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Normalized Compression Distance of Multiples

Andrew R. Cohen and Paul M.B. Vitanyi

Abstract

Normalized compression distance (NCD) is a parameterdiaéarity measure based on compres-
sion. The NCD between pairs of objects is not sufficient fbapplications. We propose an NCD of finite
multisets (multiples) of objacts that is metric and is betée many applications. Previously, attempts to
obtain such an NCD failed. We use the theoretical notion dirié@orov complexity that for practical
purposes is approximated from above by the length of the cesspd version of the file involved, using
a real-world compression program. We applied the new NCDnfaitiples to retinal progenitor cell
questions that were earlier treated with the pairwise NCBreHve get significantly better results. We
also applied the NCD for multiples to synthetic time seqeedata. The preliminary results are as good
as nearest neighbor Euclidean classifier.

Index Terms— Normalized compression distance, multisets or multipfegttern recognition, data
mining, similarity, Kolmogorov complexity, retinal progior cell classification, synthetic data classifi-

cation

. INTRODUCTION

The classical notion of Kolmogorov complexity [13] is an etfive measure for the information in
an asingle object, and information distance measures the informabetwveen apair of objects [2].
This last notion has spawned research in the theoreticattiin, for example [21], and in the practical
direction through th@ormalizedcompression distance, the similarity metric, which arlsgsormalizing
the information distance in a proper manner and approxilgdtie Kolmogorov complexity through real-
world compressors [16], [4], This normalized compressittasce is a parameter-free, feature-free, and

alignment-free similarity measure that has found many iegpbns in pattern recognition, phylogeny,
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clustering, and classification, for example [1],[[11]1[1E2], [23], [6], [7], [27]. Another application
is to objects that are only represented by name, or objeatsatte abstract like ‘red,” ‘Einstein,’ ‘three.
In this case the similarity metric uses background inforamaprovided by Google or any search engine
that produces aggregate page counts. It discovers the inggasf words and phrases in the sense of
producing a relative semantics [5].

However, in many applications we are interested in sharfxtnration between many objects instead
of just a pair of objects. In customer reviews of gadgets,lagd about public happenings, in newspaper
articles about the same occurrence, we are interested irmtie#¢ comprehensive one or the most
specialized one. Thus, the information distance measwgdéan extended from pairs to finite multisets.
For many applications we require a normalized and compeitabtsion. For instance, classifying an
object into one or another of disjoint classes we aim for tless of which the NCD for multiples
grows the least. We applied the new NCD for multiples to edtiprogenitor cell questions that were
earlier treated with the pairwise NCD. Here we get signifilyabetter results. We also applied the NCD
for multiples to synthetic time sequence data. The prelmjimresults are as good as nearest neighbor

Euclidean classifier.

A. Related Work

In [17] the notion is introduced of the information requirtm go from any object in a multiset of
objects to any other object in the multiset. This is applieégxtracting the essence from, for example,
a finite multiset of internet news items, reviews of elecitotameras, tv's, and so on, in a way that
works better than other methods. L&t denote a finite multiset ofn finite binary strings defined by
(abusing the set notationY = {z1,...,z,}, the constituting elements (not necessarily all different
ordered length-increasing lexicographic. We use muiisetd not sets, since X is a set then all of its
members are different while we are interested in the sinatvere some of the objects are equal. Let
U be the reference universal Turing machine, for conveni¢inegrefix one as in Sectidn Il. We define
the information distancen X by Ey,.(X) = min{|p| : U(x;,p,j) = x; for all z;, z; € X}. It is shown
in [17], Theorem 2, that

EmaX(X) = :EII;%};(K(X"Z')’ (Il)



up to a logarithmic additive term. DefinB,,i,(X) = min,.,cx K(X|z). Theorem 3 in[[17] states that

Emin(X) < Emax(X) < 2112212711 Z Emax(xiamk)a (|2)

up to a logarithmic additive term. The paper[[17] developgsdtated results and applications. The infor-
mation distance ir_|2] between strings andxs is denotedF, .« (21, z2) = max{K (z1|z2), K (x2|x1)}.
Here we use the notatioy,.x(X) = max,..cx K(X|z). The two coincide for|X| = 2 since
K(z,ylz) = K(y|z) up to an additive constant term. In_[24] the following resultere obtained for
multisets. The maximal overlap of information, concernihg remarkable property that the information
needed to go from any membey to any other member;, in a multisetX can be divided in two parts:
a single string of lengthnin; K (X |z;) and a special string of lengtiwax; (K (X|z;) — min; K (X |x;)
possibly depending ofi and some logarithmic additive terms possibly depending,@n Furthermore,
the minimal overlap property. the metricity property, thaversality property, and the not-subadditivity
property. With respect to normalization of the informatidistance of multisets abortive attempts were

given. A review of some of the above (s [18].

