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|dentification of Probabilities of Language’s

Paul M.B. Vitanyi and Nick Chater

Abstract

We consider the problem of inferring the probability distriion associated with a language, given
data consisting of an infinite sequence of elements of thgulge. We do this under two assumptions on
the algorithms concerned: (i) like a real-life algorothnihés round-off errors, and (ii) it has no round-
off errors. Assuming (i) we (a) consider a probability massdtion of the elements of the language if
the data are drawn independent identically distributddi(j, provided the probability mass function is
computable and has a finite expectation. We give an effeptiveedure to almost surely identify in the
limit the target probability mass function using the Strdrayv of Large Numbers. Second (b) we treat
the case of possibly incomputable probabilistic mass fanstin the above setting. In this case we can
only pointswize converge to the target probability masscfiom almost surely. Third (c) we consider
the case where the data are dependent assuming they aral figri@t least one computable measure
and the language is finite. There is an effective proceduidentify by infinite recurrence a nonempty
subset of the computable measures according to which tteeislaypical. Here we use the theory of
Kolmogorov complexity. Assuming (ii) we obtain the weakesult for (a) that the target distribution is
identified by infinite recurrence almost surely; (b) stays same as under assumption (i). We consider

the associated predictions.

. INTRODUCTION

In cognition and science one learns by observation. Theeptwal system of an individual person, or
the data-gathering resources of a scientific communityeimentally gathers empirical data, and attempts
to find the structure in that data. The question arises: undat conditions is it possiblpreciselyto
infer the structure underlying those observations? Oateely, under what conditions could a machine
learning algorithm potentially precisely recover thisusture? We can model this problem as having
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the following form: given a semi-infinite sequence of samspleom a probability distribution, under
what conditions is it possible precisely to recover thidribation? Moreover, we can focus on the case
where each observation is coded in a language—that is, daséna@tion corresponds to an element
of a countable set of sentences. Then the problem at handréecéwer the probability induced by the
language.

In the context of the cognitive processes of an individugfprimation from the senses is presumed to
be coded in the brain to some finite precision (indeed, ndiniiad) is discrete,[[19]). Linguistic input, in
particular, can be coded in a hierarchy of discrete symlyelzesentations, as described by generative
grammar (for example|_[12]). And, in the context of the opieraof the scientific community, data is
digitally coded to finite precision in symbolic codes. Thare at least three reasons for scepticism that
precisely recovering the probability of possible obseorat is possible.

First, as observed by Poppeér [17], however much data hasdremuntered, any theory or model can
be falsified by the very next piece of data. However many whitans are observed, there is always
the possibility that the very next swan will be black, or somere unlikely color. If, in the case of
a child learning a language, however often the child enarsrdentences following a particular set of
grammatical rules, it is always possible that the very nexttance encountered will violate these rules
(for example([16]). Thus, however, much data been encoedidhere is no point at which the learner can
announce a particular probability as correct with any ¢etyaBut this does not rule out the possibility
that the learner might learn to identify the correct probgbin the limit. That is, perhaps the learner
might make a sequence of guesses, finally locking on to doprebability and sticking to it forever—
even though the learner can never know for sure that it hasifibel the correct probability successfully.
We shall therefore consider identification in the limit belollowing, for example,[[5], [[8], [16]).

Second, in conventional statistics, probabilistic modsis typically idealized as having continuous
valued parameters; and hence there is an uncountable nuhpessible probabilities, from which the
correct probability is to be recovered. In general it is irpgible that a learner can make a sequence of
guesses that precisely locks on to the correct values ofreants parameters. This, since the possible
strategies of learners are effective in the sense of Tu2@y §nd thus countable. This assumption is,
of course, obeyed by any practical machine learning alyoriand we assume also by the brain. The
set of such strategies can express only a countable numbpossible hypotheses. From this mild
assumption, it is, of course, immediately evident that tkern@helming majority of a continuum of

hypotheses cannot be represented, let alone learned. Wordbere is a particularly natural restriction



concerning the set of probabilites from which the learnayodes: it must beomputableg(these notions
are made precise below). This seems a reasonable restribtidh in cognitive science and scientific
methodology. After all, the assumption that individual lamminformation processing is computable is a
founding assumption of cognitive science (see for exanfb8}); and the same constraint arguably applies
to every practically usable scientific theory (although thiee this holds is discussed inl[2]). We shall
see below that restricting ourselves to the computable I§iegpthe problem of precisely reconstructing
the correct probability from the observed data. For examihle computability of the set of possible
probabilities means that these can be enumerated; and itheaybe possible to gradually home in the
correct probability, by successively eliminating earl@res in the enumerated list. As we see below, it
is also possible to provide approximation results if the patability restriction is dropped.

A third reason for initial scepticism also concerns compilitg—this time for thelearner, not just
the probability to be recovered. Even if there is, in pritejpsufficient data to pin down the correct
probability precisely, there remains the question of whethere is a feasible computational procedure
that can reliably map from data to a sequence of guessesvtrti@lly lock on to the correct probability.
Real-life computational procedures are finite and alway® maund-off errors. We outline positive results

that can be obtained for computable learners with or wittsaah round-off errors.

A. Preliminaries

A language is a set of sentences. The learnability of a lagguander various computational
assumptions is the subject of an immensely influential aggrdn [4] and especially [5]. But surely
in the real world the chance of one sentence of a languageg losied is different from another one. For
example, many short sentences have a larger chance ofdguspirthan very long sentences. Thus, the
elements of a given language are distributed in a certain Wagre arises the problem of identifying or
approximating this distribution.

We first introduce some terminology. A function é@mputable if there is a Turing machine (or
any other equivalent computational device such as a umiv@®gramming language) that maps the
arguments to the values. We say that identify a function f in the limit if we effectively produce an
infinite sequencefy, fo, ... of functions andf; = f for all but finitely manyi. This corresponds to the
notion of “identification in the limit” in [5]. Weidentify a function f by infinite recurrencéf f; = f for
infinitely manyi. A sequence of functionsonverges ta function f pointswizeif lim; o fi(a) = f(a)

for all a in the domain off. The functions we are interested in are versions of the fmibtyamass



functions.

The restriction to computable probability mass functions nore generally any restriction to a
countable set of probability mass functions) is both cagely realistic (if we assume language is
generated by a computable process) and dramatically $iespthe problem of language identification.

