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THE NORTH SEA PROBLEM. VI
NON-STATIONARY WIND-EFFECTS IN A RECTANGULAR BAY )
THEORETICAL PART

BY

H. A, LAUWERIER

(Communicated by Prof. A. vaNn WiINGAARDEN at the meeting of October 29, 1960)

List of symbols

x,y Cartesian coordinates. The bay 18 determined in dimensionless
coordinates by O x- 7, 0. y- b;

t the time:

u, v the components of the total stream;

. the elevation of the surtace:

U, V' the components of the surface stress due to the windfield;

{2 the coefhicient of Coriolis:

A a coefficient of friction:

h the depth:

g the constant of gravity:

¢ velocity of propagation of free waves, c2- gh;

P the variable of the Laplace transformation;

x defined by x®= p( p-+A)+L22p(p+ A)1

% defined by tg y=0Q(p+ 4)"1;

q defined by ¢* mp( P+ A);

7 defined by r2=pQ;

8 defined by &2=02p(p+ A)"1;

6 defined by 0= c:otg 3

¥ defined for n=1, 2, .3 . by vp2=n? 4 k2,

0, defined for = = 1 2,3, ... by 0% = Ony, 1

X defined for n=1, 2,3, ... by ap=rin-ly,-1,;

X defined by x=1-— :?.yf T.

1. Introduction

In this paper we consider a mathematical model for the behaviour
of the North Sea under a storm. In this model the North Sea is represented
by a rectangular bay which is bounded on three sides by coasts and
which at the fourth side borders on an ocean. The depth is assumed to
be uniform. For the sake of simplicity the longest axis is assumed to

[y

commcide with the North-South direction. The Southern border then

A M et
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corresponds with i.a. the Dutch coast and the middle of it roughly with
the position of Den Helder. The influence of a storm is expressed through
the stress it exerts on the surface of the sea. This stress (U, V') may be
dependent on the coordinates (z,y) and the time /.

The mathematical problem is formulated in section 2 as a set of linear
partial differential equations (2.1) with boundary conditions (2.2) for
the components of the total stream (u,v) and the elevation [. After
removal of the time variable by means of a Laplace transformation (2.8)
elimination of % and ¥, the bar indicating the Laplace transform, leads
to an elliptic partial differential equation of the Helmholtz type (2.11)
for £. The determination of £ follows in two steps. The first step consists
in solving the problem for the strip 0 <z <=. ie. without paying attention
to the boundary conditions at the coast y=0 and the ocean y=05b. If [
represents such a solution the difference {—{p may be considered as a
free motion in the strip O <z <. It is possible to determine this free
motion which consists of a linear superposition of two Kelvin waves and
2 x co Poincaré waves in such a way that the coast condition at y=0
and the ocean condition at y=050 are satisfied.

The solution (o of the strip problem requires the solution of the
corresponding problem of Green. The latter problem is solved in section 3.
In order to avoid overloading the analysis in the remainder of the paper
the special case of a uniform Northern wind is considered. Yet this
particular case which is considered in section 4 shows all peculiarities
of the general problem. However, in that case (o can be found without
taking recourse to the Green’s problem. The explicit expression of £ (4.12)
involves a set of coefficients A4,, and a set B,, (m=0,1, 2,...), where
Ay and By belong to the Kelvin waves, A,,(m=1, 2, 3, ...) to the Poincaré
waves at the coast y=0 and B,(m=1, 2, 3, ...) to the Poincaré waves
at the ocean. Assuming b to be sufficiently large the Poincaré waves at
the coast y=0 and those at the ocean at y=056 do not interact. Therefore
the coast condition which is considered in section 5 gives a set of linear
relations between A,(m=0,1, 2, ...) and By only. In a similar way the
ocean condition which is considered in section 6 gives a set of linear
relations between Bj,(m=0,1,2,...) and A,. It is now possible to
determine the coefficients by means of some iterative process.

Some information concerning the analytical dependence of 4,, and B,
on p, A and £ can be obtained by considering the limit cases 2 — 0 and
Q2 — oo. If 2 is small we may consider  to be dependent on the parameter
groups q and r only. Expansion of 4,,, By, in rising powers of 72 eventually
leads to the approximation (7.1) of section 7. In this approximation only
the first-order correction is given. This correction vanishes at the North-
South axis and shows that in a first approximation the rotation of the
Earth gives rise to a skew-symmetric obliqueness of the sea-level. If 2 is
large { may be considered to depend on s and 6 only, s being moderate
and 6 small. In a similar way series expansion in powers of 6 results in
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certain approximations of the coefficients A4,,, B, which are to be found
in the sections 5, 6 and 8. The first-order approximation of  at the
South-coast takes the simple form (8.6). We note that in this approxi-
mation ( is uniform along the South-coast. A second-order approximation

is given by (8.5), (8.10) and (8.13). Then a slight skew-symmetric
dependence on x becomes apparent.