[l. PRELIMINARIES
A. Kolmogorov Complexity

The Kolmogorov complexity is the information in a single et [13]. Informally, the Kolmogorov
complexity of a finite binary string is the length of the sksttstring from which the original can be
losslessly reconstructed by an effective general-purgoseputer such as a particular universal Turing
machine. Hence it constitutes a lower bound on how far adssstompression program can compress.
For technical reasons we choose Turing machines with a aepegad-only input tape that is scanned
from left to right without backing up, a separate work tapewdrich the computation takes place, and
a separate output tape. All tapes are divided into squarésaen sem-infinite. Initially the input tape
contains a semi-infinite binary string with one bit per sgustarting at the leftmost square. Upon halting,
the initial segmenp of the input that has been scanned is called the input “progend the contents
of the output tape is called the “output.” By constructidme et of halting programs is prefix free. We
call U the reference universal prefix Turing machine. This leadbeodefinition of “prefix Kolmogorov
complexity” which we shall designate simply as “Kolmogormamplexity.”

Formally, theconditional Kolmogorov complexity( (z|y) is the length of the shortest inputsuch that

the reference universal prefix Turing machitieon inputz with auxiliary informationy outputsz. The
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unconditional Kolmogorov complexiti (z) is defined byK (z|e) wheree is the empty string (of length
0). In these definitions botlh andy can consist of strings into which nonempty finite multiseft$imite
binary strings are encoded.

Theory and applications are given in the textbook [19]. Heeegive some relations that are needed
in the paper. Thénformation aboutz contained iny is defined ad(y : z) = K(x) — K(z|y). A deep,
and very useful, result holding for both plain complexitydaprefix complexity, due to L.A. Levin and

A.N. Kolmogorov [29] calledsymmetry of informatiostates that
K(z,y) = K(z) + K(y|z) = K(y) + K(z[y), (I1.1)

with the equalities holding up to @(log K) additive term. HereK = max{K (x), K(y)}. Hence, up to
an additive logarithmic ternd(z : y) = I(y : ) and we call this thenutual (algorithmic) information

between: andy.

B. Multiset

A multiset is also known abag, list, or multiple A multisetis is a generalization of the notion of
set. The members are allowed to appear more than once. Fopexaf « # y then{z,y} is a set, but
{z,z,y} and{z, x,z,y,y} are multisets. We abuse the common set-membership notatiosing it for
multisets by writingz € {z,z,y} andz ¢ {z,z,y} for z # z,y. Further,{z,z,y} \ {z} = {z,y}. If
X, Y, Z are multisets and(, Z are nonempty and = Y Z, then we writeY C X. For us, a multiset is
finite such ag{xy,...,z,} with m < co and the members are finite binary strings in length-incregsi
lexicographic order. IfX is a multiset, then some or all of its elements may be equals;h € X
means that #; is an element of multiseX.” With {z1,...,zm+1} \ {x} we mean the length-increasing
lexicographic concatenation af; ... z,,+1 with one occurrence of removed.

The finite binary strings, finiteness, and length-incregdaxicographic order allows us to assign a
unique Kolmogorov complexity to a multiset. The conditibpeefix Kolmogorov complexityK (X |z)
of a multisetX given an element is the length of a shortest prograpnfor the reference universal
Turing machine that with input outputs the multiseX. The prefix Kolmogorov complexity< (X)) of
a multisetX is defined byK (X |e). One can also put multisets in the conditional suchkgs|X) or
K(X|Y). We will use the straightforward law& (-| X, z) = K(-|X) and K (X|z) = K(X'|z) up to an
additive constant term, far € X and X’ equals the multiseX with one occurrence of the element

deleted.



C. Information Distance

The information distance in a multis&t (| X| > 2) is given by [.1). To obtain thpairwise information
distancein [2] we take X = {z1,z2} in (LI). The resulting formula is equivalent ®,,.x(z1, z2) =

max{K (xi|x2), K(z2|z1)} up to a logarithmic additive term.

D. Metricity

Let X be the set of length-increasing lexicographic ordereddfimultisets of finite binary strings. A
distance functioni on X is defined byd : X — R* whereR™" is the set of nonnegative real numbers.
DefineZ = XY if Z is a multiset of the elements of the multiséfsandY and the elements of are

ordered length-increasing lexicographic. A distance fiemcd is a metric if

1) Positive definitenessl(X) = 0 if all elements ofX are equal and/(X) > 0 otherwise.

2) Symmetryd(X) is invariant under all permutations of.

3) Triangle inequality d(XY) < d(XZ) +d(ZY).

We recall Theorem 4.1 and Claim 4.2 from [24].

Theorem 2.1:The information distance for multise8,,., is a metric where the (in)equalities hold
up to aO(log K') additive term. HereK is the largest quantity involved in each metric (in)eqyali)
to 3), respectively.

Claim 2.2: Let XY, Z be three multisets of finite binary strings ahtl= K(X) + K(Y) + K(Z).
Then, Epax(XY) < Epax(XZ) + Enax(ZY) up to anO(log K') additive term.

