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e Bij discretisatie van een tensorvergelijking worden allerlei extra eisen
verkregen, waaraan een nauwkeurige discretisatie moet voldoen. Zo leidt
de representatie in contravariante componenten van een vector u met V¢ =
/aU? tot een nauwkeuriger discretisatie dan met U“.

(Zie hoofdstuk 3 van dit proefschrift.)

e Het toepassen van de niet-lineaire multirooster oplosmethode op de in-
compressibele Navier-Stokes vergelijkingen in algemene codrdinaten gedis-
cretiseerd op een uniform rooster leidt tot gelijkwaardige convergentie re-
sultaten als in Cartesische codrdinaten, mits de diverse onderdelen van de
methode correct worden gekozen.

(Zie hoofdstuk 4 van dit proefschrift.)

e Onthullende testproblemen voor discretisaties in algemene coordinaten
zijn vaak zeer eenvoudige stromingen gediscretiseerd op een niet-uniform
rooster.

e Het convergentie-onderzoek van numerieke methoden voor stromingen met
hogere Reynolds getallen (> 1000) is niet interessant als niet eerst de dis-
cretisatie is aangepast, zodat numerieke diffusie gereduceerd wordt, door
bijvoorbeeld de implementatie van een defect-correctie techniek.

e Op een vector computer kan slechts een eerste inzicht in de geschiktheid
van oplosmethoden voor massief parallelle computers verkregen worden.

e Het is vaak zinvoller om een multirooster methode met een snelle
(Krylov-subspace) oplosmethode te vergelijken dan met zijn single grid vari-
ant.

(Zie Sonneveld, Wesseling en de Zeeuw in Multigrid methods for integral
and differential equations, editors: Holstein & Paddon, Clarendon, Oxford,
1985.)

e De Multiple Semi-coarsened Grids (MSG) multirooster methode met een
gedempte punt-Jacobi smoother is een robuuste methode die nog O(N) is
wanneer een F-cycle gebruikt wordt.




e Er zijn tegenwoordig zo veel vaktijdschriften dat het erg moeilijk is om
alle literatuur op een bepaald vakgebied bij te houden.

e Met de oprichting van onderzoekscholen, zoals het J.M. Burgerscentrum,
lijkt de basis voor geavanceerd tweede fase onderwijs voor AlO’s/OIQ’s
gelegd. Of dit onderwijs ook daadwerkelijk van de grond komt staat of valt
met het enthousiasme van de hoogleraren en de AIO’s.

e Het klimaat in het Elektrotechniek gebouw leent zich beter voor het
kweken van tomaten dan voor het verrichten van werkzaamheden op het
gebied van onderwijs en onderzoek.

e De overeenkomst tussen popmuziek en onderzoek in de stromingsleer is
dat veel interessante fenomenen zich ver van de hoofdstroming (mainstream)
afspelen.

e Proefschriften staan vol met leuke namen voor popgroepen.
Hier bijvoorbeeld: =~ ”The General Coordinates”,
”Coarse Grid Correction (CGC)” of

”The Low Frequency Error Components”.
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1 General introduction.

Flows and flow problems are everywhere around us. We meet air flows in the en-
vironment, in and around buildings, or around aircraft and airfoils; liquid flows,
like water flows in rivers, tidal flows in seas and groundwater flows, or blood flow
through vains in the body, etcetera. Flow processes also occur on a large scale
in industry, like flows in engines and turbines, oil flows in pipes, or flows of sub-
stances like butter or plastics through pipes, and many other situations. People
have been wanting to get a grip on flow phenomena for years, and therefore they
try to simulate flow problems with experiments. However, physical experiments
can be very costly; (expensive) scale models have to be made to simulate complex
flow problems. It is interesting to compare experimental results with other results,
so that the results obtained with a scale model can be better extrapolated to full
scale. Another type of flow prediction can be found when the partial differential
equations representing a flow problem are solved. For many problems the underly-
ing partial differential equations are the so-called Navier-Stokes equations, derived
in the nineteenth century. The nonlinear system of Navier-Stokes equations, that
consists of conservation laws for basic flow quantities like mass, momentum and en-
ergy, is a general description of flows. These equations simplify for incompressible
flows for which the specific mass of a fluid particle may be considered constant. The
energy equations can then be decoupled from the mass and momentum equations.
Furthermore, the mass conservation equation reduces for incompressible flows to
a constraint for the momentum equations. Thus the incompressible Navier-Stokes
equations are obtained, which will be investigated here.

These equations are too complex to solve analytically; they need to be solved with
numerical techniques. With the introduction of computers of steadily increasing
speed and memory size, it becomes possible to solve more and more complex prob-
lems numerically. The equations are discretized and the flow domain is split up in
many small parts, in which the numerical solution of the discretized equations is
sought. The relatively new research area Computational Fluid Dynamics (CFD)
is still growing rapidly. An introductory book on discretization methods and nu-
merical techniques for heat transfer and fluid flow equations is [72]. A general
introduction in computational fluid dynamics for compressible and incompressible
flows can be found in [40]. The numerical prediction of complex flows requires
both accurate physical modelling and numerical accuracy. We will deal with the
modelling of steady and unsteady incompressible flows in domains of general shape
by means of a so-called finite volume discretization. For this purpose a coordinate
invariant tensor formulation of the incompressible Navier-Stokes equations is used.
Some tensor tools needed are presented in Chapter 2. It is not at all trivial to
obtain accurate results for the equations derived in general coordinates. Some re-
quirements, for example with respect to the choice of unknowns, should be satisfied.
These are derived in Chapter 3.

Single-phase laminar Newtonian flow equations are investigated, since they form the



basis of all other fluid flow simulations. Real life industrial flows are much more
complex. Often, multiphase or chemical reacting flows, non-Newtonian or turbulent
flows in complex domains are encountered. The modelling of these physical phe-
nomena often requires extra equations and approximations of the physical model
on top of the basic equations. It is necessary to understand the behaviour, the pos-
sibilities and limitations of the underlying incompressible Navier-Stokes equations.
These are introduced, discretized and investigated in Chapter 3.

In the second part of the thesis, fast and robust solution techniques to solve large
systems of discretized equations are investigated. Specific for multigrid solution
methods is the rapid convergence, with convergence rates bounded by a constant
(much smaller than one), that does not depend on the mesh size. Problems with m
unknowns can be solved in O(m) operations. Multigrid methods were essentially
discovered in the sixties, and started to draw attention as fast and efficient solvers
for large systems of equations in the late seventies ([7], [33]). A wide range of areas
where numerical models are used has been investigated since. Computational fluid
dynamics is one of these areas. Recent results obtained in this field are collected in
[118]. We chose to use the standard nonlinear multigrid method ([35], [8]) to solve
the steady incompressible Navier-Stokes equations. This algorithm is presented for
the stationary equations in general coordinates in Chapter 4, where several smooth-
ing methods are investigated for robustness. In Chapter 5 three robust multigrid
methods to solve the unsteady incompressible Navier-Stokes equations for arbitrar-
ily shaped domains are compared. These algorithms for unsteady equations possess
more or less the same sequential complexity, while they differ in efficiency on paral-
lel computers. Here, the efficiency on one processor of a vector machine is compared
to see whether the algorithms are also efficient on these machines.

The different steps of the numerical solution of the incompressible Navier-Stokes
equations in general coordinates presented in this thesis are depicted in Figure 1.1.

Two important aspects of the work in this thesis are the following. First, inves-
tigation of the accuracy of the discretization of the incompressible Navier-Stokes
equations in general domains with a finite volume method. Second, the search for
robust fast multigrid solution methods to solve the resulting systems of discretized
equations. Moreover, the combination of these two aspects is challenging.




Physical formulation of the problem

y

Mathematical formulation of the problem;
The incompressible Navier-Stokes equations in general coordinates.
(Chapters 2 and 3)

Numerical formulation of the problem;
The finite volume discretization. (Chapter 3)

-

Construction of a numerical solution algorithm;

The multigrid solution method. (Chapters 4 and 5)

)

Computer code with the multigrid algorithm.

'

Analysis of the flow results. (Chapters 3, 4 and 5)

Figure 1.1: The standard approach for solving a CFD problem; the different
analysis steps of the work presented in this thesis.



2 Finite volume discretization of physical conser-
vation laws in general coordinates.

2.1 Introduction.

In order to calculate complex flows in arbitrary domains finite volume methods
are quite popular nowadays. A finite volume discretization of the incompressible
Navier-Stokes equations on a structured mesh results in structured operators with
several blocks. Solution strategies exist to solve these types of problems efficiently.
With finite volume methods, due to the rapidly growing computer speed and mem-
ory, the solution of three-dimensional complex flow problems in arbitrarily shaped
domains comes within reach. However, when using a finite volume or a finite differ-
ence method it is not at all trivial to obtain accurate solutions of the incompressible
Navier-Stokes equations in arbitrary domains. Several choices, each with their ad-
vantages and disadvantages, need to be made to obtain accurate discretizations.
These choices are discussed throughout this thesis. The method adopted here is
presented in full, and references to discretization methods adopting other choices
are given.

Sections of this chapter are also presented in [113].

Boundary-fitted grids. A first choice to be made is that of the grid. Choosing a
rectangular grid in the arbitrarily shaped domain means that a curved boundary
must be approximated step-by-step, resulting in difficulties in the specification of
boundary conditions. Therefore it is difficult to obtain accurate solutions in near-
boundary regions, where often steep gradients occur. In [57] a rectangular coordi-
nate system is used with a special treatment near the boundaries. An advantage is
that the domain is discretized with Cartesian coordinates, which means that fairly
simple well-known equations can be employed that do not contain terms due to
curvature and non-orthogonality of coordinates. Another type of grid to be used in
an arbitrary domain is a boundary-fitted grid, resulting from a change to curvilin-
ear boundary-fitted coordinates. Then the boundary is a coordinate line, and the
accurate specification of boundary conditions is much easier. Boundary-fitted grids
can be generated by differential methods, for example by solving a Laplace or Pois-
son equation ([102]), or with algebraic methods ([27]). Boundary-fitted coordinates
can be subdivided into two classes: orthogonal and non-orthogonal. When using
orthogonal coordinates the transformed equations are still fairly simple. Successful
discretization strategies using Cartesian coordinates can easily be extended to or-
thogonal curvilinear coordinates. The generation of orthogonal grids, however, can
be very difficult in certain domains in two dimensions and sometimes impossible in
three dimensions. Furthermore, orthogonal grids are not very flexible. There is not
always sufficient control over the distribution of grid points. Non-orthogonal grids
are easler to generate, especially in three-dimensional domains. In regions where
extra fine resolution is required it is easy to concentrate many grid points. A disad-




vantage of non-orthogonal grids is that additional terms appear in the transformed
equations, which require additional discretization approximations, that influence
stability and accuracy of the solution, and possibly reduce the convergence rate of
solution algorithms. An interesting development is the generation of non-orthogonal
grids, which are orthogonal at the boundary ([94]). This facilitates the treatment of
boundary conditions in general coordinates. In our research non-orthogonal grids
are adopted; it is interesting to investigate advantages and limitations of this ap-
proach.

2.2 Some fundamentals of tensor analysis.

In general coordinates it seems attractive to use coordinate invariant formulations
and discretizations of physical laws, provided sufficient discretization accuracy can
be obtained. The coordinate invariant formulations of the incompressible Navier-
Stokes equations are written in tensor notation. Tensor notation proves indispens-
able for formulating physical conservation laws in general coordinates.

Scalars, vectors, tensors. Physical quantities that are specified by one real func-
tion of position are called scalars. Examples are pressure p and temperature T.
Of course, actual values depend on the physical unit system chosen. Quantities
specified by a magnitude and a direction in space are called vectors. The magni-
tude depends on the choice of units. A vector is specified by parameters called its
components; in d dimensions there are d components. The components depend on
the coordinate system used. A vector as physical entity is invariant with respect
to changes of coordinates (see Figure 2.1). Coordinate-invariant entities such as
scalars and vectors are called tensors. Their invariant nature leads to certain trans-
formation laws for their values or components under changes of coordinates, which
will be formulated below.

Invariance and tensors. The fundamentals of tensor analysis, especially in relation
to continuum mechanics, are presented in textbooks such as [2] and [99]. For ease
of reference a brief summary of the main tools needed in our research is presented
here.

Let x = (2!, 22, ...,z%) and £ = (£!,€2,...,£%) be a Cartesian and a general coordi-
nate system, respectively, with d = 2 or d = 3. Let Q C R, G C R%. Consider a
transformation Q — G:

x=x(f), x€Q, £€CG (2.1)
Hence the differentials of the coordinates dz® and d¢f are related by:
B
de? = 98 jae (2.2)
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Figure 2.1: A vector represented in two different coordinate systems:
u = aeq) + fe(y) = yaq) + 6a(y), with €(o) and a(,) unit vectors along the
coordinate axes.

Greek indices will have range 1,2,...,d. The summation convention will hold for
Greek indices only. This convention implies that summation takes place over pairs of
equal Greek indices in a single term or product, one of which must be a superscript
and the other a subscript. Other repetitions of indices are not allowed in a term or
product.

A transformation is called admissible if (2.1) is onto and

dz! 92 3z
o | O G GF
oz 9z z¢
0&T 9?8

where J is the Jacobian of the transformation. This implies that J=! exists and
J71#0, Vxe (2.4)

and that the mapping (2.1) is invertible, i.e. the mapping is one-to-one. The ad-
missible transformations form a group. That is, if 77, T, and T are any admissible
transformations, they satisfy

(i) The identity mapping x = £ is admissible.
(if) 71T is admissible.
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(iii) 77! is admissible.
(IV) T1 (TzTa) = (T]_ T2)T3

Let there be given a set of m real continuous functions fi(x),71=1,2,...m,x € Q.
We associate with every admissible transformation T a transformation S:

S: fi(x)—gi(¢), i=12,..,m E€G (2.5)

with g; real and continuous. Obviously, S will depend on T and will be said to be
induced by T. Suppose that S as function of T satisfies the following conditions
for every admissible Ty, T2, T3 and S1, Sz, S3 induced by 71,73, Ts respectively:

If T is the identity transformation, then Si is the identity transformation. (2.6)
If T3 = T2T1 then S3 = Sle . (2.7)

That is, the sets of admissible transformations and the set of transformations of
type S are isomorphic. We shall then say that the set f; represents the components
of a tensor f in the x-coordinate system, the tensor itself being the totality of sets
of functions fi(x), gi(§) , etc. In other words, tensors are induced transformations
that are isomorphic to admissible transformations of coordinates. This is a math-
ematical expression of the notion that tensors are objects that are independent of
the coordinate system in which they are described.

An example of such induced transformations is transformation by invariance:

fi(x) — gi(§) = fi{x(€)} (2.8)

Other such induced transformations, namely transformation by covariance and by
contravariance will be introduced soon.

First, some notation is introduced. Vectors will be denoted by bold-faced lower
case Roman letters, their Cartesian components by lower case Roman letters and
their components in general coordinates by upper case Roman letters. For example,
u, tq, u®, Uy, U® all refer to the same vector. Strictly speaking, a quantity such
as U® is a vector component, but no harm is done in referring loosely to it as the
vector U®. We have uq = u®. The difference between U, and U® will become clear
below.

A quantity @” is called a contravariant vector if under transformation from coor-
dinates x to ¢ ¢* transforms to @Qf according to

_ %
T 0z°
Hence, equation (2.2) shows that a line element is a contravariant vector. The

velocity vector component v* = dz®/dt is another example of a contravariant
vector, because

Q° (2.9)

Vﬁ:d;ff_afﬁdza_?ﬁ_p a

dt ~ 0z® dt 9z (2.10)
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A quantity Qg is called a covariant vector if under coordinate transformation it
transforms according to

0z™ .
A gradient of a scalar function is an example of a covariant vector, because
Op  Oz* Op
— == 2.12
568 = 9P da- (212)

In our research we only need tensors of rank zero (scalars), rank one (vectors) and of
rank two (tensors with two indices). For a survey of general transformation laws we
refer to the literature. We only give the following illustrative example: the relative
mixed tensor Ug(€) of rank two and weight w satisfies the following transformation
law:

€« 0z® v

Ug = (\/g)wa?wu‘, (2.13)

where /g = J (specializing to right-handed coordinate systems we have J > 0, as
will be shown shortly).

The tensor is called absolute if w = 0. The superscript « is called a contravariant
index, and transforms according to the contravariant transformation law. The
subscript 2 is called a covariant index, and transforms according to the covariant
transformation law. Another example is the transformation for a relative scalar of

weight w:
(&) = (V9)" p(x) (2.14)

It is not difficult to show that all of the above transformation laws are isomorphic
to the set of admissible transformations and hence correspond to tensors; we will
not do this here.

Base vectors. Contravariant base vectors a(®) are defined as normal vectors to the
™ = constant surfaces:

al®) = grad ¢ (2.15)
The subscript « is placed between parentheses to emphasize that a(®) is not a

component but one of the d contravariant base vectors.
Covariant base vectors a(,) are defined as tangent vectors to the coordinate lines

=

Jx
Aq) = BEw (2.16)
Only right-handed coordinate systems are used. This means that for d = 3
aga) - (ag) Aagy)) >0, a7 cyclic (2.17)

Comparison with (2.3) shows that this implies
J =aqy- (a(g) /\a(3)) >0 (2.18)



The two-dimensional version of (2.17) is obtained by defining z* = £, 2™ =
z2(£1,£%), @ = 1,2. This gives
0ty =0, a=12; a3 =(0,0,1) (2.19)
so that (2.18) gives again
oz Oa?
J= gil giz £0 (2.20)
97 o
It can be shown that
al®) = —Jg(a(ﬁ) Aagyy) fore, B,y eyclic (2.21)
(for d = 3) and
a(q) -alP) = ¢2 (2.22)

with § the Kronecker delta.
The two-dimensional version of (2.21) is obtained by using (2.19). This gives

1 1
(1) —_ — a2 )_al y a(z) = — —a2 ,al 223
a \/ﬁ( ) (2)) \/§( m (1)) ( )

The Cartesian components of the base vectors are given by

(a) _ 6&° s _ 6xf .
aﬁ = m, a(a) = @‘ (2.24)

Figure 2.2 shows a sketch of the (z!, z?)-plane with two coordinate lines of a general
coordinate system (£!,£2). Furthermore, co- and contravariant base vectors are
shown.

Relation between veclor and tensor notation. According to (2.9) and (2.11) we may
write

Ue=al®.u, Uy=ag) u (2.25)
Using (2.22) it follows that
u = Uy = Usa® (2.26)

The metric tensor. The covariant and contravariant metric tensors g** and Jap are
defined as follows:

Gap =8y 2 ; 977 =2 a® (2.27)
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Figure 2.2: The Cartesian domain with general £*-coordinate lines and co-
and contravariant base vectors.

The name metric tensor is derived from the fact that the length ds of a small
line-segment satisfies

ds? = 6apdz®dzP = gapde®deP = ¢g*Pde,des (2.28)
The determinant of g,p is called g, and is given by
g=1J2 (2.29)
For the representation of a volume we find
dz'dz®...dz? = \/fgd¢* de?...de* (2.30)

The metric tensor can be used for raising and lowering indices, as illustrated in the
following example

Ug = g*"Uyp (2.31)
Note that the notation Ug is ambiguous if Uag # Ugq in which case (not occurring
here) one writes U .

The covariant dertvative. A partial derivative 3/9&* does not necessarily transform
according to the rules (2.6) and (2.7) and hence does not need to result in a tensor.
For example, the quantity dp/9¢€” is a covariant tensor of rank one (2.12), but the
second derivative is not a second order tensor:

8 0p, 0 0z~ Op,
567 (97 = 57 3e7 hu) =
d?p 0zb oz~ adp 0%x°
5o Jx" O¢" DEP | Duo BEPOET

(2.32)
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The operation that if applied to a tensor results in a tensor and that corresponds
to partial differentiation when the mapping is the identity x = £ is called covariant
differentiation.

A covariant derivative is a tensor which reduces to a partial derivative of a vector
field in Cartesian coordinates. For an absolute scalar, the covariant derivative is
the same as the partial derivative, and it is denoted by

dp

P = 5 (2.33)

The covariant derivative of a scalar density (for example /gp, i.e. a relative scalar
of weight one) is defined as

(V3P)a = 335@” 0

Wb (2.34)

Here { ;7 } is the so-called Christoffel symbol of the second kind, defined by

(@) Dan) _ 06 9%z’

{gy =15} =27 3F = 55 3600 (2.35)
It can be shown that 9p
(V). = \/57-6-57 (2.36)
Hence:
Vi,=0 (2.37)

The covariant derivative of an absolute contravariant tensor of rank one is defined
by

o« 0U% a

'ﬁ:W+{7B}U7 (2.38)

The covariant derivative for a relative contravariant tensor of weight one ((2.13)
with w = 1), for example ,/gU*, is defined by

(ViU = I+ (WA - (L WUt (239

and can be found from (2.38), (2.37) and (2.34) with p = 1 by substitution of ,/gU*.
The covariant derivative of an absolute covariant tensor of rank one is defined by

U,a_w ~{ 5} (2.40)
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It can be shown that

1 0 /qU*
diva = U, = L OVI
) \/g BE"‘
The covariant derivative of an absolute contravariant tensor of rank two is defined
as follows:

(2.41)

aff
Taﬁ=£*+{

Y = 5 7% 4 { ) (242

o
v6 )
It can be shown that

pep _ L OYGT

—vIT o 8
¥ = e T (2.43)

Ricci’s lemma. A powerful feature of tensor analysis is, that if a tensor equation
holds in one coordinate system, then it holds in every coordinate system obtained
from the first by an admissible transformation. This is known as Ricci’s lemma. In
other words, tensor laws are invariant with respect to changes in coordinates. The
following important identity follows immediately

gf = (2.44)

since it obviously holds in Cartesian coordinates (take x = £). Ricci’s lemma
enables us to write down physical laws immediately in arbitrary coordinates, by
writing their Cartesian formulation in tensor notation.

A geometric identity. Suppose v is constant. Then with (2.41) is found:

. 1 9(/gal® - v)
0=divv= ————" = 2.45
1 v 8/gal®
Vi o
for all constant v. Hence, we have the following geometric identity:
Bﬂa(“)
= 2.
aee 0 (2.46)

The divergence theorem in vector and tensor notation. Let V C 2, and let S be the
boundary of V. The divergence theorem says, in vector notation,

/ divadV = f u-ds (2.47)
v s
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Here dS stands for the vector ndS, with n the outward unit normal vector on S,
and dS the (physical) surface element. In tensor notation the divergence theorem
is given by (using Ricci’s lemma):

/ vedv = ]{ U*ds, (2.48)
\"4 S

Integral version of geometric identity. An integral version of the geometric identity
(2.46) is obtained by applying (2.48) to a constant vector field v

0= / VedV = ]f VedS, = v* }{ a$VdS, (2.49)
v S S

for all constant v. This gives the following integral version of the geometric identity
(2.46):

f a§7dS, =0 (2.50)
S

2.3 Finite volume discretization of the divergence theorem.

Boundary-fitted coordinates and computational grid. From now on d = 2, the exten-
sion to d = 3 is more or less straightforward. The physical domain € is transformed
to a rectangle G with the mapping (2.1). © is assumed to be topologically equiv-
alent to G, so that admissible mappings from  to G exist. The boundary 8Q of
Q) consists of four segments, each of which is the image of a side of G. This means
that along each segment of 92 we have £ = constant, for « = 1 or « = 2. That is
why the £%-coordinates are called boundary-fitted. On G a computational grid G
is defined; see Figure 2.3. The grid G, is defined as follows:

Gh = {ﬁi—1/2,j—1/2: 6}—-1/2 = (l - 1)A£1a 1= 1727 );+ 1) (251)
& 12=0- DAE?, j=1,2,.,5+1, A =L1/i A¢* = Lo/j}

with L, the size of G, in the §%-direction. Hence there are i cells in the £!-direction
and j cells in the £2-direction. The cell with center at &;; = ((i— HAagt, (j-1)Ag?)
is called C;;. Figure 2.4 shows how points belonging to C; are indexed.