In applying the results obtained above to the North Sea we note that
the assumption of a large value of b certainly is correct. However, the
value of 2 1s rather large and the results pertaining to small 2 (or 7r2)
must be considered as being of theoretical interest only. On the other
hand the approximation (8.6) derived for small § and moderate s appears
to be quite good which has been confirmed by numerical work.

Numerical applications will be considered in the subsequent paper.

2. The mathematical problem

The problem can be described mathematically by the equations of
motion (I 2.6) and the equation of continuity (I 2.7)

S( —]—l)u Qv+02§i U

(2.1) K ( +Z>U+Qu+czb" =V

oy

oU oL
( D“;?“Jr“s"?;—l*-b—t—m@

and the boundary conditions
S u =0 for x=0

v=20 for y =0
( =0 for y=>o.

The components U and V of the wind force are related to the velocity
of the wind at sealevel v; in the following way (see 1I 2.4)

(2.3) U2+ V2=3.0 x 10-67,2,

For the problem considered here dimensionless quantities will be in-
troduced according to

and X

I

I
K

(2.2)

g (,y) —ntalx,y) [ - n"lac~1¢
‘(u,v) — kc(u: 'U) C —h(
( (U, V) = nma1hec?(U, V).

This has the effect that the constants ¢ and a occurring in (2.1) and (2.2)
can be formally replaced by c=1 and a=x respectively.

For the numerical application to the North Sea case the following
numerical values will be chosen (see 1l section 2)

a=400 km 2=0.43 h-1

(2.5) b=800 km A=0.2 0
h= 65 m c=91 km/h.

(2.4)
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If these wvalues are substituted in (2.4) the dimensionless time scale
becomes 1.4 hour. The dimensionless values of £2, 2 and b are approximately

2=0.6 A=0.12

(2.6) b=2n.

The relation (2.3) is in dimensionless form

(2.7) VU2 + 72=0.93 x 10-50;2.

A general discussion of the problem (2.1) (2.2) has been given in
I section 2. In order to avoid continuous reference to the first paper
of this series the most important formulae will be repeated here. The

Laplace transtormation

(2.8) C(x, y, p) = f e~Pt{(z, y, t)dt

changes (2.1) and (2.2) into

(2.9) (p+l)ﬁ+9a+3§m— V

8 L %;—/-’-i—pfm(),
and

Sﬁmo for x=0 and X =71
(2.10) b=0 for y =0

( =0 for y=10

Elimination of % and # gives for { the non-homogeneous Helmholtz
equation

(2.11) (4= l=F(z,y, p),
with
— B bU bV V. U
and where
(2.13) X2 2= p(p+4) + 22p(p +2) !
and
(2.14) tg v = Q(p+ 1)L
From the equations (2.9) it can be derived that
P12 = ._...?-é —tgy bé —{— U—}—tgy 4 t
(2.15)
PTiu2 P = — 5 % —Hng 5 ~ + V—tgyU.

By means of those expressions the bounda,ry conditions at x=0,x=mn
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and ¥y=0 can be expressed in terms of . By using (2.15) they can be
written as

(2.16) %--g—}—tgy%gm U—%—tgyv for =0 and z=m,
dE VW = — .

‘) We——— — WA vem— ——

(2.17) > tgybm V—tgyU for y=0,

(2.18) C=0 for y=0b.

From the formulation of the problem by (2.11), (2.13) and (2.14) it
follows that { depends essentially on the two independent parameter
combinations x2 and tg y. The same is true for p-14 and p-17 in view
of the relations (2.15). Of course »2 and tg y may be replaced by any
other pair of independent combinations of p, A and 2. We shall consider
two limit cases which may be characterized by either {2 small or 2 large.
In the first case it is convenient to use the parameters

(2.19) g2 == (p+4) r2 ££ p 0.

In fact we have

(2.20) g =3 COS ) r =2 Vsin y cos y.
In the second case we shall use the groups

(2.21) 2 Q2p(p+1)-1 = (p+21)0R-1.
In fact we have

(2.22) S==3 SIN ¥ 0 = cotg v.

