](O'l] Po,Ww I: P = og,w |= Q.

7 Soundness

In this section we prove the soundness of the proof system as presented in the previous
section. The soundness of the local proof system is proved by a straightforward
induction on the length of the derivation (see, for example, [Apl]). In the following
subsection we discuss the soundness of the intermediate proof system.

7.1 The intermediate proof system

We prove the soundness of the assignment axiom (IASS) and the axiom (NEW).
The soundness of the intermediate proof system then follows by a straightforward
induction argument. To prove the soundness of the assignment axiom (IASS) we
need the following lemma about the correctness of the corresponding substitution
operation. This lemma states that semantically substituting the expression g’ for
z.z in an assertion (expression) yields the same result when evaluating the assertion
(expression) in the state where the value of g’ is assigned to the variable z of the
object denoted by z.
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Lemma 7.1
For an arbitrary o, w such that OK(w, o) we have:

Glglgl/ z-2a]l(w)(e) = Glgl(w)(c’)
and

A[Plgi/ze-zd]](w)(e) = A[P](w)(c")
where o(;) = 0(1) and cr(z) = 0'(2){g|}gd[|(w)(o')/w(zc),:cd}.
Proof

By induction on the complexity of g and P. We treat only the case g = g;.z, all the
other ones following directly from the induction hypothesis. Now:

Glglgs/ze-zall(w)(o) =
Glif g1(gl/ 2c-2a] = 2c then g’ else g4[g'/z..2].2 fi](w)(e)

Suppose that Gloi[g}/ 2 za]](w)(0) = w(z.). Wehave: Glg:.2|(w)(s") = o'(Glaal()(e"))(x).
So by the induction hypothesis we have that:

Glg1-2[(w)(e) = o'(w(2))(=) = Glgal (w)(o).

On the other hand if G[g1(g};/zc.24][(w)(o) # w(z.) then:

Gla1lgy/ ze-zd).zal(w)(o)
o(Gla1lgh/ ze-zdll(w)(e))(za)
a'(Glg1lga/ 2e-zd])(w)(o))(2d)
o'(Glg1(w)(e))(za)
Glgr-zd[(w)(o’).

I

(definition of ¢')
(induction hypothesis)

]

The following lemma states the soundness of the axiom (IASS)

Lemma 7.2
We have

= {P[e l z/z.z]}(z,z = e){P},

where we assume z := e € Stat® and z € LogVar,.

Proof
Let o, w, with OK(w 7), such that 0,w |= Ple | z/z.z] and ¢’ € Z[(2,2 := = e)](w)(o).
It follows that o(}) = oy and (3 = o2){G[e | z](w)(0)/w(2),z} (note that G[e |
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2J(w)(o) = E[e]({a, o())), with & = w(z)). Thus by the previous lemma we conclude
g,wlk= P. O

To prove the soundness of the axiom describing the new statement we need the follow-
ing lemma which states the correctness of the corresponding substitution operation.
This lemma states that semantically the substitution [new/z] applied to an assertion
yields the same result when evaluating the assertion in the state resulting from the
creation of a new object, interpreting the variable z as the newly created object.

Lemma 7.3
For an arbitrary w,w’, o, ', 8 € 0°\a{?) such that OK(w, ) and

oty = 7y {e® U {8} e}
O'Ez) = J(Z]{V/»B}
w' = w{ﬁ/zc}s

we have for an arbitrary assertion P:

Al P[new/z][(w)(e) = A P(')(e)-

The proof of this lemma proceeds by induction on the structure of P. To carry out
this induction argument, which we trust the interested reader to be able to perform,
we need the following two lemmas. The first of which is applied to the case P = g
and the second of which is applied to the case P = 3zP', z € LVarg, a = e; ek,

Lemma 7.4
For an arbitrary o, w, with OK (w, o), global expression g and logical variable z. such
that g[new/z] is defined we have:

Glgl(w')(e") = Glg[new/z][(w)(7)
where O’E]} = U(lj{o—(c) U {B}/c}, giz) = a(?)'[V/ﬁ}) and ' = w{B/z.}, B ¢ o).

Proof
Induction on the structure of g. O

The following lemma states that semantically the substitution [zgqje , 2/ 2] applied
to an assertion (expression) yields the same result when updating the sequence de-
noted by the variable z. to the value of z at those positions for which the sequence
denoted by zg,c» gives the value true.
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Lemma 7.5
Let w,0, a = w(ze:),a’ = w(zpyq)+) such that |a| = |o/| and OK (w, o).

Let a” € O°" such that

o | = e

e forn € N: a'(n)

Il

w(z,) if a'(n) = true
= a(n) if a(n) = false
L if o(n) = L

Let ' = w{a"[z.}. Then:

1. For every g such that g[zg ., 2/ 2] is defined:
GlglzBootes 2o/ ze- |l(w)(o) = Glg[(w')(e)
2. For every P such that zg,,+ does not occur in it:

Al Pzgoole s 2e/ 7+ ][ (w) (o) = A P[(w')(o)

Proof
Induction on the structure of g and P. O

Now we are ready to prove the soundness of the axiom (NEW).

Lemma 7.6
We have

= { P!/ 2.2] [new/z']}(z, - new){P},

where z := new € Stat®, z € LogVar,_, and z’ is a new logical variable of the same
type as z.

Proof

Let o,w, with OK(o,w), such that o,w |= P[2//z.z][new/Z] and o' € Z[(z,2 :=
new)](w)(c). We have by lemma 7.3 that o”,w’ |= P[2'/z.z], where ' = w{B/2'},
with 8 € 04\ o9, assuming d to be the type of the variable z, and af‘i] = 0'(1){0(d} U
{B}/d}, orff_!) = 0(2){V/B}. Now by lemma 7.1 it follows that ¢’,«’ = P. Finally, as
2! does not occur in P we have ¢’,w |= P. ]
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7.2 The global proof system

In this subsection we prove the soundness of the global proof system. We will prove
only the soundness of the rule (PR), the other rules being straightforward to deal
with. The problem with proving the soundness of the rule (PR) is how to interpret
the premise A - {p}S{g}. We solve this problem by showing that a proof A - {p}${q}
essentially boils down to a finite conjunction of local assertions. We start with the

following two definitions.

Definition 7.7
Given a bracketed program p, R a substatement of p, we define R to be normal iff
every bracketed section of U occurs inside or outside of R.

Next we define After(R,S), where R is a substatement of 5, to be the statement to
be executed when the execution of R has just terminated. On the other hand we will
define Before(R,S) to be the statement to be executed when the execution of R is
about to start.

Definition 7.8
Let R be a substatement of the statement S. We define After(R, 5) as follows:

e If R = S then After(R,S)=E
o If § = 51; 52
then After(R,S) = After(R,S1); Sz if R occurs in S1
After(R, S) = After(R, S2) otherwise
e If § = if e then 57 else S, fi
then After(R,S) = After(R,S$1) if R occursin 5
After(R, S) = After(R,52) otherwise
o If S = while e do S; od then After(R,S) = After(R, 51);S

Next we define Before(R, S) as follows: Before(R,S) = R; S’ where After(R,S) =
E; S

Note that for the above definition to be formally correct we have to assume some
mechanism which enables one to distinguish between different occurrences of an arbi-
trary statement. We will simply assume such a mechanism to exist. So in the sequel
when referring to a statement we in fact will sometimes mean a particular occurrence
of that statement.

We have the following lemma which can be seen as a particular formulation of the
soundness of the local proof system.
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Lemma 7.9

Let § € Stat® be a statement such that every I/ statement and new statement
occurring in it is contained in a bracketed section. Furthermore let A be a set of
assumptions about the bracketed sections occurring in §. Then: 4 + {p}§ {q} iff
there exist for every normal substatement R of S local assertions Pre(R) and Post(R)
such that:

o {Pre(R)}R{Post(R)} € A, for R a bracketed section
® p — Pre(S), Post(S) — ¢

Pre(R) — Post(R)[e/z], R=z:=¢
Pre(R) — Pre(R1), Post(R1) — Pre(Rs), and Post(R,) — Post(R), R =
Eq; Ry

Pre(R) A e — Pre(R;), Pre(R) A e — Pre(Rs), Post(R;) — Post(R), and
Post(R;) — Post(R), R = if e then R, else R, fi

Pre(R) A e — Pre(Ry), Post(Ri) — Pre(R), and Pre(R) A e — Post(R),
R = while e do R; od

Proof
Straightforward induction on the structure of §. O

Given a derivation A + {p}S{q} we define VCa({p}5{q}) to be the set of local
assertions corresponding to the last five clauses of the above mentioned lemma.
Given a bracketed program p = (U : §¢), with U = ¢; « STty ivyCay e~ St
a global assertion I, and the derivations A4; - {Pi*} 5 {gg*}, the set of formulas
and assertions which have to be verified in the cooperation test will be denoted by
CP(Ay,...,AnT,2..).

Now we can phrase the soundness of the rule (PR) as follows: If all the local as-
sertions of VCya,({p*}55*{gi*}), 1 < k < n, all the formulas and assertions of
CP(A,...,A,,1,2.,) are true, and finally the global assertion I satisfies the syn-
tactic restriction mentioned in the cooperation test then the conclusion of the rule
(PR) is valid.

It is easy to see that this formulation of the soundness of the rule (PR) is implied by
the following theorem.
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Theorem 7.10

Let p= (U : S&), with U = e1 « S1'5- -, Cn-1 & §en!, be bracketed.

Suppose that there exist for every normal statement R of p local assertions Pre(R) and
Post(R) such that for A, = {{Pre(R)}R{Post(R)}: Ra bracketed section occurring in S}
all the local assertions of VCa, ({pi*}Si*{g;*}) are true. Assume furthermore that

we are given that all the formulas and assertions of CP(A1,...,4n, 1, z.,) are true,

and finally that I satisfies the syntactic restriction mentioned in the first clause of the
cooperation test.

Let 7 = (X, 0i)izo,.,m be a sequence of global configurations such that for every 0 <
j < m we have (X;,0;) =" (X;4+1,09541), Where INIT ,((Xo,00)), and for every c €
fbypgsnnba by BE 9 we have X(a) = E, or Xm(a) = Before(R, 5¢), After(R, 5°),
R a bracketed section. Additionally we have to impose the following restriction on the
computation 7: For an arbitrary ¢, a € ') we have if X;(a) = Before(R, 5°), for some
0 < i < m, then for some i < j < m we have X;(a) = After(R, 5¢). This additional
condition is necessary to ensure that in the configuration (X, 0m) every existing
object is about to enter a bracketed section or has just finished executing one or has
finished executing its local process. We have to exclude situations like: Xm(a) =
Before(R, 5¢), with B =< while e do Ry od;R’ >, and Xpmo1(e) = After(Ry, 5°).
Note that in the configuration (Xm,om) the object a is in fact executing inside a
bracketed section.

Finally, suppose that: oo,w |= p§* | 2c,- Then:

1. omyw I
2. For ¢; € {¢1,.. -1}, @ € ol

o If X,.(ct) = Before(R, S{*) then (a, om(a)),w |= Pre(R).

o If X,.(a) = After(R, S'), and for some 1 < k < m, Xi(a) = Before(R, 5;°)
such that for every k < I < m, Xi(a) = Before(R', 57*) implies that R’ is
a proper normal substatement of R, then (@, 0n()),w |= Post(R).

o If Xu(a) = E then {a,0m(a)),w = g

The additional condition in this second clause above can be shown to be nec-
essary as follows: Suppose the statement if t then R, else Ry fi occurs in §°.
We then have that After(Ry,S) = After(Rz,S). So we need some additional
information about which of the statements R1, K3 has actually been executed.

Proof
The proof proceeds by induction on |k|, the length of the history of the computation
T.
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|h] = 0:

Bt!cause oo,w = pi* | ze,, INIT,((Xo,00)), and the implication of the last clause
of the cooperation test holds, we have that o9,w |= I. Now o, agrees with g with
respect to the variables occurring in I (the computation T consists solely of a local
computation of the root-object), so o, w |= I. Next we will prove by induction on
m, the length of the computation 7 (let w(z.,) = a):

o If X,,(a) = Before(R, Sc"), and R is minimal with respect to the relation “is a
proper normal substatement of”, then (a, o,(a)),w |= Pre(R).

o If Xpm(a) = After(R, Sg*), and for some 1 < k < m, Xi(a) = Before(R, 5¢),
such that for every £ < I < m, Xj(a) = Before(R', Sg*) implies that R’ is
a substatement of R (this property of R will be abbreviated to “After(R) is
7-reachable”), then (a, om(a)),w |= Post(R).

o If X;n(a) = E then (a,on(a)),w |= ¢t~.

The additional condition in the first clause above can be shown to be necessary as
follows: Let B = Ry; Ry occur in Si», where Ry = whilt0<zdoz:=2—1 od.
Note that Before(R,S5") = Before(Ry,Sc"). Suppose that Pre(R) = 0 < z and
Pre(R1) =0 <z. Wehave =0 < 2z — 0 < =, but of course not the other way
around, so when X,n(a) = Before(R, 5*) then 0 < z does not hold necessarily. Here

we go.

m =0: Xo(a) = Si». We are given that | pt» — Pre(S5r) and (@, o (), w = pon.
So we have that (@, om()),w |= Pre(Sc). Now let R be minimal such that
Before(R, §5*) = Sc». Then 5% = R or §i» = R; R', for some R’. In the latter
case we are given that = Pre(S5") — Pre(R). So (a, om(a)),w = Pre(R).

m > 0: We distinguish the following cases:

1. Xpm(a) = E; R, E.
(a) Xm-1(@) = Before(z := e, S¢r):
By the induction hypothesis we have (a, om-1(a)),w = Pre(z := e).
We are given that |= Pre(z := e) — Post(z := e)[e/z]. Furthermore
we have that (a,on(a)) € S[z := €]({a, om-1(a)}). From which by
the soundness of the local assignment axiom we infer (@, 0m(a)),w =
Post(z := e). Let After(R', Sér) = E; R, E, such that After(R') is -
reachable. An easy induction on the complexity of R’ establishes that
= Post(z := e) — Post(R'), implying that for X,,(a) = E we have
that {a,om(a)),w = ¢° because we are given that |= Post(§c) —

-
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(b)

Xm-1(a) = Before(R', 55), R = while e do Ry od, and (@, om-1(a)) =
—e:

By the induction hypothesis we have that (@, om-1(@)),w F Pre(R').
We are given that |= Pre(R') A —e — Post(R'). Furthermore we have
that 0,1 = Om- Thus (a, om(a)),w |= Post(R'). For R" such that
After(R",5) = E; R, E, and After(R") is T-reachable, one can prove
by induction on the complexity of R" that |= Post(R') — Post(R").
Furthermore, as in the previous case, we have for Xn(a) = E that

(a, am(“))!w l‘-; g

2. Xm(a) = R(# E):

(2)

(b)

Xom_1(a) = Before(R', S7*), R' = if e then Ry else R; fi,and Before(R1,5°) =
R:
By the induction hypothesis we have that {a, om-1(a)),w F Pre(R').
Furthermore we know that (o, om-1()) = e We are given that |=
Pre(R') A e — Pre(Ry). So {a,om(a)),w |= Pre(Ry). Let R" be
minimal such that Before(R",S5") = R, it follows that Ry = R”,
or Ry = R"; R™, for some R"™. In the latter case we are given that
Pre(R1) — Pre(R"), so {a, om(a)),w |= Pre(R"). The case that R =
R, is treated in the same way.
Xom-1(a) = Before( ', §en), B! = while e do Ry od, and Before(Ry, S5*) =
R: Analogously to the previous case.
Xm-1(a) = E; R:
Let R; be the minimal normal statement such that R = Before(Ry, 55),
and R, be maximal such that After(Rs, S5r) = E; R, After(R5) be-
ing 7-reachable. Note that by the additional restriction on the com-
putation 7, which ensures that in the configuration (Xm,0m) every
existing object is executing outside a bracketed section, we have that
R, is a normal statement. By the induction hypothesis we have that
(e, Tm-1(a)),w [ Post(Rz). There are the following two cases to
consider:
i. Rs; Ry is a substatement of Sgr:
We are given that |= Posi(Rz) — Pre(Ry). So we have that
{a, om(@)),w |= Pre(Ry).
ii. Ry = while e do Ry od:
We have that |= Post(Rz) — Pre(R;), from which follows the
desired result.

Next we consider the case |h| > 0:
h = hyo < a, B >, where, say, @ € 0%, € 0%:

It is not difficult to see that we may assume that
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T = (Xg, O‘g), veey (X;,,a;,), ‘e .,(X{, cr;), . .,(Xp,o‘p), . .(Xm,ﬂ‘m}

where,

1. Xx(a) = Before(R, S5), Xi(a) = After(R, 5{*), R the bracketed section execu-
tion of which by a consists of the creation of 8

2. From (X, ok) to (Xp,or) only a is performing
3. From (Xp,0op) to (Xm,om) only B is performing

Of course this can be proved formally. However a formal proof being straightforward
but rather tedious notationally we think we are justified in giving only the following
informal explanation: Consider the moment of the computation 7 that the object a
is about to enter the bracketed section execution of which consists of the creation of
B. Trom that moment on all objects execute independently from each other, which
implies that from here on we can sequentialize the local computations in an arbitrary
way.

Let for ¢, € {c1,...,¢n}, V(# ,8) € 0%, Xi(7) = Xm(y) = Before(R',5*), R' a
bracketed section. By the induction hypothesis we have that {7, ox(7)),w |= Pre(R’).
But ox(7) = om(7), s0 {7,0m(7)),w = Pre(R'). Analogously for Xi(y) = Xn(y) =
After(R', S*), E (R’ a bracketed section).

Furthermore it follows by the induction hypothesis that

oy, wi{a/z.;} = I A Pre(R) ] z;,
where z.; does not occur in /. We are given that

= {Z A Pre(R) | zc;}(ze;, R{T A Post(R) | ze; Ap™ | ze;[ze;-2/ 2]},

assuming that z := new occurs in R. We have that

a1 € I[(ze;, R))(w{e/ 2} ) (o)
So we may infer that

on,w{a/z,} = (I A Post(R) | ze; AP | ze;[z;-2/ 25])-

As z.; does not occur in I and o7 agrees with ¢,,, with respect to the variables occurring
in I we have that o,,,w [ I.

From (e, o1{a)),w |= Post(R) we infer by an argument similar to the one applied to
the case |k| = 0 that (@, opm(a)),w |= Pre(R’), (@, o5n(a)),w |= Post(R'), {a,0m(a)),w =
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gt, in case X () = Before(R', 5;*), Xn(a) = After(R', Si*), R’ a bracketed section,
and X.(a) = E, respectively. From (8, op(B)),w = p;’ we derive in a similar way an
analogous result for 8. (Note that by the definition of a bracketed section we have
ai(e)(z) = B.)

Finally, let h = hjo < a,f3,7 >, where, say, a € 0%,5 € (0}

Again it is not difficult to see that we may assume that

T = (Xo,o‘g),. ..,(Xk,a'k},. ; .,(X;,U;),. ..,{Xp,(fp),. ..,(Xm,am),

where

|

1. Xx(a) = Before(R, SE*), Xi(B) = Before(R',S’), Xi() = After(R, 5;°), and
Xi(B) = A ﬂer(R',S;j), where R, R' are the bracketed sections execution of
which by a and f consists of the transfer of y from a to 3

2. From (Xk,ok) to (Xm,om) only a and 3 are performing
3. From (X, ;) to (Xp, o) only a is performing

4. From (X, 0p) to (Xm, 0m) only B is performing

For 7' # a, B the desired result follows from the induction hypothesis as in the previous
case. Purthermore we have by the induction hypothesis that

op,wlE 1,
(e, o%(a)),w |= Pre(R), and
(B,0:(B)),w |= Pre(R).

Let z € LVar,,z' € LVar,; do not occur in I. It then follows that
ox,w{a,B/z,2} = (I A Pre(R) | z A Pre(R') | 2).
Turthermore we are given the truth of the formula
{IAPre(R)| zAPre(R')| 2}z R)| (2, R){I A Post(R) | z A Post(R') | 2'},

and

o1 € T[(zei, B) || (22 B)Mw{e, B/ 2e02 76, })(0)-
From which we derive that oj,w |= I (s0 om,w | I), (o, 01(a)),w |= Post(R), and
(B,01(B)),w |= Post(R'). Finally, reasoning in a similar way as in the case |l =0
will give us the desired result. a
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8 Completeness

In this section we prove the completeness of the proof system, that is, we prove that
an arbitrary valid global correctness formula is derivable. Without loss of generality
we may assume the sets C' and IVar to be finite.

8.1 Histories

First we want to modify a program p by adding to it assignments to socalled his-
tory variables, i.e., auxiliary variables which record for every object its history, the
sequence of communication records and activation records the object participates in.
In languages like CSP such histories can be coded by integers: In CSP we can as-
sociate with each process an unique integer and thus code a communication record
by an integer [Ap2]. As there is no dynamic process creation in CSP a history is a
sequence of communication records, which, given the coding of these records, can be
coded too.

Given some coding of objects, it is not possible in our language to program an internal
computation, using auxiliary variables, which computes the code of an object. That
is, we cannot program a mapping of histories into integers. Therefore to be able to
prove completeness, using the technique applied to the proof theory of CSP, we have
to extend our programming language. We do so by introducing for each d € Ct a
new finite set of instance variables IVarg., for an arbitrary c. We define now the set
of expressions Eepf, with typical element €S, as follows:

Definition 8.1

a a
self a=c
nil
n a=Int

true | false @ = Bool

c < —
ellnt + ezll'lt e = |r|t

j le5.] a=Int
| {eq) a=d"
| erfoes a=d"
|

e15=e a = Bool
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The value of the expression |e5.| is the length of the sequence denoted by the expres-
sion e5.. The value of the expression €15 o ez¢ is the result of concatenating the two
sequences denoted by the subexpressions e15, e2§. Finally, the expression (ej) denotes
the sequence consisting of one element, i.e., the value of the expression €5

The set of statements Stat® is defined as before, but for the assignment statement.
Assignment statemnents now have the form: z¢ := €.

Programs are defined as before. Note that we introduced only some very restricted
repetoire of operations on sequences in our programming language. The main reason
being that more elaborate operations will complicate our substitution operations.

However to prove completeness the operations introduced above suffice.

The set of local expressions LEzp; is extended as follows:

Definition 8.2

£ o=y a = d,d*, d € {Int,Bool}
zg
self a=c¢c
nil
n a = Int

I]ﬁ. : Izhﬂ_ a=d

[15.] a=Int
(1) a=d
heole — e=d*

|
l
|
|
| true | false @ = Bool
l
|
l
|
l

c L p—
Illl‘lt + Izlnt a=Int
| L=l a = Bool
The added operations on sequences are interpreted as described above. Local asser-
tions are defined as before.
As we do not want to redefine our substitution operations we do not change our

global assertion language but for allowing instance variables of type d*, for d € C™.
As a consequence we have to redefine the definition of the transformation of a local
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expression, local assertion to a global expression, global assertion, respectively. We
do so by viewing the global expressions {g), g1 o g2 as abbreviations in the following
sense: Suppose the expression (g) occurs in the assertion P. Let P’ be such that
P'[{g}/z] = P. Then we can view P as an abbreviation of the assertion

Jz(lz] = LA z:1=g A P).