This is also the case for the use of algorithms with roundeofbrs.

B. Related work

In [1] (citing previous more restricted work) a target prblity mass function was identified in the
limit when the data are drawn independent identically igted (i.i.d.) in the following setting. Let the
target probability mass functignbe an element of a list;, ¢o, . . . subject to the following conditions: (i)
everyq; : NV — R™ is a probability mass function whes& andR* denote the positive natural numbers
and the positive real numbers, respectively; (ii) there tetal computable functio' (i, z,€) = r such
that (¢;(z) — r) < e with r,e > 0 are rational numbers. The technical means used are the Lakeof
Iterated Logarithm and the Kolmogorov-Smirnov test. Thgodthms used have no round-off errors.
However, the listqq, g2, ... cannot contain all computable probability mass functidresnma 4.3.1 in
[14].

C. Results

In SectiorL ]l we deal with probability mass functions. Fartteical reasons we introduce a weaker form
thereof called “semiprobability mass functions.” Consideprobability mass function satisfying (A.1)
below associated with a language. The data consist of aité§equence of elements of this language that
are drawn i.i.d. The aim is to identify the probability massadtion given the data. (In contrast {0 [1] we
allow all computable probability mass functions.) In Seefll-Alwe consider algorithms without round-
off errors. Then, we identify the target distribution by mife recurrence almost surely. In Sectlon 1I-B
the identification algorithm is subject to round-off err@sd we identify the target distribution in the
limit almost surely (underpinning the result announced?J).[In Sectiori 1] we treat the case of possibly
uncomputable probability mass functions. Then we can ombwspointswize convergence almost surely.
This result holds both with or without round-off errors. Tieehnical tool in these sections is the Strong
Law of the Large Numbers. In all these results the languageamed can be infinite. In Sectign]IV
we consider the case where the data are dependent assumyngréntypical (Definitioh19) for at least

one computable measure. In contrast to the i.i.d. case,pbssible that the data are typical for many



measures. The language concerned is finite and the idetitificalgorithm has round-off errors. Then,
we identify by infinite recurrence (possibly a subset) of pomable measures for which the data are
typical. The technical tool is Kolmogorov complexity. Filyaln Section(M we consider the associated

predictions. We defer the proofs of the theorems to AppeRdiix

Il. COMPUTABLE PROBABILITY MASS FUNCTIONS

Most known probability mass functions are computable mteglitheir parameters are computable. In
order that it is computable we only require that the prolighihass function is finitely describable and
there is an effective process producing_it|[20].

It is known that the overwhelming majority of real numberg arot computable. An example of
an incomputable probability mass function therefore is dhe associated with a biased coin with an
incomputable probability of outcome heads and probability— p of outcome tailsp < p < 1. On the
other hand, ifp is lower semicomputable, then we can effectively find noatigg integersay, as, . ..

andby, by, ... such thata,, /b, < a,+1/bp+1 andlim,,_,« a, /b, = p. Let us generalize this observation.

DEFINITION 1: If a function has as values pairs of nonnegative integarsh as(a, b), then we can
interpret this value as the rationafb. This leads to the notion of a computable function with naio
arguments and real values. A real functigfx) with x rational is semicomputable from belo¥f it
is defined by a rational-valued total and computable functioz, k) with = a rational number and
k a nonnegative integer such thatx,k + 1) > ¢(z, k) for every k and limy_,o0 ¢(z, k) = f(x).
This means thaff can be computably approximated arbitrary close from belsee ([14], p. 35). A
function f is semicomputable from abovfe— f is semicomputable from below. If a real function is both
semicomputable from below and semicomputable from aboee this computable A function f is a
semiprobabilitymass function ify__ f(z) < 1 and it is aprobability mass function ify__ f(z) = 1. It
is customary to writep(z) for f(x) if the function involved is a semiprobability mass function

We cannot effectively enumerate all computable probgbifitass functions (this is a consequence
of Lemma 4.3.1 in[[14]). However, it is possible to enumeralieand only the semiprobability mass
functions that are lower semicomputable. This is done byd@xan effective enumeration of all Turing
machines of the so-calleatefixtype. (Such an enumeration is quite the same as effectivelynerating
all programs in a conventional computer programming lagguihat is computationally universal and

were the programs are prefix-free—a set is prefix-free if monent is a proper prefix of any other. Most,



if not all, conventional computer programming languagetssathese requirements.) It is possible to
change every Turing machine description in the enumeratitmone that computes a semiprobability
mass function that is computable from below, Theorem 413 [1L4] (originally in [21], [13]). The result
is

Q:q17q2>"'7 (”1)

a list containing all and only semiprobability mass funotidhat are semicomputable from below. Without
loss of generality every element ¢ is over the alphabek.

DEFINITION 2: There is a total and computable functieifi, z,t) = ¢!(x) such thate(i,z,t) <
o(i,z,t + 1) andlimy_, o0 ¢f (2) = ¢i(z).
Every probability mass function is a semiprobability masaction, and every computable probability
mass function is semicomputable from below. Thereforeryee@mputable probability mass function is in
list Q. Indeed, every such function will be in the list infinitelytefi, which follows simply from the fact
that there are infinitely many computer programs that compugiven function. If a lower semicomputable
semiprobability mass function is a probability mass fumetithen it must be computablée, [14] Example
4.3.2. Therefore, every probability mass function in tlst i6 computable. It is important to realize that,
although the description of every computable probabilitgssfunction is in listQ, it may be there in

lower semicomputable format and we may not know it is comipleta

A. Algorithms Without Round-Off Errors

DEFINITION 3: Letz = z1, 29, ... be an infinite sequence of elements of the languagéd. drawn
according to a computable probability mass functionLet Q(p) be defined as the set of indices of
elements ofQ that are copies op.

THEOREM 1: COMPUTABLE |.I.D. PROBABILITY IDENTIFICATION (NO ROUND-OFF) Let L be a
language{ay, a9, ...} (a countably finite or infinite set) with a computable proligbimass function
p. Without loss of generality we assume that everg L is a finite integer. Let the mean @f exist
(> 4er ap(a) < o). The algorithm in the proof takes as input an infinite segeen= x,z,,... of
elements ofL drawn i.i.d. according tg. After processingr, the algorithm computes as output the
index i, of a semiprobability mass function in the enumerati@nDefine Q.. as the set of indices of
elements in@ that appear infinitely often in the sequence produced by ld@rithm. Then,

() Qx # @ almost surely;

(i) if i € Qx theni € Q(p) almost surely; and
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(iii) almost surelylim inf,, o0 i, = min Q(p).