For an arbitrary windfield (U, V) the solution of (2.11), (2.16), (2.17)
and (2.18) may be reduced to that of the corresponding problem of Green.
However, it has not been found possible to solve the latter problem in
an explicit way. Yet an explicit function of Green can be derived for an
infinite strip O<z<m, —oo<y<oco with homogeneous boundary con-
ditions of the type (2.10). This problem will be studied in the following
section. Then by means of the function of Green for a strip the solution
of the original problem for the bay O<xz <=z, 0<y<b may be reduced
eventually to that of solving a double set of an infinite number of linear
equations. We shall write

(2.23) C(z, y, p)=Colx, y, p)+Ci(x, ¥, p),

where C(o(xz, y, p) is a particular solution of (2.11) which satisfies the
boundary conditions (2.16) but not necessarily those at y=0 and y=0».
Such a solution can be deduced from the function of Green for the strip
O<x<m, —oo<y<oo. Consequently C(i(x,y, p) satisfies a homogeneous
equation of Helmholtz and homogeneous boundary conditions at x=0
and z=n. Hence this function can be composed of the Kelvin- and
Poincaré-waves belonging to the infinite strip O<r <z, —co<y<oo.
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(See IV section 3). If 49 and By are the coefficients of the two Kelvin
waves and 4; and Bj(j=1, 2, 3, ...) those of the Poincaré-waves the
boundary conditions (2.16) and (2.17) each eventually lead to an infinite
number of linear equations. The problem of determining the coefficients
is quite formidable. However, if b is large (see 1V section 7) these equations

reduce to the simple form

o0
(2.24) Z OimnAnmam.Bo_l'O(emb)

n=0
and

OO
(2.25) > BmanBrn=pBmAo+0O(e?),

N =
for m=0, 1, 2, ..., and where the order terms represent the contribution

of the terms which vanish for 6 — oco. The coefficients xmn, %m, Bmn, Bm
are only used here and have no relation to similar symbols elsewhere

in this paper.

3. Problem of Green

The problem of Green for the strip 0<r<n, —oo <y <oco mentioned
in the preceding section may be formulated as follows

(3.1) (4—=2)G(x, y, & n, y)= —0d(x—§) o(y —n),

with the boundary conditions

DG o

(3.2) — tgy—-—-—-m 0 for =0 and xz=u.

Further it will be required that for |y| — oo the function of Green is
of the order exp —e¢ly|, where ¢ is an arbitrarily small positive quantity.
From Green’s theorem it can easily be derived that

(33) G(.’L‘, Y, 5: N, V) mG(‘S: n, £, Y, M'}’)

When G is known the function {y(z, y) which satisfies (2.11) and (2.15)
follows by means of the same theorem

g ZO(QT; y) = “jf f G(.CU, Y, g, N, Y)f(sﬁ ﬁ)df d77+
- ot

(3.4) o
? wG(CE 0, n, ),f 0, ) dn + --L Gz, y, &, 7, y)f(nr n) dn
where

Substitution of (2.12), (3.5) and partial integration gives

(3.6) Colx, y) = fmf{ ( tgybn)G—{—V( +tgy;§> }dfdn-
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The explicit form of G will not be derived here systematically but in
the following simple albeit somewhat heuristic way.

The free waves of the strip are the Kelvin waves and the Poincaré
waves (see IV section 3). The Kelvin waves are

(3.7) exp + (sxr—qy).
The Poincaré waves are for n=1, 2, 3, ...

( (sin nx +0n cos nx) e "»v

(3.8) ( (sin nx— 06, cos nx) e’?,
where

(39) ’l’ng 7&2+%2,

and

(3.10) n ==, 0.

Vn

In view of the symmetry relation (3.3) we shall try to represent G in
the following way

g G = () estets—m—aly—n) -

(3.11) ( - z Cr(sin nx + 64 cos nx) (sin né + 0, cos né) e =¥~
n =]

for y>7 and
S G=(C e sx+s—m+ay—n

(3.12) < : - £) @~ 'n (11— V)
( + ¥ Cu(sin nxz— 6, cos nx) (sin né — 0, cos n) e~ "nm-v
~. Nn=1]1

for y<n.

First continuity at y =% requires that
(3.13) Cshs(x+&—n)+ D 0,0, sin n(x+£)=0.
7 ==]

Substitution of (3.11) and (3.12) in (3.1) gives, using differentiation in a
generalized sense,

0 d
g(é‘ — %) G = {5—?;0(?/>71) - @G(y<n))é(3/mn) =
(3.14) = {—2qC ch s(x +&—m) +
( —2 > v, Uy (sin nx sin né +- 0,2 cos nx cos n&)} o(y — 7).