The mapping x = x(¢) is specified more precisely as follows. A numerical grid
generation procedure is assumed to generate x = x(§) for § in Gx. The mapping
is extended to all of G (and Q) by bilinear interpolation. As a consequence, 9§
is approximated by linear segments. Furthermore, x = x(§) is continuous and
infinitely differentiable, except on the boundaries of the cells C;;, where the mapping
is continuous but certain derivatives do not exist. For example, in §;_ 1.5 8(2) exists,
but a(yy does not. Inside a cell the mapping is given by

x = ¢y + e’ + c@)f” + ¢a)'€ (2.52)
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for certain constant vectors ¢(g), ..., ¢(3)- Each cell Ci; in G has an image V;; in Q.
The boundary of a cell Vj; is called S;;. The connections between the vertices of a
cell are called the faces of a cell. Because the mapping is piecewise bilinear, the faces
are straight in G, and £! or £2 is constant along a face, the faces of V;; are straight.

Q G

Figure 2.3: Boundary-fitted coordinates and computational grid.

12,4172 ij+ne +1/2,j+172
172, +i,j i+172,j
i-1/2,5172 ij-172 172,112

Figure 2.4: Numbering of points in a cell.

Discrete approzimations of geometric quantities. Due to the piecewise bilinear map-
ping all geometric quantities can be calculated exactly inside each cell. However,
some geometric quantities are discontinuous on cell-faces. As already mentioned,
covariant base vectors a(4) are discontinuous on faces £* = constant (these faces
will be called a-faces), \/g is discontinuous on all faces. The computation of a(q)
can be done in a straightforward way exactly by means of finite differences in the
centers of the £*-faces, as follows,

“?1) ij+1/2 = (&ca/‘sfl)i,jﬂlz’ a?z) i+1/25 = (61-“/652)”1/2’]- (2.53)

where 8z, and 6.51.1]._'_1/2 are the increments of z® and ¢! in the positive £1-
direction along the face with center (7, j+1/2), and similarly for (i+1/2, j). Because
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the mapping is piecewise bilinear, a(q) can be obtained exactly inside a cell by
interpolation, for example

1
ayij = 5 (aii+1/2 +aii-1/2) (2.54)

1
a@yij = 5 (A@it1/2 + a@i-1/2;) (2.55)

On faces where a4 is not defined it is also approximated by interpolation, but the
accuracy will depend on the smoothness of the mapping x = x(§). For example,

1
a0y ith,i B0 irys = {2 T BQH1L+1/2 T AW1L-1/2  BWi-1/2)
(2.56)
The Jacobian /g is computed inside a cell and on all faces with (2.20) from a(a).
So in (i +1/2,7) /g is computed as follows: :

V9ii172, = Oayi412,0(1)i41/2,) ~ ‘132)54-1/2,]'5?1)”1/2,]' (2.57)

Contravariant base vectors a(®) are also computed from the interpolated covariant
base vectors with (2.23):

0oy ® (666,62 66 isasns, (= (el —aly)liszns)
i+1/25 \/g ) i+1/2,55 \&— (2) (2) i+1/2,j

N7
1
a) ., ~ _ﬁ(-azz /661, 62 6€Y); 412 (2.58)

From (2.53), (2.54), (2.55), (2.57) and (2.58) it follows that (2.22) is satisfied.

We will see shortly that the geometric identity (2.50) is also satisfied. The restric-
tion to a smooth mapping can sometimes be an undesirable limitation. Therefore
research is being done ([116]) to avoid the interpolations (2.56) and to derive ap-
proximations that are exact for piecewise bilinear mappings, for example by using
appropriate one-sided limits at places where a quantity is discontinuous. Results
of this approach are not yet known, and we will not discuss this approach here.

Discrete approzimations of the divergence theorem. Let us apply the divergence the-

orem to the finite volumes V;;. Let §8(®) be the vector normal to an a-face in
positive £%-direction. (The superscript in brackets does not refer to a contravari-

ant index, but specifies an a-face. So 455';;’) is a covariant vector.) Its Cartesian
components are given by

65M) = (822, —62'), 85 = (—62?,62Y) (2.59)

where 6z is the increment of z© along the cell face in the positive {¥-direction.
Hence, the length of 55'®) is the length of the cell face. We have

5V = /gaVse?, 681 = JgalPse! (2.60)
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The surface integral in (2.47) and (2.48) has to be approximated numerically. This
numerical approximation can be done in several ways. Because we have in mind
the discretization of the Navier-Stokes equations on a staggered grid arrangement
of variables, it is assumed that an appropriate contravariant velocity component or
the mass flux is available in the centers of the faces.

Method 1. We start from the vector formulation (2.47). Assume that the mass
fluxes V2, defined as

Ve =,/gU® (2.61)
are available in the centers of the a-faces. V' is a relative tensor of weight one.

The following approximation is made for the integral along AB with midpoint M
(see Figure 2.5):

B
f u-dS ~uy - 657 (2.62)
A

Hence (using (2.60) and (2.61)):

Figure 2.5: A cell in Cartesian and computational domain with indices.

B
/A u-dS =~ V7, 68" (2.63)

Treating the other faces in similar fashion we obtain

f;“ -dS ~ (_Vi,zj—-l/z + Vi,2j+1/2)6£1 + (Vi%}-l/z,j - Vi1—1/2,j)5§2 (2.64)

Now suppose that u is constant. This implies that

f u-dS=0 (2.65)
S
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It is desirable that the numerical approximation (2.64) also results in (2.65). This
is indeed the case if we compute a(®) by (2.57) and (2.58). From (2.23) and (2.25)

we have

1

1
0= =l 0=y ) s

Writing (2.64) as

$uedsw v (N s+ v R 6 (2.67)

and substitution of (2.61) and (2.66) gives
fuds = ety (YR 06 -ty L)
i+1/2, i+1/2
+ w{—aly [IT157 662 + alyy 11115 66"} (2.68)
With a(,) computed according to (2.53) equation (2.68) gives (2.65) exactly ! This

implies that our approximations of the base vectors satisfy the geometric identity
(2.50).

Method 2. We start from the tensor formulation (2.48). We assume that we have the
contravariant components U* available in the centers of the a-faces. The covariant
components 65';0’) are derived from (2.60) and (2.11) and one obtains:

85 ~ 5662, 65V ~0, 65~ 0, 685~ 5ot (2.69)

The following approximation is made for the integral along AB with midpoint M
(see Figure 2.5):

B
/ UadSa 2 U“(M)éS,(f)(M) 2 —(\/§U2)i,j_1/26§l (270)
A
Treating the other faces in similar fashion we obtain
o i+1/2,5 ij+1/2
FUeds,~ (EUYINSE 6+ (AU @)

Using (2.61) one sees that this is exactly the same as (2.64).

Method 3. Straightforward integration in the &-plane using (2.41) gives

a — a\/-—q—Ua 1 3¢2
/KIU,adQ_/() Sen e (2.72)
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Partial integration results again in (2.71). We see that, apart from the change of
variables (2.61), the three methods give the same discretization. Other discretiza-
tions are obtained by locating the geometric quantities in other points. But this
will not be pursued further, because with the present choices we have the following
desirable features: that the integral version of the geometric identity (2.50) holds
for finite volumes, that f s udS = 0 for u constant, and that constant vector fields
are preserved when changing coordinates, as will be shown below.

Computation of Cartesian componenis. After a flow computation has been com-
pleted using staggered contravariant flux components V¢ or velocity components
U?* as unknowns it may be required, for example for output purposes, to compute
the Cartesian velocity vector u. This is not quite straightforward, because we do
not have all components V* or U“ available in the same point. Furthermore, it has
been assumed that the base vectors a(4) are available componentwise only in the
centers of the faces, according to (2.53). First, assume that U is used. We have

u® = afy U’ (2.73)
We will evaluate u in the vertices of the cells, as follows
1
Uh1/2,541/2 = 7 {52 6l B U'+ %1 afy %, U} (2.74)
where ¥; indicates summation over the gridpoints (z +3,7) and (i + 2 ,j+1) and
¥, indicates summation over the gridpoints (i,j + 5 ) and (1 4+ 1,5+ 2) If U2 i

the contravariant representation of a constant vector field w then it would be nice
if we would get exactly

Uh1y2,541/2 = W° (2.75)
Substitution of (2.66) gives
o 1 1
Uiy, 41/2 = {)32 af)E1 fa(2> I1 alyXe \/—a(n}w
- {22 (1(1)21\/_ a(2) 21 (1(2)22\/_0(1)}1.[) (276)
Hence, in general u1+1/2]+1/2 # wz+1/2,]+1/2
Next, assume that V' is used. We have according to (2.61) and (2.66)
Vvi= a(zz)wl - a(lz)wQ, VE= —afl)wl + a(ll)w2 (2.77)

Hence
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1
u‘."12. g = = {22aa1 34 V1+21 aa2 )3} Vz}
i+1/2,j 41/ TG, j2501)2 ey &)
1
= — {22 a?l)El 0(22) -3 0?2)22 a21 }wl
4\/§i+1/2j+1/2 @
1
- — {2 a%\T1 alyy — 1 a2 afyyw? (2.78)
4\/Ei+1/2,j+1/2 ( ) ( ) ( ) ( )

If\/9,,, /2.5 41/2 is computed according to

1
V9ig1y2,541/2 = 2{22 “(11)21 “(22) - "‘(12)22 ‘“(21))} (2.79)

then (2.79) gives ufy sy i1yye = Wizt
Next, u will be evaluated in the cell centers, again with V'« as unknowns, as follows:

uy; =

1 o 1 o 2
f= 1, {ZaafyZs V' + Tg ayTa V?) (2.80)
‘)J

where T3 indicates summation over the gridpoints (i + 3,j) and (i — 3,7) and I4
indicates summation over the gridpoints (¢,j + 3) and (4,7 — DI ﬁV“ is the

contravariant representation of a constant vector field w we obtain

44 1 o (21
ui,j = Z\/_E {24 a(1)23 a?z) - 23 0(2)24 a?l)}wl
i,J
1
- gy, BTy~ SeaiTiatle’ @80

Hence, if \/Eij is computed according to

Vi = %{24 a1 T3 ala) — Ta afyyTa afy)} (2.82)
then (2.81) gives uf; = wj;. We may conclude that constant vector fields are
preserved under coordinate changes if the following conditions are satisfied:

(i) Physical vector fields are evaluated at the vertices of the cells.
(i) /g is computed in the vertices according to (2.79).
(ili) V' is chosen to represent the vector field.
or if the following conditions are satisfied:

(i) Physical vector fields are evaluated at the centers of the cells.
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(ii) /g is computed in the centers according to (2.82).
(iif) V' is chosen to represent the vector field.

The preservation property just discussed also holds in three dimensions, although
the derivation is not straightforward. We will not go into this here.

Ezample 2.3.1. The difference between U® and V& .

Given is an L-shaped domain into which a grid with a kink (Figure 2.6) is generated.
We look at the transformation from the Cartesian to the computational domain and
back. The input is u = (1,0)T. The vectors in Figure (2.7), which do not represent
exactly the vector (1,0)7 at the kink in the grid lines are the vectors u after the
following transformations:

u—-U%—u

The vectors (1,0)T show u after the following transformations:

u— Ve —u

\ \
- N—— R
L -~ - - =
N -
q o
\\\\ —o_.-.
Figure 2.6: Grid for L-shaped re- Figure 2.7: Vector (1,0)7 af-
gion. ter transformation with different
variables presenting the vector

field.

We see that non-smoothness of the grid can cause significant inaccuracies in the

contravariant representation of a constant vector field, if U® is used to represent
the field.

2.4 Finite volume discretization of a tensor equation.

As will be seen later, the Navier-Stokes momentum equations are of the following
type:
Tf'; = f (2.83)
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For discretization (2.83) is integrated over finite volumes that will be specified later.
As before, their faces satisfy £* = constant. We will discuss four methods to obtain
a finite volume discretization of (2.83).

Method 1. Using (2.43) and partial integration we obtain

8\ /g TP a
TPdQ = /———d 1g¢? / T2 4Q
/n Y L oer ATt [ L)
~ al $+%,] 2 o2 l,]+% 1
~ \/gT )I,‘_%,J’ 6£ +(\/§T )|i,j—% 55
+ /ﬂ { -76 }T7dQ (2.84)

Christoffel symbols have to be computed, which implies that the mapping x(£) has
to be differentiated twice. This may result in inaccuracies when the mapping is
non-smooth. Due to the persistence of the volume integrals, this formulation is
called not conservative.

In the following methods (2.83) is contracted with two linearly independent vector
fields w(?)| 4 = 1,2 . We have, using the chain rule and Gauss’ Theorem:

WOTPda = ¢ WIT*PdSs — | WITPdQ (2.85)
a & P s - a *F

The integral over S can be discretized with the methods of the preceding section.
Different discretizations result, depending on the choice that is made for w?),

Method 2. Tensor Wg’) is given by
w) = §0) (2.86)

with & the Kronecker delta. Figure 2.8(i) illustrates the corresponding vector field
w(?). We have

w) = _{a”fﬁ} (2.87)

as follows from (2.40). This gives

wTPdn = ¢ WITdSs + [ { 7,}T°PdQ (2.88)
n & Ff s o af

Discretizing the integral over S according to (2.64) and using (2.86) in (2.88) gives
i+1/2,5 MNTRESY})
[ e = (AT e+ (aTE e

Y af
+ /ﬂ{aﬂ}T Q (2.89)
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Hence method 2 is identical to method 1.

Method 3. Choose w(?) to be a constant vector field (Figure 2.8(ii)). As a con-
sequence the derivative Wg’g is zero and the volume integral vanishes, and (2.85)
reduces to

/ﬂ WwNTS dq = fs WNT*PdS, (2.90)

Choosing w)(g) = 6;;’) (2.90) can be written as:

/ﬂ wiNT dq = }i a] T*?dSg (2.91)

Discretizing the integral over S according to (2.64) gives

o a, 3+1/2,5
/Q W§7>Tﬁ dQ Ve al T |,._1/2,; %

+ VAT s (2.92)

This approximation is unstable under certain circumstances. The reason is that by
the premultiplication by the vector w(?) each of the equations (2.83) is projected
on a fixed direction which is not related to the orientation of the gridlines. When
the coordinate transformation consists of rotation of the axes over 90° an unstable
discretization results, as illustrated in Appendix A. This type of discretization may
also be obtained by merely transforming the independent variables, while keeping
the original Cartesian tensor components as unknowns (Cartesian approach). The
advantage is the absence of Christoffel symbols.

Method 4. Choose w(?) constant (over the whole space) but different for each con-
trol volume, as follows (see Figure 2.8(iii)):

w(?) = constant, w5 =6 (2.93)

Hence Wc(fg = 0 and we obtain

/ﬂ wTS do fi WwET*#dS,

&

oy 3 2.7
(Vg WED Ton)[[T1%3 667 +

(Vg WS Ton) i t12 se! (2.94)
This method is equivalent to the discretization described in terms of Gibbs’ vec-
tor notation by Rosenfeld et al. ([88]). This approach combines advantages of
the Cartesian and the contravariant discretization. Christoffel symbols are absent.
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However, the directions of projection of the equations is given by the contravariant
base vectors at the cell centers. So these directions are related to the orientation of
the gridlines and for that reason the instability related to method 3 does not occur.
When the coordinate transformation merely consists of a rotation of the axes the
standard Cartesian staggered grid discretization is recovered, which is known to
be stable. Because the volume integral vanishes this approach sometimes is called
conservative, but this terminology is misleading here, because the flux over a given
face is not the same for two adjoining cells, since each cell has its own w(?). The

evaluation of WS at the cell faces is straightforward using the standard formulas
(2.25) and (2.26):

w®) = constant = (¢ W), ; E:), i (2.95)
() _ B (€2) '
W, i+1/2,5 = o) i+1/2,598 05 (2.96)
so that
(VI WE T™Yig1/25 = (VG 6oy T i1z a5’ 5 (2.97)
Hence

- B ay\[i+1/2,7
/nwg)r;ﬂdg ~ d) {(Va aly T2 8¢

+ (VT T[T 66 (2.98)

Formula (2.96) contains implicitly an approximation of a Christoffel symbol, though
only first derivatives of the mapping are present. This can be shown by Taylor
expansion of W, (3 +1/2,5)°

(7)

ow
( ) ( ) ]' C!(l,]) 1 2
Wa(1+1/2]) Wa(”)+§ a1 — = 5et 4+ O(661)? + (2.99)
Wi ; = 0, so (2.40) gives
aw('Y)
a(z)]) (‘y)
e ~la } B1.4) (2.100)

and thus

Wii2i) ™ W((,),)+ { YWD 868+ 086N + ... (2.101)
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0 (i) (iii)

—_.w®
———— WO

Figure 2.8: The representation of the w vector from the diverse methods in
physical space. (i) a curved w orthogonal to the faces. (ii) a constant w,
which is the same for all finite volumes. (iii) a constant w, which is different
for each finite volume.

2.5 Conclusions.

Several discretization methods for the discretization of tensor equations have been
discussed. Some requirements for the geometric quantities are derived in order to
obtain accurate discretizations. It has been shown that flux unknowns V< are to
be preferred as primary unknowns, instead of contravariant velocity unknowns U<.
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3 Finite volume discretization of the incompress-
ible Navier-Stokes equations in general coordi-
nates.

3.1 Introduction.

Sections of this chapter are also presented in [113], [65] and [69].

Using the tensor analysis tools presented in the preceding chapter, the finite volume
discretization of the incompressible Navier-Stokes equations in general coordinates
is easily obtained after a discussion of some discretization aspects.

Velocity components. There is for example a choice in velocity components. The
governing equations can be expressed in Cartesian or grid-oriented velocity com-
ponents (shown in Figure 3.1) together with pressure. The specification of bound-
ary conditions will be easier using grid-oriented velocity components, like the U<-
variables in Chapter 2. Using grid-oriented velocity components usually gives rise
to curved coordinate lines along which the momentum equations are solved, like
method 2 from Section 2.4, and thus to additional body force terms. When using
Cartesian velocity unknowns the momentum equations are solved along the Carte-
sian (fixed) directions. No curvature terms will appear, but unstable discretizations
like in method 3 from Section 2.4 and Appendix A might occur. Boundary con-
ditions are more difficult to specify when the boundary is not aligned with the
Cartesian axes, which may affect the accuracy near the boundary.

Here grid-oriented unknowns will be used, namely the fluxes V¢, for reasons ex-
plained in Chapter 2.

Grid arrangement. In order to avoid non-physical pressure oscillations, which oc-
cur when all unknowns are stored in the center of a cell, Harlow and Welch ([38])
introduced the so-called staggered grid arrangement. Pressures are located at the
cell centers, while velocity components are placed at cell faces. Staggering of vari-
ables is a successful technique for the incompressible Navier-Stokes equations, quite
popular in Cartesian coordinates (see for example [107]) to avoid the oscillations
mentioned. A disadvantage is that in a finite difference or finite volume scheme
different control volumes need to be used for different variables, which does not
simplify the programming of computer codes. A staggered grid with Cartesian
velocity components leads to unstable discretizations in general coordinates, and
therefore all Cartesian velocity unknowns should be stored at the cell faces and not
just one per face. From 1983 the non-staggered approach was given new life by an
article of Rhie and Chow ([82]). In [82] a special kind of artificial interpolation,
which was shown to be more or less identical to the classical staggered approach,
1s proposed so that pressure oscillations can be avoided with a non-staggered grid
arrangement. With the use of colocated grids the Cartesian velocity unknowns can
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again be used as unknowns. In [74] a comparison is made between staggered and
non-staggered discretizations for several problems in Cartesian coordinates. It was
found that there was not much difference between the solutions.

In our research a staggered grid has been chosen. An advantage of this choice is
that existing codes written for staggered grids in Cartesian coordinates can fairly
easily be extended to arbitrary domains. The Cartesian equations need only to be
extended with additional terms.

@) (b)

Figure 3.1: Cartesian and grid-oriented velocity components in a curved
mesh. (a) Cartesian velocity components in a colocated arrangement, (b)
Grid-oriented components in a staggered arrangement.

Literature. Some important publications concerning the numerical solution of the
incompressible Navier-Stokes equations in general coordinates will be mentioned
here. Three classes may be distinguished, namely publications about staggered
grids, about colocated grids and publications using a pseudo-compressibility ap-
proach. The third class is actually a subset of the second but deserves to be
distinguished from the other approaches because of significant differences. First,
investigations on colocated grids with Cartesian velocity components as dependent
variables are reported. In [84] this choice is made; here a clear comparison is given
between the several choices to be made to obtain accurate discretizations. We men-
tioned already the pioneering papers by Rhie et al. ([82], [83]). This approach is
also used in [62]. Many years of development of discretizations for non-staggered
grids with Cartesian velocity unknowns is presented in [73], [22] and in [23], where a
set of benchmark solutions is proposed for incompressible Navier-Stokes equations
in non-orthogonal domains. A k — € model is incorporated in a colocated approach
in [15], containing references to earlier papers by the same authors. Other papers
based on the colocated approach are [25], [26], where results with advanced up-
wind schemes on colocated grids and fast solution methods are presented. In [52]
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non-staggered grids are adopted to investigate the effect of several upwind schemes
and turbulence models on the convergence of a multigrid solution technique for
the incompressible Navier-Stokes equations. Some commercial codes have adopted
colocated grids for solutions of complex flows in arbitrarily shaped domains, like
Flow3D, ([46], [13]).

Discretizations on staggered grids are also applied on a large scale. Interesting pa-
pers have been published by Rosenfeld et al. ([88], [89], [87]), where on a staggered
grid contravariant fluxes V* and pressures are used as primary unknowns. The
approach used is similar to method 4 described in the previous chapter. (The
method 4-discretization is written down in more detail in Appendix B.) Two-
and three-dimensional results with moving grids and multigrid acceleration are de-
scribed in these papers. Another group adopting staggered grids for two- and three-
dimensional problems is the so-called ISNaS group ([61], [119], [91]). Contravariant
volume fluxes and pressure are dependent variables. Domain decomposition tech-
niques and inclusion of turbulence models ([128]) are currently under investigation.
In Japan staggered grids are widely investigated: in [44] for two-dimensional and in
[45] for three-dimensional problems with dependent variables contravariant fluxes
V* and contravariant vorticities. In [48] physical components ([2]), are used with
pressure as unknowns. A similar approach using the same unknowns can be found
in [49].

Some other papers will be mentioned briefly. Discretization accuracy of the treat-
ment of a pressure equation on a curvilinear staggered grid is presented in [6]. In
[96] the stability problems on staggered grids with Cartesian velocity components
are investigated and remedies are given. In [97] the staggered approach is chosen for
the discretization in curvilinear coordinates, because of merits in boundary treat-
ment, the compactness of effective mesh spacing, and the insensitivity of solutions
with respect to the values of relaxation factors used in the iterative procedure. The
group of Fletcher investigates flow problems on both staggered ([127]) and non-
staggered ([16]) grids.

Another approach adopts pseudo-compressibility methods. With an artificial time-
dependent pressure term in the continuity equation the incompressible Navier-
Stokes equations can be handled with discretization and solution methods similar
to those for the compressible Navier-Stokes equations. All unknowns are stored in
the centers of grid cells; Cartesian velocity components and pressure are dependent
variables. This method is adopted for discretizations in curvilinear coordinates by
Kwak et al. ([50], [14], [85]) for example. An advanced upwind scheme based on
flux difference splitting is incorporated in [85], a turbulence model in [50].

An approach different from all others is described in [19], where on a staggered grid
covariant velocity components are used to solve the incompressible Navier-Stokes
equations.

It is hard to say which approach is best in general coordinates. With pseudo-
compressibility methods it is hard to obtain accurate mass conservation, especially
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for time-dependent flows. The other non-staggered methods require artificial stabi-
lization measures, that may influence accuracy negatively, and may require tuning.
The staggered approach really needs invariant (e.g. contravariant) unknowns for
stability, and leads to complicated discretization formulae in general coordinates,
and lack of smoothness of the mapping has to be taken into account carefully. It has
been decided to use a staggered grid with contravariant unknowns in the present
work. The main motivation is that it is mathematically most elegant and straight-
forward to discretize a coordinate invariant physical law in a coordinate invariant
way. The required techniques and insights can be applied to such laws in general,
not just to the Navier-Stokes equations.