B. Algorithms With Round-Off Errors

We will want to computationally separate probability masgsdtionsp for which )" p(z) = 1 from
semiprobability mass functiong for which >~ ¢(z) < 1 in the list Q.

DEFINITION 4: To deal with truncation errors in the above (in)equaditiee use the following notation.
The truncation error is a known additive terhs, ¢ > 0, and we denote (in)equalities up to this truncation
error by%, E i, 2 and ; Every function that satisfies the probability mass functimuality within
the round-off error is viewed as a probability mass function
Let L be a languagéas, as, ...}, #a(z1,z2,...,x,) be the number of elements in, zo, ..., 2, equal

a € L, andk’ be the least index of an elemeptin the list Q such that

n

Jm D

i=1

. #aj(acl,:ng, e ,xn) ;
n

qi(aj)” 0.

THEOREM2: COMPUTABLE |.I1.D. PROBABILITY IDENTIFICATION (ROUND-OFF) Let L be a lan-
guage{ai,as,...} (a countably finite or infinite set) with a computable proligbimass functionp.
Without loss of generality we assume that everye L is a finite integer. Let the mean gf exist
(O _er ap(a) < oc). The algorithm in the proof takes as input an infinite segeen= x1,x,... of
elements ofL drawn i.i.d. according tg. After processinge, the algorithm computes as output the
index i,, of a semiprobability mass function in the enumerat@nThere exists arV such thati,, = &’

for all n > N. We havek’ < k with k£ as in Theorem]1.

I1l. GENERAL PROBABILITY MASS FUNCTIONS

Can we get rid of the restriction that the probability magscfion be computable? Above we used the
computability to consider a well-ordered countable listlmffer semicomputable semiprobability mass
functions, and pin-pointed the least occurrence of theetairg the list. We use the fact that we have a
guarantee that the target is in the list. If we have no suchiagitee (possibly there is no list), we can
still converge pointswise to thempirical probability mass function of the languagebased on the data
x1,T2,.... We do this by an algorithm computing the probabilityt) in the limit for all « € L.

Note that this is quite different from Theorefs[1, 2. Thereimgicated (the least occurrence gf)

precisely in a well-ordered list even though the result drdids “almost surely.” In contrast, here we find



p(a) for all @ € L in the limit only. Moreover, this holds also “almost surélowever, the probability
mass functions considered here consisalbfprobability mass functions oh—computable or not.
THEOREM 3: |.1.D. PROBABILITY APPROXIMATION WITH AN ALGORITHM WITHOUT ROUND-OFF
ERRORLet L be a languagéa, as, ...} (a countably finite or infinite set) with a computable proliabi
mass functiorp. Without loss of generality we assume that every L is a finite integer. Let the mean
of p exist ., ap(a) < o). The algorithm in the proof takes as input an infinite seqeen, xo, ...
of elements ofl. drawn i.i.d. according tp. After processingr,, the algorithm computes as output a
probability mass functiom,,. Almost surely for alla € L the lim,,_,o, pn(a) = p(a).
With round-off error this theorem is about the same.
REMARK 1: Can this result be strengthened to a form of dependenablag? It all depends on
whether the Strong Law of Large Numbers holds. We know froin 3 474, that the Strong Law of

Large Numbers holds for stationary ergodic sources withefiakpected value. &

IV. COMPUTABLE MEASURES

This time let the language = {ay,aq, ..., a,,} be a finite set, and;, xo, . .. the data consisting of an
infinite sequence of elements from We drop the requirement of independency of the differesneints
in the data. Thus, we assume that our data sequence, ... is possibly dependent. This implies that
the probability model fol. is more general than i.i.d.. In fact, we will allow all compbte measures on
the infinite sequences of elements frdmThus, the probability model used includes stationary gsses,
ergodic processes, Markov processes of any order, and otbéels, provided they are computable.

Given a finite sequence= z1, x2, .. ., z, Of elements of the basic sét we consider the set of infinite
sequences starting with The set of all such sequences is writtenl'asthe cylinder of x. We associate
a probability (T";) with the event that an element ®f, occurs. Here we abbrieviatgT',) to u(x).
The transitive closure of the intersection, union, comm@atnand countable union of cylinders gives a
set of subsets of.>°. The probabilities associated with these subsets areetkfiom the probabilities

of the cylinders in standard ways| [9]. #emimeasurg satisfies the following:
pule) <1 (IV.1)

pz) = xa,
a€L

and if equality holds instead of each inequality we calla measure Using the above notation, a

semimeasure; is lower semicomputabléf it is defined by a rational-valued computable function
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¢(z, k) with x € L* and k a nonnegative integer such thatz,k + 1) > ¢(x, k) for every k£ and
limy_, o ¢(x, k) = p(x). This means that can be computably approximated arbitrary close from below
for each argument € L*.

To separate measures from semimeasures that are not measimg an algorithm subject to round-off
errors, we have to deal with truncation errors in the (semgsure (in)equalities. This truncation error
is a known additive termte, € > 0. Again we use Definition]4: (in)equalities up to this trunigaterror
are denoted b)g, 2 i, 2 and;.

In the argument below we want to effectively enumerate athgotable measures. By Lemma 4.5.1
of [14], if a lower semicomputable semimeasure is a meaghen it is computable. Thus it suffices
to effectively enumerate all lower semicomputable measuBy Lemma 4.5.2 of the cited reference
this is not possible. But if we effectively enumerate all @vwsemicomputable semimeasures, then this
enumeration includes all lower semicomputable measurdshwdre a fortiori computable measures.
This turns out to be possible (originally ih_21], [13]). Juss in the case of lower semicomputable
semiprobabilities, but with a little more effort, we can egfively enumerate all and only lower
semicomputable semimeasures, as is described in the drdbeorem 4.5.1 of [14]. This goes by taking
a standard enumeration of all Turing machifigsT5, ... of the so-callednonotondgype. Subsequently
we transform every Turing machine in the list to one that losemicomputes a semimeasure. Also, it

is shown that all lower semicomputable semimeasures ateeitist. The result is
M:,ul,,ug,.... (|V2)

This list contains all and only semimeasures that are senpatable from below. It is important to
realize that, although the description of every computaid@sure is in listM, it may be there in lower
semicomputable format and we may not know it is computable.