\ I |

Since by differentiation of (3.13) it follows that

(3.15) 2qC ch s(x+&—n)+2 D> vp0,2Cy, cos n(x+§&)=0
n =1

the right-hand side of (3.14) reduces to

(3.16) {—2x2572 > (m2+ 82,10}y sin nx sin né&}o(y —9).

Nows]
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Therefore we must have that for O<xz, E<m

(3.17) — 22572 Y (n2+82)vy, 710, sin na sin né =o(x —§).

P |

It is possible to satisfy the relations (3.13) and (3.17) for the same
coeflicients. We have

(3.18) O, =3 I
' " an? n2 482’
and

3.19 =
(3.19) "7 9x2shsm’

Substitution of (3.18) and (3.19) in (3.11) and (3.12) gives the following
explicit expression

— 72 of(e+&—n)—qu—n)} 1.
g Gx.y.Emy) = i sh ot - Jr
(3.20) ~ .
§2 LA , ~ 08 NE) 6= Tnlv =7
( -+ mﬂgl PORPY (sIn nx +- 60, cos nx) (sin né + af, cos ng) e~ "nlv-—1l
where
(3.21) g=sgn (y —n).

4. Solution for a uniform windfield

For a uniform windfield the solution {y of (2.23) can be obtained in a
direct way without using the Green’s function which has been derived
in the previous section. In particular we shall consider the case of a
uniform ‘“Northern” wind

(4.1) U=0 V=V(t).

Without loss of generality we may take

(4.2) V()= —d(t)

i.e. a momentary “Northern” disturbance. Hence we have V= —1.

According to (2.11) and (2.15) the problem can be reformulated by

D2 D2 -
—32) F =

«z:z d¢ N4

¥ 0 0
(4.5) ngmw5—5—+~tg)}s§ml,
with the boundary conditions
(4.6) =0 tor =0 and x=m,
(4.7) v=0 {for y=0,

(4.8) (=0 for y=0.
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Supposing that o, %y and (o depend on x only it is easily found that

| }:ZB _ tg y B ch »(4m—ux)
(4:9) P 2 {1 ch%m?_}’
4.10 Yo L1 tg2., chx(En—2)
( d ) p %z{l gty ch 3 xm }’
all
5 sh x(3m—x)
(4.11) | co =gy xch ixm

The elevation {; represents a free motion in the channel 0 <x <xn and

may be considered to be a linear superposition of the two Kelvin waves
(3.7) and the double infinity of Poincaré waves (3.10).
Following (2.23) we put

S" E(x, y, p)=Co(x, p) + Ao sh {s(x— 4n) —qy}+ Bo ch {s(x — 37) —qy} +

—1 . | oy
(4.12)2 T ngl n~1 Ay(sin nx + 0, cos nx) e +

+ > n~1By(sin nx — 06, cos nx)e "tV

\ 1n=]

where ¢ and s are given by (2.19) and (2.21) and where 6, is determined
by (3.10) and (3.9).
The components of the total stream of the Kelvin waves and the

system of Poincaré waves are given in the following table where o 1s
defined by

: def 72 1 9
(4.13) xS n=1,23...
and where 72 1s given by (2.19).
TABLE 4.1
Kelvin waves Poincaré waves, n=1, 2, 3, ...
u/p 0 + (n2+ 82) sin nx exp F va¥y ‘
b/p + exp + {s(x—37)—qy} | nva (cOs nx 4 xy Sin nx) €Xp F VoY
| qexp + {s(x—37)—qy} r2y, (sin nx-=0, cos nx) exp F vay
Then for the components of the total stream we have
1 . _ 1 _ ’n‘"-—{—S“ : —v,
g “23“( Y, P) Eu 7~2 %1 NVn Apsin nze™ " +
(4.14) &
St (b= V)
8 n§1 — B,sinnxe v
and
1 _ 1 _ 1
» oz, Y, p) = 5’00(93: P) + EAO ch {s(z— 37) —qy} +
+- -ql—Bo sh {s(x —47) —qy} +
(4.15) ¢ 1
+ = 21 A n(cos nx + oy SIn nx) €~ Y
o :2 > Byu(cos nx— oy sin nx) e,

NnN=1



113
The coast condition (4.7) gives by substituting y=0 in (4.15)

sdo ch s(3n—x) —sBo sh s(3n—2x)+ > An (cos nx—+ oy sin nx) =
(4.16) n=1

- Z_i{ 1+ tg=y hrler—2 ) 4 O(e~?),

x? ch 4 xn
where the order term represents the contribution of the Poincaré waves
at the ocean boundary. If b is sufficiently large this contribution can be

neglected. The condition (4.16) will be discussed in section 5.
The ocean condition (4.8) gives by substituting y=056 in (4.12)

S — Ao sh {s(3x—x)+qb}+ By ch {s(3n—x)+qb} +

(4.17) + > n~1By(sin nx — 0y cos nx) =

. 7= ]
8 = — tgy shx(dn—ax) | O(e-b),

»x ch 3xrn
where In a similar way the order term represents the contribution of the

Poincaré waves at the coast y=0. The condition (4.17) will be discussed
In section 6.