1. NORMALIZED INFORMATION DISTANCE

The quantitative difference in a certain feature betweenynodjects can be considered asaamissible
distance, provided it is upper semicomputable and satiafigsnsity condition for every € {0,1}* (to

exclude distances lik®(X) = 1/2 for every multisetX):

> 2~ PX) < 1. (1.1)

X:xeX & D(X)>0
Thus, for the density condition oP we consider only multisetX” with | X| > 2 and not all elements of
X are equal. Moreover, we consider only distances that ar&ceerputable, that is, they are computable
in some broad sense (they can be computably approximated dfwve). Theorem 5.2 in_[24] shows

that E,.x IS universal in that among all admissible multiset distanirethat it is always least up to



an additive constant. That is, it accounts for the dominaature in which the elements of the given
multiset are alike.

Admissible distances as defined above are absolute, but Wawe to express similarity, then we are
more interested in relative ones. For example, if a multiSedf strings of each about,000,000 bits have
pairwise information distancg 000 bits to each other, then we are inclined to think that thosegs are
relatively similar. But if a multiset” consists of strings of each abou00 bits and each two strings in
it have a pairwise information distance b00 bits, then we think the strings il are very different.
In the first caseFmax(X) ~ 1,000/X| + O(1), and in the second cagé,.x(Y") ~ 1,000|Y| + O(1). In
case|X| =~ |Y| the information distances of the multsets are about the same

Therefore, to express similarity we need to normalize theansal information distanc&,,. to obtain
a universal similarity distance. It should give a simikasitith distance 0 when the objects in a multiset are
maximally similar (that is, they are equal) and distance Emthey are maximally dissimilar. Naturally,
we desire the normalized version of the universal multisitrimation distance metric to be also a metric.

For pairs of objects;, y the normalized version of E.,,,x defined by

Emax(xyy) _ maX{K(ﬂ:,y|:E),K(:E,y|y}
max{K (z), K(y)} max{K (z), K(y)}

e(z,y) = (11.2)

takes values in0,1] up to an additive term ofD(1/K(x,y)). It is a metric up to additive terms
O((log K)/K) with K denotes the maximum of the Kolmogorov complexities invdl#e each of the
metric (in)equalities, respectively. A normalization tiacfor multisets of more than two elements ought
to reduce to that of_(II[2) for multisets restricted to twkements. Consider strings consisting of the
concatenation of finite multisets of finite strings.

Remark 3.1:For example setX = {z},Y = {y,y},Z = {y}, K(z) = n,K(zly) = n,K(y) =
0.9n and by using[(IL1) we have\(z,y) = 1.9n, K(y|x) = 0.9n. The most natural definition is a

generalization of[(IIL.R):
Enax(A)

maxzeA{K(A\ {z})}

But we finde(XY) = K(z|y)/K(z,y) = n/1.9n = 1/2, ande(XZ) = K(z|y)/K(z) = n/n = 1,

e(A) =

e(ZY) = K(yly)/K(y) = 0/0.9n = 0, and the triangle inequality is violated. Intuitively, ifenadd
an element to a multiset of objects then a program to go fropnadaject in the new multiset to any
other object should be at least as long as a program to go fronohject in the old multiset to any

other obkect. This suggests a definition «§fA) that is nondecreasing when we add elementsito



This leads to[(IIL.B). WithB ¢ A with B = A\ {y} we find e(XY) = K(z|y)/K(x) = n/n = 1,
e(XZ)=K(zly)/K(z) =n/n=1ande(ZY) = 0/n = 0. The triangle inequality holds. O
The reasoning in the remark points the way to go: the defmitb e(X) with |X| > 2 should be
monotonic nondecreasing {X | if we wante to be a metric.

Lemma 3.2:Let U, X be multisets and be a distance that satisfies the triangle inequality/ £ X
thend(U) < d(X).

Proof: Let A, B, C' be multisets with4, B C C, andd a distance that satisfies the triangle inequality.
Assume that the lemma is false af(@”) < d(AB). Let D = C'\ A. It follows from the triangle inequality
that

d(AB) < d(AD) + d(DB).

Since AD = C this impliesd(AB) < d(C)+d(DB), and thereforel(C') > d(AB). But this contradicts
the assumption. [ |
Definition 3.3: Let X be a multiset. Define thaormalized information distanc@NID) for multiples

by e(X) =0 for | X| =0,1 and

= max EmaX(X) max{e
0= {maxzex{fc(X\{w})}’m{ <Y>}} (111.3)

For | X| = 2 the value ofe(X) is equivalently given in[{IIL.R),
Thus, [[IL.3) satisfies the property in Lemrhal3.2:Xf Z are multisets andZ C X thene(Z) < e(X).