DEFINITION 5: There is a total and computable functigi,z,t) = uf(z) such thate(i,z,t) <
o(i, z, t + 1) andlimy_,o0 pl(x) = pi(x).

REMARK 2: Letour data be, z,,.. .. Possibly there are none or more than one computable measures
that have these data as a “typical” sequence. Here we use&dtip’ according to the Definitiori]9
below. Such typical infinite sequences are also called ‘Banidwith respect to the measure involved.
For instance, let the data sequencél® . ... Then this is a typical sequence of the computable measure
w;i, that gives measure 1 to every initial segment of this dataeece. But if we considet;, that gives

measure% to every initial segment of, 0, ... and also measur§ to every initial segment of, 1,...,



then the considered data sequence is also a typical seqoénge Similarly, it is a typical sequence
of the measureg;, that gives measuré/k to every initial segment 06,0, ... throughkt — 1,k —1,. ..
(k < 0).

Hence our task is not to identify the measure according tchvitie data sequence was generated as
a typical sequnce, but to identify measures whicluld have generated the data sequence as a typical
sequence. Note that we have reduced our task from idergityia computable measure generating the
data, which is not possible, ®omecomputable measures thaduld have generated the data as a typical
sequence. &

REMARK 3: We assume here thdt is finite. This is no genuine restriction since all real natwr
artificial languages that ever existed contain less thap,1$8°° elements. This is supported by the fact
that 1019 far exceeds the number of atoms currently believed to emishé observable universe. We
assume that is finite since it makes the computation »f,_; za for x € L* effective.

Where appropriate, we shall use the (in)equalities acngrth Definition[4. This has bad and good
effects. The bad effect is that semimeasures that viol&ertbasure equalities by at most the truncation
error are counted as measures. The good effects are, besitigsitationally verifiable (in)equalities, that
in the infinite processes to construct lower semicomputablaimeasures (the proof of Theorem 4.5.1
of [14]) we only need to consider finite initial segments. <&

Let L be a language with a computable measuren the infinite sequences of its elements. We recall
the notion that an infinite sequengds “typical” for p.

DEFINITION 6: Letxz = z1,x9,... be an infinite sequence of elements of the languagéhe infinite
sequence: is typical or randomfor a computable measugeif it passes all effective sequential tests for
randomness with respect toin the sense of Martin-Lof [15]. The set of such sequences pameasure
one. We definel/(z) as the set of indices of elements of the list that are computable measures
such thatz is typical for p.

THEOREM4: COMPUTABLE MEASURE IDENTIFICATION BY ALGORITHMS WITH ROUND-OFF ER-
RORSLet L = {ay,as,...,an}, m < oo, be alanguage and let, =, . .. with z; € L be an infinite data
sequence. Assume that the data sequence is typical forsatdea computable measure. The algorithm
in the proof takes as input the infinite sequengez,, ... . After processinge,, the algorithm computes
as output the index, of an element ofM. Define M, as the set of indices of elements v that
appear infinitely often in the sequence produced by the #tgor Then, M., C M(x), M # &, and

|Mso| < 00.
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V. PREDICTION

In Sections Il and_ll the data are drawn i.i.d. according t@rabability mass functiorp on the
elements ofL. Givenp, we can predict the probability(a|z1,...,z,) that the next draw results in an
elementa when the previous draws resultedin, ..., z,. (The same holds in appropriate form for a
good pointswise approximatigh of p.)

For measures as in Sectibn] 1V, allowing dependent data, ithatisn is quite different. In the first
place there can be many measures that hawer;, x5, ... as typical (random) data. In the second place,
different of these measures may give different probabpitgdictions using the same initial segment of
xT.

Let us give a simple example. Suppose the data-sa, a, . ... This data is typical for the measurg
defined byu, (z) = 1 for everyz consisting of a finite or infinite string af's and 111 () = 0 otherwise.
But the data is also typical fqis which gives probabilityus(x) = % for every string consisting of an
followed by a finite or infinite string o&’s, or a followed by a finite or infinite string ob’s.

Firstly, u; is not equal tous, even thoughe is typical for both of them. Secondly, (a|a) = 1. But
p2(ala) = pa(bla) = 3. In fact, uy(yla) = 1 for everyy consisting of a finite or infinite string of's,
and0 otherwise. The conditional probability,(y|a) is % for y consisting of a finite or infinite string of
a’s or y consisting of a finite or infinite string df's, and0 otherwise. Thus, different measures for which
the data is typical may give very different predictions. Miiespect to predictions we can only proceed
as follows: (i) find one or more measures for which the datgpscal, and (ii) predict according to one
of these measures that we select.

It does not seem make sense to make a weighted predictiondaugdo the measures for which the
data is typical. There may not be a single measure among thakimgithat prediction. Moreover, the
consecutive data resulting from many predictions may naypial with respect to any of the original
measures.

The question arises how the i.i.d. case and the measure elase to one another. The answer is as
follows. For ease of writing we will ignore the adjective foputable.” It is clear that the i.i.d. probabilities
are a subset of the more general case of measures. Contaiismproper since there is a measure that
is not an infinite sequence of i.i.d. draws according to a g@bdlly mass function. An example is given
below.

Moreover, an infinite sequence of data can be typical for nieee one measure, even though if such

a sequence is typical for an infinite sequence of i.i.d. drafvany probability mass function, then it

11



is typical for an infinite sequence of i.i.d. draws of onlystlsingle probability mass function. Thus, if
the data is typical for different measures, then only onehefmeasures involved is a probability mass
function.

Let us give an example. The measpreabove has a single typical sequence a, a, . ... This measure
results from infinitely many i.i.d. draws af according to the probability mass functigiia) = 1 and
p(z) = 0for z € L\ {a}. Butz is also typical foruz, a measure which has no i.i.d. case that corresponds
to it. This can be seen as follows. The measurdas also the typical sequenge- a, b, b, ..., a sequence
such that no infinite number of i.i.d. draws of any probapifitass function corresponds to it. Namely, the
probability of a andb must both be non-zero to yield the sequepcélence a typical infinite sequence
must contain (in the i.i.d. case) infinitelys andb’s. But y does not do so.