3.2 The incompressible Navier-Stokes equations in general
coordinates.
A physical law in general coordinates can be found from the invariant formulation

in a Cartesian coordinate system (Ricci’s lemma). In Cartesian tensor notation the
incompressible Navier-Stokes equations are given by:

Ug,a =0 (3.1)
dpuqy
2+ (puaup) g + P~ Tapp = Pla (3:2)

where 7,p represents the deviatoric stress tensor given by:

Tap = P(Ua,p + ug0) (3.3)

Here u, are Cartesian velocity components, p is density (assumed constant per
fluid particle), p is pressure and y is the (turbulent or laminar) viscosity coefficient.
Equations (3.1) and (3.2) are not invariant formulations. We have summation over
two subscript indices, instead of a subscript and a superscript. However, in a
Cartesian coordinate system u, = u® = U, so that we can write (using (2.31)):

Us =0 (3.4)
apU.
pata +(pUaUﬁ)’p +P,a—75,p':ﬂfa (35)

with 78 = p(¢P Usy + UA).
In (3.5) U, as well as UP appears. This hampers the numerical treatment. There-
fore we write (using again (2.31) and (2.44))

Us =0 (3.6)
8 Ua o [+3 o {e3
e+ UV 5+ (6%p) s~ 7 = oS (3.7)
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where 727 is given by:
7 = u(g*"U%, + gPUY) (3.8)

For a steady solution of the equations the steady variant of (3.7) is solved, which
is given by:

Ty = (pU°UP) 5+ (9°"p)p — 7% = pf* (3.9)

3.3 Finite volume discretization.

The staggered grid. Figure 3.2 shows a part of the computational grid in the &-
plane. The pressure and the density are given in the cell centers (4, 5) (see Figure

[}
1
o —p
4 O = pressure unknown
T
1
= =V unknown
Qo —p
VRN T 2
— 9 =V unknown
o o Q) o
rQ = continuity control volume
4 |
b22) v convolvo
—ta 0,;_._" 0-.. »> o 4~ 0 — !f"‘l = con! volume
4 ? t 4 aun 2
et 31180 =V control volume
* R DY
{ Triad

Figure 3.2: The rectangular grid in the computational domain with a stag-
gered grid arrangement, control volumes and a triad.

2.4); V! is given in the centers of the cell faces (i + 1/2,5) and V2 is given in the
centers of faces (4,7 + 1/2). Latin indices refer to points in the grid; Greek indices
are used solely for tensor components. Figure 3.2 shows the arrangement of the
unknowns together with their corresponding control volumes in the &-plane. The
variables are grouped together in groups of three, sharing the same Latin indices.
These groups are called triads.

The continuity equation. For the finite volume discretization of the continuity equa-
tion (3.6) the continuity control volumes shown in Figure 3.2 are used. In Section
2.3 it is shown that discretization of (3.6) leads to (2.67) or (2.71) depending on the
type of unknowns used. However from the discussion in Section 2.3 it is clear that
the unknown V* = ,/gU* is preferable. For that reason we shall restrict ourselves
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to the formulation in terms of V. For ease of reference we repeat the discretization

(2.67):

fiu (A8 ® (=V_1ja + V1286 + (Vikayzj = Vitay2, )86 (3.10)

The discretization of the momentum equations. We consider the space discretiza-
tion of each of the terms of the steady equations (3.9). For the discretization of
(3.9) we can use the methods discussed in Section 2.4. Method 2 (i.e. equation
(2.89)) is used here. Discretization with method 4 from Section 2.4 is presented
in Appendix B, to show the equivalence of the Gibbs’ vector formulation in the
physical domain in the articles of Rosenfeld et al. ([88], [89]), and our invariant
tensor formulation according to method 4 in the computational domain.

For convenience we introduce a local numbering for each control volume, as shown
in Figure 3.3. The center of the volume under consideration will have indices (0, 0).
Because the discretization of the convection term will depend on the stress term

0,2 2,2
| | I
141 — o1 — 1,1 — 21 — 31
I | |
-1,0 0,0 1,0 2,0 3,0
| | I
— 11 — 01 — 11 — 21 — 31 —

Figure 3.3: A local numbering system in a control volume.

because of the use of a hybrid difference scheme, the stress term is treated first.

The stress term. Due to the presence of contravariant derivatives in the stress ten-
sor (3.8), this term is more difficult to discretize than the other terms. First we
reduce the summation in 7%f to a sum over two terms using the incompressibility
constraint. From (3.8) one immediately obtains

rto= (e U +¢"UY)
= 2u(g"?U] + ¢"U%)
PIo = (g U3 +gPUY) + (T +67UY)

= p(g"'U% +¢%2U%) (3.11)
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where we used U, = 0 and g'? = g?'. Equation (2.89) applied to the stress tensor
for a V! control volume gives:

- /n (r'9)pdQ ~ —\/ﬁr“lﬁl_’??o)f%?*ﬁf”lﬁgjﬂ)é&l—{ 317 \/5l0,0)6€ 1 862

— —_\/—2/" 11U1+gl2U )lgl (1])0)662_
N 11U2 +g22U ){(0 1)1)55 _

{Yﬂ}rw\/ﬂ(o,méé«se? (3.12)

The same method applied to a V?-cell gives
- /ﬂ ()5~ —g T 862 - g T2 oet — {j; Y7/ |(0,006" 862
— —\/_u(g“U2 +g22U1)|%1’(1))0)6§2 -
V3 2u(g U] + U)oL, j6e? -
{w}r’ﬁﬁ l(0,0)8¢"6€ (3.13)

Using the covariant derivative from (2.38) or (2.39) introduces extra Christoffel
symbols. When (2.38) is used and subsequently the variables are changed: U =
V</\/9 , problems occur when the coordinate mapping is non-smooth, e.g. when
the physical cell size changes abruptly or when there is a kink in the grid lines.
Using (2.39) will lead to more accurate discretizations under these circumstances
((91]).

The sensitivity of the accuracy to details of the implementation of the geometric
quantities in the case of non-differentiable coordinate mappings is illustrated by
the following example. Straightforward approximation of the viscous stress leads
to terms (3.11). By using the following identity

I T A PR NN R ORI Y)

11

the stresses 7!! and 722 can be rewritten as

= g (g 6§1(%)+ & 8‘22(7> 7( P+ D] (3.15)

22 _ 232 0, V2 gt 8 2 2

Both versions (3.11),(3.13), and (3.15), (3.16) are applled to a test problem, a flow
through a curved channel, where in the domain a non-smooth grid is generated.
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Figure 3.4 shows that the second option is more accurate. This version is used in
the sequel.

@ @

Figure 3.4: A low Reynolds flow through a curved channel. Comparison of
two discretizations; (1) the non-smooth grid, (2) inaccurate isobars based
on the straightforward approximation of the viscous stress, and (3) more
accurate isobars based on the adapted version.

The structure of the resulting 13-point molecule for the stress tensor is sketched in
Figure 3.7, with a numbering of unknowns used in the following.

The convective term. In order to obtain equations suitable for solution strategies
like multigrid some form of upwind discretization has to be used for the convective
terms. A brief explanation of the need for upwind discretization schemes is given.
Suppose we have a linear operator D, given by

(DY) = Tijoid i j (3.17)

in which k and ! are part of the collection of indices I° or Iy belonging to the
grid points in the interior (G°) or on a Neumann boundary (3G ) or on a Dirichlet
boundary (8Gp) of domain Gj. This operator D is called a K-operator if:

1) Bijol, =0, (kD) eIl°Udly

(2) of | <0, (k) eI’UdIn, itk or j#1
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(3) Ei,jaij’l >0, (k,l) € dIp #0

(4) The system (3.17) is irreducible (i.e. does not contain independent subsys-
tems).

A matrix representing a K-operator is a K-matrix. The definition of a K-matrix
1s as follows:
The n x n matrix A = (A,4) is called a K-matrix if:

(1) App >0

(2) Apg <0, P#q

(3) Apg > —E5_1.p2,Apg, With a strict inequality for at least one q.

If matrix A is a K-matrix the numerical treatment of Ay = b is favourable. It
may be shown that a K-matrix is an M-matrix. For the definition of the concept
of M-matrix, see [114]. The M-matrix property makes the efficient use of classical
iterative methods possible ([114]). We want to use such methods for smoothing in
a multigrid method. Therefore, supposing that all dependent variables except V!
are known, we would like the V !-equation to be a K-operator; and similarly for V2.
From the discretization of the stress tensor in the momentum equations a 13 point
stencil results (see Figure 3.7). Because of reasons pointed out above we would
like to get negative coefficients for the atoms 2,3,4,5,6,7,8,9,10,11,12,13. This
is not possible, because the stress term gives positive coefficients for some of these
atoms. However, it always gives negative values to the atoms 3,5, 6, 8, so we want
to keep these coefficients negative. The convective terms give negative as well as
positive contributions to these atoms. When a positive convection term is bigger
than the absolute value of the stress term contributing to one of these atoms, the
corresponding coefficient gets the wrong sign.

Hybrid difference scheme. To prevent this, we use the so-called hybrid discretization

scheme for the convective terms ([71], [72]), a very popular scheme in Cartesian
coordinates, introduced in [71]. ‘
The nonlinear convection tensor is linearized using

(pUUP) 5 = (pUHIYPR) 4 (3.18)

where the superscript n is an iteration index.
Equation (2.89) applied to (pU*U?) 4 leads to the following discretization of the
convection term for a V'!-cell (using U = %V" and deleting the superscript n+1):
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1 in
/(;(pUlUﬁ),ﬁ dQ ~ (pTVI( )Vl)'E]:?)o 6f2+(p\/_V2(n)V1)|(0 1)1)661

+ P— I(O 0)({ 11 }Vl(n)vl + { }Vl(")v2

\/_
+ R VOV {4 }V2(")V2)|(0 0)0¢* 8¢* (3.19)

in which V() is a known estimate value of V°.

Because many terms in (3.19) are evaluated in points where the respective quantities
are not available, further approximation of (3.19) is required by means of interpola-
tions. Here the hybrid discretization, choosing central discretization if possible and
switching to an upwind discretization, when an atom would get the wrong sign, will
be used. By choosing the interpolations appropriately we can obtain either central
or upwind discretization or a mixture of the two for the flux-terms of the convection
tensor, in order to satisfy the requirements formulated above. The volume term will
be discretized with a central difference scheme. In the central discretization scheme
the V' unknowns are found by linear interpolation, for example:

1
Vii = §(V /25 F V+1/2 i) (3.20)

Here the numbering of Figure 2.4 is used.
In the first order upwind discretization scheme interpolation takes place as follows:

(Vl(n)vl)i,j = Vzl(n)Vz+1/2J if VI <o
VAMVL gy i VIO >0 (3.21)

where Vl(") is evaluated with (3.20).
For the ﬁrst flux term in (3.19) we can write in case of first order upwind discretiza-
tion:

(p fVI(")V eLD )66 ~ {——TI( Loy (V- L0+ V) Wz +
\/_l( 1,0) (lV( Ni-10+ Y, (1)0)) \/—l(l 0) (IV ®)1,0) - V(l 0))) Voo =

\/-|(1 0) (lV (n)|(1 0) — V(l 0)) V(z 0)}55 (3-22)

Equation (3.22) is equivalent to (3.21) but does not contain a conditional statement,
which is favourable for efficient coding on vector machines.
For the choice between upwind and central discretization the ratio of the absolute
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magnitudes of the stress and the convection is important. Therefore the mesh-
Reynolds number Re(*4) is defined to be this ratio, for example

0.5pV2)/ /g6¢?

Re(lys) = l
stress

leo,-1) (3.23)

It is clear that with the central difference scheme atom 3 will be positive when
Re(3) > 1. This will be avoided by switching from central to upwind discretization
when Re(®) > 1. Depending on the mesh-Reynolds number (Re(k'a), Re(*:5)
Re®*8 and Re(*® k = 1,2) the convection flux terms will be discretized as
follows:

RelED < 1: central discretization,
Re™ D > 1 : upwind discretization. (3.24)
This is done as follows:
CONV. TERM = (1 — o*D)CENTRAL + o*)UPWIND (3.25)

with
S50 — Re®D — 1 4 |Re(®D — 1]
2|Re(®D — 1] 4 ¢
where ¢ is a small number to prevent the denominator to be zero.
A similar treatment is given to the V2 convection term:

(3.26)

1 1
/ﬂ (PUPU) 5 40~ (o2 VIOV (LT 86" + (p—5V V)l Dse!

1 2 |yt 2 1 1(n)y 2
+ P%l(o,o)({ 11 iy +{12}V 14

2 n 2
+ {9 Jymyt +{ 49 JVEIV2) o 0661 662 (3.27)

A ”sudden” switch from central to upwind discretization (as (3.24) or (3.25), (3.26))
is shown graphically in Figure 3.5. However, a sudden switch may cause convergence
difficulties in the neighbourhood of Re(*:!) = 1  because stencils are different at the
switch. A ”smoother” switch will be used in order to avoid these problems:

R <09 a®d =0
09<Re™D <11: o®D=5Re*D _45
Re®D > 11 a®h =1 (3.28)

This smoother switch (shown in Figure 3.5) does not lead to convergence problems.
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Figure 3.5: A sudden switch and a smooth switch from central to upwind
discretization.

The structure of the molecules corresponding to (3.22) is given in Figure 3.7.

Literature. Upwind difference schemes are well-known in the literature. Upwind
schemes are only first order accurate and may lead to non-physical boundary layers,
due to numerical diffusion. The hybrid difference scheme is a satisfactory remedy
(also used in [84] in general coordinates) for these problems. Second order accuracy
can be obtained with the so-called defect correction technique ([39], [118]). First
order accurate upwind alternatives leading to less numerical diffusion are schemes
into which a preferred direction (weighted upstream) is taken into account, like the
Skewed Upwind Difference Scheme developed by Raithby et al. ([79], [80], [30] and
(20]). In these articles the deficiencies of upwind schemes are also shown. Discretiza-
tions using a larger stencil for the convective terms are the second order accurate
upwind scheme and the quite popular third order accurate QUICK scheme ([51]).
They are for example investigated in [124] and [95]. QUICK formally has no numer-
ical diffusion, but it is not monotone. In flow regions where steep gradients occur it
is found to give oscillatory solutions. Advanced upwind methods are derived in the
field of compressible Euler equations with the introduction of limiters. An overview
of the so-called TVD- (Total Variation Diminishing) schemes can be found in [40],
[41]. These sophisticated upwind schemes have been used for the incompressible
Navier-Stokes equations in general coordinates on a staggered grid in [44] and [45],
where a Chakravarthy-Osher TVD scheme is used for the convective terms and a
modified QUICK scheme. On colocated grids these upwind techniques are used in
a flux difference formulation in [25]; in a pseudo-compressibility method in [85].
In [52] several upwind schemes for the incompressible Navier-Stokes equations are
used on non-staggered grids: a hybrid difference scheme, a QUICK scheme and a
TVD-type scheme.
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The higher order upwind schemes do not give a K-operator, and will not be con-
sidered here.

The pressure term. Applying (2.89) to the pressure term gives,

/ﬂ(g“’p),ﬁ dQ ~ g''vg el 6% + /g 9"l ) ¢!
(L1g seloe? 3.29
+ 4319 PV9)0,0)8€ (3.29)
and to a V2-cell:
/ﬂ (0°p)p d = g"p/Gl(0; 867 + g7 Al 0, 0E!
2
+ ({w}.tﬂﬁpx/§)(o,o)6€1662 (3.30)

On a non-smooth grid discretizing all Christoffel symbols in the pressure terms ac-
cording to (2.35) was found to cause non-physical pressure distributions on heavily
distorted grids. This is avoided by eliminating the Christoffel symbols from the
pressure terms in (3.29) and (3.30) with the relation:

oy o /39%)

Vil g 177 = 967 (3.31)
Figure 3.6 shows an example of a Poiseuille flow on an irregular grid. The grid is
shown, as are the isobars, when the Christoffel symbols in the pressure term are
kept and discretized according to (2.35). These isobars are not correct. Figure 3.6
shows correct isobars obtained by using (3.31).
The structure of the molecules coming from the pressure terms of the V!-momentum
equation is given in Figure 3.7.
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Figure 3.6: A Poiseuille flow on an irregular grid, (1) the grid, (2) incorrect
isobars obtained with Christoffel symbols, (3) accurate isobars obtained with
Christoffel symbols eliminated.
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Figure 3.7: The V'-molecules for the separate terms in the spatial discretiza-
tion. (a) the continuity, (b) the convective term, (c) the stress term, (d) the
pressure term.
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3.4 Benchmark solutions.

Recently two benchmark problems were proposed in [23] for discretizations on non-
orthogonal grids in two dimensions in order to compare accuracy. The Navier-Stokes
equations were solved on a non-staggered grid with Cartesian velocity unknowns;
the discretization is described in [22]. Here these benchmark problems are solved
for the discretization on a staggered grid presented in the previous sections. The
flow problems are driven skewed cavity problems. The domain, depicted in Figure
3.8, is a parallelogram with boundary length Z = 1. Angle 3 is 45° for case 1,
and 30° for case 2, so that highly non-orthogonal cells occur in the x-image of the
grid. The top wall is moving with Cartesian velocity components u! = 1,u? = 0.
On all other boundaries u = 0 is prescribed. The flow is calculated for Reynolds
numbers (Re) equal to 100 and 1000. The discretization is investigated on four

Figure 3.8: Domain for the skewed driven cavity problem.

grids, consisting of 32 x 32,64 x 64, 128 x 128 and 256 x 256 cells, respectively. The
streamline patterns obtained agree closely with those in [23]. They are presented in
Figure 3.9 for # = 45°, and in Figure 3.10 for 8 = 30°. The prescribed streamline
values are identical to those in [23].  The maximum and minimum values of the
stream function ¥,,,, and U,,;, are determined for all grids together with their

coordinates (z};,,z2;.) and (2,4,,%2,,,) and an error measure ¢, defined as in

[23]:
W56 — Wigg
Wase

These values are presented in Table 3.1 for 8 = 45° and for 2 = 30°. Results agree
very well with [23]. The local error is less than 0.03 % of the maximum of the
absolute values of ¥ over the domain for 3 = 45° and less than 0.1 % for g = 30°.
The results on all grids are accurate for Re = 100. For Re = 1000 the values for
the 128 x 128- and the 256 x 256-grid do not differ much. This indicates that the
exact solution is closely approximated on these grids. This is also true for velocity
profiles along the centerlines C'L; and C'Ly (Figure 3.8). Figure 3.11a shows the

|.100 (3.32)



Figure 3.9: Streamlines for Re = 100 and Re = 1000 for testcase 1, skewness
angle 8 = 45°.

Figure 3.10: Streamlines for Re = 100 and Re = 1000 for testcase 2, skew-
ness angle 8 = 30°.

Cartesian velocity component u! along line CL, for Re = 100, # = 45°, Figure
3.11b gives u? along CL,. Figure 3.12a shows u! along line C'L; for Re = 1000,
B = 45°, Figure 3.12b presents u® along CL,. Figure 3.13a shows u' along line
CL, for Re = 100, 3 = 30°, Figure 3.13b gives u? along CL,. Figure 3.14a shows
u! along line CL; for Re = 1000, # = 30°, Figure 3.14b presents u® along CLs.
In all figures some selected reference values from [23] are presented as well. They
agree very well with the velocity profiles depicted. Again for Re = 100 all curves
are identical. These velocity profiles are given in Figures 3.11 and 3.13.
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Table 3.1: Minimum and maximum stream function values in vortex centers
and their position for all grids and for both Reynolds numbers, skewed cavity,
B = 45° and 8 = 30°.

8 = 45° Re = 100 Re = 1000
min. max. min. max.
32 x 32
v -7.0260x10~2 | 5.6150x107° || -4.6914x10~2 | 7.3515x10~3
z 1.1149 0.3422 1.2933 0.7415
Yy 0.5524 0.1547 0.5745 0.3978
64 x 64
¥ -7.0266x1072 | 4.1058x 1075 || -5.1778%x1072 | 8.6275x10~3
z 1.1039 0.3468 1.3089 0.7682
Yy 0.5414 0.1436 0.5745 0.4088
128 x 128
¥ -7.0253x102 | 3.7725%107% || -5.3456x10~2 | 1.0024x 102
z 1.1094 0.3401 1.3089 0.7783
y 0.5496 0.1436 0.5745 0.4033
256 x 256
0 -7.0238x10~2 | 3.6932x10~% | -5.3523%x102 | 1.0039x10~2
z 1.1100 0.3390 1.3128 0.7775
Yy 0.5469 0.1409 0.5745 0.4005
€ 0.0214 2.1472 0.1252 0.1494
8= 30° Re =100 Re = 1000
min. max. min. max.
32 x 32
N -5.3045%x10-2 | 1.5597x107% || -3.7309%x10-2 | 4.2221x10~3
T 1.1808 0.5519 1.4537 0.8976
y 0.3750 0.1563 0.4063 0.2656
64 x 64
N -5.3126x10~2 | 7.4524x10° || -3.8833x1072 | 4.4938x10~3
z 1.1651 0.3750 1.4537 0.8997
y 0.5384 0.1484 0.4063 0.2578
128 x 128
¥ -5.3152x10~2 | 5.9527x1075 || -3.8698x10~2 | 4.2446x10~3
T 1.1719 0.5316 1.4526 0.8997
Yy 0.3789 0.1445 0.4102 0.2578
256 x 256
v -5.3149%x10~2 | 5.6228x1075 || -3.8600x 1072 | 4.1657x 103
T 1.1680 0.5291 1.4565 0.9036
Y 0.3789 0.1426 0.4102 0.2559
€ 0.0060 5.8672 0.2539 1.8940
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Figure 3.11: Velocity profiles for § = 45°; Re = 100; a) u! along CLy; b) u?
along C'L,.
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Figure 3.12: Velocity profiles for 8 = 45°; Re = 1000; a) u! along CLy; b)
u? along CLj.
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Figure 3.13: Velocity profiles for § = 30%; Re = 100; a) u' along CLy; b) u®
a,long CL2
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Figure 3.14: Velocity profiles for 3 = 30°; Re = 1000; a) u! along CL;; b)
u? along C L.
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L-shaped cavity. We introduce another benchmark problem, because the grids of
testcases 1 and 2 mainly test the effect of non-orthogonality of coordinates. Results
for this benchmark problem will also appear in International Journal for Numerical
Methods in Fluids. In order to also include the effect of curvature of coordinate
lines (such testcases are also presented in [23], but only for buoyancy driven flows)
we propose the problem of flow in an L-shaped driven cavity. This test problem is
not only interesting for testing discretizations, but also for domain decomposition
techniques, as used in [75]. The domain is depicted in Figure 3.15. It can be seen

1.0 FZ
X
r, §
reeemeeees T
0.5 ! 1-;
05 T, CL,
| 1.0
r, i
os|
0.5 r
1

Figure 3.15: The domain for an L-shaped cavity problem.

in Figure 3.15 that boundaries I', and T4 consist of two parts. On the upper part
of Ty u! = 1,u? = 0 is prescribed, on all other boundary parts we have u = 0.
The Reynolds numbers investigated are again 100 and 1000. If the grid is non-
smooth, like the one shown in Figure 3.16, our discretization is not accurate for
high Reynolds numbers (Re = 1000). Figure 3.17 shows for this 128 x 128-grid
streamlines for Re= 100 and Re = 1000. It can be seen that the non-smoothness
of the grid causes artificial non-smoothness in the streamlines near the kink in the
grid lines for Re = 1000.
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Figure 3.16

Streamlines for Re = 100 and Re = 1000 for an L-shaped cavity

with the grid of Figure 16 (128 x 128-cells).

Figure 3.17
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Inaccuracy of the discretization on the grid of Figure 3.16 is to be expected with
the method chosen due to the presence of Christoffel symbols, which involve sec-
ond derivatives of the coordinate mapping. More smooth grids are needed, like
the grid in Figure 3.18, constructed with a bi-harmonic grid generator ([102]). A
generating system of higher order, like the biharmonic grid generator allows more
boundary conditions. Coordinate line angles are specified to be orthogonal at the
boundary. (With a Laplace grid generator we also obtained smooth grids.) Fig-
ures 3.19 and 3.20 present streamlines and isobars for Re = 100 and Re = 1000,
respectively. Local maximum and minimum values of the stream function ¥,

.....

Figure 3.18: A smooth grid, in an L-shaped cavity obtained with a bi-
harmonic grid generator.

and U,,;,, are presented for all grids together with their coordinates (Zhin, Zimin)
and (21,5, 2%4,) in Table 3.2. From Figure 3.20 it can be seen that the flow at
Re = 1000 has three streamfunction extrema, one for z! < 0.5 and two for z* > 0.5.
All are given in Table 3.2. In order to judge accuracy as well as possible a 512 x 512-
grid is needed for Re = 1000. One should keep in mind that the moving part of
boundary T'; is then discretized with 256 cells, like in the first two testcases. The
results obtained on the 256 x 256-grid and the 512 x 512-grid are identical to a

satisfactory extent. For Re = 100 the finest grid is a 256 x 256-grid. The error
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1 -2.240E-03

2 4.280E-03
3 8.560E-03
4 -1.250E-02
5 -2.010E-02
6 -3.140E-02
7 4370E-02
8 -5.850E-02
9 -7.420E-02
10 1.000E-29
LL 8.290E-05
12 1.650E-05
13 3.480E-06

Figure 3.19: Isobars and streamlines for an L-shaped cavity for Re = 100
with the grid of Figure 18; 256 x 256 cells.

measure ¢ is defined for the finest grid as in (3.32). We may conclude that the
discretization error of our discretization method shows satisfactory convergence on
sufficiently smooth but otherwise general grids.