Therefore we can hope to prove the triangle property[forJ)li
Theorem 3.4:For every multisetX we have0 < e(X) < 1 up to an additive term oO(1/K) where
K = K(X).
Proof: By induction onn = | X|. The theorem is vacuously true far= 0, 1.
Base casen = 2. The definition ofe(X) is (IIL2). The proof of the lemma for this case is In_[16].
Induction n > 2: Assume that the lemma is true for the cages< |X| < n. Let | X| = n. If
e(X) = maxyx{e(Y)} then the lemma holds by the inductive assumption siide< n. So assume

that
max;ex {K(X|r)}

maxzex {K(X \ {z})}’

Since the numerator is at most the denominator up t@@r) additive term and the denominator at most

e(X) =

K (X) the lemma holds for this case. [ |

Remark 3.5:The least value ok(X) is reached if all occurrences of alements ¥f are equal.
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In that case0 < e(X) < O(1)/K(X). The greatest value(X) = 1 + O(1/K (X)) is reached
it maxeex{K(X]2)} = maxex{K(X \ {z}2)} + O(1) = maxsex{K(X \ {z}) + O(1). For
example, this happens if the selected conditional, gayhas no consequence in the sense that
K(X \{y}ly) = K(X \ {y}) + O(1). This happens ifK (z|y) = K(z) for all z € X \ {y}.

Another matter is the consequences of Theokem 3.4. Using) (i the first equality in both the

numerator and the denominator. Then we obtain up to additimstants in the numerator and denominator

max,ecx{K(X|z)} _ K(X) — mingex{K(z)}

maxpex {K (X \ {z})}  K(X) — mingex{K(z[X \ {z})}
- mingex{K(z)} — mingex {K (z[X \ {w})}

=1 i
K(X) — mingex {K (x| X \ {z})}
This expression goes to 1 if both
mingex {K(x)}
K(X) — oo, R — 0.

This happens, for instance, X — {0,1}" andn — oo. Another example i§X| = n, mingex =
0, K(X) > n% andn — oco. One can only havek(X) — oo and mingex{K(z)}/K(X) — 0
if mingex{K(z)} = o(K(X)) and max,ex{K(z)} = Q(K(X)), that is, if X consists of at least
two elements and gap between the minimum Kolmogorov contplexd the maximum Kolmogorov
complexity of the elements grows to infinity whén(X) — co. &

Definition 3.6: Let =, and zy be defined such thak' (U \ {z,}) = max,cy{K (U \ {z})}, and
K(V|zry) = maxzev {K(V]x)}.

Theorem 3.7:For X is a multiset. The functiore(X) is a metric up to an additiv®((log K)/K)
term in the respective metric (in)equalities, whéfeis the largest Kolmogorov complexity involved the
(in)equality.

Proof: The quantity e(X) satisfies positive definiteness and symmetry up to an
O((log K(X))/K(X)) additive term, as follows directly from the definition @fX). It remains
to prove the triangle inequality:

Let X,Y,Z be finite multisets. Theng(XY) < e(XZ) + e(ZY) within an additive term of
O((log K)/K) where K = max{K (X),K(Y),K(Z)}.

The proof proceeds by induction on= | XY'|. The cases = 0,1 are vacuously true.

Base caser = 2. The definition ofe(XY') with XY is a multiset of cardinality 2 i (I[[12). The proof

of the lemma for this case is in [16].



Induction n > 2. Assume that the lemma is true for the cages. |XY| < n. Let |[XY| = n.
If e(XY) = maxzcxy{e(Z)} then the lemma holds by the inductive assumption siifle< n. So

assume that
K(XY|xxy)
K(XY \ {zzy})

e(XY) =

Claim 3.8: Let XY, Z be nonempty multisetd (XY Z|zxyz) < K(XZ|zxz) + K(ZY|zzy) up
to an additiveO(log K') term, whereK = K(X) + K(Y) + K(Z).

Proof: By Theoreni 2.1l we have th#t,, ., is a metric. In particular, the triangle inequality is sktid
by Claim2.2: K (XY |zxy) < K(XZ|xxz)+ K(ZY |xzy) for multisetsX, Y, Z up to an additive term
of O(log K) where K = K(X) + K(Y) 4+ K(Z). Thus with X’ = XZ andY’ = ZY we have
K(X'Y'exy) < K(X'Z|zx:z) + K(ZY'|zzy/) up to the logarithmic additive term. Writing this out
K(XZZY|axzzy) < K(XZZ|wxz2)+K(ZY Z|xzyz) ot K(XY Z|oxyz) = K(XZZY |z xz2v) <
K(XZ|xxz)+ K(ZY |xzy) up to an additive term o0 (log K). [
Now consider the following sequence of inequalities:

K(XYZ|zxyz) < K(XZ|xxz) K(ZY|xzy)
K(XYZ\{t2y2}) = KXY Z\{2ays})  K(XYZ\ {2y:})

K(XZluxz) | K(ZY|ezy)
T K(XZ\{z2}) K (ZY \{z})

(I11.4)

up to aO((log K')/K) additive term. The first inequality is Claim 8.8 (by this inedjty the denominator
is unchanged); the second inequality follows fré XY Z\ {z,,.}) > K(XZ\ {z,.}) and K (XY Z '\
{Z2y-}) > K(ZY \{2.y}) using the principle thak (u,v) > K(u)+ O(1), reducing both denominators
increases the sum of the quotients (by this inequality thearators are unchanged).