Thus, the i.i.d. case is a proper subset of the measure cas@&gke infinite sequence can be typical
for many (infinitely many) measures, even though if it is tgbifor an i.i.d. case it is typical for only a
single one of the probability mass functions. But there afmite sequences that are typical for many
measures but not typical for any case of infinitely many .i.ddaws according to a probability mass

function.

APPENDIX

Proof: oF THEOREMI[I. Our data is, by assumption, generated by i.i.d. drawsrdomp to a
computable probability mass functignsatisfying [A.1). Formally, the data,, z», ... is generated by a
sequence of random variablég, Xo, ..., each of which is a copy of a single random variallewith
probability mass functiorP(X = a) = p(a) for everya € L. Without loss of generality(a) > 0 for
all a € L. The mean ofX exists by [A.1).

REMARK 4: In probability theory the statemeatmost surelymeans “with probability one.” Let us
illustrate this notion. It is possible that a fair coin geates an infinite sequencr0, ... even though
the probability of 1 at each trial i%. The uniform measure of the set of infinite sequences, suath th
the relative frequency of 1's goes to the Iin%it is one. Call sequences in that gseudo typical The
probability that an infinite sequence is pseudo typical is,@ven though there are infinite sequences (like
in the example above) that are not pseudo typical. Thus,dsireurely” may not mean “with certainty.”

<&

The Strong Law of Large Numbers (originally in_[10]) stateattif we perform the same experiment

a large number of times, then almost surely the average ofethdts goes to the expected value. That
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is, if a mild condition is satisfied. We require that our setgeeof random variable¥;, X5, ... satisfies

Kolmogorov's criterion that

N2

%
whereo? is the variance ofY; in the sequence of mutually independent random variaklgsXo, . . . .
Since all X;’s are copies of a singl&, all X;'s have a common distributiop. In this case we use the
theorem on top of page 260 inl[6]. To apply the Strong Law i tase it suffices that the mean %f
exists. (We denote this mean fpy not to be confused with the notation of measyrés we use below.)

That is, we require that

= Zap(a) < 00. (A.1)

a€l

Then, the Strong Law states that

N
P (J;%Z;Xi—ﬂ> =L
1=

or (1/n) Y"1, X; converges almost surely {0 asn — oo.

To determine the probability of am € L we consider the related random variablég with just two
outcomes{a,a}. This X, is a Bernoulli proces$q,1 — ¢q) whereq = p(a) is the probability ofa and
1l—¢q= ZbeL\{a} p(b) is the probability ofa. If we seta = min (L \ {a}) while the probability ofa is
1—q =23 her\(a} P(b), then the meam, of X, is

o = aq+a(l —q) < p.

REMARK 5: Recall thatL may be infinite, that iSL = {aj,as,...,}. Then a priori it could be that
lim;_, ptq, = co. But we have just proved that not only this does not happereben ., < p for
everyj. O

Thus, everya € L incurs a random variabl&, for which the equivalent of_.(Al1) applies. Therefore,

according to the cited theorem the quanfityn) > " , (X,); converges almost surely {@, asn — oo.

Therefore, almost surely

n

Jim 2

Jj=1

#aj(r1,z2,...,%p)
n

pla;) — =0. (A.2)
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Algorithm (z1,22,...):

Step Ifor n =1,2,... execute Steps 2 through 4.

Step 2Setl := @, for i:=1,2,...,n execute Step 3.

Step 3sety;, := 1; L if 3770, [qf (ay) — #aj(z1, 22, ... 2) /0| < 1/7in
then (’Yi,n = Yin + 1; goto L) else Yi;n ‘= Yin — 1;

if Yim > Yin—1,-..,7%1 then I := I J{i}.
Step 4if I # @ then i, :== min [ else i, :=1i,_1; outputi,.

Fig. 1. Algorithm 1a

With ¢ # p substituted forp in the lefthand side of (Al2), we have that this left-handesisl almost
surely unequab. Using some probability theory, we can rewrite the StrongvLesing only the finite
initial segment of the infinite sequence of (copies of) the-butcome random variables. We use ([6], p
258 ff). For every paire > 0 andd > 0, there is anN such that there is a probability — § or better

that for everyr > 0 all » + 1 inequalities:

<, (A.3)

with n = N, N + 1,..., N + r will be satisfied with probability at least — ¢. That is, we can say,

informally, that with overwhelming probability the lefiaind part of [(A.B) remains small for all > N .

Since we deal with all infinite outcomes of i.i.d. draws frone tsetl, according top, for some sequences

that are not pseudo-typical (Remaitk 4) the inequality [(Al8¢s not hold. For example, always drawing

ay while p(ay) = % Therefore, the Strong Law holds “almost surely” and carimaddl “with certainty.”
DEFINITION 7: Let k£ be the least index of an element ¢f such thatg, = p. For everyi with

1 <i <k, maxqer, |gp(a) — ¢i(a)] > 0 (this follows from the minimality ofk). Define

o= min max gk (a) — gi(a)]-

Then,a > 0. Let a’ be thea that reaches the maximum inax,¢, |qx(a) — gi(a)| for 1 < i < F,
and 8 = maxj<i<x{j : a; € L & a; = a'}. For everyi with 1 < i < k, lett; be least such that
¢i(a;) — ¢t (aj) < a/2 for everyt > t; andj < 3. Definer by 7 = max;<;<y ;.

The sequence of outputs of the algorithmiisio, ... such that possibly; < i1, i; > ij41, OF
i; = 1j4+1. Recall thatQ, = {i : i, = i for infinitely manyn}.

CLAIM 1: (i) Qe # @ almost surely; (i) ifi € Qo theni € Q(p) almost surely; (iii) almost surely

lim inf,, ;o 4, = min Q(p).

14



Proof: The algorithm outputs a sequenteis,.... For ng > 3max{k,5,7} > k+  + 7 the
algorithm has considered somewhere aleng 1,...,nq the approximation:aﬁl(al),...,q,i’: (a*~1)
in Step 3. By Definitior 17 these lower approximations are imith/2 of the final value of they;(a?)
(1 <i < k). Moreover, again by Definitiohl 7, these final values diffeteast bya from the values of
p = q for all argumentsa?, ... a*~1, respectively. Hence the approximatiogiga®),...,q. ,(a*~1)
differ at least bya/2 from g (a'),...,q.(a*~1), respectively, for every > 7. However, Algorithm 1
(Figure[1) does not know. We have to show how the algorithm handles this information.