In case an expression of the form g; o g» occurs in P, let P’ now be such that P'[g; o
g2/z] = P. Then we can view P as an abbreviation of the assertion

3z |
2| = g1] + lg2|A
Vi(l<i<|g| = z:i= g1 9)A
Vi(lga]| < i< |z] = z:4 = gp 1 2)A
PJ'

Definition 8.3
We can define now [ | g simply as follows:

zlg = Z

zlg = g=

self | g = g

Hhlg = (lg)
holplg = Llgollyg

The transformation p | g is defined accordingly.

Note that the resulting assertion, in the case that p contains these newly introduced
expressions, really is an abbreviation of an assertion.

Next we describe how to code histories in the extended version of our programming

language. First we order the set {ci,...,cp, Int, Bool}, assuming C = {c1,...,¢c,}, as
follows:

Ord(c) = i

Ord(Int) = n+1

Ord(Bool) = n+2

Given this ordering we assume the set of pairs < ¢, d > to be ordered lexicographically.
Now we introduce variables which will be used to code the history of an arbitrary
object.
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Definition 8.4
For an arbitrary ¢ we associate with each pair < ¢;,d > the variables:

inly, € IVarS,, in2m € IVarg., indm € IVarj .,
outl,, € IVarS,, oul2m, € IVarg., outdm, € IVary ..,

c?r
where m = Ord(< c;,d >), and with each d the variables

n2, € IVarg., indy, € IVar'fnt.,
where m = n? + 2n + Ord(d), and, finally, with ¢; the variables

actlm € IVarg,, acl2m € IVar{ s,
where m = Ord(¢;)-

Finally, for each ¢ we introduce a fresh variable count € IVarf,.

Definition 8.5
For 1 < i < n the set of variables, as introduced above, belonging to IVar®, we denote
by HS.

Let m = Ord(< ¢;,d >). Then for an arbitrary object of class ¢ the variable ini,
will record the order in which objects of class ¢; communicated an object of class d to
it. These communicated objects are stored in the order of their arrival in the variable
in2,.. The variable in3,, will record for each of the above communications the local
time it occurs.

Analogously we have that for an arbitrary object of class ¢ the variable outl,, will
record the order in which objects of class ¢; received an object of class d from it. The
communicated objects are stored again in the order of their arrival in the variable
0ul2,,. The variable out3,, willrecord the local time of each of these communications.

Let for d € C* m = n? + 2n 4 Ord(d). The variable in2,, will record for each object
of class ¢ the sequence of objects of class d communicated by an unknown object. The
variable in8,, again will record the local time of each of these communications.

Let m = Ord(c;). Then for an arbitrary object of class ¢ the variable actl,, will
record the order of objects of class ¢; which have been created by it. The variable
act2,, will record for each of these activations its local time.

Tinally, for each object of class ¢ the integer variable count will record its local time,
i.e, this variable simply counts the number of communications and activations of this
object.
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As we introduce instance variables ranging over sequences only to be able to code
histories we assume that IVar§. = Hj.,ford € C™.

According to the above informal explanation we transform a program p, assuming
IVar(p) N U, H® = 8, to p' as follows:

Definition 8.6
First we transform an arbitrary 1/0 statement and new statement:

zg, 195 = g, Tyg; count := count + 1;
nlg,,n2,,,ind,, = tnl,o0 < zg, >, m2p0 < ¥§ >, indyno < count >,
where m = Ord(< ¢;,d >)
zZ leg = =z leg; count := count + 1;
outll ., out2,, oully, 1= outl o0 < zg, >, 0ut2mo < €5 >, outdmo < count >
where m = Ord(< ¢;,d >)
?y§ = y5; count := count + 1;
M2y, N3y 1= 20 < Y5 >, ind;n0 < count >,
where m = n% 4+ 2n + Ord(d)
z3:=new = zJ:= new;count := count + 1;
actlm, act2y 1= actimo < 2§ >, act2,,0 < count >,
where m = Ord(d)

Here zy,...,2 := e1,..., e stands for z; := e;;...;z := ex. Let for an arbitrary
statement S° the result of applying the above transformation to S , defined by in-
duction on the structure of S, be denoted by §’. Given a program p = (U : S,
with U = ¢1 « S7,...,cn1 + S;27, we define p' = (U : §'°*), with U’ = ¢; «
S’ e vnylnmy = SR

We introduce the following notation to refer to the history of an object of class ¢
encoded by the values of the variables of H°.

Definition 8.7
Let ¢ and a such that a € ¢{9). We define h; o to be the history encoded by the
values of the variables of H® of e, if such a history exists, otherwise hg o is undefined.

8.2 A most general proof outline

Let p = (U : §3r), with U = &1 « 8f1,...,en1 « S5, be a program such
that IVar(p) N U, H® = 0, and for which the formula {p | Z, }p{Q} is valid, where
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IVar(p, Q)N U . H® = 0. We define a most general proof outline for p', that is,
we will define a global invariant I and for every occurrence of an arbitrary normal
substatement S of p' local assertions Pre(S) and Post(S) such that for

Ay = {{Pre(5)}S{Post(S)} : § an occurrence of a bracketed section of §'*}

we have Ay - {Pre(§"*)}S'™*{Post(5'**)} and Coop(Ar,---,An, I, 2,). By an ap-
plication of the rules (PR), (PC), (S1), (82), (INIT) and (Aux) the derivability of
{p| 2z, }p{Q} then can be shown to follow. First we modify the precondition p™ as
follows:

Definition 8.8
We define

Pt =p" A /\ (z = 2z) A Thast,

zeW

where W = IVar{ U I Varg, > 7« being a new logical variable uniquely associated
with the instance variable z. These newly introduced variables are used to “freeze”
that part of the initial state as specified by the integer and boolean variables. Fur-
thermore Ihist stands for the assertion

count =0 A A lzl=0.

d mEH::‘
The assertion Ihist initializes the history of the root-object.

We start with the definition of the global invariant. This global invariant describes all
states o for which there exists an intermediate configuration (X ! g') of a computation
of p' such that o and o’ agree with respect to the existing objects and with respect
to the histories of these objects. Furthermore, in the configuration (X', o') every
existing object is executing outside a bracketed section, so no object is involved in a
communication or the creation of some object.

Lemma 8.9
There exists a global assertion I, IVar(I) C U. H, such that:

o,w [= I iff there exist configurations (Xo,00), (X1, 01) such that:

e For some history h : (Xo,00) =" (X1,01), where Init,((Xo, 0¢)), and for

a€ a'((}c“} we have (o, og(a)),w |= .

(<)

e For an arbitrary ¢ and a € o;” we have that X1(a) is normal.

e For an arbitrary ¢ we have @ = aﬁ‘], and for every @ € ol) we have hy o =

he, -
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Proof
See section 9. ]

The next lemma states the existence of a local assertion Pre(R), R a normal substate-
ment of $%. This local assertion describes all the local states § = (a, s) for which
there exists an intermediate configuration (X, o) of a computation of p’ such that «
exists in & and s equals o(c), furthermore, in the configuration (X, o) the object o
is about to execute R.

Lemma 8.10
Let R be a normal substatement of 5’{'. There exists a local assertion Pre(R) such
that:

0% ,w |= Pre(S) iff there exist configurations (Xo, q), (X1, 1) such that:

o For some history k we have (X, oq) —h (X1,01), where Init,((Xo,0q)), and

for a € a[(,c“] we have (a, og(a)),w |= p'*".

s For some a € o{*) we have (a, oy (a)) = 6% and X;(a) = Before(R, §'F).

Proof
See section 9. 0

Analogously we have a lemma asserting the existence of a local assertion Post(R),
R a normal subprogram of, say, 5'{*: Just substitute After(R,Ss') for the phrase
Before(R, 5'').

Now we define our sets of assumptions.

Definition 8.11
Let

Ay = {{Pre(R)}R{Post(R)} : R a bracketed section occurring in S7kY.

We have the following lemma stating that from this set of assumptions A we can
derive the local correctness formula { Pre($';* )} S { Post(5%*)}.
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Lemma 8.12
Tor the set of local correctness formulas Ay as defined above we have

A I {Pre(5'¢)} S {Post(5'")}-

Proof
Follows in a straightforward manner from the semantics of the assertions Pre(R) and
Post(R), R a normal statement of 5', as described above, using lemma 7.9. ]

To show that these assumptions cooperate we need the following definition and lemma:

Definition 8.13

Let, for an arbitrary ¢, B¢ C o'¢), and, for @ € B®, R, be a bracketed section of §° or
be the empty statement E. We call the set |J{< o, Ba >: @ € B¢} (o,w)-reachable
iff there exist configurations (Xo, 09), (X1, 01) such that:

e For some history h: (Xo,00) =" (X1,01), where INIT,((Xo,00)), and for
o€ a'{()c") we have (a, oo(a)),w |= p'".

o For an arbitrary ¢ we have B C o'gc), for a € B® we have Before(Rq,S5') =
X1(a) if Ra # E, X1(a) = E, otherwise, and o(a) = o1(a).

If, additionally, we have for an arbitrary ¢ that ol = o-&c] and for all a € o{9) we
have that X;(a) is normal and kg o = hsy o We speak of (I,0,w) — reachability.

Note that o,w |= Pre(R) | z, assuming R to be a bracketed section of 5’ and
z € LogVar,, implies the (o,w) — reachability of < a, R >, where a = w(z). We have
the following lemma, which is called “the merging lemma”, about merging different
computations into one computation.

Lemma 8.14

Let, for an arbitrary ¢, B C o{¢) be such that for & € B¢ and R, (a bracketed section
of §’ or the empty statement E) we have that < a, Rq > is (0, w) — reachable and
o,w |= I. Tt then follows that |J {< @, Ra >: @ € B°} is (I, 0,w) — reachable.

Proof
By o,w |= I we have for some configurations (Xo, 00), (X1,04):

e For some history k : (Xo,00) =" (X1,01), where Init,((Xo,00)), and for
a€ o‘f,c“] we have {a, go(a)),w | p'".
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o For an arbitrary ¢ and a € 0! we have that Xi(a) is normal.

(<)

e For an arbitrary ¢ we have ¢(¢) = oy, and for every a € o() we have hoo =

by o
By the (o, w)—reachability of < e, R, > we have for some configurations (X, 04), (X, o ):

e For some history ho:(Xa,0q) =" (Xa»04), where Init,((Xq, 04 >), and for
Be ogf“) we have (8, 0,(8)),w |= p"".

o For a € !9 we have o(a) = a/(a) and X/ (a) = Before(Rq, 5°).

As a local computation of an object which is executing outside a bracketed section
does not affect the history variables, i.e., the variables used to encode the local history,
we may assume without loss of generality that there exists no configuration (X, o)
such that (X1,01) = (X, ), so every existing object in (X;, o) is about to enter
a bracketed section or has terminated. (Just execute the local process of an object
until a bracketed section has reached or it has terminated.) It suffices to prove that
for o € B we have (X1(a),a1(a)) = (X.(a),cl(a)).

Now let « € B°, with ¢ # cn: From the definition of the global transition sys-
tem and the construction of p' it follows that (§¢, ) —"hwe (Xi(a),0l(a)) and
(8, 7) =" (X1(@), 01(@)). Now by hyr o = by = by, o (the first identity follows
from o(a) = o (a), the second from o,w |= I), and the fact that the environment
completely determines the local behaviour of an object we have (X1(a),01(a)) =

(Xa(a), oa(a)).

Let a € B*: From (o, oo(a)), w |= p', (@, 04(@)), w |= p', and Init,((Xo, o), (Xa, 7a))
it follows that oo(a) = oa(a) (the assertion A ey (z = z.) freezes the part of the

initial state specified by the variables ranging over the standard objects, the predi-

cate Init, fixes the part of the initial state specified by the variables ranging over the

non-standard objects, and, finally, the assertion Jhist fixes the variables introduced to

code the local history). So we can apply an argument similar to the one given above.

=

Given the merging lemma we are now ready to prove that the assumptions intro-
duced above cooperate. First we show how to discharge assumptions about bracketed
sections containing a new-statement.
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Lemma 8.15
Let R = z := new; Ry be a bracketed section occurring in §'f*, assuming the type of

the variable = to be cj, then:
F {I A Pre(R) | z}(z, R){I A Post(R) | z /A Pre(5'7) | 2)[z.2/ 2T}

where z € LVar,, and z' € LVar; are two distinct new variables.

Proof
Let [act] abbreviate the substitution corresponding to the updating of the local history

as described by Ry:
[z.actijo < z.x >, z.act2;o < z.count +1>, z.count + 1/ z.actl j, z.act2;, z.count).
By the axioms (IASS) and (NEW) it suffices to show that:

k= I A Pre(R) ] z—

(I A Post(R) | zA Pre(5'7) | z’[z.z/z"])[act][z“/z.z][new/z"]

where z” € LVarc; is a new variable: Let o,w |= I A Pre(R) | z. Now o,w =
Pre(R) | z implies the (o,w) — reachability of < w(z), R >. An application of the
merging lemma gives us the (7, o,w) — reachability of < w(z), R >. So there exist
configurations (X1, 01), (X2, ay) such that

e For some history h: (X1,01) —h (X,,00), where Init ((X1,01)), and for a €

ogc") we have (a, o(a)),w = p"".

e For an arbitrary ¢ we have ol = cgc], and for a € o¢) we have that X;(a) is
normal and hy o = Ry -

e For a = w(z) we have o(a) = gz2(a) and Before(R, ") = Xa(a)-

Let o’ € Z{(z, R)](w)(c). It then follows that for o3 such that

O =) cms
= Ugc] otherwise,

with 8 = o'(a)(z), and o3z = 32(2){0"(a)/a}{v/,8}, with a = w(z), we have
(X1,01) =" (X3,03), where b = ho < o, > and X5 = X, {After(R,5")/a}.

By (X1,01) —h' (X3,03) we have o/,w £ I. Furthermore it follows that ¢’,w |=
Post(R) | z and o', w{B/2'} Pre(S’:i’) | 2, or, equivalently, ¢/,w = Pre(§5') |
Z[z.z/2'].
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Summerizing we have

o',wl (I A Post(R) | z A Pre(8') | 2'[z.z/2']).
From which in turn it is not difficult to derive by an application of the lemmas 7.1
and 7.3 that:

o,w = (I A Post(R) | z A Pre(S') | 2[z.z/2))[act][2"/2.z][new/2"].

Next we show how to discharge assumptions about matching bracketed sections.

Lemima 8.16 .
For two arbitrary matching bracketed sections Ry and R, occurring in, say, §'*, §'7,
1<i<n,1<j<n, we have:
{I A Pre(Ry) | z A Pre(R,) | z'}
F (z,R1) || (', R2)
{I A Post(Ry) | z A Post(Ry) | 2'}

where z € LVar, and 2’ € LVar,; are two new distinct variables.

Proof

We prove the following case, the other ones are treated in a similar way: Let Ry =
zle; Ry, Ry =%y; R}, and i # j. Let [in] abbreviate the substitution corresponding to
the update of the local history as given by R}:

Zinlyo < 2y >, 2. in2ro0 < 2'.count + 1 >, 2'.count + 1/
z.inlg, 2'.1n2y, 2’ .count. '

And [out] abbreviate the substitution corresponding to the update of the local history
as given by R%:

l z.outljo < z.z >,z.0ut2j0 < e | z >, z.0uldjo < z.count + 1 >, z.count + 1/ ]

z.outly, z.out2;, z.ouldy, z.count.

By the axioms (COMM) and (TASS), the rules (SR2), (PAR1) and (PAR2) it suffices
to show that:

= IAPre(Ri) | zAPre(Ry) | 2'Azz=2Azz#nil—

(I A Post(R1) | z A Post(Rz) | 2')[in][out][e | z/2".y).
Let o,w |= (I A Pre(R1) | z A Pre(R;) | 2' Az.z = 2' A 2.z # nil). It follows that
< a, Ry > and < B, Ry > are (0,w) — reachable, where a = w(z) and g = w(z"). From

lemma 8.14 then we infer the (I,0,w) — reachability of {< a, Ry >, < B.Ra >}. So
there exist configurations (Xy,01), (X3, 02) such that
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e For some history h: (X1,01) —P (X3, 02), Init » (( X1, 01)), and for a € agc“] we

have (a,o(a)),w | '
e For an arbitrary ¢ we have oo = o'gc} and for a € o9 we have that Xs(a) is

normal and kg o = Roga-

o We have Before(Ry,5's) = Xa(a), Before(Rg,S’;j) = X,(B), and a(a) =
a3(a), o(B) = o2(B)-

Let o/ € Z[(z, R1) || (2, R2)l(w)(c). Note that such a o' exists because we have
o,wl=z.x =2 Az F il

By the definition of the global transition system it follows that for a3, with o';c] = a'gc],

¢ arbitrary, and ogz(z) = 62(2){6'(11]/&}{0’(,6)/,6} we have (Xi,01) - (X3,08),
where i/ = ho < a, 8,7 >, for some 7, and X3 = Xo{ After(R, §'%) [a}{After(R2, S’j-j)/ﬁ]-.

From (X1,01) -k (Xs,03) it then follows that o',w |= I. Furthermore we have
o', w = Post(Ry) | z and o', w |= Post(Rs) | #'. Summerizing we have:
o' ,w = (I APost(R1) | zA Post(R3) | Z').

From which in turn we derive by applying lemma 7.1 that

o,w = (I A Post(Ry) | z A Post(R3) | 2'\[in][out][e | z/2".y]-

We summerize the above by the following theorem.

Theorem 8.17
The following formula about p’, which is called the most general correctness formula
about p, is derivable:

{Pre(S'7) | Ze}

P
{1 A Ain V2e; Post(S'S) | ze; A Post(S'5) | ze,}-

Proof
By lemma 8.12 we have

Ap F {Pre(S¥)}S'¥ {Post(S')}-
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Furthermore it is not difficult to prove that

= Pre(S'7) | ze, AV2, (20, = ze,) A\ (Vzfalse) — I.
1<i<n

From this and the lemmas 8.15 and 8.16 it follows that Coop(As,...,A,,1,2.,).
Applying the rule (PR) then finishes the proof. o

We are now ready for the completeness theorem.

Theorem 8.18
The valid correctness formula {p | z., }p{Q} is derivable (assuming IVar(p, @, p)N
U He = 0):

F{pl z..}p{Q}.

Proof
By the previous theorem we have the derivability of the correctness formula

{Pre(S5's7) | 2.}

’

p
{I A Aign Vze; Post(S') | z; A Post(S':2) | zc,.}-

It is not difficult to prove that |= p'™™ A Acw 2 = nil » Pre(SS"), where W =
U, I'Vari®. Next we prove

= IA A V2 Post(S5) | z; A Post(5'7) | 2, — Q.
i#n

Let the antecedent of the implication be true with respect to some logical environment
w and some global state o. Note that for an arbitrary ¢, @ € ¢(°), we then have that
< a,EB > is (0,w) — reachable. Applying lemma 8.14 thus gives us the (I,0,w) —
reachability of |J.{< a, E >: a € o(9)}. It thus follows that (X1,01) =" (X3, 0) for
some history k, where Init,((X1,01)), Final,((X3,0)), and o1,w |= p | 2,. Now
the validity of the formula {p | z.,}p{Q} implies that of {p | z.,}p'{Q} (note that
IVar(p,@Q,p)N U, H° = 0, and that the updating of the history variables does not
affect the flow of control of p), from which we conclude o, w E Q.

By the consequence rule and the rule (INIT) we thus have

F{p' |z, }0'{Q)-

Applying the substitution rules (S1) and (S2), substituting every logical variable z,
by the corresponding instance variable z, substituting the instance variable count by
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0, and every variable z € H,de C7, by nil, the empty sequence, then gives us,
after an trivial application of the consequence rule,

- {P 1 ze, }Pf{Q}

An application of the rule (Aux) then finishes the proof. ]

9 Expressibility

In this section we show that the assertions I, Pre(R) and Post(R), as defined in
the section on the completeness of the proof system, can indeed be expressed in our
assertion languages. We assume throughout this section the sets C and IVar to be
finite. We start with a description of the coding techniques we will use to express
these assertions.

9.1 Coding techniques

We will have to use some coding mechanism to arithmetize the semantics of programs
and assertions. However we will not go into the details of the construction of the
mechanism we need. We will just assume such a coding mechanism to exist, and list
some of its properties we shall make use of. For the details of the coding mechanism
we refer to [TZ]. Let p’ be the program defined in the section on completeness (see
definition 8.6), relative to which the assertions I, Pre(R) and Post(R) are defined.

For an arbitrary statement S, variable z, the code of § and z will be denoted by
[S],[2] € N, respectively.

For an arbitrary d we assume given an injection [Ja € 0% — N such that [1]g = 0.
For d = Int we assume []4 to be surjective too.

Furthermore we assume given for an arbitrary d an injection [la» € O — N such that
for @ =< Bi,...,0n >€ 0%, with d € C, we have [ales = [< [Bilas - [Bald >lint*-

The code of an arbitrary global state o and a global configuration (X,0) will be
denoted by [o], [(X, )] € N, respectively.

We assume the representability in the local assertion language of [Jj,¢+ and of the
coding functions [Jjp¢ and [|geol- S0, for example, we assume the existence of an
assertion p(z1, z2), where z € LVarg., 22 € LVarg, d = Int, such that for an arbitrary
w, f we have

0,w = p(21, z2) iff [w(z1)]as = w(z2)-
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As we will explain in the following subsection the coding function []. is not rep-
resentable in the local assertion language or in the global assertion language. For
example there exists no local assertion p(z, z), the type of the variable z being ¢ and
that of the variable z being Int, such that for every 8 and w:

8,w |= p(z, 2) iff [6(2)]. = w(z).

However we will see that we do not need these functions to be representable in the
assertion language.

Next we present a list of relations between natural numbers which we assume to be
recursive, and thus definable in the local assertion language:

Definition 9.1
We define

o Leny(n) = m iff there exists a sequence @ € O such that [a]s = n and the
length of a equals m.

o Concg(n,m) = k iff there exist a,8 € O such that n = [a]g., m = [B]., and
k=[ooPBgs.

o Elty(n,m) = k iff there exist a« € 09,8 € OTt such that [a]g = n, [B]j,4 = m,
and [a(8)]¢ = k.

o Actc(n,m) iff there exist a global state o, a € ¢{*) such that m = [0}, [a]. = n.

o Val;(k,1,m) = n iff there exist a program variable <, a global state o, a € ¢{°)
such that [o] = m, [a]c = k, [25] = I, and [o(a)(2¢)]. = n.

* Trans(n,m)iff there exist global configurations (Xg, 09), (X, @) such that [(Xo, 70)] =

n, [(X,0)] = m, Init,((Xo, 7)), and for some history h (Xo,a0) —* (X, ).

 Norm.(n,m) iff there exist a global configuration (X,o), @ € ¢(°) such that
[a]c = n, [(X,¢)] = m, and X(a) is normal.

* Before (k,I) = m iff there exist statements R° and S° such that [R] = k,
[S€] = 1, and [Before(R®, 5¢)] = m.

e After (k,l) = m iff there exist statements R and §° such that [Bf]=&,[58"] = L,
and [After(R¢, 5¢)] = m.

e Prog.(n,m) = k iff there exist a global configuration (X, o), a € o) ik that
[(X) 0')] =m, [O{],_. =n, and [X(Q',)] = k.

e State(n) = m iff there exists a global configuration (X, o) such that [(X,0)]=n
and [g] = m.
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In the sequel we identify the relations defined above with their representations in the
local assertion language.