+ 4.280E-03

©

Figure 3.20: Isobars and streamlines for an L-shaped cavity for Re = 1000
with the grid of Figure 18; 256 x 256 cells.

2 8.560E-03
3 -1.680E-02
4 -2.710E02
S -3.940E-02
6 -5.370E-02
7 6.590E-02
8 -8.420E-02
9 1.000E-29
10 8.290E-04
Il 1.650E-03
12 3.480E-03
13 5.250E-03
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Table 3.2: Minimum and maximum stream function values in vortex centers
and their position for all grids, L-shaped cavity, for both Reynolds numbers;
grids similar to Figure 18. (For Re = 100 the finest grid consists of 256 X 256
cells.)

Re =100 Re = 1000
min. max. min max. max.
(z! <0.5) | (¢! >0.5)
32°
v 8.118%10~2 | 3.331x10~¢ || -6.157x 1072 4.382x1073 | 3.518x1072
z 0.6737 0.7518 0.7326 0.1904 0.6589
y 0.8184 0.1720 0.7326 0.6895 0.2521
64*
v -8.107x10~2 | 2.795x10~* || -7.322x10~2? | 5.285x 10-3 | 6.362x10~3
z 0.6679 0.7599 0.7026 0.1845 0.6604
y 0.8134 0.1747 0.7503 0.7289 0.2886
1282
¥ -8.092x10~2 | 2.631x10~* || -8.342x10~2 6.701x10~3 | 5.808x10~3
z 0.6763 0.7643 0.6983 0.1825 0.6855
y 0.8092 0.1747 0.7464 0.7525 0.3009
2562
v -8.086x10~2 | 2.581x107* || -8.539x 102 6.202x103 | 6.250x10~3
z 0.6734 0.7658 0.6947 0.1819 0.6877
y 0.8127 0.1713 0.7488 0.7505 0.3069
€ 0.0626 1.929 - - -
5122
¥ - - -8.543x10~2 | 6.402x1073 | 6.271x1073
z - - 0.6938 0.1822 0.6868
y - - 0.7509 0.7515 0.3089
€ - - 0.0386 3.126 0.333
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For use by other researchers some more information about the solution is given.
Figure 3.21a shows the u! velocity profile along line C'L; for Re = 100; Figure
3.21b gives the u? velocity profile along C'L,. Figure 3.22a shows u! along line
CL, for Re = 1000, Figure 3.22b presents u? along CL,. The velocity profiles
predicted on the finest grid are given in tabulated form in Table 3.3 for Re = 100
and in Table 3.3 for Re = 1000, in which 14 reference points for reproduction of the
profiles are given. At (z!,z?) = (0.5,0.5) a singular point occurs. For Re = 1000
it is inspected by giving, for all grids the pressure along the line z! = 0.5 and the
pressure along the line 2 = 0.5 in Figure 3.23. A large change in pressure, found
to be similar on the three finest grids, can be observed at the singular point.

3.5 Conclusions.

A two-dimensional discretization has been presented for the steady incompressible
Navier-Stokes equations in general coordinates. The discretization is coordinate
invariant. The equations are discretized on a staggered grid. Christoffel symbols
occur in the discretization chosen, which may cause inaccuracy on non-smooth
grids; for example when a high Reynolds flow problem is solved on a grid with a
kink in the grid lines. The convection tensor is discretized with a hybrid differ-
ence technique. The benchmark solutions show that our method gives a reliable
discretization for the two-dimensional incompressible Navier-Stokes equations on
sufficiently smooth general grids. The flow in an L-shaped cavity is proposed as an
interesting benchmark problem, testing the effect of grid line curvature.



56

0.9
o8}
0.7}
06
[ 3.3
04
03|
0.2}
0.1
o ,
-0.4 -0.2 o 0.2 0.4 0.6 0.3 1
x2 —— =results, 256 x 256- grid.
- =results, 128 x 128- grid.
- =results, 64 x 64- grid. a)
........... = results, 32 x 32- grid.
—_—
u 1
0.2 . . . -

T b)

Figure 3.21: Velocity profiles for Re = 100 in the L-shaped cavity; a) ul
along CLy; b) u? along C'L,.
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Figure 3.22: Velocity profiles for Re = 1000, L-shaped cavity; a) u! along
CLy; b) u? along CL,.
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Table 3.3: Selected Cartesian components (u!,u?) along lines CL; and C'Ly
for an L-shaped cavity, Re = 100 and Re = 1000.

L-shape, Re = 100
z! ul z? u?

1.391067x 101
3.249394x 107!
4.496036x 107!
5.024952x 107!
5.689500x 10!
6.387627x 107}
6.509587x 10!
6.582105x 10~}
6.776128x10~!
7.103055x 101
8.010405x 1071
8.441612x107!
9.043458x 107}
9.524048x 107!

1.427423x10~3
-2.673955x10~2
-9.856450x10~2
-1.467907x10°!
-2.121597x10°!
-2.584130x 10!
-2.609123x10°1
-2.613650x 10!
-2.580779x10~!
-2.364301x 1071
-5.735737x10~2
8.892393x 102
3.615964x10~!
6.458474x10~!

4.999769x 102
9.866030x 10~2
1.403140x 107!
2.924033x 107!
4.691068x 107!
5.298618x 10~}
6.011217x107!
7.020829x10~!
8.846614x 107!
8.926683x 10!
9.004891x10~}
9.252045x 10!
9.501776x 107!
9.841114x107!

9.035508x 102
1.299809x 10!
1.379881x10~!
1.215604x 107!
1.387131x10!
1.280727x 101
8.317737x10~2
-4.919975%10~2
-3.980422x 10!
-3.995829x 10!
-3.975273x 10!
-3.641550x 101
-2.843395x 107!
-1.055517x 10!

el

u

L-shape, Re = 1000
T

2

uT

1.008904x 107!
1.012788x 10!
3.083983x 101
3.559005x 101
4.004040x10!
4.790068x 101
5.224505% 101
5.295923x 101
6.003576x 101
6.549982x 10!
7.116315x 101
8.233341x 101
9.185696x 101
9.740718x10~!

2.214952x 102
2.220298x 1072
-3.958527x10~*
-2.947157x 1072
-8.499573x 102
-3.279580x10*
-4.280438x 101
-4.297859x 1071
-3.051670x 1071
-1.944255x107!
-8.681319x 1072
1.566785x 107!
4.041500x107*
7.053604x10~!

1.012788x 10"
2.001027x10°!
3.002279x 10!
4.024018x10~?
4.496036x10~!
5.024953x 101
5.505747x 1071
7.001215x 107!
9.380253x 10~}
9.481664x 107!
9.547680x 107!
9.701669x 10~}
9.851177x107!
9.950405x 10~}

-4.598057x 1072
8.319043x 102
8.151612x10~2
3.277335x 107}
3.822040x 10!
3.360547x 10!
2.495101x10~!
-1.130681x1072
-6.011807x10!
-6.196227x10~1
-6.092847x1071
-4.919449x 10!
-2.647262x 10!
-8.754424x 1072
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Figure 3.23: Pressure profiles along the line z! = 0.5 (), and line 22 = 0.5
(b), both through the singular point (z!,z2) =(0.5,0.5) for Re = 1000.
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4 Multigrid schemes for steady incompressible
Navier-Stokes equations in general coordinates.

4.1 Introduction.
Parts of this Chapter are also presented in [65], [66], [67], [68], and [69].

The finite volume discretization of the incompressible Navier-Stokes equations re-
sults in a large set of nonlinear algebraic equations. In order to solve very large two-
and three-dimensional problems within reasonable time powerful solution methods
are needed. Furthermore, it is interesting to look for vectorizable or parallelizable
algorithms to use modern computer architectures as efficiently as possible.

Next to efficiency, robustness is an important aspect for solution algorithms; the
solution in general domains for incompressible flows at high and low speed should
be handled well by the solution method. In the early seventies the fastest solution
methods known were Succesive Overrelaxation (SOR) Methods. The relaxation
parameters were problem-dependent and the convergence rates for large problems
were much lower than for smaller problems. With the development of new comput-
ers with large relatively cheap storage facilities, there was a need for more efficient
solution algorithms. On two fronts efficient methods were developed.

Krylov subspace methods. The Conjugate Gradient (CG) methods were given new
life with the insight in [56] that preconditioning techniques can change the spec-
trum in a way that is favourable for fast convergence. This insight started a rapid
development of the so-called Krylov subspace methods. In the eighties CG-Squared
([100]) was developed for solving large non-symmetrical problems. A relatively new
variant called BICGSTAB ([103]) improved the robustness of the Conjugate Gra-
dient methods. An other method in this class is the GMRES method, presented in
[90]. This robust method is further developed in, amongst others [104]. Efficient
implementations of GMRES on parallel machines are also considered, for example
in [24]. An advantage of these methods is that linear systems are solved with a given
matrix, which means that one does not need to have much knowledge of underlying
discretizations. Furthermore, major parts of these algorithms are matrix-vector
multiplications, which can be executed in vector speed on a vector machine. The
largest programming effort required is the implementation of efficient precondition-
ers, like incomplete LU (ILU) techniques. A recent publication on Krylov subspace
methods for nonlinear equations is [10]. An overview of existing iterative methods
is presented in [32]. Problems with m unknowns can typically be solved in O(m®)
5

work, with o not much above one; in two-dimensional model situations, o = 3

The multigrid principle. The second field in which fast solution methods are de-
veloped is the field of multigrid methods. The main idea of a multigrid solution
technique is the acceleration of the convergence of basic iterative methods by using
solutions obtained on coarser grids as additional corrections. It is a known fact
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that basic iterative relaxation methods, like Jacobi or Gauss-Seidel methods are
usually smoothing methods, which means that they damp out short wavelength
components of the error of a solution efficiently. Then, when the error has become
smooth convergence slows down; the remaining long wavelength errors are damped
much more slowly. The insight that long wavelength errors act as shorter wave-
length components on coarse grids and that these components are smoothed more
efficiently on coarse grids gave rise to multigrid solution methods. After relaxation
sweeps with a smoothing method on the finest grid a residual is transferred to a
coarser grid, where relaxation sweeps are performed to smooth the corresponding
error components. This procedure is repeated until the coarsest grid is reached,
after which the coarse grid corrections are transferred back to finer grids, again
with additional smoothing. There are several possibilities for cycling through the
fine and coarse grids, called multigrid cycles. When coarse grids are visited more
frequently this results in better coarse grid corrections. Typical for well-designed
multigrid solution methods is a rapid convergence, with convergence rates bounded
by a constant (much smaller than one), that does not depend on the mesh size.
Problems with m unknowns can be solved in O(m) operations.

Pioneers in multigrid methods were Brandt ([7]) and Hackbusch ([33]), who were
able to produce efficient multigrid codes out of theoretical ideas, that already ex-
isted in the sixties ([28], [3]). Many papers on multigrid solution methods have
been produced since. A recent overview of literature is given in [118], where the ba-
sic multigrid principles are introduced and results in computational fluid dynamics
are presented. A mathematical description of the multigrid method can be found
in [35]. The reader is referred to one of these books for more details on standard
multigrid methods.

4.2 Multigrid methods for steady incompressible Navier-Stokes
equations.

Nonlinear multigrid. A multigrid variant, called the nonlinear multigrid method
([35], [8]) has been constructed to solve nonlinear equations very efficiently. In this
variant discretizations are adapted to new solutions during an iteration cycle. An
advantage is that the number of iterations needed to solve nonlinear equations is
much lower than when linearized equations are used ([36]). A disadvantage is that
adaptation of discretizations to new solutions inhibits efficient use of vector facili-
ties of computers. .

In our research the nonlinear multigrid algorithm is used to solve the incompressible
Navier-Stokes equations in general coordinates. The nonlinear two-grid algorithm
is presented below:
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Nonlinear two-grid algorithm: (to solve Tj(u) = f,)

begin

e Apply v; pre-smoothing iterations

e Compute the fine grid residual:

ry, = fp — Th(up) (4.1)
e Choose 2y (for example: RHuh)A
e Apply Restriction R¥ to the fine grid residual:
I‘hSH = RHl‘h (4.2)
e Solve the coarse grid equation for uy.
TH(“H) = fy = sgp.rhsy + Th(ug) (4.3)
e Apply Prolongation:
1 .
Uy = Uy + ——Ph(uH - u,q) (4.4)
SH

e Apply v2 post-smoothing iterations

end nonlinear two-grid algorithm.
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Here subscript h is used for fine grid operators and variables, subscript H for coarse
grid operators and variables. The restriction (transferring from fine to coarse) oper-
ator for unknowns (R#) does not need to be the same as the restriction operator for
residuals (R¥). The nonlinear multigrid algorithm is drawn up in such a way that
the prolongation operator transfers a correction (ug — tg) to a finer grid to im-
prove a previously obtained approximation. The parameter sy is used to keep the
right-hand-side of the coarse grid equation in the range of the coarse grid operator
([35]) The coarse grid equation can be solved in a similar way, i.e. by introducing
a third coarser grid and by executing a number of two-grid cycles, etcetera. The
introduction of a sequence of grids leads to the nonlinear multigrid algorithm with
various iteration cycles. Here the V-, F- and W-cycles (shown in Figure 4.1) are
implemented.

Level:

1 () (I

(441))

w

(8

Figure 4.1: Three different iteration cycles visiting four grid levels: (I) the
V-cycle, (II) the F-cycle, (IIT) the W-cycle.

The FAS algorithm ([8]) is a special case of the preceding nonlinear multigrid al-
gorithm; a special choice for parameter sy has been made (sg = 1) and for @
(= RHuy). In [36] is shown that for hard nonlinear problems one needs to allow
more general choices for these quantities, but in our research sy = 1 suffices. In a
more extensive study of convergence rates, for example for flows at high Reynolds
numbers, variation of this parameter could be included, but this is not done here.
A non-recursive well-structured version of the nonlinear multigrid method, which
is an improved version ([118]) of the algorithm described in [117] is used. The
structure diagram of the algorithm including the V- F-, and W-cycles is presented
in Figure 4.2, for an arbitrary number of grid levels L. The superscript k indicates
the grid level: k = 1 indicates the coarsest and k¥ = L the finest grid.
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Choose (1) and the type of multigrid cycle;
if (cycle = V) then y =1 else v =2
k=L ; ny =nit

while (ny > 0) do

n,=0.0r k=1

S(uk,f", V3,k)
Ny =Ny — 1
if (cycle = F)y =1

A
k=k—-1 k<L
ne =
E=7 F T
k=k+1
ng =n; — 1
B
k=L .and. cycle = F
F T
7 =2
A S(uf 5 p k) B:
ot = £5 - THu') k k L pkyyok—1 k-1
~ = —-P -1 _ 3f—
Choose u¥-! (= Rk—1uk)’sk_1 u ku k+ Sk—1 (u utt)
N S(u®,£¥, va, k)
£E-1 = Th-1(§k=1) 4 g, | RE-1pk

Figure 4.2: The structure diagram of the non-recursive multigrid algorithm
including the V-, F- and W-cycle.
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The algorithm carries out nit V-, F- or W-cycles, S is a smoothing subroutine.
The number of pre-, post- and coarse grid smoothing iterations is indicated with
v1, vo and v3 respectively.

In order to provide a reasonable starting solution on the finest grid the multigrid
solution technique can be preceded by ”nested iteration”, which means that the
solution process is started on the coarsest grid. The coarse grid solutions are pro-
longated to finer grids possibly with different multigrid cycles and prolongations.
The more often the coarse grids are visited the better the starting approximation
on the finest grid will resemble the final solution.

The different components of the nonlinear multigrid algorithm will be described
now for the solution of the incompressible Navier-Stokes equations in general coor-
dinates on a staggered grid. We now have a system of differential equations with
u=(V,VZp).

Restriction. A reference paper, in which the incompressible Navier-Stokes equa-
tions are solved in Cartesian coordinates with a multigrid method is [107]. Re-
striction (fine-to-coarse) and prolongation (coarse-to-fine) transfer operators are
described in detail in that paper. These operators are dictated by the staggered
grid arrangement and the uniform computational domain G (Figure 4.3) that are
chosen. More general domains are mapped on G by a boundary-fitted coordinate
mapping.
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Figure 4.3: (a): A coarse and a fine grid cell in the computational domain G,
with coarse and fine grid unknowns, (b): Definition of grid point numbering.
The coarse grid cell shown is the union of the four fine grid cells shown.
The grids are divided into so-called triads with identical gridpoint indices:
A =B =C = (i,j). Furthermore, D = (i +1,5),E = (1,5 + 1). Two fine
grid triads are A= B = (C = (24,25),D=E = F = (24,25 - 1).
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The restricted fine grid approximate solution is only a starting approximation on
the coarse grid, and therefore a simple restriction operator RF is sufficient. The
mean of neighbouring fine gnd unknowns is taken to define coarse grid unknowns.

1(k-1 1k 1k
Vi,; ) = ( z( 22] :( 22} 1)
2k—1 2(k 2k
V.J( ) = ( 1(2;) 1t z( 22, 1)
k-1 k k k
PS,J ) = _(Pm 1,2 +pgi)—l,2j—1+pgi,)2] gz)zj 1) (4.5)

For the evaluation of the coarse grid residual (4.2) area weighting for the fine grid
residuals 1s used, as follows,

k- k 1k k
1( D= =1/8(r zlu( )2 2t l(k)z 2j-11 7'2:( 2)] + T;E 2)]“—1) +

1(k 1(k
1/4(7'25 )1 2t 25—)1,2;'-1)
2(k-1 2k 2(k k 2k
T (, )= 1/8(r} 2),'—2 + 7'2:(—)1,2; + ot 2)1 + 7o )1,21') +
2(k 2(k
1/4(725,2)1'—1 + "2§—)1,2j-1)

3(k-1 3(k 3(k k 1k :
7'.(] )= 1/4("2:(—)1,2]' + ’“25'—)1,21' 1+ ”25 2)] + "25 2)] ) (4.6)

Prolongation. Prolongation operators are applied to corrections in (4.4) using bi-
linear interpolation.
For V! the prolongation operator looks like:

Vo) e = (vl"“ Vvt (4.7)
Vaslyy = (Vl(k D43y + v + 3V (4.8)
Vata = (3V“’° D4yiETY) (4.9)

Vs = 5(31/.-?}"'“+%3}1{‘>+3m${‘,” Vi) (410

At the boundaries all prolongation operators are modified to ensure that boundary
conditions are not violated.
For V2 the prolongation operator looks like:

2(k-1)

k k—
V221(+1)231 = 4(‘/.21( 1)+3V_,_1‘, ) (4.11)

2(k k-1 k-1 2(k-1 2(k-1
VR = ALV 4V i) @)
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1 _ _
Vsl = BV VD) (4.13)
k 1 k— 2(k-1 2(k—1 2(k—1
szifz; = 5(3‘/;'?]( 1)'*‘3‘/:',1'(+1 )+Vi<}fl‘j )+Vi+(l,j+)1) (4.14)

For p the prolongation operator looks like:

T N R ey R Lo B oy BCRE
Wl = O al et e nlih,) s
Wi = O el asth ) @

Koo = 10+ enl rotih,) s

These relations between coarse and fine pressure corrections are also adapted at
the boundaries to impose a zero normal derivative condition at the boundaries.

The coarse grid operator. Solving on coarse grids implies that a coarse grid operator
must be evaluated. There are two methods to construct a coarse grid operator; by
direct discretization of the partial differential equation on the coarser grid, called
Discretization Coarse grid Approximation (DCA), or by Galerkin Coarse grid Ap-
proximation (GCA). The advantage of GCA is that after applying a matrix multi-
plication:

Restriction operator R x matriz Ay x Prolongation operator P (RAx P ([118]))
the coarse grid matrix Ay is computed without knowledge of the underlying dis-
cretization. However, this method is only applicable to linear(ized) problems. The
method most suitable for nonlinear multigrid algorithms and used in this thesis
is DCA. The nonlinear coarse grid operator is constructed with an intermediate
coarse grid solution G. On a coarse grid the even grid points from the fine grid
are removed and the geometric quantities are calculated as was done on the finest
grid. Therefore requirements for the geometric quantities derived in Section 2.3 are
also satisfied on a coarse grid, which is not always the case when the coarse grid
geometric quantities are derived with restriction of fine grid quantities. We will not
go into this further here. The relation d¢**=1 = 2d¢*(*) does not only hold for
d€ occurring in (2.71) and (2.89), but also for the derivation of the coarse grid
geometric quantities.

The smoothing algorithm. The most important part of a multigrid method is the
smoothing algorithm. Robustness depends in many cases primarily on the smooth-
ing method, as does efficiency. A smoothing method is the most time consuming
part of a multigrid algorithm. In other recently developed non-standard multigrid
methods ([55], [59]) the coarse grid correction is made more robust, but these meth-
ods are not considered here.
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The resulting operator for the incompressible Navier-Stokes equations in general
coordinates is sparse (as can be seen in Figure 4.4), due to the fact that structured
meshes are used and unknowns in a momentum equation are only connected to their
neighbours. A discrete operator for momentum equations contains at most (when
the grid is non-orthogonal) 19 unknowns, namely 13 velocity component terms and
6 pressure terms (see Figure 3.7).

Figure 4.4: The matrix structure for the incompressible Navier- Stokes equa-
tions.

A major problem for the numerical solution of the incompressible Navier-Stokes
equations is the absence of a pressure term in the continuity equation; the resulting
linearized matrix A contains a zero diagonal block (as is also shown in Figure 4.4).
There is no explicit equation for the pressure. This means that the matrix A of the
linearized discrete system is not an M-matrix, and iterative methods based on a
splitting A = M — N according to

Mu*t! = Nu® 4 1! (4.19)

will not converge in general.

Sometimes this problem is avoided by adopting instead of the so-called primi-
tive formulation with velocity components and pressure as primary unknowns the
vorticity-streamfunction formulation. This formulation is difficult to extend to
three-dimensional problems and not used here. In order to solve steady incom-
pressible Navier-Stokes equations in the so-called primitive formulation with veloc-
ity components and pressure as primary unknowns two different approaches have
been developed. A first approach is called the uncoupled solution technique. For
steady equations uncoupled solution techniques are of so-called distributive itera-
tion type ([121], [123]).

In this approach the matrix A is post-conditioned by a matrix B, such that the



71

zero block disappears; the situation is too complex to guarantee that AB will be
an M-matrix. The resulting system can now be split as follows:

AB=M-N (4.20)
This gives rise to the distributed iteration methods:
MB 'u"t! = NB~ly" 4 f (4.21)

In the context of incompressible Navier-Stokes three methods have been used as
smoothing methods in a multigrid algorithm ([122], [123]). With

I 0 _(Sll)—lAls
=10 I —(522)-142 (4.22)
00 I

where (5*)~! is an easy to evaluate approximation to (A*)~!, we find the SIMPLE-
type algorithms [72}. They are used as smoother for incompressible Navier-Stokes
equations in Cartesian coordinates in [93], and recently in arbitrarily shaped do-
mains in [81]. Difficulties with SIMPLE are found when the Reynolds number is
high, due to the diagonal term in matrix AB : —(A3!(S11)~1413 4 432(522)—1 423}
which approaches zero for Re — oo ([123]). Therefore underrelaxation parameters
are introduced depending on the shape of the domain and the Reynolds number,
but robustness is impaired.
With

I 0 A3

B=|(0 1 A% (4.23)
0 0 A31A13 A32A23

the DGS (Dlstrlbutlve Gauss-Seidel) method [9] is obtained.

Difficulties arise because of the off-diagonal terms in AB: Al A3 4 412423 |
A13(A31A13+ A32A23) and A21A13 +A22A23 +A23(A31A13+ A32A23), which can
be dominant over the diagonal term, for example for certain values of the Reynolds
number. Difficulties with DGS are found for several flow problems. For driven
cavity problems the multigrid method did not converge for Re > 100 ([29]). Dis-
tributive ILU smoothing on matrix AB from (4.23) is performed in [123], with

AB=LU—-N (4.24)

where LU is an incomplete LU factorization of AB. This smoother is robust and
fairly efficient, and is investigated for a discretization of the unsteady incompress-

ible Navier-Stokes equations in general coordinates in a pressure correction method
in [126].
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4.2.1 Results with SCGS.