Claim 3.9: Let A be a multiset. Ife(A) < 1 then there is aB with A C B such thate(A) < e(B).

Proof: Let e = 1 — ¢(A). Define B = A J{b} such thate(B) > 1 — ¢/2. Namely, with K'(b) > |b|

and the length ob growing, we have by (IILB) that(B) > e(A). In particular, we can choodesuch
thate(B) > e(A4) +¢/2. [ |
Assumee(XY) = 1. Thene(XY Z) = 1 sincee(A) < 1 for every multisetA and by [IIL3) we have
e(B) > e(A) for A C B. Assumee(XY) < 1. By Claim[3.9 we have:(XY) < ¢(XYU) for some
nonempty multiset/. Hence by the definitior (Il[I3) there is a nonempty multigetvith Z C U such



that
K(XY|zxy)
K(XY \{zzy})

K(XYZlzxyz)
K(XYZ\{zy:})

<

Together with [(TI.4) this proves the triangle inequalitp to an additive term 0O ((log K)/K). [ |
By Theorems 314 and 3.7 the distance according to (I11.3) nse#ric with values in0, 1] up to some

ignorable additive terms..

IV. COMPRESSIONDISTANCE FORMULTISETS

We develop the compression-based equivalence of the Kamegcomplexity based theory in the
preceding sections. This is similar {d [4] for the cadg = 2. We assume the notion of the real-world
compressof= used in the sequel is “normal” in the sense[df [4]. Byxz) we mean the length of string
x when compressed b¥. Consider a multiseX as a string consisting of the concatenated strings of its
members ordered length-increasing lexicographic. Thusavewrite G(X).

Let X = {z4,...,z,}. The information distancé,,..(X) can be rewritten as
max{K(X) — K(z1),..., K(X) — K(zm)}, (IV.1)

within logarithmic additive precision, by (Ill1). The teri (X) represents the length of the shortest
program for X. The order of the members of makes only a small difference; block-coding based
compressors are symmetric almost by definition, and exgarisnwith various stream-based compressors
(gzip, PPMZ) show only small deviations from symmetry.

Approximation of Ey,,«(X) by a compressof: is straightforward: it is
EG max(X) = max{G(X) — G(z1),...,G(X) = G(zp)} = G(X) — Héi)I(l{G(x)}. (IV.2)

We need to show it is an admissible distance and a metric.
Lemma 4.1:1f G is a normal compressor, thefy; . (X) is an admissible distance.

Proof: For E¢ max(X) to be an admissible distance it must satisfy the densityirespent [(TI1.1)
and be upper semicomputable. Since the leidgth) is computable it is a fortiori upper semicomputable.
The density requirement (ITl.1) is equivalent to the Kraféquality [14] and states in fact that for every
string x the set ofE max(X) is a prefix-free code for th&’s containingz. According to [IV.2) we have
for any fixedz € X: Egmax(X) > G(X) — G(x) > G(X \ {z}). Hence, 2 FPomax(X) < o=G(X\{z})
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and therefore

S gFenn(0) < 379G\,

XaeX XaeX
A compressorG compresses strings into a uniquely decodable code (it matsfys the unique
decompression property) and therefore the length set otdhepressed strings must satisfy the Kraft
inequality [20]. Then, for a fixed givem the compressed code for the multiséfs\ {x} must satisfy
this inequality. Hence the right-hand side of above dispthinequality is at most 1. [ |

Lemma 4.2:If G is a normal compressor, thely; max (X)) is @ metric with the metric (in)equalities
satisfied up to logarithmic additive precision.

Proof: Let X,Y,Z be multisets with at mostn members of length at most. The positive
definiteness and the symmetry property hold clearly up taOdlvg G(X))) additive term. Only the
triangular inequality is nonobvious. For every compresSowe haveG(XY) < G(X) + G(Y) up
to an additiveO(log(G(X) + G(Y))) term, otherwise we obtain a better compression by dividimgy t
string to be compressed. (This also follows from the diatiiity property of normal compressors.) By
the monotonicity property7(X) < G(XZ) andG(Y) < G(Y Z) up to anO(log(G(X) + G(Y))) or
O(log(G(Y) + G(Z))) additive term, respectively. Thereforé(XY) < G(XZ) + G(ZY') up to an
O(log(G(X) + G(Y) + G(Z))) additive term. [

V. NORMALIZED COMPRESSIONDISTANCE FORMULTISETS

Let X be a multiset. The normalized version«fX') using the compressa@r based approximation of
the normalized information distance for multisdts (ll].8 called thenormalized compression distance
(NCD) for multisetsmultiplesNCD(X) = 0 for | X| =0, 1; if |X]| > 2 then
G(X) — mingex{G(z)}

max,cx{G(X \ {z}}

Here X \ {z} denotes the string consisting of the length-increasingcéexaphic elements ok with

NCD(X) = max{ ,}I}lCa%{NC'D(Y)}} . (V.1)

one occurrence of the substringremoved.