Next we code the truth relation o,w |= p° | z, p° 3 local assertion. We do so by
translating a local expression I° and a local assertion p° to an arithmetical one, which
we denote by I¢|u, v] and p°|u, v, where u, v are fresh logical integer variables. We call
an expression (assertion) arithmetical if only logical variables ranging over (sequences
of) integers occur in it. (So occurrences of instance variables are not allowed.) The
idea is that the translated expression (assertion) “speaks” about a state in terms of
the arithmetical structure of its code number. The variable u will be interpreted as
the code of the current state, and the variable v as the cade of the object with respect
to which the expression (assertion) is evaluated. The translation runs as follows:

Definition 9.2
‘We define

o zg|u,v] = [zdla

o 28 |u,v) = Val(v, [5], )

o nillu,v] =0

o self|u,v] =v

o n|u,v] = [7]int

o true|u,v| = [true]ggol

o false|u,v| = [false]gool

(e : €5) L) = Bit(ef|u, 0], e5(u,v))

o <€ > |u,v] = [< e |u,v] >

o (€5 0e5)|u,v] = Conc(ef|u,v],e5|u,v])
o le°||u,v] = [Len(e®|u,])]int
o (5 = e5)|u,v] = ef|u,v] = e3u,v]
o (=p°)|u,v] = ~(p°[u,v])
o (p§ A pS5)|w,v] = p§lu,v] Aps)|w,v)
o (3zap%)|w,v] = Iz (p°[u,v])
Note that by definition of the local assertion language we have in the first clause above

that d = Int, Bool. With respect to the last clause we have a = d,d*, d = Int,Bool.
We have the following semantical property of this translation:
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Lemma 9.3
For an arbitrary o, a € o(°), w such that OK (o, w) we have

(L1 L zel(w{a/z})(0)]a = LI |2, v]|(w {[o], [ade/, v})(o),

and

Alp® | zeJ(w{a/z})(0) = Alp®|u,v])(w {[o], [e]e/u, v})(0).

This lemma states that taking the code of the ob Jject denoted by the expression I
yields the same result as when we evaluate the translation of ! into an arithmetical
expression, interpreting the variables  and v as the current ob ject and the current
state, respectively. With respect to assertions this lemma expresses a corresponding
proposition. Note that in fact the state with respect to which we evaluate the trans-
lated expression (assertion) is irrelevant because there do not occur instance variables
in the translated expression (assertion).

Proof
Straightforward induction on the structure of IS and p°. O

9.2 Object-space isomorphisms

To proceed we next introduce the notion of an object-space isomorphism, an osi for
short.

Definition 9.4
An object-space isomorphism (osi) is a family of functions f = {(f4ec+, where 4 ¢
04 — 09 is a bijection, fAL)= Land f4 ford = Int, Bool, is the identity mapping.

Given an osi we define the isomorphic image of a local state as follows:

Definition 9.5
For an arbitrary local state 8, osi f we define the local state f(8°) as follows:

o £(6)a) = £(05).

® For an arbitrary variable z € IVar$ we have f(6°) (=) = _fd[é?fz)(a:)}.

Given an osi we define next the isomorphic image of a global state.
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Definition 9.6
For an arbitrary global state o, osi f we define the global state f(o) as follows:

» For an arbitrary ¢ we have f(o)) = Fe(olo).

e For an arbitrary ¢, a € o{¢) we have f(o)(a) = f4(a(g°())), where g = =l
and f~! denotes the inverse of f: L= (P Vi

Finally, given an ost we define the isomorphic image of a history.

Definition 9.7
Let h be a history and f be an osi we define f(h) as follows:

f(h) =e
ifh=c¢
= f(h1)o < f%(a), f4(B) >
ifh=ho<a,f> ac0%pe0f
= f(h)o < f4(a), F4(B), F(7) >
if h = hyo < a,f,7 >, a € 0%, B € 07,7 € OF

The following theorem states that isomorphic states cannot be distinguished by the
assertion languages.

Theorem 9.8
For an arbitrary osi f, local state §°, logical environment w and local expression [,
local assertion p® we have

o FALYENW)(6%) = LUEN(SF(@)(F(E))-
o Alpf](w)(6°) = ALPN(f())(F(6))-
where f(w)(z) = f*(w(2)), z € LVar,. Furthermore for an arbitrary global state o,

logical environment w such that OK (w, o), global expression g, and global assertion
P we have

o [4(G19al(@)(2)) = Glal(F())(f(2))-
o A[P](w)(o) = ALPY(f())(f())-
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Proof
Induction on the structure of IS, p°, g, and P respectively. O

The following theorem states that our transition system is closed under isomorphic
images.

Theorem 9.9
For two arbitrary global configurations (Xo, ao), (X1, 1), ost f and history h we have
if
(Xo,00) =" (X1,01)
then
(.f(Xu), f(o‘n)) ) (f(X1)1 f(ﬂ'l)],

where f(X)(a) = X (7 (a)).

Proof
It is not difficult to see that it suffices to prove the corresponding proposition for the
local transition system: If

(51,01) =7 (52, 02)

then
(51, £(61)) =7 (82, £(62)).

This is proved by a straightforward case analysis, making use of theorem 9.8. m]

9.3 Coding the global invariant

Now we are ready to show how to express the global invariant as defined in the section
on completeness. One of the main difficulties with expressing the global invariant is
caused by the fact that we cannot express directly for example the relation a{¢) = ¢'(¢)
o and o’ arbitrary, in terms of the code for ¢’. More precisely, there exists no assertion
P(z) such that for every state o and environment w, with OK(o,w) and w(z) = [o'],
for some state o', we have

o,w |= P(z)iff ald) = g/,
This is an immediate consequence of theorem 9.8: We have
o,w |= P(z) iff f(7), f(w) | P(z2),

for an arbitrary ost f. But it is not the case that for every osi f we have f(a)(") = g'(°)
(note that f(w)(z) = [0]). However using theorem 9.9 we will see that we do not
need to express this coding relation directly.

To proceed we first introduce some new logical variables.
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Definition 9.10 L
Tor an arbitrary ¢ let bij, € LVar.. Furthermore let bij denote a sequence of these
variables.

Given a state o and an osi f these variables b#j will be used to code the restriction
of f to the existing objects of ¢ in the following way:

Definition 9.11
For an arbitrary state o, environment w, with OK(w, o}, and os: f we define
Code(w, o, f) iff for an arbitrary ¢, a € o{°) we have w(bij.)([f*(a)]c) = .

So every existing object of an arbitrary class ¢ is stored in the sequence denoted by
bij, at a position which equals the code of its image under f.

Now we are ready to define an assertion Bij(H¢, z.,n,m) which expresses for two
arbitrary states o, ¢y, a € 0(9), and osi f the relation f(hso) = hy, f(a)- The idea
is that the logical variable z, is interpreted as the object a, the integer variable n as
the code of f¢(a), and the integer variable m as the code of 1. In the formulation
of the assertion Bij(H®, z.,n,m) we will assume that the variables of bij code the
restriction of f to the existing objects of o.

Definition 9.12
Let n and m be two logical integer variables. We define

Bij(H®, z¢,n, m) /\ P(zc.z,n,m),
zeH*

where
P(ze.z,n,m) =

Vi<ji< |zr_._;c1 ( Ze T J = nil = Elt( Val(n,[z], ) U]|nt) = 0A
Vk(zc.x : § = bij,, - k # nil - Eli( Val(n (2], m), [F]int) = kA
|z| = Len( Val(n, [z], m))
)

Here we assume the type of z to be ¢f. If on the other hand the type of z is Int* we
have
P(z.z,n,m) =

Vi<j< |z,_..z| ( Z.T:j ‘_Ié nil — EH.[VI.’II {'T’] )1 Lﬂ]nt) = [ZC'z : j]lntA
(4

Ze.z 1 § = nil = Eli( Val(n, [2], m), [§]int) = 0A
|ze.z| = Len( Val(n,[z], m))
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The meaning of the assertion P(z..z,n, m), with c! the type of z, can be explained as
follows: Suppose that the variable n is interpreted as the code of the object o = w(z.)
and the variable m as the code of the state o such that a € o{?). The assertion
P(zc.z,n,m) then states that every element of the sequence denoted by o(a)(z) occurs
at a position in the sequence denoted by bij,, which equals its code. Formally we have
the following lemma about this semantical property of the assertion defined above.

Lemma 9.13
Let Code(w,a, f), a € o{°) and ¢’ such that f(o) = o'. (Here 1 = o, holds iff for

every ¢ we have agc} = crgc).) We have

o wia/z, [f*(a)]e/n, [0'])/m} |= Bi(H, ze,n, m)iff f(ho,a) = Bt f(a)-

Proof
It is not difficult to prove that

F(hoa) = hyr gegy iff
for every d, z € Hg. : f(o(a)(z)) = o'(fé(a))(z).

Furthermore from Code(w, o, f) and f(g) = o’ it follows by a straightforward but
slightly tedious argument that

flo(a)(2)) = o'(F())(2) iff o, w{a/z, [f(e)]e/n, [0"]/m} | P(ze.2,n,m).

Now we can express the global invariant as follows.

Lemma 9.14
We define
7=
In,m,k ( Trans(n,m) A p'|u,v|[State(n), k/u,v] A Act,, (k, State(n))A
A Vi(Act.(i,m) — Norm.(i,m))A
Fbij (A V2N <G < |bij|(bi,  § = z)A
A Vi(Act(z, State(m)) o bij, : i £ nil)A
AYL < § < [bij | Big(HE, bij, : 5,5, State(m))

)
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(Here “3!” is interpreted as “there exists an unique”, which can be expressed by the
usual quantifiers.) Note that the quantification In, m corresponds to the phrase “there
exist configurations (Xo, o), (X1,01)”. The assertion Trans(n,m) then corresponds
to “there exists an history h such that (Xo, o0) =" (X1,01) and Init,((Xo, 00))”. The
assertion Jk(p'|u, v|[State(n), k/u, v] A Act, (k, State(n))) translates the phrase “for
a € J((,c"] we have (@, og(a)),w |= p"”. The assertion Vi( Act.(3,m) — Norm,(i,m))
corresponds to “for an arbitrary ¢ and a € JEC) we have that Xi(a) is normal”.
Finally, the assertion

Ib1; ( A V23 << |bigfby, : § = zeA
A ViAct(i, State(m)) & bij, 1 7 nilA
A V1 < j < |bij| Big(H®, bij, : , 3, State(m))

)

will correspond to the phrase “for an arbitrary ¢ we have o(9) = o'gc) and for every
a € () we have hoo = hoy o

Proof
Let o,w = I. So there exist 71,72,73 € N such that o, |= I, where w' =

w{711721 73/‘”1 m, k}

By o,w' |= Trans(n,m) we have Init,((Xo,00)) and (Xo, o0) —h (X4, 01), for some
history k, where [(Xo,00)] = 71 and [(X1,01)] = 72.

From o, |= p'|u, v|[State(n), k/u, v] A Act., (k, State(n)) by an application of lemma
9.3 it follows that (o, go()),w |= p/, where o € agc“).

By o,w' = A, Vi(Act(i,m) — Norm.(i,m)) we have that X;(a) is normal for every

ac€ J&C), ¢ arbitrary.

Now let a; € 0% such that for w” = w{ci/bj.} we have

1. oyw" |= A V2 M < § < |big|(bif, s § = 2e)
2. o,w" |= N\ Vi(Act(i, State(m)) < bij, : i # nil)
3. o, |= A\ Y1 < § < |bij.| Bij(H?, bij, : §, j, State(m))

Let f be an osi such that for an arbitrary c¢;, a € o'%) we have o;([8];;) = a iff
f(a) = B. Note that this is well-defined because of 1 and 2.
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By 3 and an application of 9.13 we have f(h, o) = ko, f¢(a), for an arbitrary ¢ and
a € (). (Note that we have Code(w, o, f) and f(o) ~ 01.)

Finally, applying theorem 9.9 gives us

(F 71 (Xo), £V (00)) =17 ™) (£71(Xy), 7 (o))

(Note that we have Init,((f'(Xo), f~'(c0))) and that f~'(X1)(«)) is normal, & €
f'l(al)(c), c arbitrary.)

It then follows that for an arbitrary ¢, a € o{9): hoo = f_l[ha,hj:(a]) = ht1(0y)ar
(The second equality is an instance of the general fact that for an arbitrary o, @ € ale),
and ost f we have f(h, o) = h!(a.),f:(a).]

The other way around: Suppose for the configurations (Xo, o), (X1, 01) we have

e For some history h : (Xg,00) =" (X1,01), where Init,((Xo,00 >), and for
a€ U((]c“) we have (a, go(a)),w = p'*".

o For an arbitrary ¢ and a € o{° we have that X;(a) is normal.

(<)

e For an arbitrary ¢ we have o(¢) = a1 ', and for every a € o(¢) we have hoo =

fre =

Let 71 = [(Xo,00)],72 = [(X1,01)], and 3 = [a]., where a € og*. Furthermore let
w' = w{n,72,73/n, m, k}.

By (Xo,90) =" (X1,01) and Init,((Xo,70)) we have o,w' |= Trans(n, m).

By {a,00(a)),w = p'" and lemma 9.3 we infer o,0’ = p'|u,v|[State(n), k/u,v].
Furthermore from a € oy ™ it follows that o, w’ |= Act(k, State(n)).

From the second clause above it immediately follows that o,w’ |= Vi(Act (7, m) —
Norm.(i,m)).

Finally, let o; be a sequence of objects of class ¢; such that for # € (%) we have
ai([B]e;) = B. So a; stores every existing object of o(%) at a position which equals its
code number. Furthermore let w"” = w'{a;/bij,, }i. It then follows that

o_)wn |= /\VZ.::H']- <j< ]szc|(b"3c 1j= zc)-

From o{(¢) = a'gc] we infer that

o,w" |= A\ Vi(Act(i, State(m)) & bij, : i # nil).



194

As oo = hoy o, for @ € a(9), ¢ arbitrary, we have by lemma 9.13 that

oW = \V1 < j < |bij| Bij(H, bij. : §, 4, State(m))

(take for the ost f the family of identity mappings). O

9.4 Expressing preconditions and postconditions

We next show how to express Pre(S) and Post(S) as defined in the section on com-
pleteness. First we define some local assertions which partly express an isomorphism
between a local state 8 and some local state (a, o(a)), for some o and ¢, in terms of
the code numbers for « and o.

Definition 9.15
We define

o LCode (=g, 95, ™, m) =

Ig‘- = yﬁ.- = Va!(ﬂ'a [zsg]»m} = Val(ﬂ» [yz,])m)

o LCodel(zt,self,n,m) =

z¢ = self & Val(n,[2zl],m)=n

o LCodef (2], ™ m) =
zf , = nil = Val(n, [2§,¢)s™m) = 0A

zf , # nil — Val(n, [n:fnt],m) = {zfnt]lnt

o LCodef .+(z§ 1+, 7 m) =
VI <k < 25 4
(25, + k= nil = Elg( Val(n, 25 4e],m), [K]int) = 0A
zf 1o+ k # nil = Eli(Val(n, [ o] m), [Klint) = [ - kit
|z|°nt-| = Len( Va!(n,[:fnt.],m)))

o [LCodet.(zt.,self,n,m) =
V1< k< |25
(28 : k = self & Eli( Val(n,[25.],m), []jnt) = n)

. LCOde; e (32‘-1 y:;:?) n, m) =
V1<k <yl
(y:: k= 32; A ER( Val(n, [yﬁ:_.],m), [k]lnt) = Vai[n) [zg.‘]!m]]
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e LCodeg‘, (25, yg‘,, n,m) =
V1< k< [a%IV <1< oG]
(25 k= 9% : 1o Elt(Val(n, [25,],m), [k]jne) = Blt(Val(n, [y;], m), [Hine))A
|25 | = Len(Val(n, [2.],m)) A |yé;| = Len(Val(n, [yg;], m))

To explain the interpretation of these assertions consider the assertion LCode(z,y,n,m),
where = and y are of a type ¢ € C. The idea is that the variable n is interpreted as
the code of some object a and the variable m as the code of some state & such that
a exists in ¢. The assertion LCode(z,y,n, m) then states that in the current local
state the variables z and ¥ denote the same object iff they denote the same object in

a(a),ie., o(a)(z) = o(a)(y).

(Given the above definition we now define a local assertion which describes an isomor-
phism between a local state § and a local state (o, o(a)) in terms of the codes for a
and o.

Definition 9.16
Let n and m be two distinct logical integer variables. We define LCode(n,m) to be
the following local assertion:

Act(n, m)A

Aet Aeyervers, ECode(2,4,m,m) A Aservas LCodec(z, self, n,m)A

AzEIVarf t LCOdelnt(zi n, m} A AzEIVarf t LCOdelnt(z’ n, m]/\

n n
A /\z'yewﬂr:" LCodeys(z,y,n,m) A Acervere, LCodecs (z, self, n, m)A

Ac" AxE IVGf:, JWelVar :,, LCOdec',c" (za i,n, m)

We have the following lemma about the meaning of the local assertion LCode(n,m).

Lemma 9.17
For o, € ¢!9), w and 6° we have
8, w{[a)., [¢]/n,m} |= LCode*(n, m) iff
there exists an osi f such that f(0°) = {a, g(a)).

Proof
Let f be such that f(6°) = (e, o(a)). Now let z and y be two variables of type, say,
¢’. The other cases are treated similarly. We have

0=z =yiff (¢,0(e)) E z = yiff Val([al, [],[¢]) = Val([]., [v], [¢])-
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Note that the first equivalence follows from theorem 9.8. On the other hand using
¢¢, w{[a]., [¢]/n, m} | LCode"(n,m) it is not difficult to construct an os: f such that
for B € O°, ¢ arbitrary, we have: If § is referred to by some variable in & we put
f<(B) = 7, where v is the object referred to by the same variable in (o, o(a)). It
then follows from the construction that f(6) = {a, o(a)). O

Finally we are ready to express Pre(R) and Post(R) in our assertion language.

Lemma 9.18
Let n,m, k be three distinct logical integer variables. We define
Pre(R) =
In,m,k (Trans(n,m)A p'|v,v][State(n), k/u,v] A Act,, (k, State(n))A
3i( L Code(i, State(m)) A Prog.(i,m) = Before([R], [S’(c)])]
)

Post(R) is defined analogously.

The assertion 3i(LCode(i, State(m)) A Prog.(i,m) = Before({R],[S'[c)])) will corre-
spond to the phrase “for a € o{ci) we have {a, 01(a)) = 6% and X1(a) = Before(R, 55,

Proof
Let 8,w |= Pre(R). So there exist 71,72,7s such that 6, w' |= Pre(R), where ' =
w{71!72773/ﬂ) m, k}'

By 0,w' |= Trans(n,m) we have that there exist configurations (Xo, @0), (X1, 01) such
that (Xo, o0) —h (X1,01) for some history h, Init ((Xo, 00)), and [(Xq,00)] = 71,
(X3, a1)] = 72-

From §,w’ |= p'|u,v][State(n), k/u, v] A Act., (K, State(n)) by an application of lemma
9.3 it follows that (o, oo(a)),w |= p', where o € cr((f").

Next let 7 and w” = w'{7/i} be such that §,w" |= LCode(%, State(m)) A Prog,(i,m) =
Before([R],[S A)]). Tt then follows, by an application of the previous lemma, that for
a€ agc} such that [a] = 7 we have Xi(a) = Befom(R,S’(c]) and f(0) = (a,01(a))
for some osz f.

Finally, an application of theorem 9.9 gives us
(F71(Xo), F74(00)) =17 ®) (£71(X1), £ (00))-

Note that we now have f~1(X1)(8(1)) = X1(f<(6(1))) = Xi(c) = Before(R,5"?)
and f~1(e1)(0(1)) = f7(e1(£°(6(1)))) = £7 (01()) = 6(2)-

The other way around we invite the reader to check. O
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10 Conclusion

We have developed a proof system for the partial correctness of programs of a par-
allel language with dynamic process creation. The basic ingredients for dealing with
parallelismn in this proof system are the same as in a proof system for CSP [AFR], but
they have been enhanced considerably to deal with the present, much more powerful
programming language. One of the main problems we solved is how to reason about
the dynamically evolving pointer structures that can arise during the execution of a
program. A previous proof system [Bo] did this by considering pointers simply as
numbers, which is of course not very abstract. Qur present proof system allows rea-
soning at an abstraction level which is as high as that of the programming language,
using a technique developed for a sequential language [Am1].

We have proved that the system is sound and complete. Again, the techniques devel-
oped for CSP [Ap2] could be used only after drastic modifications. Special care was
necessary to be able to represent, in a finite number of variables, complete compu-
tations involving an unbounded number of objects. Also the programming language
had to be extended to allow instance variables of sequence types. This extension,
however, does not seem to be necessary in concrete proofs.

We have already mentioned that our language and our proof techniques can be con-
sidered as very powerful extensions to CSP [Ho2, AFR, Ap2]. A different kind. of
extension, where processes can split themselves recursively into subprocesses, is dealt
with in [ZREB], for example. Here, the reasoning is not only based on states, as in
our case, but also on fraces (communication histories). The limitation of the possible
process interconnection structures to trees allows a nice form of compositionality. In
[Mel], a language similar to ours is tackled with trace-based reasoning. The problem
of dynamic pointer structures is not dealt with explicitly.

We do not have the illusion that the proof system presented in this paper is suit-
able for proving ‘practical’ programs correct. One of the problems is that too much
information is centralized in the global invariant. This seems unavoidable with the
completely dynamic process structures allowed by our language. We would not like
to dispense with this flexibility altogether, but we hope that by a judicious combina-
tion of our techniques with the compositional techniques developed elsewhere, future
systems will allow us to have the best of both worlds.
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A Index of notation

A.1 Sets and their typical elements

Typ. elt. Set Description Where defined
i,7,k,n Z integers

c o class names above definition 2.1
d ar data types ' above definition 2.1
zg IVars instance variables-of type d in class ¢ above definition 2.1
e E;pz ' expressions of type d in class ¢ definition 2.1

§¢ Stat® statements in class ¢ definition 2.2

p Prog programs definition 2.3

(3 LEBzp§ local expressions of type d in class ¢ definition 3.1

P° LAss® local assertions in class ¢ definition 3.2

d* c* sequence types above definition 3.3
a Gt data and sequence types above definition 3.3
% LogVar, logical variables of type a above definition 3.3
Ja " GEzp, global expressions of type a definition 3.3

2 GAss global assertions definition 3.4
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A.2 Syntactic transformations

Notation Where defined
1519 definition 3.5

P° 1 gc definition 3.5

[e/=] standard

[9/z.%] definition 4.3

[new/ z] definitions 4.5 and 4.6

[2Bool*» z.[zc+] definition 4.7
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1 Introduction

The goal of this paper is to develop a formal system for reasoning about the correctness
of a certain class of parallel programs. We shall consider programs written in the
language POOL, a parallel object-oriented language [Am]. POOL makes use of the
structuring mechanisms of object-oriented programming, integrated with the concepts
for expressing concurrency: processes and rendezvous.