Another class of smoothing methods, not of distributive type, is called the coupled
solution method; the discretized momentum and continuity equations are solved
simultaneously. A coupled cell-by-cell solution technique is introduced in [108]
and [109], as smoothing method in a nonlinear multigrid method for Cartesian
incompressible Navier-Stokes equations. In this smoother, called the Symmetric
Coupled Gauss-Seidel method (SCGS) a system of coupled equations per cell (2xV1-
momentum, 2 * V2-momentum and continuity) is updated cell-by-cell, as follows.

Suppose the residual r before a SCGS-update is given by

ol £ Al Al2 418 vim
P2 )= g2 | - | A A2 4® v (4.25)
3 0 A3l 432 0 ‘p(n)

where (Vl("), Vi), p" )T represents the current solution, and where the operators
A*f may depend on the solution.
Corrections [6V!, 8 V2, 6p)7 are calculated and added to the current solution. So:

All p12 A13 6V1 rl
A2 A2 A% ov:i | = r? (4.26)
A3 A2 0 ép r3

System (4.26) is solved with a collective Gauss-Seidel type smoother. For cell (4,79
the following system is solved:

(c%)i—1/2,j (6%7)3'_1/2,1' 6V11_.1/2 ;
(ch)in1/2 (cle)i1/2 Vi
t ’ ' ’ i+1/2,5
(e1)ij-1/2 \ (637)1‘,1—1/2 2 2
| . X (eij+r/2 (cl6)ij+1/2 VﬁjH/2
G G 0 v
r3—1/2,}
rl
t2+1/2,1
= 712 (4.27)
7'52;‘+1/2
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where the c-coefficients are extracted from A%# in (4.26) in a local linearization
procedure, and where, for example:

1 1y/1 1,1 11
Tivipey = Vi1t eaVipiya o1t eaVigape o +
1y/1 17,1 1171
¢sVisisaj T 1Vigayaj + 6 Viyara, +
1171 17,1 17,1
crViciyaie te8Vitiya 41 o Vitaja 1 +
1 12 17,2
cioVij_rpetennVidi oy +
14,2 112
caVijyr2 F1aVits jpiye +
ClaPij—1 + ClsPit1,j—1 + ClePi; +
ClrPi+1,j + ClgPij+1 + CloPit1,j 41 (4.28)
The coefficient superscripts 1 and 2 refer to the two momentum equations. The
subscripts are based on the numbering in the stencil (see Figure 3.7):
Equations (4.27) and (4.28) generalize in straightforward way from the Cartesian
case to general coordinates.

Underrelaxation which has the effect of a false time-dependent term and posseses
stabilizing characteristics is implemented as in [109]:

(C%)iﬂ:llz,j = (C})iil/lj/al
(C?)ij:kl/z = (C%)z’jilﬂ/az (4.29)

As in [86] and [109] different underrelaxation parameters oy are needed in SCGS
for different Reynolds numbers. Here good values are found to be:

Re < 400 : ay = 0.7
400 < Re < 1000 : ar = 0.4
Re = 1000 : ar =03 (k=1,2). (4.30)

Equations (4.27) are solved with an explicit formula, after which the corrections
are added to the current solution, the residual and the nonlinear discretization op-
erator are updated, and the computation continues with the next cell. All velocity
unknowns are updated twice during a relaxation sweep, while the pressures are up-
dated once. The singularity in the system of equations, due to the incompressibility
condition, had to be overcome in SCGS by fixing a pressure value in a corner of
the coarsest grid (like in [109]).

Cell orderings. There are several possibilities for visiting the grid cells, based on

the ordering of cells. Some well-known orderings are shown in Figure 4.5. An

overview of orderings together with a survey on robustness of basic iterative meth-
ods for the anisotropic diffusion equation and the rotated convection-diffusion equa-
tion is presented in [118]. A theoretical survey on robustness for the incompressible
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Navier-Stokes equations is difficult. Some results of Fourier analysis for SCGS-based
multigrid methods and Cartesian equations are presented in [86], for uncoupled so-
lution techniques theoretical results are presented in [121].

For low Reynolds numbers (< 400) satisfactory convergence results are obtained
with SCGS using the forward lexicographical ordering (Figure 4.5a), for high Rey-
nolds numbers it is necessary to move in alternating directions: the forward lexi-
cographical sweep is followed by a forward sweep along vertical lines (Figure 4.5b),
as in [86]. A combination of forward and backward sweeps would lead to a more
robust (but also more expensive) smoothing method; this is not done here.

13141516 418 1216 4i3i2i1 Bigisii
9 {1011} 12 3174111315 8:i7:i6:i5 14i10i6 2
5i6:7:8 2i6:i10i14 12:11:10% 9 ‘ 15i11;7 i3
1:i2i3i4 1i5i9:i13 16 i 15 14 i 13 161128 | 4
(@) ®) (© (d)
7:i15i8 i16 44144 1:i3i2:4 13i15:14:16
5i13i6 14 2i2i2i2 1i3i2i4i {9i11i10{12
311412 313i3i3 1i3§2:4 si7i6:i8
1i9:2i10 1itinrin 1i3:i2:4 1i3i2i4
(@) ® (8 (h)

Figure 4.5: Grid cell orderings for SCGS-type methods, (a) forward lexi-
cographical ordering, (b) vertical forward ordering, (c) backward ordering,
(d) vertical backward ordering, (e) white-black ordering, (f) horizontal line
ordering, (g) vertical line ordering, (h) white-black horizontal line ordering.

SCGS performs very well for several problems in square domains with equidistant
grids [107], [108], [109], [110], [111], [124]. In [111] a forward white-black line SCGS
smoother (Figure 4.5h) is investigated to improve the vectorizability of the SCGS
method.

In a multigrid code based on SCGS it is not necessary to store a whole matrix. The
operator elements for a cell can be constructed, when the cell is visited. This saves
a lot of computer storage. Furthermore, it is possible to update operator elements
during a relaxation sweep. This is the procedure followed here.

SCGS results. In order to compare the convergence history of the multigrid meth-
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ods for several test problems average reduction factors r,;; are compared, defined
as
resnit|

[|Iresol|

Pait = ( ) (4.31)
i.e. the ly-norm of the residual after nit iterations divided by the l3-norm of the
starting residual.

The first test problem investigated is the driven cavity flow problem. We com-
pared 7, for a skewed cavity (i.e. a parallelogram, skewing angle 66°) and a unit
rectangular cavity for several Reynolds numbers (Re). The starting vector is the
zero-solution on the finest grid. Here nit = 20; the number of pre-smoothing it-
erations vy is 1, the number of post-smoothing iterations v5 is 1, the number of
coarse grid relaxation iterations vg is 10. The results given are reduction factors
for the W-cycle. Other iteration cycles will be compared and used at a later stage
with another smoother. Table 4.1 presents the reduction factors. In this Table
an unusual improvement of rqo is observed, when the grid is refined in the square
cavity at Re = 1000. This improvement is probably due to the fact that the central
difference scheme will be applied in large parts of the domain when the grid is very
fine. This can improve the convergence rate. It looks as if rog is bounded well away

Table 4.1: Average reduction factors ryg for driven cavity problems calcu-
lated with the W-cycle, with the SCGS smoother, v = v, = 1.

o = 0.7 ap, =04 ar =03
grid # levels Re =100 Re =400 Re =1000
Tskewed | Tsquare Tskewed | Tsquare Tskewed | Tsquare
16 x 16 4 .390 328 502 454 .608 .516
32 x 32 5 .353 315 445 .446 619 565
64 x 64 6 .345 310 463 .398 .646 .064
128 x 128 7 .338 313 310 310 710 b17

from 1 independent of the number of levels, except for the flow in the skewed cavity
at Re = 1000. This effect is absent when the cavity is closer to a square; with a
skew angle of 79° ryp = 0.526 on a 128 x 128 grid. The slower convergence for the
skewed grids is due to the central-upwind switch in the hybrid difference scheme
for the convection terms, as will be seen later when the multigrid results for the
benchmark problems presented in Section 3.4 are shown.

The following test problems further test the multigrid method for low Reynolds
numbers. A low Reynolds flow (Re = 1) through a straight pipe (equidistant grid,
square cells), an L-shaped pipe and a nozzle flow are considered. Parabolic velocity
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profiles are prescribed at in- and outflow. This is unphysical of course, but of no
concern here. The average reduction factors rop are compared for these geometries
for several grids. Table 4.2 shows rqg for the W-cycle. The reduction factors for
the other cycles did not differ much. The parameters for the MG-algorithm are:
vy =1, vy = 1, v3 = 10, lexicografical forward ordering. Figures 4.6 and 4.7 show

Table 4.2: Channel flows at Re = 1, lexicografical SCGS, v = v, = 1,
W-cycle.

grid levels | rg9 (pipe) | rao (L-shape) | rog (nozzle)
4x 10 2 .254 .376 329
8x 20 3 281 .385 376
16x40 4 .301 437 468

grids, streamlines and isobars for the L-shape and nozzle geometry. It seems that
for the nozzle reduction factors are not level-independent, but Figure 4.7 shows
that the 16 x 40 grid is much more non-uniform than the 8 x 20 grid, which may
be of greater consequence for rog than the number of levels.
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Figure 4.6: A low Reynolds flow through an L-shaped channel, (a) the mesh

(8 x20), (b) streamlines, (c) isobars, (d) the mesh (16 x 40), (e) streamlines,

(f) isobars .
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Figure 4.7: A low Reynolds flow through a nozzle, (a) the mesh (8 x 20), (b)
streamlines, (c) isobars, (d) the mesh (16 x 40), (e) streamlines, () isobars
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The average reduction factors for different geometries show that the multigrid ap-
proach used generalizes in satisfactory manner from Cartesian coordinates to curvi-
linear coordinates. The convergence of the nonlinear multigrid method for rectan-
gular and some more complex geometries does not differ much. Similar results are
presented in [47]. However, it is a well-known fact that point Gauss-Seidel-type
relaxation methods are not good smoothing methods in multigrid algorithms when
the equations involve strong coupling of unknowns in some direction, which is the
case when stretched cells occur. When the cell aspect ratio is high SCGS smoothing
factors tend to one. A more robust smoother is needed for efficient solution of flow
problems in general domains, where due to numerical grid generation procedures
and also for accuracy reasons highly stretched cells are not unusual. Furthermore, it
was found that the cell-by-cell calculation of intricate operator elements for general
coordinates is time consuming for fine grids. The use of intermediate solutions in
the convection terms also proved to be less robust than the use of a stored matrix
during a relaxation sweep. The code is then less sensitive to variations in relax-
ation parameters for higher Reynolds numbers, while similar convergence results
were obtained. The code is especially robust for low (< 400) Reynolds numbers;
variations in underrelaxation parameters are allowed.

More SCGS results are presented after the discussion of two other smoothers. Then,
the three smoothers will be compared.

SCGS/LS. Another SCGS-type smoother that is investigated for robustness is
called SCGS/LS (Line Solver), and is presented in [86] and [92]. In this line ver-
sion of SCGS only the pressures along a line are coupled. Instead of (4.27) the
set is rewritten for a coupled solution of all pressures alongs a £!-line in terms of
corrections, as follows:

(€1)i-1/2.58Vil1y2,5 — (Cledic1/2,i8Piz1j — (Cl0)ic1/2,i0Pi = TH_yja;
(c1)i+1/2,38Vit1saj — (Clo)isr/2,8pi — (Cln)is1/2,i0Pivr; = Tip1jn;
(C%)i,j—1/26Vi,2j—1/2 - (0%7)@;'—1/251"11 = "1'2,1'—1/2
(C?)i,j+1/2'5V.',2j+1/2 - (C%G)i,j+1/25pi,j = r?,j+1/2

(8Vitiy2,; — 0Viliy2 )66 + (8Vi%41y2 ~ SVZi_ya)668 = r¥;  (4.32)

(The equations for solving along a £2-line are found in a similar way).
Solving the set of equations (4.32) leaves us a tri-diagonal system for pressures
along the line:

(Puw)i-1,i0pi-1; + (Pe)i i6Pi,j + (Pe)it1,56piv1; =17 (4.33)
where, V
c! 1
Pyicii = (—=28)._ L
(Puw)i-1, ( ! Ji-1/2,j 861
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(Pe)it1,j = (ﬁf)iwz,j‘il
c1 8¢
1 1 2
o Gey L eey 1 cigy 1
(PC)LJ = ( c% )1—1/2,J 6¢€1 +( c% )'+1/2>J §¢1 ( C% )1.1—1/2 8€2 +
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c% ij+1/2 662
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After solving the tridiagonal system the corrections for p are added to the current
solution.
The corrections for V! and V? are found from (4.32):

8V ey = [rioija+(cle)im1/2,Piovj + (cir)im172,i6Pi 31/ (c1)iz1/2,;
8Vhije; = [riyaja;+(cledisrsziopij + (cindisr/2,i8Pitril/(c)ivrsa
SVE_1y2 = [} 1o+ (Gn)ii-1726pi)/(eD)ii-1/2

Vi = syt (cedijri/26mi)/(D)ijre (4.35)

The velocities are updated twice, pressures are updated once. Underrelaxation is
implemented as in (4.29). For SCGS/LS the optimal ;s are the same as for SCGS.
Several test problems in general domains have been calculated with SCGS/LS. Some
results will be presented after the explanation of the next smoother, when three
coupled smoothing methods are compared.

However, in arbitrarily shaped domains SCGS/LS, as SCGS, is found not to be a
robust smoother; when the cell aspect ratio is much larger than one convergence
factors tend to one.

All unknowns in a line of cells must be updated simultaneously. An attempt by the
author of this thesis to construct a two-stage smoother was not successful. In stage
one the two momentum equations were updated with an alternating damped line
Jacobi method (ADLJ). This is a robust method with damping parameter 0.7 for
the rotated convection diffusion equation and for the anisotropic diffusion equation
([118]). In stage two the continuity was taken into account and the pressures were
updated with SCGS or SCGS/LS. However, the underrelaxation parameters were
problem dependent and large aspect ratios could still not be handled.
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4.2.2 Results with the SCAL smoother.

A fully coupled line version of SCGS is presented in [101] for the Cartesian incom-
pressible Navier-Stokes equations, and is called Symmetric Coupled Alternating
Lines (SCAL). All unknowns on a line of cells are updated simultaneously with
alternating zebra-sweeping. The ordering is odd horizontal lines, even horizon-
tal lines, odd vertical lines, even vertical lines, like Figures 4.5f and 4.5g. If for
a sweep along horizontal lines the unknowns per line are ordered in the following
way: Vi 11, pij, V%, Vi j, Vid 1 j 41 ete., the resulting matrix is a band matrix. The
band contains 13 elements for the equations in curvilinear coordinates (in Carte-
sian coordinates it is 9). This band matrix is solved with a direct band solver from
the Linpack-library, and appeared to be the most expensive part of the multigrid
algorithm. The same solver from the Lapack-library was not faster, neither was a
GMRES-based iterative solver. The cost of using the line smoother is about 50%
larger than SCGS ([101]). In [101] it is also reported that SCAL is much more ro-
bust than SCGS and less sensitive to variations of the underrelaxation parameters.
Therefore we implemented SCAL as smoother in our multigrid algorithm. It is
interesting to investigate the behaviour of this smoother for problems in general
domains.

Underrelaxation is implemented in the ”classical” way. Instead of calculating cor-
rections §V new values V* are being calculated and V**1) s found as follows:

VIe+H) = yim) 4 a (V1* — Vl(n))
Vz(n+1) = Vz(n) + ag(Vz* _ V2(n))
p*t) = p™ 4 ay(p* — p™) (4.36)

The underrelaxation parameters o depend on the Reynolds number.

For Re < 150, aj = 0.7 for k = 1,2, 3 seems to be good and gives level-independent
reduction factors.

For Re = 1000, oy = 0.4 for k = 1,2 and a3 = 1.0.

With parallelization statements or special ordering strategies for vectorization pur-
poses the zebra smoother may be faster on parallel or vector computers. These
strategies are not implemented in the code.

It appeared not to be necessary to fix a pressure on the coarsest grid for SCAL; the
singularity in the equations disappears in a natural way.

There are some advantages for the calculation and storage of a complete momentum
matrix. It is already stated that the calculation of operator elements depending on
intermediate solutions is costly and sensitive. Computer code for the discretization
of the momentum equations in general coordinates is extensive and elaborate, es-
pecially in three dimensions. The code for other boundary conditions or changes
in the discretization are much easier implemented when a matrix is stored. Fur-
thermore, a flexible Navier-Stokes code generator has been developed ([77]) that
produces a discretization matrix with for example different scaling of unknowns
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or with other interpolation rules fast. It is necessary and interesting that future
changes in the discretization can be implemented within some days. We will not
go into details here.

Three smoothers compared. In order to compare the behaviour of SCGS, SCGS/LS
and SCAL in the nonlinear multigrid method some driven cavity problems with
more or less regular cell distributions are solved. The first problem is the classi-
cal problem: an equidistant grid in a square cavity. Then: a non-equidistant grid
in a square cavity, in which the boundary cells have aspect ratio 4 , and a non-
equidistant grid in an L-shaped cavity. Figure 4.8 shows the last two grids. It
should be stated that for SCGS and SCGS/LS these are more or less limiting prob-
lems. Grids with more stretching in the cells, or sharper L-shapes are not handled
well by these smoothers.
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Figure 4.8: The different cavities, 16 X 16 grid

Boundary conditions for the cavities are: u = 0 on left, right and lower boundary,
u! = —1, 4% = 0 on the upper boundary. The kink in the grid lines of the L-shaped
cavity does not lead to discretization accuracy difficulties for the problem consid-
ered, because the high velocity region is in a smooth part of the grid, and, as in
Section 3.4, low velocity regions do not lead to accuracy problems in a non-smooth
part of a grid.

All problems are solved for Re = 100 and Re = 1000. For both Reynolds numbers
the smoothing iterations are performed in alternating directions, although this is
not necessary for SCGS for Re = 100. The algorithm starts with nested iteration;
the starting vector is the zero solution on the coarsest (= 2 x 2) grid.

The results given are average reduction factors 7o for Re = 100 and ryo for
Re = 1000 for the W-cycle (11 = v =1).

Table 4.3 presents ryq for the first two problems for Re = 100. Table 4.4 shows 7o
for Re = 1000.
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Table 4.3: Average reduction factors ryg for the square cavity problems,
Re = 100.

grid # levels sq. cav. eq. grid sq. cav. neq. grid
SCGS | SCGS/LS | SCAL | SCGS | SCGS/LS | SCAL
16 x 16 4 .208 .220 124 .1565 .209 140
32 x 32 5 153 .200 .104 227 270 .209
64 x 64 6 147 .153 .069 .242 .336 .200
128 x 128 7 142 .169 .065 241 520 .158

For the square cavity with the non-equidistant 128 x 128-grid r,o, obtained with
SCGS seems better than rio for SCGS/LS. This is due to very good reduction in
the first iterations. The convergence factor p (= ro,) however, is the same for both
smoothing methods: p &~ 0.55, while r14 obtained with SCAL is representative for p.
For low Reynolds numbers it can be observed that SCAL performs better than the
other two smoothers. For the equidistant cell distribution reduction factors even
improve when the grid is larger than 64 x 64; for the non-equidistant distribution
level-independent convergence factors p are found only with SCAL.

Table 4.4: Reduction factors rqg for the square cavity problems, Re = 1000.

grid # levels sq. cav. eq. grid sq. cav. neq. grid
SCGS | SCGS/LS | SCAL | SCGS | SCGS/LS | SCAL
16 x 16 4 516 .466 192 .405 .459 361
32 x 32 5 .565 .495 .339 .445 .459 .366
64 x 64 6 .564 .569 443 .530 499 4400
128 x 128 7 517 .558 493 .456 519 .449

For Re = 1000 there is not much difference between the three smoothers. All re-
duction factors are level-independent. For the non-equidistant grid r3q is not worse
than for the equidistant distribution. It is surprising that reduction factors for
SCAL are not much better than those for the other smoothers when almost square
cells are generated. This is also mentioned in [101].

For the problems investigated the behaviour of the two smoothing methods SCGS
and SCGS/LS is similar. It seems that SCGS is more robust in the variation
of underrelaxation factors, especially for low Reynolds flows and in the choice of
smoothing directions.
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In Figure 4.9 the streamlines for the L-shaped cavity are presented for the 128 x 128
grid. The same problem has been solved with the finite element package Sepran,
and it appeared that, apart from some upwind phenomena in high velocity regions
a similar streamline pattern was found. Table 4.5 gives 75, for both Reynold num-
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Figure 4.9: Streamlines for the L-shaped cavity, a) Re = 100, b) Re = 1000,
64 x 64 grid.

bers in the L-shaped cavity. It can be observed that indeed the SCAL smoother is

Table 4.5: Average reduction factors for the L-shaped cavity problems, Re =
100 and Re = 1000.

grid # levels Re =100 Re = 1000
SCGS | SCGS/LS | SCAL | SCGS | SCGS/LS | SCAL
16 x 16 4 334 311 .208 .608 637 .390
32 x 32 5 402 370 .196 .686 .687 .562
64 x 64 6 411 410 .186 767 688 .507
128 x 128 7 .391 473 .250 .813 .822 .586

more robust, because ry;; is clearly better for SCAL and comparable to r,;; found
for the square cavity.

Reduction factors for domains in which stretched cells occur are not satisfactory
for SCGS and SCGS/LS, as can be seen in the following simple example: the flow
through a straight channel. Figure 4.10 shows a sketch of the channel. The length




Figure 4.10: Sketch of the domain for the straight channel.
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of the channel L = 100; the width d = 1. An equidistant grid with cells of aspect
ratio 100 is put over the domain. Parabolic in- and outflow velocity profiles are pre-
scribed. The exact Poisseuille flow solution is recovered accurately. The pressure
distribution is linear, as expected. Table 4.6 presents r1o for Stokes flow and ryq for
a flow at Re = 1000. These reduction factors are satisfactory and level-independent,

Table 4.6: Average reduction factors for a flow through a straight channel
with a mesh with aspect ratio 100.

grid r10, Stokes || r90, Re = 1000
32 x 32 122 463
64 x 64 .126 487
128 x 128 129 .500

whereas SCGS and SCGS/LS reduction factors are close to 1 (p = 0.992 for SCGS).
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SCAL results. We will continue with the investigation of SCAL for more difficult
grid distributions. The discretization in curvilinear coordinates is tested on do-
mains in which some grids with severe jumps in mesh size and mesh direction are
put. Two types of flows have been investigated: channel flows and driven cavity
flows. For the channel flow problems the average reduction factors r,,;;, defined in
(4.31) are calculated. The multigrid schedule used is the W-cycle, unless stated
otherwise. For all problems the number of pre-smoothing iterations is 1, as is the
number of post-smoothing iterations. On the coarsest grid the problem is solved
”exactly” by performing many smoothing iterations (10 or more).

Chénnel flow problems.

Because only Dirichlet boundary values are implemented in the code at present we
are somewhat restricted. However, we are still able to investigate some interesting
channel flow problems. For all channel flow problems nested iteration is used, so
the algorithm starts on the coarsest grid.

Flow over a cylindrical protuberance. The first flow considered here is the linear
shear flow over a cylindrical protuberance in a channel (Figure 4.11). This flow is

5 T4
> F2 >
0 r, I's 5

Figure 4.11: A sketch of te problem of a flow over a cylindrical protuberance.

a two-dimensional version of the flow over a spherical protuberance in the viscous
sublayer in a turbulent boundary layer, which is of interest to turbulent flow re-
searchers. The problem is artificial with only Dirichlet boundary conditions. We
are restricted to a Stokes flow. However, it is interesting to show the possibilities
of a curvilinear discretization for this case. A multidomain approach is a natural
approach but we forego this approach on purpose here, to study multigrid conver-
gence on a contorted grid. Boundary I'y consists of three parts, where on the in-
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and outflow part a linear velocity profile is prescribed:
Uy =y ; ug = 0.

On the upper boundary w; is prescribed: u; = y ; u, = 0, while on boundary 'y, T,
and I'3 u, = u, = 0. Figure 4.12 shows the 16 x 40-mesh, streamlines and isobars.
The multigrid algorithm performs well, and gives r15 = 0.105.