Since

#a(x1,29,...,2
g (a) — ( - )

lim =0
n—oo

almost surely for every, € L by (A.2), it follows from the above that

, Ha'(x1,T0,. ..,
gi(a) - T2 )

lim
n—oo

>

)

|2

almost surely { < i < k). This means that for large enoughwe have almost surely thay~; ,, > a/3
(with o > 0 a constant) in Step 3 of the algorithth € i < k). Then,~; ,, < 3/« and there is am; such
that for alln > n; we havey; , < vin—1,...,7%,1 (1 <i < k). Thus, for large enough and1 <i < k
almost surely we have¢ I in Step 3.

Almost surely we havey, ,, > vk n—1, - - - , 7,1 for infinitely manyn in Step 3 sincéim,, o 1/7%, =0
almost surely by[(A2). Namelyy, is the probability mass function according to which z», . .. is i.i.d.
drawn from L. This means that almost surelyis put in [ for infinitely manyn in Step 3. Moreover,
almost surelyi ¢ I for everyn > n; and1 < ¢ < k as we have seen above. Thus, for infinitely many
we havek = min I and the output in Step 4 i, = k, almost surely. Therefork € Q. almost surely.
For1 < i < k almost surelyi ¢ Q- by the above argument. Hence, almost surel min @, and
k = liminf, . i,. This shows item (i) and, together with Definitibh 7, item)(ii

For everyi > k such that there are infinitely many for which ~;,, > 7 n—1,...,7,1 in Step 3
we havelim,,_, 1/v;, = 0. This again means thaj is almost surely the probability mass function
according to whichzy, zo, ... is i.i.d. drawn fromL. Hencei € Q(p) almost surely. Clearly; is put
in I for infinitely manyn. If there are also infinitely many such thati = min 7, theni € Q. Thus
Qo € Q(p) almost surely. This shows item (ii). [ |

[ |

Proof: oF THEOREMI[Z. Up to, and exclusive of Definitionl 7, we follow the proof ohdorenilL.
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Algorithm (z1,22,...):
Step Ifor n =1,2,... execute Steps 2 and 3.
Step 2Setl :=@; for i :=1,2,...,n:

it S0 ¥ (aj) — #taj (21, 72, .., 7) /n] = 0 then T := I {J{i}.
Step 3f I # @ then i, := min I else i, := i,_1; outputi,.

Fig. 2. Algorithm 1b

Algorithm (z1,22,...):
Step Ifor n:=1,2,... execute Step 2.
Step Zor everya € L occurring inxzy, xa, ..., T, Setp,(a) := #a(xy, x2,...,Ty)/n.

Fig. 3. Algorithm 2

Sincelim,, . ¢"(a;) = gi(a;) for everyi,j > 1, by (A2) almost surely

Jm D

i=1

_ #aj(l’l,l’Q,. .. ,:L'n) ;
n

0,

aw(az)"

for a k' satisfyingk’ < k. Almost surely, the above displayed equation does not hmid {1 < i < k')

by similar reasoning as in the proof of Theoréin 1. Hence tie@n N such that for alln > N we

havek’ € I and: # I for everyi (1 < i < k') in Step 2 of Algorithm 1b. Consequently, in Step 3 of

the algorithmi,, = &’ for all n > N. [
Proof: oF THEOREM[3.

Algorithm 2 (Figure[B) together with the Strong Law of Largerbers shows thdtm,, ,~, p,(a) =
p(a) almost surely for every, € L. Herep is the probability mass function of based on the data
sequencery, zo, . ... Note that in Algorithm 2 the different values @f, sum to precisely 1 for every
n=12.... |

Proof: oF THEOREM]. We need the theory of Kolmogorov complexity [14] (oridigan [11] and
the prefix version we use here in [13]). A prefix Turing machimene with a one-way read-only input
tape with an distinguished tape cell called tiregin, a working tape that is a two-way read-write tape on
which the computation takes place, and a write-only outppét At the start of the computation the input
tape is infinitely inscribed from the origin onwards, and thput head is on the origin. The machine
operates with binary input. If the machine halts then thaiintpead has scanned a segment of the input

tape from the origin onwards. We call this initial segmerg piogram
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By this definition the set of programs is a prefix code: no paaglis a proper prefix of any other
program. Consider a standard enumeration of all prefix Bunrachinesly, Ts, .... Let U denote a
universal Turing machine such that for everg {0,1}* andi > 1 we haveU (i, z) = T;(z). That is, for
all finite binary stringsz and every machine indekx> 1, we have thal/’s execution on inputg and z
results in the same output as that obtained by execUtimay inputz. There are infinitely many sudii’s.
Fix one such & (and with some abuse of notation denote itakenceforth) and define that conditional
prefix complexityK (z|y) for all z,y € {0,1}* by K(z|y) = min,{|p| : p € {0,1}* andU (p,y) = z}.
For the samel/, define thetime-bounded conditional prefix complexity’(z|y) = min,{|p| : p €
{0,1}* andU(p,y) = x in t stepg. To obtain the unconditional versions of the prefix complesiset
y = X where ) is the emptyword (the word with no letters).

By definition the sets over which the minimum is taken are tabie and not empty. It can be shown
that K (z|y) is incomputable. Clearlys*(z|y) is computable ift is computable. Moreoveds (z|y) <

K'(z|y) for everyt’ > ¢, andlim,_,, K'(z|y) = K(z|y). Since everything is discrete, there is a least

timet,, < co such thatk»\v(z]y) = K (z|y), even though the functiofi(z, y) defined byf (z,y) = t,),
for all z,y € {0,1}* may be incomputable.

DEFINITION 8: The languagé = {aq,aq,...,a,} is finite. We viewa € L as an integer and < oo.
If x1,29,...,2, is a data sequence with; € L (1 < i < n), thenK(z;...z,ly) = min,{|p| : p €

{0,1}* andU (p,y) = x1.,} Wherez., is an agreed-upon binary encodingafrs . .. z,,. Similarly we
define Kt (z1 ... z,|y).

We now turn to the theory of semicomputable semimeasurggricular we exhibit a formal criterium
that an infinite sequence is “typical” or “random” in Martif®f's sense([15].