A program of the language POOL describes the behaviour of a whole system in terms
of its constituents, objects. These objects have the following important properties:
First of all, each object has an independent activity of its own: a process that proceeds
in parallel with all the other objects in the system. Second, new objects can be created
at any point in the program. The identity of such a new object is at first only known
to itself and its creator, but from there it can be passed on to other ohjects in the
system. Note that this also means that the number of processes executing in parallel
may increase during the evolution of the system.

Objects possess some internal data, which they store in variables. The value of a
variable is either an element of a predefined data type (Int or Bool), or it is a reference
to another object. The variables of one object are not accessible to other objects. The
objects can interact only by sending messages. A messageis transferred synchronously
from the sender to the receiver, i.e., sending and receiving a message take place at
the same time. A message contains a method name (procedures are called methods in
POOL) and a sequence of actual parameters specified by the sender of the message.
While the receiver of the message is executing the method the execution of the sender
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is suspended. When the result of the execution of the method has been received by
the sender of the message it resumes its activity.

Thus we see that a system described by a program in the language POOL consists of
a dynamically evolving collection of objects, which are all executing in parallel, and
which know each other by maintaining and passing around references. This means
that also the communication structure of the processes is completely dynamic, without
any regular structure imposed on it a priori. This is to be contrasted with the static
structure (a fixed number of processes, communicating with statically determined
partners) in [AFR] and the tree-like structure in [ZREB].

One of the main proof theoretical problems of such an object-oriented language is
how to reason about dynamically evolving pointer structures. We want to reason
about these structures on an abstraction level that is at least as high as that of the
programming language. In more detail, this means the following:

e The only operations on “pointers” (references to objects) are
Y of P J

— testing for equality

— dereferencing (looking at the value of an instance variable of the referenced
object)

* In a given state of the system, it is only possible to mention the ohjects that
exist in that state. Objects that do not (yet) exist never play a role.

Strictly speaking, direct dereferencing is not even allowed in the programming lan-
guage, because each object only has access to its own instance variables. However, for
the time being we allow it in the assertion language. Otherwise, even more advanced
techniques would be necessary to reason about the correctness of a program.

The above restrictions have quite severe consequences for the proof system. The
limited set of operations on pointers implies that first-order logic is too weak to express
some interesting properties of pointer structures. Therefore we have to extend our
assertion language to make it more expressive. We will do so by allowing the assertion
language to reason about finite sequences of objects. Furthermore we have to define
some special substitution operations to model aliasing and the creation of new objects.

To deal with parallelism, the proof theory we shall develop uses the concepts of cooper-
ation test, global invariant, bracketed section and auziliary variables. These concepts
have been developed in the proof theory of CSP [AFR], and have been applied to
quite a variety of concurrent programming languages [HR]. In fact our proof method
generalizes the application of these concepts to the language Ada [GR]. The main
difference between the ADA-rendezvous and the rendezvous mechanism of POOL
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consists in that in POOL we have no static bound to the recursion depth of the
rendezvous mechanism whereas in ADA there is. A consequence of this is that the
proof method for ADA is incomplete when applied to the language POOL. Here com-
pleteness means that every true property of a program that can be expressed in the
assertion language used can also be proved formally in the proof system. This incom-
pleteness can be resolved by some additional reasoning mechanism which essentially
formalizes reasoning about invariance properties of a rendezvous.

Described very briefly this proof method applied to our language consists of the
following elements:

e A local stage. Here we deal with all statements that do not involve message
passing or object creation. These statements are proved correct with respect
to pre- and postconditions formulated in a local assertion language, which only
talks about the current object in isolation. At this stage, we use the assump-
tion/commitment formalism [HR] to describe the behaviour of the rendezvous
and creation statements. The assertions describing the assumptions and com-
mitments are formulated in the local assertion language. The assumptions about
these statements then will be verified in the next stage.

o An intermediate stage. In this stage the above assumptions about rendezvous
and creation statements are verified. Here a global assertion language, which
reasons about all the objects in the system, is used. For each creation statement
and for each pair of possibly communicating rendezvous statements it is verified
that the specification used in the local proof system is consistent with the global
behaviour.

o A global stage. Here some properties of the system as a whole can be derived
from a kind of standard specification that arises from the intermediate stage.
Again the global assertion language is used.

We have proved that the proof system is sound and complete with respect to a for-
mal semantics. Soundness means that everything that can be proved using the proof
system is indeed true in the semantics. Due to the abstraction level of the assertion
language we had to modify considerably the standard techniques for proving com-
pleteness ([Ap]). In the completeness proof we combine the techniques for proving
completeness of the proof system for recursive procedures of sequential languages
([Ap2]) based upon the expressibility of the strongest postcondition with the tech-
niques of [Ap] developed for C5P.

Our paper is organized as follows: In the following section we describe the program-
ming language POOL. In section 3 we define two assertion languages, one to describe
the internal data of an object and one to describe a complete system of objects. Also
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in section 3 we show how to specify the behaviour of an object and a system of ob-
Jjects. In section 4 we describe the proof system. The semantics of the programming
language, the assertion languages, and the specification languages are given in section
5. The soundness and completeness of the proof system are treated in the sections 6
and 7.

2 The programming language

In this section we define a abstract version of the programming language POOL of
which we shall study the proof theory.

The most important concept is the concept of an object. This is an entity containing
data and procedures (methods) acting on these data. Furthermore, every object has
an internal activity of its own. The data are stored in variables, which come in two
kinds: instance variables, whose lifetime is the same as that of the object they helong
to, and temporary variables, which are local to a method and last as long as the
method is active. Variables can contain references to other objects in the system (or
even the object under consideration itself). The object a variable refers to (its value)
can be changed by an assignment. The value of a variable can also be nil, which
means that it refers to no object at all.

The variables of an object cannot be accessed directly by other objects. The only
way for objects to interact is by sending messages to each other. If an object sends
a message, it specifies the receiver, a method name, and possibly some parameter
objects. The reception of a message is modeled by means of an answer statement
which specifies some method names for which an incoming message can be answered.
When an object executing an answer statement receives a message for one of the
specified methods it starts to execute the particular method, using the parameters in
the message. Note that this method can, of course, access the instance variables of the
receiver. The method returns a result, an object, which is sent back to the sender. The
sender of a message is blocked until the result comes back, that is, it cannot answer
any message while it still has an outstanding message of its own. Therefore, when
an object sends a message fo itself (directly or indirectly) this will lead to abnormal
termination of the program. This is an important difference with some other object-
oriented languages, like Smalltalk-80 [Go]. After the result has been sent back both
the sender and the receiver resume their own activities.

Objects are grouped into classes. Objects in one class (the instances of the class) share
the same methods and the same statement which specifies their internal activity, so
in a certain sense they share the same behaviour. New instances of a given class can
be created at any time. There are two standard classes, Int and Bool, of integers
and booleans, respectively. They differ from the other classes in that their instances
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already exist at the beginning of the execution of the program and no new ones can
be created. Moreover, some standard operations on these classes are defined.

A program essentially consists of a number of class definitions, together with a state-
ment which specifies the behaviour of the root-object, the object which starts the
execution. So initially only this object exists: the others still have to be created.

2.1 The syntax

In order to describe the language POOL, which is strongly typed, we use typed ver-
sions of all variables, expressions, etc. These types are indicated by subscripts or
superscripts in this language description. Often, when this typing information is re-
dundant, it is omitted. Of course, for a practical version of the language, a syntactical
variant, in which the type of each variable is indicated by a declaration, is easier to

use.

Assumption 2.1
We assume the following sets to be given:

A set C of class names, with typical element ¢ (this means that metavariables
like ¢, ¢/, c1, . . . range over elements of the set . We assume that Int, Bool ¢ C
and define the set ¢'* = C U {Int, Bool} with typical element d.

o Foreachec € C andd € C+ we assume a set IVar$ of instance variables of type d
in class ¢. By this we mean that such a variable may occur in the definition of
class ¢ and that its contents will be an object of type d. The set [Varg will have
as a typical element z5. We define IVar = .4 IVar§ and IVar® = |J,; IVarg.

o For each d € C we assume a set TVary of temporary variables of type d, with
typical element uy. We define TVar = |J; TVarg and [Tvar = [VarU TVar.

e We shall let the metavariable n range over elements of Z, the set of whole
numbers.

For each ¢ € C and dg,...,d, € Ct (n > 0) we assume a set MNameg 4
of method names of class ¢ with result type do and parameter types dy, ..., dn.
The set MNamey 4 will have mg ;4 asa typical element.

Now we can specify the syntax of our language. We start with the expressions:

Definition 2.2
For any ¢ € (' and d € C* we define the set Ezpj of expressions of type d in class ¢,
with typical element &5, as follows:
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ey = ey if d = Bool

eq u= z§
| ua
| nily
| self ife=d
|  true|false if d = Bool
| n if d = Int
|
|

c [+ 3 s
ey T €2jyy i d=lInt
c [ c A
| erf < €af if d = Bool

The expression self denotes the current object. The expression nil stands for “unde-
fined”. The intuitive meaning of the other expressions will probably be clear. Note
that in the language we put a dot over the equal sign (=) to distinguish it from the
equality sign we use in the meta-language.

Definition 2.3
The set SExp§ of expressions with possible side effect of type d in class ¢, with typical
element 5§, is defined as follows:

G u= ey
|  newy itde C (d+# Int,Bool)
| eof, ! "”3?,11‘___,&,.('31;1 e ,enff") (n>1)e = self

The first kind of side effect expression is a normal expression, which has no actual
side effect, of course. The second kind is the creation of a new object. This new
ohject will also be the value of the side effect expression. The third kind of side effect
expression specifies that a message is to be sent to the object that results from ¢q, with
method name m and with arguments (the objects resulting from) e;,...,e,. Note
that we require the first argument to be the sender itself (so we have that d; = c).
This requirement is not present in the language POOL. It is introduced for proof
theoretical reasons only. However, every POOL program can be transformed into an
equivalent one satisfying this requirement.

Definition 2.4
The set Stat® of statements in class e, with typical element 5S¢, is defined by:
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|

|  answer(myq,...,my)
|

| if egyo then ST else S5 fi
|

while ecBool do S€ od

The execution of an answer statement answer(mp,...,m,) consists of waiting for
a message for one of the methods my,...,m,. When such a message arrives the
corresponding method is executed. In case of the arrival of several messages one
is chosen non-deterministically. The intuitive meaning of the other statements will
probably be clear.

Definition 2.5
The set MethDefg, 4. of method definitions of class ¢ with result type do and pa-
rameter types dy, ..., d, (with typical element § ;) is defined by:

By odn = (W1dys- oo Ung, ) 2 5T €G,
Here we require that the u;4, are all different and that none of them occurs at the left
hand side of an assignment in 5¢ (and that » > 1).

When an object is sent a message, the method named in the message is invoked as
follows: The variables uy, ..., u, (the parameters of the methods) are given the values
specified in the message, all other temporary variables are initialized to nil, and then
the statement S is executed. After that the expression e is evaluated and its value,
the result of the method, is sent back to the sender of the message, where it will be
the value of the send-expression that sent the message.

Definition 2.6
The set ClassDef, . of class definitions of class ¢ defining methods my, ..., mn,
with typical element Df, ., is defined by:

D5, uma = (MG € G oo, Mg = png )1 8¢
where we require that all the method names are different (and n > 0) and TVar(S$¢) =
0. (Here TVar(5¢) denotes the set of temporary variables occurring in 5¢. Further-
more, d;, denotes a sequence of types.)

Definition 2.7
The set Unit;l . of units with classes ci,...,¢a defining methods mq, ..., my,

oML

with typical element US“n | is defined by:

T ey MY
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where my,...,mp = mq,...,M,, that is, my,..., my results from concatenating the

sequences of method names m;. We require that all the class names are different.

Definition 2.8
Finally, the set Prog® of programs in class ¢, with typical element p°, is defined by:

E s €L yeeny€ . Q¢
pt u= (Ughi-m le : §°9)
Here we require that ¢ does not occur in ¢y, ..., ¢, and that no assignment & «— new,
z of type ¢, and u « new, u of type c, occurs in U “» and §°. Finally, we require

that TVar(S¢) = 0. (The symbol ‘|’ is part of the syntax, not of the meta-syntax.)

We call a program p = (UsLn ¢ : §€) closed iff every method name occurring in it

is defined by U, and only variables x4, uy, with d € {cy, ..., ¢,,Int, Bool}, occur in p.

The interpretation of such a program is that the statement § is executed by some
object of class ¢ (the root object) in the context of the declarations contained in the
unit . We assume that at the beginning of the execution this root ohject is the only
existing non-standard object. The additional requirement ensures that throughout
the execution the root-object will be the only existing object of its own class.

3 The assertion language

In this section we define two different assertion languages, i.e., sets of assertions. An
assertion is used to describe the state of (a part of) the system at one specific point
during its execution. The first assertion language describes the internal state of a
single object. This language will be called the local assertion language. The other
one is to be used to describe a whole system of objects. The latter language will be
called the global assertion language.

3.1 The local assertion language

First we introduce a new kind of variables: For d = Int, Bool, let LVars be an infinite
set of legical variables of type d, with typical element zy. We assume that these sets
are disjoint from the other sets of syntactic entities. Logical variables do not occur
in a program, but only in assertions.

Definition 3.1
The set LEzp; of local expressions of type d in class ¢, with typical element I3, is
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defined as follows:

5
g

self ifd=c

nil

n ifd = Int
true | false  if d = Bool
bt + o)y ifd=Int

| L5215  ifd=Bool

Definition 3.2
The set LAss® of local assertions in class ¢, with typical element p€, is defined as

follows:

P == gl
| -p°
[ piADS

|  3zgp® d € {Int,Bool}

Local expressions {5 and local assertions p® are evaluated with respect to the local
state of an object of class ¢ (plus a logical environment that assigns values to the
logical variables). They talk about this single object in isolation. It is important to
note that we allow only logical variables ranging over integers and booleans to occur
in local expressions. The intuition behind this is that the internal data of an object
consists of the objects stored in its instance variables, so only these objects and the
standard ones are known by this object. A logical variable of a type ¢ € C would
provide a “window” to the external world. Furthermore, as we will explain below, we
will define the range of quantification over a class ¢’ to he the set of existing objects
of this class. But the set of existing objects of the class ¢’ is a global aspect of the
system, what is known locally is in general a subset of this set. So quantification over
objects of some class ¢’ can not be evaluated by looking only at the local state of some
object.
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3.2 The global assertion language

Next we define the global assertion language. As we want to quantify in the global
assertion language also over objects of some arbitrary class ¢ we now need for every
¢ € C anew set LVar, of logical variables of type ¢, with typical element z.. To be
able to describe interesting properties of pointer structures we also introduce logical
variables ranging over finite sequences of objects. To do so we first introduce for every
d € C* the type d* of finite sequences of objects of type d. We define ¢* = {d* :d €
C*} and take C't = C* U C*, with typical element a. Now we assume in addition for
every d € CT the set LVary. of logical variables of type d*, which range over finite
sequences of elements of type d. Therefore in total we now have a set LVar, of logical
variables of type a for every a € C'1.

Definition 3.3
The set GEzp, of global expressions of type a, with typical element g,, is defined as
follows:

Ja U= Za
| nil
| =n ifa=Int
| true | false if a = Bool
| ge.2§ ifa=d
| g4+ : Gint ifa=d
| lga- if a = Int
| T o T if @ = Int
| if ggool then g1, else go, fi
| 914 = 924 if a = Bool

A global expression is evaluated with respect to a complete system of ohjects plus
a logical environment. A complete system of objects consists of a set of existing
ohjects together with their local states. The expression g.z denotes the value of the
variable z of the object denoted by g. Note that in this global assertion language we
must explicitly specify the object of which we want to access the internal data. The
expression g, : go denotes the nt® element of the sequence denoted by g1, where n is the
value of g5. (If the value of g, is less than 1 or greater than the length of the sequence
denoted by g, we define the value of g, : g2 to be undefined, i.e., equivalent to nil.) The
expression |g| denotes the length of the sequence denoted by g. For sequence types the
expression nil denotes the empty sequence. The conditional expression if-then-else-fi
is introduced to facilitate the handling of aliasing . If the condition is undefined, i.e.,
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equals nil, then the result of the conditional expression is undefined, too. Finally,
note that we do not have temporary variables in the global assertion language, since
objects that are not executing a method do not have temporary variables.

Definition 3.4
The set GAss of global assertions, with typical element P, is defined as follows:

P = gBool
| =P|PAAP

|  3zp

Quantification over (sequences of) integers and booleans is interpreted as usual. How-
ever, quantification over (sequences of) objects of some class ¢ is interpreted as ranging
only over the ezisting objects of that class, i.e., the objects that have been created
up to the current point in the execution of the program. For example, the assertion
3z, true is false in some state iff there are no objects of class ¢ in this state.

Next we define a transformation of a local expression or assertion to a global one. This
transformation will be used to verify the assumptions made in the local proof system
about the send, answer, and new-statements. These assumptions are formulated in
the local language. As the reasoning in the cooperation test uses the global assertion
language we have to transform these assumptions from the local language to the global
one.

Definition 3.5
Given a local expression [, which does not contain temporary variables, we define
1¢[g./self] by induction on the complexity of the local expression {g:

zalgefself] = z4
a9lge/self] = ge.rg
self(g./self] = g.

The omitted cases follow directly from the transformation of the subexpressions. For
a local assertion p¢, which does not contain temporary variables, we define p®[g./self]

as follows:
15 01l9¢/self] as above

(~p°)[ge./self] = (~p[gc/self])

(3z4p%)[ge/ self] Jz4(p[g./self])
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The global assertion p[g./self] expresses that the local assertion p® is true for the
object denoted by g.. Note that we do not allow temporary variables to occur in p*
because they do not exist in the global assertion language.

3.3 Correctness formulas

In this section we define how we specify an object and a complete system of ob-
jects. For the specification of an ohject we use the assumption/commitment for-
malism ([HR]). First we introduce two sets of labels Laby and Labc such that
Laby N Labg = 0. Elements of Laby U Labe we denote by I,.... We extend the
class of statements by the rule
5 =l

The execution of a label is equivalent to a skip statement. A label is used to mark a
control point. We use labeled local assertions, notation: |.p, to characterize the state
during the execution of the corresponding label. We can now give the definition of a
specification of an ohject.

Definition 3.6
We define a local correctness formula to be of the following form:

(A4,C: {p°}5{q})

where

o AC{lp"™: l € Laby}
o C C{lp*: € Labc}.

Furthermore, we require that every label of the set A (C) occurs at most once.

The meaning of such a correctness formula is described informally as follows:

For an arbitrary prefix of a computation of 5¢ by an object of class ¢ the
following holds:

If ;

P holds initially and in an arbitrary state of this sequence whenever the
object is executing a label | € Laby the corresponding assertion holds
then

if the object is about to execute a label | € Labg then the corresponding
assertion holds and if the execution is terminated then ¢° characterizes its
final state.
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A local correctness formula (A4, C : {p}S{gq}) formalizes reasoning about the local
correctness of an object relative to assumptions concerning those parts of its local
process that depend on the environment. This can be explained as follows: let, for
example, R be a send statement occurring in S. An assumption about R is a Hoare-
triple {p'}R{q'}, which states that whenever R is executed in a state satisfying P
then the resulting state will satisfy ¢’. Note that ¢' thus “quesses” the result of
R, i.e., the value sent back. The correctness of a specification {p}S{q} of S with
respect to the assumption {p'}R{q'} about R then amounts to the derivability of
{p}S{q} from {p'} R{q'} using the standard Hoare-style proof system for sequential
programs ([Ba]). Now this is equivalent to requiring that the partial proof-outline
of § which consists of associating with S the precondition p and the postcondition
g and with R the precondition p’ and the postcondition g’ can be extended to a
complete proof-outline which associates with every substatement of § a precondition
and a postcondition. In our framework the above mentioned partial proof-outline
corresponds to the local correctness formula ({l.¢'}, {I'.p'} : {p}5'{q}), where S’ is
obtained from $ by replacing R by I; R;I". In the following section we define a proof
system for reasoning about local correctness formulas. The derivability from this
system of the correctness formula ({l.¢'}, {l.p'} : {p}5'{¢}) then amounts essentially
to proving the derivability of {p}S{q} from {p'} R{q'} using the usual proof system
for Hoare-triples.

The parts of a local process which depend on the environment are called bracketed
sections:

Definition 3.7
Let R, and R, be statements in which there occur no temporary variables, and no
send, answer, and new-statements. A bracketed section is a construct of one of the
following forms:

o I Ryl — eglm(en, .. -,En).; Raila,
where Mod(R,) N Var(eg,e1,...,en) = 0.

o |; Ry;z « new; Ry la,

where = & Mod(R>).

o ly;answer(my,...,my,);l2

e m < Ry;li; 5k Ry Te,
where Mod(R,) N Var(e) = 0.

Here Mod(R) is defined inductively as follows:

e Mod(z « s) = {z}
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o Mod(answer(my,...,m,)) = U; Mod(S;) N IVar,
where §; is the body of m;

o Mod(Sy; S2) = Mod(S1) U Mod(S)
o Mod(if e then Sy else S fi) = Mod(S,) U Mod(S>)
o Mod(while e do § od) = Mod(5)

When m is declared as Ry;ly; S;12; R2 T e we call Ry its prelude and R, its postlude.
Also we call the statement R; the prelude of the bracketed section I Ry; R: Ryl
(R a new or a send statement) and Rj its postlude. The restriction Mod(R;) N
Var(eg,...,e,) = 0 of the first clause is introduced to ensure that the execution of R,
does not affect the values of the expressions eg,. .., €,, so that before the execution of
R, we in fact know the object to which the request is made and the actual parameters.
The restriction Mod(R2) N Var(e) = 0 of the last clause ensures that the execution of
R, does not affect the result. Both restrictions will be used in the definition of the
cooperation test.

In the following section we define a proof system for reasoning about local correctness
formulas. The derivability from this system of a correctness formula (4, C : {p}S{q})
then amounts essentially to proving

AF {p}s'{q}

where A = {{C(D}R{A(I)} : I;R;I" a bracketed section occurring in S}, and §’
results from S by removing all labels, using the usual proof system for sequential
programs. Here, given a set of labeled assertions .X' such that with each label occurring
in X there corresponds at most one assertion, and a label |, we define

X() =p if lLpe X

= true otherwise.

However, with respect to the soundness proofs, correctness formulas (A, C : {p}S{gq}),
as they essentially represent a partial proof-outline of the version of S without labels,
are more convenient.

Next we define intermediate correctness formulas, which describe the behaviour of
objects executing a local statement (that is, a statement not involving any new,
answer, or send statements), or a bracketed section containing a new-statement, from
a global point of view,

Definition 3.8
An intermediate correctness formula can have one of the following two forms:
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o {P}(z, R){Q}, where R® is a local statement containing no temporary vari-
ables or a bracketed section containing a new-statement. (A local statement is
a statement containing no new, send, or answer statements).

o {P}(z,, R) || (z'c;s RS ){Q}, where 2, and z',, are distinct logical variables
and R{ and R3 are local statements.