/(>\

Figure 4.12: The 16 x 40-mesh, streamlines and isobars for a Stokes flow
over a cylindrical protuberance.
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The hole-pressure problem. A rather difficult channel flow problem is the so-called
hole-pressure problem ([563]). The flow domain is depicted in Figure 4.13. It con-
sists of a uniform channel of height d and length L, into which a cavity of width
b and depth A has been cut. Dirichlet boundary conditions are prescribed on the
whole boundary. In [53] this hole-pressure problem is proposed as new test case for
numerical codes. The problem is also of practical importance: It is the basis of a
scientific instrument to help characterizing non-Newtonian fluids. The mathemat-
ical and experimental problem is to determine the difference between the normal
stress acting on the bottom of the slot and that acting on the upper wall above the
opening to the slot. This quantity is the so-called "hole pressure’ A, given by

A= l/ —p(x,l)d:c—-s-l—/ —p(z,—d)dz (4.37)
$1 2 82

S1

The geometry of the reference domain is defined by: L=5;d=1;b=1; h=
1; sy = s = 1. The boundary conditions are given by:

L

- 81—

!
h
L— 8§92 —»

4—b—>

Figure 4.13: The domain for the hole pressure problem.

OnTyandly : u,=0; u, =0
OnT;andTl3 : us,=y(l—y);u.=0 (4.38)

So u™*? = 1/4 ; u®**"%9¢ = 1/6 and the mass flow Q = 1/6. For the Reynolds
number, defined as Re = Q/v, it follows that Re = 1/6v.

The mesh is generated as follows. Boundary part Iy is divided into 5 parts (see
Figure 4.14). Each part is connected to a part of I'; in the manner shown in the
figure. This results in a coarse mesh, which is refined to a 32 x 112-mesh, which is
then smoothed a little. Figure 4.15 shows a part of this mesh.



89

I3

Iy
Figure 4.14: A sketch of the parts of the domain, which are connected when

the mesh is generated.
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Figure 4.15: A part of the 32 x 112 -mesh for the hole-pressure problem.
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In [53] hole pressures are presented up to Re = 10 calculated with a finite element
code on a very fine mesh. However, the hole pressures from [53] are not calculated
with the boundary conditions in [53], but with the boundary conditions presented
here ([78]). In Table 4.7 the calculated hole pressures from the 32 x 112-mesh are
compared to them. Figure 4.16 presents streamlines and the isobars for Re = 10.

Table 4.7: Hole pressures A compared with [53] for several Reynolds num-
bers.

Re || A cale. || A [53]

1 0.064 0.049
0.236 0.226
10 0.426 0.383

o

They resemble the distributions in [53] very well. The multigrid performance is
satisfactory as well: 715 = 0.247 for Re = 10 and ro5 = .505 for Re = 100.

= L Y

Figure 4.16: Streamlines and isobars for the hole-pressure problem.

Backward facing step. Another flow, heavily studied over the years, is laminar flow
over a backward facing step. A GAMM workshop was held in 1983 in Biévres on
this flow problem ([58]). Four cases were studied there, two of them are examined
here in curvilinear coordinates, namely case 2 and 4, as defined in [58]. The domain
for these two cases is sketched in Figure 4.17.

The geometrical parameters are: Ly = 22,L; = 3,H = 1 and h = 0.5. The
computations presented are for Re = 50 and Re = 150, with the Reynolds number
defined as

Re=u™. (H - h)/v (4.39)

with u™%% the maximum value of the velocity at the entrance, (the normal and
tangential velocity is prescribed: u,, = 16y(0.5 — y) at the entrance and
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u, = 2y(1 — y) at the outlet; u; = 0) and v (= p/p) the viscosity.

Figure 4.18 shows a part of the 32 x 64-mesh. Deliberately, no attempt was made to
make this mesh more smooth. In Figure 4.19 the isobars and streamlines for the flow
at Re = 50 are given, together with a more detailed picture of the streamlines in the
recirculation zone. In Figure 4.20 these results are shown for the flow at Re = 150.
In Table 4.8 the MG performance is given for a 16 x 32 grid and a 32 x 64 grid.
The coarsest grid is taken to be the 4 x 8 grid. For the 32 x 64 grid the length of
the recirculation zone, scaled by (H — k) is calculated and presented in Table 4.8.
This length resembles the length found by many of the GAMM contributors very
well ([68]). The reduction factors look satisfactory and level-independent.

Iy
- L] >
—> r
] :
I‘l > |
-— — 1 H
L l |
2 |n
{

Iy

Figure 4.17: The domain (not to scale) for the flow over a backward facing
step.

) &
A

Figure 4.18: A part of the 32 x 64 mesh.
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Table 4.8: Average reduction factors and reattachment point for a flow over
a backward facing step.

r20(16 x 32) || r20(32 x 64) || reattachment point
Re =50 449 482 2.03
Re = 150 .664 .656 5.00

Figure 4.19: Isobars and streamlines for Re = 50.
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TN L]

Figure 4.20: Isobars and streamlines for Re = 150.
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Driven cavity problems

The multigrid method will now be tested even more severely on robustness with
driven cavity flows in a square cavity, where the grids are strongly refined near
the boundaries. The definition of the average reduction factors will change a little,
because in the first iteration the reduction is so good, that this influences r,;; in a
spurious way. Therefore new average reduction factors p,;; are defined as

1
respiz|\ *T
Pnit = (—” ""”) (4.40)

liresa||

with ||.|| the {3-norm, and res; the residual after the first iteration. The reduction in
the first iteration is not taken into account, which explains the possible differences
between the results obtained here, and those in earlier calculations and in [66].

We also give

Zn M2 for n = nit. (4.41)

vp = ||
resp—2
In many cases v, is found to be approximately constant for n close to nit, in which
case we have found the asymptotic convergence factor poo = vpiz.
The number of MG-iterations that were performed depended on the reduction factor
tnit, as follows:

Unie <0156 ; nit =10
0.15 < ppis <04 ; nit =20 (4.42)
pnit > 04 5 nit > 25

Three grids were tested:

i) the equidistant grid.

i1) a grid in which the boundary cells have aspect ratio 10, see Figure 4.21.

iii) the boundary cells have aspect ratio 100, see Figure 4.21.

This is a severe test on robustness; stretched cells occur in all directions. The three
iteration cycles (V, F and W) are compared for these test problems. Table 4.9 shows
tnit and vp; for grids with 5 to 7 levels for flows at Re = 100 and Re = 1000.
Figure 4.22 presents the ly-norm of the residual graphically on logarithmic scale
versus the number of iterations for the three iteration cycli on the 128 x 128-grids
with aspect ratio 1 (Figure 4.22a and 4.22b), and with aspect ratio 100 (Figure
4.22¢ and 4.22d) for flows at Re = 100 and Re = 1000.

The average reduction factors are satisfactory and for many aspect ratios and many
Reynolds numbers below (.4. The performance of SCGS (not shown) is poor in
the cases with large aspect ratios. In many cases 4, for the F-cycle is comparable
to pni; for the W-cycle. For low Reynolds numbers the cheaper V-cycle is even
more efficient. A remarkable improvement of reduction factors for the F- and W-
cycle is observed when square cells are used. Then, for Re = 100 p1¢ is extremely
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=

Figure 4.21: The 32 x 32 mesh with aspect ratio 10 and 100 at the boundary.

satisfactory, while the only significant difference between the W- and F-cycle is for
Re = 1000 on the 128 x 128-grid.
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Table 4.9: Average and asymptotic reduction factors for driven cavity prob-

lems.
grid: (1) eq. grid
Re =100 Re = 1000
F W v F W
Hnit | Vnit | Bnit | Vnit | Bnit | Ynit || Bnit | Vnit | Bnit | Unit | Bnit | Vnit
322 .26 26 | .12 A5 | .12 15 .55 .61 37 38 | .34 .36
642 27 32 | .07 10 | .07 .09 .63 .80 | .51 .61 47 .55
1282 || .36 43 | .06 .07 | .06 07 .74 .88 | .62 71 .52 .58
grid: (i1) ratio 1 : 10
Re =100 Re = 1000
F w A% F A\
Bnit | Vnit | Bnit | Vnit | Bnit | Vnit || Bnit | Vnit | Bnit | Ynit | Bnit | Vnit
32° 27 31 27 .32 .32 37 .52 .59 .36 40 .35 41
642 31 .35 .28 .33 .28 .33 b8 .65 .40 .46 .38 42
1282 .32 .34 27 .30 27 .30 .70 .79 .H8 71 .58 72
grid: (in1) ratio 1:100
Re =100 Re = 1000
F w \% F w
Bnit | Ynit | Bnit | Ynit | Bnit | Unit || Bnit | Vnit | Bnit | Vnit | HBnit | Vnit
322 .25 .33 .29 42 .28 .40 .40 .45 .32 .38 .33 37
642 27 33 28 | .34 .28 .33 .50 58 .32 37 32 37
1282 .36 .39 .32 .35 31 .35 .60 .69 49 .63 .50 .64

In Table 4.10 the CPU times on a Convex 3840 computer are presented for one
smoothing iteration and one V-, F- and W-cycle. As already stated parallelization is
not employed here, no special ordering strategies for the data structure are employed
to profit from vectorization. From Table 4.10 it can be seen that the work for a
W-cycle is about 4.8 times the work for one smoothing iteration, which is not
surprising, since the theoretical ratio counting only smoothing work would be 4 in
this case. The theoretical ratio for the computational work of the V-cycle is 8/3;
in Table 4.10 it is 3. For the F-cycle the theory predicts 32/9, Table 4.10 gives 3.9.




Table 4.10: CPU times on a Convex 3840.

cycle / grid || 32 x 32 || 64 x 64 || 128 x 128
1 sm. 0.33s - 1.24s 4.40s
\Y 0.94s 3.42s 13.2s
F 1.34s 4.67s 17.4s
W 1.56s 5.47s 21.4s

97
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Figure 4.22: A comparison between the V-, F- and W-cycle: the l;-norm
of the residual (logarithmic scale) versus the number of iterations for the
128 x 128 meshes; (a) Re = 100 (cell aspect ratio 1), (b) Re = 1000 (cell
aspect ratio 1), (c) Re = 100 (cell aspect ratio 100 at the boundary), (d)

Re = 1000 (cell aspect ratio 100 at the boundary).
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Benchmark problems. Finally, in order to investigate the effect of non-orthogonality
and grid line curvature the multigrid results of the benchmark problems presented
in Section 3.4 are shown. The F-cycle is used, because it is cheaper than the W-
cycle, while for many cases similar reduction factors are found (Table 4.9). The
multigrid results for the skewed cavities with skewing angle 45° (testcase 1) and 30°
(testcase 2) with as finest grid a 256 x 256-grid and 8 multigrid levels are presented
in Table 4.11.

In the domain with skewing angle 45° the convergence was slowest (v3o ~ 0.79
for the F-cycle on a 128 x 128-grid). The W-cycle shows a similar performance,
v3g & 0.75. The reduction factors for the finest (256 x 256) grid improve. The
slower convergence is due to the upwind-central switch for the convection terms,
because in the domain with skewing angle 30° (with even heavier non-orthogonal
cells) the reduction factors are satisfactory. Furthermore, the same problem has
been investigated with only the first order upwind scheme for the convection terms
in (3.8)(prescribing o*" = 1 in (3.25)). Much better convergence results were
then obtained: v3p = 0.53 for the W-cycle, which confirms our presumption.

The L-shaped benchmark problem is solved on very fine grids (512 x 512) with 9
multigrid levels. These results are presented in Table 4.12. Figure 4.23 presents the
l3-norm of the residual (logarithmic scale) versus the number of iterations for the
L-shaped cavity for Re = 100 and Re = 1000. As expected the slopes of all lines in
this figure are almost identical. This indicates the level-independent convergence
rates of the multigrid method used. On the two finest grids the CPU times on the
Convex 3840 for one F-cycle were:

256 x 256 — grid :  75.2 seconds
512 x 512 — grid : 350 seconds

The average reduction factors for Re = 100 are very good, only 15 iterations are

Table 4.11: Average and asymptotic reduction factors for skewed driven
cavity problems, F-cycle, v; = vy = 1.

angle 3 = 45° 8 = 30°
Reynolds number 100 1000 100 - 1000
Hnit Unit Hnit Unit Mnit Vnit Hnit Vnit
32 x 32-grid 0.191 | 0.221 || 0.617 | 0.695 || 0.304 | 0.373 || 0.629 | 0.674
64 x 64-grid 0.184 | 0.248 || 0.712 | 0.718 || 0.336 { 0.412 || 0.5633 | 0.589
128 x 128-grid 0.198 | 0.2563 |} 0.718 | 0.791 || 0.345 | 0.428 || 0.530 | 0.607
256 x 256-grid 0.194 | 0.250 || 0.604 | 0.719 || 0.352 | 0.431 || 0.445 | 0.555
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Table 4.12: Average and asymptotic reduction factors for an L-shaped cavity
problem, F-cycle, v; = v = 1. (for Re = 100 a 512 x 512-grid was not
investigated)

Reynolds number 100 1000
Hnit Unit Hnit NUnit
32 x 32-grid 0.184 | 0.198 || 0.479 | 0.494
64 x 64-grid 0.195 | 0.252 || 0.566 | 0.623
128 x 128-grid 0.198 | 0.265 || 0.595 | 0.669
256 x 256-grid 0.204 | 0.252 || 0.588 | 0.644
512 x 512-grid — — 0.529 | 0.592

needed to reduce the residual by 8 orders of magnitude. Also for Re = 1000 the
average reduction factors are satisfactory; they are similar to the factors for other
geometries, and level-independent, which means that almost the same number of
iterations is needed to reduce a residual by several orders of magnitude for small
and very large grids. The smoother can deal with cells of varying size coming from
a mesh generator. Furthermore, it is found that the code is insensitive to large
variations of underrelaxation parameters for low Reynolds numbers, and that for
the higher Reynolds number small variations are allowed.
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— =results, 512 x 512- grid.

a—-- =results, 256 x 256- grid.
i = results, 128 x 128- grid.
= results, 64 x 64- grid.

« .« . =results, 32 x 32- grid.

Olog(iresl )

—_—
Number of MG- iterations

Figure 4.23: The l2-norm of the residual versus the number of iterations for
the F(1,1)-cycle for the L-shaped cavity (1 pre-, 1 post smoothing), (a) for
Re = 100 and (b) Re = 1000.
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4.3 Steady incompressible flow around objects.

A further extension of the code was made to enable a study of flow problems around
objects in two (and in the future three) dimensions. In order to solve these flow
problems with a single block discretization, periodic boundary conditions along an
artificial interior boundary are necessary.

In certain cases the discrete system of equations becomes singular when periodic
boundary conditions are used. The solution algorithm must be able to overcome
this problem.

The discretization, the adaptation of the existing steady-state multigrid solution
algorithm to the singular systems which appear in the smoothing algorithm used,
and some steady flow results, like the steady flow in two dimensions around a circle
and an ellipse for a (relatively) low Reynolds number are presented here. A logical
extension will be the unsteady flow problem for a higher Reynolds number, but
these results are not presented in this thesis.

Adaptation of the discretization. In order to solve a flow around an object with a
single block discretization an interior (artificial) cut is introduced in the Cartesian
domain (Figure 4.24). On this cut (with parts I's and I'y) periodic boundary con-
ditions (PBCs) are prescribed:

u|r, = ulr, (4.43)

p|F2 = plrd (444)

In order to satisfy these boundary conditions an extra line of unknowns is intro-
duced on T'y. On the far field outer boundary I'; a uniform flow is prescribed, while

Ty Ty
r r
T
r O ? T 1‘2
3 r4
r, Ty

Figure 4.24: The physical domain @ with an interior cut for flow around an
object (I's), and the computational domain G.

on the object, I's, the no-slip condition u; = 0, u, = 0 is prescribed.
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Some adaptations need to be made in the discretization in curvilinear coordinates
when PBCs are introduced. For example, on the periodic boundaries of the com-
putational domain one should not discretize the geometrical quantities using extra-
polation, as is done when other boundary conditions are involved. The geometrical
quantities should be adapted to the periodicity condition; this is explained below.
The covariant base vectors a(,) are given by (2.16):

B 6$'B B 61‘ﬁ

(1(1) = E‘E-l—, a(z) = 65_2 (445)

Choosing é6* = 1 on the finest grid G, it was found that for example in the
V2-points a(1) can be calculated straightforward by (2.53):

yigey =2 licyioa =2 lisgiog (4.46)
with the numbering of Figure 2.4.

In all other points in G, the covariant base vectors are found by means of bilinear
interpolation. So in a vertex point (i — %, j— %) it follows that

1
alli-pi-1 = 500y lii-g +ofli1-y (447)

In a vertex on boundary T'4 a'(sl)|,-_'1,j_% is not a part of G. When the domain is
not periodic the value of this base vector is found with extrapolation. However, in
the case of periodic boundaries a” 1 I,-_I'J-_% must have the value of a?l) in the last
interior point near the right vertical boundary I'y. So:

all=0,i-1) = @y lizni,ji-1) for j=1 to nj (4.48)

Adaptation of the multigrid solution algorithm. Due to the PBCs some changes
have to be made in the solution algorithm. The restriction and prolongation opera-
tors for example, that have been adapted to boundary conditions in case of Dirichlet
conditions ((4.5) to (4.18)), can now employ periodicity. So for the restriction of
residuals we have:

. k-1 1(k 1(k 1(k 1k
( )= 1/8(r 21( )2 2t 25 )2,2]'—1 + 7'2:(,2)1' +"21(,2)J'—1) +

1(k 1(k
1/4(r2§-)1,2j + 7'2:(—)1,2]'_1)

2 E-1 2k 2k k 2k
( )= = 1/8(r 52)3 2t Zz( )12] 2+”2$2)J+7'2£ )1,2]')+
2k 2k
1/4("'252)1 1+7'21(—)1,2j—1)

3(k-1 3(k 3(k 3(k 3(k
7z(] )= 1/4(r25 )1,23' + "25—)1,2]' 1t 7'25 2)] + "21( 2)1'—1) (4.49)
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with: i =1 to ni, and r:,(:;) = r:‘(,kj) etc.

The SCAL smoother used is able to deal with stretched cells. In the present type of
flow problem this is a necessary requirement, due to the fact that near the far field
outer boundary and in the heavily refined region near the object highly stretched
cells in both directions occur. In Figure 4.25 a grid is depicted. The outer boundary
is taken to be a square, because this facilitates the prescription of the uniform flow
(ul =1, w2 =0).

Figure 4.25: The 32 x 32 grid for a flow around a circular cylinder.

SCAL must also be adapted to the PBCs. For a relaxation sweep along vertical
lines the smoothing step hardly changes. The first line of cells (i = 1; j = 1 to njy)
becomes an interior line, due to the flux unknowns at boundary I'y, where the PBCs
are prescribed. When the unknowns on the last vertical line of cells are smoothed
the flux unknowns at boundary 'y are updated for the second time.

For a sweep along an horizontal line more adaptation is needed. Implementation
of the PBCs will lead here to (partial) loss of the band structure of the matrix, be-
cause the stencil of the first cell is connected to the last cell. The resulting system
of equations would have the following structure:
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2 .
L (4.50)

* ¥ ¥ ¥
*
*
*

s s ox o A

with a bandwidth of 13 elements, where for example:

1 _ 1yl 1771 17,1
Tivijag = CVicyaj-1taViiia o1t caVigape o1+
17,1 17,1 11,1
Visyzirr T &Yt 5401 T 0Vidase 01 t
1 1 1 1
€14Pij—1 F C15Pi41,j—1 + C18Pij+1 + CioPit1,41 (4.51)

However, this resulting matrix becomes ill-conditioned for high Reynolds numbers.
A possible cure to this problem, not followed here, is to derive other equations and
replace certain almost dependent equations. Here, per momentum equation one
essential velocity connection across the boundary is deleted in the matrix. These
velocities are taken from the preceding iteration and added to the right hand side
of the equation. The resulting system has the following structure:

x - % *  x % yl
( ‘ **(W\
P
* . * % &
Vl
& ;

=7 4.52
Cl=r @

V2

The condition of this matrix is much better. So for ri )25 is found:
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7'%/2,]' 2] anz'—1/2,j—1 + 05‘/11/2,3'-1 + c¢11V31/2,j—1 +
Céani—uz,j +
C‘17V111i—1/2,j+1 + céV11/2,j+1 + 021;V31/2,j+1 +

claPni i1+ €lsP1,i-1+ CigPnij+1 + CloPLj+1 (4.53)
Periodicity is obtained when in each smoothing two sweeps are applied. In order

to solve system (4.52) the LU algorithm for a band solver is rewritten and adapted
to a band matrix with a small number of non-band elements.

In a wide range of satisfactory underrelaxation parameters the most suitable pa-
rameters are found to be:

o, =05, k= 1,2,3 (4.54)

Results. The incompressible steady flow around a circle has been computed for
several Reynolds numbers. The number of mesh points is 32 x 32, 64 x 64 and

96 x 96. Figure 4.26 shows a part of a grid. The number of multigrid levels is
4,5 and 5. For the multigrid solution algorithm the F-cycle is used. The F-cycles

4
i

o

S
XY

XL

A2
SN
R
‘\

o)

4
it
st

KA
1
i

R
R
\s\\‘
S
!

XD
&,
N
X ‘\‘\\:“
R0

I ot
(]
i

i

it
R
i it
T
|=Illlllr:|':':’

T
ity

3!
:\\‘.‘l‘.‘.‘numllal

Figure 4.26: A part of the 64 x 64-grid.

are preceded by nested iteration (work starts on the 4 x 4-, 4 x 4- and 6 x 6-grid,
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respectively). The number of multigrid iterations is 20 (11 = v3 = 2).
The outer boundary is constructed 20 units (cylinder diameters) from the cylinder,
as in [88]. The cylinder diameter d is 0.2. The Reynolds numbers investigated are
10, 20, 30 and 40 (with Re based on the diameter). The average reduction factors
rop are presented in Table 4.13. Again satisfactory rates are found, which are level-
independent and well below 0.35, with two pre- and post-smoothing iterations. For
higher Reynolds numbers an unsteady flow, a future challenge for the unsteady
code, is established. We compare recirculation length and the pressure coefficient
here. The ratio between the length of the recirculation zone s and the diameter
d has been calculated and compared to earlier results ({18]) in Table 4.13, and
graphically in Figure 4.27. In [18] an overview is given of experimental results and of
computational results based on matched Stokes and Oseen asymptotic expansions,
on finite Fourier series ([63]) and on finite differences in cylindrical coordinates.
The pressure coefficient ¢, on the surface of the cylinder is calculated:

e = P~ P 4.

Y (4.55)

where p, represents the pressure in the far field, and u., the far field constant
velocity.

Results are compared with [5] and [63]. The pressure coefficient on the surface at
¢ = 7, which is very difficult to calculate accurately, is found to be too large for the
higher Reynolds numbers. Apart from this, good agreement is found between the
reference results and our calculations. Figure 4.28 show streamlines and isobars
for a flow from right to left at Re = 20 and Re = 40. Figure 4.29 presents the
calculated ¢, on the surface of the cylinder.

Another flow problem solved is the flow around an ellipse, with major axis d; = 0.2,
and minor axis d2 = 0.1 on a 96 x 96-grid. The Reynolds numbers based on the
minor axis are 10, 40 and 80. Figure 4.30 presents the c,-coeflicients; figure 4.31
presents streamlines and isobars for the flows at Re = 40 and Re = 80. The

multigrid reduction factors are satisfactory and comparable to those found in Table
4.13:

Re=10: 20 = 371
Re =40 : 20 = .293
Re =80: ro0 = .296 (4.56)

It is observed that the present discretization of the incompressible Navier-Stokes
equations on a staggered grid in non-orthogonal curvilinear coordinates produces
accurate results for flows around objects, although highly non-uniform grids are
involved. The single block discretization can handle steady external flow problems
well. Level-independent satisfactory convergence rates for the multigrid solution
algorithm have been found for the two test problems.
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Table 4.13: Average reduction factors ry9 plus the ratio between the length
of the recirculation zone s and the diameter d for a flow around a circular
cylinder.