5. Coast condition

Krom the coast condition (4.16) a set of linear equations can be derived
by expanding both sides of (4.16) in a pure cosine series and equating

corresponding coefficients. For convenience we shall introduce the
following notations

2
(5.1) Sm = — f cos mx e =% dy.
T .
0
(5.2) L = 3?.; [ cos mx sin nx dx,
0
~ 2 o  chx(im—ox)
0
Performing the integrations we find
m even Sm = s sh ds7t/(m?2 4 s2)
JT
(5.4) 4
m odd Sm = f— ch ism/(m?2+ s2).

gm—}—n even  Ipyp =0
(5.5)

2%-{—% odd T = ="

* MR 7 n2—m?
2 th 4xn
N 2

g Vo v l—l-tg % Tor }

(5.6) . 2tg%y thdxn

i

( m even Vi

m Odd _ Vm = 0.
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Then the result of the cosine expansion of both sides of (4.16) is with
omission of the order term

§ ITOn
so8A ¢ = r2vg — r2 A
g 0 0 0 21 v (L
peow A \ WA 2 2 FTIZ-?Z A
(5.7) - m even m=—8msAdo+1r2vm—1% D1 n
Yy
| | | I
( 4L’ Odd Amm Sfm,S.BO "’““?‘z 22 - A’Tl:
7'y
where »; denotes a summation over odd indices n=1,3,5,... and >
one over even indices n=2,4, 6, .... This system which is of the form

(2.24) can be solved by means of an iterative process. The ultimate result
may be written in the form

(5.8) Ammqf)m(.Bo)“erU(e“b), m=1, 2, 3, ...

It is obvious that A,,= O(m~2) for m — oo since the A4,, are the coefficients
of a cosine expansion.

We shall consider the system (5.7) in the two cases which are charac-
terized by either 2 small or {2 large. In the first case we shall take ¢ and r

as independent parameters. Then the coefficients 4, may be considered
as a power series In 2. We note that

g s =12|q so = 24+ O(rd)
(5.9) Jvo = 2/q? 4 O(r) sm = O(r%) for m even
e”mmo(”) Sm = 7:28:»7; + O(76) tor m odd.

If we assume that Bo=O0(1), which will be confirmed in the next section,
where the ocean condition is considered, it follows from (5.7) that

b gAO i q“l_]L_O(Tﬁl)
(5.10) RAm = ;;2 Bo+ O(78) for m odd
Ay = O(ré) for m even.

In the second case s and 6 will be chosen as the independent parameters.

Then the coefficients 4,, may be considered as power series in 6. We
note that

‘ r2 = () s> %2 = (1 + 62)s2

5.11 > _ | |
( ) ? = 1h 3o +0(1) form=0,2,4....

Vip = mmr————e
T 02(824+m2)  dsmw

If we assume that By=0(6-1), which again is confirmed later on, it follows
from (5.7) that

| .,
<A0 - Os ch 3sm + O(1)
(5.12) 2Am = 8, SBo+ O(0) for m odd
A, = O(1) for m even.
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6. COcean condition

The ocean condition (4.17) calls for a more extensive treatment. This
relation will be written as

(6.1) S n1 By (sin nx — 0, cos nx) = @(x),
N == 1

where

o ... h se( hrp—a
(6.2)  gla)= Ao sh {s(3m—x)+gb}— B ch {s(3n — ) +qb} — tg p Tt 2]

% ch 3xn

Expansions of this kind have been studied elsewhere 1). A summary of
the results will be given below. We note that for n — oo

(6.3) On=0-+0O(n-2).

Therefore the properties of the expansion (6.1) are very similar to those
of the simpler expansion

(6.4) f bn(sin nx — 0 cos nx) = f(x)

n =1
in the interval 0 <z <.
The expansion (6.4) is unique and the asymptotic behaviour of b, is
of the following kind

(6.5) bp=bn"1t*+ (1)1 B'n-1-x4 B'n=38+y4 .
where
» def 2 2y
(6.6) x = — arctg 0 = — .
The explicit expression of B is
' _ 2%cos jom 5 x—1

0

According to (6.5) the convergence of (6.4) is of subharmonic order
unless B=0 when it is of hyperharmonic order.