The logical variables z., z., and ', in the above constructs denote the objects that
are considered to be executing the corresponding statements. More precisely, the
meaning of the intermediate correctness formula {P}(z, R){Q} is as follows:

Every terminating execution of R by the object denoted by the logical
variable = starting in a state satisfying P ends in a state satisfying Q.

The meaning of the second form of intermediate correctness formula, {P}(z, R1) ||
(2, R2){Q}, can be described as follows:

Every terminating parallel execution of R; by the object denoted by the
logical variable z and of Rz by the object denoted by z' starting in a state
satisfying P will end in a state satisfying Q.

In the cooperation test a correctness formula {P}(=,R){Q}, R a bracketed section
containing a new-statement, will be used to justify the assumption associated with R.
A correctness formula { P}(z1, R1) || (=2, R»){Q}, with R, the prelude of a bracketed
section containing a send-statement, and R, a prelude of an answer-statement, will
be used to justify the assumption about the parameters. Information about the
actual parameters will be coded in P. On the other hand a correctness formula
{P}(z1, R1) || (22, R2){Q}, with R, the postlude of a bracketed section containing a
send-statement, and R» a postlude of an answer-statement, will be used to justify
the assumption about the result value and the assumption about the state after the
execution of the answer-statement. Information about the result will be coded in P.

Finally, we have global correctness formulas, which describe a complete system:

Definition 3.9
A global correctness formula is of the form

{p°[zc/self]}p{Q}

where p is a program and c is the root class in p, and TVar(p) = 0.
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The variable z, in such a global correctness formula denotes the root object. Initially
this root object is the only existing object, so it is sufficient for the precondition of
a complete system to describe only its local state. We obtain such a precondition by
transforming some local assertion p°» to a global one. On the other hand, the final
state of an execution of a complete system is described an arbitrary global assertion.
The meaning of the global correctness formula {p[z/self]}p{@} can be rendered as
follows:

If the execution of the unit p starts with a root object denoted by z that
satisfies the local assertion p and no other objects, and if moreover this ex-
ecution terminates, then the final state will satisfy the global assertion Q.

4 The proof system

The proof system we present consists of three levels. The first level, called the local
proof system, enahles one to reason about the correctness of an object. Testing the
assumptions, which are introduced at the first level to deal with answer, send and
new-statements, is done at the second level, which is called the intermediate proof
system. The third level, the global proof system, formalizes the reasoning about a
complete system.

4.1 The local proof system

The proof system for local correctness formulas dealing with assignment, sequential
composition, the conditional and the loop construct equals the usual system for se-
quential programs:

Definition 4.1
We have the following well-known assignment axiom for instance variables:

(4, C: {p°leg/zg]}zg := ea{p}) (LIASS)

Definition 4.2
We have the following assignment axiom for temporary variables:

(4, C : {p*[ed/ual}ua := 3{p°}) (LTASS)
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The substitution operation occurring in the assignment axioms is the ordinary sub-
stitution, i.e., literal replacement of every occurrence of the variable x (u) by the
expression e. Note that at this level we have no aliasing, i.e., there exist no two local
expressions denoting the same variable.

Definition 4.3
The following rule formalizes reasoning about sequential composition:

(4,C : {p}S{r}), (4,C = {r}S5{a°})
(A,C ! {p‘-‘}SC; Sg{qc}) (LSC)

Definition 4.4
Next we define the rule for the alternative command:

(A,C : {p° A e}ST{a}), (A,C : {p° A -e}S5{q°})
(A4,C: {p*‘}Tif e then Sf else S5 fi{qf})? (LALT)

Definition 4.5
We have the following rule for the iteration construct:

(4,C: {p° A e}S{p°}) '
(A, C : {p°}while e do 5¢ od{p® A —e}) _—

Definition 4.6
We have the following consequence rule:

7 — pf, (4,C :{pi}S{eg}), @5 — «
(A, C : {p}S<{a°})

(LCR)

The following axioms and rule deal with bracketed sections.

Definition 4.7
We have the following axiom about bracketed sections containing new-statements:

(4,C : {C()}H1; Ry x — new; Ry; 12{A(2)}) (BN)
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We have a similar axiom in case the identity of the newly created object is assigned
to a temporary variable,

Definition 4.8
We have the following axiom about bracketed sections containing send-statements:

(4, C : {C(h)}Hi; Ris [z — eo'mfen, . .., en); Rz;12{A(l2)}) (BS)

where & ¢ IVar(C(l)). We have a similar axiom in case the result of the send-
expression is assigned to a temporary variable.

Definition 4.9
We have the following rule about bracketed sections containing answer-statements:

(0,0 : {ply/a}S{pla/a}), i = 1,...,m -
(A,C :{p A C(l1)H1; answer(my, ..., my); {p A A(l2)})
where @ is the sequence of the temporary variables occurring in p, and 7 is a corre-
sponding sequence of new instance variables, and TVar(C(l;), 4(l2)) = 0. Further-
more, 5; denotes the body of the method m;.

The axioms (BN), (BS) and the rule (BA) extract from the set ¢ the precondition
and from the set A the postcondition using the labels which mark the beginning
and the end of the bracketed section. The rule (BA) additionally incorporates the
derivation of some invariance property of the answer-statement involved. Note that
in the derivation of this property we are not allowed to use the sets of assumptions A
and commitments C'. To reason about the new, send, and answer statements in the
derivation of some invariance property as required by the rule (BA) we introduce an
invariance axiom:

Definition 4.10
We have the following invariance axiom:

(4.C :{p}5{p}) (INV)
where Mod(S) N ITvar(p) = 0.

In the cooperation test the applications of the axioms (BN}, (BS) and the rule (BA)
will be justified.

4.2 The intermediate proof system

In this subsection we present the proof system for the intermediate correctness for-
mulas. This proof system is derived from the proof system for the language SPOOL,
a sequential version of POO1 [AB2].
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4.2.1 The assignment axiom

We have the following assignment axiom:

Definition 4.11
Let z — e € Stat® and z € LVar.. We define

{Ple[z/self]/z.z]}(z,z — e){P} (TASS).

First note that we have to transform the expression e to the global expression e[z /self]
and substitute this latter expression for z.z because we consider the execution of
the assignment = « e by the object denoted by z. Furthermore we have to define
this substitution operation [e[:/self]/z.z] because the usual one does not consider
possible aliases of the expression z.z. For example, the expression z'.2, where 3’
differs syntactically from z, has to be substituted by e[z/self] if the variables z and 2’
both refer to the same object, i.e., if = = =’ holds.

Definition 4.12

Given a global expression g}, a logical variable z. and a variable z, x € [Varg, we
define for an arbitrary global expression g the substitution of the expression g’ for z..z
in g by induction on the complexity of g. The result of this substitution we denote

by g(g}/zc.x]. Let [.] abbreviate [g}/ zc.x]:

A =
al.] = g, g = n,nil, self, true, false
(9-9)[] glly, y#=

(g.2)[] if g[.] = z. then g/, else g[.].z fi

The omitted cases are defined directly from the application of the substitution to the
subexpressions. This substitution operation is generalized to a global assertion in a
straightforward manner, notation: P[g/,/z..z].

The most important aspect of this substitution is certainly the conditional expression
that turns up when we are dealing with an expression of the form g.r. This is
necessary because a certain form of aliasing, as described by the example above, is
possible: After substitution it is possible that ¢ refers to the object denoted by the
logical variable z., so that g.z is the same variable as z..z and should be substituted
by g¢’. It is also possible that, after substitution, g does not refer to the object denoted
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by z., and in this case no substitution should take place. Since we can not decide
between these possibilities by the form of the expression only, a conditional expression
is constructed which decides “dynamically”.

The intended meaning of this substitution operation is that the value of the substi-
tuted expression (assertion) in a state equals the value of the expression (assertion)
in the state resulting from assigning the value of the expression g} to the variable x
of the object denoted by z.. A proof of the correctness of the substitution operation
can be found in section 6.

4.2.2 The creation of new objects

We describe the meaning of a new statement by the following axiom:

Definition 4.13
Let z «— new € Stat®, the type of the variable x being d € C. Furthermore let
z € LVar, and ' € LVarg be two distinct variables. We define

{P[Z'/z.z][new/'|}(z,z — new){P} (NEW)
provided z' does not occur in P.

The calculation of the weakest precondition of an assertion with respect to the creation
of a new object is done in two steps; the first of which consists of the substitution
of a fresh variable : for z.z. This substitution makes explicit all the possible aliases
of the expression z.z. Next we carry out the substitution [new/z']. This substitution
interprets the variable z’ as the new object.

The definition of this latter substitution operation is complicated by the fact that the
newly created object does not exist in the state just before its creation, so that in
this state we can not refer to it. Assuming the new object to be referred to by the
logical variable z (in the state just after its creation) we however are able to carry out
the substitution due to the fact that this variable z' can essentially occur only in a
context where either one of its instances variables is referenced, or it is compared for
equality with another expression. In both of these cases we can predict the outcome
without having to refer to the new object.
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Definition 4.14

Let [.] abbreviate [new/z.], we first define g[.] by induction on the complexity of g:

z[.] = 3z; 2% 2
z[-] is undefined
gl] = g g = n,nil, self, true, false
(z.z)[] = B
(ze-za)[] = nil
(9-9-=)[] = (9.y)l]=
if 9o if go[.]
then ¢, then (g1.2)][.]
else g2 else (g2.z)[ ]
fi fi
(g:990 = g[]: 9]
lg1[.] = gLl
if go if go[.]
th h ;
!en & [ = t[en ol if the substitutions are defined,
See E_ e g2l | undefined otherwise
fi fi
(h=g)l] = anll =gl 6.9 # ze,if .. i
(1 = g2)[.] = false 0 =%yl EEHL0E JE (1,28
(91 = g2)[.] = true 91 =92= %



8]
]
=5

if go[.] =nil
. then (gz = nil)[.]
if go .
else if go[.]
then g; . ]
=gs|[] = then (g1 = g3)[ ]
else go .
; else (g2 = g3)[]
fi
fi
fi
if gol.] =nil
. then (g3 = nil)[.]
if g0 ]
" else if gof.]
en 3 :
g3 = 9 [] = then (g1 = g3)[.] gz £if .. .fi
else g, )
f else (92 = g3)[]

fi
fi
We have the following proposition about this substitution operation applied to global
expressions:

Proposition 4.15
For every global expression g, logical variable z., g[new/z.] is defined iff g is not of
the form gz:

gz u= z.|if go then gz else gy fi | if go then gy else gz fi

In section 6 we prove that g[new/z.] equals the value of the expression g in the state
resulting from the creation of a new object of class ¢, assuming this new object in this
new state to be referred to by the variable z..

Next we define Plnew/z.] by induction on the complexity of P.



224

Definition 4.16
Let, again, [.] abbreviate [new/z].

9Booll-] defined as above

(=P)[] = ~(P[])

(PLAPR)] = (Al]AP[])

(Vze P)[] = Vz(P[]), a # ¢,

(VzLP).] = V(PLD A Plz/z]l)s z # z

(Vzee P)] = VzeVzgoor(12e] = 12800l | = PlBool®s 2/ % 1[])
(3za P)[.] = 3zo(P[]), @ # ¢, c*

@R = 3PV Pl/= 2 £ 2

(Fz-P)[] = FzeeTzpgor (7] = |2Bool | A Pl2gool®s %o/ % ()

Here we assume that zg,+ does not occur in P. The case of quantification over the
type ¢ of the newly created object can be explained as follows: Suppose we interpret
the result of the substitution in a state in which the object denoted by z. does not yet
exists. In the first part of the substituted formula the bound variable z! thus ranges
over all the old objects. In the second part the object to be created (the object denoted
by z.) is dealt with separately. This is done by first (literally) substituting the variable
z. for the quantified variable z. and then applying the substitution [new/z.]. In this
way the second part of the substituted formula expresses that the assertion P is valid
in the new state (the state after the creation of the object denoted by z.) when this
variable z. is interpreted as the newly created object. Together the two parts of the

substituted formula express quantification over the whole range of existing objects in
the new state.

The idea of the substitution operation [zgye|*, z./z.] is that zgyq» and z.- together
code a sequence of objects in the state just after the creation of the new object. At the
places where zg, o+ yields true the value of the coded sequence is the newly created
object. Where zg, )+ yields false the value of the coded sequence is the same as the
value of z.- and where zg - delivers L the sequence also yields L.

Now g[2ggol* 2e/ ze+] is defined as follows:
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Definition 4.17
Let [.] abbreviate [zg g+, 2e/ Ze*]-

zeo[] isundefined

z[. Z, 2 F# Zes

gl.] g, g = n,nil, self, tue, false

1l

(@] = glle
if “Bool" * (g[])

(e o)) = then z,

e g = else z.. : (g[.])
fi

(gr:92)] = @l]l:g2l]s o1 # 2

(|:c‘|)“ = |:r:‘]

(lgDL] = lglll, 9 # =

We have the following proposition:

Proposition 4.18
For an arbitrary global expression g the expression g[zg, ., 2¢/2c+] is defined iff g is
not of the form g":

{

g = z.o | if go then g else g, fi |if go then g, else ¢’ fi

In section 6 can be found a proof that the assertion P[new/z.] holds in a state iff P
holds in the state resulting from the creation of a new object of class ¢, assuming the
newly created object in this new state to be referred to by the variable z.

4.2.3 Some other rules

The rules for sequential composition, the alternative, the iterative construct, and the
consequence rule are straightforward translations of the corresponding rules of the
local proof system.

Definition 4.19
Let 51,52 € Stat® and z € LVar,.
{P}(:: Sl){R}l {R}(zi SZJ{Q}
P}z 51 52{@Q) (156)




226

Definition 4.20
Let if e then S, else S5 fi € Stat® and z € LVar,.

{P A e[z/self]}(z, $1){Q}, {P A ~e[z/self])}(z, S2){@Q}
{P}(z,if e then Sy else S, fi){Q} (IALT)

Definition 4.21
Let while € do § od € Stat® and z € LVar,.

{P ne[z/self]} z, S){P}

{P)(=, while ¢ do S od){ P A —e[z/sel]] HED)
Definition 4.22
Let S € Stat® and =z € LVar,.
P_'k Pl: {Pl}{S,S){Ql}, Ql ""Q (ICR)

{P}=z5){@}

Finally, we have the following two rules describing the parallel execution of two ob-
jects:

Definition 4.23

(P} o1, SR}, (B} (en,$:){Q) .
{P}(z1,51) || (22, S2){Q}

Definition 4.24

P— Pl': {Pl}(zlvsl} H (:'Zr SZ}{QJ-}‘ Ql =% Q

{P}(zlrsl) |[ {32, Sz){Q} [Cpa‘r)
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4.3 The global proof system

In this section we describe the global proof system. We first define the notion of the
cooperation test:

Definition 4.25
Let p¢ = (Um) "witlen @ 5S*) be bracketed (that is, every new, send, and answer

statement of p° occurs in a bracketed section), with Usi "' = D@ ..., Daciil!
& _ < i ci Pc [ Sy L oc — {\ . Gcn
where Dy, = (mig < g oo Mg < My )57 (We define Dy, = () : 550.)

The specifications

(A Co P I5Hg ), L <k <m
(with TVar(pk, @) = @) cooperate with respect to some global invariant [ € GAss iff

1. There are no occurrences in I of variables which occur at the left hand side of
an assignment which is not contained in a bracketed section

2. F (A G {pS IS, 1<k <
3. B (AL G {Ai()FR{CH(12)}), 1 €7 < n, where m <= Ry; ly; R;l2; Ry T e € D

4. Let lj; R; |2 be a bracketed section, occurring in D;, containing the new-statement
z — new. Furthermore, let z € LVar,, be a new variable. Then:

F {1 A plg/all=/self1} (2, RIG/@)ET A qlg/@lz/self] A pZ 2.2 /self]}

where # is the sequence of the temporary variables occurring in p = C;(l;)), ¢ =
Ai(l2), and § is a corresponding sequence of new instance variables. Further-
more, we assume the variable z to be of type c;.

5. For ly; Ry;l; 2 «— eolm(eq, ..., ex); Ra;ls oceurring in Dy, and 13; answer(...,m, .. .);l5

occurring in D, such that the type of eg is ¢, with m declared as R{; IY; R;15; Ry T
e, we have
{I Ayl /t][z1/self] A ri[z2/self] A P}
F (21, Ra[g/@]) || (22, B1[2/ %))
(I A vlg /]l /5elf] A (5 a][z2/se]}
and
{I A (g /w][z1/self] A v [§2/ 1ia][z2/self] A Q}
F (21, Ral§1/]) || (22, Ry[32/2])
{I A raf1/ ][22 /self] A 73] 2z2/self]}
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where i, is the sequence of the temporary variables occurring in 7, 71, 72, Ry, Ra,
and 7, is the corresponding sequence of new instance variables, @, is a sequence
of the temporary variables occurring in ri, 75,7y, 75, R}, R3, and § is a corre-
sponding sequence of new instance variables. The variables z, and z, are new
variables, z; being of type ¢; and z; being of type c;. Furthermore, we have

° Cg(h) =7, C,'U) = 7, A{(lz) =T2

CFTER f Y MY — WM S
o C;(1h) =1y, A1) = vy, A;(If) =77, Cj(lz) = r

Finally, we have

e P = 80[51/&1][3;/58”] zg A ,"\‘- e;[gllﬁll[zlfself] = Zz.yg A I\J Zz.y;-" = nil
o Q =2 = 2.9 A z.z = e[fa/@z)[z2/self]

I

where §' U §" = 2, with §' being the instance variables corresponding to the
formal parameters and §” corresponding to the local variables of m.

6. The following assertion holds:

o[z /self] AVZ'(2'=2) A /\ (Vzifalse) — I

1<i<n

Here the variables z and z' are assumed to be of type c,, the type of the root-
object, the variable z; is assumed to be of type c;.

The syntactic restriction on occurrences of variables in the global invariant [ implies
the invariance of this assertion over those parts of the program which are not contained
in a bracketed section. The clauses 4 and 5 imply among others the invariance of the
global invariant over the bracketed sections.

This global invariant expresses some invariant properties of the dynamically evolving
pointer structures arising during a computation of p. These properties are invariant
in the sense that they hold whenever the program counter of every existing object is
at a location outside a bracketed section. The above method to prove the invariance
of the global invariant is based on the following semantical property of bracketed
sections: Every computation of p can be rearranged such that at every time there is
at most one object executing a bracketed section containing a new-statement, or a
bracketed section belonging to an answer-statement.

Clause 2 verifies in an uniform manner the behaviour of the objects belonging to a
class defined by the program.

Clause 3 verifies the behaviour of the methods, more precisely, the part of the body
of a method excluding its prelude and postlude.
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Clause 4 discharges assumptions about bracketed sections containing new-statements.
Additionally the truth of the precondition of the local process of the new object is
established. Note that by definition of a bracketed section we know that immediately
after the execution of a bracketed section containing a new-statement x := new the
newly created object is referred to by =z.

Clause 5 establishes the cooperation between two arbitrary matching hracketed sec-
tions, where two bracketed sections are said to match if they contain a send-statement
and an answer-statement which match, i.e., the method name mentioned in the send-
statement occurs in the answer-statement and the class of the object to which this
method is sent equals that of the answer-statement.

The first correctness formula of clause 5 describes the activation of the rendezvous
whilst the second one describes the termination of it.

The state before the rendezvous is characterized by

o the global invariant I, which describes the complete system,

o the precondition r] of the answer statement, which describes the local state of
the receiver, lifted to the global assertion language.

o the precondition 7; of the bracketed section, containing the send statement,
which describes the local state of the sender, also lifted to the global assertion
language, and, finally,

o aglobal assertion P expressing that the sender indeed addresses the receiver and
that the actual parameters are stored in the instance variables which denote at
the level of the global assertion language the formal parameters.

Note that we have to introduce new instance variables which at the level of the
global assertion language stand for the temporary variables of the sender and the
receiver (remember that temporary variables do not exist in the global assertion
language). The activation of the rendezvous then is described as the parallel execution
of the prelude of the bracketed section containing the send-statement, and that of the
method being executed. Note that the order in which these statements are executed
does not matter because by definition the values of the expressions denoting the
receiver and the actual parameters are not affected by the execution of the prelude
of the bracketed section containing the send-statement. After the execution of these
preludes the global invariant must hold and the local assertions lifted to the global
assertion language, which are associated with the corresponding control points.

The state just before the termination of the rendezvous, which is described by the par-
allel execution of the postlude of the bracketed section containing the send-statement
and that of the method being executed, is characterized by
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e the global invariant,

e the local assertions r, "', which are associated with the corresponding control
points, lifted to the level of the global assertion language,

o a global assertion Q expressing that this incarnation of the method has indeed
been invoked by the object executing the bracketed section containing the send-
statement (note that here we make use of the fact that the identity of the sender
is sent as parameter) and, furthermore, that the result has been sent back.

Note that we may assume that the result has been sent back before the execution of
the method has been completed because, by definition, the execution of the postlude
of the method does not affected the result. Furthermore, the variable of the sender
in which this result is to be stored, is not allowed to occur in the local assertion
associated with the label marking the send-statement. After the execution of these
postludes the global invariant must hold again together with the local assertions,
which are associated with the corresponding control points, lifted to the global asser-
tion language.

Clause 6 establishes the truth of the global invariant in the initial state. Note that
the assertion ¥z false expresses that there exist no objects of class c. The assertion
¥:'(z' = z) expresses that there exists precisely one ohject of class c,.

One of the main points of the above definition is the formalization of reasoning about
recursive answer statements. The basic pattern of reasoning about recursive procedure
calls is given by the following rule ([Bal):

{p}m{q} - {p}S{p}
{pym{q}

where m is a recursive procedure defined as S. Now let m be a method declared as
m < Ryl R:lp; Ro 1 e, with the (labeled) answer statement I; answer(m); " occurring
in R. Clause 3 then roughly amounts to proving that

{p}answer(m){q} - {p1}R{a1}

where p and g are the assertions associated with | and I, and py,q; the assertions
associated with I; and l,. To derive from this the conclusion {p}answer(m){q} we
have to ensure that the execution of the prelude R; in a state satisfying p results
in a state in which p; holds, and that the execution of the postlude R, in a state
satisfying q; results in a state in which ¢ holds. So essentially we have to prove
{p}R1{p1} and {q:} R>{q}. But the executions of R, and R are dependent upon the
actual parameters sent. This dependency is taken care of by clause 5, where all the
different possibilities for the actual parameters are are accounted for by considering
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the matching send statements. Summerizing, one can say that the clauses 3 and 5
together embody the following recursive rule for answer statements:

{p}answer(m){q} F {p:} R{q:}
{p}answer(m){q}

where m, R,p, q,p1, and g¢; are defined as above, assuming for the sake of simplic-
ity that in R there occur no new and send statements and no other other answer
statements.

Finally for p° = (U233 en 1 Sgn), with URy 5t = D13 ..., Daqm™!, where
L

- t Ci ; Ci 1 €1 I Ci . OC - .
D3, = (m‘I&; E G Mg < “ﬂ:‘d‘:’,.) : 57" we have the following rules:
L3 T

Definition 4.26
We have the following program rule:

(Ai, Ci: {pi*})S7{¢f*}, 1 < i < n, cooperate w.r.t. [
{pr[z/self]}p{I A Aicicn Vzigi[zi/self] A i [2/self]}

where z is of type e, and z; is of type ¢;.