DEFINITION 9: Let x be a computable measure on the set of infinite sequencesmérie fromL.

A particular infinite sequence = z1, z9,... € L™ is typical or randomfor p if

sup{log/i( — K(z1...2,|p)} < 00,

T1... %)
In [14] the definition is different, but is equivalent to thieave one by Corollary 4.5.2 there. The measure
w in the conditional ofK (-|-) means a finite number of bits that constitute a program thsdrdeesy..
Clearly, K(u) < oo sincep is computable. Moreover, according fo [14] we haéx|y) > K(z) —
K (y)+0(1) for every finitex andy. Therefore K (1 ... z,) —K(u)+0(1) < K(x1...2,|u)+0(1) <
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K(zy...z,)+ O(1). Hence we can replace the last displayed formula by

Slrllp{log e —K(zy...2,)} < 0. (A.4)

1..-Tp)

Our data is, by assumption, typical (equivalently randoon)sbme computable measyteThat is, the
datazry, 2o, . .. satisfies[(A#) with respect ta. We can effectively enumerate all and only semimeasures
that are semicomputable from below as the elements listetdtinf (V.2).

REMARK 6: We stress that the data is possiplyandom ang.’-random for different measuresand
i'. In general it can be so for many measuresvih Therefore we cannot speak of the true measure, but
only of a measure for which the data is typical. O

To eliminate the undesirable lower semicomputable sensorea among:y, uo ... We sieve out the
ones that are not measures, and among the measures the ainds ttot showr, xs, ... random to it.

To do so, we conduct for elements 8fl a test for both properties. Since the test is computatioral w
need the (in)equality relationis, E = 2 ; of Definition[4. In particular this is needed in the propestie
in Claim[3. These properties are used in Step 3 of Algorithnkigure[4).

DEFINITION 10: Since the algorithms have a round-off error, we can tedy & 0 or not = 0.
Consequently, we count semimeasures as measures if thefy §BL1) but deviate from equalities by a
very small additive term only. More precisely; in the list M is counted as @aemimeasure but not as
a measurdf p;(z) — > o pi(za) Lo 1i(2) = D qer i(za) £ 0 then we viewy; as ameasure

CLAIM 2: Assume thafi; in M is a semimeasure but not a measure according to DefifitiomHeh,
there is a least € L* and a leash; such thatu;'(z) — > o, pi'(za) <0 for everyn > n;.

Proof: Sincey; is lower semicomputable and.| < oo, for everyz € L* there is am, such that

for everyn > n, we have

0 < pi(2) — pil(2) 0

and for everya € L we have

0< > pilza) =) pi(za) 0.

a€L acL
Therefore,
n n +
Wi (2) = D i (za) £ pi(2) = Y pilza) > 0. (A5)
acl acL

DEFINITION 11: Let u; be an element ofM. Assume that for alln we havei,j > 0 andi +
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j =mn. DefineZ;, = {2 € L*: |z] <j, uj(2) = D per 1 (za) ; 0} and A;,, = max{A :
Zij—an-af1(Zijn # D}

REMARK 7: The setZ; ;, contains all strings € L* of at least lengthj such thati + j = n and
wi(2) = D ger 1 (za) L 0. The intersectionZ; j_A n—a()---()Zi n is the set of all strings: of
length at leastj — A that witness that the approximatiomﬁ‘A,...,M? are all semimesures but not
measures. The quantit; ,, is the maximum number of approximations before and inclgdire nth
approximation ofu; such that the samee L* of length at leasy — A; ,, with i + j = n witnesses that
all these approximations are semimeasure but not meagufes) < > aer 1Y (za) for everyrn’ such
thatn — A, , <n’ <n. O

CLAIM 3: Lety; be an element of the listf andn; be as in Claini . Ifx; is not a measure according
to Definition[10, then for every > n; we haveA; , > n—mn; for all n > n; andA; ,, = A;,,—1 + 1 for
all n > n;. If u; is a measure according to Definitibn] 10, then for everhere is a greatest< oo such
that A, ,, < n—c andc goes tooco with growingn. We haveA, ,, < max{A(i,n —1),...,A(3,1)} +1
for infinitely manyn iff p; is a measure.

Proof: If y; is not a measure then by Clairh 2 there is @ L* such thay} (z) —>° o, 1 (za) Lo
for all n > n;. Thisz will never leave the setg; ; ,, (|z| < j = n—i) for n > n;. Therefore A, ,, > n—n;
andA;, = A -1 + 1 for all n > n,.

If 1; is @ measure thelim,, oo (1j'(2) — > .1 1i'(2a)) = 0. Therefore, for every there is a least
ni. < oo such thatui (z) — > o pi'(za) Zoforalln> n; .. Hence, for everyj and everyz € L*
with |z| < j we havez ¢ Z, ;,, for all n > n; .. Thus, every finite string irZ; ; , is not a member
of Z; j4n—nn any more for everyr’ > n. Therefore, for every: there is a greatest < co such that

A;, <n—candc goes tooo with growing n. This implies that
Ay <max{A(i,n —1),...,A(,1)} +1

for infinitely manyn. In view of the above property of semimeasures that are nasares according to
Definition[10, ; is a measure iff the last displayed equation holds. |
REMARK 8: To make everything effective (computable) for Algoritt8n(Figure[4) we do not use
prefix complexity as in[(Al4) but the time-bounded analog efingéd. By using dovetailing, that is,
n = 1,2,... with all combinations ofi,j > 0 such thati + j = n andn is the number of steps, as
in Definition[11, with growingn every u?(z) with |z| < j for every particulari, j,n is computed and

considered.
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In Algorithm 3 one wants to determine the indexesf elementsu; in the list M such thaty, is a
measure. This happens in Steps 2 and 3 as follows. For growithge fact that index is selected to
go in I means thaj; is possibly a measure. Eventually,rifis large anough this possibility will turn
into a certainty. Moreover, this will hold for every measurg Thus, for everyi with growing n, but
not computably, it is decided that is a measure or not. If it is a measure, then it keeps on figunng
the second part of the algorithm, if it is decided not to be asnee then it will not figure in the second
part of the algorithm.