This NCD is the main concept of this work. It is the real-world versiohthe ideal notion of
normalized information distance NID for multiples in_(8).

Remark 5.1:In practice, the NCD is a non-negative numbex r < 1+ e representing how different
the two files are. Smaller numbers represent more similas. fildie ¢ in the upper bound is due to

imperfections in our compression techniques, but for mastdard compression algorithms one is unlikely
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to see are above 0.1 (in our experiments gzip and bzip2 achieved NCb&va 1, but PPMZ always
had NCD at most 1). &

Theorem 5.2:If the compressor is normal, then the NCD for multiples is anmadized admissible
distance and satisfies the metric (in)equalities up to awrafle additive term, that is, a similarity
metric.

Proof: The NCD [V.1) is a normalized admissible distance by Lerinih K.is normalized td0, 1]
up to an additive term o (1/G) with G = G(X) as we can see from the formula_(V.1) and Theorem 3.4
with G substituted forK throughout. We next show it is a metric.

A normal compressor is idempotent in the sense fiatD(X) = 0 if X consists of equal members.
The idempotency property of a normal compressor is up to ditieel term of O(log G(X)). Hence the
positive definiteness of/(X) is satisfied up to an additive term 6¥((log G(X))/G(X)). The order
of the members ofX is assumed to be length-increasing lexicographic. Thezeitois symmetric up
to an additive term oD ((log G(X))/G(X)). It remains to show the triangle inequalilyCD(XY") <
NCD(XZ)+ NCD(ZY) up to an additive term oD ((log G)/G) whereG = G(X)+ G(Y) + G(Z).
We do this by induction om = | XY| where X, Y are multisets. For. = 0, 1 the triangle property is
vacuously satisfied.

Base casen = 2. That is, | XY| = 2. This is proved in[[4].

Inductionn > 2. Assume the triangle property is satisfied b | XY| < n. Then we prove it for
| XY| =n. If NCD(XY) = NCD(Z) for someZ C XY then2 < |Z| < n and the case follows
from the inductive argument. Therefo®,C'D(XY) is the first term in the outer maximization ¢f (V.1).
Write G(XY |zxy) = G(XY) — mingexy{G(z)} and G(XY \ {z;,}) = max,exy {G(XY) \ {z}}
and similar forXZ,Y Z, XY Z. Following the proof of the induction case of the trianglednality in
the proof of Theorerh 317, using Lemrnal4.2 for the metricityFof ,,.x Wherever Theorerm 2.1 is used
to assert the metricity of,,,.x, and substitut&z for K in the remainder. This completes the proof. That

is, for every multisetZ we have
NCD(XY)< NCD(XZ)+ NCD(ZY),

up to an additive term oD ((log G)/G). [ |
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VI. COMPUTING THENORMALIZED COMPRESSIONDISTANCE FORMULTSETS

In practice it seems that one can do no better than follow #fmition inductively. Assume we want
to computeNCD(X) and|X| > 2.

Base StepComputeM; = maxy cy, |y|—2{NCD(Y)}, as in [4].

Induction: 2 < m < n. Let M,,, = maxz{e(Z) : Z C X, 2 < |Z| <m}). ThenwithZ CY C X
and|Y|=m+1:

NCD(Y) — ma { G(Y) — min,er {G()} Mm} |

maxgey {G(Y \ {z})}
We ignore logarithmic additive terms. With'| = n we haveY = X and henceNCD(Y) = NCD(X).
However, this process involves evaluating tN€'D’s of the almost the entire powerset af.

Natural Data and Kolmogorov Complexity'he Kolmogorov complexity of a file is a lower bound
on the length of the ultimate compressed version of that lildooth cases above we approximate the
Kolmogorov complexities involved by a real-world compmssSince the Kolmogorov complexity is
incomputable, in the approximation we never know how closeare to it. However, we assume that the
natural data we are dealing with contain no complicated emattical constructs like = 3.1415... or
Universal Turing machines. In fact, we assume that the ahtiata we are dealing with contains only
effective regularities that a good compressor finds. Undiesé assumptions the Kolmogorov complexity

of the object is not much smaller than the length of the cosgmé version of the object.