(PR)

Note that in the conclusion of the program rule (PR) we take as precondition the
precondition of the local process of the root-object because initially only this object
exists. The postcondition consists of a conjunction of the global invariant, the asser-
tions Vziq;*[z;/self], which express that the final local state of every object of class
¢; is characterized by the local assertion ¢{*, and the assertion ¢*[z/self] expressing
that the final local state of the root-object is characterized by the local assertion gan.

Definition 4.27
We have the following consequence rule for programs:

P ""Pi“. {ptl:"[:c:n/5elf}}ﬁ{Q1}, Q=0
{pon[=.. /self}p{Q} (£€)

Definition 4.28
Next we have a substitution rule to initialize instance variables:

(P [z, /self]}{Q) |
{(per[l/2])[ze, /5elf ]} p{Q} (81)

provided the instance variable x does not occur in p or Q.
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Definition 4.29
The following substitution rule initializes logical variables:

{pn [z, /self )} p{Q}
{(p= 1/ =])[ 2, /self1}p{ @} (52)

provided the logical variable z does not occur in Q.

Definition 4.30
The following rule is used to describe the initial state:

{(p°" Az = nil)[ 2, /self]}p{Q}
{p°n[zc. [self]}p{Q} (INIT)

where z € |J. [Var:®

Definition 4.31
Finally, we have the following rule for auziliary variables:

{P}p'{Q}
(P}r(0) i

where p is obtained from p' by deleting all assignments to variables belonging to
some set Aux, i.e. a set of auxiliary variables, such that for an arbitrary assignment
2 «— e (u «— e) occurring in p' we have that [Tvar(e) N Auz # ( implies that
r € Auzx (u € Auzx), moreover, the variables of the set Auz do not occur in tests
of p’ or in assignments ¢ «— s (u « s), s not a simple expression, and, finally,
IVar(Q) N Auz = 0.

The rule for auxiliary variables can be explained as follows: To be able to express
some properties of a program p it may be necessary to add some assignments to new
variables, which are called auxiliary variables. These assignments may not influence
the flow of control of p, otherwise these auxiliary variables can not be used to express
some properties of p. This requirement is formulated syntactically.

5 Semantics

In this section we define in a formal way the semantics of the programming language
and the assertion languages. First, in section 5.1, we deal with the assertion languages
on their own. Then, in section 5.2, we give a formal semantics to the programming
language, making use of transition systems. Finally, section 5.3 formally defines the
notion of truth of a correctness formula.



5.1 Semantics of the assertion languages

For every type a € C', we shall let O% denote the set of objects of type a, with typical
element a®. To be precise, we define 0'"t = 7 and 0Bo° = B, whereas for every
class ¢ € C' we just take for OF an arbitrary infinite set. With O‘i we shall denote
odu {L}, where L is a special element not in 0%, which will stand for ‘undefined’,
among others the value of the expression nil. Now for every type d € CT we let o¥
denote the set of all finite sequences of elements from O‘i and we take 0‘1‘ = 0%,
This means that sequences can contain L as a component, but a sequence can never be
L itself (as an expression of a sequence type, nil just stands for the empty sequence).

Definition 5.1
We shall often use generalized Cartesian products of the form
11 BG).
ied
As usual, the elements of this set are the functions f with domain A such that
f(i) € B(i) for every i € A.

Definition 5.2
Given a function f € A — B, a € A, and b € B, we use the variant notation f{b/a}
to denote the function in A — B that satisfies

b ifa'=a

f(a') otherwise,

F{b/a}(a’) = {

Definition 5.3

The set (‘State of global states, with typical element o, is defined as follows:

Gstate = ([ P*) x [](0° = [[(Varg — 0%)) x [(0° — ([(TVara — 01)))
d c d c d

where P¢, for every ¢ € (, denotes the set of finite subsets of O, and for d = Int, Bool
we define P4 = 04,

A global state describes the situation of a complete system of ohjects at a certain
moment during program execution. The first component specifies for each class the
set of existing objects of that class, that is, the set of objects that have been created
up to this point in the execution of the program. Relative to some global state o an
object o € O can be said to exist if @ € o(1y4). For the built-in data types we have
for every global state o that o(;)(Int) = Z and o()(Bool) = B. Note that L ¢ o))
for every d € C't. The second comnponent of a global state specifies for each object
the values of its instance variables. The third component specifies for each object a
stack of local environments, i.e., functions assigning objects to temporary variables.

We introduce the following abbreviations:
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o We abbreviate a(;)(q) to (9.

o The local state of an object @ in ¢ we will denote by o(a), it consists of the
assignment of objects to the instance variables and the temporary variables as
given by o(s)(), Top(o(s)(@)), respectively. Furthermore, o(a)(z) and o(a)(u)
will abbreviate o(5)(. a)(@)(2), Top(o(s)c)(a))(d)(u), respectively, assuming the
type of a to be ¢ and that of z and u to be d. Here Top(< fi1,..., fa >) = fa-

o Furthermore, o{8/a, #} will denote the state resulting from & by assigning 3 to
the variable z of a, and 0{3/«, u} will denote the state resulting from assigning
B to the variable u of the top local environment of «, i.e., Top(o(s)(a)).

Definition 5.4
The set LState® of local states of class ¢, with typical element 8, is defined by

LState® = O° x GStale

For convenience sake we formalize the notion of a local state as a pair consisting
of an object name and a global state, instead of an object name and a function
characterizing the values of the variables of that object.

Definition 5.5
We now define the set LEnv of logical environments, with typical element w, by

LEnv = H(Llf'm',, - 07).

a

A logical environment assigns values to logical variables. We abbreviate w(,)(za)
to w(zg).

Definition 5.6
The following semantic functions are defined in a straightforward manner. We omit
most of the detail and only give the most important cases:

1. The function £5 € Exp§ — LState® — 0% assigns a value £[e](8) to the expres-
sion € in the local state #°. For example, £5[nil](#) = L and £[25]({(a,0)) =
a(a)(zg).

2. The function LS € LEzp§ — LEnv — LState® — OF assigns a value L[{](w)(9)
to the local expression [ in the logical environment w and the local state 6°.

3. The function G, € GEzp, — LEnv — GState — O% assigns a value Gg](w)(o)
to the global expression g, in the logical environment w and the global state o.
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4. The function A¢ € LAss® — LEnv — LState® — B assigns a value A[p[{w)(9)
to the local assertion p° in the logical environment w and the local state §°.
Here the following cases are special:

tif L[I)(w)(8) = ¢

A[[[Bool]](w)(‘g} = { £ if LIJ(w)(8) = for L[I]J(w)(F) = L

A[3zap](«)(0) =

f otherwise

{ t if there is an a? € OF such that A[p)(w{a/z})(8) =t

Note that in the latter case d = Int or d = Bool and that the range of quantifi-
cation does not include 1.

5. The function A € GAss — LEnv — GState — B assigns a value A[P](w)(o)
to the global assertion P in the logical environment w and the global state o.
The following cases are special:

b if L[gl(w)(o) = t

A[[Q'Bool]}(w}(o') = { £ if ﬁ[[g]](u)(ﬂ') =for AC[[Q‘M“J)(J) =1

t if there is an a? € ¢(#) such that A[P)(w{a/z})(a) =t
f otherwise

A[3z4 P)(w)(e) = {

Note that here d can be any type in " and that the quantification ranges
over '4), the set of ezisting objects of type d (which does not include L).

t if there is an a?” € O% such
that a(n) € U L foralln e N
and A[P}(w{a/z})(c) =t

f otherwise

Aldzge Pl(w)(e) =

For sequence types, quantification ranges over those sequences of which every
element is either L or an existing object.

The values G[g.](w)(o) of the global expression g, and AJg](w)(c) of the global
assertion P are in fact only meaningful for those w and o that are consistent and
compatible:

Definition 5.7
We define the global state o to be consistent, for which we use the notation OK (o)
iff

Ve € CVYa € o!'I¥d € CVz € [Var§ o(a)(z) € ') U L.
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and
Ve € CVa € ol90Vd € CVu € TVarg o(a)(u) € AU L

In other words, the value in ¢ of a variable of an existing object is either L or an
existing object itself.

Furthermore we define the logical environment w to be compatible with the global
state o, with the notation OK(w, ), iff OK (o) and, additionally,

vd € CVz € LVarg (w(z) € e DU {L})

and

Vd € CVz € LVarg-VYa € N (w(z)(n) € e U {1}).
In other words, w assigns to every logical variable zy of a simple type the value L
or an existing object, and to every sequence variable zg a sequence of which each
element is an existing object or equals L.

5.2 The transition system

We will describe the internal behaviour of an object by means of a transition system.
A local configuration we define to be a pair (5¢,6°). The set of local configurations
is denoted by LConf. Let Rec = {< a,8 >,< m,B >,< m2,8 >,< ml,B >:
a,B € U, O°, B denoting a sequence of objects} U {e}. A pair < @, > is called an
activation record. It records the information that the object a created 3. Sequences
of the form < m,8 >, < m!,8 >, and < mO©, 3 > are called commaunication records.
A record < m, o, ...,B8n >, with n the number of formal parameters of m, records
the information that the method m has been sent by 81 to Fo with actual parameters
Bi,...,8n. (Remember that the identity of the sender is sent as the first actual
parameter.) On the other hand a record < m, B, ..., 8, >, with again n the number
of formal parameters, records the information that the method m has been received
with actual parameters B, ...,8,. A record < m©@, 81, B2 > records the information
that the result of the method m, the object B, has been sent to B1. A record
< m! B3,,B> > records the information that the result of the method m, the object
32, has been received from ;.

We define for every r € Rec a transition relation —"C LConf x LConf. (In fact
we define —" given a unit U.) To facilitate the semantics we introduce the auxiliary
statement E, the empty statement, to denote termination, the statement send(m, e, a)
and and the expression wait(m, 3). The statement send(m, e, &) will model the process
of sending the result of m, the value of e, to a. The expression wait(m, 3) will model
the process of waiting for the object § to send the result of m. Furthermore, we
introduce the operations Push and Pop:

Push(< fi,.o s fa > f) =< friooiifns f>
POP(< flv"‘s.fu >) =< fl!-")fﬂv—l i
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Definition 5.8
Let 8 = {a, ¢). We define

° ('-l‘d‘ —eq,0) = (E, 9’),
where #' = (a,c{E]ed] (8)/e, z}).

o (ug — eq,0) =° (E,0,
where 8 = (o, o{E]eq] (8)/a,u}).

o (z4:=new,f) —<=8>(E 9",
where 0' = (o, a'{B/a, za}{L /B, y} ¢ vere)> and
o' = (”’(Ij{a(d} U {B}}, a(2). 7(3)),
and 8 € 0%\ o(9),
o (ug:=new,f) —<%B> (E ¢'),
where 0’ = (a,¢'{8/a,ug}{L/3, Y}yervard) and
o' = (‘3'(1){@(({J U {831} o2 7(3)),
and 8 € 0%\ ¢4

o (z — eolmer, ..., €n),8) = <> (2 — wait(m, Bo),0),
where 3; = €]e;] (8), and 3 = By, ..., B,
o (u— eglmen,...,en),0) = <™B> (u — wait(m, 5o), ),

where 3; = E]e;]] (8), and 3 = Bo, . .., 8.

o (& — wait(m, 3o),8) —<m" P> (E,0"),
where 0' = (a, 0{7/a, z4}), with 7 an arbitrary element of O4.

o (u +— wait(m, 3p), 8) —<m! 37> (E, 8,
where ' = (o, 0{7/a, 24}).
o (answer(...,m,...),0) —<m8> (5;send(m, e, 31),8),

where ¢’ = (a, o{ Push(a(3)(a), f)/a}), and

flu)) =8; fu € {uy,...,un}
flu) =1 ifud {ug,...,u.}
Furthermore,
a{Push(o(z)(a), f)/a} = (01}, o(2), o(a){ Push(a3)(a), f)/a}).

Here we assume u4,...,u, to be the formal parameters of m, The statement 5
to be its body, and e to be its result expression.
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We define —"= TC(U,cree —")-

(send(m, e, ), 6) <" 4> (E,0),
where 0 = (@, o{ Pop(a(3)(«)/a}), and v = E[e](#). Here

a{Pop(a(z)(a))/a} = (o(1), 72y, 0(3){ Pop(o(z)(a))/a}).

(1; 5,8) —= (S, 8).

(51,8) =" (92,0) | (£,¥)
(51 9,0) = (52;5,0) | (5,9)

(if egool then Sy else S fi,8) —¢ (51,0),
if £]leggoll (8) = true.

(if egool then Sy else Sy fi, ) —¢ (52,0),
if £legooll (8) = false.

(while eggyo) do S od,8) —*° (S5;while egyq) do S od,8),
if £legool] (8) = true.

(while egyo) do S od,8) —° (E,0),
if £legooll (8) = false.

records.

Using the above transition system we define another transition relation — which

hides the computations within the bracketed sections.

Definition 5.9

The semantics of statements and local correctness formulas will be defined with re-

(§1,01) =" (52,62)

* [5:5) =g (51,0)'

where S, is not of the form §'; %, with S a bracketed section.

(5,61) —" (E,62)

* (i5:1557,61) = (55%,65)

where |; 5;1' is a bracketed section.

spect to this transition relation — .

Here the operation TC' denotes the transitive
and reflexive closure which composes additionally the communication records and
activation records into a history h, a sequence of communication records and activation
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Next we describe the behaviour of several objects working in parallel. The local
behaviour of the objects we shall derive from the local transition system as described
above. But at this level we have the necessary information to select the right choices
concerning the communications.

We define an intermediate configuration to be a tuple (o, (a;, S7);), where a; € ol®),
assuming all the a; to be distinct. The set of intermediate configurations will he
denoted by IConf. We define —"C [Conf x IConf, with r =< m, >, as follows
(note that we use the same notation as for the local transition relation, however this
will cause no harm):

Definition 5.10
We define

. Bilaj,0)) =" (5], {ay,07)
(o (i, 8:)e) =" (o, (e, 1))

where r = €, < a;,8 >
Si Si i#j

= 5! otherwise.

1]

(S5, {aj, o)) =" (S} (@j,01)), (Sk,{an, o)) = (5L, (o, 02))
{G-! (ai: Si')l') —r! {U!$ ((I,‘, S:)i}

where j # kand r =< m, By,...,8, >, ' =< m,a;, B, ..., B, >, furthermore,
we have

St = 85 i#j,k

= Sl i=jk,

and o' = o{oi(a;)/a;}H{oa(ar)/ar}. (Here o{oi(a;)/a;}{e2(a)/ar} denotes
the state resulting from changing the local state of a; (ai) to a1(a;) (o2(ag)).)

(S5, {aj,0)) =" (S (aj,01)), (Sk, (ar, @) =" (54, (o, 02))
(o, (i, $i)i) =" (o', (@i, 51):)
where j # k and r =< m%, ag,y >, 7' =< mr,ﬂj,'y > and ' =< m,q;j,7 >,
furthermore, we have
S} Si 1# g,k
Si i=jk,
and o' = o{a1(a;)/a;H{oz(ak)/ar}.

The first rule above selects one object and its local state and uses the local transition
system to derive one local step of this object. The second and third rule select two
objects which are ready to communicate with each other. Note that we use a different
interpretation of a communication record now: A record < m,a,84,...,8, >, with
n the number of formal parameters of m, records the information that a has received
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the method m with actual parameters 31, ..., 3,, where By in fact denotes the sender.
Furthermore, < m,a,v > will now record the information that a has received the
result of m, the object 7.

We define —"= TC(U,cpee —"), again using the same notation as for the transitive
and reflexive closure of the local transition relation, from the context however it should
be clear which one is meant. This new transition relation will be used to define the
semantics of intermediate correctness formulas.

To describe the behaviour of a complete system we introduce the notion of a global
configuration: a pair (X,c), where X € [[.O° — Stat®, and a transition relation
—TC GConf x GConf. We note again that we do not notationally distinguish be-
tween the different transition relations, from the context however it will be clear which
one is meant. The set of all global configurations we denote by GConf. We will ab-
breviate in the sequel X()(a), for @ € O%, by X(a). The idea is that X(a) denotes
the statement to be executed by a.

Definition 5.11
We have the following rule
(0, (i, X(ai))i) =" (o', (@i, S7°):)
(X,0) =" (X', 0')

where a; € o(%) (all the o; distinct) and X' = X {5 /a;}i.

This rule selects some finite set of objects which execute in parallel according to the
previous transition system.

We define —"= TC(U,cg.. —"). This transition relation will be used to define the
semantics of programs and global correctness formulas.

We proceed with the following definition which characterizes the set of initial and
final global configurations of a given program p:

Definition 5.12

Let p® = (Ustii ot en s S5, with Uskims! = Di3 s, Daa 37t where D, =
{m‘i}‘i <= 4”'1:1“; s mn.ff:‘_ = p"";-?‘-) : Sf*. Furthermore let X € [[. O° — Stat®. We
define

Init,(X) iff

& X{a) =8, 6 € {e1,:0 64}, 0 €07,

o X(a)=E, ac 0% c¢{c1,...,cn}



We define for a state ¢ such that OK(o):
Init,(o) iff

s O.[c) =0 CE{CI,...,Cn_l}

= {a} €= c,, for some a € O°"

. U(Q)(r) =1, for o € g("-‘n) and z € IV(I'PE:.

We next define Init,((X,)) iff Init,(X) and Init,(c). We define

Final ((X,0))iff X(a) = E, for all e € ¢{*), ¢; € {c1,...,cn}

The predicate Init,(Final,) characterizes the set of initial (final) configurations of
p. Note that the value of a variable z» of the root-object, ¢ € {cy,...,¢ca}, is
undefined initially. This follows for ¢ # ¢, from the fact that we consider only
consistent states and that initially only the root-object exists (with respect to the
classes ¢1,...,¢,). But the consistency of the initial state would also allow the value
of a variable z € IVarg" to be the root-object itself. However, as it will appear to be
convenient with respect to the formulation of some rules which formalize reasoning
about the initial state, we define the initial state to be completely specified by the
variables ranging over the standard objects.

Now we are able to define the meaning of the following programming constructs: 5S¢,
(2e2 S, (25557} |l (265, 55°) and p.

Definition 5.13
We define

S[S1(8) = {< (S1,01)s- -+ (Sn,On) > (50, 6:) = (Si1,0ipn), L Si<my 51 = 5,6,

Definition 5.14

We define T](z, §)](w)(eo1) = 0 if not OK (w,a), and I[(z1, 51) || (22, S2)|(w)(o1) = 0
if not OK (w, 1) or w(z1) = w(z2). So assume from now on that OK (w,a), further-
more that w(z) = a, w(z) = a;.

I[(z, S))(w)(e1) = {o2 : for some h (01,(a, S)) =" (o2, (a, E))}

6}
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Assuming furthermore that o # ag:

I[(z1, 51) Il (22, S2)l(w)(o1) =
{0y : for some h (o1, (a1, S1), (a2, 52)) —P (o9, (a1, E), (a2, E))}

Definition 5.15
The semantics of programs is defined as follows:

Plp](a1) = {o2 : for some h (X1, 1) =" (X2,02)}
where Init,((X1,01)) and Final,((X2,02)).

Note that P[p](o) = 0 if it is not the case that Init,(a).

5.3 Truth of correctness formulas

In this section we define formally the truth of the local, intermediate, and global cor-
rectness formulas, respectively. First we define the truth of local correctness formulas.

Definition 5.16
We define

= (A, C: {p}5{a°}) iff
for every w and < (51‘91),. . -:(Smgn) >E 8[51(91)

L ] 91,(4,' |:p

o 0, wl= A(Lab(S;)), 1 <i<n

implies

O w = C(Lab(S,)) and if S, = E then 8,,w |= ¢.

Here

Lab(5) =1 ifS=15
=0 otherwise

(Note that for X a set of labeled assertions we have X(0) = true.)

Next we define the truth of intermediate correctness formulas.



Definition 5.17
We define

= {P}(z, S)NQ}iff
Yw¥e Yaor € I[(zc, S)(w)lor) : o,w|m P = oo,w = Q.

And

= {P}Hz, 5% | (3;chSC"){Q}iH‘
YwVa Voo € I[(z, S9) || (;’CJ.,S”i)ﬂ(w)(dl} PopwlEP = o,wl=0.

Finally, we define the truth of global correctness formulas.

Definition 5.18
We define

= {P}o{Q} iff VuVoyVas € Plp)(01) : 01,0 P = 03, Q.

6 Soundness

In this section we prove the soundness of the proof system as presented in the previous
section. We first discuss the soundness of the local proof system.

6.1 The local proof system

The following theorem states the every local correctness formula derivable from the
the local proof system is valid:

Theorem 6.1
For every local correctness formula (A, C : {p}S{q}) we have
if
(4, ¢ {p}S{a})
then
= (4, : {p}S{q})

(Here F denotes derivability from the local proof system.)
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The above theorem is proved by induction on the length of the derivation, that is, we
prove the soundness of the axioms, and for every rule we prove that the validity of
the premisses implies the validity of the conclusion. We treat the rule BA, the other
axioms and rules being straightforward to deal with.

Lemma 6.2

If
= (0,0 : {p(g/al}S:i{ply/al})
then
= (4,C : {pA C(ly)}y; answer(my, ..., mn); l2{p A A(l2)}).
Proof
Let R = l;answer(my,...,my);ls. As the semantic function S is defined with respect

to the transition relation —, which hides the computations within bracketed sections,
it is sufficient to consider for every @ the case of < (R,0),(l2,8') >€ S[R](0) such
that

o Jwl=pAChL),
o 0wl A(l).

We then have to prove that 8',w |= p. Let (answer(my,...,my,),01) =™ ... ="
(E,0;), with 8; = 8 and 6, = 6. We next define for 1 <z < k, 0! = (a,o}) (assuming
8; = (a, 7)), with 0! = 0;{o1(a)(@)/a,7}. It then follows that: (answer(my,...,my),07) ="
. —"-1 (E, ;) (note that j are some new variables not occurring in the body of
m;, 1 < i< n). We have for some 1 < i < n that (8;,85) =" ...—="2 (E,f,_;)and
8, w |= p[§/d], with S; the body of method m;: ¢} results from a1 by creating a new lo-
cal environment for the execution of S; by @, and ¢}, is obtained from o_, by popping
the stack of local environments associated with «. (Note that o3 and o] agree with
respect to the instance variables of a). From this and = (0,0 : {plg/u]}Si{plg/al})
we infer that 0} ,,w |= p[§/i]. Since p[§/i] contains no temporary variables and o},
and o},_, agree with respect to the instance variables of a we have 8, w = ply/al,
or, equivalently, 8, w |= p (note that af(a)(F) = oi(a)(§) = o1(a)(@) = oy(a)(@) =
ol (a)(it)). We conclude ¢',w = p. o

6.2 The intermediate proof system

The following theorem states that every intermediate correctness formula derivable
from the intermediate proof system is valid:
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Theorem 6.3
Whenever

-{ri o)
={P}z e}

H{P}e B 1= BY{Q}

then
and, whenever

then

= {P}B) I (=, R){Q}

We prove the validity of the assignment axiom (IASS) and the axiom (NEW). The
proof of the above theorem then proceeds by a straightforward induction on the
length of the derivation. To prove the soundness of the assignment axiom (IASS)
we need the following lemma about the correctness of the corresponding substitution
operation. This lemma states that semantically substituting the expression ¢’ for
z.z in an assertion (expression) yields the same result when evaluating the assertion
(expression) in the state where the value of g’ is assigned to the variable z of the
object denoted by z.