To the set (sin nx — 0 cos nx),n=1, 2, 3, ... a biorthogonal set of functions
1s associated, each being the product of the factor tg*-1ix and a finite
trigonometric sum. We note that

(6.8) | (sin nx —0 cos nx) tg*-1lx de=0 tor n=1, 2, 3, ...
0
and that
(6.9) SR (gt drdr =1,
0

The properties of the expansion (6.1) can easily be derived from those
of the expansion (6.4). In particular we have for n — oo

(6.10) Bp=Bn*+(—1)»"1B'n=>4+ B"n=2+> 4 __.

L

1) Cf. LAUWERIER [2].
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where the constants on the right-hand side are not the same of course
as those of (6.5). There exists also an orthogonal function he(x) with

the properties

p

(6.11) | (sin nx — 0, cos nx) ho(x) da = 0 for n=1, 2, 3, ...
U

and ;

(6.12) - f ho(x) da = 1.

0
Once the asymptotic behaviour of the coefficients B, is known some-
thing can be said concerning the behaviour of { and its partial derivatives

at the corners (0, b) and (7, b) of the rectangular basin.
It at (0, b) local polar coordinates (g, ¢) are introduced by means of

(6.13) X =0 COS @ Yy=0b—p sin @

it follows from (4.12) and (6.10) after some elementary reductions that
for p -0

(6.14) (=B sec o Im{ 3 n-1+> exp i(nge®—iam)}+o(l),
7 o= ]

and next

(6.15) (= BI'(x)sec $xm o= sin ax@ -+ o(1).

Hence a solution where { is continuous at (0, b) requires that B=0. It
appears that then also v and v are continuous at this point. A similar
analysis shows that at (=, b),{ is continuous for B=-0. However, the
partial derivatives of { at the latter point are infinite.

From (6.1) a set of linear relations of the type

(6.16) z Con Bn=Cm Bo+ dm Ao+ em

n =1

can be derived in a similar way as in the previous section. A necessary
and sufficient condition for B=0, where B is the coefficient of n* in the
asymptotic expansion of B, is

(6.17) [ holx) () daz= 0.

Substitution of (6.2) yields a linear relation between A4, and By only.
Further linear relations may be obtained e.g. by expanding each side of
(6.1) In a sine series and equating corresponding coefficients.

The first orthogonal function Ao(z) may be approximated by

(6.18) ho(x) &~ sin 3xm tg*—1ix.

We may also try to find an expansion of k¢(x) for the two special cases
of the preceding section.
In the first case where ¢ and r are the independent variables we have

(6.19) O, = "L 1 =g+ O(rs).

Vo 127
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Putting tentatively

(6.20) ho(x) = 1+72y(z) + O(r?)
it follows from (6.11) and (6.12) that
(6.21) f {1+7r2y(x)-+ e} [oos nr — %—237‘2 sin nx | dx == ()
0
and
(6.22) [ w(x)dx=0.
0

From (6.21) we obtain at once

g / JU

Vn . .
(6.23) f cos nx y(x) dr = e sin nx dx
0 0
so that in view of (6.22)
¢ 2 Vn
(624) 1/)(;23) == };a'é 21 ';L_é COS nhox.

If now (6.20) and (6.2) are substituted in (6.17) it tollows after some
simple reductions that

(6.25) Bo=1th gb Ao{1+0(9”4)},
so that with the value of Ay as given in (5.10) we find
(6.26) Bo = ZL{1+0(4)}.

For the coefficient B,, a similar treatment is possible. In that case the
(m 4+ 1)th biorthogonal function A, (x) associated to (cos nx — 6,1 sin nx)
n=1,2 3,... may be expanded in a similar way as (6.20) by

(6.27) hm(x) = cos mx + r2ym,(x) + O(rd).

Without giving details we mention the following results

o0
(6.28) Wm(X) = a]-; )3 %— L 'mn COS N,

(6.29)

v, s 1 ™2 |
m ] 3 ] ‘
; B = --*--(*-' + mg+qz)+ O(r8) for m odd
By = O(r5) for m even.