Grid [| (32 x 32) || (64 x 64) || (96 x 96) || (ref[18])
Reynolds —

10 r20 .220 206 .305

s/d 221 257 .250 .30
20 20 .190 207 307

s/d 753 832 .905 90
30 P20 .247 344 293

s/d 1.03 1.37 1.42 1.5
40 790 221 .256 .286

s/d 1.03 1.87 2.05 2.1

4.4 Conclusions.

Three smoothers in a standard nonlinear multigrid solution algorithm have been
investigated on robustness for the discretized steady incompressible Navier-Stokes
equations in general coordinates. The coupled line smoother SCAL performs best
and is robust. Satisfactory convergence is observed for several domains, in which
grids with stretching, non-orthogonality of cells and curvature are put. Internal
driven cavity flows as well as external flows around objects are investigated with
SCAL. For all flow problems good average reduction factors and convergence fac-
tors are observed. The singularity in the system in SCAL coming from the periodic
boundary conditions for flows around objects could be dealt with relatively easily,
and also for external flows with highly stretched cells near the object good conver-
gence rates were obtained. '

SCGS shows a convergence behaviour similar to SCGS/LS; these methods are sat-
isfactory when almost square cells are used, but for highly stretched cells conver-
gence factors tend to one. Therefore they are not robust enough for discretizations
in curvilinear coordinates.

For many problems with very fine grids (even 512 x 512-grids) the nonlinear multi-
grid method with the SCAL smoother produces level-independent convergence
rates. The coupled smoothers are especially robust for low (< 400) Reynolds num-
bers. Then, large variations in the underrelaxation parameters are allowed, while
reduction factors are almost the same. For higher Reynolds numbers small varia-
tions in the underrelaxation parameter (= 0.2) is allowed, but large variations may
lead to convergence problems.
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Figure 4.27: Ratio s/d plotted for several Reynolds numbers and compared
to {18].
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Figure 4.28: Streamlines and isobars for flow around a cylinder, Re = 20
and Re = 40.
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Figure 4.29: Pressure coefficient ¢, on the surface of the cylinder, Re = 20
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Figure 4.31: Streamlines and isobars for flow around an ellipse, Re = 40

and Re = 80.
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5 Multigrid schemes for the time-dependent in-
compressible Navier-Stokes equations in gen-
eral coordinates.

5.1 Introduction.

This chapter is also presented in [70].

There are a number of methods to solve time-dependent equations. Different ap-
proaches have been suggested to treat the ”time-marching” in this type of equations.
A standard approach is to solve the equations one time-step after another; this is
called a time-marching scheme. The next time-step is tackled when a converged so-
lution on the former time-level is obtained. Each time-step the equations are solved
iteratively in space by, for example, a multigrid method. Examples of this approach
are found in [35], [118] and [125]. However, the sequential nature of time-marching
schemes does not lend itself well for implementation on parallel machines. There-
fore new methods have been developed to solve time-dependent equations more
efficiently on parallel machines. In 1984 Hackbusch ([34]) introduced two multi-
grid approaches called parabolic multigrid methods. Here the time-direction can
be seen as one of the axes in a space-time grid. The multigrid procedure updates
all unknowns in this space-time grid. In these approaches the equations are not
solved, but smoothed time-step per time-step. Some components of these multigrid
methods, like prolongation and restriction, can be done in parallel. In one of the
methods the smoothing algorithm is sequential. The smoothing procedure on a new
time-level uses updated values from the previous time-levels. In the second multi-
grid method proposed several time-steps can be smoothed simultaneously; ”old”
values from previous time-levels are then used. This smoothing method can be effi-
ciently implemented on parallel machines. The computation on each time-level can
be independently performed by a processor of a parallel computer. Results with
these methods are described in [4] and [11] for the one-dimensional unsteady heat
equation, in [12] and [42] for the unsteady incompressible Navier-Stokes equations in
primitive variables, and in [60] for the unsteady incompressible Navier-Stokes equa-
tions in velocity-vorticity formulation. Parabolic multigrid methods or time-parallel
multigrid methods for the incompressible Navier-Stokes equations are described in
more detail in Section 5.3.

A different approach, based on the so-called waveform relaxation methods, is pro-
posed by (amongst others) Vandewalle and described in detail in [105], [106]. In
waveform relaxation methods, an approximation of an unknown in space is calcu-
lated along a time interval of interest consisting of a number of time-steps. Instead
of updating scalars time-step by time-step functions in time are updated. Wave-
form relaxation schemes can be accelerated by multigrid. This solution method also
lends itself well for parallel implementation, as is shown in [105] for several initial
value and time-periodic problems. In Section 5.4 a multigrid waveform relaxation
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algorithm is presented for the incompressible Navier-Stokes equations.

The multigrid methods discussed are investigated in this chapter for the incompress-
ible Navier-Stokes equations in general coordinates. All methods will be based on
the same smoother SCAL, presented in Section 4.2.2. SCAL has shown to be robust,
showed good results solving the steady incompressible Navier-Stokes equations, and
possesses good possibilities for efficient implementation on parallel machines. The
algorithms are not implemented as a code for parallel machines. We investigate
the performance on a Convex 3840 computer on one processor but efficiency on
parallel machines is considered.

5.2 The temporal discretization of the incompressible Navier-
Stokes equations.

The incompressible Navier-Stokes equations have been presented in general coor-
dinates in Chapter 3 (equations (3.6), (3.7), (3.8)). Due to the discretization for
boundary-fitted grids, flows in domains of general shape can be calculated. For
ease of reference the unsteady equations are repeated here:

Us =0 (5.1)
OO0 (U UP) s+ (5p) s~ 7 = o1 (5.2

where 797 represents the deviatoric stress tensor given by:
%% = p(g*"U% + g"°UY) (5.3)

where U? are contravariant velocity components, p is density, p is pressure and g is
the viscosity coefficient. f* represents a body force. Terms of the type T in (5.2)
are given by (2.43). The spatial discretization of the equations on a staggered grid
is explained in Chapter 3. The numerical solution of the unsteady incompressible
Navier-Stokes equations involves the same problem as the solution for the steady
equations: the absence of a pressure term in the continuity equation. For the so-
lution of unsteady incompressible flow problems in the primitive formulation three
different approaches have been developed. The uncoupled solution technique, in
which the velocity components are calculated from the momentum equations sep-
arately from a ”pressure-correction equation”, a discretized form of the continuity
equation combined with the momentum equations, is common use in practice. A
second order accurate pressure-correction scheme is presented in [112] and is used
for example in the ISNaS code, described in [61], [91]. Pressure-correction meth-
ods are very efficient for time-dependent problems, because one only needs to solve
convection-diffusion type equations (usually with a large coefficient on the main
diagonal coming from the time derivative) and a Poisson type equation for the
pressure correction. In the steady case the advantage of uncoupled solution tech-
niques is less pronounced than in the time-dependent case, because they require
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assumptions about variables yet to be calculated and consequently need more iter-
ations ([1], [84]).

In coupled solution methods, the discretized momentum and continuity equations
are solved simultaneously. Coupled solution techniques have been investigated in
the previous chapter for steady equations. For unsteady equations results can be
found in [125]. The method adopted in this chapter is a continuation of the work
from the previous chapter; a coupled solution method is used.

A third approach is adopted from compressible flow solvers, where for each unknown
an explicit equation exists involving its time-derivative, for velocity components the
momentum equations, for density the continuity equation, and for pressure and tem-
perature the equation of state and the enthalpy equation. Hence, time-stepping is
straightforward. This approach has been extended to incompressible flows by means
of the so-called pseudo-compressibility method ([17]). An artificial time-dependent
pressure term is added to the continuity equation. A disadvantage of this method is
the appearance of a parameter, which is placed in front of the additional term and
determines the convergence rate. For the time-dependent incompressible Navier-
Stokes equations this approach has been used and investigated in [98], [54] and in
many other papers. Accurate solution of time-dependent equations is difficult with
pseudo-compressibility methods.

Time discretization with the so-called #-method is done as follows:
Ut = o (5.4)

pUa(n+1) _ pUa(n)
At

+8{(pUUP) 5 — 7% + (9°p),p} ") +

(1= 0{(pUU?) 5 — 75 + (%) 5} = Opf 2+ + (1 - 0)pf*"Y5.5)

which we abbreviate as:
U+ = 0 (5.6)
pUa(n+1) _ pUa(n)

At
Opf ) 4 (1 - g)pfet) (5.7)

+ 071;[3("+1) +(1- H)T;ﬁ(") —

For # = 1 we obtain the implicit Euler scheme, for § = % the second order accurate
Crank-Nicolson scheme. The time discretization with the second order accurate
BDF(2)-scheme ([31]), also called B3-scheme consists of a second order approxima-
tion of the time derivative and a fully implicit treatment of all spatial derivatives,
as follows,
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Usnt = (5.8)

3pUa(n+l) _ 4pUa(n) 4 pUa(n—l) 4

SAL T = ppe ) (5.9)

The time-marching scheme. Each time-step the discretized equations are solved
with the standard nonlinear multigrid method ([8], [35]). Details have been pre-
sented in Chapter 4. The algorithm can do multigrid V-, F- and W- iteration
cycles. Prolongation and restriction operators are described in (4.5) to (4.18). The
smoothing method is the Symmetric Coupled Alternating Lines (SCAL), described
in Section 4.2.2. ‘

In the steady case new values (V1(n+1) y2(n+1) p(n+1)) are found with underre-
laxation (4.36). For the unsteady case the additional diagonal term —Al; acts as
an underrelaxation term, therefore no additional relaxation is needed. SCAL is a
zebra-type smoother: first all odd (white) rows are visited, then all even (black)
rows are visited. As already stated in Chapter 4, with special ordering strategies
acceleration can be obtained on parallel computers.

Each time-step several multigrid iterations are performed until a termination crite-
rion is met. Then, the solution is considered accurate enough and a next time-step
is tackled. The termination criterion used is:

llres||2 < 1 x 1073||rhs$?|| (5.10)

That is, a next time-step (i + 1) is started when the /3-norm of the residual after
n iterations is less than 10~3 times the norm of the initial right-hand side. This
appeared to be a good termination criterion ([115]), while it is scaling invariant and
independent of the initial estimate.

An important aspect of time-marching schemes is that every time-step starts with
a good initial approximation of the solution:

ult = ul?) (5.11)

or:
ug:'+1) = 2u) — 4~V (5.12)

Comparing this coupled time-marching approach using multigrid to an uncoupled
time-marching approach for the unsteady incompressible Navier-Stokes equations
([91]) where a pressure-correction method ([112]) is used and the momentum equa-
tions and pressure equations are solved with GMRES-type methods ([115]) it ap-
peared that the coupled approach was slower than the uncoupled approach on a
Convex 3840 using one processor.

The pressure-correction technique can be incorporated in a parabolic multigrid
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method ([43]) for the unsteady case. However, to the author it is not clear at the
moment how an uncoupled solution technique could be incorporated in a waveform
algorithm.

Finally it is to be noted that this coupled solution technique is robust; arbitrarily
large time-steps can be taken in arbitrary domains. Furthermore, all white rows as
well as all black rows can be done in parallel, each on a single processor. Probably
for many problems a white-black cell-by-cell smoother will be more efficient (well
vectorizable), but certainly less robust !

5.3 The parabolic / time-parallel multigrid method.

The sequential process of solving equations time-step by time-step with a time-
marching scheme makes algorithms less efficient on parallel machines. In the fol-
lowing multigrid schemes based on a paper by Hackbusch ([34]) the time-axis in a
space-time grid is an axis along which solutions will be updated simultaneously for
a number of time-steps. A convergence criterion must be satisfied for all unknowns
in this grid, so when the criterton is met all solutions on all time-levels considered
will be accurate enough. The implicit Euler scheme can be summarized as

LD () D i)
% +Th(llh )+fh (513)

The time-steps ny, n1 + 1, ... ,ny will be updated simultaneously. Two different
(sequential or parallel) smoothing algorithms are now described. They are of the
following type:

Sequential smoothing algorithm:
begin
for iteration number v = 1 step 1 until vy,e, do :
for time-levels n = n; step 1 until ny do :
for space indices i € I°|J8In do:

1 n
Solve ((—AI—t + Mh)u("+l)'”); — (Nhu(n+1),u-1)i + (Eu(n),u)i + .fE +1)

enddo
end sequential smoothing.
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Parallel smoothing algorithm:

begin

for v = 1 step 1 until vy,,, do:
for n = n,; step 1 until ng do :
fori € I°|JdIn do:

I I
Solve ((—A—t + Mp)u D), = (Nput D=1y, 4 (—A—tu(")’"_l)i +FtY

enddo
end parallel smoothing.

Note that in the latter case all time-steps can be done in parallel.
Indicating the coarse grid by a subscript H, the nonlinear time-parallel two-grid
method is given by:
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Nonlinear time-parallel two-grid algorithm:
begin algorithm

for number of iterations v = 1 step 1 until v, do :
for time-levels n = ny step 1 until n, do :

for spatial indices ¢ € I°|J0In do:

e Apply a pre-smoothing iteration (sequential or parallel)
enddo
for time-levels n = n; step 1 until ny do parallel:
e Compute residual:

r(»+1) — (f("+1)+ (")) (— I

(n+1)
—uf = + T (5.14)

enddo
for time-levels n = n; step 1 until ny do parallel:

e Choose u("+1)

e Apply Restriction as (4.5) R¥ : (") = RHy (") RH . '&(}?) = RHuEI").
o Apply Restriction R¥ as (4.6) to r(”"'l)

enddo
for n = n; step 1 until n; do :

® Solve the coarse grid equation for ugﬂ) .
(5.15)
(n+1) (n)
U — Uy (n+1) __ p(n+1)
Al +Tauy ' "= fy
I n
= sy RE(r(+D) 4 ( ~ + Tw)ig a{r Y At&},,> (5.16)
enddo
for time-levels n = ny step 1 until ny do parallel:
¢ Prolongation:
n n 1 n ~ (1
up ™ = w4 — Pt At (5.17)

enddo
for time-levels n = n; step 1 until n, do :

for number of iterations ¥ = 1 step 1 until v,,4, do :

for spatial indices i € I°|J0Iy do:

e Apply a post-smoothing iteration (sequential or parallel)
enddo
end nonlinear time-parallel two-grid algorithm.
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Again the coarse grid equation can be solved in a similar way, i.e. by introducing
a third coarser grid and by executing a number of two-grid cycles, etcetera. The
introduction of a sequence of grids leads to the time-parallel multigrid algorithm,
also called parabolic multigrid algorithm with different iteration cycles. Here again
V-, F- and W-cycles are implemented. Note that different stages in the multigrid
algorithm can be performed in parallel in time direction. The restriction and pro-
longation operators are only spatial operators. In [34] it is stated that coarsening
in time does not lead to an efficient algorithm. Errors which are smooth in spatial
direction, but nonsmooth in time are then not improved by smoothing, because
the defects are smooth in space. Furthermore, the coarse grid correction does not
provide a good correction because of the coarser time-step. Therefore we do not
apply grid coarsening in time.

In [4] results are obtained efficiently with a parabolic multigrid method on a trans-
puter system. A sequential smoother of Gauss-Seidel type is compared to a parallel
smoother of Jacobi type for a parabolic differential equation. It was found that a
good speed-up was obtained for the sequential smoother for many processors in a
model problem, while the good speed-up with the parallel smoothing method was
limited to a small number of processors.

In [12] and [42] a time-parallel version of the SIMPLE algorithm ([71]) is used to
solve the incompressible Navier-Stokes equations on a transputer system. Good
efficiency is obtained for an unsteady driven cavity problem. In [60] a vorticity-
velocity formulation is applied to the incompressible Navier-Stokes equations. The
coarse grid equation is set up a little bit differently from [42]. The smoother is a
so-called Group Explicit Iterative method (GEI), and good convergence and CPU
time results for a small number of processors (varying from 1 to 4) are presented
for the steady driven cavity problem solved with unsteady equations.

In this chapter the incompressible Navier-Stokes equations in general coordinates
will be smoothed in the time-parallel multigrid method with the sequential SCAL
smoother as smoothing method on all time-levels. The implementation of a robust
and efficient parallel smoothing variant in time is not trivial and under investiga-
tion.

In general coordinate systems there is a wide choice in time-dependent test prob-
lems. The computer code is restricted at present to time-dependent Dirichlet prob-
lems. In these time-parallel methods (5.11) or (5.12) can not be used to obtain a
starting solution. A good initial approximation on each time-level will be produced
with ”nested iteration”. Implemented are nested iteration V- and F-cycles.

5.4 The multigrid waveform relaxation method.

A smoothing algorithm is the most time consuming part of a multigrid method, and
it will be interesting to execute this part efficiently on a parallel machine. With a
waveform relaxation method communication costs are probably lower than for the
other relaxation schemes. Waveform relaxation methods update an unknown in a
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grid-point along a time interval consisting of a number of time-steps. If an unknown
in space is assigned to a processor, then during the smoothing of that unknown in
time there is no need for a lot of communication with other processors, which can
be costly. Originally, waveform methods were developed as relaxation schemes in
simulation techniques of electrical network problems ([120]). Waveform relaxation
methods are found to have qualitatively the same convergence behaviour as basic
iterative methods. High frequency errors are smoothed quickly, while low frequency
errors are damped slowly. Therefore waveform relaxation methods are also suited
for a multigrid acceleration. The nonlinear multigrid waveform algorithm differs
from the nonlinear time-parallel method, presented in the previous section, only in
the smoothing algorithm. Again the restriction and prolongation operators, which
are spatial operators (no coarsening is applied to time-steps), can be done in paral-
lel. In [105] the multigrid waveform algorithm is found to perform very well on sev-
eral nonlinear initial boundary value and time-periodic parabolic partial differential
equations on a parallel machine. The smoother used is a white/black Gauss-Seidel
waveform smoother. A comparison between the standard time-marching scheme
and the multigrid waveform method even on a single processor shows a competitive
performance for the multigrid waveform method in many cases considered ([106]).
A multigrid waveform relaxation method to solve the incompressible Navier-Stokes
equations has not been found in literature yet. Here it is presented with the SCAL
waveform relaxation method as smoother: A
First all horizontal ”white” rows are updated (which can be done in parallel on a
parallel machine) on all time-levels ¢,,,,...,tn,. Then, all horizontal ”black” rows are
updated on all time-levels. After a waveform sweep along horizontal rows a sweep
along vertical rows will be applied.
Since many time-levels are involved the horizontal and vertical rows (in space) are
in fact vertical time-blocks.
For an implicit Euler scheme the waveform smoother looks like:
Waveform smoothing algorithm:

begin

for number of iterations v = 1 step 1 until v,p,4, do :

for spatial indices ¢ € I°|J3In do:

for time-indices n = n; step 1 until n, do :

I n
Solve ((é + Mh) u("“”l)"’)i - (Nhu("+1)’”_1),~ + (_A_tu(n),u)i + fz'( +1)

enddo

end waveform smoothing.
A disadvantage of the waveform method chosen is that extra storage of operators
and unknowns is required. A remedy to avoid too much storage is to use small
values of ny — n;. Waveform relaxation methods are dynamic iteration methods;
multigrid can be applied before the time discretization. This means that in the
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resulting set of equations corresponding to a place in the spatial grid each equa-
tion can be discretized in time independently. Local time-step sizes can be chosen
depending on the smoothness of the solution in the spatial grid node. So it is pos-
sible to implement a local adaptive time stepping strategy in multigrid waveform
relaxation methods. However, data structure problems and implementation prob-
lems for operators that handle the data structures can be foreseen. In parabolic
multigrid methods it is possible to apply global adaptive time stepping. For every
space unknown the same (adaptive) time step can be applied. A drawback com-
pared to sequential adaptive time stepping is that when a time step is rejected a
whole interval n; — n4 of time levels has to be restarted. A lot of work is then lost.
Adaptive time stepping is not done here.

5.5 Results.

An analytic test problem. In order to investigate the accuracy of time integration
schemes it is useful to construct a test problem for which the analytical solution
u(t) = (u!,u?, p) is known. The error Au is defined by:

Au = u(t) — 'ug") (5.18)

The contravariant vector V' found after n time integration steps on a domain with
spatial grid-size A is transformed to the Cartesian vector u%"). Assuming density
p and viscosity pu constant an exact solution of the incompressible Navier-Stokes

equations is defined by:

ul = sin(t)sin(z)sin(y)
u? = sin(t)cos(z)cos(y)
p = sin(t)(sin(z) + cos(y)) (5-19)

Substitution of (5.19) in (5.2) defines the right-hand side f* of (5.2). Furthermore,
u! and u? from (5.19) are defined as Dirichlet boundary conditions. We choose
p =1, p = 0.02. Streamlines and isobars of the solution are presented in Figure 5.1.
A square domain (0, 7) x (0, 7) is discretized with 80 x 80 cells. The correspondlng
Reynolds number based on the maximum velocity is 507. The {z-norm of the ul-
error component is defined by:

m

1At = | = Yt - )2 (5.20)

=1

where m represents the number of unknowns. A similar expression is found for

llau?]].
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Figure 5.1: Streamlines and isobars of the solution of the analytical test
example.

[|Apl|] is defined by:

(n)

IR < YR oV NPT o P
Iapll =y 5 24 = 200~ (vl el (5:21)

The determination of the error in the pressure (taking the difference between the
solution and the mean value of the pressure) avoids extra errors coming from the
fact that the pressure is determined up to a constant.

In Table 5.1 the error in the time discretization found with the time-marching
scheme (very similar results are found with the other multigrid schemes, of course) is
presented for three schemes, the first order accurate implicit Euler scheme, the sec-
ond order accurate Crank-Nicolson scheme and the second order accurate BDF(2)
scheme. BDF(2) is started with an implicit Euler step. Time discretization is per-
formed from t5 = 0 to t.nq = 1.5 with respectively 5, 10, 20 and 40 time-steps
(dt = 0.3,...,0.0375). From Table 5.1 we can observe that, before the spatial dis-
cretization error is reached (here for n = 40) the different schemes are indeed first
and second order accurate in time (for example, the error is a factor 4 smaller for
n = 10 compared to n = 5 for BDF(2) and 6 = 3). Because BDF(2) shows results
similar to the Crank-Nicolson scheme, and because BDF(2) is an L-stable scheme,
while the Crank-Nicolson scheme is A-stable but not L-stable ([37]) we will continue
with the first order Euler scheme and the second order BDF(2)-scheme. (BDF(2)
requires extra storage of one solution from a previous time-level, but that is not a
problem here, because the parabolic and waveform relaxation multigrid iteration
schemes also need these solutions to be stored.) The average number of iterations
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per time-step to reach the desired accuracy specified by (5.10) on the 80 x 80-grid
for the BDF(2) scheme is presented in Table 5.2. The sequential computational
complexity of the marching, parabolic and waveform schemes is about the same.
For the time-marching scheme we compared the V(0,1)-cycle (meaning V-cycle with
0 pre- and 1 post-smoothing iteration) with V(0,2), F(0,1) and F(0,2). V(0,1) ap-
peared to be the fastest cycle for these unsteady problems, followed by V(0,2). The
F-cycles are much more expensive and therefore not taken into account here for the
other multigrid schemes. For the parabolic and waveform multigrid algorithms we
compared V(0,1) and V(0,2) with FV(0,1) and FV(0,2) (meaning a V-cycle scheme,
with an F-cycle nested iteration). Again for this test problem the CPU time for
the V(0,1)-cycle was smallest, followed by FV(0,1) and V(0,2). From Table 5.2 we
also observe a reduction, due to the good starting solution on each time-level in the
number of iterations for the time-marching scheme when the number of time-levels
equals 20.

Clearly the smoothing algorithm, though robust, is fairly expensive on a vector
computer. An iteration of the time-marching scheme was indeed as expensive as
an iteration of the other schemes. It is satisfying to observe that a more or less
equal number of iterations is needed to satisfy the termination criterion for the
parabolic multigrid scheme and the multigrid waveform relaxation scheme. Also
approximations of the convergence factor are investigated:

TCSS:-)

est?)

n—2

v = |'/? for large n (5.22)

For i always the last time-level is chosen. There the approximate convergence fac-
tor was generally not smaller than for earlier time-steps. In many cases 1/,(:) is
found to be approximately constant (for n 22 20), in which case we have found the
asymptotic convergence factor. The size of the grid is chosen to be 16 x 16, 32 x 32
and 64 x 64, the number of time-levels is 40. Table 5.3 presents the approximate
convergence factors for the V(0,1)-cycle. Again the multigrid waveform relaxation
method shows a convergence factor for a large number of time-steps (40 is this case)
almost as good as the other two methods.
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Table 5.1: The /;-norm of the errors for the test problem on a 80 x 80-grid,

with (n) the number of time-steps between tg = 0 and t.,g = 1.5.