Lemma 6.4
For an arbitrary o, w such that OK(w, ¢) we have:

Glolyal ze-zall(w)(e) = Glgl(w)(s")

and

A[Plgq/ ze-zd]l(w)(o) = A[P](w)(o")
where ¢’ = o {G[g}](w)(c)/w(z:), za}.
Proof

By induction on the complexity of 4 and P. We treat only the case g = gy.2z, all the
other ones following directly from the induction hypothesis. Now:

Glalga/ ze-zall(w)(o) =
Glif g1(gy/ zc-zd] = z. then g’ else gi[g'/zc.2).z fi](w)(o)

Suppose that Gg1(g5/ z .zd][(w)() = w(zc). We have: Glg1.z](w)(e') = o'(G]g1](w)(o"))(2).
So by the induction hypothesis we have that:

Glgr-z](w)(o) = o'(w(z))(=) = Glgal(w)()-
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On the other hand if G[g1[g/zc-24][(w)(o) # w(z:) then:

Glarga/ ze-xd]-za(w)(o)
o(Glgilgal ze-zdll(w)(o))(za) (definition of o)
o'(Glg1[g,/ ze-zal[(w)(e))(2za) = (induction hypothesis)
a'(Glgrl(w)(a"))(za)
Glgr-zal(w)(e’).

1l

The following lemma states the soundness of the axiom (IASS)

Lemma 6.5
We have

= {P{e{z/self]/z,z]}{z,x — 8){P},

where we assume ¢ — ¢ € Stat® and z € LVar,.

Proof

Let o,w, with OK(w,o), such that o,w |= Ple[z/self]/z.z] and ¢' € I[(z,2 —
e)](w)(e). It follows that o' = o{G[e[z/self]](w)(a)/w(z),z} (note that as e is a
local expression we have Gle[z/self]J(w)(e) = E[e]({a, a(a)}), with a = w(z), a for-
mal proof of which proceeds by a straightforward induction on the complexity of ).
Thus by the previous lemma we conclude o', w |= P. a

To prove the soundness of the axiom describing the new statement we need the follow-
ing lemma which states the correctness of the corresponding substitution operation.
This lemma states that semantically the substitution [new/z] applied to an assertion
yields the same result when evaluating the assertion in the state resulting from the
creation of a new ohject, interpreting the variable = as the newly created object.

Lemma 6.6
For an arbitrary w,w’, a,¢’, 8 € 0°\¢() such that OK (w,a) and

o' = (‘7(1){‘7&) U {8}/c} o) {L/B, y}yervare, 0(3))
and v’ = w{83/z.}, we have for an arbitrary assertion P:

A] Plnew/z ||(w)(o) = A] P[(w)(c")-

The proof of this lemma proceeds by induction on the structure of P. To carry out
this induction argument, which we trust the interested reader to be able to perform,
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we need the following two lemmas. The first of which is applied to the case P = ¢
and the second of which is applied to the case P = 3zP', z € LVar,, a =c¢,c".

Lemma 6.7
For an arbitrary ¢, w, with OK (w, ¢), global expression g and logical variable z, such
that g[new/z.] is defined we have:

Glgl(w)(a') = Glglnew/z][(w) ()
where ¢’ = {ar(”{or(‘)u{ﬁ}/c}, 0'(2){J./ﬁ. Y}yelVars, 0(3)) and W' =w{B/z},B ¢ ale),

Proof
Induction on the structure of g. a

The following lemma states that semantically the substitution [2Bool+ s Ze/ Zc+] applied
to an assertion (expression) yields the same result when updating the sequence de-
noted by the variable z. to the value of z. at those positions for which the sequence
denoted by zpgg|. gives the value true.

Lemma 6.8
Let w, 0, & = w(zer ), @' = w(zgyer) Such that |a] = |&| and OK (w, o).

Let o € O°" such that

o || =

||

e forneN: o'(n) =w(z) if a'(n)=true
= a(n) if a'(n) = false

=1 ifa'(n) =1

Let v’ = w{a"/z--}. Then:

1. For every g such that g[zggo-. 2o/ ze+] is defined:
Glg(zgoolss 2/ 2+ l(w)(@) = Glgl(w)(@)
2. For every P such that zg o~ does not occur in it:

Al P[zBool- s 2/ 2+ Jl(w)(0) = A]P](w')(0)



248

Proof
Induction on the structure of g and P. O

Now we are ready to prove the soundness of the axiom (NEW).

Lemma 6.9
We have

= {P[:'/z.x][new/:']}(:, B new){P},
where z := new € Stat®, z € LVar,, and =’ is a new logical variable of the same type
as z.

Proof

Let ¢,w, with OK(o,w), such that o,w |= P[z'/z.2][new/z] and ¢’ € T[(z,2 :=
new)](w)(e). We have by lemma 6.6 that ¢”,w’ |= P[z'/z.z], where w' = w{3/z'},
with 8 € 0\ ¢, assuming d to be the type of the variable z, and o" = (a(){o'? U
{8}/ d}, o05){L/B, y}yervare, 0(3))- Now by lemma 6.4 it follows that o',w' |= P.
Finally, as z' does not occur in P we have ¢',w |= P. ]

6.3 The global proof system

The following theorem states that every global correctness formula derivable from the
global proof system is valid:

Theorem 6.10
Whenever

- {plz/self] po{@}

then

= {plz/self]}p{Q}

We will prove only the validity of the rule (PR), the other rules being straightforward
to deal with. We first introduce some definitions.

Definition 6.11

We call a global configuration (XX, o) stable iff there exists no object executing inside a
bracketed section. With respect to the global configuration (X, o) an object a € (%),
for some ¢, is said to be executing inside a bracketed section if X(a) = R; R/, for some
R', with R a substatement of a prelude or postlude of a braceted section containing
a new or send statement, or the prelude, postlude of the body of a method. Note
that if X(a) = wait(m, 3); R, for some method m and object 3, that is, & has just
finished executing the prelude of a bracketed section containing a send statement and
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has sent the actual parameters to (3, then « is not considered to be executing within
a hracketed section.

Definition 6.12
We call a global computation of p, i.e., a sequence (X1,01),...,(Xn,0n) such that
Init,((X1,01)), and for 1 < i < n we have (X;, 0;) =™ (Xiy1,0i41), for some record
r;, regular if in every configuration (X, o;) at most one object is executing inside a
bracketed section.

We observe that every terminating computation of a program p ( p arbitrary) can
be rearranged into an equivalent (with respect to the local behaviour of the objects)
regular one. More precisely, for every terminating computation (X1,01),-..,(Xn, 0n)
of a program p there exists a regular computation (X{,01),..., (X}, o;) such that for
every object a the sequence (Xi(a),o1(a)),...,(Xn(a),on(a)) equals the sequence
(Xi(a),ai(a)), ..., (Xi(a),oi(a)) modulo finite stuttering.

It is not difficult to see that the following lemma implies the soundness of the rule
(PR):

Lemma 6.13

Let p¢ = (Usimtlen : SS) be bracketed, with Uny ' = D@ ,oo oy Dnormitys
where D;, = (m‘lf;'i “= pi}‘i p—— m:""z_‘f.,- « P:l":ﬁx.) : 5. Let (A, Ci : {p{* 157 {qi"}), 1 <
i < n, be some cooperating (with respect to some global invariant I) specifica-
tions. Then for an arbitrary regular computation (Xg,o9),...,(Xk, o%) of p such

that (@, dp),w |= pn (a being the root-object), and (X4, o) is stable, we have

o for every object a € o{f‘) we have (o, op),w |= A;(Lab(Xi(a))),

e op,w =1,

s if « € 0% is a newly created object of o), then {(a, o), w |= pf'.

Proof

The proof proceeds by induction on the length of the history h associated with the
computation (Xp,a0), ..., (X, k). Let us consider first the case that [h| = 0. Let
a be the root object. As the history h is empty and (X, o) is stable we have that
Xi(a) € A, (note that | € A, marks the rear of a bracketed section), so we have that
{e,a1),w = An(Lab(X,(a))) holds vacuously. Furthermore, as the variables of I can
only be changed by the execution of a bracketed section (by the first clause of the
cooperation test), we have oy,w |= [ (note that op,w |= I by {a,w),w |= p, and the
last clause of the cooperation test).

Now let |h| > 0. First we consider the following case: Let

(Xo,00) = ... — (J(m,o'm) — o= (X, on)
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such that

o X.(a)=Iy; Ry; |2 — eglm(€); Rapla; §, for some §, with o € O
o X,.(B) = I{;answer(...,m,...);15; S, for some §', with 8 € O%

e From (X,,,0m) to (Xi,0k) only a and § are executing; o is executing the
statement R; and sending 3 the actual parameters, and 3 is executing the
statement R}, assuming m to be declared as R;I]; R;13; R, T e.

Let
r1 = Ci(h), rp=C5(1h),
r=Cil), o= A(IY).

Next suppose that ly; Ry;l;z «— eg!m(é); R2;ly occurs in the statement S7'. Let &’
be such that from (X, o) to (X, 0m) @ is executing 5. From the induction
hypothesis it then follows that (o, op),w |= pf*. We are given that |= (4;, C; :
{p}57{q"}) (by the second clause of the cooperation test and the soundness of the
local proof system), so from the truth definition of local correctness formulas and
another application of the induction hypothesis we have that {a,o,),w |= r1. On
the other hand if Iy; Ry; ;& — eglm(€); Ra;lz occurs in the body of some method m’
it follows in a similar way from |= (4;,C; : {A(1,)}R{C;(I2)}), assuming m' to be
declared as Ry;l; R;12; Ry T €', and the induction hypothesis, that (a, ), w = 1.

Analogously we have that {(3,0.,),w |= r].
Furthermore, as X,, is stable we have by the induction hypothesis that o,,,w = I.

Next we define

m = Om{om(a)(@)/a, 1 HEle:]({a, om)) /B, yih1<icn{ L /B, ¥} })s

where §; = §' U g”, with ¢’ being a sequence of instance variables corresponding to
the formal parameters of m and §” to the local variables of m. It then follows that

a

ol W' = T Ar[g /]2 /self] A 7{[22/self] A P,

where o' = w{e, /21, 22} and P = eg[ji/t1][z1/self] = 22 A A ei[in/tn][z1/5elf] =
z2.9f A A;j z2.y] = nil. Next, let

(07, (o, Ba[G1/@]), (B, Ri[F2/ 1)) =° (o', (e, E), (B, E)).

It then follows by the cooperation test and the soundness of the intermediate proof
system that
o' wl= I A 7Yy /]2 /self] A r{[F2/ @[ 22/self].
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Now it is not difficult to see that
ar = U’{Um(a)(ﬁl)/a'ﬁl}{cm(ﬁ)(ﬁz]/ﬁ,5’2}{0’(“)(?1]/&.ﬁl}{PUSh(foz)(a)»f)/.@}u

where f(#@;) = o'(8)(¥2)- So we conclude that

e w1
o (a,o1),wi=T

o (B,01),w = 7.

Next we consider the following case. Let
(;\ro, O’o] R .(Xm, Jm) e il (Xk, O'k)

such that

o X..(a) =z — wait(m, 3); Ra;ls; S, for some §, with a € O

o X,.(B) = 14; RY;send(m, e, a); S, for some §’, assuming RY to be the postlude
of the method m, with m declared as R3;17; R;15; R; T e, and 8 € O%

e From (X,n,0m) to (Xg, o) only a and 3 are executing; a is executing r «
wait(m, 3); Rz and 3 is executing Rj;send(m, e, a).

Let C;(15) = r§ and A4;(l3) = ry, where I3 marks the end of the answer statement
which gave rise to the activation of the method m. Furthermore, let 4;(l3) = r2. From
l= (A;,Cj : {r{}R{rY}) and the induction hypothesis we infer that (3, 0m),w |= r3.
Moreover, by the induction hypothesis we have ¢,,,w |= I. From the previous case it
follows that we may assume (@, om),w |= 7, where r = C(l), with | the label marking
the send statement which activated the method m. Next, we define

O = Om{om(a)(@1)/a, 1 HE[)((B, om)) /e, 2 Hom(B)(E2) /B, §2}-
It then follows that
Oy w' = I A PG ][21/self] A r5 G2/ @a][z2/self] A Q,

where w' = w{a, /21, 22}, and Q = 21 = 2.y} A 21.2 = e[/ Us][z2/self]. (Note that
z does not occur in r.) Next, let

(o, (0, Re§1/Tu]), (B, Ro[F2/Te])) —* (o', (, E)(, 8, E)).

It then follows by the cooperation test and the soundness of intermediate proof system

that
ol W' = I Aragh/i][z1/self] A vz /self].
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It is not difficult to see that

a1, = '{om(a)(51)/ @, L Hom(B)(32)/ B, G2 H{ o (@)(G1)/ e, ta }{ Pop((3)(3))/ B}-

So we conclude that

o oy, wl=1
o (a, o), wl=r;

* (B,01),w [F T2

(Note that TVar(ry) = 0.)

Finally, we have the following case to consider: Let
(Xo,00) — ... — [Xm(rm} — .= (X, on)

such that

o X,.(a)=Iy; Ri;& — new; Ry ly; 5, for some §, with a € O,

o From (Xm,0m) to (Xi, o) a is executing |y; Ry; 2 — new; Ra;ls.

Let C;(l1) = ry and 4;(l3) = r2. As in the previous cases, by the induction hypothesis
we have
(,0m),w|=7r;and o, w |= 1.

Next, we define

O':n = Jrn{am(“](ﬁ)/as v}
It then follows that

o, w = T A ri[g/a)[z/self].

where w' = w{a/:z}. Now, let
(c’r:n? ((‘!, (er L= New; RZ){?}/E}}] —* (g"' (Gv E))

It then follows by the fourth clause of the cooperation test and the soundness of the
intermediate proof system that

o, w'|= I Arylz, g/self, @] A p[z - z/self],
where p is the precondition of the newly created object. It is not difficult to see that
o = '{om(a)(7)/ o, FHo' ()(F)/ e, 1}

So we conclude that {a,o),w = 72, {8,0%),w |= p (here 3 is the newly created
object), and op,w |= I. a
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7 Completeness

In this section we prove that every valid correctness formula about a program is
derivable. To be more specific, let {p[z/self}p{@} be a valid correctness formula,

. ot Bapes : C1yenbial Cii i
with p° = (U 50 len 1 S5) where Un)m! = D13, .oy Dpoa 22}, and D =
(miz—‘i 4= ,uﬁ_f;'i e m;‘.;-“r-l_ “= 1“:1.'2"-;‘,) : §{*. (Here we put D, = {) : S&*.) Without

loss of generality we assume that [Vt;‘.?"(p, Q) C IVar(p) and that every logical variable
occurring in @ has a type defined by p.

First we want to modify p by adding to it assignments to socalled history variables,
le., auxiliary variables which record for every object its history, the sequence of
communication records and activation records the object participates in. In languages
like CSP such histories can be coded by integers: In CSP we can associate with
each process an unique integer and thus code a communication record by an integer
[Ap]. As there is no dynamic process creation in CSP a history is a sequence of
communication records, which, given the coding of these records, can be coded too.

Given some coding of objects, it is not possible in our language to program an internal
computation, using only auxiliary variables, which computes the code of an object.
That is, we cannot program a mapping of histories into integers. Therefore to be able
to prove completeness, using the technique applied to the proof theory of CSP, we
have to extend our programming language. We do so by introducing for each d € C'*+
a new finite set of instance variables [Varg., for an arbitrary e. It is not difficult to
see how to code histories using these variables. However in the completeness proof
we will not go into the details of coding these histories but simply assume to be given
for each object of a class ¢; defined by p a history variable h;. For the details we refer
to [AB]. We transform p to p' as follows:

Definition 7.1
Let #* be the instance variables occurring in D; including the history variable k; and
7' be some new corresponding instance variables.

o Prefix every occurrence of an answer-statement, occurring in, say, D;, by the
multiple assignment §* — F°.

e Let the method m be declared in D; as S T e; replace S 1 ¢ by
T — g‘;h,- — hjo < m, @ >; ;815§ — B h; — hjo < m,u, e > e,

where v is a sequence of new temporary variables corresponding to the variables
of the sequence §', and @ are the formal parameters of m.

o Replace every occurrence of a statement z — eo!m(é) in, say, D;, by

l; b — hjo < m,eq, & >;lz — eo!m(é); hi — hjo < my,self, z >; 1.
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e Replace every occurrence of a statement z — new in, say, D;, by

l: 2 — new; h; — hjo < self,z >;I'.

We assume the labels introduced to be distinct. It is important to keep in mind that
the assignments to the history variables are in fact abbreviations of statements which
compute the corresponding code. To be able to reason about mva.rlance properties
of an answer-statement we introduced some new instance variables 7' to freeze the
state just before the execution of the answer-statement. To ensure that after the
execution of an answer-statement these variables still refer to the state just before
the execution we assign the values of these variables to some new temporary variables
when entering the body of a method. After the execution of a body of a method
we then can recover the initial values of §* from these temporary variables. We
assume that p' = (Umi ' mi'len @ Si), with Dbt ws pIRL ol o

1m,? n=lm,_,"?

i

rc rici i r*©
where Di7} = (mld.c;tld:,...,mn'd, 4:;,1”*,) S

Definition 7.2

Let R denote an occurrance of a statement of D!, we define the set After(R, D}) as
follows: First, assume that R occurs in !, we put After(R,D}) = After(R,S[™),
where After(R,S) is defined as follows:

o If R = S then After(R,S) ={E}

o If 5 =5y;52
then After(R,S)= {R';S,: R' € After(R,51)} if R occursin 51
After(R,S) = After(R, S2) if R occurs in 55

o IfS = if e then S, else S, fithen After(R,S) = After(R,S;) if R occurs in 5y
After(R,S) = After(R, S2) if R occurs in 57

o If S = while e do S, od then After(R,S)= {R';S: R € After(R, 51)}

Next, let R occur in S, § being the body of some method declared in D}, we define
After(R, D) as follows:

After(R, D) =
U{After(Ry, R});...; After(R,, R,): Ry =R,Ry=5,R, = S Vli<i<na:
R; = answer(...,m;,...),m; & R._| Te; € Di}.

(Here, X;;...; X, X; being a set of statements, is defined by {R1;...;Rn: R; €
Xi}.)



Furthermore we define Before( R, D!) as follows:
Before(R, DY) = {R; R' : E;R' € After(R, D})}.

Finally, for R = z « wait(m,eg), associated with the send-statement R’ = 2 «—
eg!m(&), we define

Before(R, D;) = {R; R" : E;R" € After(R', D})}.

The intuition formalized by this definition should be clear: After(R, D!) characterizes
control when R has just been executed, while Before(R, D!) characterizes control in
those cases that R is about to be executed. The complication arising when R occurs
in the body of some method is due to the fact that we have to take into account chains
of answered methods of arbitrary length. We note that we assume some mechanism
to distinguish between different occurrences of a statement.

Next we modify the precondition p of the valid correctness formula {p[:/se[f}p{Q}
as follows:

Definition 7.3
We define
P =p™ A /\ (z = zz)A|ha] =0,
relV

Cn

where W = IVarf;t u IVa-rBw', z; being a new logical variable uniquely associated
with the instance variable . These newly introduced variables are used to “freeze”
that part of the initial state as specified by the integer and boolean variables.

Note that the assertion |h,| = 0 should be interpreted as an abbreviation of an
assertion expressing the same fact, i.e., that there is no history yet, in terms of some
particular coding of the histories.

To define the ezpressibility of some set of states we have the following definition:

Definition 7.4
For R occurring in, say, D!, we define

V(R) = IVar(D!)U TVar(D!) if R occurs in the body of some method
= [Var(D?) if R occurs in §;%.

Furthermore, for ¥ C I'Var® U TVar, o,¢', and a € ot°) N o'(¢), we define

o(a) =y o'(a) iff o(a)(v) = o'(a)(v), forallv € Y.
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Each of the following lemmas state the expressibility of a set of states which collects
all those states occurring during a particular computation whenever control is at some
specific point.

Lemma 7.5

Let R be a substatement occurring in p', say, R occurs in D}. There exists a local
assertion Pre(R) with IVar(Pre(R)) U TVar(Pre(R)) C V(R), describing the local
state of objects of class ¢;, such that

{a,0),w |= Pre(R) iff

3(Xo,00) —* (X', '), such that Init,((Xo, 00)),

X'(e) € Before(R, D}),

(B, a0),w |= B, B being the root-object,

o'(a) =V(R) o(a).

This local assertion Pre(R) describes all the local states (a, o) for which there exists
an intermediate configuration (X', o) of a computation of p, starting from an initial
state of the root-object which satisfies p, such that o'(a) equals () with respect to
the variables of V(R), and furthermore, in the configuration (X', ') the object a is
about to execute R.

Using the techniques of [AB] one can show that the assertion Pre(R) exists. Note that

the set Before(R, D) (and After( R, D!) as well) is recursive. (To decide if a statement

occurs in, say, After(R, D}), we only have to look at the sets After( Ry, R}); .. .; After(Rn, Ry),
with n the length of the statement. But these sets are finite and there are only finitely

many of them.)

Lemma 7.6

Let R be a substatement occurring in p’, say, R occurs in D}. There exists a local
assertion Post(R) with IVar(Pre(R))U T Var(Pre(R)) C V(R), describing the local
state of objects of class ¢; such that

(a,c),w |= Post(R)iff

o 3(Xo,00) —* (X', 0'), such that Init,((Xo, ao0)),
o X'(a) € After(R, D}), "
e (8,00),w |= P, B being the root-object,



(3]
o
=1

L] 0’(0!) =V(R) O‘(Ot).

This local assertion describes all the local states (a,o) for which there exists an
intermediate configuration (X', ¢’) of a computation of p/, starting from an initial
state of the root-object which satisfies f, such that '(a) equals o(a) with respect to
the variables of V(R), and furthermore, in the configuration (X', o') the object a has
just finished executing R. The expressibility of this assertion is proved in the same
way as the assertion Pre(R).

Lemma 7.7
Again, let R be a substatement occurring in, say, Di. There exists a local assertion
Pre(R)y with IVar(Pre(R)y) U TVar(Pre(R)y) € Y NV(R), where ¥ C [Var® U
TVar, such that

{a,0),w = Pre(R)y iff

there exists o' such that o'(a) =y () and (a, d'),w |= Pre(R).

The expressibility of this assertion is proved in the same way as the assertion Pre(R).

Lemma 7.8
Let R be a substatement occurring in, say, D!, and p% be such that TVar(p) = 0.
There exists a local assertion SP(p, R) such that TVar($SP(p, R)) = 0 and

{a,0),w = SP(p, R) iff

o 3(R,00) —71 (E,0:),

. Bﬂvw [: P

o ai(@) =1ver(pyy o(@), where 8; = (@, 01).