In the second case where s and 6 are the independent variables the
ocean condition (6.1) can be written in the form

(6.30) g 3 n7t Bu(sin nw—07 cos nz) = Ao sh {s(hn —2) + b} +

e - By ch {s(}n—) +qb} — 5222 1 0(9).
For the first orthogonal function ko(x) we may put in view of (6.8) and (6.9)

(6.31) ho(x) = 7d(x) + Oy (x) + O(62).
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The condition

Vn

(6.32) f {rd(x) +Ox(x) + ...} {sin nx — 0 — cos nm} dx =0

for all n>=1 leads in a similar way as above to

(6.33) r(x)=2 > ;- SIn N,

n=1" "

where the right-hand side may be interpreted as a generalized function.
However, we may also write

n

(6.33a) y(x)=cotgdxr—2 > (1 — ) SIN N,
n=1

Vn

where now the series on the right-hand side of (6.33) converges in ordinary

sense.
In the lowest order approximation the relation (6.17) reduces to

(6.34) f 5(z) [Ao sh {s(37w — )+ ¢qb} — By ch {s(3w —x)+gb} +
| 0 sh 8(4m—ux) .
~ fschisn ar=0,
from which we obtain
(6.35) Ao sh (dsz+qb) — Bo ch (hsm+gb) = 22T 1 0(1).

Substitution of the lowest order approximation of A¢ from (5.12) gives
at once the fundamental result

sh (387 -+ qb)—sh }sn

(6.36) Bo= Os ch (3sm+qb) ch isn

+0(1).

The lowest order approximation of the coefficients B, can be derived
as follows. Substitution of the approximations of Ay and By from (5.12)
and (6.36) in ¢@(x) of (6.2) gives

ch gb—1

Then from the lowest order approximation of (6.1) viz.

(6.38) > 171 By sin nx=@(x) + O(1)

7= ]

1t 1s easily obtained that

- 4(chgb—1)sh s (—1)""1n2

(6-39) Bn= - psenontat) e OO0

A second order approximation will be discussed in section 8.
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7. Approximation for small £2

In this case ¢ and r are chosen as the independent parameters. Sub-
stitution of the approximations (5.10), (6.26) and (6.29) in (4.12) gives

shq(b—y) | 7> Ssh q(}n—=z)  (§7—2x)ch q(b—y)

2 e —————————— Jorm e Pirioeher oA TP i.».
c(2.y) q chgb P g2 ( qgchiqgn ch gb
L gthgp 3 CosSmzexpy Initg?
(7.1) Y 1 n2 Vn?+ g2
4 n2 1 \ cosnzexp—(b—vy) Vn2+q?)
by (o L)y cosmrexp—b—y) VTR
7t “1\n2+4¢qg> chgb n= )

We note that for 2 — oo

- sh g(b—y)

For the components of the total stream it follows then from (4.4) and
(4.5) that

(7.3) u(x, y) — 0,
1~ 1 ¢, chg(b—y))
(7.4) P o(2.y) — g2 (1 chgb )

As a specialization of (7.1) we note that at the axis x=1in

... h a(b—
(7.5) E (3my) = L2 4 0(r4) + O(e),

so that the influence of the coefficient of Coriolis £2 upon the elevation
at the axis 1s of higher order than elsewhere. Hence the rotation of the
Earth gives rise in a first instance to a skew-symmetric obliqueness of
the sea-level. Or in formula form

(7.6) C(x, )+ —2, y)=2{(3n, y) + O(r4) + O(e~?).

8. Approximation for large Q

In this case the parameters s and 6 are used. We shall only consider
the elevation at the South coast y=0. For the elevation at the middle
(37, 0) we find from (4.11) and (4.12) the result

(8.1) E(37, 0)= By + 2 n71A,(sin nx + 0, cos nx) + O(eb).

n==1

Substituting the approximations (5.12) and omitting from now on the
order term with exp—b we obtain

(8.2) C(372, 0) = Bo{l+ S1n1ss, sin Inz}+ 0(6),
or summing the series

(8.3) ' C(37, 0) = Bo ch s+ O(6).
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The elevation at other points of the South coast can be found by using
the first equation of (2.9) which now reduces to

(o= —(p+A)a
so that with (4.9) and (4.14) it follows that

2

;o nz - 8 .
SCwm — 0 21 oy An SIN NI + 0(9) ==

(8.4)

e - — = 03082 ch s 3 S;f“’ + O(8).
If this is combined with (8.3) we find
- 4
(8.5) F(x, 0) = Bo ch ks { 1+ =652 3 e“f’jn"“"} + O(6).

This result shows that also in this type of approximation the elevation
1s approximately skew symmetric with respect to the middle x=1n.

The lowest order approximation of {(x, 0) follows from (6.36) which
o1Ves

(8.6) 5(33 0) — sh (4s7t+qgb)—sh 387

Os ch ($smt -+ gb)

+ O(1).