VIl. APPLICATIONS

We detail preliminary results using the new NCD for multipl@he NCD for pairs as originally defined
[4] has been applied in a wide range of application domam{9]l a close relative was compared to every
time series distance measure published in the decade dierge#904 from all of the major data analysis
conferencea and found to outperform all other distancetedsdm the Euclidean distance with which it
was competitive. The NCD for pairs has also been applieddlobical applications to analyze the results
of segmentation and tracking of proliferating cells andamejles [[6], [7], [26]. Here, we compare the
performance of the proposed NCD for multiples to that of aviprgs application of the NCD for pairs
for predicting retinal progenitor cell (RPC) fate outconfemn the segmentation and tracking results

from live cell imaging. We also apply the proposed NCD to atkgtic time sequence data set|[10].
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A. Retinal Progenitor Cell Fate Prediction

In [7], long-term time-lapse image sequences showing raCRRere analyzed using automated
segmentation and tracking algorithms. Images were captwery five minutes of the RPCs for a period
of 9-13 days. Up to 100 image sequences may be captured airealiisly in this manner using a
microscope with a mechanized stage. At the conclusion ofetperiment, the “fate” of the offspring
produced by each RPC was determined using a combinationlloiogphology and specific cell-type
fluorescent markers for the four different retinal cell typeoduced from embryonic day 20 rat RPCs [3].
At the conclusion of the imaging, automated segmentatiahteatking algorithms/ [25] were applied to
extract the time course of features for each cell. Thesenzated segmentation and tracking algorithms
extract a time course of feature data for each stem cell aeanfinute temporal resolution, showing the
patterns of cellular motion and morphology over the lifatiof the cell. Specifically, the segmentation and
tracking results consisted of a 6-dimensional time segeiégature vector incorporating two-dimensional
motion (d z,d y), as well as the direction of motion, total distance trawklleellular size or area (in
pixels) and a measure of eccentricity [n1] (O being linear, 1 being circular shape). The time sequence
feature vectors for each of the cells are of different lengtid are not aligned. The results from the
segmentation and tracking algorithms were then analyzddliasvs.

The original analysis of the RPC segmentation and trackemylts used a multiresolution semi-
supervised spectral analysis based on the originally ftated pairwise NCD. An ensemble of distance
matrices consisting of pairwise NCDs between quantizee tsequence feature vectors of individual
cells is generated for different feature subsgtand different numbers of quantization symbalsor
the numerical time sequence data. The fully automatic geetiun of the numeric time sequence data
is described in([6]. All subsets of the 6-dimensional featuector were included, although it is possible
to use non-exhaustive feature subset selection methodlsasutorward floating search, as described in
[6]. Each distance matrix is then normalized as describef@inand the eigenvectors and eigenvalues
of the normalized matrix are computed. These eigenvecterstacked and ordered by the magnitude
of the corresponding eigenvalues to form the columns of a ‘fspectral” matrix. The spectral matrix
is a square matrix, of the same dimensi®nas the number of stem cells being analyzed. The spectral
matrix has the important property that tith row of the matrix is a point iRV (R is the set of real
numbers) that corresponds to the quantized feature veftiothe ith stem cell. If we consider only the
first £ columns, giving a spectral matrix of dimensian x &, and run a K-Means clustering algorithm,

this yields the well-known spectral K-Means algorithm [B]we have known outcomes for any of the
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objects that were compared using the pairwise NCD, then wefaranulate a semi-supervised spectral
learning algorithm by running for example nearest neighlmrdecision tree classifiers on the rows of
the spectral matrix. This was the approach adoptedlin [7].

In the original analysis, three different sets of known outes were considered. First, a group of 72
cells were analyzed to identify cells that would self-ren@® cells), producing additional progenitors
and cells that would terminally differentiate (53 cellsypgucing two retinal neurons. Next, a group
of 86 cells were considered on the question of whether thayldvproduce two photoreceptor neurons
after division (52 cells), or whether they would produce soother combination of retinal neurons (34
cells). Finally, 78 cells were analyzed to determine thec#igecombination of retinal neurons they would
produce, including 52 cells that produce two photorecepeairons, 10 cells that produce a photoreceptor
and bipolar neuron, and 16 cells that produced a photoreceguron and an amacrine cell. For the
terminal versus self-renewing question, 99% accuracy whieeaed in prediction using a spectral nearest
neighbor classifier. For the two photoreceptor versus otlmanbination question, 87% accuracy was
achieved using a spectral decision tree classifier. Finfaltythe specific combination of retinal neurons
83% accuracy was achieved also using a spectral decisierclassifier.

Classification using the newly proposed NCD_(lll.3) is mucloren straightforward and leads to
significantly better results. Given multisets and B, each consisting of cells having a given fate, and
a cell z with unknown fate, we proceed as follows. We assigto whichever multiset has its distance

(more picturesque “diameter”) increased the least withatldition of 2. In other words, if
NCD(Axz) — NCD(A) < NCD(Bx) — NCD(B), (VI.1)

we assigne to multisetA, else we assigm to multisetB. (The notationX z is shorthand for the multiset
X with one occurrence of added.) For this first dataset, we did not need to evaluatsubseet term,
or second term in the outer maximization in_(1]1.3) as defiln the following section.