The assertion SP(p, R) expresses what is called the strongest postcondition of the
statement R with respect to the precondition p. Note that SP(p, R) specifies the
behaviour of R only with respect to the instance variables of Dj. The expressibility
of this assertion is proved in the same way as the assertion Pre(R). Next we have the
following lemma:

Lemma 7.9
For every class ¢; defined by p’ there exists a local assertion Lhist{', with TVar(Lhist;) =
0 and IVar(Lhist;) = {h;}, such that

{a, 0),w = Lhist; iff
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o 3(Xo,00) —* (X', 0"), Init,((Xo,00)),
s (3,00),w |= P, B being the root-object,
o o(a)(hi) = o'(a)(h).

The expressibility of this assertion is proved among the same lines as the assertions
defined above. The assertion Lhist holds in a local state {a, o} iff there exists an
intermediate configuration (.X’,¢’) of a computation of p’, starting from an initial
state of the root-object which satisfies 7, such that o and ¢’ agree with respect to the
history of a. Finally, we have the following lemma,

Lemma 7.10
There exists a global assertion I such that IVar(I) C {hy,...,h,} and

owl=Iiff

L ] H(X[),O"g) —* {X’,J;), with Inl‘tpr((JYo,dg)),
o X' is stable (see definition 6.11),

. (a,o-g),w '= p\
o o'(a)(h;) = o(a)(hi), for @ € /() ¢; € {c1,...,cn},

o olo) = g'e) ;e {ey,...,cn}.

This assertion J, which we call the global invariant, describes all states ¢ for which
there exists an intermediate configuration (X', ') of a computation of p’, starting
from an initial state of the root-object which satisfies f, such that o and ¢’ agree
with respect to the existing objects and with respect to the histories of these objects.
Note that as X' is stable we have that the history recorded by an existing object
of ¢’ equals the history obtained from h by deleting from it all the communication
and activation records not involving this object. The expressibility of this assertion
is shown along the lines of [AB].

Using the above lemmas we now define the set of assumptions and commitments for
each class ¢; € {¢1,...,¢n}.

Definition 7.11
We define

o A;= {lI'Post(R): R =I;R;l € D}, with R’ containing a new-statement} U
{I'."Post(R): R =1;R";I' e D, with R’ containing a send-statement} U
{l.Post(R): m <= R;;S;I"R' [ e € D} u
{I.SP(§* = z',answer(7n)) A Lhist; : |; answer(m);|' € D!}
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o C;i= {L.Pre(R): R=1;R;l' € D}, with R’ containing a new-statement} U
{I.Pre(R): R =1;R;l' e D!, with R’ containing a send-statement} U
{I.Pre(R)rvar i R = l;answer(m); 1’ € D} U
{I.Pre(R) i1var\(z} * R = & « wait(m, eg), with ;z « eo!m(€) € Di}

Here R € D! should be interpreted to mean that R occurs in D;.

It is important to note that given a statement |;answer(m); 1’ we did not associate
the assertion Post(l;answer(im);|’) with the label I The reason for this being that
this assumption cannot be justified in the cooperation test, because when exiting
the body of one of the methods of /m we have no information about the particu-
lar answer-statement which gave rise to the execution of this method. However we
will see in the following lemma how we can strengthen the assumption SP(y' =
&', answer(/)) A Lhist; by some reasoning within the local proof system to the asser-

tion Post(l; answer(im);|'). We are now ready for the following lemma:

Lemma 7.12
We have
b (A;, C; : {Pre(R)}R{ Post(R)}),
where R occurs in D! such that R is normal, i.e., R does not occur in a bracketed
section.

Proof
The proof proceeds by induction on the structure of R. We treat the case R =
I; answer(my, ..., my,);l’, the other cases being straightforward.

Let m; be declared as R; I%; Rj; I7; R} T e, furthermore, let p = Pre(l;answer(my, ..., my,);l')

and p’ = p[g'/&']. We first show that
k(0,0 {p'(5/al} B}; Bj; Ri{p'3/]}),

where TVar(p') = @ and § are some new instance variables:

L. (0,0 {p'[g/ullo/7' ]} R} {p'(7/@)}), by (LIASS).
2. (0,0: {p'(5/alle/3' 1} R;{P'[5/%)[2/5']}), by (INV).
3. (0,0 : {p'[g/al} R}{p'[g/ullz/7']}), by (LTASS).

So applying the rule (BA) gives us
F (Aq, Ci: {p' A p1}; answer(my, ..., ma); '{p" A q1}),

where
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e p; = C(l) = Pre(l;answer(my, ..., mn); 1) 1var,

o ¢ = A(l") = SP(F* = &', answer(my, ..., m,)) A Lhist;.

It is not difficult to check that
|= Pre(l; answer(my, . ..,m,); ') — p' A py.

(Note that |= Pre(l; answer(my, ..., m,);l") — § = 2'.) So applying the consequence
rule gives us

F (A;, C; : {Pre(l; answer(my, . .., m,); ') }; answer(my, ..., m,); '{p' A @1 }).

For an application of the consequence rule it thus suffices to show that the following
implication holds
p' A q1 — Post(l;answer(my,...,m,);1').

Here we go. Let
(a‘l U):w l: p! A 1.

From (o, o), w |= Lhist; it follows that there exists a computation
(}({], Jﬂ) _}‘ (}(m-s o'm)

of p’ such that ¢,.(a)(h;) = o(a)(h;). Furthermore, we may assume without loss of
generality that « has just finished executing a bracketed section.

Let o/ = o{o(a)(#)/a,z}. By (a,¢'),w |= p it then follows that there exists a

computation
(XOv‘gﬂ) —* (‘Yﬂl 0:1)

of p' such that X,(a) € Before(l;answer(my, ..., my,);V', Di) and on(a) =y(r) o'(c)
(R = l;answer(my,...,m,);l'). Note that we may assume that this computation
starts from the same initial configuration (X, oq) as the computation which exists
according to o,w |= Lhist; because of the use of freeze variables in definition 7.3.

Finally, by (o, ¢}, |= ¢1 we have for some history &’
(answer(my, ..., m,),0) AR,
with 6,y = 9{1} = a, 6;2)[{!) =1var(p}) o(a), and 0, w = g = I

As op(a)(h:) = o(a)(h;) = 8{2)(0)(&-) we have sz)[a)(hg) = om(a)(hi) = K" o b’ for

some history A”. Now let

(Xo,00) =" (Xi, o) =" (Xim, 0m)
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such that ax(a)(h;) = k" and « is about to execute a bracketed section. Now as
9{2)[0)(:‘1;) = fz)(@)(hi) o h' = k" o b’ we have
02y (@) (k) = K" = on(e)(h). (7.1)

From

9(2)(“)(375)
8y (@)(7)
o(a)(7)
d'(a)(z) =
an(@)(E)

Il

and ‘ .
bwl=g =1
it follows that
B2y (a)(hi) = on(@)(hi)- (7-2)

So from 7.1 and 7.2 we infer that o,(a)(hi) = or(a)(hi). From this in turn we
derive that Xi(a) = Xp(a) and or(a) = on(a). (Note that the behaviour of an
object is uniquely determined with respect to the behaviour of the environment.)
Now, from oi(a) = on(a) (using the above sequence of identities) it follows that
or(@) =rvar(p) O(2)(@). From which it is not difficult to derive that Xm(a) €
After(l;answer(my, ..., myn); V', Df) and am(a) =rvar(pt) 0(2y(2) =1var(D!) a(a) (use
again that the behaviour of an object is uniquely determined with respect to the
behaviour of the environment). Furthermore, we have

om(a)(u)

or(a)(w)

on(e)(u)

o'(a)(u)

oa)(u),
where u € V(R) is a temporary variable. Note that the first identity follows from our
assumption that @ in (X,,, 0,,) has just finished executing a bracketed section, because
then, as o (a)(h:) = o(a)(h;) = SEZJ(Q}(h;), we have that a (in (X, 0m)) has just
finished executing |; answer(my,...,m,);!". Thus we conclude that o(a) =y (g) om(a),
s0

Il

(a,0),w |= Post(l; answer(my, ..., my,);l').

a

In the following lemmas we show that the other requirements of the cooperation test
are satisfied.
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Lemma 7.13
Let I;answer(...,m,...);l’ occur in D!, with m declared as Ry;ly; R;l3; R T e. Fur-

thermore, let I': R :l:2 — eglmfeq,...,en); RS I, occur in D% Then the followin
1 114l by 1 2312 7
intermediate correctness formulas are valid:

{I A pi[gh/t1][z1/self] A p[z2/self] A P}

(21, Ri[G1/@]) || (22, R:[§2/Ti2])
{I A plgr /T ][21/self] A p1[§2/ @2][z2/self]}

and
{1 A plgr/][z1/self] A pa[Fa/T2](z2/self] A Q}
(=1, Ralga/m]) || (22, Ra[§2/ 2])
{I A phlin/tr][z1/self] A p'[Fa] @a][22/self] }
where

e p = C;(1) = Pre(l;answer(...,m, .. .);')rvar,
o p' = Ai(l') = SP(§* = &, answer(...,m,...)) A Lhist;,
e pp = A(l1) = POSi(R]), pr = Ci(le) = P'I‘E(Rg),

ph = Cj(l) = Pre(lj; BTz — eolm(en, ..., en); Ry 1),

p= CJ(T) = PT'E('.E = Wait(m? eU))fTvur\{r}?

ph = Aj(I5) = Post(l}; Ry; Tz — eolm(ey, ..., e,); Ry;15),

P = e[y /t][z1/self] = 23 A A es[fa /@)= /self] = z2.y] A A 2297 = nil,

o Q =z = zp.y) Az = e[fa/tp][ 22/ self].

Here 7' U 7 = ¥, with ¥’ being the instance variables corresponding to the formal
parameters and y” corresponding to the local variables of m.

Proof
We start with the proof of the validity of the first correctness formula.

Let
o,w = I Api[§1/i][21/self] A plz2/self] A P.

Furthermore let

(o, (an, Ry[51/@]), (@2, Ri[F2/T2])) —* (', (e, E), (a2, E)),
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where a; = w(z;) and a; = w(z;). Next we define ¢” = o{o(e1)(f1)/1,@}. By
" w = I, {a1,0"),w |= p} and {az,¢"),w |= p it then follows that there exists a

computation of p’
(JYIL Jﬂ) —* (xnr gn)

such that
o X,(a;) € Before( R}, D;) and X, (as) € Before(l;answer(...,m,...);l', D),

L] o’n(ﬁ'l) =V(R) 0'”(0(1) (R = R!;;!: = eglm{el, s .,En); R;) and O'H(O.g] :IVur(DE)
0"”((!2],

o JE‘C) — 0--"(“)‘ c € {(.‘1,. . 'acﬂ}‘

o on(a)(hi) = o"(a)(hi), a € 6™, ¢; € {c1,...,cn}.

Note that, as the history of a; (a3) in the computation which exists according to
(a1,0"),w |= P} ({as,0"),w [= p) equals that of a; (@z) in the computation which
exists according to o, w |= I, we have that in this latter computation «; is about to
execute R} (and a; is about to execute |;answer(...,m,...);I') and the local states of
a; (a2) in the final states of these computations coincide. (Again, the above obser-
vation is based on the fact that the behaviour of an object is completely determined
given its interactions with the environment, furthermore we make use of that the com-
putations which exists according to ¢",w |= I, {a,0"),w |= p] and (az,0"),w = p
all start from the same initial state, which is due to the use of the logical variables
zx, introduced in definition 7.3, as freeze variables.)

Now let
(Xn,00) =" (Xi,0n)

such that

o Xi(a)) € After(Ry, D}) and Xy(az) € Before(z + wait(m, eo), Dj),

o from < X,,0n > to < Xg, 0 > only e and a3 are executing; «a is executing
R and ay is executing Rs.

Note that such a computation exists because ¢,w |= e[ /i1][z1/self] = z2, so we
have £[ep]({a1,0.)) = E[ea]({a1, d"}) = as.

It is not difficult to see that

or(ar)(itr) = o'(er)(F1),
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ar(ae)(2) = o'(e2)(%2),
or(c1)(2) = o'(e)(2), = € IVar(D}),
or(az)(2) = o'(az)(z), z € [Var(Ds).

Furthermore we have
JEC) = OJ(C): ce {Cl, o) rcn}

and
ar(a)(hi) = o'(a)(hi), @ € 0\, ¢ € {er, ..., en).

Se we conclude that
dwil=1I,

(a1,0"),w |= Pre(z — wait(m, eo))[71 /1],
{az,0"),w |= Post(Ry)[ga/da].
Now it is not difficult to see that
|= Pre(z — wait(m, eq)) — P.

So we conclude

o', w = I Ay /t][21/self] A p1[Fa/ @:2][z2/self].

The proof of the validity of the second correctness formula is similar. a

Lemma 7.14
Let I; 2 «— new; Ry; ' occur in Di. Then the following correctness assertion is valid:

{I' A ply/a][=/self]}
(z,(z < new; Ro)[7/€])
{I Ap'[y/a][z/self] A q[z.2/self]}

where

e p = Pre(liz — new; Rp;l'), p' = Post(l;z — new; Ry;!"), and ¢ = Pre(S;c")‘
assuming the type of x to be ¢;,

e 7 are some new instance variables corresponding to the temporary variables @.

Proof
Let
o,w = I A plg/a)[z/self],
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and
(0, (o, (z « new; Rp)[g/a])) =" (o', (e, E)),

where a = w(z). Let 0" = o{o(a)(g)/a}. It follows that there exists a computation
of p’
[‘YD! 00) _'L‘ (XI"H Un)

(the existence of such a computation is justified as in the proof of the previous lemma)
such that

o X, (a) € Before(l;z — new; Ry;l', D:)’

® gu(a) =y(r) 0"(a), R =z « new; R,,
o ol =g cc {e1,..-aCn},

o 0a(B)(hi) = o"(B)(hi), B € a™),¢; € {c1,.. ., en}

Next let
(Jano-n] —-* [}{k;'gk)

such that Xy(a) € After(l; z — new; Ry;I', D!) and from (X, a,) to (Xi,or) only a
is executing. Now from

ax(B) = o'(B),
with 3 the newly created object,
or(a)(@) = ¢'(a)(7),
or(a)(z) = o'(a)(2), z € IVar(D}),
and, finally,
(B,01),w |= Pre(S5;7)

it follows that
o',wl= I A p'li/a)[z/self] A g[z.x/self].

Theorem 7.15
The following formula about p’, which is called the most general correctness formula
about p', is derivable:

{Pre( 5. )[za/self]}

p
{I A Nign Vi Post(S%)[zi/self] A Post(S.™)[zx/self]}.
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Proof
From lemma 7.12 it follows that

(A, Ci - {Pre(S{7)} S { Post(Si™)}),
and
F (4, Ci s {A(D}R{CAD}),

where R occurs in the body Ry;l; R;I"R2 T e of some method m defined in D!,
Furthermore it is not difficult to prove that

= Pre(S, " )[za/self| AVZ'(2' = z,) A N\ (V2 false) — 1.

1<i<n

(The variables z; are assuined to be of type ¢;.) From the completeness of the in-
termediate proof system and the above lemmas it follows that the cooperation test
holds. (The completeness of the intermediate proof system is proved in a similar way
as the completeness of the usual Hoare-style proof system for sequential programs.)
An application of the rule (PR) then finishes the proof. o

We are now ready for the completeness theorem.

Theorem 7.16
Every valid correctness formula {p[z, /self|} p{Q} is derivable.

F {plzc, /self]}p{Q}-

Proof
By the previous theorem we have the derivability of the correctness formula

{Pre(SL°™ )|z, /self]}

I

p
{I A Aign VziPost(S]%)[z:/self] A Post(S,")[zn/self]}.

It is not difficult to prove that |z p'™™ A A ey z = nil — Pre(S5)™), where W =
U IVare®. Furthermore, as I A A, Vz;i Post(S{™)[zi/self] A Post(S;,°")[zn/self] can

he easily seen to characterize precisely the set of final states, we have

= I A N VziPost(Si™)[zi/self] A Post(S5,")[zn/self] — Q.
i#n

By the consequence rule and the rule (INIT) we thus have

F {p'[zn/self]}0'{Q}.
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Applying the substitution rules (S1) and (S$2), substituting every logical variable z,
by the corresponding instance variable z, and substituting every history variable by
the empty sequence, denoted by nil, then gives us, after a trivial application of the
consequence rule,

F {plzn/self]}p{Q}-
An application of the rule (AUX) then finishes the proof. a

8 Conclusion

We have developed a formal proof system for reasoning about the partial correctness
of programs written in the language POOL. We proved the system to be sound and
(relative) complete with respect to a formal semantics.

We mention the following topics for future research: First, we have the problem of
compositionality, i.e., the development of a proof system along the lines of [ZREB] in
which the history variables introduced in the completeness proof as auxiliary variables
are incorporated in the system itself.

Another interesting subject is the problem how to formalize reasoning about deadlock
behaviour. Due to the presence of dynamic object creation the standard techniques
developed for languages like CSP do not apply.

Finally, in the full language POOL an object can call its own methods. We did not
study this feature because we wanted to focus on the remote procedure call mechanism
in POOL. But we think we can incorporate the proof theory for recursive procedures
([Ap2]) in our assumnption/commitment formalism.
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Samenvatting

Dit proefschrift bestaat uit een inleiding en drie artikelen.

In de inleiding wordt een schets gegeven van de algemene problematiek van de kor-
rektheid van programmas, met name wordt er ingegaan op de korrektheid van pro-
gramma’s geschreven in de parallelle object georienteerde taal POOL.

In dit proefschrift wordt de korrektheidsproblematiek benaderd vanuit het gezichts-
punt dat een programmaop te vatten is als een toestandstransformatie. De specificatie
van de korrektheid van een programma bestaat in deze optiek uit een "preconditie” en
een "postconditie”, asserties geformuleerd in één of andere logische taal. De betekenis
van een dergelijke specificatie is dat elke terminerende executie van het betreffende
programma in een toestand die voldoet aan de preconditie termineert in een toestand
waarin de postconditie geldt.

In het eerste hoofdstuk wordt de bewijstheorie bestudeerd van een sequentiéle versie
van de taal POOL geheten SPOOL. Er wordt van het parallellisme in de taal POOL
afgezien om de aandacht te vestigen op het probleem hoe te redeneren over het fe-
nomeen van dynamisch zich ontwikkelende topologieén. In dit hoofstuk wordt een
bewijssysteem ontworpen waarin over dergelijke topologién kan worden geredeneerd
op een zelfde abstractieniveau als gegeven door de programmeertaal. De basisideeén
die aan dit bewijssysteem ten grondslag liggen zijn ook van toepassing op de formali-
sering van het redeneren over de korrektheid van manipulaties op datastructuren als
"records” (en "pointers” naar records) zoals deze voorkomen in talen als PASCAL.

In het tweede hoofdstuk wordt de formalisering van het redeneren over dynamisch zich
ontwikkelende topologieén zoals beschreven in het eerste hoofdstuk toegepast op een
parallelle versie van de taal POOL, de taal P. Door middel van deze taal worden de
bewijstheoretische aspecten van het parallellisme van de taal POOL onderzocht. Hier-
toe wordt afgezien van het specifieke communicatiemechanisme van de taal POOL; in
POOL communiceren objecten door middel van een "rendezvous” mechanisme. In de
taal P daarentegen communiceren objecten door het versturen van waarden op een
wijze zoals beschreven door CSP.

De bewijsmethode voor de parallelle taal P bestaat uit drie niveaus:

Het locale niveau Op dit niveau wordt over het interne gedrag van een object ge-
redeneerd. De interactie van een object met de omgeving (de andere objecten)
wordt op dit niveau beschreven door aannames over het gedrag van de omge-
ving.
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De codperatietest Op dit niveau wordt gecontroleerd of de aannames die geintroduceerd
zijn op het locale niveau onderling konsistent zijn. Daartoe dient te worden ge-
redeneerd over een systeem van objecten en de interactie tussen objecten.

Het globale niveau Op dit niveau wordt uiteindelijk beschreven hoe de locale spe-
cificaties van objecten gecombineerd kunnen worden tot een specificatie van het
totale programma.

Uiteindelijk worden in het laatste hoofdstuk de resultaten van de voorgaande hoofd-
stukken toegepast op de taal POOL en uitgebreid tot een axiomatisering van het
rendezvous mechanisme.

In elk hoofdstuk wordt de gezondheid (’soundness’) en volledigheid van het betreffende
bewijs systeem bewezen met betrekking tot een formele semantiek.



STELLINGEN

-1

10.

. Dynamische procescreatie is bewijstheoretisch te karakteriseren door middel van

een generalisatie van de technieken ontwikkeld voor talen als CSP (K.R. Apt,
N. Francez, W.P. de Roever: A proof system for communicating processes,
ACM Transactions on Programming Languages and Systems, Vol. 2, 1980, pp
359-483). Zie dit proefschrift.

. De basisideeén die ten grondslag liggen aan de bewijstheorie van dynamische

processtructuren zijn ook van toepassing op het redeneren op een zelfde abstrac-
tieniveau als in de taal PASCAL over operaties op datastructuren als "records”.

. De volledigheid van het bewijssysteem voor de taal POOL gebaseerd op de

assertietaal waarin eigenschappen van dynamische processstructuren beschreven
worden door middel van recursieve predikaten kan niet bewezen worden gebruik
makend van de standaardtechnieken.

. Het gedrag van een systeem van objecten kan volledig beschreven worden in

termen van het locale gedrag en de interface van de objecten. Zie F.S. de Boer:
A compositional proof system for dynamic process creation, technisch rapport
Technische Universiteit Eindhoven, te verschijnen.

- Een volledig abstracte semantiek voor parallelle talen waarin processen asyn-

chroon communiceren door middel van een gemeenschappelijke datastructuur
kan gegeven worden door middel van maximale traces. Zie F.S. de Boer, J.N.
Kok, C. Palamidessi en J.J.M.M. Rutten: The failure of failures: Towards a pa-
radigm for asynchronous communication, technisch rapport CWI, Amsterdam,
te verschijnen.

- Met betrekking tot parallelle talen lijkt het alleszins redelijk de notie van in-

bedding zoals voorgesteld door E. Shapiro aan te scherpen door additioneel
de compositionaliteit van de compiler en de terminatieinvariantie van de deco-
der te eisen. Zie F.S. de Boer en C. Palamidessi: Concurrent logic languages:
asynchronismn and language comparison, Proceedings of the North American
Conference on Logic Programming, Series in Logic Programming. The MIT
Press, 1990.

- De formalisatie van het redeneren over de totale korrektheid van programma'’s

vereist meer zorg en aandacht dan algemeen werd verondersteld. Zie P. America
en F.5. de Boer: Proving total correctness of recursive procedures, Information
and Computation, Vol. 84, pp. 129-162, 1990.

. Zonder de mogelijkheid in de assertietaal expliciet te refereren naar een.spe-

cifieke incarnatie van een procedure is het redeneren over het monitorconcept
onvolledig. Zie R. Gerth: Syntax-directed verification of distributed systems,
proefschrift, R.U. Utrecht, 1989.

- Voor de beschrijving van sequentiéle compositie in temporele logica is de "chop”

operator niet noodzakelijk. Zie F.5. de Boer: Compositionality in temporal
logic, Future Generation Computer Systems, Vol. 6, pp 287-299, 1990.

De ontwikkeling van een algemene theorie over de expressiviteit van (parallelle)
programmeer talen vormt een veelbelovend nieuw onderzoeksgebied.