Hence in the lowest approximation the elevation at the South coast does
not depend on x.

The next higher approximation needs a better approximation of Bjg
than that given in (6.36).

From the system (5.7) it follows that

1
6s ch 3sn

I on

’n”l)ﬂ

(8.7) Ao =

—0 Bostcth s > — + 0(6).

Next the second-order approximation of the relation (6.17) gives

S f (720 (x) + Oy (x)) | Ao sh {s(dn —x)+qb} — By ch {s(37—x)+qb} +

0 - ' sh s(3r—x)
8 - - Gsch%sn]dm 0.

(8.8)

Putting by way of abbreviation
1

(8.9) 1 Ao = 95 oh Tom + -+ O(6)
_ sh(3sn+qb)—sh §sm
(8.10) Bo= g Genrabjohien TP T O0)

the relation (8.8) reduces to (cf. 6.37)

ch gb—1 1 .
S Sch“mmémi_qb) oh 3s7 7 J. y(x) sh sx dx+ x sh (3s7 -+ gb) +
0

(8.11)
e — fch (87t + gb) 4+ O(6) =
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From (6.31) it follows that

oy /

219 1 ‘) o -1 &
(8.12) ~ f x(x) sh sxdw == sh st > (—1)r-1—

Py 3
n=1
0

so that by substitution of this and the value of « from (8.7) in (8.11)
we obtain -

\ # ch® (3sm+¢qb)=(ch ¢gb—1)8; +

8.13):
( ) 2 — 82 sh(}sm+ gb) {sh(dsm+ gb) — sh §sm} Ss,
where
(8.14) Si==shisn 3 (=1t 2y,

n =1 "

and

\ 28 1 1
(615) Szm“;; Sh%Sﬂ Zl n2y,3 "

In order to facilitate future reference the approximate expression (8.6)
for C(x, 0) will be denoted by Z(p) viz.

. 5, def sh (484 qgb)—sh 3sn
(8.16) 2(p)= ych(dsm+qb)

We note that this approximation gives the correct analytic result if
2=0 (cf. (7.2)). The approximation holds in particular if p — 0.
So far we have considered the momentary disturbance

(8.17) U=0  V=—6).

If now the delta-function is replaced by an arbitrary time function

V' =V(t) the Laplace transform of the elevation at the South coast can
be approximated by

(8.18) [z, 0) ~ — V(p) Z(p).
The original may be found e.g. by the complex inversion formula
1 — _
(8.19) (2, 0, 1) ~ — 5= [ ert V(p)Z(p)dp,
' L

where L is a suitable vertical path. The right-hand side of (8.19) can
be evaluated by means of the calculus of residues. There are poles of

V(p) depending of course on the type of windfield and poles of Z(p).
The complex function Z(p) is regular at the origin and '

(8.20) Z(0)=b.
Further there is a set of poles determined by chf=0 or
(8.21) s(37 -+ 0b) = 4 (m -+ ) ~i, m=0,1, 2, ...

For each value of m we obtain three poles, one real and negative lying

in the interval (—A4, 0) and two conjugate complex ones with a negative
real part.
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Qualitatively these poles correspond to the eigenvalues of the problem.
However, the deviations between corresponding poles and eigenvalues
will be the greater according as the approximation (8.16) is more
inaccurate. The lowest real pole of Z(p) which is obtained from (8.21)
for m=0 may be expected to give a very good approximation to the
lowest real eigenvalue of the problem. This point will be taken up later
on in the numerical applications.

The approximation (8.16) may be interpreted in the following interesting
way. If we expand Z(p) in powers of e5

(8.22) Z(p)=qg-1 {1—(ef"—1)e F—2e 264 (ef"—1)e 3. ...},

the first term on the right-hand side represents the direct disturbance
at the coast y=0. The second term represents the influence of the dis-
turbance from the ocean arising after b dimensionless time-units. The
third term 1s the reflection of the disturbance at the coast with respect
to the ocean. The latter disturbance begins to act after 2b time-units,
etcetera.

Finally we give an expression in the frictionless case A=0. Then
(8.23) Z(p)=p-1{th (3Q2n + pb) — sech (1Q2n + pb) sh 10Qn}.
Its original can be written down at once viz.

Z(t)=H(t)— 2 sh 3Qn H(t —b) — 2e~2" H(t — 2b) +

(8.24) + 2sh 32Qn H(t—8b) + ...,

where H(?) is Heaviside’s unit-function

0 for t<0

def
(8.25) H(t) = 1 for ¢>0.
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