The classification accuracy improved considerably usimgrtewly proposed NCD for multiples. For
the terminal versus self-renewing question, we achieve@d @ccuracy in prediction compared to
99% accuracy for the multiresolution spectral pairwise NEr the two photoreceptor versus other
combination question, we also achieved 100% accuracy cadp@ 87%. Finally, for the specific

combination of retinal neurons we achieved 92% accuracypeoed to 83% with the previous method.
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B. Synthetic Time Sequence Data

In addition to the retinal progenitor cell data, we applibé hew NCD for multiples to analyzing
synthetically generated time sequence data intended &orchiaracterization of new machine learning
algorithms [10]. The testing data here consists of 300 nigaletime sequences, each containing 60 time
points and belonging to one of six classes. This data is ifiedavith 88% accuracy using a nearest
neighbor Euclidian distance classifier. (We note that othethods such as dynamic time warping (DTW)
have achieved considerably better results.)

In applying the NCD to this data, we first measure the semardtetween classes or theargin Given
multisetsA and B, each corresponding to a class in the testing data, we netwiseparation between
the two classes as

NCD(AB) — NCD(A) — NCD(B). (VI1.2)

This follows directly from the relevant Venn diagram. Ourpegach is to ensure that the separation
between classes is larger than any separation betweensobdiae same class. If the separation between
classes is larger than the separation within any class, weigreore the subset component 6f (111.3).
Verifying this requires us to evaluate the NCD over the p@stof each class and is this is not feasible.
Instead, we have developed an approximate approach basad expectation maximization algorithm
to partition the classes such that there exist no subsetsclafsa separated by a margin larger than the
minimum separation between classes.

Our expectation maximization algorithm attempts to piaritthe classes into maximally separated
subsets as measured loy (V]I.2). This algorithm, that we hexmedK-Lists is modeled after the K-
means algorithm. Although it is suitable for general clistg here we use it to partition the data
into two maximally separated subsets. The algorithm isilgetan Figure[1. There is one important
difference between proposed K-Lists algorithm and the KaMealgorithm. Because we are not using
the centroid of a cluster as a representative value as in Krglebut rather the subset itself via the
NCD for multiples, we only allow a single element to changbsais at every iteration. This prevents
thrashing where groups of elements chase each other bacldhdetween the two subsets. This step
is computationally demanding, but it is an inherently patatomputation.

For the retinal progenitor cell data described in the pnevisection, the K-Lists partitioning algorithm
was not able to find any subsets for any of the three questi@mdad a larger separation as measured by

(VIL.2) compared to the separation between the classeshEmsynthetic data, the partitioning algorithm
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1) (Initialize) Pick two elements (seeds) &f at random, assigning one element to eatland B.
For each remaining element assignz to the closer one ofA or B using pairwise NCD to the
random seeds

2) For each element, compute the distance from to classA and B using [VIL.1) and assign to
whichever class achieves the smaller distance.

3) Choose the single element that wants to change subsgtéoen A to B or vice versa and whose
change maximize&VCD(AB) — NCD(A) — NCD(B) and swap that element from to B or
vice versa.

4) Repeat steps 2 and 3 until no more elements want to chatgetsuor until we exceed e.g. 100
iterations.

Repeat the whole process some fixed number of times (here e)ufor eachX and choose the

subsets that achieve the maximumedfAB) — e(A) — e(B). If that value exceeds the minimum inter-
class separation then divid€ into A and B and repeat the process far and B. If the value does

not exceed the minimum inter-class separation of our tgirdata, then accepX as approximately

monotonic and go on to the next class.

Fig. 1. Partitioning algorithm for identifying maximallyeparated subsets For each class (multid&typartition X into two
subsetsA and B such thatNCD(AB) — NCD(A) — NCD(B) is a maximum

was consistently able to find subsets with separation |afugn the between class separation. For the
synthetic data, the partitioning was run repeatedly andbést partitioning selected using cross validation.
The accuracy of this preliminary classification was 88% ecitrThis is equivalent to the nearest neighbor

Euclidean-distance classifier, and less accurate thanldksifiers that used DTW.

C. Data, Software, Machines

All of the software and the time sequence data for the RPCdateome problem can be downloaded
from |http://bioimage.coe.drexel.edu/ncdm. The data lier gynthetic time sequence can be downloaded
from [10]. The software is implemented in C and uses MPI faafelization. Data import is handled by
a MATLAB script that is also provided. The software has beamon a very small cluster, consisting of
150 (hyperthreaded) Xeon and I7 cores running at 2.9 GhzRRte classification runs in approximately
20 minutes for each question, while the partitioning andsification of the synthetic data takes a few

hours.
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