This second part of the algorithm determines for which messsthe data;, z», . .. is random. Note
that this part initially also may consider nonmeasures. \Bith growing n, because of the first part of
the algorithm, for every index it will consider only measures but not nonmeasugesl|f for some
n the index: is selected then in Step 5 the algorithm computesthepproximationsp(i, ', n) =
log1/pl(zy ... 25) — K™(x1...25) (1 <j' <j, j=n—1). This in order to obtain approximations to
the elements constituting the initial segment of the sege@h which equatiori (Al4) takes the supremum.
In Step 6 the algorithm takes the maximur(i, n, j') := max{p(i,j”,n) : 1 < j” < j'} over the initial
segments of this initial segment. In Step 7 it determinesefa@ry,; concerned how long the longest flat
plateau of this sequence of maxima is.

Supposey; is a measure for whichr;, xs,... is random. If there exists &, such that then,-
approximation ofp(4, jo,no) has reached the supremum in_(A.4), then for every jo andn > ng
we have thap(i, j,n) reaches this supremum. (Reaching means “is within a urfie"select au; one
looks for thep(i,-,-) that gives the longest flat plateau, that is, has reachedufremum in [(A.4) the
soonest in terms of the initial segmentof, o, .... Thus, in Step 7 the algorithm compares the length
of the flat plateau with the top score, and changes the Idtitris exceeded. In Step 8 the algorithm
either selects the index resulting in a new or equal top soorgoes with the index of approximation
n — 1. Note that with growing: nonmeasures are excluded in the first part of the algorittmsTwith
growingn, the measurg; that reacheg (Al4) soonest and has the longest flat plataawrhindex that
is not (eventually) excluded by the first part of the algarith <&

DEFINITION 12: Lety; in list M be a measure according to Definitiod 10 andz, . . . be an infinite
sequence of elements from By (A.4) we haveu; € M(z) iff there is ao; < co such that

o :max{{log; —K(ml...xj)J - 1} (A.6)
j pi(zi ...z )

for 1 < j < oo. Definem; as the leas§ for which ¢; is reached.
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Algorithm (z1,22,...):

Step Im :=0; for n = 1,2,... execute Steps 2 through 8.

Step 2I := @, for everyi,j > 0 satisfyingi + j = n, computeA;,, (note j = n — 7) and execute
Steps 3 through 7.

Step 3f A;,, < max{A(i,n—1),...,A(z,1)} +1 then I := I'|J{i} (by Claim[3,: € I for infinitely
manyn iff u; is a measure).

Step 4if I # @ then execute Steps 5 through 7 for everg I.

Step Sor j' :=1,...,j setp(i,j',n) :==log1/ul(z1...z5) — K™(x1...2j).

Step 6for j' :=1,...,j seto(i,n, ') := max{p(i,j",n) : 1 < 7" < j'}

Step 7s(i,n) := max{s : |o(i,n,r)] —1 =+ = |o(i,n,r+3)] =1, 1 <r <r+s < j}if
s(i,n) < m then I :== @ else m := s(i,n).

Step 8f I # @ then i, := min{i : s(i,n) = m} else i, :=i,_1; outputi,,.

Fig. 4. Algorithm 3

REMARK 9: In Definition[12 we have replaced “measure” by “measurepating to Definition[1D.”
We have replaced thestip” in (A.4) by “max” by rounding down. Moreover, by rounding down and
subtracting 1 we have taken care that < oco. O

(Proof of the theorem continued.) The sequence of outpuilgdrithm 3 are indexes;,io, ... of
lower semicomputable semimeasuresAifi such that possibly; < i;y1, 7; > 441, Or i; = i;41. By
Claim [3, for every measure (Definitidn11@) in M we have: € I in Step 3 of the algorithm for
infinitely manyn. For large enough indexi ¢ I of a nonmeasurg,;. So for every index there is a
large anough such thati € I only if u; is a measure. These measures are treated in Steps 4 through 8.
By assumption the data= z, zs, ... is random (typical) for some measure M. Let this be measure
k-

Let us look at long plateaus(i, n) for measureg:; such that either = x;,x9, ... is not random to
it or m; > n (with m; as in DefinitionIR). For a measuyrg such thatr = z1, zo, ... is not random to
it, s(i,n) can be any constamt However the lefthand side df (A.4) goes to infinity in thisseaso we
know thats(i,n’) = 1 for somen’ > n. Since the data = x1, o, ... is random touy, for all n that are
large enoughs(k, n) = s(k,n—1)+1 by Claim[3. Hence, for large enoughwe haves(k,n) > s(i,n),
sinces(k,n) — oo with n — oo. For a measure; with j # k such thate = x1, z», ... is random to it,
s(j,n) can be a constamt< o; while n < m;. That is, the maximum iri._.(Al6) has not yet been reached.
Again we know thats(j,n’) = 1 for somen’ > n. Hence without loss of generality we can exclude
cases like measurgg and ;. Let us consider only measurgs and steps:, such thatr = x, zo, ...

is random toy; andn > m.
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Without loss of generality we can assume that we comp(ien) for every measure:; in M and
everyn according to Steps 6 and 7, and not just whiea /. In particular we can do so fou. By
Claim[3, for everyn that is large enough we hawék,n) < s(i,k—1)+1 ands(k,n) = s(k,n—1)+1.
Let ¢ satisfymy < i. Then,s(i,m;) = 0 (the set over whichs(i, my) is maximized in Step 7 equals
@). Sinces(i,n) < s(i,n) + 1 for all n, we haves(i,n) < s(k,n) < m (with m as in Step 7) for all
n > my. Hencei, # ¢ in Step 8 ifn is large enough. Letd be the set of measurgs with i < my.
Then|A| < my, and My, C A. Hence| M| < my < oo.

Since| M| < my, and by Steps 5,6,7 the output of Algorithm 3 is an infiniteusegeiy, is, ..., we
have that some, < m; occurs infinitely often in this sequence. Hentk, # <.

Let the index: of a measure; occur in M. Thens(i,n) is larger thanm in Step 7 for infinitely
manyn. (It is impossible that,, = i,,_; for an infinitely long run ofn’s sincem — oo with n — oc.
The latter statement is a consequence(@f n) growing with n.) Sincem — oo with n — oo we have
s(i,n) — oo with n — oo. By the definition ofs(-, -) and [A.6), the data = x1, x9, ... is random with

respect to the measufg. Hence,M,, C M(x). This proves the theorem. ]
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