(n) || Au Schemes
7=1 5=1 BDF(2)
Au |l 1337x10~% [| .1099 x10~3 || .2940 x10~
5 Av || .7069x1073 || 6332 x10~* || .1604 x10~3
Ap || -8332x10~! || .1169 x10~! || .7574 x10~2
Au || 6777x1072 || 2268 x10~% || .7048 x10~
10 || Av || .3562x1073 || .1365 x10~* || .3919 x10~*
Ap || 4213x10-1! || 2398 x10-2 || .1666 x10~2
Au || .3354x107° || .6075 x10~> [ .1772 x10~
20 || Av || .1815x1073 || .4457 x1075 || .1065 x10~*
Ap || 2238x107! || 6207 x10~2 || .4989 x10~3
Au || .1719x107° || .3035 x10~> |[ 5520 x 10~
40 || Av || .9018x107* || .2859 x10~> || .4106 x10~5
Ap || .1067x1071 || .3752 x10~3 || .2907 x10~3
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Table 5.2: The average number of iterations per time-step to satisfy the
termination criterion for different multigrid schemes (- = not considered).

(n) cycle BDF(2)
Marching |[ Parabolic || Waveform

Vv(0,1) 5 5 5.5

V(0,2) 4 4 4

5 F(0,1) 4.5 - -

F(0,2) 4 - .

FV(0,1) - 4 4
FVv(0,2) - 2 2.5
v(0,1) 5 5 5.5

V(0,2) 4 4 4

10 F(0,1) 4 - -

F(0,2) 3.5 - -

FV(0,1) - 4 4
FV(0,2) - 2 2.5
V(0,1) 4 5 5.5
V(0,2) 3 3 3.5

20 F(0,1) 3 - -

F(0,2) 2.5 - -
FV(0,1) - 4 4.5
FV(0,2) - 2 2.5

Table 5.3: Approximations of the convergence factor V%O) for V(0,1) for the
analytical test problem on three grids.

Grid Marching || Parabolic | Waveform
16 x 16 0.165 0.169 0.198
32 x 32 0.177 0.193 0.215
64 x 64 0.177 0.195 0.235
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An unsteady skewed driven cavity. Another test example used here is the unsteady
flow in a driven cavity, which has the shape of a parallelogram, with skewness angle
45°. Investigations and reference results for the cavity studied here are described
for the steady case in [23] and in Section 3.4. First we show some possibilities of
our approach. An unsteady cavity flow at Reynolds number 1000 is presented on a
64 x 64-grid. The top wall moves with a speed depending on the time as follows:

t <100: ul =1
100<t<200: u!=—cos(—-
100
t>200: ul =—1 (5.23)

Figure 5.2 shows streamlines of flowpatterns at certain times from one steady state
to an other obtained with the BDF(2)-scheme. It is clear that most variation takes
place from ¢t = 150 to ¢t = 160, when the flow direction is reversed. We therefore
chose variable time-steps: dt(!) = 100, dt() = 10 fori = 2,..,6 (to t = 150);
dt® = 1for i =7,...16 (to t = 160) and dt) = 10 for i > 16.

The test problem investigated numerically is described in [43]. There, for a square
cavity the topwall moves with velocity u' = sin(t). Here, the topwall of the skewed
cavity moves with velocity u = sin(t) from €9 = 0 to tng = 1.5 (= #/2). The num-
ber of time-steps (¢) is 10, 20 and 40. For this example the behaviour of an F-cycle
for a higher Reynolds number is investigated: Re = 1000. We obtained the average
number of iterations to satisfy termination criterion (5.10) and the convergence
factors from (5.22) with n = 20 for an F(0,1)-cycle with starting solution (5.11) for
the time-marching scheme, and for the other schemes for an FF(0,1)-cycle. Again
for the parabolic and waveform relaxation multigrid schemes the sequential SCAL
smoother is used. These results are presented in Table 5.4. Similar results are

Table 5.4: Average number of iterations per time-step to satisfy the termi-

nation criterion and approximations of the convergence factor l/g)) for the
skewed driven cavity problem on a 64 X 64- grid.

(?) Marching Parabolic Waveform
it || o8 i | S [ i | LD

10 3.0 || 0317 || 3.5 || 0.345 ) 3.7 | 0.363
20 23 | 0295 | 3.0 | 0.324 || 3.8 | 0.357
40 2.0 [ 0268 || 3.1 | 0300 3.5 | 0.356

found for the implicit Euler scheme. Again the results from Table 5.4 are satis-
factory. The reduction factors for the parabolic and waveform relaxation schemes
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do not depend on the number of time-steps, neither does the number of iterations
to satisfy (5.10). The number of iterations needed to satisfy (5.10) in Table 5.4 is
lower than in Table 5.2, while the convergence factors are higher in Table 5.3. This
is due to the fact that with the FF(0,1)-cycle very good first reduction factors are
obtained.

5.6 Conclusions.

Three multigrid methods for the time-dependent incompressible Navier-Stokes equa-
tions equations in general coordinates have been compared for several test problems,
namely a time-marching scheme, a parabolic multigrid method and a multigrid
waveform relaxation method. For all methods an essential part of the algorithm,
the smoother, was based on the same method. Contrary to solution methods for
the steady incompressible Navier-Stokes equations, no additional underrelaxation
is required to solve the unsteady equations. The smoother is a robust method,
though fairly expensive (on a vector computer). Three time discretization schemes
have been compared, the implicit Euler scheme, the Crank-Nicolson scheme and the
BDF(2) scheme. The latter scheme showed second order accuracy, while it satisfies
better stability conditions than the Crank-Nicolson scheme.

Furthermore, the storage requirement of the time-marching scheme is lowest, for
the multigrid waveform relaxation method it is highest. Approximate convergence
factors and the average number of iterations per time-step to satisfy a termination
criterion are compared. Satisfactory results were obtained for all three methods.
Their sequential computational complexity was about the same, but they differ
markedly in their parallelization potential. It will be interesting to study the be-
haviour of the methods and of a time-parallel variant of the SCAL smoother on a
parallel machine.
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)] ®

&)

Figure 5.2: Flow patterns of the unsteady skewed driven cavity test problem
at time-levels: 1) ¢ = 100, 2) t = 130, 3) t = 152, 4) t = 153, 5) t = 154, 6)
t =155, 7)t = 156, 8) t = 157 and 9) ¢ = 200.
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6 Concluding remarks, suggestions for future re-
search.

Several aspects of this thesis will be reconsidered here and suggestions for future
research will be given.

The discretization. A two-dimensional spatial discretization in general coordinates
of the incompressible Navier-Stokes equations has been presented. The discretiza-
tion is coordinate invariant. The equations are discretized on a staggered grid.
The discretization is restricted at the moment to more or less smooth grids. Grids
with kinks in the grid lines may cause troubles, due to the occurrence of Christoffel
symbols.

As already mentioned, research is being done ([116]) to avoid interpolations of ge-
ometric quantities over cell faces by using appropriate one-sided approximations
at places where a geometric quantity is discontinuous. The results could be very
interesting.

The convection tensor is discretized with a hybrid difference technique. Benchmark
solutions show that our method gives a reliable discretization and produces accu-
rate solutions for the two-dimensional incompressible Navier-Stokes equations on
sufficiently fine grids. The implementation of a defect correction technique resulting
in a second order spatial discretization could also be very interesting. The aspects
of the cost of this technique and the accuracy on coarser (for example 64 x 64)
grids, instead of the very fine grids used in this thesis, is worth further research.

Test problems. A number of test problems with stretching, non-orthogonality and
curvature of grid cells have been proposed and computed. Some problems are hard
to solve in a single block approach. The results have been written down, so that
methods based on multiblock approaches can use and compare the flow results.
For the hole-pressure problem, for example, it is difficult to obtain finer satisfac-
tory grids; the generation of structured grids in such a complex domain is very
difficult. With a multidomain approach Cartesian grids can be used when the do-
main is split up in two domains. Then, with finer grids the results from [53] could be
approximated even better. The problems are also interesting as three-dimensional
problems.

The multigrid method. Three smoothers in a standard nonlinear multigrid solu-
tion algorithm have been investigated for robustness and efficiency for the two-
dimensional discretized steady incompressible Navier-Stokes equations in general
coordinates. The coupled line smoother SCAL performs best and is robust. Smooth-
ing methods based on line solvers lead to the solution of band matrices. They need
to be solved with high accuracy, because the continuity equation is involved and
mass cannot be lost. Direct solution methods are fairly expensive. CPU times could
be improved when vectorization strategies or parallel statements would be included
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in the code. This means that the solution algorithm for the band matrix must
be rewritten in order to solve each ”black” or ”white” line in the zebra smoother
simultaneously.

It would be interesting to investigate the need for the thirteen element band in
SCAL for discretizations in curvilinear coordinates. In Cartesian coordinates the
band contains nine elements and the solution process is then cheaper. Implicit
treatment of a nine element band is probably sufficient for discretizations in curvi-
linear coordinates, (handling the remaining co-diagonals in explicit manner) and
could also result in satisfactory reduction factors.

Benefit can also be obtained when the structure of the band is taken into account.
For example, a matrix row coming from the continuity equation contains at most
four non-zero entries, instead of the maximum of thirteen elements for one of the
momentum equations and nine for the other.

For the unsteady incompressible Navier-Stokes equations we investigated the multi-
grid waveform relaxation method on a vector machine using one processor. This
method is of benefit on parallel machines. In order to judge the multigrid waveform
relaxation method research on complicated systems of partial differential equations,
like the incompressible Navier-Stokes equations, is needed on parallel machines.

Three-dimensional problems. A continuation to three-dimensional problems would
lead to plane smoothers instead of line smoothers. Plane smoothers are expensive.
The resulting matrix system for a plane would be a sparse band. A direct solver
for this system is very expensive; iterative solvers are needed. Again efficiency can
be enhanced with parallel and vector processing, because several planes can be up-
dated simultaneously.

Other multigrid methods. A cheap and robust solver for steady incompressible
Navier-Stokes equations based on a standard multigrid method is difficult to obtain.
Therefore research on non-standard multigrid methods based on semi-coarsening,
in which the coarse grid correction is made more robust while the methods still have
O(m) complexity for problems with m unknowns (for example [59]) is really impor-
tant and should get attention. With robust coarse grid corrections the smoother
can probably be less robust and therefore more efficient and parallelizable. If in-
stead of line solvers point solvers can be used, while robustness is not impaired,
then this would be a very interesting development for multigrid methods.

We restricted ourselves to the investigation of coupled smoothers. In this class
the investigation on robustness for a white/black cell-by-cell (well vectorizable)
smoother in a semi-coarsened multigrid method is interesting. Of course, uncou-
pled smoothers are also interesting to investigate in these semi-coarsened methods.
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A An example of an unstable discretization.

We give an example where method 3 of Chapter 2 leads to an unstable discretization.
Choose w( ) =1 w(l) = 0. Choose as transformation

{1 — 232
€2 = —g! (A.1)
With (2.11) for W is found:
w =0, wi=-1 (A.2)

Hence from (2.90) follows for a V!-control volume,
/ wihTS dv = ]( wiDT8 45, (A.3)
v s
The right-hand side of (A.3) leads to:
§ WIS, = (=T 0 b T2 JOE+HT 210,47 01} 86" (A4)
s
with in the case of the Stokes equations (introduced in Chapter 3) and (A.1):
= p(U7 +U}); T% = —p + 2pU5
With linear interpolations we find (in triad notation, see Figure 3.2):
I
T(211,0) & §{§(Ui2+1,j + Ui2+1,j+1) ( -1+ Ul G0t
1 1
2(U11+1+U+1]+1) (ij 1+U+1] 1)} (A5)
and
22 1
Ty ~ __(pi,j + pij1 +Pim1j41 + Pi-1,5) +
l‘!{ ( i,5+2 + Uzz 1]+2) (U2 + U2 1]+2)} (A6)

T(Q_ll’o) and T(ZDQ'_I) are treated in the same way. The molecule for this momentum
equation is shown in Figure A.1. Row j does not contain I/!-variables. Therefore a
non-constant U!-field: U51—1/2,j = (—1)/ produces a zero residual for this equation,
which is to be interpreted as the U!-momentum equation. Zebra-type oscillations
are to be expected in the numerical solution. Therefore this discretization may be
called unstable (in a loose sense).
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Figure A.1: The molecule for an unstable discretization.
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B A discretization based on method 4 of Chapter
2.

This appendix is also presented in [113].

Here the formulae for all spatial terms are derived separately following method 4
of Chapter 2 (i.e. equation (2.98)) and we will arrive at a discretization directly in
the physical domain, derived in [88] from a different formulation, namely applying
the conservation laws in physical space using Gibbs’ vector notation. First we in-
troduce the following notation: :

[ o 17 = afid o) (B.1)

where one of the two base vectors is determined at a fixed grid point (7, §), and the

location where the second base vector is evaluated remains a function of position.
Substitution of (B.1) into (2.98) leads to

17 ~ 7 i,jalyi+1 2,7 i,jpa i
/ﬂ WITE da= (g [ ) 1T 15066 + (Vo [ ] 19T +26¢1 (B.2)

The convection term. Hence, the convection term for a V!-cell is approximated by

o p 1 n 1 n k]
| wuev?) s an ~ L () POV L POV A0, s

1 1
T5 (L POV 41 PovevEe oD sel (B.3)

where we have linearized, using superscript (n) to indicate a known approximation
of unknown V. The shape of the molecule is exactly the same as the one found
in Chapter 3 (Figure 3.7b). The convection term for a V2-cell is approximated in
similar fashion by

2

[w@euevtysae  ~ L2 poyivior g 2 poyiyae 10 e
A ,

P
VI
p 2 2 0,1
_\/_g_ ([ . ]0,0 Vl(n)Vz +[ 5 ]0,0 y2y2n) )|Eo,_)1)6fl(B-4)
This discretization is equivalent to the discretization of the convection term pre-

sented in [88] in Gibbs’ vector notation.

The pressure term. Using (2.98) for a V1-cell, the pressure term is approximated
by
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1 1
Vap(l g 100"+ 1700l

Q

/ W{(g°Fp) pdQ
[1]

1 1
Vap(l | 101 415 120G 68 (BS)

+

and for a VZ2-cell:

/ W (g% p),5 d2
Q

Q

([ | ]00 11 +[ 5 ]00 12)\/-_17'21 (13)0)662
2
b (L2022 190 pIS 0 (B6)
Since

& . ]
(7 g = o) Z“ jaal) = a Z §8al0 = Z“( s (BT)

it is natural to introduce the symbol [0 7]*/ defined by:
. 0 ;i
B =[  19g*7 = ag) ;a5 (B.8)
B
Using this symbol (B.5) and (B.6) can be written as:
/ﬂ WD(gp) 5 d = ([1 1107 p)I{10,0€% + ([T 2A°°V3 p)l(p2y 66" (B.9)
and
WD (g% p) 5 dQ & (2 11%°v/g p)| 00662 + (2 21°°Va p)ligD;y0€% (B.10
| Wa (9°°p),p d = ([2 1"°Vg p)|¢210y06" + (2 21" VI P)l (o 21y06° (B.10)

Again the shape of the molecules does not differ from the discretization based on
method 2 of Chapter 2 and the formulae are similar to the ones in [88].

The viscous stress term. The most difficult part is the discretization of the viscous
stress term. For the derivation of this variant an approach slightly different from
the derivation of the stress discretization used throughout this thesis is followed.
From (2.94) and (3.8) is found:

]
/ﬂ wrsfan = ﬁ WroPsS m [ | 1ulg™ UG + gPUS)6SE) +

0 o (¢4
[, 1%0u(g°7US + g7 US)8S,” (B.11)
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with 655" defined as (2.69).

In order to get rid of the contravariant derivatives with their Christoffel symbols we
approximate a combination of derivatives in a particular point by the mean value of
this combination over a volume surrounding this point. This approach is adopted
in [88], and is described in [76]. The new control volume may be regarded as a
shifted control volume compared to the original control volume. In Figure B.1 such
a shifted control volume for a point (1,0) with respect to a V1-cell is indicated. The

4

memeccmckrecnaaad

3

F“““‘jr‘“‘“"‘**
i

b o]
R

Lecacosoncnnnnaaad

Figure B.1: Control volume for a V!-cell and shifted control volume for
point (1,0).

local numbering system from Figure 3.3 is used here. Let us confine ourselves to
the evaluation of the term in (B.11) corresponding to the point (1,0). Taking the
mean value over a shifted control volume and using (B.1) gives

0 (o3 o
[ 12°u(g U8 + 9P U655 1,0y &

8 _1___ a 3 1 *

N
4 __l_ (24 o 1 *

a§ 3’0“1’°|Q*, /f;‘(afa)g Tyh +a§a)g"ﬂU )17\/51’06}5 )dQ*  (B.12)

using in the last step: a(s)y =0, (2.44) and (2.69).
With Q" the shifted control volume and thus || = /g, ,6¢'€? we find

0 o
[ 7m0 + gPUS)65E 1,0y ~

(¢) _H1,0 € B 1 Bpey s o
“50,0661662 /n‘(a(a)g U + a9 U ),7‘5)@ dQ (B.13)

The choice for 65;,") as (2.69) leads to a treatment of (B.13) similar to (2.93), (2.94),

and means that the normal vector 65;”) is chosen constant over the shifted control
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volume Q*. Using (B.11) we arrive at

o
[, 1°%u(e* U4 + g U588 |0y~

8 _H10 1. .
% 0071562 }i.(“fa)-"aw P4 afyy U 5 ISE (B1Y)

Equation (B.14) written out completely, using (B.1), (2.27) and (2.61) gives

0 o, ) B0 o) ol
[a 1%%u(g®U?, + g7PU3)6S5  |1,0) sEtse? ¢(0,0) %s(1,0)*

3D lef,) (a§alVP + (el V) a0 (5086 +
¢

afay (@aV? + o aV) afy 6111 867]
(B.15)

This expression can be slightly simplified using (2.22) and the abbreviations intro-
duced in (B.1) and (B.8).

9 o 111,0 8
[ ]o,ou(gavUﬁ +gvﬁU )65}; l(1,0) = seree? g(())o) Es(g 0)

[(a mVﬁ“(p) + aal)va (a))l 08¢ +(a€2 aly VP + af’ )“(a)Va)Hil_lfol]

Fr (I P VP L 1L g OV gee?

£ (0 A0 POVE 4 [1 2L 1PVl iee) (8.16)

The stencil for the V!-molecule is sketched in Figure B.2.

In this stencil the points (-1,3), (-1,-3), (1,3), (1,-3) (with the numbering of Figure
3.3) have been eliminated using the continuity equation. However, the size of the
molecule is 17, where the size of the molecule of the discretization used throughout
this thesis is only 13. This extension of the size is the result of the introduction
of the shifted cell Q*. So the elimination of the contravariant derivatives and
in consequence their corresponding Christoffel symbols, results in a larger stencil
for the velocity components in two dimensions. In three dimensions the size of
the molecules are the same, because then the molecule coming from method 2
of Chapter 2 cannot be reduced with the continuity equation. Furthermore, the
molecules of the variant presented in this Appendix are more complicated, but
the geometric quantities to be computed are more simple, because there are no
second derivatives involved. A major difficulty of this discretization is the fact
that the storage of all new geometric quantities needs a lot of memory, while the
computational work to calculate them each time is very time consuming.
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Figure B.2: Molecule corresponding to stress tensor for a V!-cell (method
4).
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Samenvatting.

Robuuste multirooster methoden voor de stationaire en instationaire
incompressibele Navier-Stokes vergelijkingen in algemene coordinaten.

Met de huidige generatie supercomputers kunnen zeer grote stelsels gediscretiseerde
differentiaal vergelijkingen numeriek opgelost worden. Het is zelfs mogelijk om drie-
dimensionale vergelijkingen door te rekenen.

Voor het oplossen van stromingsleer problemen is de numerieke stromingsleer naast
het uitvoeren van schaal experimenten een belangrijke manier om resultaten te
verkrijgen. De meest algemene partiéle differentiaal vergelijkingen die stromings-
fenomenen beschrijven zijn de Navier-Stokes vergelijkingen, opgesteld in de negen-
tiende eeuw. Deze vergelijkingen beschrijven een stroming met behulp van ba-
siswetten als behoud van massa, behoud van impuls en behoud van energie. In
dit proefschrift worden de Navier-Stokes vergelijkingen voor niet-samendrukbare
Newtonse stromingen beschouwd: de incompressibele Navier-Stokes vergelijkingen.
Voor dit type stromingen zijn de vergelijkingen iets te vereenvoudigen, want de
divergentie van het snelheidsveld is nul. De energie vergelijkingen kunnen dan
ontkoppeld van de massa behoud en impuls vergelijkingen worden opgelost. Teneinde
problemen in willekeurige domeinen op te lossen zijn de stationaire en instationaire
incompressibele Navier-Stokes vergelijkingen in algemene co6rdinaten beschouwd.
Er wordt gewerkt met een coordinaat-invariante tensorformulering van de verge-
lijkingen. De gebruikte tensorformules worden gepresenteerd in hoofdstuk 2.

Een vereiste voor het numeriek oplossen van fysische problemen is naast nauwkeurige
fysische modellering numerieke nauwkeurigheid. De incompressibele Navier-Stokes
vergelijkingen in algemene coordinaten worden gediscretiseerd met een eindige vo-
lume methode. Het verkrijgen van nauwkeurige stromings resultaten uit deze gedis-
cretiseerde vergelijkingen is verre van triviaal. In dit proefschrift worden ver-
schillende eisen, bijvoorbeeld aan de keuze van onbekenden, opgesteld ten einde
nauwkeurige resultaten te verkrijgen. Hoewel stromingen die in de natuur en in de
industrie voorkomen vaak zeer complex zijn, we treffen daar vooral turbulente, niet-
Newtonse, meer-fase stromingen, of stromingen met chemische reacties aan, zijn de
hier behandelde één-fase, laminaire vergelijkingen toch bijzonder interessant. Deze
vergelijkingen representeren een basis, waarop door middel van extra aannames en
extra vergelijjkingen de meer complexe stromingsfenomenen gesuperponeerd kunnen
worden. Het is interessant om het gedrag, de mogelijkheden en de beperkingen van
onderliggende basis vergelijkingen opgesteld in algemene coérdinaten te bestu-
deren. Deze incompressibele Navier-Stokes vergelijkingen worden geintroduceerd,
gediscretiseerd en onderzocht in hoofdstuk 3.

In het tweede gedeelte van het proefschrift wordt onderzoek gedaan naar snelle
robuuste methoden om de resulterende grote stelsels gediscretiseerde vergelijkingen
op te lossen. Gekozen is voor de multirooster methode, omdat met deze methode,
mits de diverse onderdelen goed worden gekozen, goede convergentie factoren on-
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afhankelijk van het aantal roosterpunten verkregen kunnen worden. Verder is het
werk nodig om problemen met m onbekenden op te lossen van de orde m. Mul-
tirooster methoden zijn halverwege de jaren zeventig ([33], [7]) ontdekt als snelle
oplosmethoden voor grote stelsels vergelijkingen. Sindsdien is er veel onderzoek
gedaan naar de methode in allerlei disciplines waar numerieke modellen gebruikt
worden. Numerieke stromingsleer is één van die gebieden. Recente resultaten be-
haald in dit gebied zijn gepresenteerd in [118]. Voor de stationaire (niet-lineaire)
incompressibele Navier-Stokes vergelijkingen wordt gebruik gemaakt van de stan-
daard niet-lineaire multirooster methode ([35], [8]). In hoofstuk 4 van dit proef-
schrift wordt deze methode gepresenteerd en worden drie gladstrijk methoden on-
derzocht op robuustheid door zeer vele test problemen in diverse gebieden door te
rekenen.

In hoofdstuk 5 worden drie multirooster methoden om instationaire vergelijkingen
op te lossen onderzocht. Deze drie methoden hebben ongeveer dezelfde sequentiéle
complexiteit, terwijl de vermoedelijke efficiéntie op parallelle computers wezenlijk
verschillend zal zijn. In dit proefschrift wordt het gedrag op een sequentiéle ma-
chine vergeleken.

Twee interessante aspecten in dit proefschrift zijn: Allereerst het onderzoek aan
de codrdinaat-invariante formulering en de eindige volume discretizatie van de in-
compressibele Navier-Stokes vergelijkingen. Ten tweede, het onderzoek naar een
snelle robuuste multirooster oplosmethode om de resulterende stelsels stationaire
en instationaire vergelijkingen op te lossen.
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